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ABSTRACT

In high-energy heavy-ion collisions, two heavy nuclei, moving at relativistic velocities,
undergo Lorentz contraction and collide onto one another. Within these collisions, certain
nucleons, known as participants, contribute to the collision process, depositing a significant
amount of energy within a small volume. This leads to the formation of hot, dense matter
composed of a deconfined state of quarks and gluons, termed Quark Gluon Plasma (QGP).
Initially, this matter exists in a highly non-equilibrium state, with its constituents collid-
ing rapidly until reaching a near-equilibrium stage. This is then accurately described by
relativistic viscous hydrodynamics formalism. The QGP subsequently expands and cools,
transitioning back to colorless hadrons in a process known as hadronization. Even after
hadronization, the hadrons continue to collide, both elastically and non-elastically, until
reaching a point where all collisions cease, and the particles freely stream into the detector
for detection. In addition to the QGP formed by the participants, there is also an intense tran-
sient magnetic field generated, primarily by the relativistically moving spectators who do
not participate in the collision process. Theoretical calculations suggest that the initial mag-
nitude of the magnetic field resulting from a non-central Au+Au collision at /syx = 200
GeV ranges from 10 to 10'° Tesla. This intense magnetic field offers a unique opportunity
to explore various novel phenomena such as Chiral Magnetic Effect (CME), Chiral Sepa-
ration Effect (CSE), and Chiral Magnetic Wave (CMW). Since the QGP consists of freely
moving charges, it exhibits finite conductance and is highly responsive to electromagnetic
fields. Consequently, the QGP induces additional responses to the electromagnetic fields,
thereby altering the fields themselves. This underscores the importance of studying the in-
terplay between electromagnetic fields and fluid dynamics. The most effective approach to
this study is through relativistic magnetohydrodynamics formalism.

During the cooling and expansion process, constituent degrees of freedom, namely
quarks and gluons, collide with each other and transfer momentum, energy and mass. This
is why the study of transport properties is crucial. In the first part of the thesis, we will
primarily examine the impact of external electromagnetic fields, originating from specta-
tors, on the transport coefficients and evolution equations of various dissipative stresses

(shear, bulk, and diffusion). This is carried out by solving relativistic magnetohydrody-
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namic (RMHD) equations and determining the transport coefficients through underlying
microscopic theory, specifically from relativistic kinetic theory. We find here that second-
order evolution equations pick up additional contributions due to external electromagnetic
fields, and the Navier-Stokes relations change, making the primary transport coefficients
(shear and diffusion) anisotropic. Additionally, we delve into how these additional trans-
port coefficients arising from the external electromagnetic fields are influenced by varia-
tions in temperature, mass, and magnetic field. Understanding these dissipative stresses,
such as shear, bulk, and diffusion, is critical in the context of high-energy collisions as they
govern the non-equilibrium behavior of the QGP formed in these collisions.

Next, we study the generation of the electromagnetic fields in heavy-ion collisions.
There are essentially two sources of electromagnetic fields: the spectators and the partici-
pants. Here, we will focus on contributions from participants only. We study here the full
3+1D spatio-temporal evolution of electromagnetic fields, taking into account the partici-
pants flowing with the fluid. We discuss the results for two specific cases: point charges and
a more realistic scenario with transverse charge distribution. We found that unlike the elec-
tromagnetic field by the spectators, fields by participants increase and then decrease with
time post collisions. Also, a naive comparison about the strength of the field from both
sources suggests that the fields at a later stage are mainly due to the participant charges.

As we transition to low-energy heavy-ion collisions, experimental observations reveal
the emergence of nuclear stopping, where an increasing number of nucleons congregate the
mid-rapidity region. As there is a stopping we can affirm that there should be deceleration
of the charges occuring. These deceleration should be taken into account while calculating
the electromagnetic fields at the low centre-of-mass energies. This motivates us to inves-
tigate the effect of baryon stopping on the electromagnetic fields at low center-of-mass
energy collisions. We do this by introducing a energy-dependent stopping power and hence
parameterizing the participants velocity profile in a Monte-Carlo Glauber model. Here we
see clear effects of stopping on the various components of EM fields at later times after the
collisions.

Finally, in the last part of this thesis, we conduct a detailed investigation into the impact
of electric fields on bulk observables such as spectra and flow harmonics. Here we con-

sider four different configurations of electric fields on the transverse plane of the freeze-out



surface (kinetic freeze-out) and analyze the bulk observables (spectra and flows). This anal-
ysis is performed using a blast wave model where we parameterize the flow velocity and
temperature on the freeze-out hypersurface and incorporate Cooper-Frey prescriptions for
the particlization process. One of the most important result is the effect of electric fields on
the behavior of A, of the identified particles (proton and pion for our case) with respect to
transverse momentum (pr) of the particles. It initially increases and then nearly saturates

at some higher pr at around 3 GeV.
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Chapter 1

Introduction

Approximately fourteen billion years ago, the universe came into existence, and since then,
it has cooled down to a level that allows for our existence [|l]]. Scientists have conducted
extensive research to explore and understand the universe by studying its fundamental build-
ing blocks, which involves investigating the elementary particles and their interactions. By
the early nineteen hundred’s, it was discovered that atoms consist of a positively charged
nucleus around which negatively charged electrons orbit. The nucleus is further composed
of positively charged protons and charge-neutral neutrons [2]. However, one would ex-
pect that the protons inside the nucleus would undergo strong electric repulsion [3], which
would lead to the instability of the nucleus. This puzzle led to the development of theo-
ries proposing an additional force known as the strong nuclear force [4, 5]. In addition to
the electromagnetic and strong nuclear forces, there are two other fundamental forces: the
gravitational and the weak force. The gravitational force is a long-range force that mani-
fests its effect at a macroscopic scale, such as the motion of planets. The weak force [, 7],
on the other hand, is responsible for the radioactive decay of the nucleus, such as beta de-
cay. For a long time, protons, neutrons, and electrons were considered the fundamental
building blocks of matter. Protons and neutrons, which are spin-half particles, are known
as baryons, while there is another category of integral spin particles known as mesons. Col-
lectively, these baryons and mesons are known as hadrons. In the late twentieth century,
Murray Gell-Mann and George Zweig independently proposed that hadrons are made up
of quarks, known as the quark model of hadrons [4, §]. Later, it was also theorized that

quarks themselves are bound together by gluons, which act as a mediating particle for the
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strong nuclear force [9]. Along with the electrical charges corresponding to electromag-
netic interactions, analogous color charges corresponding to the strong nuclear force were
introduced. Quarks possess color charges but come together to form color-neutral hadrons.
Due to confinement within the hadrons, experiments cannot observe free quarks. However,
quarks can briefly become liberated (typically of the order of 10~2® seconds) within the nu-
clear volume through high-energy collisions between two nuclei or by compressing nuclear
matter to create regions of high baryon densities. This phenomenon, termed asymptotic
freedom of quarks, was proposed by Gross, Wilczek, and Politzer [10, 11, 12].

These theoretical models, in conjunction with collider experiments [[13, 14], facilitated
the discovery of fundamental particles such as quarks and gluons. This breakthrough paved
the way for the development of the Standard Model of particle physics, which encompasses
three generations of quarks and leptons, in addition to the four fundamental gauge bosons
(gluons, photons, W and Z bosons), and the Higgs boson [[15] which gives masses to all the
fundamental particles in the standard model. The challenge of understanding the nature and
properties of quarks and gluons spurred the exploration of high-energy collider experiments.
As discussed above, these experiments create brief periods of deconfined regions, leading
to the formation of a novel state of matter known as quark-gluon plasma (QGP) [|16, [17].
These experiments involve the collision of two heavy nuclei, traveling at nearly the speed of
light, which yields extremely high energy densities, replicating conditions akin to the early
universe and facilitating the formation of QGP [[18, 19]. Along with quarks and gluons,
one fascinating aspect of these collisions is the generation of the strongest magnetic fields
known in the universe, resulting from the motion of charged protons in the nucleus [20],
which are of the order of 10'® to 10'® G [21]] for a typical non-central Au + Au or Pb
+ Pb collision at RHIC (/syny = 200 GeV) and LHC (\/syn = 2.76 TeV) energies,
respectively.

At very high energy densities, such as that achieved in heavy-ion collisions, chiral sym-
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metry is approximately restored [22, 23], meaning there is almost no difference in the num-
ber of left-handed and right-handed quarks. However, the presence of topological fluctua-
tions leads to chiral imbalance [24, 25]. This imbalance, along with the intense magnetic
fields, may lead to the separation of positively and negatively charged quarks, resulting in a
charge current along the direction of the magnetic fields. This phenomenon is known as the
chiral magnetic effect [26, 27], which is expected to exist in such systems. Other novel and
fascinating effects like chiral separation effect [28], chiral Hall effect [29], chiral vortical
effect [30], etc., are also expected to be experienced in heavy-ion collisions.

Previous studies [31, 32, 33]] have demonstrated that quark-gluon plasma (QGP) achieves
thermal equilibrium and exhibits collective motion. Such phenomena are well-captured by
relativistic viscous hydrodynamics formulations (discussed further in Sections [1.0.3 and
R.1). Consequently, the coexistence of intense magnetic fields and the QGP medium in
high-energy collision experiments allows us to comprehensively describe the evolution pro-
cess using relativistic magnetohydrodynamics formulations. This constitutes the central
focus of the present thesis.

Moving forward, this chapter primarily serves as a formal introduction to the system and
processes involved in heavy-ion collisions. This is organized as follows: In Section.([.0.1]),
we explore the nature and characteristics of the QGP. Following that, Section.([1.0.2) fo-
cuses on the intricacies of heavy-ion collisions, examining the collision dynamics. Subse-
quently, Section.([.0.3) will provide insights into the various stages involved in the heavy-
ion collision process, elucidating the evolution from initial to final states. Given our primary
emphasis on studying the novel state of matter, Quark-Gluon Plasma, in heavy-ion colli-
sion experiments, we will further discuss various signatures hinting at its existence in such
collisions in Section.(l.0.4). Finally, in Section.([1.0.5), we will discuss the generation of
the electromagnetic fields and its characteristics in heavy-ion collisions, as well as a few of

the experimental attempts to measure them.
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1.0.1 Quark Gluon Plasma

The conceptualization of quark-gluon plasma (QGP) arises from a profound understanding
that under extreme thermal and density conditions, strongly interacting hadrons described
by Quantum Chromodynamics (QCD), undergoes a phase transition. This pivotal insight
traces its origins back to the 1970s when physicists envisioned that interactions among
quarks and gluons would significantly weaken under such extremes, indicated by the weak-
ening of the strong coupling constant (cs) with increasing momentum transfer (Q) [34, 35].

s 1s related to the momentum transfer (Q) through the following relation:

127
(11N, — 2Ny) m%)

as(Q?) = , (1.1)

where N, is the number of color charges and N; denoting the number of flavors. Here Aqgcp
acts as a scale parameter for QCD calculation [36].

Fig.([L.1)) presents a comparison of theoretical and experimental findings for o, versus
(@, showing consistency within the error bars. This observation suggests that in the limit
Q* — A(%CD, the value of a 1s large and increases monotonically, whereas in the other limit
that is at ) — oo, a; becomes smaller and smaller which is known as the asymptotic free-
dom of quarks and gluons. QCD mainly has two distinct regimes of application based on the
strength of the strong coupling constant «, that is the perturbative and non-perturbative.
Firstly, in the perturbative realm, where «a; is small, QCD calculations excellently align
with experimental determinations, particularly evident in high-momentum transfer parton
collisions [[10]. Conversely, as a; becomes large, the perturbative framework collapses,
necessitating alternative approaches. Within the non-perturbative regime, numerical sim-
ulations on a space-time lattice serve as a primary method for first-principle calculations.
This non-perturbative domain further boils down into two conditions. At zero temperature,
lattice QCD (IQCD) computations effectively predict hadron masses and thus breaks the

chiral symmetry. Conversely, in the high-temperature limit, perturbative QCD foresees the
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Figure 1.1: Variation of o, with ) from [34]. Measurements of o (Q?) with the results
obtained through fits of s (M) to data within specific ranges of Q.

restoration of chiral symmetry. The IQCD analyses incorporating realistic quark masses
suggested a quark-hadron transition occurring around a crossover temperature of around
150 MeV [37] for vanishing chemical potential. Lattice calculations further predict the be-
haviour of scaled Energy density (7), Pressure (T%) and entropy density (7). Fig.(1.2)
demonstrates the variation of all scaled quantities mentioned above as a function of tem-
perature (T). Here we can see a sharp increase in these quantities at around a crossover
temperature (7,.) of 150 MeV (yellow band shown in the figure). Calculating the effec-

tive degrees of freedom in a pion gas reveals an approximate value of 3. Conversely, for
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a composite system involving quarks with 3 distinct flavors, alongside their corresponding

anti-particles and gluons, the effective degrees of freedom can be expressed as:

7 7
Geft = (ggluon + ggquark) = (8 X 2+ éNcNstNa) = 47.5.

Here, V. signifies the number of colors (N, = 3), IV denotes the number of flavors (N; =
3), Ny denotes the spin degrees of freedom (N, = 2), and N, = 2 stands for the degrees
of freedom attributed to both particles and anti-particles. We find that degrees of freedom
increases in QGP medium formation. This can be clearly seen from the sudden rise in the
scaled quantities around 7, suggesting a transition from a state where degrees of freedom
are hadrons at lower temperatures (T < 7}.) to a state where quarks and gluons become
the relevent degrees of freedom at higher temperatures (T > 7.). We also note that these
quantities do not achieve the Stefan-Boltzmann limit (that is the non-interacting limit shown
at the right top of the plot in dashed line) even for a system of massless quarks and gluons

at high temperatures which indicates towards its strongly interacting nature.
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Figure 1.2: Variation of =, %ﬁ, % vs T from lattice QCD results [37].

QGP thus embodies a captivating state of matter that exhibits attributes reminiscent of a

strongly interacting medium [[1 7]. Next, we move onto the heavy-ion collision experiments,

11
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which produces such a medium.

1.0.2 Heavy-ion collisions and other collision experiments

From cosmological side the understanding of the early universe is mainly based on analyz-
ing remnants of the Big Bang through cosmic microwave background radiation (CMBR) [38]
studies or observing natural phenomena like neutron star mergers [39], which often present
complex observational and interpretative challenges, along with statistical limitations. As
an alternative approach, scientists recreate early universe conditions in laboratory settings,
often referred to as a “little bang”. This provides an opportunity to statistically enrich our
findings. Colliding heavy-ions at high-energies, as performed at research facilities such
as Relativistic Heavy-lon Collider (RHIC) and Large Hadron Collider (LHC), generates
energy densities comparable to those encountered microseconds after the Big Bang. This
enables researchers to explore the properties and behavior of the QGP, providing valuable
insights into the conditions of the early universe.

The initial experimental confirmation of QGP came to light at the Relativistic Heavy-
Ion Collider (RHIC) in the early 2000s, situated at the Brookhaven National Laboratory.
Here, collisions between heavy-ions, specifically gold nuclei (Au), were conducted at ultra-
relativistic speeds (peak energies of /sy =200 GeV). Subsequent exploration took place
at the Large Hadron Collider (LHC) located at CERN, where collisions involving heavy-
ions, particularly lead nuclei (Pb), were performed at even higher energies (peak energies of
Vsnn =13 TeV). Both LHC and RHIC played crucial roles in meticulously scrutinizing the
characteristics of the QGP medium. Through precise measurement and analysis of various
observables such as jet quenching, elliptic flow, and strangeness enhancement (discussed
later in Section.([[.0.4)), these experiments not only confirmed the existence of QGP but
also provided profound insights into its properties [40].

While heavy-ion collisions are centered on investigating the properties of the QGP, al-
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Figure 1.3: PDFs at Q% = 10GeV?2, obtained from the ZEUS analysis of HERA data per-
formed by the Offset and the Hessian methods [41].

ternative experiments such as ZEUS at HERA were designed to assess the nuanced charac-
teristics of nucleons (protons and neutrons). This was achieved through the collision of lep-
tons with protons using deep inelastic scattering techniques. One crucial aspect of this study
is the investigation of parton distribution functions (PDFs), which provide insights into the
distribution and arrangement of partons (quarks and gluons) within a nucleon. Fig.([L.3)
illustrates the PDFs for up (u), down (d), and strange (s) quarks, as well as gluons, obtained
from the HERA experiment at a specific scale of momentum transfer (Q? = 10GeV?).
Here x is the Bjorken x, which simply denotes the fraction of momentum carried by a par-

ton (quark or gluon) inside a proton. So at large x values (close to 1), quarks dominate the
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nucleon’s composition, while at small x values (close to 10~%), there is a rise in gluon and
strangeness content, indicating their increased contribution to the nucleon’s structure at very
high energies. This gives us an idea that at very high energies, the probability of finding
gluons and sea quarks carrying a significant fraction of the nucleon’s momentum becomes
very high. Thus, we can affirm that gluons play a vital role in the overall structure and dy-
namics of the nucleon in this regime. Furthermore, this indefinite growth of gluon PDFs in
the low x regime looks counterintuitive, as the volume of a nucleon is finite, which in turn
should imply that the gluons should also exhibit saturation, famously called the “Gluon Sat-
uration” problem, one of the main aims of future EIC experiments [42]. Moreover, based
on the above idea initial model (CGC or color glass condenstate) has been developed and
implemented in heavy-ion collision simulations [43, 44]. Therefore, by studying the PDFs
at different momentum fractions in experiments like ZEUS at HERA or upcoming EIC ex-
periments [42] might provide us with valuable insights into the distribution and behavior
of partons within nucleons, complementing the research conducted in heavy-ion collision

experiments.

1.0.3 Stages of heavy-ion collision

During the collision, certain nucleons from the colliding nuclei actively participate in the
interaction, while others remain passive. The nucleons that are engaged in the interactions
are termed as “participants”, whereas the inactive ones are called as “spectators”. The par-
ticipants deposits an enormous amount of energy into a very confined space, leading to the
formation of QGP. After this, QGP will undergo an evolution which can be broadly cat-
egorized into three stages: the pre-hydrodynamic stage, the hydrodynamic stage, and the
freezout stage, each playing a crucial role in its development. Fig.([.4) shows a schematic

view of different stages of heavy-ion collisions which we will discuss below in some details.
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Figure 1.4: Stages of heavy-ion collisions.

Pre-hydrodynamic stage :

As shown in Fig.([.4), the pre-hydrodynamic stage of heavy-ion collisions refers to the pe-
riod immediately after the collision (at proper time 7 > 0) until local thermal equilibrium
is reached, during which the created medium is far away from thermal equilibrium. During
this stage, the medium can be effectively described by a free streaming mechanism. The
high kinetic energy of the incoming nucleons leads to the production of a substantial number
of heavy quark pairs, such as c¢, s5, and bb, as well as highly energetic photons. These par-
ticles are generated mainly through initial hard scatterings. During the pre-hydrodynamic
stage, these highly energetic, but weakly coupled, partons start interacting among them-
selves. These interactions gradually lead to the equilibration of the system, where the par-
tons reach a state of thermal equilibrium. This equilibration eventually gives rise to the
formation of the strongly coupled QGP (sQGP) phase, characterized by the collective be-
havior of quarks and gluons. The duration of the pre-hydrodynamic stage, denoted by 7, is

less than 1 fm (at RHIC or LHC energies). Although there are ongoing discussions and in-
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vestigations concerning the existence of attractor solutions that might provide some answer
to this very early isotropisation process [45, 46, 47, 48, 49, 50, 51}, 52, 53, 54, 55, 56, 57].
In hydrodynamic simulations of heavy-ion collisions at the energies of LHC and RHIC, the
pre-hydrodynamic stage is typically modeled to have a duration of around 0.2-0.6 fm [58].
The specific duration is chosen to reproduce the mean transverse momentum ({(pr)) dis-
tribution of identified particles measured in experiments. This choice ensures that the hy-
drodynamic evolution accurately describes the experimental data and provides valuable
information about the properties and dynamics of the created medium. The transition from
the pre-hydrodynamic stage to the hydrodynamic stage marks the onset of the QGP phase.
Additionally a large transient electromagnetic (EM) field is generated during the colli-
sion, primarily due to the spectator nucleons [59, 60, 61|, 62, 63] which is of the order
of 10'® — 109G (the production of which is discussed later in Section.([.0.5)). Also along
with that a large initial angular momentum is also produced of the order of 10* — 10° &
(see Fig.(1.4)) [64, 63, 66]. We now move to the next stage of the collision that is the

hydrodynamic stage.
Hydrodynamic stage :

There is ample evidence, such as the mass ordering of transverse momentum spectra for
identified particles (such as pions, kaons, and protons), as well as flow patterns like ellip-
tic flow (discussed later in this chapter), suggesting that the Quark-Gluon Plasma (QGP)
formed in heavy-ion collisions undergoes collective motion. These findings have been val-
idated by comparing results from relativistic hydrodynamics simulations with experimen-
tal data [67, 68, 69, [70]. However, relatively little attention has been paid, especially in
the heavy-ion community, to the inclusion of electromagnetic fields in these simulations.
Such inclusion should be a natural extension and should lead to a consistent formulation of

relativistic magnetohydrodynamics [21]], providing insight into the evolution of the QGP,

16



1 Introduction

as depicted in Fig.([.4). In this stage, the QGP experiences expansion and cooling. The
expansion and cooling effects can be intuitively understood through the first law of ther-
modynamics, expressed as:

dQ =dU+PdV (1.2)

where dQ is the heat supplied to the system, dU is the change in the internal energy of the
system, P is the pressure and dV is the change in the volume of the system. If dQ =0 (i.e., no
external heat is supplied), then the work done by the system, P dV , will only change the in-
ternal energy of the system. That is, dU =—P dV. So if the volume increases (dV > 0), it will
reduce the internal energy of the system. This shows that expansion will reduce the temper-
ature of the system. This expansion and cooling causes the local energy density to decrease
which after certain time drops below the cross-over (transition) energy density. This transi-
tion, known as hadronization([l.4), which marks the beginning of a stage where degrees of
freedom from quarks and gluons get converted into hadrons, with pions, kaons, and protons
being the dominant hadrons produced. Even after hadronization, the expansion and cooling
of the system continues, and their behavior can still be effectively described using hydrody-
namics formalism. As the medium further cools down, particle production through inelastic
scattering eventually ceases at a specific temperature referred to as the chemical freeze-out
temperature. However, elastic interactions between the particles persist, contributing to
the overall dynamics of the system. It is important to note that the fluid description of the
medium is valid in regions where the mean free path of particles, denoted as A, is much
smaller than the characteristic size of the system, denoted as L, i.e., 2 << 168,71, 72].
When A ~ L, the fluid description becomes no longer applicable. The transition from a QGP
to hadrons represents a gradual evolution from a fluid to a particle-like picture, wherein in-
teractions are primarily dictated by hadron-hadron interactions. In realistic scenarios, repli-

cated through simulations, individualistic interactions among hadrons are captured using
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various transport models [73, [74, 75, 76, [77, 78, [79, 80, 81]. These models incorporate
the interactions mainly through different particle interaction cross-sections. It is however
crucial to note that the precise timing of this transition depends on the specific collision
systems, impact parameters, and center-of-mass energies (y/syy) of the collisions. Fur-

thermore, these models naturally include a freeze-out stage, which we discuss below.
Freezeout stage :

After the hydrodynamic stage, the system progresses into the freezeout stage, where the
mean-free path between individual particles becomes appreciable compared to the system
size. This is usually the stage between chemical and kinetic freezeout. The entire heavy-
ion collision process in the most central case typically spans until 10-15 femtoseconds [82]
(depends one the collision energies and system sizes), out of which this last stage spans for
about 5-6 femtoseconds. By examining short-lived resonance particles decaying through
strong interactions, we can investigate the properties of the hadronic phase. Short-lived
resonances with a lifetime comparable to that of the hadronic phase, lead to the involve-
ment of their decay products in regeneration and rescattering processes [83, 84, 85]. These
interactions significantly contributed to the final particle spectra, correlations, and other ex-
perimental observables. The entire process comes to a halt when the mean free path between
particles becomes greater than the system size. At this point, kinetic freezeout occurs, and

the particles free-stream to the detectors for detection.

1.0.4 Probes to detect QGP in heavy-ion collisions

The typical lifetime of QGP is of the order of 1072* seconds [86], so it is practically im-
possible to get direct access to the medium formed in order to understand its dynamics and
properties. Hence, we need some indirect probes or signatures to conclude whether a QGP

medium has been formed. There are many signatures, and here we discuss some of them.
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+ Elliptic flow : In a non-central heavy-ion collision, the nuclear overlap region typi-
cally assumes an almond-shaped geometry, exhibiting spatial anisotropy. The evolu-

tion of the medium is predominantly governed by fluid dynamics, driven by pressure

gradients.
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Figure 1.5: Various flow harmonics calculated using two particle correlation vs pr for Pb-
Pb 5.02 TeV at 20-30 % centrality [87]

These pressure gradients act to transform the initial spatial anisotropy into momen-
tum anisotropy. Considering nuclei moving along the z-direction (beam direction)
and the impact parameter (b, defined as the distance between the centers of the two
nuclei) assumed along the x-axis, the azimuthal distribution of the produced particle

multiplicity can be expressed in terms of a Fourier expansion as follows:
d*N d*N

E —
dp®  2mprdprdy

(1+ i v, cosn(p — W,)). (1.3)

n=1

Here F ‘%’ on the LHS of the equation Eq.([[.3) is known as the invariant yield and

this has been written in terms of different flow coefficients (v,,’s), where the v,, can
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be defined as :
ST _decosn(p—V,) N

d’prdy

Un(pT) = P s (14)
f—w Sod?d;ﬁly

where N, pr, and y are Multiplicity, transverse momentum, and rapidity of the pro-
duced particle (momentum rapidity), respectively. Here, the elliptic flow is defined
as vy = (cos 2(¢ — Vs)), where ¢ represents the azimuthal angle of the particles pro-
duced in the lab frame, and ¥, is the second-order reaction plane angle. Here the ()
represents the average over events and also over all particles in these events. While
other geometric fluctuations may also exist, giving rise to higher-order flow harmon-
ics such as v, vy, vs, etc. The positivity of the elliptic flow occurs when particles are
predominantly produced in the in-plane (the plane defined by the impact parameter
(b) and the beam axis), i.e., in the x — z plane, rather than in the out-of-plane (y — 2

plane).

Some of the early experimental results showcasing the results of flow harmonics can
be found in [88, [18, 89, 90]. Figure.([.5) shows the various flow harmonics calcu-
lated using two particle correlation for Pb-Pb collisions at /sy = 5.02 TeV with
20-30% centrality. The symbols represent data from experiments (ALICE and AT-
LAS), while the lines with bands are from hydrodynamical models. We observe that
the elliptic flow (depicted in black) calculated here is the dominant contributor, and
the viscous hydrodynamics governing the description of the evolution of the fluid
agrees well with the experimental data, indicating the collective nature of the medium
(QGP) thus formed. However, the magnitude of the observed v,, (pr) depends on the
initial eccentricities ¢,, (anisotropies in space), with the second harmonic eccentricity
defined as e; = Lﬁ;i and the specific shear viscosity (1) values, where 7 is the

(y*+

dynamical shear viscosity coefficient and s is the entropy density.
The magnitude of the elliptic flow vy(pr) indicates the presence of an expanding
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Figure 1.6: Scaled elliptic flow for \/syny = 54.4 GeV at 10-40 % centrality for various

particle species [91]].
medium but does not directly signify the formation of such a medium at the quark
level. The explanation for this lies in the concept of quark coalescence or recombi-
nation. This mechanism involves the production of hadrons, where quarks (¢) and
anti-quarks (¢) located at nearby phase space combine to form (¢g) for mesons and
(qqq) for baryons. By employing this mechanism and plotting v /n,, where n, is the
number of valence quarks/anti-quarks (2 for mesons and 3 for baryons), against pr,
it is observed that at low pr (< 3 GeV), the scaling holds, whereas at higher pr, there
is a clear deviation from the scaling, indicating that particle production at higher pr

is primarily due to fragmentation [92].

Figure.([.6) displays the plot for Z—i versus transverse kinetic energy scaled with n,,
i.e., (my—myg)/ng, at \/syn = 54.4 GeV for Aut+Au collisions at 10-40% centrality

class for five different particle species (K?, ¢, A, 27, =7). The various symbols rep-
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resent data from STAR experiments, while the solid red line denotes the fit to the K?
data. It is evident that different species aptly follow the scaling behavior. The consis-
tent scaling behavior, observed regardless of whether the charged particles are mesons
or baryons, underscores the effectiveness of the recombination model at low pr. This
indicates that colored quarks exhibit hydrodynamic flow and subsequently coalesce

into colorless hadrons, thereby aptly capturing the fluid nature of the medium.

Quarkonia suppression : The suppression of quarkonia, such as the .J/¥ bound
state composed of charm and anti-charm quarks (cc), in heavy-ion collision exper-
iments is considered a key indicator of QGP formation. These heavy quarks and
antiquarks, predominantly generated during the initial stages of the collision, interact
through a potential described by V' = —<= + kr [93]. The first term of the poten-
tial is the Coulombic term due to two color charges (of q and q) with o, being the
strong coupling constant and r is the distance between the quark-anti-quark pair but
the second one is the linear term which increases as the q is separated from q thus in-
creasing the potential which makes it impossible to obtain a single free quark [93]. In
the presence of a surrounding medium, such as a QGP, the formed quarkonia interact
with the surrounding charges, leading to interactions between the heavy quarkonia
and the surrounding light quarks. The presence of surrounding light quarks effec-
tively screens the heavy quarkonia, hindering their survival, a phenomenon known
as Debye screening. As a result, the potential between the heavy quarks is modi-
fied by a factor e_ﬁ, where Ap is the Debye screening length. If the length scale
of the bound state exceeds Ap, it becomes more prone to dissociation. The disso-
ciated heavy quarks subsequently undergo hadronization by interacting with other
light quarks, forming pairs such as g3, gs, qd, etc. As they dissociate in the presence

of the medium, there is a suppression in their number compared to that of without
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the medium. This suppression in their production, as observed in [94, 95], hints at
the production of QGP in heavy-ion experiments. Experimentally, the effect of these
processes can be observed through a quantity named R 44, also known as the nuclear
modification factor. This factor is generally defined as:

42N

deTdy’A—‘,—A
No) N ; (1.5)

d*prdy |p+p

Raalpr,y) =

where (N, ) is the number of binary collisions usually taken from the Glauber model
calculations. This R 44 is the ratio of multiplicity of heavy qq pair in heavy-ion colli-
sion to that produced in the p-p collisions where no QGP is assumed to be produced.
The suppression in the number of quarkonia mainly is seen when R 44 is less than
1. This suggests that there is a medium formation. Initially, it was anticipated that
the most pronounced suppression would occur at low quarkonium momenta, where
the qq pair, quasi-statically embedded within the QGP, experiences the full impact of
Debye screening. However, at high pr, it was predicted that the suppression of .J /W
would diminish and eventually vanish. This expectation arose from the fact that the
cc bound state forms outside the QGP and thus is unaffected by color screening. This
perception has since evolved in light of numerous theoretical and experimental find-
ings. It has been acknowledged that additional mechanisms contribute to quarkonium
melting beyond the static qq potential. As the temperature of the medium increases,
different quarkonium states experience varying degrees of suppression. The binding
energy of each state determines its susceptibility to dissociation in the QGP which
is known as the sequential melting of quarkonia. Several investigations, exemplified
by studies on charmonium [96] and bottomonium [97], affirm that the concept of

sequential melting transcends the oversimplified paradigm of color screening.

Recent advancements both experimental and model predictions have shedded light on
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the fact that the properties of the quarkonia could also be affected by the regeneration

effects, that is regeneration of low pr quarkonia at LHC energies [98].

Jet quenching : Jets are colimated spray of particles coming from the initial high
pr partons produced in the initial stage of heavy-ion collision. These jets while
traversing the thermal medium losses energy due to interaction with the dense mat-
ter. This thus results in the supression of the high py particles which is generally
measured via the same nuclear modification factor R 44 which was defined above
in Eq.(1.3) with the exception that the multiplicity (N) here is for the individual
light and heavy quarks as opposed to the quarkonia in the previous case. It was
observed initially at RHIC [99, [100, 101}, 102] and was subsequently observed at
LHC as well [[103, 104]. Raa ~ 1 implies no suppression whereas R4 < 1 hints at
suppression of jets. Fig.([1.7) shows the plot of nuclear modification factor R4, for
direct photons and other light mesons for Aut+Au collision at /sy =200 GeV and
also for 7 for d+Au collisions at the same centre of mass energy. We can see that at
about 5-10 GeV the ¢, 7, 7 mesons all show a similar level of suppression, which can
be attributed as the effect of interaction with dense thermal medium. As a thermal
medium is usually attributed for low pp particle production, this jet quenching can
thus be thought of as a final state effect rather than from the initial state. However the
R 44 for the direct v show no suppression indicating the fact that photons interaction
with medium is negligible. 7= from the d+Au collisions also show almost no sup-
pression. This indicate towards the fact that medium induced suppression is not seen
in those systems possibly due to no medium formation. Along with the light hadrons
the heavy flavour hadrons also serve as a potential candidate for identifying suppres-
sion as these are also generally formed at an early stage of the collision process and

traces out the full medium along its evolution.
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Figure 1.7: R4 for direct photons and other mesons for Au+Au collision at |/syy = 200
GeV [92]. Also the result for 7 is given for d+ AU collisions at /sy y= 200 GeV.
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Figure 1.8: R,44 is depicted for prompt D-mesons, charged pions, charged particles, and
J/W particles by ALICE [[105]. Additionally, R 44 results for both prompt and non-prompt
J/W particles from CMS are included [[106]. These measurements were conducted in central
Pb+Pb collisions at mid-rapidity with specific energy conditions noted in the legend.

Fig.(1.8) shows Ra4 vs pr for various heavy mesons (D mesons), charged pions
(%) from ALICE experiments and quarkonia (J/U both prompt and non prompt)
from CMS experiment for Pb+Pb at /syny = 5.02 TeV at 0-10% centrality. We can

see that at higher pr over 10 GeV/c, the suppression of both heavy and light charged
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hadrons almost show a similar level of suppression which is indeed due to the medium
effect. There are also other measurements, such as the ratio of the yields, performed

on different heavy quarks, can be found in [[107, 108§].

Strangeness enhancement : The strangeness enhancement is one of the most impor-
tant signature of the QGP medium formation. Among the oldest signatures proposed
to indicate the presence of QGP in heavy-ion collisions is the observation of enhance-
ment in the strange particle production [[109, 110]. Nucleons inside the nuclei before
the collisions lack valence strange quarks, yet ss pairs can be generated in the ini-
tial hard scattering, subsequent QGP or hadronic phase formed during high-energy
heavy-ion collisions. In the event of QGP formation, an elevated production of s and
5 quarks is anticipated compared to normal hadronic interactions. This is due to the
competitive nature between the production of s5 pairs and w and dd pairs. This in-
dicates towards seeing an enhancement in strangeness production via taking the ratio
of the yields of multi-strange to light hadrons both at hadronic as well as partonic
sector which is usually given by:

multi-strange particles multiplicity (A, 2)

1.6
light particles (7, 7). (1.6)

In addition to examining this ratio for different system sizes, such as p+p, p+Pb,
and Pb+Pb collisions, the relative comparison across these sizes can also serve as an
indicator of QGP phase formation. The validation of this phenomenon as a hallmark
of QGP formation was initially provided by the WA97 experiment [[111]. Fig.([1.9)
presents the data showing the ratios of yields of multi-strange baryons (A, ==, Q™ +
Q) for different system sizes relative to production at p+Be versus Npari, Obtained
from the NAS57 experiment [112]. The plot on the right side corresponds to the an-
tiparticle counterpart shown on the left. The plot reveals that at lower N, the plots

for p-Be and p-Pb (small systems have low multiplicity), remain consistent with unity,
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Figure 1.9: Multistrange baryon enhancement measured by NAS57 in Pb+Pb collisions at
Vsnn = 17.3 GeV as a function of the number of participant nucleons (NVpar) [[112].

whereas in the higher N, region, the results for Pb+Pb show an increasing trend with
respect to the increase in the number of participating nucleons. This increasing trend
in the ratios of multi-strange baryons in Pb+Pb to that in p+p or p+Be hints at the for-
mation of QGP medium in the nuclear-nuclear collisions. These findings were sub-

sequently supported by results from both STAR and ALICE experiments [[113], 114].

* The direct photon measurement : Photons serve as electromagnetic probes, offer-
ing crucial insights about the presence of a dense partonic medium. They are gen-
erated at various stages of heavy-ion collisions, spanning from the pre-equilibrium
phase to the freeze-out stage, through processes suchas ¢g+q¢ — v+v,9+q — 7+g,
and 7t + 7~ — « + p'. Direct photons are the photons that are not produced from
hadronic decays. Fig.(1.10) shows the p; spectra for direct photons for Pb+Pb colli-
sion at y/syy = 2.76 TeV for different centrality classes (0-20 %, 20-40 %, 40-80
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Figure 1.10: Comparison between the direct photon pr-spectra in Pb+Pb collisions at
Vsny = 2.76 TeV across different centrality windows (0-20%, 20-40%, and 40-80%),
each scaled by specific factors (100, 10, and 1 respectively). These spectra are contrasted
with next-to-leading order pQCD predictions for direct photon yields in p+p collisions at
the same energy level, but scaled individually by the number of binary nucleon collisions
corresponding to each centrality window, as referenced in [115].

%) along with the pQCD predictions in case of p+p collisions at the similar energy. It
is clear that at high transverse momentum that is for p; >4 GeV/c both the data from
Pb+Pb and scaled pQCD predictions for p+p collisions matches really well, whereas
there is a disagreement between them at low pr regime (pr < 4 GeV/c). This dis-
agreement is more evident in the most central collisions that is for 0-20 % centrality
range. At high p; regime that is beyond 4 GeV/c the direct photon spectra obeys a
power law whereas at low pr, the Pb+Pb data obeys an exponential distribution pro-

_rr . . . .
portional to e e, where T is the effective temperature of the medium and pr is the
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usual transverse momentum of the particle. This exponential behaviour clearly indi-
cates the thermal behaviour of the direct photons. From this exponential fit we can
get the slope whose inverse will give us the temperature of the initial thermal medium
that is formed. There has been several attempts to extract the initial temperatures of
the medium using ideal and viscous hydrodynamics models [[116, 117] which roughly
estimates 7;,;= 0.2 fm/c with initial temperature at the centre to be 7;,;= 682 MeV and
Timi= 0.4 fm/c with T;,;= 385 MeV respectively. Recently, employing Bayesian fits,
researchers attempted to constrain the combination Til{ ’Tiyi. Their findings yielded a
value of 45071)° fm!/*MeV for Pb+Pb collisions at /syy = 2.76 TeV and 3507 55"

fm!/3MeV for Au+Au collisions at \/syy = 200 GeV [[118].

QGP droplet in small systems: Till now all the signatures were indicating the for-
mation of dense QGP medium in large systems like Pb, Au where we also assumed
that smaller systems like p+p, p+Au, d+Au do not produced QGP medium. However,
it was seen that even high-energy proton-proton collisions could produce a statisti-
cal system that might exhibit aspects of hydrodynamic behavior. The question then
arises: Are the energy densities in small systems sufficiently high to produce a QGP
medium, or is there a lower bound on the droplet size of the QGP that we can also

anticipate for smaller systems.

CMS provided the initial clear evidence of the behavior resembling a collective flow
pattern in p-p collisions at \/syny = 7 TeV [119]. Subsequent angular correlation
measurements at /sy = 2.76 and 13 TeV further supported this finding [120, 121].
Similar observations of collective flow patterns have been documented in p+Pb col-
lisions at the LHC as well as in p+Au, d+Au, and *He+Au collisions at RHIC [[122,
123, 124, [125, 126, 127]. There have also been attempts from the computational

side involving viscous hydrodynamics to try and understand the situation across var-
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Figure 1.11: The hydrodynamic (superSONIC) simulations (bands) are compared with ex-
perimental data from ATLAS, CMS, and ALICE (symbols) for the elliptic (v5), triangu-
lar (v3), and quadrupolar (v4) flow coefficients across various collision systems: p+p (left
panel), p+Pb (center panel), and Pb+Pb (right panel) collisions at /s = 5.02 TeV. Simula-
tions were conducted using 7/s = 0.08 and (/s = 0.01 for all systems. Notably, ATLAS
results for v3 and v, are available solely for /s = 13 TeV, whereas all simulation outcomes
are based on /s = 5.02 TeV. The figure originates from [|128].

ious system sizes. One such attempt is through the comparison of flow harmonics.
Fig.([L.11)) shows v,,’s for three different system sizes that is for p+p (left most), p+Pb
(middle) and Pb+Pb (right most) for /syy=15.02 TeV for the most central case. The
symbols represents the data from various experiments whereas the bands are the sim-
ulation results using the superSONIC code which uses viscous hydrodynamics for
the medium evolution. We can observe that the model calculations remarkably re-
produces the results across various system sizes. This suggests the possibility that a

QGP-like system may be formed in all such system sizes.

We will now discuss one of the intriguing aspects, which also constitutes the primary
focus of the current thesis that is studying the effects and behavior of intense electro-
magnetic fields produced in heavy-ion collision experiments. We now begin here by

exploring their generation in such collisions.

30



1 Introduction

1.0.5 Electromagnetic field production in heavy-ion collisions

In non-central heavy-ion collisions, the rapid motion of nuclei results in the generation of
intense electromagnetic fields. Due to the fast moving spectators moving along z-direction,
with impact parameter along the z-axis, the y"-component of magnetic field will be the
dominant contributor to the overall field production. Mathematically it can be written in

units of m?2 as [[129]:

Js Z b

e- <By> X 2—%%%, for b < 2R 4, (1.7)

where m,,, Z, A, b, R4 are mass of proton, atomic number, mass number, impact parameter,
radius of the nuclei respectively. This shows that the fields will increase with increase in
the /s, Z and b. Studies have demonstrated that while these magnetic fields are transient
in vacuum, they may persist for longer durations in the presence of a conducting medium.

Fig.(1.12) illustrates the scenario where two highly Lorentz contracted nuclei moving at

Figure 1.12: Pictorial depiction of electromagnetic fields produced in a non-central heavy-
ion collision [[130].

relativistic velocities in the beam direction (z-axis), with non-zero impact parameter along
the z-axis. The magnetic fields at (z,y,2) = (0,0,0) (shown by B,) are produced pre-
dominantly in the y-direction that is perpendicular to the reaction plane (that is the plane

formed by the impact-parameter (x-axis) and the beam direction (z-axis)). According to the
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Maxwell’s equation V x E = —0,B, this time varying magnetic fields will induce an elec-
tric, which in turn produces a current J (shown by red circles). According to V x B = pJ,
these currents indeed will induce a magnetic field again in the same direction (y-axis) as was
produced by the moving spectators. This will enhance the contribution of the magnetic field
along the y-direction and this enhancement is primarily due to the medium induced effects.
This makes the magnetic fields to sustain more in the presence of a medium. This sustained
presence of magnetic fields increase their chances of being detected in high-energy heavy-
ion collision experiments [21]. The temporal behaviour of the magnetic field in presence
of a medium is illustrated in Fig.(1.13). Here we observe that the B, decays rapidly and
reaches a very low value within a short period of time, around 2 fm (shown in blue) in vac-
cum. However, in the presence of a conductive medium (shown in red), the field sustains
for a longer period and maintains an appreciable strength.

eB, [fm™]

L L L L L L L L L L L L L L n T [fm]
0.5 1.0 1.5 20

Figure 1.13: Evolution of magnetic field with (red solid line) and without (blue solid line)
conductivity at RHIC energies[21]].

Although a smooth distribution of protons inside a nucleus (calculated from optical
Glauber model) yields electric and magnetic fields predominantly in x- and y-direction
respectively, but in reality a calculation on an event-by-event basis indicates that due to
the fluctuations in the positions of the protons inside the nuclei, all the components of the

electromagnetic fields can exhibit comparable strengths [59, 60]. This phenomena is also
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illustrated in chapter.(H). However the predictions on the magnitude and calculation of the
strength of the electromagnetic fields are mere theoretical. Nonetheless, there have been
few attempts from the experimental side to measure and determine the effect of electromag-

netic fields, which we briefly describe below.
Observables for electromagnetic fields in heavy-ion collisions

Experimental progress and measurements that has been conducted to investigate the impact
of electromagnetic fields on the medium in heavy-ion collisions, is either by examining the
Chiral Magnetic Effect (CME) or by studying differential directed flow [131, [132, 133].

The CME is primarily observed in parity odd medium. It presents an unusual scenario
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Figure 1.14: Visual representation of isobaric collisions involving Zr + Zr and Ru + Ru.

where an electric current emerges along the direction of an external magnetic field, induced
by a disparity in chirality (the difference in the number of left-handed and right-handed
particles). These anomalies are also anticipated in heavy-ion collisions, characterized by
highly intense magnetic fields and chirality imbalances within the generated medium. In
the quest for the CME search in heavy-ion collisions, investigations are chiefly conducted
through isobaric collisions. These collisions involve comparing the outcomes between col-
lisions of different ions, such as Zr or Ru, which share the same mass number but have

different atomic numbers (as depicted in Fig.([1.14)). Comparisons here are made between
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Zr+Zr and Ru+Ru collision systems to analyze the effects of varying atomic numbers while
keeping the mass number constant. As the magnetic fields are proportional to the atomic
number (Z), the one’s with greater Z will experience more magnetic fields, which will lead
to a greater separation between particles. The background contributions in both the systems
are kept constant via same mass number A (96 in this case). Thereby, indicating the fact
that any additional effects observed from comparing these collisions may stem from elec-
tromagnetic fields. The observable employed to detect this phenomenon is the v correlator

defined as:
v = (cos(¢a + ¢ — 2Wrp)), (1.8)

where ¢, and ¢g represent the azimuthal angles of particles of interest (POIs), and ¥V rp
denotes the reaction plane angle. CME searches and its progress have been extensively

documented in the literature [[132, 133].
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Figure 1.15: Comparison between experimental data and model predictions for the differ-
ential slope of elliptic flow (A%) is conducted for pions, kaons, and protons in Au + Au
collisions at center-of-mass energies of \/syy = 200 GeV and 27 GeV, as well as for iso-
baric collisions at /syy = 200 GeV [[131]].

Another observable that is used to measure the effect of electromagnetic fields are
through differential directed flow. Recent experiments have investigated the observable

A% for all identified charged particles (pions, protons, kaons). A% is typically defined
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as the difference in the contribution from the particle and anti-particle’s the directed flow
slope values calculated at mid-rapidity (y=0). This phenomenon is primarily observed with
centrality, as the effect of the electromagnetic field is expected to increase in more periph-
eral collisions (70 - 80 %), mainly due to a large number of spectators. In Fig.(l.15), data
points for different systems and energies are represented by various symbols where colors
red, blue, and black corresponds to protons, pions, and kaons, respectively. The plots from
various models, such as UrQMD (depicted in the violet band) and VISHNU + EM field (in-
dicated by the red line), are also included. The notable observation indicating the presence
of the electromagnetic field is the negative slope of the aforementioned observable. It can
be seen that the model with the electromagnetic field (represented by the red line) roughly
reproduces the trajectory of the slope, whereas the model without electromagnetic fields
does not.

With that now we focus on the primary objective of this thesis:

* Calculation of evolution equations for the dissipative stresses (bulk, diffusion and

shear) in presence of external electromagnetic fields from kinetic theory.

* Generation of electromagnetic fields by the participant charges in heavy-ion colli-

sions.

 Effect of baryon stopping on the temporal evolution of all the components of electro-

magnetic fields.
* The effect of electric fields on the bulk observables (spectra, v,,’s).

1.0.6 Thesis motivation

It is well known that the relativistic generalization of non-relativistic Navier-Stokes rela-

tions possesses an acausality issue, also discussed in chapter.(2)). Specifically, it yields a
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group velocity v, that diverges at large k limit, where £ = |k| with k being the wave vector.
To circumvent this issue, Israel and Stewart [[134, 135, 136] proposed the formulation of
relaxation-type equations for dissipative stresses (bulk, shear, heat current) by going to a

higher order in derivative expansion. These equations can be written in the following form:

1 )
m= -3¢ <8Mu“ + Boll — aoaﬂqﬂ) , (1.9)
¢ = KTAM [@a -nT /(e + P) — B1q, + a0, 11 + 0418,,#;1} , (1.10)
T — _277 (u<)\|u> + ﬁ27:r)\u - alQ<A|u>) ) (111)

where v, I1, ¢, 7, denote the fluid’s four-velocity, bulk, heat current, and shear stress, re-
spectively. Meanwhile, (, s, and 7 primarily represent the first-order transport coefficients,
defined as bulk viscosity, thermal conductivity, and shear viscosity, respectively.

Bulk viscosity describes how a substance responds when it’s compressed or rarefied.
Shear viscosity explains how it reacts to tangential forces, while thermal conductivity tells
us how it responds to the heat moving from a high-temperature to a low-temperature region.
The dissipative stresses (IL, ¢*, 7,,,) are zeroth, first, and second-rank tensors, respectively.
Their formation arises from the comprehensive expansion of the full energy-momentum

tensor across all potential tensor ranks. A symmetric 7" can thus be written as:
T = Ajutu” + Aggh” + ATl + Ay + Ag (ufq” + u”q"), (1.12)

where the A’s are the unknown coefficients. The shear stress is a symmetric second-rank
tensor derived from the symmetric component of the 7*” tensor. Both the heat current and
shear stress naturally exhibit orthogonality to the fluid’s four-velocity u*. The dimension-
less transport coefficients (£ and %), where ‘s’ is entropy density, hold significant impor-
tance in determining the magnitude of flow harmonics (v2). Moreover, their temperature
dependence underscores the system’s identification as a strongly coupled liquid rather than a

weakly coupled gas. Holographic calculations have proposed lower bounds on the * value,
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typically around ﬁ [137]. Furthermore, Bayesian estimates suggest that this value stands as
the lowest among known fluids, such as liquid helium and water, offering valuable insights
into the temperature-dependent behavior of both  and % [138].

Reflecting on the right-hand side of Egs.([.9)-(L.11)), the first term in each equation
represents the Navier-Stokes relationships for the corresponding stresses. It’s worth noting
that these terms are all first-order in gradient expansion, treating u* and 71" as zeroth or-
der in the gradient expansion. However, upon progression to higher orders, new transport
coefficients denoted by a’s and 3’s come into play. Egs.([.9)-(L.11)) typically treat the in-
dividual dissipative stresses (II, ¢*, 7),) as separate entities, diverging from their role as
dependent quantities in the Navier-Stokes limit, thereby providing an evolution equation
for each. In the Navier-Stokes limit these dissipative stresses or fluxes are related to the

thermodynamics forces by the following relation:
J = X (1.13)

where X is the thermodynamic force which acts on the medium and J is the flux generated,
with ~y being the transport coefficient. Here J can be II, ¢*, and 7y, and the X be deriva-
tive of zeroth order fluid variables like v*, T, and «, with the v being their corresponding
transport coefficients. The thorough derivation of these equations through entropy current
analysis is further given in chapter.(2}). Obtaining these equations and estimating the nec-
essary transport coefficients required a meticulous derivation from a microscopic theory,
with relativistic kinetic theory as the foundation. At its core lies the relativistic Boltzmann
equation [[139], expressed as:

oF _

1 I
pHouf + F o

Clfl, (1.14)

where p* represents the four-momentum of an individual particle, F'* accounts for all exter-

nal forces, and the right-hand side encompasses contributions from collisions. The function
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f denotes the one-particle distribution function derived from this equation for various pro-

cesses. In an 2 ¢ 2 elastic collisions like pp’ ¢+ k&', the term C[f] is expressed as:
1 / / ~ =~
Clfl = 5 [ doakdk W e (fifofufy = Ry fifi).  (119)

where p, p' and k, &’ denote the four-momenta of the involved particles before and after

the collision respectively. W,/ .,/

represents the transition rate for the collisions between
individual particles. This equation’s first and second terms (given in the bracket) denote the
gain and loss terms for a collision happening locally at a given point. However, this form
of collision kernel introduces a challenge by converting the relativistic Boltzmann equation
into an integro-differential form, which is very challenging to solve. Therefore, several ap-
proximations were introduced by linearizing C|[f] [[140, 141}, [142], with the relaxation time
approximation (RTA) being one of the most popular methods. RTA simplifies the entire
right-hand side to —%5 f,where 0 f = f — fo, denotes the small deviation from the equi-
librium distribution function fj, and 7. represents the relaxation time (further lights on this
is provided in chapter.(f)). Moreover, Egs. ([1.9)-(L.11)) have been derived multiple times
from the underlying relativistic kinetic theory using various approximations of collision
kernels [[143, [144, [145, 146, 147, 148, 149, 150, 151}, 152], commonly employed in numer-
ical simulations. However, modifications to these evolution equations were necessary in
the presence of electromagnetic fields, accounting for the contribution from F*.

In this thesis, we formulate such evolution equations using relativistic kinetic theory,
employing the RTA within the collision kernel while considering the influence of exter-
nal electromagnetic fields. These equations are formulated to encompass contributions
from both particles and antiparticles. Additionally, we conduct a comparative analysis
with results obtained through the 14-moment method [[153, [154]. Furthermore, we extend

our investigation to explore the impact of these fields on bulk observables, such as spec-

tra and flow harmonics (v,,), employing a blast-wave model. This model incorporates a
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parametrized velocity profile with azimuthal anisotropy and temperature variation at the
freezeout hypersurface, allowing for a comprehensive assessment of the effects of the elec-
tromagnetic field (only electric fields in the present thesis).

So far, the fields considered were external, originating predominantly from spectator
charges. Numerous studies have explored the effect of such fields by considering that the
fields from the participants are very small compared to those produced by the spectators.
However, a detailed investigation regarding this was lacking. Hence, we aim to investigate
the behavior of electromagnetic fields primarily sourced from participant charges.

As the electromagnetic fields generated during the initial phase of heavy-ion collisions
evolve, they interact with the QGP medium, influencing its behavior by altering the fluid’s
velocity. This modification in velocity, in turn, induces further alterations in the fields, high-
lighting the necessity for a consistent magnetohydrodynamics (MHD) formulation. Inte-
grating these effects into the code necessitates a consistent Magnetohydrodynamics (MHD)
simulation, typically initialized with field components derived from Glauber model calcu-
lations assuming a constant velocity for the charged nucleons (protons). However, exper-
imental findings from low-energy heavy-ion collisions indicate the stopping of participant
nucleons around the mid-rapidity region, prompting adjustments to initial conditions. In
another study, we addressed this by parameterizing the velocity of participant protons such
that after the collisions, the fields undergo deceleration, exhibiting a stopping effect. We
systematically evaluated all electromagnetic field components and discussed their temporal

evolution.

1.0.7 Organisation of the thesis

The current thesis is organized as follows. Firstly, in chapter.(R]), we present a theoretical
overview of relativistic hydrodynamics, magnetohydrodynamics, and kinetic theory, which

serve as the foundation for the subsequent chapters of the thesis.
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Following that, in chapter.(B]), we delve into formulating a second-order non-resistive
and resistive magnetohydrodynamics (MHD) theory from relativistic kinetic theory, em-
ploying the RTA as the collision kernel. This section investigates the evolution of various
dissipative stresses, encompassing the effects of electric and magnetic fields. Furthermore,
we analyze the transport coefficients resulting from including electromagnetic fields, con-
sidering their dependence on magnetic field strength, temperature, and mass at the Navier-
Stokes and the second-order in gradient expansion limit.

In chapter.(H)), we focus solely on the contributions from participants where we derive
the expressions for all the components of electromagnetic fields under two distinct scenar-
i0s, one for a point charge and another for a more realistic scenario as possible in the case
of heavy-ion collisions.

Chapter.(5) primarily addresses the incorporation of baryon stopping effects via parametriz-
ing the participant proton velocity in the Glauber model and exploring their impact on the
temporal evolution of all the electromagnetic field components at low energies.

Lastly, in chapter.(§)), by employing the blastwave model to parameterize fluid velocity
and temperature on the freezeout (kinetic) hypersurface and adopting the Cooper-Frye par-
ticlization prescription, we investigate the influence of electric fields on bulk observables
such as spectra and flow harmonics (v,,’s).

We finally conclude the thesis in chapter.(7), where we summarize all the results ob-
tained, outline the conclusions drawn from the research presented in this thesis, and present
some of the avenues that can be further explored.

Throughout this thesis, we will be working in the natural units that are 7 = ¢ = kg =
€0 = fo = 1 and the metric tensor in flat space-time is g*¥ =diag(+1, —1, —1, —1) unless

otherwise specified.

40



References

[1] G. Lemaitre, “Republication of: The beginning of the world from the point of view of

quantum theory,” Nature 127, 706 (1931) doi:10.1007/s10714-011-1214-6.

[2] E. Rutherford, “The scattering of alpha and beta particles by matter and the structure

of the atom,” Phil. Mag. Ser. 6 21, 669-688 (1911) do1:10.1080/14786440508637080.

[3] J.J. Thomson, “XL. Cathode Rays,” Philosophical Magazine Letters 87(5), 303-326
(2007), doi: 10.1080/09500830701306165.

[4] M. Gell-Mann, “A Schematic Model of Baryons and Mesons,” Phys. Lett. 8, 214-215
(1964) doi: 10.1016/S0031-9163(64)92001-3.

[5] F. Wilczek, “Quantum Chromodynamics (QCD): The Modern Theory of
the Strong Interaction,” Ann. Rev. Nucl. Part. Sci. 32, 177-209 (1982)

doi:10.1146/annurev.ns.32.120182.001141

[6] E. Fermi, “An attempt of a theory of beta radiation. 1.,” Z. Phys. 88, 161-177 (1934)
doi:10.1007/BF01351864.

[7] S. Weinberg, “A Model of Leptons,” Phys. Rev. Lett. 19, 1264-1266 (1967) doi:
10.1103/PhysRevLett.19.1264.

[8] G. Zweig, “An SU(3) model for strong interaction symmetry and its breaking. Version

1,” CERN-TH-401.

[9] H. Fritzsch and M. Gell-Mann, “Current algebra: Quarks and what else?,” eConf

C720906V2, 135-165 (1972) [arXiv:hep-ph/0208010 [hep-ph]].

41


https://doi.org/10.1007/s10714-011-1214-6
https://doi.org/10.1080/14786440508637080
https://doi.org/10.1080/09500830701306165
https://doi.org/10.1016/S0031-9163(64)92001-3
https://doi.org/10.1103/PhysRevLett.19.1264

REFERENCES

[10] D.J. Gross and F. Wilczek, “Ultraviolet Behavior of Nonabelian Gauge Theories,”

Phys. Rev. Lett. 30, 1343-1346 (1973) doi: 10.1103/PhysRevLett.30.1343.

[11] H. David Politzer, “Asymptotic freedom: An approach to strong interactions,” Physics

Reports 14(4), 129-180 (1974), publisher: Elsevier.

[12] DavidJ. Gross and Frank Wilczek, “Asymptotically free gauge theories. I1,” Physical
Review D 9(4), 980 (1974), publisher: APS.

[13] R. Brandelik et al. [TASSO], “Evidence for Planar Events in e+ e- Annihilation at

High-Energies,” Phys. Lett. B 86, 243-249 (1979) do0i:10.1016/0370-2693(79)90830-X

[14] D. P. Barber, U. Becker, H. Benda, A. Boehm, J. G. Branson, J. Bron, D. Buikman,
J. Burger, C. C. Chang and H. S. Chen, et al. “Discovery of Three Jet Events and a Test
of Quantum Chromodynamics at PETRA Energies,” Phys. Rev. Lett. 43, 830 (1979)

doi:10.1103/PhysRevLett.43.830

[15] P. W. Higgs, “Broken Symmetries and the Masses of Gauge Bosons,” Phys. Rev. Lett.
13, 508-509 (1964) doi: 10.1103/PhysRevLett.13.508.

[16] E. V. Shuryak, “Quark-Gluon Plasma and Hadronic Production of Leptons, Photons
and Psions,” Phys. Lett. B 78, 150 (1978) doi:10.1016/0370-2693(78)90370-2

[17] K. Rajagopal and F. Wilczek, “The Condensed matter physics of QCD,” doi:
10.1142/97898128104580043 [arXiv:hep-ph/0011333 [hep-ph]].

[18] J. Adams et al. [STAR], “Experimental and theoretical challenges in the search
for the quark gluon plasma: The STAR Collaboration’s critical assessment of
the evidence from RHIC collisions,” Nucl. Phys. A 757, 102-183 (2005) doi:
10.1016/j.nuclphysa.2005.03.085 [arXiv:nucl-ex/0501009 [nucl-ex]].

42


https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1142/9789812810458_0043
https://doi.org/10.1016/j.nuclphysa.2005.03.085

REFERENCES

[19] L. Arsene et al. [BRAHMS], “Quark gluon plasma and color glass condensate at
RHIC? The Perspective from the BRAHMS experiment,” Nucl. Phys. A 757, 1-27
(2005) doi:10.1016/j.nuclphysa.2005.02.130 [arXiv:nucl-ex/0410020 [nucl-ex]].

[20] V. Skokov, A. Y. Illarionov and V. Toneev, “Estimate of the magnetic field
strength in heavy-ion collisions,” Int. J. Mod. Phys. A 24, 5925-5932 (2009) doi:
10.1142/S0217751X09047570 [arXiv:0907.1396 [nucl-th]].

[21] U. Gursoy, D. Kharzeev and K. Rajagopal, “Magnetohydrodynamics, charged cur-
rents and directed flow in heavy ion collisions,” Phys. Rev. C 89(5), 054905 (2014) doi:
10.1103/PhysRevC.89.054905 [arXiv:1401.3805 [hep-ph]].

[22] T. Hatsuda and T. Kunihiro, “Critical Phenomena Associated with Chiral Sym-
metry Breaking and Restoration in QCD,” Prog. Theor. Phys. 74, 765 (1985)

doi:10.1143/PTP.74.765

[23] G. E. Brown and M. Rho, “Chiral restoration in hot and/or dense matter,” Phys. Rept.

269, 333-380 (1996) doi:10.1016/0370-1573(95)00067-4 [arXiv:hep-ph/9504250 [hep-
ph]].

[24] D.E.Kharzeev, “Topologically induced local P and CP violation in QCD x QED,” An-
nals Phys. 325, 205-218 (2010) doi:10.1016/j.a0p.2009.11.002 [arXiv:0911.3715 [hep-
ph]].

[25] D. E. Kharzeev, “Chern-Simons current and local parity violation in hot QCD

matter,” Nucl. Phys. A 830, 543C-546C (2009) doi:10.1016/j.nuclphysa.2009.10.049
[arXiv:0908.0314 [hep-ph]].

43


https://doi.org/10.1142/S0217751X09047570
https://doi.org/10.1103/PhysRevC.89.054905

REFERENCES

[26] D. Kharzeev, “Parity violation in hot QCD: Why it can happen, and how to look for
it,” Phys. Lett. B 633, 260-264 (2006) doi: [10.1016/j.physletb.2005.11.075 [arXiv:hep-
ph/0406125 [hep-ph]].

[27] K. Fukushima, D. E. Kharzeev and H. J. Warringa, “The Chiral Magnetic Effect,”
Phys. Rev. D 78, 074033 (2008) doi: [10.1103/PhysRevD.78.074033 [arXiv:0808.3382

[hep-ph]].

[28] D.T.Sonand A. R. Zhitnitsky, “Quantum anomalies in dense matter,” Phys. Rev. D70,
074018 (2004) doi: [10.1103/PhysRevD.70.074018 [arXiv:hep-ph/0405216 [hep-ph]].

[29] S.Pu, S.Y. Wuand D. L. Yang, “Chiral Hall Effect and Chiral Electric Waves,” Phys.
Rev. D91(2),025011 (2015) doi: 10.1103/PhysRevD.91.025011 [arXiv:1407.3168 [hep-
th]].

[30] N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Dutta, R. Loganayagam and
P. Surowka, “Hydrodynamics from charged black branes,” JHEP 01, 094 (2011) doi:
10.1007/JHEP01(2011)094 [arXiv:0809.2596 [hep-th]].

[31] L. P. Csernai and H. Stoecker, Central heavy ion collisions by nuclear hydrodynam-

ics,” Phys. Rev. C 25, 3208 (1981) doi:10.1103/PhysRevC.25.3208.,

[32] L. P. Csernai and B. Lukacs, A VISCOUS HYDRODYNAMICAL MODEL FOR
RELATIVISTIC HEAVY ION REACTIONS,” Acta Phys. Polon. B 15, 149-165 (1984).

[33] U. W. Heinz, H. Song and A. K. Chaudhuri, “Dissipative hydrodynamics for viscous
relativistic fluids,” Phys. Rev. C 73, 034904 (2006) doi:10.1103/PhysRevC.73.034904
[arXiv:nucl-th/0510014 [nucl-th]].

[34] S. Bethke, “ay 2002,” Nucl. Phys. B Proc. Suppl. 121, 74-81 (2003) doi:
10.1016/S0920-5632(03)01817-6 [arXiv:hep-ex/0211012 [hep-ex]].

44


https://doi.org/10.1016/j.physletb.2005.11.075
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.70.074018
https://doi.org/10.1103/PhysRevD.91.025011
https://doi.org/10.1007/JHEP01(2011)094
https://doi.org/10.1016/S0920-5632(03)01817-6

REFERENCES

[35] L. D. McLerran and R. Venugopalan, “Computing quark and gluon distribution func-
tions for very large nuclei,” Phys. Rev. D 49, 2233-2241 (1994) doi: [10.1103/Phys-
RevD.49.2233 [arXiv:hep-ph/9309289 [hep-ph]].

[36] M. Gockeler, R. Horsley, A. C. Irving, D. Pleiter, P. E. L. Rakow, G. Schierholz and
H. Stuben, “A Determination of the Lambda parameter from full lattice QCD,” Phys.

Rev. D 73, 014513 (2006) doi:10.1103/PhysRevD.73.014513 [arXiv:hep-ph/0502212

[hep-ph]].

[37] H. T. Ding, F. Karsch and S. Mukherjee, “Thermodynamics of strong-interaction
matter from Lattice QCD,” Int. J. Mod. Phys. E 24, no.10, 1530007 (2015)
doi:10.1142/S0218301315300076 [arXiv:1504.05274 [hep-lat]].

[38] J. Chluba, M. H. Abitbol, N. Aghanim, Y. Ali-Haimoud, M. Alvarez, K. Basu, B. Bol-
liet, C. Burigana, P. de Bernardis and J. Delabrouille, et al. “New horizons in cos-

mology with spectral distortions of the cosmic microwave background,” Exper. Astron.
51(3), 1515-1554 (2021) doi: 10.1007/s10686-021-09729-5 [arXiv:1909.01593 [astro-
ph.CO]].

[39] B.P. Abbott et al. [LIGO Scientific and Virgo], “GW170817: Observation of Gravita-
tional Waves from a Binary Neutron Star Inspiral,” Phys. Rev. Lett. 119, no.16, 161101
(2017) doi:10.1103/PhysRevLett.119.161101 [arXiv:1710.05832 [gr-qc]].

[40] J. Schukraft, “Results from the first heavy ion run at the LHC,” J. Phys. Conf. Ser. 381,
012011 (2012) doi: 10.1088/1742-6596/381/1/012011 [arXiv:1112.0550 [hep-ex]].

[41] A. Cooper-Sarkar and C. Gwenlan, “Comparison and combination of ZEUS and H1
PDF analyses: HERA - LHC workshop proceedings,” [arXiv:hep-ph/0508304 [hep-ph]].

45


https://doi.org/10.1103/PhysRevD.49.2233
https://doi.org/10.1103/PhysRevD.49.2233
https://doi.org/10.1007/s10686-021-09729-5
https://doi.org/10.1088/1742-6596/381/1/012011

REFERENCES

[42] A. Accardi, J. L. Albacete, M. Anselmino, N. Armesto, E. C. Aschenauer, A. Bac-
chetta, D. Boer, W. K. Brooks, T. Burton and N. B. Chang, ef al. “Electron Ion Collider:
The Next QCD Frontier: Understanding the glue that binds us all,” Eur. Phys. J. A 52(9),
268 (2016) doi: 10.1140/epja/i2016-16268-9 [arXiv:1212.1701 [nucl-ex]].

[43] L.D. McLerran and R. Venugopalan, “Boost covariant gluon distributions in large nu-
clei,” Phys. Lett. B 424, 15-24 (1998) d0i:10.1016/S0370-2693(98)00214-7 [arXiv:nucl-
th/9705055 [nucl-th]].

[44] M. Luzum and P. Romatschke, “Conformal Relativistic Viscous Hydrodynamics:
Applications to RHIC results at s(NN)**(1/2) = 200-GeV,” Phys. Rev. C 78, 034915
(2008) [erratum: Phys. Rev. C 79, 039903 (2009)] doi:10.1103/PhysRevC.78.034915
[arXiv:0804.4015 [nucl-th]].

[45] P. Romatschke, “Relativistic Hydrodynamic Attractors with Broken Symme-
tries:  Non-Conformal and Non-Homogeneous,” JHEP 12, 079 (2017) doi:

10.1007/JHEP12(2017)079 [arXiv:1710.03234 [hep-th]].

[46] S. Jaiswal, C. Chattopadhyay, A. Jaiswal, S. Pal and U. Heinz, “Exact solutions and
attractors of higher-order viscous fluid dynamics for Bjorken flow,” Phys. Rev. C 100(3),
034901 (2019) doi: [10.1103/PhysRevC.100.034901 [arXiv:1907.07965 [nucl-th]].

[47] C. Chattopadhyay, S. Jaiswal, L. Du, U. Heinz and S. Pal, “Non-conformal
attractor in boost-invariant plasmas,” Phys. Lett. B 824, 136820 (2022) doi:
10.1016/j.physletb.2021.136820 [arXiv:2107.05500 [nucl-th]].

[48] S. Jaiswal, J. P. Blaizot, R. S. Bhalerao, Z. Chen, A. Jaiswal and L. Yan, “From mo-
ments of the distribution function to hydrodynamics: The nonconformal case,” Phys.
Rev. C 106(4), 044912 (2022) doi: 10.1103/PhysRevC.106.044912 [arXiv:2208.02750
[nucl-th]].

46


https://doi.org/10.1140/epja/i2016-16268-9
https://doi.org/10.1007/JHEP12(2017)079
https://doi.org/10.1103/PhysRevC.100.034901
https://doi.org/10.1016/j.physletb.2021.136820
https://doi.org/10.1103/PhysRevC.106.044912

REFERENCES

[49] J. Jankowski and M. Spalinski, “Hydrodynamic attractors in ultrarela-
tivistic nuclear collisions,” Prog. Part. Nucl. Phys. 132, 104048 (2023) doi:
10.1016/j.ppnp.2023.104048 [arXiv:2303.09414 [nucl-th]].

[50] S. Kamata, J. Jankowski and M. Martinez, “Novel features of attractors and
transseries in nonconformal Bjorken flows,” Phys. Rev. D 107(11), 116004 (2023) doi:
10.1103/PhysRevD.107.116004 [arXiv:2206.00653 [physics.flu-dyn]].

[51] A. Dash and V. Roy, “Hydrodynamic attractors for Gubser flow,” Phys. Lett. B 806,
135481 (2020) doi: 10.1016/j.physletb.2020.135481| [arXiv:2001.10756 [nucl-th]].

[52] C. Chattopadhyay and U. W. Heinz, “Hydrodynamics from free-streaming
to thermalization and back again,” Phys. Lett. B 801, 135158 (2020) doi:
10.1016/j.physletb.2019.135158 [arXiv:1911.07765 [nucl-th]].

[53] G. Giacalone, A. Mazeliauskas and S. Schlichting, “Hydrodynamic attractors, ini-
tial state energy and particle production in relativistic nuclear collisions,” Phys. Rev.

Lett. 123(26), 262301 (2019) doi: 10.1103/PhysRevLett.123.262301 [arXiv:1908.02866

[hep-ph]].

[54] J. P. Blaizot and L. Yan, “Emergence of hydrodynamical behavior in expanding ultra-
relativistic plasmas,” Annals Phys. 412, 167993 (2020) doi: 10.1016/j.a0p.2019.167993
[arXiv:1904.08677 [nucl-th]].

[55] M. Strickland, “The non-equilibrium attractor for kinetic theory in relaxation time ap-
proximation,” JHEP 12,128 (2018) doi: 10.1007/JHEP12(2018)128 [arXiv:1809.01200
[nucl-th]].

47


https://doi.org/10.1016/j.ppnp.2023.104048
https://doi.org/10.1103/PhysRevD.107.116004
https://doi.org/10.1016/j.physletb.2020.135481
https://doi.org/10.1016/j.physletb.2019.135158
https://doi.org/10.1103/PhysRevLett.123.262301
https://doi.org/10.1016/j.aop.2019.167993
https://doi.org/10.1007/JHEP12(2018)128

REFERENCES

[56] J. P. Blaizot and L. Yan, “Fluid dynamics of out of equilibrium boost invariant
plasmas,” Phys. Lett. B 780, 283-286 (2018) doi: 10.1016/j.physletb.2018.02.058
[arXiv:1712.03856 [nucl-th]].

[57] A. Behtash, C. N. Cruz-Camacho and M. Martinez, “Far-from-equilibrium attractors
and nonlinear dynamical systems approach to the Gubser flow,” Phys. Rev. D 97(4),

044041 (2018) doi: 10.1103/PhysRevD.97.044041 [arXiv:1711.01745 [hep-th]].

[58] C. Shen and S. Alzhrani, “Collision-geometry-based 3D initial condition for rela-
tivistic heavy-ion collisions,” Phys. Rev. C 102(1), 014909 (2020) doi: [10.1103/Phys-
RevC.102.014909 [arXiv:2003.05852 [nucl-th]].

[59] A. Bzdak and V. Skokov, “Event-by-event fluctuations of magnetic and elec-
tric fields in heavy ion collisions,” Phys. Lett. B 710, 171-174 (2012) doi:

10.1016/j.physletb.2012.02.065 [arXiv:1111.1949 [hep-ph]].

[60] W. T. Deng and X. G. Huang, “Event-by-event generation of electromagnetic
fields in heavy-ion collisions,” Phys. Rev. C 85, 044907 (2012) doi: 10.1103/Phys-
RevC.85.044907 [arXiv:1201.5108 [nucl-th]].

[61] K. Tuchin, “Particle production in strong electromagnetic fields in relativistic heavy-
ion collisions,” Adv. High Energy Phys. 2013, 490495 (2013) doi: 10.1155/2013/490495
[arXiv:1301.0099 [hep-ph]].

[62] V. Roy and S. Pu, “Event-by-event distribution of magnetic field energy over initial
fluid energy density in /synv= 200 GeV Au-Au collisions,” Phys. Rev. C 92, 064902
(2015) doi: 10.1103/PhysRevC.92.064902 [arXiv:1508.03761 [nucl-th]].

48


https://doi.org/10.1016/j.physletb.2018.02.058
https://doi.org/10.1103/PhysRevD.97.044041
https://doi.org/10.1103/PhysRevC.102.014909
https://doi.org/10.1103/PhysRevC.102.014909
https://doi.org/10.1016/j.physletb.2012.02.065
https://doi.org/10.1103/PhysRevC.85.044907
https://doi.org/10.1103/PhysRevC.85.044907
https://doi.org/10.1155/2013/490495
https://doi.org/10.1103/PhysRevC.92.064902

REFERENCES

[63] H.Li, X. 1. Sheng and Q. Wang, “Electromagnetic fields with electric and chiral mag-
netic conductivities in heavy ion collisions,” Phys. Rev. C 94, no.4, 044903 (2016) doi:
10.1103/PhysRevC.94.044903 [arXiv:1602.02223 [nucl-th]].

[64] W. T. Deng and X. G. Huang, “Vorticity in Heavy-lon Collisions,” Phys. Rev. C 93,
n0.6, 064907 (2016) doi: 10.1103/PhysRevC.93.064907 [arXiv:1603.06117 [nucl-th]].

[65] Y. Jiang, Z. W. Lin and J. Liao, “Rotating quark-gluon plasma in relativistic heavy
ion collisions,” Phys. Rev. C 94, no.4, 044910 (2016) [erratum: Phys. Rev. C 95, no.4,
049904 (2017)] doi: 10.1103/PhysRevC.94.044910 [arXiv:1602.06580 [hep-ph]].

[66] X. Wang, M. Wei, Z. Li and M. Huang, “Quark matter under rotation in the NJL
model with vector interaction,” Phys. Rev. D 99, n0.1,016018 (2019) doi: 10.1103/Phys-
RevD.99.016018 [arXiv:1808.01931 [hep-ph]].

[67] A. K. Chaudhuri, “A short course on Relativistic Heavy Ion Collisions,” IOPP,
2014, ISBN 978-0-7503-1061-1, 978-0-7503-1060-4 doi: [10.1088/978-0-750-31060-4
[arXiv:1207.7028 [nucl-th]].

[68] U. Heinz and R. Snellings, “Collective flow and viscosity in relativistic heavy-ion
collisions,” Ann. Rev. Nucl. Part. Sci. 63, 123-151 (2013) doi: 10.1146/annurev-nucl-
102212-170540 [arXiv:1301.2826 [nucl-th]].

[69] C. Gale, S. Jeon and B. Schenke, “Hydrodynamic Modeling of Heavy-lon Colli-
sions,” Int. J. Mod. Phys. A 28, 1340011 (2013) doi: 10.1142/S0217751X13400113
[arXiv:1301.5893 [nucl-th]].

[70] P. Romatschke and U. Romatschke, “Relativistic Fluid Dynamics In and Out of Equi-
librium,” Cambridge University Press, 2019, ISBN 978-1-108-48368-1, 978-1-108-
75002-8 doi: 10.1017/9781108651998 [arXiv:1712.05815 [nucl-th]].

49


https://doi.org/10.1103/PhysRevC.94.044903
https://doi.org/10.1103/PhysRevC.93.064907
https://doi.org/10.1103/PhysRevC.94.044910
https://doi.org/10.1103/PhysRevD.99.016018
https://doi.org/10.1103/PhysRevD.99.016018
https://doi.org/10.1088/978-0-750-31060-4
https://doi.org/10.1146/annurev-nucl-102212-170540
https://doi.org/10.1146/annurev-nucl-102212-170540
https://doi.org/10.1142/S0217751X13400113
https://doi.org/10.1017/9781108651998

REFERENCES

[71] H. Song and U. W. Heinz, “Extracting the QGP viscosity from RHIC data - A Status
report from viscous hydrodynamics,” J. Phys. G 36, 064033 (2009) doi: [10.1088/0954-
3899/36/6/064033 [arXiv:0812.4274 [nucl-th]].

[72] C. Gale, S. Jeon, B. Schenke, P. Tribedy and R. Venugopalan, “Event-by-event
anisotropic flow in heavy-ion collisions from combined Yang-Mills and viscous
fluid dynamics,” Phys. Rev. Lett. 110, no.1, 012302 (2013) doi: [10.1103/Phys-
RevLett.110.012302 [arXiv:1209.6330 [nucl-th]].

[73] Z. W. Lin, C. M. Ko, B. A. Li, B. Zhang and S. Pal, “A Multi-phase transport model
for relativistic heavy ion collisions,” Phys. Rev. C 72, 064901 (2005) doi: 10.1103/Phys-
RevC.72.064901 [arXiv:nucl-th/0411110 [nucl-th]].

[74] M. Bleicher, E. Zabrodin, C. Spieles, S. A. Bass, C. Ernst, S. Soff, L. Bravina,
M. Belkacem, H. Weber and H. Stoecker, et al. “Relativistic hadron hadron collisions

in the ultrarelativistic quantum molecular dynamics model,” J. Phys. G 25, 1859-1896

(1999) doi: [10.1088/0954-3899/25/9/308 [arXiv:hep-ph/9909407 [hep-phl]].

[75] B. Andersson, G. Gustafson, G. Ingelman and T. Sjostrand, ‘“Parton Fragmentation and

String Dynamics,” Phys. Rept. 97, 31-145 (1983) doi: 10.1016/0370-1573(83)90080-7.

[76] K. Werner, “Strings, pomerons, and the venus model of hadronic interactions
at ultrarelativistic energies,” Phys. Rept. 232, 87-299 (1993) doi: 10.1016/0370-
1573(93)90078-R.

[77] N. S. Amelin, K. K. Gudima and V. D. Toneev, “Quark - Gluon String Model and
Ultrarelativistic Heavy Ion Interactions. (In German),” Sov. J. Nucl. Phys. 51, 327-333

(1990).

50


https://doi.org/10.1088/0954-3899/36/6/064033
https://doi.org/10.1088/0954-3899/36/6/064033
https://doi.org/10.1103/PhysRevLett.110.012302
https://doi.org/10.1103/PhysRevLett.110.012302
https://doi.org/10.1103/PhysRevC.72.064901
https://doi.org/10.1103/PhysRevC.72.064901
https://doi.org/10.1088/0954-3899/25/9/308
https://doi.org/10.1016/0370-1573(83)90080-7
https://doi.org/10.1016/0370-1573(93)90078-R
https://doi.org/10.1016/0370-1573(93)90078-R

REFERENCES

[78] H. Sorge, H. Stoecker and W. Greiner, “Poincare Invariant Hamiltonian Dynamics:
Modeling Multi - Hadronic Interactions in a Phase Space Approach,” Annals Phys. 192,
266-306 (1989) doi: 10.1016/0003-4916(89)90136-X.

[79] M. Gyulassy and X. N. Wang, “HIJING 1.0: A Monte Carlo program for parton
and particle production in high-energy hadronic and nuclear collisions,” Comput. Phys.
Commun. 83, 307 (1994) doi: 10.1016/0010-4655(94)90057-4 [arXiv:nucl-th/9502021
[nucl-th]].

[80] J. Aichelin and H. Stoecker, “Quantum molecular dynamics. A Novel approach to
N body correlations in heavy ion collisions,” Phys. Lett. B 176, 14-19 (1986) doi:
10.1016/0370-2693(86)90916-0.

[81] K. Geiger, Phys. Rept. 258, 237-376 (1995) doi: 10.1016/0370-1573(95)96931-Z.

[82] F. Gastineau and J. Aichelin, “Hanbury Brown-tTiss correlation functions from
event generators: A Reliable approach to determine the size of the emitting
source in ultrarelativistic heavy ion collisions?,” Phys. Rev. C 65, 014901 (2002)

doi:10.1103/PhysRevC.65.014901 [arXiv:nucl-th/0007049 [nucl-th]].

[83] B. L. Abelev ef al. [STAR], “Strange baryon resonance production in s(NN)**(1/2)
= 200-GeV p+p and AutAu collisions,” Phys. Rev. Lett. 97, 132301 (2006) doi:
10.1103/PhysRevLett.97.132301 [arXiv:nucl-ex/0604019 [nucl-ex]].

[84] S. Acharya ef al. [ALICE], “Evidence of rescattering effect in Pb-Pb collisions at the
LHC through production of K*(892)° and ¢(1020) mesons,” Phys. Lett. B 802, 135225
(2020) doi: 10.1016/j.physletb.2020.135225 [arXiv:1910.14419 [nucl-ex]].

51


https://doi.org/10.1016/0003-4916(89)90136-X
https://doi.org/10.1016/0010-4655(94)90057-4
https://doi.org/10.1016/0370-2693(86)90916-0
https://doi.org/10.1016/0370-1573(95)96931-Z
https://doi.org/10.1103/PhysRevLett.97.132301
https://doi.org/10.1016/j.physletb.2020.135225

REFERENCES

[85] J. Adams et al. [STAR], “K(892)* resonance production in Aut+Au and p+p col-
lisions at s(NN)**(1/2) = 200-GeV at STAR,” Phys. Rev. C 71, 064902 (2005) doi:
10.1103/PhysRevC.71.064902 [arXiv:nucl-ex/0412019 [nucl-ex]].

[86] L. Adamczyk et al. [STAR], “Global A hyperon polarization in nuclear collisions: ev-
idence for the most vortical fluid,” Nature 548, 62-65 (2017) doi: 10.1038/nature23004
[arXiv:1701.06657 [nucl-ex]].

[87] J. W. Harris and B. Miiller, “QGP Signatures” Revisited,” [arXiv:2308.05743 [hep-

ph]].

[88] B. B. Back et al. [PHOBOS], “The PHOBOS perspective on discoveries at RHIC,”
Nucl. Phys. A 757, 28-101 (2005) doi: 10.1016/j.nuclphysa.2005.03.084 [arXiv:nucl-
ex/0410022 [nucl-ex]].

[89] K. Adcox et al. [PHENIX], “Formation of dense partonic matter in relativistic nucleus-
nucleus collisions at RHIC: Experimental evaluation by the PHENIX collaboration,”
Nucl. Phys. A 757, 184-283 (2005) doi: 10.1016/j.nuclphysa.2005.03.086 [arXiv:nucl-
ex/0410003 [nucl-ex]].

[90] B. Muller, J. Schukraft and B. Wyslouch, “First Results from Pb+Pb collisions at the
LHC,” Ann. Rev. Nucl. Part. Sci. 62,361-386 (2012) doi: 10.1146/annurev-nucl-102711-
094910 [arXiv:1202.3233 [hep-ex]].

[91] M. Abdallah et al. [STAR], “Azimuthal anisotropy measurement of (multi)strange
hadrons in Aut+Au collisions at /Syy = 54.4GeV,” Phys. Rev. C 107, no.2, 024912
(2023) doi: 10.1103/PhysRevC.107.024912 [arXiv:2205.11073 [nucl-ex]].

52


https://doi.org/10.1103/PhysRevC.71.064902
https://doi.org/10.1038/nature23004
https://doi.org/10.1016/j.nuclphysa.2005.03.084
https://doi.org/10.1016/j.nuclphysa.2005.03.086
https://doi.org/10.1146/annurev-nucl-102711-094910
https://doi.org/10.1146/annurev-nucl-102711-094910
https://doi.org/10.1103/PhysRevC.107.024912

REFERENCES

[92] B. Mohanty, “Exploring the QCD landscape with high-energy nuclear collisions,”
New J. Phys. 13,065031 (2011) doi: 10.1088/1367-2630/13/6/065031 [arXiv:1102.2495

[nucl-ex]].

[93] E. Eichten, K. Gottfried, T. Kinoshita, J. B. Kogut, K. D. Lane and T. M. Yan, “The
Spectrum of Charmonium,” Phys. Rev. Lett. 34, 369-372 (1975) [erratum: Phys. Rev.

Lett. 36, 1276 (1976)] doi: 10.1103/PhysRevLett.34.369.

[94] M. C. Abreu et al. [NA38], “J/ psi, psi-prime and Drell-Yan production in S U interac-
tions at 200-GeV per nucleon,” Phys. Lett. B 449, 128-136 (1999) doi: 10.1016/S0370-
2693(99)00057-X.

[95] M. C. Abreu et al. [NAS50], “Evidence for deconfinement of quarks and gluons from
the J / psi suppression pattern measured in Pb + Pb collisions at the CERN SPS,” Phys.
Lett. B 477, 28-36 (2000) doi: 10.1016/S0370-2693(00)00237-9.

[96] A. Jakovac, P. Petreczky, K. Petrov and A. Velytsky, “Quarkonium correlators and
spectral functions at zero and finite temperature,” Phys. Rev. D 75, 014506 (2007) doi:
10.1103/PhysRevD.75.014506 [arXiv:hep-lat/0611017 [hep-lat]].

[97] P. Petreczky, S. Sharma and J. H. Weber, “Bottomonium melting from screening cor-
relators at high temperature,” Phys. Rev. D 104, no.5, 054511 (2021) doi: 10.1103/Phys-

RevD.104.054511 [arXiv:2107.11368 [hep-lat]].

[98] S. Acharya et al. [ALICE], “Measurements of inclusive J/1) production at midrapidity
and forward rapidity in Pb—PDb collisions at sSNN = 5.02 TeV,” Phys. Lett. B 849, 138451
(2024) doi: 10.1016/j.physletb.2024.138451| [arXiv:2303.13361 [nucl-ex]].

53


https://doi.org/10.1088/1367-2630/13/6/065031
https://doi.org/10.1103/PhysRevLett.34.369
https://doi.org/10.1016/S0370-2693(99)00057-X
https://doi.org/10.1016/S0370-2693(99)00057-X
https://doi.org/10.1016/S0370-2693(00)00237-9
https://doi.org/10.1103/PhysRevD.75.014506
https://doi.org/10.1103/PhysRevD.104.054511
https://doi.org/10.1103/PhysRevD.104.054511
https://doi.org/10.1016/j.physletb.2024.138451

REFERENCES

[99] K. Adcox et al. [PHENIX], “Suppression of hadrons with large transverse momentum
in central Au+Au collisions at \/syy = 130-GeV,” Phys. Rev. Lett. 88, 022301 (2002)
doi: 10.1103/PhysRevLett.88.022301 [arXiv:nucl-ex/0109003 [nucl-ex]].

[100] C. Adler et al. [STAR], “Centrality dependence of high pr hadron suppression
in AutAu collisions at /sy = 130-GeV,” Phys. Rev. Lett. 89, 202301 (2002) doi:
10.1103/PhysRevLett.89.202301 [arXiv:nucl-ex/0206011 [nucl-ex]].

[101] I. Arsene et al. [BRAHMS], “Transverse momentum spectra in Aut+Au and d+Au
collisions at s**(1/2) = 200-GeV and the pseudorapidity dependence of high p(T) sup-
pression,” Phys. Rev. Lett. 91, 072305 (2003) doi: [10.1103/PhysRevLett.91.072305
[arXiv:nucl-ex/0307003 [nucl-ex]].

[102] B. B. Back et al. [PHOBOS], “Centrality dependence of charged hadron transverse
momentum spectra in Au + Au collisions from s(NN)**(1/2) = 62.4-GeV to 200-GeV,”
Phys. Rev. Lett. 94, 082304 (2005) doi: [10.1103/PhysRevLett.94.082304 [arXiv:nucl-
ex/0405003 [nucl-ex]].

[103] K. Aamodt et al. [ALICE], “Suppression of Charged Particle Production at Large
Transverse Momentum in Central Pb-Pb Collisions at /syy = 2.76 TeV,” Phys. Lett. B

696, 30-39 (2011) doi: [10.1016/j.physletb.2010.12.020 [arXiv:1012.1004 [nucl-ex]].

[104] S.Chatrchyan et al. [CMS], “Study of High-pT Charged Particle Suppression in PbPb
Compared to pp Collisions at \/syy = 2.76 TeV,” Eur. Phys. J. C 72, 1945 (2012) doi:
10.1140/epjc/s10052-012-1945-x [arXiv:1202.2554 [nucl-ex]].

[105] S. Acharya et al. [ALICE], “Prompt D, D*, and D** production in Pb—Pb col-
lisions at /sy = 5.02 TeV,” JHEP 01, 174 (2022) doi: 10.1007/JHEP01(2022)174
[arXiv:2110.09420 [nucl-ex]].

54


https://doi.org/10.1103/PhysRevLett.88.022301
https://doi.org/10.1103/PhysRevLett.89.202301
https://doi.org/10.1103/PhysRevLett.91.072305
https://doi.org/10.1103/PhysRevLett.94.082304
https://doi.org/10.1016/j.physletb.2010.12.020
https://doi.org/10.1140/epjc/s10052-012-1945-x
https://doi.org/10.1007/JHEP01(2022)174

REFERENCES

[106] A. M. Sirunyan et al. [CMS], “Measurement of prompt and nonprompt charmo-
nium suppression in PbPb collisions at 5.02 TeV,” Eur. Phys. J. C 78, no.6, 509
(2018) [erratum: Eur. Phys. J. C 83, 145 (2023)] doi: 10.1140/epjc/s10052-018-5950-6

[arXiv:1712.08959 [nucl-ex]].

[107] S. Acharya ef al. [ALICE], “Measurement of beauty-strange meson production in
Pb—Pb collisions at SNN=5.02TeV via non-prompt Ds+ mesons,” Phys. Lett. B 846,
137561 (2023) doi: 10.1016/j.physletb.2022.137561 [arXiv:2204.10386 [nucl-ex]].

[108] A. Tumasyan et al. [CMS], “Observation of Bs0 mesons and measurement of the
Bs0/B+ yield ratio in PbPb collisions at Image 1 TeV,” Phys. Lett. B 829, 137062 (2022)
doi: 10.1016/j.physletb.2022.137062 [arXiv:2109.01908 [hep-ex]].

[109] J. Rafelski, “Formation and Observables of the Quark-Gluon Plasma,” Phys. Rept.
88, 331 (1982) UFTP-80-1982.

[110] J. Rafelski and B. Muller, “Strangeness Production in the Quark - Gluon Plasma,”
Phys. Rev. Lett. 48, 1066 (1982) [erratum: Phys. Rev. Lett. 56, 2334 (1986)] doi:
10.1103/PhysRevLett.48.1066.

[111] E. Andersen et al. [WA97], “Strangeness enhancement at mid-rapidity in Pb Pb
collisions at 158-A-GeV/c,” Phys. Lett. B 449, 401-406 (1999) doi: 10.1016/S0370-
2693(99)00140-9.

[112] F. Antinori et al. [NAS57], “Enhancement of hyperon production at central rapidity
in 158-A-GeV/c Pb-Pb collisions,” J. Phys. G 32, 427-442 (2006) doi: 10.1088/0954-
3899/32/4/003 [arXiv:nucl-ex/0601021 [nucl-ex]].

55


https://doi.org/10.1140/epjc/s10052-018-5950-6
https://doi.org/10.1016/j.physletb.2022.137561
https://doi.org/10.1016/j.physletb.2022.137062
https://doi.org/10.1103/PhysRevLett.48.1066
https://doi.org/10.1016/S0370-2693(99)00140-9
https://doi.org/10.1016/S0370-2693(99)00140-9
https://doi.org/10.1088/0954-3899/32/4/003
https://doi.org/10.1088/0954-3899/32/4/003

REFERENCES

[113] B. 1. Abelev et al. [STAR], “Enhanced strange baryon production in Au + Au colli-
sions compared to p + p at s(NN)**(1/2) = 200-GeV,” Phys. Rev. C 77, 044908 (2008)
doi: 10.1103/PhysRevC.77.044908 [arXiv:0705.2511 [nucl-ex]].

[114] J. Adam et al. [ALICE], “Enhanced production of multi-strange hadrons in
high-multiplicity proton-proton collisions,” Nature Phys. 13, 535-539 (2017) doi:
10.1038/nphys4111 [arXiv:1606.07424 [nucl-ex]].

[115] J. Adam et al. [ALICE], “Direct photon production in Pb-Pb collisions at \/syy =
2.76 TeV,” Phys. Lett. B 754, 235-248 (2016) doi: 10.1016/j.physletb.2016.01.020
[arXiv:1509.07324 [nucl-ex]].

[116] H. van Hees, M. He and R. Rapp, “Pseudo-critical enhancement of thermal pho-
tons in relativistic heavy-ion collisions?,” Nucl. Phys. A 933, 256-271 (2015) doi:

10.1016/j.nuclphysa.2014.09.009 [arXiv:1404.2846 [nucl-th]].

[117] J. F. Paquet, C. Shen, G. S. Denicol, M. Luzum, B. Schenke, S. Jeon and C. Gale,
“Production of photons in relativistic heavy-ion collisions,” Phys. Rev. C 93, no.4,

044906 (2016) doi: [10.1103/PhysRevC.93.044906 [arXiv:1509.06738 [hep-ph]].

[118] J. F. Paquet and S. A. Bass, “Electromagnetic measurement of the tempera-
ture of quark-gluon plasma produced in central ultrarelativistic nuclear collisions,”

[arXiv:2205.12299 [nucl-th]].

[119] V. Khachatryan ef al. [CMS], “Observation of Long-Range Near-Side Angular
Correlations in Proton-Proton Collisions at the LHC,” JHEP 09, 091 (2010) doi:

10.1007/JHEP09(2010)091 [arXiv:1009.4122 [hep-ex]].

[120] G. Aad et al [ATLAS], “Observation of Long-Range Elliptic Azimuthal

Anisotropies in /s =13 and 2.76 TeV pp Collisions with the ATLAS Detector,”

56


https://doi.org/10.1103/PhysRevC.77.044908
https://doi.org/10.1038/nphys4111
https://doi.org/10.1016/j.physletb.2016.01.020
https://doi.org/10.1016/j.nuclphysa.2014.09.009
https://doi.org/10.1103/PhysRevC.93.044906
https://doi.org/10.1007/JHEP09(2010)091

REFERENCES

Phys. Rev. Lett. 116, no.17, 172301 (2016) doi: 10.1103/PhysRevLett.116.172301
[arXiv:1509.04776 [hep-ex]].

[121] V. Khachatryan et al. [CMS], “Measurement of long-range near-side two-particle
angular correlations in pp collisions at /s =13 TeV,” Phys. Rev. Lett. 116,n0.17, 172302
(2016) doi: 10.1103/PhysRevLett.116.172302 [arXiv:1510.03068 [nucl-ex]].

[122] B. Abelev et al. [ALICE], “Long-range angular correlations on the near and away
side in p-Pb collisions at /syny = 5.02 TeV,” Phys. Lett. B 719, 29-41 (2013) doi:
10.1016/j.physletb.2013.01.012 [arXiv:1212.2001 [nucl-ex]].

[123] G. Aad et al. [ATLAS], Phys. Rev. Lett. 110, no.18, 182302 (2013)
doi:10.1103/PhysRevLett.110.182302 [arXiv:1212.5198 [hep-ex]].

[124] S. Chatrchyan et al. [CMS], Phys. Lett. B 718, 795-814 (2013)
doi:10.1016/j.physletb.2012.11.025 [arXiv:1210.5482 [nucl-ex]].

[125] V. Khachatryan et al. [CMS], Phys. Rev. Lett. 115, no.1, 012301 (2015)
doi:10.1103/PhysRevLett.115.012301 [arXiv:1502.05382 [nucl-ex]].

[126] C. Aidala et al [PHENIX], Nature Phys. 15, no.3, 214-220 (2019)
doi:10.1038/541567-018-0360-0 [arXiv:1805.02973 [nucl-ex]].

[127] J. L. Nagle and W. A. Zajc, Ann. Rev. Nucl. Part. Sci. 68, 211-235 (2018)
doi:10.1146/annurev-nucl-101916-123209 [arXiv:1801.03477 [nucl-ex]].

[128] R. D. Weller and P. Romatschke, “One fluid to rule them all: viscous hydrody-
namic description of event-by-event central p+p, p+Pb and Pb+Pb collisions at /s =
5.02 TeV,” Phys. Lett. B 774, 351-356 (2017) doi: [10.1016/j.physletb.2017.09.077
[arXiv:1701.07145 [nucl-th]].

57


https://doi.org/10.1103/PhysRevLett.116.172301
https://doi.org/10.1103/PhysRevLett.116.172302
https://doi.org/10.1016/j.physletb.2013.01.012
https://doi.org/10.1016/j.physletb.2017.09.077

REFERENCES

[129] X. G. Huang, “Electromagnetic fields and anomalous transports in heavy-ion
collisions — A pedagogical review,” Rept. Prog. Phys. 79, no.7, 076302 (2016)
doi:10.1088/0034-4885/79/7/076302 [arXiv:1509.04073 [nucl-th]].

[130] V. Roy, S. Pu, L. Rezzolla and D. H. Rischke, “Effect of intense magnetic fields on
reduced-MHD evolution in /syy =200 GeV Au+Au collisions,” Phys. Rev. C 96, no.5,
054909 (2017) doi:10.1103/PhysRevC.96.054909 [arXiv:1706.05326 [nucl-th]].

[131] M. I. Abdulhamid et al. [STAR], “Observation of the electromagnetic field effect
via charge-dependent directed flow in heavy-ion collisions at the Relativistic Heavy
Ion Collider,” Phys. Rev. X 14, no. 1, 011028 (2024) doi:10.1103/PhysRevX.14.011028
[arXiv:2304.03430 [nucl-ex]].

[132] M. Abdallah et al. [STAR], “Search for the chiral magnetic effect with isobar colli-
sions at /sy y=200 GeV by the STAR Collaboration at the BNL Relativistic Heavy Ion
Collider,” Phys. Rev. C 105, no. 1, 014901 (2022) doi:10.1103/PhysRevC.105.014901
[arXiv:2109.00131 [nucl-ex]].

[133] C. Zhang [STAR], “An overview of new measurements of flow, chirality and
vorticity from STAR experiment,” Int. J. Mod. Phys. E 32, no. 11, 2341001 (2023)

doi:[10.1142/5021830132341001X [arXiv:2203.13106 [nucl-ex]].

[134] W. Israel and J. M. Stewart, “Transient relativistic thermodynamics and kinetic the-

ory,” Annals Phys. 118, 341-372 (1979) doi: 10.1016/0003-4916(79)90130-1

[135] H. Grad, “On the kinetic theory of rarefied gases,” Commun. Pure Appl. Math. 2,
no. 4, 331-407 (1949) doi: [10.1002/cpa.3160020403

[136] W. Israel, “Nonstationary irreversible thermodynamics: A Causal relativistic the-

ory,” Annals Phys. 100, 310-331 (1976) doi: 10.1016/0003-4916(76)90064-6

58


https://doi.org/10.1103/PhysRevX.14.011028
https://doi.org/10.1103/PhysRevC.105.014901
https://doi.org/10.1142/S021830132341001X
https://doi.org/10.1016/0003-4916(79)90130-1
https://doi.org/10.1002/cpa.3160020403
https://doi.org/10.1016/0003-4916(76)90064-6

REFERENCES

[137] P. Kovtun, D. T. Son and A. O. Starinets, “Viscosity in strongly interacting quan-
tum field theories from black hole physics,” Phys. Rev. Lett. 94, 111601 (2005)
doi:10.1103/PhysRevLett.94.111601 [arXiv:hep-th/0405231 [hep-th]].

[138] J. E. Bernhard, J. S. Moreland and S. A. Bass, “Bayesian estimation of the specific
shear and bulk viscosity of quark—gluon plasma,” Nature Phys. 15, no.11, 1113-1117
(2019) doi:10.1038/s41567-019-0611-8

[139] Cercignani, Carlo, The Boltzmann equation and its applications, doi=10.1007/978-
1-4612-1039-9,

[140] P. L. Bhatnagar, E. P. Gross and M. Krook, “A Model for Collision Processes in
Gases. 1. Small Amplitude Processes in Charged and Neutral One-Component Systems,”

Phys. Rev. 94, 511-525 (1954) doi:10.1103/PhysRev.94.511.

[141] R. L. Anderson and B. R. Ikenberry, “A relativistic relaxation-time model for the

Boltzmann equation,” Physica 74, 466-488 (1974) doi:10.1016/0031-8914(74)90355-3.

[142] Charles-Michel Marle, “Sur I’établissement des équations de I’hydrodynamique des
fluides relativistes dissipatifs. I. — L’équation de Boltzmann relativiste,” Annales De
L Institut Henri Poincare-physique Theorique 10, 67-126 (1969) url: https://api.

semanticscholar.org/CorpusID:124097847.

[143] B. Betz, D. Henkel, and D. H. Rischke, “From kinetic theory to dissipative fluid dy-
namics,” Prog. Part. Nucl. Phys. 62, 556-561 (2009), doi: 10.1016/.ppnp.2008.12.018
[arXiv:0812.1440 [nucl-th]].

[144] G. S. Denicol, T. Koide, and D. H. Rischke, “Dissipative relativistic fluid dynamics:
a new way to derive the equations of motion from kinetic theory,” Phys. Rev. Lett. 105,

162501 (2010), doi: 10.1103/PhysRevLett.105.162501 [arXiv:1004.5013 [nucl-th]].

59


https://api.semanticscholar.org/CorpusID:124097847
https://api.semanticscholar.org/CorpusID:124097847
https://doi.org/10.1016/j.ppnp.2008.12.018
https://doi.org/10.1103/PhysRevLett.105.162501

REFERENCES

[145] A. Muronga, “Relativistic Dynamics of Non-ideal Fluids: Viscous and heat-
conducting fluids. II. Transport properties and microscopic description of relativistic
nuclear matter,” Phys. Rev. C 76, 014910 (2007), doi: 10.1103/PhysRevC.76.014910
[arXiv:nucl-th/0611091 [nucl-th]].

[146] G. S. Denicol, H. Niemi, E. Molnar, and D. H. Rischke, “Derivation of transient rel-
ativistic fluid dynamics from the Boltzmann equation,” Phys. Rev. D 85, 114047 (2012),
doi: 10.1103/PhysRevD.85.114047 [arXiv:1202.4551 [nucl-th]].

[147] G.S.Denicol, E. Molnar, H. Niemi, and D. H. Rischke, “Derivation of fluid dynamics
from kinetic theory with the 14-moment approximation,” Eur. Phys. J. A 48, 170 (2012),
doi: 10.1140/epja/i2012-12170-x [arXiv:1206.1554 [nucl-th]].

[148] B. Betz, D. Henkel, and D. H. Rischke, “Complete second-order dissipative fluid
dynamics,” J. Phys. G 36, 064029 (2009), doi: 10.1088/0954-3899/36/6/064029.

[149] M. A. York and G. D. Moore, “Second order hydrodynamic coefticients from ki-
netic theory,” Phys. Rev. D 79, 054011 (2009), doi: 10.1103/PhysRevD.79.054011
[arXiv:0811.0729 [hep-ph]].

[150] A. Jaiswal, R. S. Bhalerao, and S. Pal, “New relativistic dissipative
fluid dynamics from kinetic theory,” Phys. Lett. B 720, 347-351 (2013), doi:
10.1016/j.physletb.2013.02.025 [arXiv:1204.3779 [nucl-th]].

[151] A. Jaiswal, “Relativistic dissipative hydrodynamics from kinetic theory with relax-
ation time approximation,” Phys. Rev. C 87, no.5, 051901 (2013), doi: 10.1103/Phys-
RevC.87.051901 [arXiv:1302.6311 [nucl-th]].

60


https://doi.org/10.1103/PhysRevC.76.014910
https://doi.org/10.1103/PhysRevD.85.114047
https://doi.org/10.1140/epja/i2012-12170-x
https://doi.org/10.1088/0954-3899/36/6/064029
https://doi.org/10.1103/PhysRevD.79.054011
https://doi.org/10.1016/j.physletb.2013.02.025
https://doi.org/10.1103/PhysRevC.87.051901
https://doi.org/10.1103/PhysRevC.87.051901

REFERENCES

[152] W. Florkowski and R. Ryblewski, “Highly-anisotropic and strongly-dissipative hy-
drodynamics for early stages of relativistic heavy-ion collisions,” Phys. Rev. C 83,

034907 (2011), doi: [10.1103/PhysRevC.83.034907 [arXiv:1007.0130 [nucl-th]].

[153] G. S. Denicol, X. G. Huang, E. Molnar, G. M. Monteiro, H. Niemi, J. Noronha,
D. H. Rischke, and Q. Wang, “Nonresistive dissipative magnetohydrodynamics from the
Boltzmann equation in the 14-moment approximation,” Phys. Rev. D 98, no.7, 076009

(2018), doi: 10.1103/PhysRevD.98.076009 [arXiv:1804.05210 [nucl-th]].

[154] G.S.Denicol, E. Molnar, H. Niemi, and D. H. Rischke, “Resistive dissipative magne-
tohydrodynamics from the Boltzmann-Vlasov equation,” Phys. Rev. D 99, no.5, 056017
(2019), doi: 10.1103/PhysRevD.99.056017 [arXiv:1902.01699 [nucl-th]].

61


https://doi.org/10.1103/PhysRevC.83.034907
https://doi.org/10.1103/PhysRevD.98.076009
https://doi.org/10.1103/PhysRevD.99.056017

Chapter 2

Revisiting Theoretical Frameworks: From
Macroscopic to Microscopic

The two main theories we focus on are fluid dynamics and kinetic theory. Fluid dynamics
encompasses the study of fluid motion and behavior, from blood flow in the human circu-
latory system to the collective dynamics of fundamental particles like quarks and gluons
forming Quark-Gluon Plasma (QGP). Fundamentally, fluid dynamics relies on conserva-
tion laws and the Navier-Stokes equation to describe fluid motion. At the same time, its
relativistic counterpart incorporates special relativity principles and is governed by the con-
servation of the energy-momentum tensor and charge current. On the other hand, relativistic
kinetic theory offers a robust statistical framework in which the macroscopic quantities are
expressed in terms of single-particle distribution function. At its core lies the relativistic
Boltzmann equation, which dictates the evolution of the distribution function of particles
in phase space.

This chapter is organized as follows: firstly, we delve into the mathematical construct
of the macroscopic theory, specifically the relativistic version of fluid dynamics in Sec-
tion.(2.1)). Building upon our previous discussion on the intense magnetic field generation
in the chapter.([l]), we briefly introduce the concept of relativistic magnetohydrodynamics in
Section.(2.2)). Lastly, in Section.(2.3), we talk about the relativistic kinetic theory, setting

the stage for its application in the subsequent chapters of the current thesis.
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2.1 Relativistic Hydrodynamics

Our current understanding of fluid dynamics relies heavily on the concept of scales. Fluid
dynamics, or hydrodynamics, operates on effectively long wavelengths (that is at large
length scales), assuming a collective behavior of the fluid. This collective behavior can
be quantified by a dimensionless quantity represented by the ratio of two length scales:

one microscopic and another macroscopic. If this ratio, denoted as Knudsen number =

microscopic scale
macroscopic scale’

is less than 1, fluid dynamics provides a reasonable description. In this sec-
tion, we commence with a review of the mathematical formulation of ideal (non-dissipative)

and dissipative relativistic hydrodynamics [[1].

2.1.1 Ideal Hydrodynamics

In a relativistic framework, energy and momentum are encapsulated within the energy-
momentum tensor 7*”, which represents a system’s response to perturbations in the metric
tensor ¢g"¥. Classical fluid dynamics, in the absence of thermal fluctuations, constructs the
energy-momentum tensor at leading order (ideal case) from a rank-one timelike tensor u*
and a rank-two tensor g"¥, where u* denotes the fluid four-velocity. These tensors are
the only available constructs for such construction with u* and ¢g"” taking arbitrarily any
form and are quite general. By applying a suitable Lorentz boost, the equilibrium energy-
momentum tensor can be transformed into the local rest frame (LRF), characterized by

u* = (1,0). In this frame, 7" takes the following form:

T = 2.1)

SO O™
o o "o
oo o
o OO

Where:

« T = ¢, represents the energy density of the fluid.
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« T where i = (1,2,3), represents the momentum density.
T where i= (1,2,3), represents the energy flux.

« T% = P, with i not summed over, represents the Pressure.

T% where i # j is shear stress.

In an arbitrary frame with four-velocity, u* = ~(1,v), the general form of the energy-

momentum tensor in the case of an ideal fluid is given by:

T(%g = (e + P)u'u” — Pg"". (2.2)

In this context, the subscript ‘0’ signifies the 0"-order in gradient expansion. Also ‘In
equilibrium’ indicates a state of local thermal equilibrium, implying dependence of all the
thermodynamic variables on both space and time (z* = (¢, z,y, z)). Both € and P denote
quantities in the local rest frame of the fluid, where the observer moves with the fluid, and
are also time- and position-dependent functions. Consequently, the space-time evolution of

the ideal fluid adheres to the conservation equations of energy and momentum given as:

I = 0. (2.3)

Additionally, the conservation of net charges, such as baryon, strangeness, and electric

charges, follows the conservation equation for the particle four-current:

GMNJ.“(O) =0, j7=123. (2.4)
In this representation, the zeroth component N symbolizes the net number density n whereas
the remaining three components N ]’ (i = 1, 2, 3) represent the respective current carried by

the j™ particle, where the subscript *;j> denotes various conserved charges. Hence for an

ideal fluid in local thermal equilibrium, the quantities 7" and N* take the following form:

Tipy = (e(z) + P(x)) u'v” — P(z)g", (2.5)
N(’g) = nut. (2.6)
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2 Revisiting Theoretical Frameworks: From Macroscopic to Microscopic

Counting the number of equations, we find 5 conservation equations (4 from the conserva-
tion of energy-momentum tensor and 1 from the net particle number conservation equation),
but the number of unknowns is six: €(x), P(x), n(z), and the three components of v/ (three
because utu, = 1 is a constraint). Therefore, we need one additional constraint to close
the equation, which comes from the equation of state, relating the pressure, energy density,
and number density, given as P(z) = f(e(z),n(x)).

To gain physical insight from the conservation equations, we introduce the spatial pro-
jector operator A¥ = (g — utu,, ). The operator A¥ is orthogonal to the fluid four-velocity
u*, that is A#u” = 0. Projecting out the component along the direction of the fluid velocity,
we obtain:

u, 0,5 = 0= De+ (e + P)0ut* =0, (2.7)

where D = u*0,. Next, projecting the conservation equation along the direction perpen-

dicular to the fluid velocity gives us:
AS@MT(% =0= (e+ P)u"ou* — A"9,P =0= (e+ P)Du* - V*P =0, (2.8)

where V* = A#9,,. Eq.(2.7) and Eq.(R.8) are the relativistic versions of the continuity and
Euler equations respectively. In the non-relativistic limit (v < ¢), D and V* essentially
reduce to time and space derivatives, and the energy density ¢ closely approximates the
mass density (p) as € ~ p, neglecting the kinetic terms. Thus, the relativistic conservation
equation in the non-relativistic limit simplifies to the following conservation of mass and

Euler equations:

O+ V- (pv) =0, (2.9)

1
ov+v-Vv= —;VP. (2.10)

These equations are quite well-known and are widely used.
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Again, recalling the first law of thermodynamics (as discussed previously in chapter [I}),
we have:

dQ = dU + PdV — pudN, 2.11)

where d() represents the amount of heat change in the system, which can alternatively be
expressed as 7'd.S, with T denoting the temperature and d.S the change in entropy of the
system. Here, dU signifies the change in internal energy, dV' the change in volume, P the
pressure, 4 the chemical potential, and d N the change in number of particles in the system.

Dividing the above equation by volume yields:
av
ds = Bdu + BPV — adn, (2.12)

where ds = dS/V denotes the entropy density, 5 = =, du = dU /V represents the internal

1
T>

energy density, « = %, and dn = dN/V signifies the number density. The covariant

generalization of the above equation is written as:
dSé‘O) = 6”dTV“(0) — osz(’é). (2.13)

Here, the subscript ‘0’ denotes equilibrium conditions. Also, note that thermodynamic
analysis is typically conducted under equilibrium or very close to equilibrium conditions.

Rewriting Eq.(R.13)) in terms of partial derivatives we have:
8MS(‘f)) = ﬁ”@MTIf(O) — aauN(‘g). (2.14)

Given the conditions 8HT(“”

o) = 0and 9,Nj;, = 0, we arrive at:

Sl = 0. (2.15)

This equation represents the second law of thermodynamics, showing that no entropy is

produced when the system is in equilibrium.
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2.1.2 Viscous Hydrodynamics

In the previous section, we explored the ideal hydrodynamics formulation. However, re-
ality often deviates from these ideal conditions. Dissipative effects in a fluid stem from
irreversible thermodynamic processes occurring during fluid motion. Typically, individual
fluid elements may not be in complete equilibrium with the entire fluid body. To approach
equilibrium, they exchange heat with their surroundings or may dissipate energy through
friction during their relative motion with the surroundings. Accounting for all these phe-
nomena is essential for constructing a realistic description of a relativistic fluid. Mathemat-

ically we can write 7" and N* taking all the dissipative effects into account as follows:

T = T+ = euu” — PAM 4TI, (2.16)

Nt — NHF

ot VE =nut + VH, (2.17)

where the additional terms arise due to the inclusion of dissipative effects (which can contain
any order of force gradient terms). The term encompassing all the dissipative contributions
in the energy-momentum tensor is denoted by I11*”, and in the number current, it is denoted
by V*#. Moving forward we need to decompose the II*” into scalars, vectors, and tensors

so we use the following projection operator to do it. That is

A = % (AgAg +ABAY gwmaﬁ) , (2.18)

which is orthogonal to both «* and A*”. Now we can write the full [I*” only in terms of

the available irreducible tensors u*, A" and the above mentioned AZZ This reads as:

1" = —TIAM + 2y RY) 4+ 7, (2.19)
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where 11 is bulk viscous pressure, h* is heat current and 7 is shear viscous pressure and

are defined as:

1
1= —- A%,
3
A = Al
v o v Taf

The term u(*h*) represents the following symmetric form (u*h” + u”h*)/2. Also V* can
be indicated as diffusion current with V# = AXN®, With this, we again do a counting
of variables and the number of independent components available. We know that 7"
constitutes a symmetric second-rank tensor with ten independent components, while N*
represents a four-vector, resulting in a total of fourteen independent components. Upon
examining the tensor decompositions of 7" and N*, we recognize that V# and h*, being
orthogonal to u*, possess only three independent components each. The shear-stress tensor
™, symmetric, traceless, and orthogonal to u*, inherently harbors five independent com-
ponents. Alongside u*, €, n, and II, totaling six independent components (where pressure
P is related with e through the equation of state), we thus have a total sum of seventeen
independent components, surpassing the anticipated count by three. This can be solved by
defining our velocity four-vector or in short by a frame definition.

So far, the hydrodynamic four-velocity u* has been left unspecified. By choosing a
suitable frame for u*, it becomes possible to define important macroscopic properties such
as energy density, number density, heat flow, and entropy density for any fluid. Two widely
used definitions of u* originate from the formulations of Eckart and Landau-Lifshitz [2, B,

4]. Under the Eckart definition, u* aligns with the particle four-flow N#, expressed as:
NH

In the local rest frame of the fluid, it’s observed that the spatial component of N* becomes

(2.20)

ut

zero. On the contrary, Landau-Lifshitz’s approach aligns u* with the energy flow, expressed
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as:
THu”
ut = vy (2.21)
VU TP T uY
When projecting 7""u,, with the projection operator, we obtain:
ATT*u, = 0. (2.22)

As aresult, the energy flow vanishes in the local rest frame of the fluid element, indicating
h* = 0 1n this frame. Essentially, in the Landau-Lifshitz frame, we observe a non-vanishing
diffusion current VV* alongside a vanishing heat current ~*, whereas the reverse occurs in
the Eckart frame. By making this selection, we ensure consistency with the required and
available number of independent components, which is 14. Therefore, for the remainder of

the thesis, we will exclusively adopt the Landau frame choice.
First-Order Theory for Viscous Hydrodynamics

As mentioned earlier, ideal hydrodynamics represents a zeroth-order gradient expansion.
However, accounting for dissipative effects involves incorporating terms that are gradients
of known hydrodynamic variables such as u* and 7. Here, first-order refers to the inclu-
sion of terms up to the first-order in the gradient expansion of the above-mentioned fluid
variables. In the presence of dissipation, entropy production occurs, denoted by 9,,S* # 0.

By generalizing the entropy current, we can express it in the following form:
St = Ppr + BT — aN*. (2.23)

Here, o = %, where T represents the local temperature of the system and . denotes the
chemical potential. Additionally, 5* = %, and 7" along with N* include both equilibrium
and dissipative terms. Now taking the derivative of Eq.(2.23) and by using the relations
given in Eq.(m) and (R.17) with a bit of manipulation we get:

9,8" = —BII0 — V,VFa + B0, (2.24)
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where I1 is bulk viscous pressure, § = 0, u" which is the expansion scaler, V), is the diffusion
current, 3 = 1/T is the inverse temperature, o = Aggvauﬁ is the symmetric, tranceless
second-rank tensor corresponding to shear stress. Eq. (2.24) must satisfy the inequality
condition 9,,5* > 0, stemming from the second law of thermodynamics. To ensure this,
each component on the right-hand side of Eq. (2.24)) should be positive definite. We can

achieve this by expressing both the viscous pressures and diffusion current as follows:

IT = -0, (2.25)
V= kVta, (2.26)
T = 2not, (2.27)

where (, x, and n are the coefficients of bulk, diffusion, and shear viscosity, respectively.

Putting all these back into the Eq.(2.24) we get:

B

1
95" = BCIT? — EVMV“ + 2T (2.28)

Let us note that provided 0,5 is positive definite, the first term on the right-hand side of
Eq. (2.28) should be positive with 5 and ¢ being positive. The third term also requires 7
to be positive. However, in the second term, x is positive, and the negative sign here is
typically taken care of by the fact that the diffusion current (V/#) is a space-like vector by
construction. Thus, in short, ensuring positive definite entropy production requires that all

transport coefficients be positive, which imposes a constraint on the range of values that

they can take. The equations mentioned in Eq.(2.29), (2.26) and (2.27) represent the rela-

tivistic version of the Navier-Stokes relations. It is well known that in relativistic theory, the
requirement that no signal should travel faster than the speed of light imposes an additional
constraint. Consequently, to check this, we conduct a linear analysis of the aforementioned

relations. Let’s consider a small perturbation in the fluid’s energy density and velocity from
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an initial state of equilibrium and rest that is:

€ =€+ 0e(x, t), (2.29)

ut = (1,0) + out(x,t). (2.30)

Here, ¢, represents the equilibrium energy density, and (1, 0) denotes the unperturbed flow
velocity with perturbations introduced through de and du*. Considering the perturbations
are of the form of plane waves that is de(x) = de(k)e?*® and similarly for ju”, we get a

dispersion relation which gives a relation:
w o< k2, (2.31)

where w is the ‘0™ component of the four wave-vector k* and k is the spatial part of the
four wave-vector with |k| = k. Examining the group velocity derived from this dispersion

relation, we find:

d
vy (k) = d—°]: k. (2.32)

It’s evident that the group velocity is unbounded. As the wave vector k£ approaches infin-
ity, the group velocity also tends to infinity, which contradicts the principles of relativity.
To address this, a causal theory is necessary. Thus, one turns to a higher-order derivative
expansion initially proposed by Israel and Stewart [5, 6, 7]. Other formulations have also
been proposed [8, 9, 10], but we will mainly focus on the Israel-Stewart-like causal theory

formulation.
Israel-Stewart second-order causal theory

Israel and Stewart’s development of a causal theory also relied on the notion of formulating
the entropy four-current comprehensively, encompassing all primary fluid variables and

incorporating dissipative currents. Thus, we express the generalized form of Eq.(2.23) as

71



2 Revisiting Theoretical Frameworks: From Macroscopic to Microscopic

follows [5, [11]:
St = Pp* 4+ B, TH — aNF — QH(ON*,6TH), (2.33)

where in Q* contains all the dissipative effects, with )N# = N# — N(’“(L)) and 0TH =
T — T(’gl)’. Utilizing Eqs.(2.16) and (2.17) in Eq.(R.33)) and truncating up to the second-

order in the derivative expansion we get:

i
SE = sut — KVH — (ﬁol_[2 -5V, VY + Bzﬂaﬁﬂaﬁ) ;_T

— (aITAM + ay ") % + O(8%). (2.34)

The «;’s and (;’s are complicated functions of temperature and chemical potential, often
referred to as coupling terms. The [3;’s represent diagonal coupling coefficients, indicat-
ing the coupling between dissipative stresses (bulk-bulk, shear-shear, diffusion-diffusion),
while the «;’s denote cross-coupling coefficients between dissipative stresses and diffusion
currents (bulk-diffusion and shear-diffusion). Upon differentiation of the aforementioned
equation, we can get the form of 9,5* as shown in [5].

Ensuring 9,,5* > 0 according to the second law of thermodynamics, we thus get all the

evolution equations for the dissipative stresses (bulk, shear, diffusion) which is given as:

1 )
m=-3¢ (QLU“ + Bl — aoﬁﬂq“> , (2.35)
¢" = KTAM [(0xa)nT /(e + P) — B + agOxIl + a10,7Y] (2.36)
T = 27] (V<uuy> - 627:(;w + a1v<MQV>) . (237)
where spatial vector ¢* = h* + w (in Landau frame h*=0). A is just a different

notation for D A that is mentioned above, where A can be any arbitrary quantity. The above
set of equations are relaxation-type equations, implying that there is no instantaneous signal
propagation but rather a delay achieved by relaxation times thus taking into account the

causality issue posed at the leading order. It’s worth noting that all the unknown (;’s should
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be related to the relaxation time to ensure dimensional consistency and they do so in the

following manner:

1 = C/BO/ga
Tn = K101,
Te = 21 fs.

All the above relaxation times 71, 7,,, 7 are necessarily positive. With this, we now move

on to the macroscopic relativistic magnetohydrodynamics formulation.

2.2 Relativistic MHD

Given our primary objective of investigating the influence of magnetic fields in heavy-ion
collisions, it is evident that relativistic magnetohydrodynamics provides the most suitable
theoretical framework for our study. To commence, let us present a textbook-style intro-
duction to the relativistically covariant formulation of electrodynamics. Without sacrificing
generality, we can define the second-rank antisymmetric electromagnetic field tensor F'*”
in terms of the electric £* and magnetic B* field four-vectors (defined below), along with

the four-velocity u*, as is given in various references [[12, 13, [14].

P = By — B + Py, By. (2.38)
Its Hodge dual is given by:
F* = Bry” — B! — Py Ep, (2.39)

where F#* = F*y, and B* = F ", = %e“”aﬁuyFaﬁ. Additionally, using the antisym-
metric property of F'*¥, it becomes evident that both £* and B* are perpendicular to u”,

meaning £*u, = B*u, = 0. Moreover, in the rest frame u* = (1, 0), we find £# := (0,E)
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and B* := (0,B), where E and B represent the electric and magnetic field three-vectors,
respectively, with E* := F and B' := —1¢7F Fyy..

Maxwell’s equations can be expressed covariantly as:

0, F* = J", (2.40)

0, F" =0, (2.41)

where J” represents the electric charge four-current, acting as the source of the electromag-

netic field. In a fluid with four-velocity u*, J# can be decomposed as follows:
Jt =gt +d", (2.42)

where j# denotes the conduction current and d* = A#J" represents the charge diffusion
current, with n, = u,J" being the proper net charge density. Assuming a linear consti-
tutive relation between j# and E* (Ohm’s law), we have j# = o*” FE,,, where 0" denotes
the conductivity tensor. It’s important to note that ,j* = 0 indicates the fact that the con-
duction current exists even when the net charge vanishes. The solutions of equations (2.40)
and (2.41)), together with a given J* in equation (2.42)), completely determine the evolution
of the electromagnetic field. J* serves as a coupling between the fluid and the fields, as it
contains information about the fluid, such as fluid conductivity o** and net charge density
ng, and acts as a source in Maxwell’s equations. Incidentally, for a single-component gas
as considered in the current thesis, the net charge density is equivalent to the net number
density, and the following relation holds n, = gns, where n corresponds to the net number
density.

In the absence of polarization or magnetization, the stress-energy tensor for the electro-

magnetic field can be expressed as:

1
T = —F"FY + 29" P Fop. (2.43)
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Differentiating the field stress-energy tensor, we obtain the equation of motion:
0,Thy, = —F"],. (2.44)

Up to this point, no external sources have been considered. Therefore, the charge current
density arises solely from the fluid, i.e., J* = J J‘f . However, in the presence of an exter-

nal source current J*

. (e.g., spectator protons in heavy-ion collisions acting as an external

source for the electromagnetic fields in the QGP), the total current consists of both conduc-

tion and external current densities:
JH = J]‘f + Jh,. (2.45)

In this scenario, the external current density serves as a source term in the energy-momentum
conservation equation. In the ideal MHD limit (also to be discussed in chapter.(B])), which
corresponds to a very large magnetic Reynolds number R,, > 1, the magnetic Reynolds
number is given by R,, = LUopu, where L represents the characteristic length or time
scale of the QGP, U is the characteristic velocity of the flow, and p is the magnetic per-
meability of the QGP. The large R,, limit is associated with a very large or infinite elec-
trical conductivity. However, the induced charge density due to the electromagnetic field
JI' . = oE" (where o is the isotropic electrical conductivity, i.e., o#* = og"’) must be
finite, leading to £#* — 0 in this case. As a result, the electromagnetic tensor F'** takes the

following form:

FW — B = bveBy, By, (2.46)

Substituting equations (2.49) and (2.46) into Maxwell’s equations (2.40), we obtain:

e (ua0uBg + Badyua) = J§ + J.

ext"

(2.47)

Now, expressing the energy-momentum tensor for the electromagnetic case using equa-

tions (2.43) and (2.46), we have:
BQ
e, = TE = - (uf'u” — A" — 210" | (2.48)
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where B*B,, = —B?% and V* = %, with b#u, = 0 and Vb, = —1. Furthermore, from
equation (2.46), one can show that B" B, = 2B?, allowing us to introduce another anti-
symmetric tensor defined as:
b B 2.49
=5 (2.49)
with the properties: b*"u, = b*b, = 0 and b*“b,, = 2. When we relax the ideal MHD
approximation and consider the effect of finite conductivity, the full F** given in Eq.(2.38)

is considered. The energy-momentum tensor for the electromagnetic field is expressed as:

B? + E? B? + E?
R e N

—E%ete” +2QWu) (2.50)

) N

where B* = Bb', E* = Ee!, b'b, = —1, e'e, = —1, Q" = EMVYE\B, with M =
M7, and b*u, = e'u, = 0. We can now express the total 7/ as T = Ty, + T¢".
For the non-dissipative fluid, Tﬁ Y = eutu” — PAM . Hence, the energy-momentum tensor
for the non-dissipative fluid in the presence of the electromagnetic field takes the following

form:

tot(0) 9 9
— B2 — E2ete” + 2QWuY). (2.51)

B2 + E? B? + E?
T = (e + L) uHu” — (P + L) AP

For the dissipative fluid in the EM field, we have:

B? + E? B? + E?
TY = (e + +> utu” — (P + 1T+ %) AR

+7H — B2HY — E?ete” + 2QWun). (2.52)

The relativistic magnetohydrodynamics equations thus consist of energy-momentum
conservation equations for fluid and electromagnetic fields and Maxwell’s equations. This
set of conservation equations is closed with an Equation of State (EoS) relating fluid pres-

sure, energy, and number density and a constitutive equation for the charge four current. In
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the presence of an external electromagnetic field, there exists an external force on charged

fluid, and the total energy-momentum conservation takes the following form
0, TH = —F"* Jxix- (2.53)

The conservation equation for electromagnetic fields can be rewritten using Eq.(2.44)) and

Eq.() as:
aNTgKJ = _FV/\(Jf,)\ + Jext,)\)- (254)

Now using Eq.(2.53) and Eq.(R.54)) we land up at:
BTt = F"™ g (2.55)

Also, we know that the conservation of charge current of the fluid is conserved separately

stating:
At =0 (2.56)

Typically, the conservation of the total energy-momentum tensor in an isolated system
holds. However, when an external source is present (such as an external charge current),
conservation is only maintained by including an appropriate source term. This indicates that
in such scenarios, the evolution of the fluid relies on the fluid charge current, as depicted in
Eq.(2.59).

As previously discussed regarding Israel-Stewart-like second-order evolution equations
for dissipative stresses in the context of viscous hydrodynamics, similar evolution equations
exist for dissipative stresses in the presence of electromagnetic fields, which we will be de-
riving in the chapter.(B)). Recalling our discussion on the Israel-Stewart type theory, which
allowed for positive definite entropy current generation. We noted that the coupling terms
associated with transport coefficients were unknown and were only constrained. To deter-
mine their values, we need an underlying theory, which we will be studying in the following

section, specifically, the relativistic kinetic theory.
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2.3 Relativistic Kinetic theory

Kinetic theory offers a way to understand the collective behavior by describing macroscopic
quantities in terms of the distribution of individual particles in phase space. In relativistic
systems, such as those in high-energy physics or astrophysics, we can derive formulations
of dissipative hydrodynamics or magnetohydrodynamics using relativistic kinetic theory.
In this approach, we employ a single-particle distribution function f(z, p), where x denotes
position space and p momentum of the particle. This function allows us to quantify the
behavior of the system. For instance, the total number of particles (/V) within the system
can be represented as [~ [*° d*pd'x f(x, p) where d*azd*p is the phase-space volume el-
ement. Furthermore, all the fundamental quantities, such as the entropy current S*, the
number current N*, and the energy-momentum tensor 7, can be expressed as various
moments of this distribution function (f(x,p)). These moments provide insights into the
overall dynamics of the system, shedding light on its macroscopic behavior. These are thus

represented as:

d3p

= | eV fp), (2.57)
d3p

N = p_o\/_gp#f(wap)a (258)
d3

st = = [ STV S p)ing (e p) ~ 1), (2.59)

where d?)’;—*{jg is the Lorentz invariant quantity with p° = /|p|? +m? and g being the
det(g,,). The distribution function f(z,p) represented above is a dynamical quantity and

can be retrieved using the relativistic Boltzmann equation:

i _drty o A" OF
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dxH

dT

is the four-momentum of the individual particle, <L is the total derivative

where pt = s AT

of the distribution function, and F* = % is the external force applied. The first term here
(%Bu f ) represents the free-streaming term, while the second term takes into account the
effects of all the external forces, and the right-hand side takes into account all the informa-
tion about the collision dynamics taking place in the system. Here the F* = —I'" ﬂpo‘pﬁ or
qF* p, are the forces corresponding to the curved space-time or the electromagnetic case,
respectively with ', 5 being the Christoffel symbol of second kind.

In the realm of hydrodynamics, we previously partitioned the total energy-momentum,
number current, and entropy current into two distinct categories: ideal and dissipative. This
categorization is based on the fact that we need to distinguish between ideal quantities,
which do not contribute to entropy production, and those that lead to dissipation, conse-
quently resulting in entropy production. Continuing in the same manner, we undertake
a similar decomposition, presuming the presence of an equilibrium distribution function
fo(z, p) alongside an off-equilibrium counterpart 0 f (x, p). Consequently, we represent the
distribution function f(z,p) = fo(x,p) + df(x,p). Thus, we write the equilibrium and

non-equilibrium quantities here as:

3
€ = uu, T = uﬂuy/ %\/—_gp“p” (fo+ fo), (2.61)
d? _
n= N =, [ SEV=a (f- ). 262
3
p=-Sepw = -See [O0 g (fo+ 1), 2.6
_ d®p . .
S = u, 5" = —u, / “IVEa o+ F)lind o+ Fo) - 1), (2.64)

dS* = ALSH = —A¥ / %\/—_gp"@f +0N)In(0f +5f) —1],  (2.65)

3
Vi = AENY = Ag/ %\/_—gp” (5f—6F), (2.66)
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3
v v v d3 (0%
Iy L NPT S

where f, and & f denote the equilibrium and off-equilibrium parts from the anti-particles,
where for anti-particles ¢ — —q and © — —pu. For convenience, we express the integrals in

Eq.(2.61)) to Eq.(2.63) in terms of thermodynamic integrals I ,S’;”i (defined in Appendix [A. 1)

as:

e = IO (2.69)
n = 197, (2.70)
P = -1, 2.71)

here + corresponds to the addition or subtraction of f (we will be using these notations
also in the chapter.(B))). Again from the expression of entropy current in Eq.(2.59) and

demanding 0,,5" = 0, we get that equilibrium distribution function to be of the following

form:
Hau

folw,p) = F (p T“) . 2.72)
In the case of fermions, bosons, or Boltzmann statistics, the equilibrium distribution is given
as:

fo(z,p) ! (2.73)
$’ = Hay ) .
ovnp exp (572 — a) +1

where [ = 0,+1 for Boltzmann, fermions, and bosons, respectively. Here u”p, is the
scalar invariant and can be interpreted as the energy of the particle in the rest frame of the
fluid. Along with the equilibrium quantities, the dissipative part of the distribution func-
tion § f(z,p) is evaluated using the relativistic Boltzmann equation.(2.60). While doing
S0, it is very important to consider the form of the collision kernel. Over the years, there

have been many advances toward taking care of the collision kernel [15, [16, 17]. One of
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the most renowned and straightforward approaches is the RTA (relaxation time approxi-
mation), where we postulate C[f] = —20 f(x,p). Here, 7. signifies the relaxation time,
denoting the duration required for a particle in a non-equilibrium distribution state to tran-
sition to equilibrium. The negative sign’s physical significance lies in its role in driving
non-equilibrium particle distributions towards equilibrium. With this, we are ready with

the final Boltzmann equation, that is:

0 .
POuf + Prh =~ L5 (a.p), (.74)

which we will be using in the rest of the thesis.
In the next chapter, we use the above form of the Boltzmann equation given in Eq.(2.74)
with external forces (electromagnetic fields) to derive the Israel-Stewart-like evolution equa-

tions for the dissipative stresses (II, 7, VV*) using the RTA as collision kernel.
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Chapter 3

Relativistic non-resistive and resistive mag-
netohydrodynamics for dissipative systems

Here the terms “non-resistive” and “resistive” refers to different descriptions of magneto-
hydrodynamics (MHD), a framework used to study the behavior of conducting mediums in
the presence of magnetic fields. Let’s explore these two descriptions: non-resistive MHD
assumes that the medium is perfectly conducting, meaning there is no electrical resistance.
In the previous chapter, we discussed that £# = F*,,, where the symbols have the usual
meaning. In any arbitrarily boosted frame £* can be written as (—yE-v, —y (E 4+ v x B)).
For a finite amount of charge, charge-current J* is finite and hence the limit of infinite con-
ductivity leads to E* tending to 0 given that J# = o E*. In this limit as E* is set to zero, it
boils down to the condition that each element in the electric four-vector is zero, stating that
the fluid velocity (v) is perpendicular to the electric field (E) and E + v x B = 0, with B
being the magnetic field vector. Thus in the ideal or non-resistive limit, Ohm’s law takes
the simplified form E + v x B = 0. This approximation is often employed in astrophysics
which results in a condition known as ‘frozen-in” magnetic field lines, where the magnetic
field evolves with the fluid, and its dynamics are completely determined by the fluid ve-
locity. On the other hand, resistive MHD accounts for the presence of a finite electrical
resistivity in the conducting medium. This is a more realistic scenario in which the Ohm’s
law is modified to include the resistive term: E 4+ v x B = nJ, where 7 is the electrical re-
sistivity and J is the electric current density. The resistive term accounts for the dissipation
of magnetic energy due to the finite electrical resistivity of the medium.

In this chapter, we will discuss both resistive and non-resistive evolution equations for
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the dissipative stresses for a conducting medium. It has been shown previously in chap-
ter.(2)) that Israel Stewart-like (IS-like) theories resolve the major problem of acausality
in the first order. This theory is indeed known to be causal and stable but in a restricted
manner [[l, 2, 3, 4]. Many advancements in IS-like equations, excluding electromagnetic
fields, have been derived directly from kinetic theory. These advancements were achieved
by considering various moments, applying different counting schemes, or by incorporat-
ing non-local effects in collision terms etc [5, 6, 7, 8, 9, [10, 11, 12, 13, [14, 15]. Further,
second-order causal magnetohydrodynamics equations were also derived for non-resistive
in [[16] and subsequently for resistive case in [[1 7] for a single-component system of spinless
particles (no antiparticle) using a 14-moment approximation.

Here, we will delve into the utilization of the relaxation time approximation in the
collision kernel to derive the relativistic non-resistive and subsequently resistive, viscous
second-order magnetohydrodynamic (MHD) equations that govern the dissipative quanti-
ties in the context of heavy-ion collisions. We should note that putting the limit of infinite
conductivity or £* = ( in the resistive case, we should retrieve the non-resistive evolution
equations of the dissipative stresses but to make sure that these are exactly the evolution
equations in the non-resistive limit we derive both the cases one-by-one. To accomplish
this, we solve the Boltzmann equation for a system of particles and antiparticles, employ-
ing a Chapman-Enskog-like gradient expansion of the single-particle distribution function
truncated in the second order. Furthermore, in this chapter, we also derive the anisotropic
transport coefficients in the Navier-Stokes limit. This will provide us with a comprehensive
understanding of the behavior of the dissipative quantities considering the external electro-
magnetic field’s effects on the system.

Firstly, we will review the MHD equations introduced in the previous chapter and briefly
discuss these equations. Following that, in Section.(B.1]), we will delve into the formal-

ism utilized to derive Israel-Stewart-like equations for all the dissipative stresses, explicitly
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considering the influence of external magnetic fields only in the non-resistive case. Addi-
tionally, this section will explore the new second-order transport coefficients arising from
this formalism, examining their dependence on temperature and mass. In section.(3.2) we
will derive the general expressions of Israel-Stewart-like evolution equations for dissipa-
tive stresses. This derivation will encompass contributions from electric and magnetic field
vectors in a scenario of finite conductivity. Finally, in Section.(B.3), we will outline the
conclusions drawn from the findings presented in this chapter. The time-like fluid’s four-
velocity u# satisfy u,u* = 1. Also, we use the following decomposition for the partial

derivative: 9, = w,u,0" + (g, — wuu,)0” = u,D + V,. The V®u” is decomposed as:
1
Ve = w4 0% + gewﬂ, (3.1)

where w*? = (V*u# — VAu)/2 is the anti-symmetric vorticity tensor, 0* = V) =
1+ (Vou? + VPu) — 10A° is the symmetric-traceless tensor and § = J,u* is the expan-
sion scalar. The fourth-rank projection tensor is defined as A}; = 5 (ARAYL + AZAZ) —
%A“VAQB. In Chapter (2), we provided a brief overview of the relativistic MHD equations.

We now proceed by rewriting the key equations that were previously introduced:

aﬂTgK/l = _FV)\ (Jf7/\+t]ert,)\)7 (32)
T = F™Jp, (3.3)
Oty = 0, (3.4)

with F* = EFuy” — EYu* 4+ B*. All the terms have the usual meaning as defined pre-
viously. Considering the contributions from both the electric and magnetic fields we can
further analyze these equations by taking the projection along and perpendicular to fluid

four velocity. The parallel projection of Eq.(B.2) and Eq.(B.3) gives:

uVaﬂTg]V\/[ = EA (Jf,)\ + Jewt,)\> 5 (35)

w,d,Tf" = —E*ja (3.6)
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It implies that the energy density of the fluid and the field is affected by the charge cur-
rents/electric field vector but in the Non-resistive limit (£* — 0) we get the energy densities

to be independent of both charge currents and the electromagnetic fields. The perpendicular
projection of Eq.(3.2) and Eq.(B.3) using Eq.(2.43) gives

ALOTEY = (—E°u* + Bb™) (Jpa + Jearn) (3.7)

NSO T = (E*u — Bb™)Jpx. (3.8)

This shows that though the momentum density of fluid depend on the diffusion current of

the fluid/electromagnetic field but for fields, it additionally depends on the external current.

Now using Eq.(B.4), Eq.(B.3) with the expression for F** along with the equations for the

fluid as is given in Eq.(2.16), Eq. (2.17) and using the thermodynamic integrals given in

Eq. (A.7) and Eq. (A.8) we get the evolution equations for ¢, 3 and w* which are of the

following forms:

1 - —
a = D_QO [J2(8> O(e+ P+1I) — J§8)+ (an + 6MVf“) + JQ((())) (—WMVUW + unvfﬂ)] :
. 1 B
b= 5 [0 e+ P11 = D (g0 + 0,VF) + 1 (—n 0+ aB"Vy)]
. 1 nf . 5
W= 5 {E (VFa — hV*B) — Tl + VHIT — AjO,m*
1
TP [qng B — qBV™Vy, ], (3.9)

where Dyy = JSOTJOF — JO= g O p — % and 0" = ALSV*u’. The above set
of three equations gives us the equation of motion of the fluid variables. The first two
equations however are the evolution equations for the chemical potential and temperature
respectively which only depend on the external electric field vector, whereas the relativistic
Navier-Stokes equation given in Eq.(B.9) depends both on the external electric and magnetic
field vectors.

As previously discussed, the fluid variables represent the leading-order terms, also con-

sidered as the zeroth-order terms. Their derivatives form the first-order terms, typically
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expressed by the constitutive equations of shear, bulk, and diffusion. However, the last
term in the Navier-Stokes equation (as shown in Eq.(B.9)) is unique in that it depends on
the magnetic fields and contributes to the Navier-Stokes equation at the next-to-leading or-
der in the gradient expansion. This is because the diffusion current Vf“ is itself a first-order
term in the gradient expansion, which we are going to derive next for both resistive and

non-resistive cases.

3.1 Non-Resistive MHD

Here we intend to derive order-by-order constitutive and evolution equations of all the dis-
sipative stresses (bulk, diffusion and shear) for the ideal MHD conditions (infinite conduc-

tivity limit).
3.1.1 Formalism

In order to get the order-by-order expressions for all the dissipative stresses we will have
to first find out the 0 f’s at various orders upto n = 2, where n is the order of expansion,
from the Boltzmann equation and putting these in the expressions for the dissipative stresses

given in Eq.(2.66)-Eq.(R.68) we get all the results at various orders. Now we first start with

the Boltzmann equation.
Relativistic Boltzmann Equation

In the relativistic Boltzmann equation (RBE), accounting for the influence of a non-zero

force F", as discussed in the preceding chapter, we have:

, 0
Prouf +F 8—pyf—C[f]. (3.10)

Here, f(x, p,t) represents the one-particle distribution function, capturing the phase space
density of particles, while C[f] denotes the collision kernel. Notably, in the ideal magne-

tohydrodynamic (MHD) scenario, the electric field vanishes in the fluid’s local rest frame.
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Consequently, the sole contribution to the force term in the RBE stems from the magnetic
field. This contribution is expressed as F* := qF"*p, for particles, where ¢ denotes the
electric charge of the particles, and F** = —Bb* ( Eq.(2.46)).

As previously discussed, considerable simplification arises when we adopt the relax-
ation time approximation for the collision kernel. In non-relativistic systems, this approx-
imation, introduced by Bhatnagar-Gross-Krook (BGK), and in relativistic systems, as pro-

posed by Anderson and Witting in [|18], takes the form:

u .

ol = ——Lsy,

Te
where 7. represents the relaxation time, indicating the duration particles take to deviate
from equilibrium and reach an equilibrium state, and 6 f = f — f, represents the deviation

from the equilibrium distribution f,. Substituting this collision kernel into the relativistic

Boltzmann equation (RBE), as given by Eq.(B.10), yields:

0 U -
PO +aF "y S = Psf. (3.11)

Tc
Correspondingly, equations for antiparticles are derived by replacing ¢ — —g and f — f.
However, it’s important to note that this approximation has its limitations. Notably, the
relaxation time (7.) remains independent of the momentum of colliding particles. Fur-
thermore, it assumes that the interaction between colliding particles results in mean free
paths longer than the interaction length. In simpler terms, we assume that f(x, p, ¢) varies

smoothly over the duration of collisions and distances comparable to the interaction range.
Expansion in gradients

One can express Eq.(B.11)) in the well-known hydrodynamic gradient expansion form, as
discussed in [|19], under the condition that the system approaches equilibrium, i.e., the colli-

sion kernel nearly vanishes (C|f] ~ 0). In the absence of an electromagnetic field, Eq.(8.11))
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takes the form:

(Zro+1)r=@+0f=h (3.12)

_TC

where we define the operator D = p“@ Multiplying the inverse operator (D + 1)1

the above equation and subsequently performing a power series expansion yields:

F=Y (=D)"fo=> ( e p”a“) fo. (3.13)

u .
n=0 n=0 p

This expansion holds true provided that the Knudsen number satisfies Kn = 7.0 < 1, which
serves as the relevant expansion parameter. If one assumes the typical gradient strength to
be proportional to the temperature, 9 ~ 7', then the expansion parameter becomes 7.7°, and
the series expansion remains valid for 7,77 < 1. However, the naive gradient expansion
breaks down in the presence of a magnetic field, as it introduces a new scale proportional to
the strength of the magnetic field. By defining the operator D = .= (p’“‘@ + qF%p, 2 97 )

and performing a similar power series expansion, we obtain:

oo

;o= S (=Da)"fo,
n=0
.S [_uLp ( "0y + aFp, a)] . (3.14)
n=0

In addition to the previous assumption 7.7" < 1, it’s necessary to ensure 7. /7, < 1, where
ry = k1 /qB represents the gyroradius (Larmor radius), and &, denotes the component of
momentum perpendicular to the magnetic field’s direction. In plasma, the typical transverse
momentum of a particle is k; ~ 7', thus satisfying the condition y = ¢B7./T < 1.

Here, we determine f by retaining terms up to the second-order, i.e., n = 2 in Eq.(B.14),
resulting in:

f=fo+0fM 45, (3.15)

where

Ry A J— (“a + AP )fo, (3.16)
u-p

90



3 Relativistic non-resistive and resistive magnetohydrodynamics for dissipative systems

and
(& 6 C a
6fD = L (POt aF b ) | (00 aF e ) fo| - (B1T)
u-p op”) |u-p OpP
This expression can be simplified using the relations qu*“’py% = (0 and F'* = —BbM,

resulting in:

F= fot6f0 4572 (3.18)
where

SFU — Te PO, fo, (3.19)

u-p
and
~ Te Te & Te ov a Te  a
63 = p"o, [—p aaf0:| - qBbV" pyo— { p aafo] ‘
uw-p u-p u-p op Lu-p

It’s important to note that although the magnetic field does not explicitly enter the first term
of & f (2) it does implicitly through the acceleration term u*, as shown in Eq.(.9), when

taking higher-order moments of such terms.

3.1.2 Results

With all the expressions for the off-equilibrium distribution function in place we can now

just plug in all in the Eq.(m)-Eq.(m) and obtain the results for this case order-by-order.

First order equations

The term 6 /() does not depend explicitly or implicitly on the magnetic field, as the first-
order equations retain terms up to (), as shown in all equations in Eq.(B.9). Nevertheless,
for completeness, we discuss here the results for the first-order terms in the gradient expan-
sion. The outcomes of this section coincide with those in [[14], derived under the assumption
of zero magnetic fields.

We compute the dissipative part of the energy-momentum tensor (including shear, bulk

viscosity, and diffusion) using 6 f*) and 6 F, given by:
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My — _Agw / dppp” (5f(1>+5]%<1>)7 (3.21)
Vi o= A / dpp” (5Jz<1> _5f<1>>‘ (3.22)

The negative sign here in V* is from the conservation of net-number of charges. By substi-

tuting the expression for & f ™) from Eq.(B.19) into Eqs.(8.20)-(B.22)) and performing some

algebraic manipulations, we obtain the following relations. For the shear viscous pressure:

Wé‘l'/) = 27, B.0", (3.23)

where 8, = 8J5)" and " = TAVAA VAT

For the bulk viscous pressure:

H(l) = —TCBHQ, (324)

where 6 = 0,u" and

) _
= I+ X - 9, (3.29)

with X and ) given by

TP (e + P) — ) " ny

X —
Dy
0)— 0
y = ‘]2(0) (6 + P) - J§0)+nf' (326)
Doy
Finally, for the net particle diffusion current:
V(‘f) = 1.0y V'a, (3.27)
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where [y = :F—fPJQ((l))f — Jz(})f. Here, (., An, and By represent the transport coefficients of
shear, bulk, and diffusion current, respectively, with their explicit expressions provided as

well.
Second-order equations

Next we move onto the derivation for the second-order evolution equation for the dissipative
stresses.
Shear stress:

The second-order contribution to the shear stress tensor is defined as:
oy = Al / dpp®p’ <5f @ 4 of (2)) : (3.28)
where ¢ 2 is provided in Eq.(B.20). It’s important to note that the total shear stress includes

both first and second-order terms:

. Wéy) + Wé”) (3.29)

By evaluating the integral in Eq.(B.28) (refer to Appendix.([A.5.3) for detailed calculations)

and incorporating it into Eq.(3.29), we obtain the evolution equation for the shear stress

tensor:
uv

T = —a" + 260" + 27r§“w”>7 — 7'7r7r7r§“(7”>7 — 8,0 + Ao ILo™ — 7 VG
Te

_‘_)\TrVvaVwOZ + lTer<MVV> + 5ﬂBAgqubvngﬁpﬂ-’YP - chBTﬂ'VBuwa)UVU

— 7By Vo0V o — 1.8, 5V (BV) (3.30)

where the resulting second-order transport coefficients are expressed in terms of thermo-
dynamic integrals as shown in Table.(A.1)). It’s noteworthy that the coefficients 7,y and
Ary involve derivatives of [y [10], while 7 5 and Ay 5 include derivatives of 0,y g, re-

spectively. It’s observed that the last four terms explicitly incorporate the magnetic field,
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which is a novel addition compared to the case of zero magnetic field [[14]. In contrast to
the 14-moment approximation employed in [[16] for non-zero magnetic fields, only the first
ten terms on the right-hand side exhibit a similar form or analogous structure. However,
the last three terms are unique to this formulation and do not emerge in the 14-moment ap-

proximation. Further discussion on this matter is provided in Section.(B.1.2).

Bulk stress:
Similar to the derivation of shear viscosity, we proceed to derive the second-order evolution

equation for bulk viscous stress. By definition:

As s
M) = —Tﬁ/dpp P’ <5f(2) +5f(2)). (3.31)

Evaluating the integral using @ from Eq.(B.20), and noting that the total bulk stress is a
combination of first and second-order terms, i.e., II = II;) + II(2), we obtain, after some
algebra (detailed calculations are provided in Appendix.(A.2.2)), the evolution equation for

bulk stress:

— = I = dunTl0 + Az 0, — v’V - 4 — Ay’ V - Voo — Iy @ - V — Brf

Te

+ 7TV BUag BV Vs — 7.q0mvEV . (BVV3) — 1.4 BAnv sV VsV .0, (3.32)

where the second-order transport coefficients are expressed in terms of thermodynamic in-
tegrals (see Table.(A.2)), and we utilize Eq.(3.26) for the expressions of X and ). The
coefficients 1y and Ay contain derivatives of iy, while 7y 5 and Ay g involve deriva-
tives of oy . Notably, the last three terms of the equation are new compared to those
in [|14] and are dependent on the magnetic field. In comparison to the 14-moment approxi-
mation in [[16] in the presence of a magnetic field, the bulk viscous relaxation equation did
not include any magnetic field-dependent terms.

Diffusion current:
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The expression for the second-order contribution to the diffusion current for the net charge
is given by:

Y / app” (672 ~ 572, (3.33)
where 6 f® is taken from Eq.(8.20). Like other dissipative quantities, the total diffusion
four-vector is composed of first and second-order terms, i.e., V* = V(‘l‘) + V(g) After
evaluating the integral (for details see Appendix.(]A.2.3)), we obtain the following second-
order evolution equation for the diffusion current:

Ve

Te

= _V<N> - ‘/,,OJVM — )\VVV”Jﬁ — 5VVV“9 + )\VHHVM(){ — )\vﬂ-ﬂ'wjv,ja - Tvﬂﬂﬁdl’
+TVHHd“ -+ lVﬂA“”ﬁvﬂz - ZVHVMH + BVV“a - (]B5‘/Bbu’q/,y —+ chBlVﬂBb"“aﬁﬂm
—|—7'CQBTVHBb'WH’l.L7 — chBlvan’wvaH — QT05VVBBb'uVVV6 — QTC)\VVBBb'YVVVO'f;

—QTC,OVVBBZ?’WVVWQL — TCQTVVBAQLD (Bwa,,) . (334)

The second-order transport coefficients are expressed in terms of thermodynamic integrals,
as detailed in Table.(A.3)). Specifically, the coefficients 71, and Ay, involve the derivative
of Iy, while 7,7 and Ay 7 involve the derivative of [y;. Additionally, dy 5 contains the
derivative of 7y 5. In deriving the final expression in Eq.(), we utilize X and ) from
Eq.(8.26). Comparing our result to the RTA calculation in [[14] without a magnetic field
reveals that the last eight terms on the RHS are new and dependent on the magnetic field.
Similarly, comparing with the relaxation equation for diffusion in the presence of a magnetic
field in []16] using the 14-moment approximation indicates that the first 13 terms share a

similar form, while the last seven terms are absent in the moment method.
Analysis at the ultrarelativistic and weak field limit

In the ultra-relativistic limit (m /7" — 0), the transport coefficients for a classical Maxwell
gas with a constant relaxation time 7. can be analytically calculated using thermodynamic

integrals. These coefficients can be categorized as follows: (i) Coefficients independent
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Transport Denicol | CE
Coefficients | et al.
Br 4P/5 | 4P/5 Transport Denicol | CE
T 10/7 10/7 Coefficients | et al.
5o /3 /3 . 28/5 | B/2
Trv 0 0 ov 56/12 | B
Ay 0 0 - - 2/5
Loy 0 0 Sy - 1/3
(a) T B - 2/3
lvrs - 32712
Transport Denicol | CE TVIIB — s 2/ 12
Coefficients | et al. lyii - 5%/12
By ng/12 | ng/12 dvve - B/3
My 3/5 3/5 A\vvi - 36/20
5VV 1 1 PVVB — 6/4
TV £/20 [/4 TVVB - B/4
A £/20 £/16 ©
lyr B/20 | B/4
(b)

Table 3.1: (a) Comparison of coefficients for the shear-stress equation of a massless Boltz-
mann gas (particle only) calculated using the Chapman-Enskog (CE) method in this work
and by Denicol et al. using the 14-moment method [[17]. (b) Comparison of coefficients
for the diffusion equation of a massless Boltzmann gas (particle only) calculated using the
Chapman-Enskog (CE) method in this work and by Denicol et al. using the 14-moment
method [[17]. (c) Transport coefficients in the shear, bulk, and diffusion equations that cou-
ple the magnetic field and dissipative quantities for a massless Boltzmann gas (particles
only).
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of the magnetic field are listed in Tables.(B.1})(a) and (B.1))(b) for the shear and number
diffusion, respectively. (ii) Magnetic field-dependent coefficients are presented in Ta-
ble.(B.1))(c). In this limit, the bulk viscous pressure vanishes and is not considered. Ad-
ditionally, Table.(B.1)) includes results obtained from the 14-moment approximation in the
presence of a magnetic field [[16] in the ultra-relativistic limit. It’s important to note that in
this scenario, the coefficients d,5 and Jy g differ between the two approaches mentioned
above.

In the regime of weak magnetic fields, characterized by temperatures much larger than
the strength of the magnetic field (T > ¢B), we introduce the dimensionless parameter
g = qB/T?, where gg < 1. In the presence of a magnetic field, the relaxation-time
approximation (RTA) expansion in Eq.(B.14)) involves two power counting schemes: Kn =
7.1 and x = ¢B7./T. However, in the weak field limit, the expansion parameter y =
gpT. I becomes small, and thus it is treated as a sub-leading contribution. Consequently, at
second-order, one effectively retains terms up to O(Kn?) in spatial gradients and O(x - Kn)

for mixed terms I. In this limit, the relaxation equations reduces to the following forms:

77 v m (p, V) (p V) v v
T = 2Bt — + 27?7%) 7 — Tmﬂv“a T — 0O + N llo*
Te
— T V) + Ay VIV o 4 Ly VUV 4 6,5 AL gBY g%, (3.35)
. I1
II = —ﬁne _ — — 5HHH9 + )\HWWHVO'W, - THVv -U— )\va -Va — lnva : V,
(3.36)
. Ve
VW = B, Vha — — — Vyw™ — \py VYo" — Sy VHO + AynlIVFa — A\ m™ Vo
Te
— TVTF7T5U.V + TVHHd“ + ZVWA’“’GWTJ — lyn VHII — QB(SVBble'w (337)

The above set of simplified relaxation equations presented in Egs.(3.33)-(8.37) cor-

responds to the relaxation equations derived in [16]. In the weak magnetic field limit, the

"'We do not consider terms of O(x?) since they do not contribute to the expansion in Eq.(B.14).
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10 r T6r[B
J N T6vs

0.8 *

0.6 |

Figure 3.1: Dimensionless transport coefficients 79y 5 and 10, g that couple fluid to mag-
netic field as a function of m /7.

dimensionless magnetic field-dependent transport coefficients 7'0,. 5 and T'0y 5 are depicted
in Fig.(B.1) as functions of m/T. As m/T approaches 0, these coefficients converge to the
values obtained in Table.(B.1)(c).

Navier-Stokes limit

In the Navier-Stokes limit, we retain terms O(Kn) and O(x - Kn), which results in the
first and second terms on the right-hand side of Egs.(B.39)-(B.37) being of first-order in
gradients, along with the last term, which is both dependent on the magnetic field and first-

order in gradients. Rearranging these terms, we obtain:

I
— = fub, (3.38)
uv
(g + quVBW> V, = By Via, (3.39)
WY VP
(g g 5WBAquBb7”gﬁp> Typ = 200" (3.40)
TC
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Since the bulk viscous pressure remains independent of any magnetic field influence, the
Navier-Stokes limit for bulk viscosity ( is straightforwardly identical to the case without
magnetic fields, i.e., ( = (.. To proceed, we need to solve for the constitutive relations
by inverting the coefficients multiplied on the left side of the remaining equations. The

general solution for the remaining equations is given as follows:

V, = (miPl + 5 Ph + P 0%, (3.41)
Typ = (UOPOCBWJ T (Paﬁw + Pozﬁv#’) T+ (Po‘ﬁw B PO"BW’>
e (P, + PUD) win (P8, — PG3) ) G

(n)

o Where n = —2

Here, p!

5y P(;LV, and PéfY are second-rank projection tensors, while

to n = +2, are fourth-rank projection tensors. The symbol ¢ represents the imaginary
unit. Further details on the definitions of these tensors can be found in Appendix.(A.3),
and additional information is available in references [20, 21]. The transport coefficients
K|, K1, Kx, and 7o to 7y play crucial roles in characterizing the system’s behavior. These
coefficients can be determined by substituting the solutions derived earlier into the left-

hand side of Egs.(B.40) and (B.39), followed by the application of properties associated with

projection tensors. The resulting expressions for the diffusion coefficients are as follows:

IiH = 5\/7‘6, (343)
Ky = Py - (3.44)
1 + (qBTC(SVB)
Br26
oy = VaBTOVE s (3.45)

1 + (qB7'05VB)2
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Similarly, the shear viscous coefficients are expressed as:

no = 2BxTe, (3.46)
20:7,
mo= —2PrTe (3.47)
1 + <2qBTC(57rB>
48,qBT20,
= DB o g (3.48)
1+ (2¢B1.9:B)
2B:Te
N3 = B 2 (349)
1+ (¢B7.,B)
28.qBT25,
S L) B (3.50)

1+ (¢B7.0xB)

Notably, n; and n3 exhibit even functions concerning the magnetic field, while 7, and
n. may take either sign, representing odd functions of B. Fig.(B.2) illustrates the magnetic-
field dependence of these coefficients, comparing results from the current work (solid lines)
with those from reference [[16] (dotted lines). In the limit of a vanishing magnetic field,
ie., ¢B — 0, the diffusion coefficients reduce to xx — 0 and x| = k,, whereas the
shear viscous coefficients simplify to o = n4 = 0 and n; = n3 = 19, consistent with
expectations. The transport coefficients identified in the Navier-Stokes limit in this study
are denoted as x|, k1 , and k. for the diffusion coefficients, and 7, 11, 72, 113, 74 for the shear
viscous coefficients. In contrast, [16] labels them as kg, ko1, Kox» 100> 701> 702> 7035 To4-

Utilizing the same basis as [|16], the following relations between the transport coefficients

are established [22]:

Kol = KJ|s
RoL = K1,
Rox = KRx,

(3.51)
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Diffusion coefficients (k)

Shear coefficients (1)

Xx=qBr,/T

Figure 3.2: The magnetic-field dependence of the diffusion coefficients (top plot) and the
shear-viscosity coefficients (bottom plot). The solid lines are the results from the current
work while the dotted lines are from ref. [[16].

Moo = M,
16(¢B7.6p)*
N1 =———% ",
3

o2 = 13 — 11,

_m
T3 = 5
MNoa = 4. (3.52)
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A comparison of the transport coefficients obtained from both approaches in the m = 0
limit is depicted in Fig.(B.2), where they are plotted as functions of y = ¢B7./T. In this
plot, the solid lines represent the results derived from the RTA method employed in our
current study, while the dotted lines represent the outcomes obtained from the 14-moment
approximation as reported in [16]. Notably, although there are quantitative discrepancies
between the two sets of coefficients, they exhibit a similar qualitative behavior. These
differences can be attributed to the distinct values of the transport coefficients o, g and dy g
obtained in each approach.

Now we move onto the remaining transport coefficients. In Fig.(B.3), we plot the dif-
ferent transport coefficients with respect to mass or temperature. We observe that 6.1 g and
dmrv g are sensitive to various temperatures at high mass (m), whereas for various masses,
they are sensitive only at the low temperatures (7). We see that at increasing temperatures
values of these transport coefficients are also increasing (clearly visible at high mass re-
gions), whereas it is reverse in case of variation with masses. On the other hand, for other
transport coefficients such as ly, g, lvis, Tviis, pPvve, A\vva, and Tyy g, they appear dis-
tinguishable for different temperatures at the low mass limit, while for various masses, they

are distinguishable at the low-temperature limit.

3.2 Resistive MHD

Expanding on our previous analysis, we will now develop a more complete set of equations
for dissipative stresses at different orders by relaxing the ideal MHD assumption of infinite

conductivity.

3.2.1 Formalism

Following a similar procedure as in the previous case, we commence by deriving the off-

equilibrium distribution function up to the second-order. Subsequently, utilizing the relation
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between dissipative stresses and the distribution function, we derive the complete set of
evolution equations.

Off-equilibrium correction to distribution functions upto second-order:

Utilizing a technique similar to that employed in the non-resistive scenario, we compute
the & f corrections. Eq.(B.11]) can be expressed as a power series expansion in the following

mannecr:

u.p

In the scenario without electrical resistance, there were two expansion parameters: Kn =

f= RZ:O(—l)" ( & > (p"f)u + qF“”m%) Jo- (3.53)

7.0, and x = ¢B7./T. Here, the electric field wasn’t treated as an independent degree of
freedom; instead, it was linked to the magnetic field as E = —v x B. However, upon relax-
ing the assumption of infinite conductivity and explicitly incorporating the electric field’s
impact in our computations, an additional expansion parameter, ¢ = qFE'7. /T, alongside Kn

and y naturally arises. When truncating the expansion up to the second-order, we find:

f=fo+ofD46f@, (3.54)
where
Te v ~
60 = == (p0ufo + BaE p o) | (3.55)
5f® = Fi+Fot Fs+ Fu, (3.56)
Fo= = p“(%( e p"&ffo)7

Fp = ¢ p“au(QTc fofoﬁ(E'p)>a

qTc

0 Te o
F3 = Fp, — < p (%fo) :
u.p opt \u-p

9
C]Tc a Te r
7 o= Lepw, 9 E-p)).
4 “p p"@pﬂ (u_pfofoﬁ( p))

Similarly the correction for anti-particles (¢ f) are also calculated.
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3.2.2 Results

After having these we will now move onto deriving the results for the first and second-order

equations for shear, bulk and diffusion currents.
First order Constitutive relations

Having the 0 f’s, now truncating upto O(9) , O(dx) and O(&), we find the expressions for
different dissipative stresses, here we will start with the bulk case.

Bulk Stress:

Utilizing Eq.(B.55), we compute the first-order dissipative fluxes. The first-order bulk stress

is expressed as
A y -
My =-=~ /dpp“p (0fM +afm). (3.57)

After some algebraic manipulation, we arrive at
Iy = —7.6ub, (3.58)

where A = 25" + X0 — VI with

0 0)—
A e e
Dy

X

and
_ (e P) =gy

y
Do

Diffusion Current:

The diffusion current for the first order is given by
Vi, = Al / dpp® (50 — 6 fM) . (3.59)

Using Eq. (B.59) we get
Vi) = 1By (V' + BgB"), (3.60)
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where [y = %Jé?i —J
Shear Stress:

The shear stress for the first order is given by

ot = A / dppp? (570 + 57 (3.61)
Using Eq.(B.53) we get
Ty = 27efx0", (3.62)

where 3, = BJSH.
The first-order expressions reveal that both the bulk and shear stress cases yield iden-
tical results irrespective of any electromagnetic fields, consistent with the findings in the

previous scenario. Conversely, the diffusion current exhibits contributions originating from

E*r.
Second-order evolution equations

The second-order evolution equations are found as follows.
Bulk Stress
In a manner akin to the first-order scenario, the expression for the second-order bulk stress

1s derived as follows:

Ay
3

) = — /dppapﬁ (6f® +6f@). (3.63)

Here, the total bulk stress encompasses contributions from both first and second-order
terms, represented as:

IT =11y + Ig). (3.64)
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The evolution equation governing the bulk stress is derived by considering Eq.(B.63)) along
with Eq.(8.64) (refer to Appendix.([A.5.1)) for detailed derivation):

— = _H — 51—[1—[1—_[0 —+ )\HFTFMVO'MV — Tnvv -U— )\HVV -Va
— lnva -V - 51‘[9 — (]B)\vabuﬁv/gvu

+ 7TV BUagBb*P Vs — ¢y sV, (1.BV°V) — ¢*roxupp EME,. (3.65)

Here, the transport coefficients featured in Eq.(B.69) are cataloged in Table.(A.4), while
the remaining coefticients retain their conventional interpretations as discussed for the ideal
MHD (non-resistive) case.

Diffusion Current
The derivation of the diffusion current expression follows a similar approach, albeit with a
key distinction: the particle and antiparticle contributions are no longer additive. We define

the second-order diffusion current as:
Vi, = Ak / dpp® (6f® —5f@). (3.66)
Combining the first and second-order terms, the total diffusion current is expressed as:
VH# = V(‘l‘) + V(g) (3.67)

The second-order evolution equation for the diffusion current is derived from Eq.(B.66) and

Eq.(B.67) (refer to Appendix.([A.5.9) for detailed derivation).
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Ve

= VW Vw4 Ay Ve — Spy VPO 4 AyndIVEQ — Ay 'V,
TC

— TyamiuY — qBoy bV, + Tonllut + by A" O 1)

— lynV*IL + By V*a + 7.qBly g0 0" 7y — qreAvy e BV, 08

+ 7.qBrynpb™ 1ty — 1.qBlyngb™ V11 — q7.0yyv g BV V, 0

— qrepyvBYY VWl + xvEqE" + AL xvED (T.E®)

— qTepvEE"0 — qTVVBAgD (TcBbWVL) . (3.68)
The coefficients associated with the resistive case are detailed in Table.(A.5), while the
remaining transport coefficients retain their properties as in the ideal MHD scenario.

Shear Stress

The second-order shear stress expression is derived using the following definition:
oy = A / dpp°p? (552 + 67 | (3.69)
It’s important to note that the total shear stress comprises both first and second-order terms:
T = 7T€L1V) + ﬂél; (3.70)

Evaluating the integral in Eq.(3.69) (detailed in Appendix.(A.5.3))) and combining it with

Eq.(8.70), we obtain the evolution equation for the shear stress:

s

(B )y _ v
7”0 T — o

— = —7) 4 28 0™ 4 27w — Tonm
+ AertIIo™ — 1oy VY — 7. Brpy a0V,
+ A VI a = Ly VRV + 6 5 AL BO g,
— qBA\v Vo0 VY — 46,y 5V (1.BYIV,) + Proxaep AR ETES. (3.71)
The coefficients appearing only for the resistive case in Eq.(B.71]) are listed in Table .6,

while the remaining coefficients remain consistent with the ideal MHD scenario.
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Transport CE Denicol Transport CE Denicol
Coefficients et al. Coefficients et al.
TV 0 0 /\VV 2/5 3/5
X1IEE 62p/36 - 5‘/\/ 22/3 1
Amv 1/(38) |0 ovp 2p 58/12
lHV 0 0 PVE Pﬁz/lg -
v B 3/(BP) | — XVE Pp*/12 | PB?/12
(a) (b)

Transport CE Denicol

Coefficients et al.

Trv 12/(55) 0

Lev 12/(55) 0

P 11/5p8 0

ArvB 24/5(6P)"" | —

XrEE 26°P /15 —

(©)

Table 3.2: (a) Transport coefficients for the bulk-stress for a massless Boltzmann gas (result
for particles only and for zero chemical potential) calculated using CE method (this work)
and compared with the results from the moment method [[17] (b) same as Table.(3.2)(a) but
for diffusion current (c) same as Table.(B.2))(a) but for shear stress.

Navier-stokes relations

Here, we isolate the terms that are only first-order in gradients in Eqs.(3.69), (8.68), and
(B.71)) to obtain the Navier-Stokes limit:

II
— = —Pub, (3.72)
Tec
V¥ + qB1.0ygb"'V, — qr.B8v E" = 1.0y V¥ a, (3.73)
g/wgw)
( — - ﬂBAgquwgﬁp) Top = 2B,0M . (3.74)

In the power counting scheme, the electric field E* is considered O(0) as given in [23]. By
employing the same projection operators as in the previous case, we obtain the coefficients

for shear, bulk, and diffusion. Interestingly, the first-order transport coefficients for shear
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and bulk viscosity remain the same as in the ideal MHD case. However, for diffusion,
new transport coefficients emerge. Decomposing the diffusion four-current in terms of
projectors, we have:
Ve = (WPl + 50Pss + m Py O
v = K| s, T RIS, + Kl ) O
1
e (1Pl +0uPs + 0Py B
Utilizing Ohm’s law for current in a conducting fluid:
Jhy =0 E,,

where 0%, is the electrical conductivity tensor. By substituting the above equation into

Eq.(8.73), and leveraging the properties of projection operators, we find:

K| = TPy,
7By
1+ (¢Br.ovp)°
Kx = Kk1qBTlyp.

Similarly, comparing coefficients of F°, we obtain:

0% = ey,
1 qucﬁﬁv
oy = 5
]_ —I— (qBTc5VB>
x quTfﬁﬁv5VB
O-E -

1+ (¢B7byp)*

The relations presented above embody the kinetic interpretation of the Wiedemann-
Franz law, which states that © = ¢?3x. Furthermore, setting all dissipative quantities to
zero yields V*a = —qf E*. Notably, a% remains independent of the magnetic field and is
proportional to 7?; 03 and o, decrease with increasing magnetic fields [24, 21|, 25]. Again

we can also decompose the 6 f(!) (as given in Eq.(8.53)) as

5fM = % (A + BV + C*,,)
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where
1 [(u-p)?* / (0)- (0)+
A=— NPy (J e+ P) — JOt, )
Tcﬁn [ Do 20 ( ) 30 f
(w-p) /0 0)— BA,sp"p°
o (787 (et Py = T g ) P

86— p’ N ny(u - p)p’
TC/BV TC/BV (E + P)

. (1 . (U p)) quu5VBbg

h By

Br°p* (9295 , ;
- W - & - 57rBAgrqulyng pgﬁugﬁu .

ce

This formulation holds significant potential for applications such as the Cooper-Frye pre-
scription, where the expression of § f corrections in terms of dissipative quantities could
prove advantageous. It’s important to note that while we’ve endeavored to represent  f in
terms of powers of p*, it’s not feasible for B” and C??, where the corrections arising from
magnetic fields manifest at the first order. In chapter.(f)), we will exclusively utilize ¢ f(!)

for the electric fields case to investigate its various impact on flow harmonics and spectra.

3.3 Conclusion

For the first time, we derive the relativistic non-resistive and resistive, viscous second-
order magnetohydrodynamics equations for the dissipative quantities using the relaxation
time approximation by including the contributions from both particles and antiparticles.
Assuming that the single-particle distribution function is close to equilibrium, we solve the
Boltzmann equation in the presence of an external electromagnetic field using a Chapman-
Enskog-like gradient expansion with three relevant expansion parameters: the Knudsen
number Kn = 7.7, two dimensionless parameters x = ¢B7./T, and £ = qFE1./T, where
the latter two depend on the strength of the electromagnetic fields. In the first order, dissipa-

tive quantities are independent of the magnetic field, whereas the diffusion current depends
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on the electric field. Moreover, in the second order, we found new transport coefficients
that couple the electromagnetic field to dissipative quantities, apart from the usual transport
coefficients that one gets without any external field. Compared to the results of the 14-
moment approximation, additional terms involving the electromagnetic field appear in the
relaxation time approximation. However, in the weak field limit for the non-resistive case,
the form of the relaxation equations is the same as that of the 14-moment approximation
but with different values for the transport coefficients. Again, in the ultra-relativistic limit,
the resulting transport coefficients from the two approaches were compared, and some of
the coefficients were found to differ, and some new transport coefficients appeared. As the
introduction of external fields breaks the isotropy of the transport coefficients, the shear
splits into three independent components and the diffusion coefficients into two indepen-
dent ones, whereas the bulk remains unaffected. Amongst the different transport coeffi-
cients, we found some are proportional to odd powers of the magnetic field, and some are
not. The ones that are odd powers in the magnetic field are the Hall terms. These trans-
port coefficients do not give rise to entropy, or, in other words, they do not contribute to
entropy production. This is because the odd power of the magnetic field makes the trans-
port coefficient odd under time-reversal symmetry, making it non-dissipative. Again, in
the Navier-Stokes limit, we recovered the usual form of the transport coefficients, as was
found before in the 14-moment approximation. Also, we retrieved the relativistic version
of the Wiedemann-Franz law for the resistive case, which is the ratio of electrical to thermal
conductivity of the fluid, which should be proportional to the inverse of the temperature.
Lastly, we also delved into studying the behavior with varying temperature and mass for
the new transport coefficients that appeared in the second order for the non-resistive case.
Here, we found that some transport coefficients become insensitive to temperature at high
or low m/T limits. The current chapter primarily examines the impact of external elec-

tromagnetic fields generated by spectators on transport coefficients and the evolution of
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dissipative stresses up to the first and second orders in gradient expansion. Subsequently,
our focus shifts to investigating the generation and evolution of such electromagnetic fields.
In the next chapter, we will explore the behavior of these electromagnetic fields origi-

nating from charged participants.
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Chapter 4

Electromagnetic fields by charged partic-
ipants

In previous studies, extensive numerical investigations [1, 2, 3, 4, 5, 6, 7, 8] have explored
the dynamics of the bulk medium, notably the Quark-Gluon Plasma (QGP), and its interplay
with electromagnetic fields. However, within the realm of theoretical calculations, only a
handful of works [9, [10, [11]] have computed the evolution of electromagnetic fields gener-
ated by participants in the QGP and the hadronic phase but without taking into account the
participant (fluid) flow velocity.

Given that charged participants constitute the bulk of the medium formation (predomi-
nantly in low-energy collisions), it is imperative to include fluid flow while calculating the
fields they generate. Thus, understanding the electromagnetic fields generated by partici-
pants becomes crucial. This serves as the primary focus of this chapter’s work. While the
generic framework for studying the dynamics of charged participants is relativistic magne-
tohydrodynamics (RMHD), which often necessitates numerical simulations, our approach
is more modest, focusing on analytical insights. To achieve this, we approximate the prob-
lem by studying Maxwell’s equations in a charged background fluid flow, considering a
simple one-dimensional Bjorken flow [[12].

The structure of this chapter unfolds as follows: we commence with a review of the
fundamental equations in Section.(.1]), followed by Section.(#.2)), which outlines the back-
ground model and the associated assumptions. The solution to Green’s function is presented
in Section.(#.3)). Subsequently, our findings are discussed in Section.(#.4), followed by the

conclusion and outlook presented in Section (4.3). In this chapter, we will adhere to the
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mostly positive metric assumption that is g** = diag(—, +, +, +).

4.1 Basic equations

Let’s review the fundamental equations required for our subsequent analysis, with their
derivation outlined in [|]13, 14]. The energy-momentum tensor of the fluid, formulated in

the Landau frame, is expressed as:
T]’f” = cur'u” + pAH”, 4.1)
where A" represents the spatial projection operator defined by:
AP = g + utu”, (4.2)

and ¢ denotes the energy density, p signifies the isotropic pressure, and u* represents the
fluid four-velocity. As customary, the fluid four-velocity is normalized such that u/u, =
—1. The covariant derivative of u,, can be decomposed using the four-velocity u,, and the

projection operator A, into basic irreducible kinematic quantities:
0 .
Uy = Opw + Wiy + gA;u/ — UyUy, (43)

where the shear tensor 0, vorticity tensor w,,,, expansion scalar #, and four-acceleration

1, are defined as follows:

AZ‘AE 0
O = 5 (Uasp + Upia) — §ANV’ (4.4)
AGAS
Wy = 5 (Uasp — Upia) (4.5)
0 = ufju (4.6)
Uy = Uy’ (4.7)

It is noteworthy that o, u* = w,, v = u u, = 0 by definition. Here ; represents the

covariant derivative of a quantity. Let’s examine the first set of Maxwell’s equations, rep-
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resented as follows:

J e p— (4.8)

e

where J¥ = J]’f—irJ”

ext

represents the total charge four-current, encompassing both the charge

current generated within the fluid .J; and that originating from an external source JZ,, such
as spectators. The fluid charge current adheres to the conservation law:
J J‘f . =0 (4.9)

The second set of equations emerges as a direct consequence of the existence of a four-

potential and is articulated as:
Fagyy + Fpya + Frap = 0. (4.10)

When observed from the perspective of fluid moving with four-velocity u,,, the electromag-
netic field tensor can be partitioned into ‘electric’ (£*) and ‘magnetic’ (B*) components,
defined by:

Et = g"F,u” (4.11)

and

1
z%tz;§awﬂﬁp;ﬁuy, (4.12)

where €,,.s signifies the totally antisymmetric tensor with €y123 = /—g. Utilizing the

definitions provided in Egs. (4.11)) and (4.12)), we readily deduce that

Eau' =0, (4.13)

B =0 (4.14)

Using the provided definitions, we can express the electromagnetic tensor F),, in any

arbitrary frame as follows:

F., =u,EB, — B, + €asu®B°. (4.15)
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Similarly, the charge current can be decomposed into the local charge density p = p; =

—J"u,, and the charge diffusion current V* = V' = JVA ¥,

Jh=Jp = pput + Vi (4.16)
It’s noteworthy that as stated in the introduction, we will solely consider fluid-origin charges
and currents here, neglecting any external contributions. For later convenience, we will omit
the subscript ‘ f’. Maxwell’s equations, Eq.(#.8) and Eq.(#.10), can be broken down into

temporal and spatial components using u,, and the projector A ,,,, yielding the following set

of equations:
E*, — B*w,, — B, = p | (4.17)
20 :
B*, , — u,Basw® — BV <ww, + 0 — gAW> +ASE, ==V, (4.18)
B*, — E"w,, — B"i, =0, (4.19)
20 :
E*, = uyEasw®” — B <WW + 0 — gAW> +ASB, =0, (4.20)

where the antisymmetric tensors: B, = e,waguo‘BB ,and B, = ewaﬂuo‘Eﬁ .
As is mentioned in chapter. () the electromagnetic energy-momentum tensor is defined
as
T = P - Lgwp  pes 4.21
em — A Zg af ) ( . )
and the total energy-momentum tensor of the system is given by
™ =T +Th . (4.22)
The conservation law for 7" is expressed as
wy o _
T~ (423)

The above equation is satisfied given that there are no external source present. These equa-
tions also imply

Te = F*™ g, (4.24)
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Projecting Eq.(#.24)) along the directions of u, and A®, yields the following equations of

motion:

¢ =—((e +p)d + EVY), (4.25)
s 1 1o o, Roa
U =i (Vep+ E“p — B*V,) . (4.26)

The Lorentz forces in the second and third terms on the right-hand side of Eq.(#.26) con-
tribute to the fluid’s work, while dissipative forces from shear and bulk viscosity are ne-
glected here. Eqgs.(#.17)-(#.20) and (4.23)-(#%.26), along with an equation of state for the
fluid, completely describe the system under consideration, provided a consistent initial and
boundary data are given. In the subsequent section, we simplify these equations by disre-
garding the back-reaction of electromagnetic fields on the fluid, as described in Eqs.(#.23)-
(#.26). That is our fluid is not affected by the electromagnetic fields.

4.2 Background model and assumptions

The preceding analysis holds a broad applicability, as the Eqs.(#.17)—(#.20) are applicable
to various physical scenarios once the background evolution is defined. For instance, when
there are no matter sources, one can set the observer’s acceleration to zero. Likewise, in
cases where the fluid evolution is stationary and non-rotating, the expansion scalar and vor-
ticity tensor can be assumed to be zero. In the subsequent discussion, we will consider a
background fluid undergoing a longitudinal boost-invariant Bjorken expansion [12]. This
choice is motivated by the well-known property of boost invariance being readily appar-
ent in Milne coordinates compared to Minkowski coordinates. The line element in Milne

coordinates (7, x,y,n) is given by:

ds* = —dr? + da* + dy? + 7%dn? (4.27)
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This line element is invariant under the combined symmetry SO(1,1) ® 1SO(2) ® Zs,
encompassing boost-invariance along the beam direction 7, rotational and translational in-
variance in the transverse (z,y) coordinates, and reflection under n — —n. The flow
consistent with this combined symmetry property is u* = (1,0,0,0). Similarly, the only
non-vanishing Christoffel symbols are: I'7, = 7,7, = I} = 1/7. Furthermore, Bjorken
symmetry implies w,, = u* =0, 60 = 1/7, and 0, = diag(0, —1/(37), —1/(37),27/3).

It’s worth noting that the inherent anisotropy in the electromagnetic energy-momentum
tensor clashes with the pronounced symmetry of the Milne metric. In the context of ideal
Bjorken flow—where dissipation and electromagnetic effects are absent—Eq.(#.26) triv-
ially reduces to zero. This arises from the boost invariance of the expansion, resulting in
negligible acceleration. Similarly, Eq.(#.29) yields the well-established Bjorken scaling
¢ ~ 7743 under the assumption of a squared speed of sound c? = 1/3. However, the pres-
ence of a back-reaction from the electromagnetic field onto the fluid introduces non-zero
acceleration, thereby impacting the electromagnetic fields according to Eqs.(#.17)-(#.20).
Furthermore, the electric field’s influence leads to modifications in Eq.(#.29), deviating
from the conventional Bjorken scaling. For example, in [2], the authors conducted a 1+1-
dimensional resistive MHD calculation in transversely homogeneous settings, without ne-
glecting any back-reaction. Their study elucidated how boost invariance is compromised
due to the self-consistent dynamics of matter and electromagnetic fields.

A pivotal assumption underpins our analysis. Considering the expression on the right-
hand side of Eq.(#.26), where the Lorentz forces are scaled by 1/(¢ + P), we introduce
the inverse plasma [(-parameter: 3~! = B2 /(2p,), which governs their relative strength.
When the inverse plasma [-parameter 5~ < 1, we can safely disregard the back-reaction
of the electromagnetic field on the fluid. Given that the strength of the electromagnetic
field—originating from spectators in mid-central collisions—diminishes more rapidly with

increasing collision energy compared to the energy density of the fluid, it’s anticipated that
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(7! remains small at higher collision energies. Nonetheless, it’s conceivable that certain
regions within the fireball, such as its periphery, may exhibit large 3~! even at moderate
energies. In the subsequent discussion, we will operate within this regime and neglect any
influence of the electromagnetic fields on the background fluid.

Lastly, we make the assumption that the fluid behaves as an ideal insulator, character-
ized by a negligible conductivity, resulting in a diffusion current Vf“ of zero according to
Ohm’s law. This assumption is not too bold, given that lattice simulations suggest a low
conductivity for the plasma, with o /7" = 8magy /3 ~ 0.06 [15], where o denotes conduc-
tivity, 7" represents temperature, and agy refers to the fine structure constant. Nevertheless,
for the sake of completeness, we retain this term in our subsequent derivation, although we
omit it later when discussing specific cases (see Sec.(#.4).

Under the aforementioned assumption, Eqs.(#.17)-(#.20) simplify to the familiar Gauss

laws for electric and magnetic fields:

0.E, + 0,E, + 17 0,E, =p, (4.28)

9.B, + 0,B, +17°0,B, =0, (4.29)

Similarly, the equations corresponding to Faraday’s law become:

0. (1By) = —(0,E, — 0,E,) , (4.30)
0. (tB,) = (0. E, — 0,E,) , (4.31)
0. (t7'B,) = —(0.E, — 0,E,) , (4.32)

while Ampeére’s law is represented by:
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0. (TE,) = (8,B, — 0,B,) — V", (4.33)
0. (1E,) = —(8,B, — 0,B,) — TVV , (4.34)
o. (17'E,) = (0,B, — 0,B,) — TV". (4.35)

In pursuit of deriving the wave equation governing electromagnetic fields within this
expanding context, we begin by redefining the electromagnetic fields alongside the charges
and currents. Specifically, we introduce the following transformations: E,,) = 7E (),
Bloy = By By = 7'E,, B, = 77'B,, p = 7p, and V' = 72V, With these
redefinitions in place, Maxwell’s equations given by Eq.(#.28)-(#.33) can be simplified to:

OB =p, (4.36)
9B; =0, (4.37)
0.B, = 17'0,E, — 19,F, , (4.38)
0.B, = 10,E, — 7 '0,F, , (4.39)
0.B, =1 1'0,E, — 17'0,E, (4.40)
0,E, = 10,B, —77'0,B, — 7'V* | (4.41)
OB, =17'0,B, —70,B, — 7'V (4.42)
0, E,=1"'0,B,—77'9,B, — 7 'V". (4.43)

To derive the wave equations, we follow a systematic procedure. For instance, to obtain
the wave equation for B,, we utilize Eqs.(#.42) and (#.43), taking their partial derivatives
with respect to 7 and y, respectively. Subsequently, we substitute the resultant expressions
into the partial derivative with respect to 7 in Eq.(#.38). This process is repeated for the
remaining components of the electromagnetic fields, yielding the following set of wave

equations:
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0F, = 20,B, — (0p + 17710, V), (4.44)
0OF, = —20,B, — (9,p + 7'0,V¥) , (4.45)
OF, = -7 '0,V" —17720,p, (4.46)
OB, = —20,F, + 0,V" — 77209,V (4.47)
OB, = 20,E, — 9,V" +7720,V* (4.48)
0B, = 720,VY — 7729,V* | (4.49)

where [] represents the d’ Alembert operator in Milne coordinates, defined as:
O=0247"9, — 720, — 92— .. (4.50)

The Eqs.(#.44)-(%.49) constitute the primary findings of this study. In contrast to the
standard source-free wave equation in Minkowski coordinates [L1], these equations ex-
hibit additional couplings between the field components on the right-hand side, which are
absent in the former coordinate system. This discrepancy highlights an intriguing conse-
quence: even in the absence of charge currents V7, one can generate magnetic fields for
stationary charges in an expanding medium. These magnetic fields are driven by the gra-
dients of electric fields, which serve as sources. These phenomena, reminiscent of Jefi-
menko’s equations or the Jefimenko-Feynman formula [16], will be briefly discussed in
Sec.(.4). The origin of these coupling terms can be traced back to the non-vanishing ex-
pansion scalar # and shear stress tensor o* in Eqs.(#.17)-(#.20). It is crucial to note that
the electromagnetic fields derived from the solutions of Eqs.(#.44)-(%.49) are not merely
the coordinate-transformed solutions of electromagnetic fields in Minkowski coordinates.
Unless one solves Eqs.(#.44)-(4.49) with a longitudinal fluid velocity v* = u?/u’ = tanh7
in the latter coordinate system, the solutions will differ. Here, u* and u' represent the com-

ponents of the four-velocity in Minkowski coordinates. Since the velocity in Minkowski
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coordinates is coordinate-dependent, the fields cannot be obtained simply by boosting from
the rest frame to this frame. In the subsequent section, we will solve Eqs.(#.44)-(#.49) based

on a mode decomposition of Green’s equation.

4.3 Solution of the wave equations for electromagnetic fields

To tackle the system of non-linear coupled wave equations represented by Eqs.(#.44)-(#.49),
we observe that the longitudinal components of the electromagnetic fields depend solely
on external sources, while the transverse components rely on the gradients of the former.
Consequently, we can adopt an iterative approach to solve the system, first addressing the
longitudinal components and subsequently leveraging this solution to determine the trans-
verse components. The equation governing the longitudinal components is a well-studied
problem in the literature [[17, 18, 19], frequently encountered in solving the Klein-Gordon
equation in Milne coordinates. It is worth noting that various methods, such as the WKB
procedure [20, 21|]] or mode decomposition of Green’s function [22, 23], have been em-
ployed to address similar equations. However, in this study, we opt for the latter approach,
which yields an exact solution.
Using the 2-point Green function G (x,,; z/,) between v, = (7,x1,n)and ), = (7', X, 1),

we define the following:

G (wy;w,) = —O(T — 7)G(,; 7)) (4.51)
Gl 2),) =O0(r" = 7)G (2 2),) (4.52)
Gz, 7)) = % [G,ﬂ(:cu;x;‘) + Ga(x#;xz)] , (4.53)

where ©(7 — 7') is the Heaviside step function, and G'.(z,,; ), Ga(y;2,), and G(z,; )

are the retarded, advanced, and symmetric propagators, respectively. Now, we decompose
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the Green function into modes via a Fourier expansion:

G(x,; ), /al?’k:e’[kL XL =X )tk (=11 g b —ap (T (T)]
(2017 = 7 0, (7 () = 0, (7, ()]
(4.54)
where p, = (ki , k). Let ay, (7) and by, (7) be particular solutions satisfying:
ay, (1) =1, Oray, (1) =0,
bkn (7') =0 s 8Tbkn (7') =1 s (455)
at 7 = 1. Then, it can be verified that the following relation holds for any 7:
ay, (7)0:by, (T) — Orag, (7)by, (7) = 1. (4.56)

Given that the Green’s function G'(x,; J:L) satisfies the homogeneous wave equation

OG(x,;2),) =0 (4.57)

I

together with the boundary conditions:

G(z,;2),) =0, 0,G (x5 2,) = —=0(x; — a7) (4.58)

o

atT =71,

/

') satisfies the following

We can demonstrate that the symmetric propagator G(x,,; z

inhomogeneous wave equation:

OG(z,;2,) =

o

54( ), (4.59)

77/
where 0*(x, — 2/,) = (7 — 7')0° (2; — x}). Using the definition of the d’ Alembert operator

from Eq.(#.50), it can be verified that the particular solution satisfies the following relations:

YA

akn (T)bkn (T/)—akn (T/)bkn (7') = 5 [Jzkn (/@_7') Y;kn (]@_7'/> — J (k’J_T ) Y (kJ_T)] s
(4.60)
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where Ji, (k17) and Yy, (kL 7) are the Bessel functions of the first and second kind, re-
spectively, with &, = |k |. Substituting Eq.(%.60) into Eq.(4.54), we arrive at the following

equation for the Green’s function:

e 2 00
Gz, = —W/O ko dky Jo(Nk ) Jo(r kL) (4.61)
et =1
— _75(52), (4.62)

where \> = 72 + 72 — 277/ cosh(n — 1), v} = (z — 2/)* + (y — ¢)%, s> = A\* —r?, and
e(t—7') = O(1 —7') — O(7' — 7) respectively. By substituting Eq.(4.61)) into the definition

of the symmetric propagator Eq.(#.53), we obtain:

1
Gl w,) = -0(r" + 77 = 277 cosh(n — ') — 1), (4.63)

Eq.(B.61)) closely resembles its counterpart in the usual representation in Minkowski space-
time, but the expression for s? in Eq.(#.61)) (which has support only at the light cone) differs
entirely from that in the latter.

Thus, for any field ®(x,,) satisfying an equation of the form:
O@(z,) = S(z,), (4.64)
with a generic source S(x,), the solution takes the form:

O(z,) = /G(x#;xL)S(x;L)\/Ed‘lx’. (4.65)

4.4 Results

In this section, we unveil the outcomes concerning the electromagnetic fields produced by
the participants. Initially, we scrutinize a straightforward scenario featuring a motionless
point charge, where the fields correspond to those derived from the Liénard-Wiechert poten-

tial within the expanding fluid framework. This serves as a litmus test for our formulation
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in a simplified setting. Following this, we proceed to a more practical scenario, wherein
charged particles are arranged in a Gaussian distribution across the transverse plane while

adhering to specific constraints on the region of participant charge allocation.

4.4.1 Field of a stationary point charge

Consider the charge density attributed to a stationary (co-moving) point particle in an ex-
panding fluid, characterized by a four-velocity u* = (1,0, 0,0). This density is represented

by:

53(X — Xo)@(T — 7'0) ‘

p(1,X) = Ze (4.66)

Here, Ze signifies the charge magnitude, and x, denotes its position. To mitigate the
singularity of the Green’s function at 7 = 0, we assume that the charge emerged at a finite
time in the past, 7 = 7. This assumption is common in heavy-ion collision hydrodynamics,
where hydrodynamic evolution typically commences after a finite time, approximately ~
0.5 — 0.6 fm. It’s important to note that in this framework, there’s no conservation law
for charge, and charge can be spontaneously generated if sufficient energy is available.
Additionally, considering the fluid as a perfect insulator implies a zero charge diffusion
current V*. Consequently, the particular solution for the 7 component of the magnetic field
(Eq.(.49)) can be set to zero without loss of generality, effectively decoupling from other
electromagnetic field components. Substituting the gradient of the point charge (Eq.(%.66))

as a source in the Green’s function (Eq.(#.63)), we obtain:

. 1 = .
E,(1,x) = —Ze/ (T/)zG(T, x; 7, x)0,p(7' X )\/g(T)d*X'dr’, (4.67)
as a solution of Eq.(#.46). The integration of Eq.(#.67) with the symmetric Green’s

function (Eq.(#.63)) is straightforward, resulting in:
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By(r,x) =4 anl(ri—rL0)+7 sinh*(n—no)] (4.68)

Ze  sinh(n—no) 55, 170 < Tp(X;Xg) < T
0, otherwise

where 7¢(xX; Xg) := 7 cosh(n—1ng) — \/(m —110)% + 72 sinh?( — 1) and the inequal-
ity satisfies causality constraints. The transverse components of electric fields can be com-

puted analogously, yielding:

) 7 T(z—2x0) cosh(n—mnop) if 7 < . <

Bu(rx) = | 2 im0 < (%) <7 (4.69)
0, otherwise

i 7 7(y—yo) cosh(n—mno) if 7 < : <

E, (1,x) = 6477[(M —r10)2+72 sinh? (5—10)]/ n .Tf v <7 (4.70)
0, otherwise

As discussed in Section.(#.3), the transverse magnetic fields can be obtained by taking

the gradients of the longitudinal component of the electric field, Eq.(#.68), acting as a source
in Eq.(#.63), resulting in:

By(1,x) = 2/G(T,x;T’,x’)@x/ﬁn(T’,x’)\/g(T’)d3x’dT’, 4.71)

as a solution of Eq.(#.48). The integration over 7’ is straightforward, yielding:

3 3/ Tf(x’;x)z(x’f:pg)sinh(r]ofn’) 1
5 Zege | & [, =7 10)2 47 (¥'%)2 sinh? (i —no)]*/ \/(r L =" )2472 sinh® (n—n')
By(7,x) = if (1o < 7p(x';X0) < 7) A (10 < 74(X5X) < 7),
0, otherwise

(4.72)

where, 74(x';x) = 7 cosh(n — 7') — \/(m —7/)2 4 72sinh?(n — 7).
In the expression above, one of the constraints originates from the electric field in

Eq.(#.68), while the other arises from the Green’s function in Eq.(#.71]). A similar approach
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can be employed to obtain the x-component of the magnetic field. The spatial integration
in Eq.(#.72) cannot be simplified into an elementary form; hence, we resort to numerical

integration in the subsequent sections.

x1072
4
2
NEE‘
S o
iy
9]
-2
-3 -2 -1 0 1 2 3 -3 -2 -1 O 1 2 3

n n

Figure 4.1: Electric-field components eE,, (left) and ek, (right) as functions of n for a
stationary point source.

To examine the spatiotemporal behavior of the electromagnetic fields generated by the
charged participants, we simplify by assuming that the charges are positioned at x, =
(b/2,0,0) and the initial time 79 = 0.6 fm, where b represents the coordinate of the source,
taken as b = 7 fm. We compute the fields at points with transverse coordinates x;, = (0,0),
while allowing for varying rapidities 7 and times 7. The magnitude of the charge Ze is
treated as a free parameter, and for our calculations, we set Z = 79, representing half of the
total charged spectators in an Au-Au collision, although this is a simplification. With this
setup, the only non-vanishing components of the electromagnetic fields are En, E,,and B,,.

Fig.(4.1) illustrates the components eEn and eE, of the electric field as functions of 7.
Different symbols in the plot correspond to distinct time frames. Notably, the x-component
of the electric field exhibits even symmetry with respect to rapidity, with a magnitude ap-

proximately ten times greater than that of the n-component, which demonstrates odd sym-
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metry. At any given 7, the electric fields decay as ~ 773 (see Eqs.(#.68) and (#.69)).

Preceding 7 = 4.6 fm, the electric field for both components is nonexistent due to retarda-
tion effects. Subsequently, only regions consistent with causality witness the electric field’s
presence, resulting in the piecewise behavior depicted in the figure. Naturally, this region

of influence is contingent upon the initial time 7 and the relative distances x — x.

-2 -2
. x10 x10
i ——n=1
jote n=2
5.0 6
2.5
NEI: NEI: 4
< 0.0 <
m m
[} Q
-2.5 5
-5.0
-75 0
-3 -2 -1 0 1 2 3 2.5 5.0 7.5 10.0
n T (fm)

Figure 4.2: Left and right panels: Magnetic-field components eB,, as a function of 7 and
time for a stationary point source respectively.

In Fig.(#.2) (left panel), the magnetic field component eB, is depicted as a function of 1),
with various symbols denoting different time frames. Initially, at early times (7 < 3.1 fm),
the magnetic field is absent due to the initial causality constraint (refer to Eq.(#.72))), which
is inherited from the electric field. However, unlike the electric field, which is confined to
7¢(X; Xo), the magnetic field’s support extends to a broader space-time region, as evident
in the left panel of Fig.(#.2). Here, the magnetic field attains non-zero values earlier than
the corresponding electric field, which remains zero until 7 = 4.6 fm. Nevertheless, the
magnetic field during this early period is confined to a narrower rapidity region due to this
constraint. Subsequently, for 3.1 fm < 7 < 4.6 fm, the magnitude of the magnetic field

intensifies and exhibits continuous evolution across the rapidity spectrum.

134



4 Electromagnetic fields by charged participants
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Figure 4.3: Left panel: Domain of influence 7 < 7(x;x) < 7 for the electric field
component e,. Right panel: Domain of influence for the magnetic field component e3,),
7o < Tp(X';X0) <7 ATy < 7¢(X';X) < 7. The transverse coordinates and 7, are set to zero
(r. =ri9 =mno = 0) for simplicity.

The influence domains of both the electric and magnetic fields are determined by their
respective equations. The electric field, denoted as eE,, in Eq.(#.68), exhibits an influence
domain defined as 75 < 77(X;Xo) < 7, where 7/(X; X,) describes the causal boundary. On
the other hand, the magnetic field, represented by eB, in Eq.(#.72), extends its influence
over the domain 7y < 74(X';X) < 7 A7 < 7¢(X';X) < 7, where 74(X’; Xo) characterizes
the extent of influence at each spatial point x’ relative to the source at xg.

Examining Fig.(#.3) (left panel), which illustrates the domain of influence or causal
region, it becomes evident that for smaller values of 7, the support of 7;(x; X¢) is confined
to narrower intervals in 7) for the electric field. Conversely, inspecting Fig.(%.3) (right panel)
for the magnetic field, the support extends over larger areas depending on the specific value
of /. For instance, at ' = 0, the magnetic field’s support closely resembles that of the
electric field. However, for ¥ = —1.0 or ¥’ = 1.5, the shaded region encompasses a
broader area compared to the former scenario. As time progresses, both the electric and

magnetic fields undergo an incremental expansion in their supportive domains.
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Now turning our attention to Fig.(#.2)) (right panel), showcasing the temporal evolution
of the magnetic field for two distinct rapidity values, » = 1 and n = 2. Forn = 1,
we have additionally fitted the obtained numerical solution with a power law (indicated
by black dotted lines). It’s apparent that the entire time evolution can be categorized into
two regimes: during early times, the magnetic field exhibits growth proportional to 7°,

22 In the intermediate region around 7 ~ 4.6 fm, a

while at later times, it decays as 7~
discontinuity is observed. Conversely, for larger rapidities, such as n = 2, the magnitude
of the magnetic field is approximately an order of magnitude smaller compared to smaller
rapidities, like » = 1. A noteworthy comparison can be made with the results obtained
from spectators [|11]], where, at vanishing conductivity, the decay is simply proportional
to 773. However, during early times, the magnitude is significantly higher and depends
on the collision energy. Nevertheless, a distinguishing characteristic of the magnetic field
generated by the participants, unlike the spectators, is its sustained significance throughout
the evolution, even at very late times. For instance, at 7 = 10 fm for a smaller rapidity

n = 1, the magnitude is of the order of O(10~3) compared to O(10~°) (in units of m?) for

the spectators.

4.4.2 Fields for a transverse charge distribution

Now, let’s delve into the investigation of fields induced by a stationary charge distribution.
We adopt the convention that the charge density of both the target and projectile is dis-
tributed across the transverse plane while remaining localized in the rapidity direction. To
simplify the analysis, we assume that the protons within a nucleus are uniformly distributed
according to a Gaussian profile with mean x; and standard deviation o . Thus, the charge

density takes the form:

fi(x, 203y, 90)0(n — 770)@(
T

p(7,X) = Ze

T —To), (4.73)
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where f) (x,z0;y, yo) represents the charge distribution in the transverse direction, given

by:

)2 2
fi(z, x5y, 90) = % {exp <_(3: o) —Z(y Yo) )

1 g1

+ exp (—($+$°)Q i (y+y°)2>} o (1 . y—2> (474

2 2 2
01 Ta T

Here, 2o = b/2 and yo = 0, representing the centers of the nuclei in the transverse plane,
with 0, = 5 fm. The parameter b denotes the impact parameter, set to b = 7 fm. The
semi-major and semi-minor axes of the elliptical region of the participants are determined
byr, = R—x¢andr, = \/m, where R signifies the radius of a nucleus (R = 7 fm).
The unit step function in Eq.(#.74) ensures that only charges within the elliptical region in
the transverse plane are considered.

Following a procedure akin to that for the point charge discussed in Section.(#.4.1)),
we can determine the various field components utilizing the Green’s function given by
Eq.(#.63) for the equations Eqs.(#.44) to (#.49). The integration over 7 and 7 yields elemen-

tary results, leading to the following expressions for the electromagnetic field components:

E (1,%) = ﬁ/dle 7 sinh(n — )
n ) - .
4n [(x = 2/)2 + (y — /)2 + 2 sinh?(n — 1))
12 12
X fi(x/a Lo, ylayO)@ I x_ - y_ ) (475)
r2 e
By(r,x) = Ze— [ dix'ax" 7y (X5 )" (@’ = ") sinh(n = )
’ 87 (@ — 22 + (5 — y")? + 7 (x; x)? sinh? (o — )]
% fl(x//, zo;y", yo) - (1 " ?J"2>
5 3 )
\/(x — /)% + (y — /)% + T2 sinh*(n — 1') Ta Ty
(4.76)

Here, the integration over x’ is again confined to the causal region, satisfying the in-
equality 79 < 77(x’;x) < 7, along with the physical boundary of the elliptical region ex-

pressed via the unit-step function. We explicitly present the expressions for En and By,
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noting that other components of the electromagnetic fields can be computed using a similar

procedure, which we omit here.
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Figure 4.4: The electric-field component eEn as a function of . Various symbols represent
the values of electric field at different times.

Fig.(#.4) illustrates the behavior of eEn as a function of 7 at various time instances.
In comparison to the electric field generated by a point charge distribution (see Fig.(4.1)),
top panel), the electric field arising from a charge distribution exhibits non-zero values
even at early times, around 7 ~ 1.1 fm, albeit localized in space. As time progresses, the
electric field gradually diminishes, asymptotically approaching zero at large rapidities. The
magnitude of the electric field is approximately ~ 0.1m?2, serving as the source for the
magnetic field.

Fig.(#.9) depicts the temporal evolution of the transverse component of the magnetic
field, e B,, at rapidity 7 = 0.5, with the blue band representing an estimate of the numerical
integration error. Due to the highly oscillatory nature of the integrand in Eq.(#.73), extrap-
olation to smaller time intervals was not feasible. Nonetheless, the qualitative behavior of
the magnetic field at late times (77 > 4.6 fm) resembles that of a point charge distribution

(cf. Fig.(#.2), bottom panel), persisting for sufficiently long timescales in the context of
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Figure 4.5: Time evolution of e B, at rapidity 7 = 0.5. The blue band is the estimate of the
error in the numerical integration.

heavy-ion collisions. This prolonged lifetime can be attributed to the retardation effect, ev-
ident from Fig.(#.3)), highlighting that the support of the integral in Eq.(4.79) expands to

larger spatial regions with non-vanishing gradients of electric field at late times.

4.5 Conclusion

Our investigation delved into the study of spatiotemporal dynamics of electromagnetic
fields produced by charged particles within an expanding fluid governed by a background
Bjorken flow. We addressed Maxwell’s equations within this framework, assuming a negli-
gible back-reaction to the fluid’s flow. Introducing coupling to the fluid’s shear and expan-
sion scalar added complexity to the dynamics. Interestingly, we found that even without
charged currents, gradients in the electric field could generate a magnetic field for a station-
ary charge distribution co-moving with the fluid. This resultant magnetic field undergoes
an initial phase of vanishing, followed by growth and eventual decay. The principle of
causality proves indispensable in describing the evolution of such charge distributions in

space and time. We also examined a more realistic scenario involving continuous charge
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distribution within the context of heavy-ion collisions. The resultant magnetic field retains
significance even at temporal scales as large as ~ 10 fm. This observation supports prior
studies discussing the magnetic field’s influence during the hadronic stage of heavy-ion
collisions [24, 25, 26]. However, our study has some limitations, primarily from the as-
sumption of vanishing charged currents. Relaxing this assumption could yield intriguing
consequences, particularly when considering non-equilibrium processes like charge dif-
fusion and conductivity. These processes nullify existing gradients in the electric charge
distribution, potentially leading to non-trivial alterations in the spatiotemporal evolution of
dynamic electromagnetic fields. Unfortunately, our efforts to incorporate these terms into
the analysis hindered our ability to find analytical solutions for Green’s function, making
the problem quite challenging. In the future we could explore flow patterns with non-zero
vorticity and acceleration, offering promising paths for gaining deeper insights into the in-
tricate dynamics of electromagnetic fields in expanding fluid media.

We now shift our focus to another aspect which is studying the behavior of all the compo-
nents of electromagnetic fields taking into account the nuclear stopping. This phenomenon

is particularly prominent in low-energy nuclear collisions, notably at FAIR energies.
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Chapter 5

Effect of baryon stopping on the electro-
magnetic fields

It has been mentioned earlier that off-central relativistic heavy-ion collisions produce in-
tense transient electromagnetic fields, which are predominantly produced due to the motion
of spectators, reaching magnitudes of approximately ~ 10m? at top RHIC energies [|I}, 2,
3,4,5, 6,7, 8]. Notably, the peak values of the event-averaged electromagnetic field com-
ponents generated in these collisions exhibit an approximate linear proportionality with the
center-of-mass energy (/syn) [4]. These results, however, were obtained on the assump-
tion of near-perfect transparency of the colliding nucleons, as described by the Glauber
model [9]. For high /sy, such as top RHIC and LHC energies, the elastic or diffractive
dissociation collisions lead to a minute loss of energy of the colliding nucleon, and hence it
is a good approximation to consider that the colliding nucleons move in a straight line with
almost constant velocity even after multiple collisions. However, for low /sy y collisions,
baryon stopping can be sizeable [|]10, L1, [12, 13]. The baryon stopping must be consid-
ered while estimating the electromagnetic fields using the Glauber model at low /sy .
Particularly, the temporal evolution of the fields post-collisions will be affected due to the
decelerations of the protons after each binary collision.

Previous studies show that, on average, a proton loses half of its pre-collision energy,
about one unit of rapidity in each binary collision [[14]]. The maximum value of the net
baryon density at mid-rapidity is achieved for /sy ~ 6 GeV [[15,16]. Above this collision
energy, the mid-rapidity net baryon density decreases with increasing energy due to the

higher transparency of the colliding nuclei. Hence, for higher collision energies, the effect
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of deceleration in calculating electromagnetic fields is minimal. Some theoretical model
studies, including models based on color glass condensate, could successfully describe the
stopping effect [|17, L8, 19]. However, in the current study, we do not use any of these
models; instead, we take a more pedagogical approach and parameterize the decelerated
motion of participants in the Monte-Carlo Glauber (MCG) model to mimic baryon stopping
and then calculate the electromagnetic fields for /sy = 4-20 GeV.

This current chapter is organized as follows: In the first section, in Sec.(5.1)), we dis-
cuss the theoretical formulation and the assumptions made for introducing the stopping of
baryons after the collisions. Then, in Sec.(5.2), we briefly discuss the Monte-Carlo Glauber

model. Next, in Sec.(5.3), we present the results. Finally, we conclude in Sec.(5.4).

5.1 Formulations

As mentioned in the introduction, we consider the deceleration of charged participants after
they undergo binary collision. The electromagnetic fields for a point particle with charge
Ze moving with velocity 8 = % and a proper acceleration 3 = % can be calculated at

position ry, at time ¢, from the well known formula [20].

eB(robm tobs) = _CZQEM 72]€3R2 + B3R

RxB(t)  (R-BEI))RxB(t)) + kR x B(t,)]

. . . (5.1)
R-8()  Rx[R-B(t)) xB(t)]
72]{;3R2 k?)R

)

t/

€E<r0b57 tobs) = CZ@EM

where e is electronic charge, the fields are all in units of m?2, and R is in fm. Here
C = fm~2/m2 ~ 2 is a numerical factor, agy; = % is the fine structure constant, and Z
is the atomic number of each nucleus (we consider symmetric collisions). The right-hand

side of the above expressions is evaluated at retarded time ¢’. The relation between ¢’ and
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Lobs 18 given by

tl + \/(xobs - x/)Q + (yobs - 3/)2 + (Zobs - Z/(t/>)2 = Zfobs- (52)

The relative position R(t') = rq,s — r/(t’), and the unit vector along it is defined as R = %,

the factor k = 1 — R - B(t'), and 7 = —~— is the Lorentz factor.

\/1-32

To calculate the electromagnetic fields, we consider nucleons moving in a straight line

4m?

1/2
SNN) , m is the mass of the proton. Depending

with a constant velocity s, = (1.0 -
on whether they are participants or spectators, we decelerate or let them continue moving
with constant initial velocity for a given /syy. Below, we discuss a step-by-step process

for evaluating the total electromagnetic field using an MC Glauber model and parameterized

form for deceleration.

* We sample the positions of individual nucleons from the nuclear density distribution
of the Wood-Saxon type (the details of which are discussed later). This will give
us the initial positions z((t’), y;(t') and z{(t') of the nucleons inside the right and
left moving nucleus. We assume an Eikonal approximation where, even after binary
collisions, individual nucleons will continue moving along the beam’s direction. So
far, the calculation of the fields is done at some retarded time ', and then we obtain
the corresponding fields at ¢, using Eq.(5.2). Here, as we will be working with the
collision of individual nucleons tracking its trajectory, it is more convenient to work in
proper time T where 7 = v/t2 — r2. Here, we choose 7 = 0 at r = 0, corresponding
to ¢ = 0 when the centers of the two nuclei overlap. In this scenario, individual
nucleon-nucleon collisions can occur for 7 < 0 or 7 > 0, assuming that just after the

collision, the nucleons that take part in the collision process would decelerate.

« Ifthe proton is a participant, we apply a deceleration with the following parametrized
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form for the velocity profile as

B(r) = A {1 — tanh (T; Th)] , (5.3)

T

where, A = ﬁsg N AT is a parameter used to control the time interval for the de-
celeration, 73, is a parameter to control the time scale of the deceleration such that at
T = T3 the initial velocity [, is reduced to half of its original value. Further we
define a starting time 7, for individual nucleon-nucleon collision as the time when
B(7s)/Bsyn ~ 0.98. As per our definition, 7, could be positive or negative depend-
ing on the location of the participants inside the colliding nucleus. The choice of the
starting time of collision, where velocity reduces to 98% of the initial velocity, is
reasonable. Firstly, it helps us to handle the discontinuity in velocities at the onset of
deceleration. Moreover, from a physical perspective, this reduction can be interpreted
as arising from Coulombic repulsion or due to the composite structure of the nucle-
ons. We further note that the definition 7 is arbitrary. Still, it is a reasonable choice
because we assume the nucleons in the MC Glauber model are hard spheres with ra-

dius given by the inelastic nucleon-nucleon cross section as given later in Eq.(5.9).

A collision happens when they touch each other.

The starting time for individual nucleon-nucleon collisions in a given event is cal-
culated based on their relative distances Az = Zigrget — Zprojectite at T = 0, and

considering straight line trajectories with velocity f3;, . In Fig.(5.1]) we display the

8

velocity profile 5(7) (solid lines) and the proper acceleration 5~

vs 7 (dashed lines)

for A7 =1 fm (blue lines) and 3 fm (red lines) respectively.

In Eq.(5.1)), EM fields are evaluated at retarded time; hence we need to find the re-

tarded time and corresponding positions of the nucleons from (7 ) using the relations

dt'(r) 1 dz'(t) B(T)

R ARG
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Figure 5.1: Parametrization of velocity 3 (7) (solid lines) and the corresponding % (dashed
lines) as a function of 7 for participants for A7 =1 fm (blue curves) and 3 fm (red curves).

« Finally, we obtained the electromagnetic fields at observation point rops = (2, ¥, 2) at

present toys from Eq.(B.1)). Calculating the electromagnetic field in an event-by-event

case may result in some nucleons being very close to the point of observation, making

IR| =~ 0 leading to divergence for the fields. In practical calculations, different reg-

ularisation schemes have been used, and consistent results are obtained after taking

the event average [}, B, 4, 21]. To address this issue, here we introduce a cutoff at

IR| ~ 1 fm. This implies that the fields associated with nucleons within a distance of

|IR| = 1 fm are discarded.

In this work, we calculate EM fields from an ensemble of a thousand events for a given

collision centrality.
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5.2 Monte-Carlo Glauber

As mentioned earlier, we use the MC Glauber model [9] to calculate the nucleon distri-
butions, participants, spectators, and number of binary collisions for a given /sy and
impact parameter, here we briefly discuss the essential features and parameters used in our
study. We sample the nucleon positions inside a given nucleus from the corresponding

Wood-Saxon density distribution (assuming spherical symmetry):

o
plr) = —2 . (5.4)
l1+e

Where pg is the nucleon density in the center of the nucleus, R is the radius of the nu-
cleus, a is the skin depth, and r is the radial distance from the center of the nucleus.
For Au'®” we use: py = 0.16 fm™3, R = 6.34 fm, a = 0.54 fm. We calculate partic-
ipant for a given nucleon-nucleon inelastic cross section oy by considering individual

nucleons as a hard sphere; a collision takes place if the inter-nucleon transverse distance

rL= \/(xp —o7)? + (Yp — yr)? < r., where

re = 2NN (5.5)

T
The (x,, y,) and (z7, yr) mentioned above are the transverse positions of projectile and
target nucleons respectively. The experimentally measured values of oy are available for
selected energies, we fit the experimentally measured oy vs (/syy with the following

three parameters form,
oy = AWsaw)+C. (5.6)

Here, from the fit we obtain the values A = 7.63, B = 0.22, C = 17.36 with y? ~
0.05. The parametric fit and experimental data points (circles) are shown in Fig.(5.2). It
is worthwhile noting that throughout the rest of the paper, we assume that the trajectory

of the participants is governed by the Eq.(5.3) and each of the participants will eventually
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lose much of its energy within a time interval A7. However, the baryon usually loses about
one unit of rapidity in each collision, and it will take multiple collisions before they lose a
substantial amount of the initial energy [22, 23]. Such a realistic scenario of energy/rapidity
loss is beyond the scope of the present work and can be implemented in a future study.
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Figure 5.2: onn (nucleon-nucleon inelastic cross-section) vs /sy (circles) taken
from [9]. The red line is a fit with a three-parameter function (Eq.(5.6)).
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Figure 5.3: Snapshot of the participants in a given Aut+Au collision event at 7 = 0 for
syn= 8 GeV and bH=8 fm.
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5.3 Results and Discussions

From now on, we denote ‘electronic charge times the fields’ simply as ‘Fields’ in our plots.
We primarily focus on event-averaged values of the electric E = (E,, E,, E,) = E; and
magnetic B = (B,, B,, B,) = B, field components to investigate the effect of baryon stop-
ping on the electromagnetic fields unless stated otherwise. For the event-averaged case, we
take ensemble of a thousand events, and to focus on the event-by-event contribution of each
field component, we consider their absolute values so that the random phase cancellation

during the averaging could be avoided.

0.14f
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| | AT =1fm 1Byl L |AT=1fm 18,1
N — |E I 0.10+ — IEd
NE':O.03» — |E| NE': — IEl
= — & < 0.08¢ — |5
5 0.02] 35 0.06/
[} [}
o T 0.04
001 - 0.02
0.00= ‘ ‘ ! ‘ 0.00— /\ ‘ ,
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tops (fM) tops (fM)

Figure 5.4: Evolution of E, B at ro,s = (0,0, 0) over time for b = 3 (left) and 12 fm (right)
at \/syny = 4 GeV, with A7 = 1 fim.

Since the number of participants/collisions decreases monotonically with the impact
parameter/centrality of the collision, we expect the effects of baryon stopping with decel-
eration on the fields is minimal for peripheral collisions. Fig.(5.4) depicts the temporal
evolution of | £;| and | B;| at the center of the collision zone rq,s = (0,0, 0), for A7 = 1 fm
at \/syn = 4GeV for two distinct impact parameters: 3 fm and 12 fm, respectively. Upon
comparison of both plots, a notable distinction emerges, particularly evident in the more
central collision (at b = 3 fm), showcasing the effect of deceleration being dominant at the

most central collision which can be attributed to the increased number of participants.
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Figure 5.5: Comparison of | B,|, | B,| (top panel), and |E,|, |E,| (bottom panel) with (blue
dashed lines) and without deceleration (red solid lines) at \/syy = 4 GeV with b = 3 fm at
robs = (0,0,0).

In the presence of deceleration the magnitude of | B,|, |E,|, |E,|, and |E,| are enhanced
in the presence of deceleration after 7 ~ 2 fm. Furthermore, electric fields seem to asymp-
totically reach a constant value for ¢,s < 4fm. This late-time behavior arises from the
dominance of Coulombic fields as deceleration drives participant velocities towards non-
relativistic limits, and they may eventually come to rest. Additionally, a slight shift in the
peak values of | B, |, | B,|, |E|, and | E,| is noticeable in the left plot compared to the right,
primarily attributed to the velocity profile of participants which start decelerating slightly
before the collision, i.e., 7 < 0. To see the effect of baryon stopping, we show the com-
parison of the temporal evolution of the electromagnetic fields with and without baryon

stopping at \/syy = 4 GeV for b = 3 fm in Fig.(5.5). The solid red lines correspond to
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no stopping, and the blue dashed lines correspond to baryon stopping. It is evident that
|E.| and | E,| are significantly higher for the stopping scenario at late times (after 3-4 fm).
Whereas | B, | does not show this type of asymptotic behavior at late times, as seen from the
right plot of the top panel in Fig.(5.5). This is understood as charges at rest won’t give rise

to any magnetic fields, unlike the Coulombic contribution to the electric fields.
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Figure 5.6: Variation of magnetic fields with /sy for b= 3 (left panel), 12 fm (right panel)
at rops = (0,0,0).

We found | E. | is most sensitive to deceleration and is enhanced substantially after col-
lisions for the baryon stopping scenario compared to the other components of the electric
fields. In case of no baryon stopping, the peak value of event averaged electromagnetic
field rises almost linearly as a function of /sy [4]. To investigate whether this approx-
imate linear dependency on /sy still holds for baryon stopping scenario, we plot | B;|’s
at (Xops, tons) = 0 as a function of /sy in Fig.(5.6). The left panel is for b = 3 fim, and
the right is for b = 12 fm. From the comparison of these two plots, a clear dependence
is observed as we go from central to peripheral collisions. However, the approximate lin-
ear proportionality with /sy holds for peripheral collisions while the effect of baryon
stopping seems to break the apparent linearity. We found deceleration introduces a small

quadratic dependence. Fig.(5.7) on the other hand illustrates the impact parameter depen-
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dence of |E;|, | B;|’s at (robs, tobs) = (0,0) for baryon stopping (dashed lines) and without
stopping (solid lines). The change in the number of participants with impact parameters

causes the observed difference between the two cases.
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Figure 5.7: Variation of B, (red), B, (green), B, (blue), E, (cyan), £, (magenta), E,
(yellow) with b for \/syn =4 at (, reps) = (0, 0) with (dashed lines) and without deceleration
(solid lines).

The parameter A7 used in Eq.(5.3) controls the timescale for the deceleration of the
participants. We study the effect of varying A7 on the electromagnetic field in Fig.(5.8).
The results for (| B,|, |B,|) (top two panels) and (|E,| and |E,|) (bottom two panels), are
shown for A7 = 1 fm (solid red lines) and A7 = 3 fm (solid blue lines). We kept b = 3
fm and /syn = 4 GeV constant in all these cases. We checked that | £, | is quite similar
to that of |E,| and hence not shown here. These results show a clear dependence of the
field strength and its time-evolution on A7. For comparison, we also show no deceleration

results by dashed red lines.
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Figure 5.8: Comparison of the components of the fields for A7 = 1 (solid red lines),
A1 = 3 fm (solid blue lines), and without 3 (red dashed lines) at \/syy = 4 GeV and
b=3fmatrys = (0,0,0).

Naively, one would expect a large A7 correspond to longer deceleration time results in
longer-living fields, but we do not expect any dependency of the peak magnitude of the elec-
tromagnetic fields on A7 for 7 < 0. However, in Fig.(5.8), we found an apparent deviation
from this expectation, particularly evident in the bottom panel. The peak magnitude of |, |
appears to be higher for A7 = 1 fm compared to A7 = 3 fm. This disparity primarily arises
from the fact that in our parametrization for velocity Eq.(5.3) a larger A7 corresponds to a
smaller proper deceleration and vice versa and hence varying contribution in the production
of EM fields. Moreover, the lumpy charge distribution along the longitudinal direction and
the accumulation of these charges around the observation point ro,s = (0,0, 0) after colli-

sion also depend on A7. The influence of A7 seems to be more prominent on the electric
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fields, particularly on |E,| shown in right most plot in the bottom panel of Fig.(5.8).
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Figure 5.9: Left panel: Fields at rq,s = (0,3, 0) for \/syy=4 GeV and A7 = 1 fm. Right
panel: same as left panel but for ry,s = (0,0, 3).

Up until now, all the results shown were for rqp= (0,0,0). In Fig.(5.9) we show the
temporal variation of the fields at two different observation locations rq,s = (0, 3,0) (left
panel) and (0, 0, 3) (right panel) for /syny=4 GeV and A7 =1 fm. We found the temporal
evolution of fields is almost identical for the observation point located on the y axis in the
central transverse plane (left panel) as what was observed at rop, = (0, 0, 0) (Fig.(5.4)). The
only exception is | E, |, which is larger due to the the coherent superposition from the target
and projectile.

The passing of target and projectile nuclei through the observation point rq,s = (0, 0, 3)
on the z axis is expected to give rise to double-peaked (symmetrically situated around 7 = 0)
structure of the temporal evolution of field components which is apparent from the right
panel of Fig.(5.9). |E.| seems to dominate in this case compared to other components. The
asymmetry in the field values around ¢, = 0 fm in Fig.(5.9) arises due to the post-collision
deceleration of nucleons.

So far, all the results shown here have been obtained by taking averages of the field com-

ponents over many (thousand) events. We plotted all six field components for a randomly
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Figure 5.10: Fields in a randomly selected event. Left panel: without deceleration at ry,s =
(0,0,0) for /syy=4 GeV and b= 3 fm. Right panel: same as left panel but with deceler-
ation and for the same event as above.

chosen event for /sy y=4 GeV and b= 3 fm in Fig.(5.10). The fact that field variations with
time is non-trivial due to the lumpy charge distribution and similar magnitude of the com-
ponents of electric and magnetic fields at ro,s = (0,0, 0) is apparent from the figure. The
left panel corresponds to no deceleration, and the right panel corresponds to deceleration

case with A7 =1 fm.

5.4 Conclusion

In this chapter, we use the Monte-Carlo Glauber model with post-collision baryon stop-
ping to investigate the vacuum space-time evolution of electromagnetic fields in low-energy
heavy-ion collisions. Several observations are in order: First, upon incorporating baryon
stopping via a parameterized form of the velocity of the colliding nucleons, with the key
parameter being the time interval for deceleration (Ar), visible effects are observed for
tobs = 0. Secondly, as observed earlier for event-by-event calculations, due to the quantum
fluctuations in the nucleon positions, all components of the electromagnetic fields become
comparable in high-energy heavy-ion collisions at (7 = 0); in the present study, we found

temporal evolution of these electromagnetic fields retains this trend before and after the
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collision. Specific field components dominate for a given collision impact parameter only
when taking the event average. One of the novel findings of the present investigation is
that even without any medium effects the deceleration enhances electric fields at late times
compared to the case of no deceleration; the effect of deceleration is most significant for
the longitudinal component of the electric fields at late times.

The presence of deceleration mostly reduces the strength of the magnetic fields post-
collisions. However, contrary to the other two components, we found B, increases at late
times compared to the scenario of zero deceleration. We observed a slight shift of the peak
position of EM fields from 7 = 0 for the baryon stopping scenario, perhaps akin to the par-
ticular form of the parameterized velocity used in this study. For higher /sy y, when the
nucleons move with almost constant velocity after each binary collision, a linear propor-
tionality of the peak value of magnetic fields (at 7 = 0) with /sy is observed. However,
in the presence of deceleration, this approximate linearity seems to be broken slightly at
lower energies. Owing to the lower velocities of the colliding nucleons for smaller /sy
the crossing time for the two nuclei becomes longer and additionally, the fluctuating nu-
cleon positions along the longitudinal direction give rise to a non-trivial variation of the EM
field when measured on an event-by-event basis.

Lastly, in the concluding chapter of the present thesis (chapter.(f)), we will be investi-

gating the impact of electric fields on bulk observables such as spectra and flow harmonics.
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Chapter 6

Effect of electric fields on bulk observables

It is well known that medium properties are inferred from the experimental results via in-
direct probes, as discussed in chapter.([l). Out of which transverse momentum (pr) spec-
tra and flow harmonics (specifically elliptic flow vy) are the most prominent ones. In the
current chapter, our focus remains on these two key observables. It is known that blast-
wave model incorporating one-particle distribution in Cooper-Frye prescription has proven
to be successful in describing the experimental findings [1}, 2, 3, 4, 5, 6, 7]. Also on the
other hand, the influence of electric fields on bulk observables like py spectra and flow
coefficients of charged hadrons have received limited attention, with only a few studies
available [8, 9]. Moreover, developing a Relativistic dissipative resistive magnetohydro-
dynamics (RDRMHD) numerical code presents a substantial challenge [[10, 11], yet holds
immense potential for comprehensively studying all electromagnetic effects.

Hence, our approach here will be simple yet effective. Therefore, by using the blast-
wave model, we here intend to explore the effect of electric fields on spectra and flow
harmonics for charged pions and protons. We incorporate the first-order correction to the
single-particle distribution function due to the electric fields and the dissipative effects while
calculating the invariant yields of hadrons in the Cooper-Frye prescription at the freezeout
hypersurface. Further, the splitting of particles and antiparticles’ elliptic flow due to electric
fields is also discussed.

The current chapter is structured as follows: First, the blast-wave model is explored

in Section.(b.1)). This is followed by a discussion on the Cooper-Frye prescription and
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associated formulas, along with the setup, detailed in Sections.(6.2) and (6.3)), respectively.
Section.(5.3)) is dedicated to discussing results, while Section.(6.5) presents the summary

and conclusion of our study.

6.1 Blast-wave model

The blast-wave model represents a theoretical framework that considers the collective mo-
tion of the matter produced in heavy-ion collisions and parameterizes its four-velocity. It
further assumes that hadrons are produced from a constant-temperature freeze-out hyper-
surface, with the freeze-out temperature being a free parameter. The invariant yields of
hadrons are obtained from the Cooper-Frye formalism, which is described later. Despite its
simplicity, the blast-wave model can successfully describe experimental data of identified
hadrons, transverse-momentum spectra, and elliptic flow [|L, 2, B, 4, 5, 6]. In heavy-ion col-
lisions, one popular parametrization of the fluid’s four-velocity is inspired by the Bjorken
model of boost-invariant expansion in the longitudinal direction of the fluid. In this work,
we use the Milne coordinate (7,7, r, ¢), where T is the proper time, 7 is the space-time ra-
pidity, r is the radial distance from the center of the fireball, and lastly, ¢ is the azimuthal
angle. The metric used here is g, = diag (1, —7%, —1, —r?), and the transformation be-

tween the Cartesian and Milne coordinates is given as:

t coshn 0 0 O |71
T| 0 0 cos¢p 0| |n
y| 0 0 sing Of |r
z sitnhn 0 0 0] |¢

165



6 Effect of electric fields on bulk observables

Where

T = Vi?— 22
n = tanh™!'z/t,

= VETE,

¢ = arctan2(y,x).

The parameterized form of the velocity four vector with longitudinal boost-invariance

is given as
T _ r -
ut = U 1+2;cncosn[¢—wn] O(R-r1),
w’ = u" =0,
ut o= /14 (ur)? (6.1)

Where v, u", u?, u" are the components of the fluid’s four velocity; 1y and ¢,’s are
free parameters used to reproduce the pr spectra (invariant yield) and the flow harmonics
of charged hadrons. © (R — r) is the Heaviside function, which imposes the condition
that if » > R, v" = 0. R is the radius of the freezeout hypersurface, ¢ is the azimuthal
angle in coordinate space, and v, is the n-th order participant plane angle. As we do not
consider event-by-event fluctuations in this work, we set ¢, = 0, i.e., the minor axis of the
participant planes coincides with the direction of the impact parameter. We parametrized

the temperature to
T(T7777T7¢) = Ty© (R_ ’I"),

where Tj denotes the temperature at the freezeout hypersurface.
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6.2 Cooper-frye formalism

As mentioned earlier, the invariant yield of hadrons is obtained from the Cooper-Frye for-
mula [[12], which assumes that the freeze-out hypersurface is a timelike vector dX,, given

by (tdndrrdg,0,0,0). The invariant yield is given by the following equation:

AN G
Fordy = o P ©

Here, f(z,p) is the single-particle distribution function, and x and p are the position and
momentum four-vectors of the particles, respectively. G is the degeneracy factor.

Suppose the system is not in local thermal equilibrium. In that case, as is the case for a
rapidly expanding fireball, the single-particle distribution function must consider the devi-
ation from equilibrium when calculating hadron yields using the Cooper-Frye prescription.
The distribution function is usually decomposed into an equilibrium part f, and a small
non-equilibrium part ¢ f, so the total distribution function becomes f = fy + 6f. The
second-order correction to f gives rise to new transport coefficients due to the external
magnetic field. The temperature and mass dependence of the transport coefficients’ were
also discussed in chapter ([3).

However, this work considers terms up to first-order in gradients, as is presented in

chapter.(§). In this case, the invariant yield (Eq. (6.2)) becomes

dN G .
Pordy (27T)3/p d, (fo+0f'). (6.3)

Where 6 f! < fo. In chapter.(B)), 0 f* is calculated using the Boltzmann equation using the
Relaxation Time Approximation (RTA). We give the expression for d f* in Appendix.(B.2)

for the sake of completeness.
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6.3 Setup

For the current study, we consider only 7 = 2 in the expression for u” (Eq.(6.1])), resulting
in
" = uoﬁRu + 2¢5c08(20)]0 (R — 1) .

The equilibrium distribution is fy = (eﬂ“‘p_“ + l) _1, where [ is the inverse temperature,
[ = %1 corresponds to fermions and bosons, respectively. We use the parameters given in
Table (6.1]) to obtain the invariant yield of 7+ that matches the ALICE measurement shown
as red circles in the top panel of Fig.(6.1)[[13]. Earlier hydrodynamic model studies [14]
have shown that it is not possible to simultaneously describe 7" and p spectra for zero
baryon chemical potential, so we use a different set of values for wg, co, and 1" (given in the
rightmost column of Table (b.1))) to explain the proton spectra. The blast-wave model with
these parameters reasonably well explains the experimental data [2, 3, 4, 5, 6]. The bottom
panel of Fig. (6.1)) shows the blast-wave results for v, of 7+ and p. It is clear from the
bottom panel of Fig. (6.1 that the ideal blast-wave model over-predicts the experimental
data (shown by circles), as was also observed for ideal hydrodynamics results [[15, 16]. It
is known that the inclusion of shear viscosity improves the agreement between theoretical
and experimental results.

After setting up the parameters for the ideal case (zero viscosity), we can now explore
the effect of viscosity (through the relaxation time 7.) and electric fields on spectra and flow
harmonics by comparing the corresponding results with the ideal results. In our model, 7,
and the electric field ¢ E appear in § f!, giving rise to additional corrections to the invariant
yields and flow harmonics of charged hadrons. We compute the p; differential n-th order

flow coefficient using the usual formula:

B J7, dp cos(ng) gt
- 7" dN
S doma

Un, (pT; y) (64)
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Figure 6.1: Top plot is the comparison of the experimentally measured 7w (red filled circles)
and protons (black triangles) for Pb+ Pb collision at /s = 2.76 TeV for 20-30 % centrality
with the ideal blast-wave results (lines) for the parameters in Table .1. The lower panel
shows the corresponding v, vs pr for 7 (blue line) and protons (red dashed line) from
Blastwave with the Data points (ALICE [[13]) are plotted with Blue (for 7+) and Red (for
proton) with the bands showing the experimental errors.

As we need the electric field distribution on the freezeout hypersurface to be used in the
Cooper-Frye formula (Eq.(6.2))), we use a parameterized form of the EM field. In principle,
the fields generated in the initial stages of heavy-ion collisions due to the charged protons

inside the two colliding nuclei would evolve with the QGP fluid, but the blast-wave model

does not allow any such self-consistent dynamical evolution of fields. Here we use param-
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7wt p
ug | 1.2 1.22
T | 130 MeV 140 MeV
R | 10 fm 10 fm
T 6 fm 6 fm
m | 139.5MeV | 938 MeV
cs | 0.1 0.15

Table 6.1: The fit parameters for 7+ and p respectively at mid-rapidity.

eterized electric fields of four different configurations in the transverse plane (XY plane)

while calculating the invariant yields.
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Figure 6.2: Electric field configurations in the transverse plane. Detailed expressions for
different configurations are given in Appendix-(B.3). Magnitude of electric fields (in GeV?)
are shown using colour map.
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Some of these configurations do not represent the actual scenario encountered in heavy-
ion collisions, but we use them for exploratory purposes. Here we discuss the different

configurations used in the calculations, as shown in Fig.(6.2).

« config-1: The top left panel of Fig.(6.2) represents isotropic (£, = E,) Coulomb
fields due to a point charge of large magnitude at the origin. The elliptic flow har-
monic is expected to be mostly unaltered due to the symmetry of the field in the

transverse plane.

« config-2: The top right panel of Fig.(6.2) closely resembles the field configuration
expected in a symmetric heavy-ion collision which gives rise to an approximately
prolate-like field (£, > E,) configuration. Due to the larger force from the electric
field along the out-of-plane direction, we expect a decrease in the elliptic flow for

this case.

« config-3: The bottom left panel of Fig.(6.2) represents the rotated version of config-
2 by an angle 7/2 in the plane, which represents approximately an oblate-like field
(E; > E,) configuration. Following the same logic as config-2, we expect an in-

crease in the elliptic flow in this case.

« config-4: The bottom right panel of Fig.(6.2) represents a constant unidirectional
electric field (making an angle 45° with the x axis); this configuration mimics upto
some extent an asymmetric nuclear collision such d+Au or p+Pb collisions. This
configuration is sometimes denoted as directional fields in the text, and we expect it

to alter the directed flow for the apparent reason.
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6.4 Results

Here we discuss our main results for different configurations of electric fields (described in

the previous section) on the spectra and v, for pions and protons.

+
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Figure 6.3: Upper panel represents the pr spectra for 7 and lower panel for protons with
different transverse field configurations as in Fig.(6.2) and for the case of viscosity for

t. =1 fm.

The top panel of Fig.(6.3) shows the dependence of the p; spectra of 7+ on the electric
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fields for the ideal case, for comparison we also show the results for non-zero viscosity but
with no electric fields. The magnitude of viscosity in our model is controlled through ¢.,
which is set to 1 fm for the results shown here. Here we see that the pr spectra hardly show
any dependence on different transverse electric field configurations (solid orange, black,
and red lines correspond to config-1, config-2, and config-3 respectively). As expected,
the effect of finite viscosity is comparatively more prominent on the pr spectra; we see a
suppression at higher pr regions for the viscous case. Since both bulk and shear viscosity
are present, In our case, the slope of the spectra is determined by the relative contributions
of these two viscosities [[17, [I8]. The bottom panel of Fig.(6.3) shows the pr spectra for
protons for ideal (with electric fields) and viscous (without electric field) cases, where we
see a small suppression in the lower pr region for the case of config-2 and config-3 for the
ideal case. We also see a suppression at higher pr for the viscous case, as was seen for 7.
At this point, we would like to clarify a few points regarding the relative contributions of
various corrections to the pr spectra of identified hadrons. We note that both viscosity and
electric fields may alter fluid velocity and the single-particle distribution function, which
is used in converting the fluid elements into particles (hadrons) on the freeze-out hyper-
surface. Since in the blast-wave model we fix the flow profile by choosing appropriate
parameterization, the corrections due to electric field and viscosity only appear in the freeze-
out distribution function § f. From the expression of ¢ f (as given in Appendix-(B.2)), we
see that the correction due to the electric field is o< pr while the viscous correction is o p2.
Hence, at low p7, the correction due to the electric field dominates, whereas the viscous
corrections are large for high py. For mid pr the two effects compete, and the result depends
on the exact values of the coefficient appearing in the corresponding corrections.

Before discussing the differential v, for different cases, it is worthwhile to explore the
dependence of pr integrated (0-3 GeV) dN /d¢ on different field configurations and vis-

cosities. In the top panel of Fig.(6.4), we show the dN /d¢ of 7 as a function of ¢ for
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dN / do

@ (Radian)

— Ideal

Ideal (config-1)
— Ideal (config-2)
— Ideal (config—3)
-- Ideal (config-4)
-- viscosity

dN / do

@ (Radian)

Figure 6.4: Top panel: dN/d¢ as a function of ¢ for 71 for various field configurations.
Bottom panel: Same as the top panel but for protons.
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various cases. As expected, we have a pure cosine-like dependence of dV /d¢ for the ideal
case (shown by the solid blue line); the viscosity reduces the multiplicity as well as the
amplitude (shown by the red dashed line). config-1 the isotropic field configuration (solid
orange line) almost coincides with the ideal result, but we see a noticeable change in the
amplitude of dN /d¢ for config-2, config-3 as expected. Things become more interesting
for config-4 (black dashed line); here, we generate finite directed flow-like behavior; this
is understood from the fact that a unidirectional force shifts the center of mass of the dis-
tribution. Similar behavior was observed for protons also shown in the bottom panel of
Fig.(6.4).

A more concrete way to study the angular dependence of dN /d¢ for config-4 can be

achieved by using a finite Fourier series decomposition of dN /d¢ as shown in Eq.(6.3).

3 3
f(@)=N|1+2 Z vpcos(n®) + 2 Z wysin(n®) | . (6.5)

n=1 n=1
Using a non-linear least squares fit with v,,, w,,, and N as free parameters, we obtain the
best fit for N /d¢ with the values of these parameters given in Table (6.2). Here we note
that the directional force v is larger than v, for 7, and they are similar in magnitude for
protons. Moreover, we notice that, unlike other cases, the azimuthal distribution breaks
reflection symmetry with respect to the Y axis, which gives rise to the non-zero w,, shown
in Table (6.2). We also observe a mass dependence of the directional flow as 7+ has a larger
v, compared to the protons.

To have a visual understanding of the goodness of fit, we show a comparison of the
fitted values (using Eq.(6.5)) (solid blue line) and the dN /d¢ from the blast-wave model
(dotted-dash orange line) for 7+ (top panel) and proton (bottom panel) in Fig.(6.5).

More familiar and useful observables in experiments are centrality and p; dependent
flow harmonics. In Fig. (6.6), we show the dependence of the second-order flow harmonics

vy (a.k.a. elliptic flow) for different configurations. Here we see that there is almost no
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7wt p
N | 11.907 £ 2.7e-05 0.672 + 7.1e-08
vy | 0.218 £ 1.0e-07 0.081 + 7.9¢-08
vy | 0.064 £ 9.8e-08 0.096 + 7.9¢-08
vy | 0.017 £ 9.7e-08 0.005 + 7.8e-08
wy | 0.213 £ 1.0e-07 0.081 £ 7.9¢-08
wo | 0.000 £ 9.8e-08 0.000 £ 7.8e-08
ws | 0.017 £ 9.8e-08 0.005 + 7.8e-08

Table 6.2: Fit parameters for 7+ and proton for config-4 from Eq.(6.9).

deviation from the ideal case for the isotropic (config-1) and directed field cases (config-
4). However, the situation is different for the other two cases; we can clearly see an increase
in v, for config-3 and a suppression for config-2. We also note that viscosity suppresses
the elliptic (red dashed line) flow for 7" and elavates that for proton.

The effect of electric fields becomes more interesting when we examine the difference
in v, for particles (7, p) and antiparticles (7, p). This difference Avy = vy(h) — v, (H) is
shown in Fig.(6.8) as a function of pr. We observe a non-monotonic variation in Av, as
a function of p, for both pions and protons. Interestingly, a similar observation was made
in [[19].

If we refer to Fig.(6.3) and (6.6), we see that the effect of electric field and viscosity
show different behavior for p; spectra and vy. For the pr spectra, the effect of viscosity
is visible for both 7+ and p, but it appears as though the electric field barely modifies the
spectra relative to the ideal case. On the other hand, the effect of viscosity on v5 is marginal
for p, while for 7, it shows a significant deviation from the ideal case at high py. In
contrast, electric field effects on v, are substantial for both 7 and p. We can understand
these nontrivial features if we refer to the expressions for the correction to the freeze-out
distribution function as given in Appendix-(B.2). When we consider both the corrections
(field and viscous), as mentioned above, they show different dependencies at different prs.

If we calculate the percentage correction by the electric field, it is about 7-8 % for pions,
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Figure 6.5: Blast-wave results and the fitted curves using Eq.(6.3) for config-4 for 7+ (top
panel) and proton (bottom panel).

but at lower pr, whereas the viscous correction dominates at high pp. In spectra, the log

scaling on the y-axis gives us the impression that the field is not affecting the spectra at
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Figure 6.6: vy vs py for 7 (top panel) and proton (bottom panel) for the transverse electric
field configurations shown in Fig.(6.2).

all. This can again be verified from Fig.(6.4), which shows the pr integrated azimuthal

variation of multiplicity, where we can clearly see a sizeable correction due to the fields.

Note that the py spectra do not contain information about the azimuthal dependency of the

distribution, whereas v, ((cos(2¢))) measures azimuthal variation in the flow. Hence, the

effect in spectra might not be as prominent as in flow. Also, the J f contains contributions
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Figure 6.7: vy vs pr for © (top panel) and proton (bottom panel) for the viscosity and
transverse electric field configurations shown in Fig.(6.2) taken individually and also si-
multaneously.

from both shear and bulk viscosity together, and they are known to suppress and enhance
vy at large pr, respectively. The viscous correction also depends on the mass; hence, the
cancellation of bulk and shear corrections is more prominent for proton than for pion.

If we now consider the effects of viscosity and electric field simultaneously, as shown
in Fig.(6.7), we see that there is competition between the corrections due to viscosity and
electric field. In Fig.(6.7) config-3, independently, electric field enhances v, and viscosity
suppresses v2. The combined effect puts a v, value in between the independent contribu-
tions. Whereas in config-2, both electric field and viscosity suppress v, and their combined
effect suppresses v, further. We also observe that the relative corrections for the proton are

smaller than those for the pion. This is because the value of these corrections is a function

of my = \/m? + p2, which can be readily seen from the ¢ f in Appendix.(B.2).
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6 Effect of electric fields on bulk observables

Throughout this study, we only consider the effect of electric fields and the first-order
correction in the 6 f. As mentioned earlier, it has been shown that there are new transport
coefficients at higher order corrections to f, which may alter the results obtained here and

can be further studied.

0.15F
0.10}
0.05}
S ‘
S 0,00/
= :
S _0.05/
-0.10}

-0.15} ]

0.0 0.5 1.0 1.5 2.0 25 3.0

pT (GeV)

Figure 6.8: va(h) — vq(h) as a function of pr for config-2 (red) and config-3 (blue). Solid
and dashed lines correspond to 7 and p respectively.

6.5 Conclusion

Here in this chapter, we have studied the effect of electric fields on the bulk observables in
heavy-ion collisions, such as pr spectra and the directed and elliptic flow of charged pions
and protons. We use the blast-wave model and different configurations of electric fields on
the transverse plane to carry out this exploratory study. The pr spectra of hadrons in the
blast-wave model are obtained using the Cooper-Frye prescription, where we incorporate
non-equilibrium correction J f due to the viscosity and the electric fields. Since the blast-
wave model does not include space-time evolution, the fluid velocity, and the electric fields

are parameterized on the freezeout hypersurface to calculate experimental observables. In
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6 Effect of electric fields on bulk observables

our case, fluid velocity fields are modulated to dominantly generate the elliptic flow. We
use four different configurations of transverse electric fields: isotropic fields (£, = E,),

prolate-like fields (E, > E,), oblate-like fields (£, > E,), and directed fields (£, = £, =

2

T

constant). The typical maximum electric field value for all these configurations is ~ m
Flow harmonics for isotropic fields remain unchanged for both pions and protons. Both
prolate and oblate-like field configurations alter the flow harmonics, and the directed field
gives rise to large directed flow v, for both pions and protons. The directed field case is
particularly interesting as it breaks the mirror symmetry of the azimuthal distribution of the
spectra and gives rise to parity odd-terms (terms proportional to sin(()), along with the di-
rected flows. This is of importance for the Chiral Magnetic Effect (CME) search, especially
considering that it has already been reported earlier in the literature for Cu+Au collisions,
showing that the effect of electric fields leads to the suppression of the A~y correlator [20].
We also observed a mass dependence of v; generated due to the electric fields and calcu-
lated the Awvy vs. pr. This Awvy vs. pr might be important to constrain the strength of the

electromagnetic fields that can be measured in heavy-ion collisions.
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Chapter 7

Summary and Outlook

This thesis mainly delves into various aspects such as generation and effects due to elec-
tromagnetic fields on the QGP medium in the context of high-energy heavy-ion collisions.
Firstly we developed a causal second-order ideal and resistive MHD formalism where we
evaluated the various evolution equations governing the dissipative stresses such as bulk,
diffusion, and shear within the QGP medium for both particles and anti-particles. These
evolution equations are of paramount importance as they are used in hydrodynamical codes
for evaluating these dissipative stresses, which again acts as an input for evaluating various
observables (spectra and flow-harmonics).

The derivation of these second-order evolution equations, akin to the Israel-Stewart
formalism, serves as a vital methodology to circumvent the causality issues inherent in the
Navier-Stokes limit for all dissipative stresses. This was done by employing relativistic
magnetohydrodynamics (RMHD) with the underlying microscopic theory which is a rela-
tivistic kinetic theory, central to which is the relativistic Boltzmann equation, along with
the contribution from external forces. The collision kernel on the right-hand side of the
Boltzmann equation is taken to be a relaxation time approximation (RTA). Here we derived
all these macroscopic evolution equations by calculating the off-equilibrium distribution
function (f) employing the Boltzmann equation. This derivation is based on the approxi-
mation that the system is very close to the equilibrium state which is given by equilibrium
distribution function f;, with off-equilibrium distribution function defined as f = f, + 6 f,
where ¢ f is defined as a small deviation from the equilibrium distribution function. This ap-

proximation is mainly taken care of via the Knudsen number (7.7") and other dimensionless
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__ qBtc
- T

quantities (y , €= qETTC) which serve as the expansion parameter. These dimension-
less quantities also ensure that the formalism works pretty well in the weak field limit (¢ F
and ¢B — 0) as opposed to the strong field approximation.

It is known that in any interacting medium consisting of microscopic particles, collide
against each other, there is a momentum, heat, and mass transfer taking place. Hence, any
external force applied to the medium gets transferred within it carrying important informa-
tion about the way the medium responds to the applied force. This response is generally

captured via the transport coefficients. As was discussed in the chapter.([l}) and (B)) the ther-

modynamic flux can be related to the thermodynamic forces via:
J = X, (7.1)

where X is the thermodynamic force which acts on the medium and J is the flux generated,
with 7 being the transport coefficient. This transport coefficient in general can be a tensor,
which can be further expanded in terms of the available basis (or projection tensors) in the

following manner:

78 = (WL + LB+ 7Py, (7.2)

where the v, 71, Vx, pl

5y P(SLW, P(;X7 are the parallel, perpendicular and hall terms corre-

sponding to the transport coefficients and projection tensors respectively. This can be how-
ever generalized to higher rank tensors (given in Appendix.(A])). For the isotropic case
v = 7L and v, is zero without external fields. However, the introduction of external
forces disrupts this isotropy, leading to directional preferences. Hence in this thesis, we
investigated the influence of the external electromagnetic fields, predominantly generated
from spectator charges, on the transport coefficients. To gain insights into the behavior of
the primary transport coefficients in the presence of external fields we study the Navier-

Stokes limit where we found that the longitudinal components (along the direction of the
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external magnetic fields) and bulk viscosity are not affected by the external EM fields at
all. Other components like the transverse and Hall components (denoted by 1 and x re-
spectively) are however affected. The transverse terms were found to be even functions of
magnetic fields, whereas the Hall terms were odd functions of magnetic fields (that is o« B
in our case). These Hall coefficients are indeed found to be non-dissipative which can be
readily verified by simply applying time reversal symmetry transformations on the relation
JF = " F, and studying o*”. We further found that at second-order in gradient expansion,
the dissipative stresses contain many additional transport coefficients that couple to the ex-
ternal electromagnetic fields apart from the usual second-order transport coefficients that
were found previously. To get some insights into the behavior of the transport coefficients
we also studied its variation against the mass, temperature, and EM fields. Additionally,
the values of these transport coefficients were also evaluated for a massless Boltzmann
gas. Lastly, we also retrieved the Wiedemann-Franz law from our theory, which states that
o = ¢*Bk, where o and r represent the electrical and thermal conductivity, respectively,
and ¢ denotes the electrical charge.

Moving forward the calculation of the electromagnetic fields was previously done as-
suming both the spectators and participants move with a constant velocity before and after
the collisions. Most of the calculations have considered participants taken from the geo-
metric overlap region of the collision and with a constrain on their rapidity coverage (that is
less than the beam rapidity Y};) [L] due to some rapidity loss by the participants. However,
many model calculations take care of the participants in a variety of other ways [2, 3, 3].
Since participants contribute to the bulk of the medium formation and flow with a ve-
locity (fluid velocity) t}1a2t is different from that of the initial velocity calculated using
v = (1.0 — ﬁ) : , m 1s the mass of the proton and /sy is the center of mass
energy of the colliding nucleus. It is thus imperative to take into account the fluid velocity

(specifically at low-energies) while calculating the electromagnetic fields for the charged
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participants using Maxwell’s equations. Hence, in chapter.()), a comprehensive examina-
tion of the complete 3+1D spatio-temporal evolution of electromagnetic fields generated
by participants in heavy-ion collisions was conducted, assuming a Bjorken expansion of
the fluid with no back reaction from electromagnetic fields on fluid velocity. We adopt
the Bjorken flow assumption primarily for its mathematical convenience in understanding
the behavior of the generated fields. While this assumption can be violated in practice,
hence we introduce a parameter, denoted by 37! = %, to quantify the deviation from this
assumption. This parameter represents the ratio of pressure induced by magnetic fields to
that induced by the fluid. A value less than 1 provides an optimal scenario for our formalism
to excel.

In this formalism we neglected the dissipative effects due to diffusion; that is, we set
V#(diffusion current) = 0. Our analysis revealed that the fields generated by participants
exhibit distinct temporal behavior compared to those generated by spectators. Here, fields
generated after the collisions grow and then decay with time, as opposed to the decaying
nature of the electromagnetic fields in the case of spectators. A naive comparison of the
strength of the fields produced at late times at 7 = 10 fm at space-time rapidity n = 1, gives
the values of the order of O(10~?) (for participants) compared to O(10~°) (in units of m?)
for the spectators at 7 ~ 2 fm [|1]. This gives us the impression that at the initial stage, the
field strengths are mainly due to the spectators, but at a later stage, the strength is primarily
governed by the participant charges.

Continuing on the same line of investigation that is calculating the various components
of electromagnetic fields, in chapter.(5), we turn towards low-energy nuclear collisions,
where the phenomenon of baryon stopping has been experimentally observed. Previous
theoretical studies have also indicated that electromagnetic fields persist for a longer dura-

tion in such collisions (low-energies) compared to high-energy collisions, such as those at

Vsnn ~ 200 GeV or 2.76 TeV, even in a vacuum. Thus, we focus on two key aspects: the
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nuclear stopping effect and the prolonged existence of electromagnetic fields in low-energy
collisions. Making an amalgamation of both things, we investigated the impact of baryon
stopping on electromagnetic fields at low center-of-mass energy collisions by parametrizing
the velocities of participant charges in a Monte-Carlo Glauber model calculation. Our anal-
ysis reveals distinct effects of stopping on various components of electromagnetic fields,
particularly during or after collisions. We mainly calculated the behavior of the electro-
magnetic fields for /sy between 4 to 20 GeV. Here are a few of the observations that we

made:

We found that even without any medium effects the deceleration enhances electric

fields at late times (at ¢,ps > 4 fm) compared to the case of no deceleration.

» The effects of deceleration are most significant for the longitudinal component of
the electric fields, which can be mainly attributed to the fact that the particles con-
tinue to be in the z-direction even after the collisions where the deceleration seems

to dominate.

* The linear proportionality of the values of magnetic fields at 7 = 0 with /syy 1s

found to be slightly broken in the presence of deceleration.

* In more central collisions the number of participants experiencing the deceleration
effects is more in number. Hence while estimating the behavior of all the field com-
ponents with impact parameter for two different scenarios with and without decelera-

tion, we found a notable difference between the two mainly at most central collisions.

In high-energy heavy-ion collisions, studies primarily focus on the two most important
experimental observables that is the flow harmonics and transverse spectra measurements.
In chapter.(6), we conducted a detailed investigation into the influence of electric fields on

these bulk observables by taking various configurations of fields on the transverse plane.
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Utilizing a blast-wave model, our analysis revealed substantial effects of electric fields on
the bulk-observables for identified particles (pions and protons) with transverse momen-
tum (pr). One interesting observation was in the case of directed fields (especially relevant
in the case of asymmetric collisions like d+Au, p+Au, etc.). Here, such fields break the
symmetry in the azimuthal distribution of the charged multiplicities. This symmetry break-
ing thus generates new odd flow harmonics and introduces new parity odd terms in the
Fourier series expansion of the multiplicities in the azimuthal plane, which may be relevant
for the search for CME signals. Moreover, we investigated the difference between parti-
cle and antiparticle’s elliptic flow, denoted as Awv,, as a function of transverse momentum
(pr), where Avy = vy(h™) — vy(h™). We found that Awv, initially increases and reaches a
saturation around p;y = 3 GeV.

In summary, this thesis tries to deepen our understanding of how electromagnetic fields
influence the evolution of quark-gluon plasma and how it gets affected by the QGP medium,
thereby contributing to the overall advancement in our knowledge of the behavior of these
fields in the context of heavy-ion collisions.

However, there are several promising avenues for further exploration beyond the scope

of our current investigations.

* At ultra-relativistic energies, the colliding nuclei carry a large initial global angular
momentum of the order of 10* to 10°%, accompanied by the formation of an intense
electromagnetic field. Hence, taking both the global rotation of the medium along
with the electromagnetic fields into account and studying their relative effects on
the transport coefficients could offer valuable insights into the behavior of fields and

angular momentum on the QGP medium.

* Measuring the effect of EM fields via the bulk observables has been quite challeng-

ing, though several advancements have been made in this direction. A very inter-
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esting work in this direction could be in constraining or putting an upper bound on
the strength of the fields that can be measured in such collisions. One possible way
of doing this is by comparing Awv, vs. pp results from various model calculations,

including the electromagnetic fields, with the available or forthcoming STAR data.

* It has been seen previously that in asymmetric collisions (d+Au, CutAu, etc) the A~y
correlator (defined in chapter.([l})) value is suppressed in the presence of electric fields
in such scenarios. Hence, a comprehensive exploration of the significance of electric

fields in probing the Chiral Magnetic Effect (CME) is imperative.

All these phenomena mentioned above can be further explored by a consistent mag-
netohydrodynamics (MHD) code; however, developing such a consistent code is pretty

challenging. Still, several attempts have been made in this direction [5, 6, [7, 8].

* Further considering conserved charges beyond electric charges, such as baryons and
strangeness, it would be intriguing to investigate the interplay of all these conserved
charges on final bulk observables specifically in low-energy heavy-ion collisions.
Also, a comparative analysis between the effects of electromagnetic fields and baryon
diffusion could enhance our understanding of their impact on medium properties, par-
ticularly on the splitting of flow harmonics with transverse momentum (pr), rapidity
(y) and impact parameter (b). This may further clarify the limitations of the above
proposed observable for seeing the effects of the electromagnetic fields in these low-

energy heavy-ion collisions.

« In chapter.(f), where stopping is introduced via velocity parametrization, several im-
provements are conceivable. One of them can be relaxing the assumption that nu-
cleons come to a halt within a few femtometers post-collision. This could lead to
a more realistic scenario where nucleons attain a reduced velocity, possibly experi-

encing further energy loss or maintaining this diminished velocity depending on the
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circumstances. This adjustment could improve the model’s agreement with experi-
mentally measured net baryon density with rapidity, enabling an accurate estimation
of A7. Additionally, studying the behavior of electromagnetic fields by considering

both the medium and stopping effects could provide fascinating insights.
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Chapter 8

Units and conversions

In the study of heavy-ion collisions, it is often advantageous to work with natural units.
In natural units, fundamental physical constants such as the speed of light, Planck’s con-
stant, and the gravitational constant are set to unity, simplifying mathematical expressions
and theoretical calculations. This choice of units eliminates the need to carry around cum-
bersome numerical factors and allows physicists to focus on the underlying physics of the
system. In this current chapter, we will briefly review most of the conversions and units

that are used in the context of heavy ion collisions.

8.1 Conversion

Natural units assume that certain values are constants which are mentioned below and using
those we get proper conversion factors. Here we consider: h = ¢ = kg = pg = ¢ = 1.

That means 3 x 10®m /s = 1, hence:
Im = 0.333 x 10 %s. (8.1)
Also, we know that 1.055 x 1073*Js =1.
= 1J = 0.947867299 x 103s7!. (8.2)

Now employing Eq.(B.1]), Eq.(8.2) we can get the relationship between Joule and meter

which is given as:

. 1y - 0-947867299 x 10%*
N 3 x 108

m~ = 0.31595 x 10*m " (8.3)
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Again we know that 1 eV = 1.6 x107'% J. Hence the relationship between Joule and eV is

given as:

= 1J = 0.625 x 10%V. (8.4)
Equating Eq.(8.3) and Eq.(8.4) we get:

0.625 x 10¥%V = 0.31595 x 10%m~!,
leV = 0.50552 x 10"m ™!,

1GeV = 0.50552 x 10"%m =" (8.5)

We also know that:

1GeV = 5fm™,
5fm~t = 1000MeV,
1fm™ = 200MeV.

Using the equations in (8.3) and Eq.(B.1]) we get:

0.50552 x 10" _,
0.333x 1078 ~

1GeV = 1.5180 x 10*s71. (8.6)

1GeV =

The relation between GeV and Kg can be found using Eq.(B.1]), Eq.(8.6) as given below:

2
Bo= 1.055 x 10 3kg 1 = 1,
S

—8.,)\2
1,055 x 10-31kg 0333 X 107717
S

0.11698 x 107K g = 157},
0.11698 x 107K ¢g = 0.6587 x 10~ *'GeV,

1GeV = 0.17776 x 107K g. (8.7)
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The cosmological constant A = 1.1056 x 10™°2m~2 can also be written in GeV units in the

following way by using Eq.(B.1):

A

8.2 Units of Quantities

11056 x 10752 x (107%2)
B (0.50552)2

GeV?.

Here, we have summarized all the quantities used in this thesis with their notations, units,

and formulas below:

H Quantities Notations Formula Units H
Fluid velocity U guutu” =1 Dimensionless
Energy density € e = T*u,u, ?ﬁg

Isotropic pressure P P= c’c ?;Z
Shear viscosity n T =V <Hyr> e
Bulk viscosity ¢ —CV ut ?;‘g

Chemical potential o a=£k Dimensionless

Net-number density n NF = nut + VH# f—;rj
Diffusion VH# = kVFa #
Diffusion coefficient K K= o fiﬂ
Charge q Potential energy= Fqulgm Dimensionless
Electric field E Lorentz force: % =q(E+v x B) (GeV)?
Magnetic field B Lorentz force: % =q(E+v x B) (GeV)?
Electrical conductivity o JH=qVFt =0"E, W
Entropy density s Entropy current: S* = su* f—;g
Rapidity s Space-time rapidity: 7, = 3in (22) Dimensionless

Mometum rapidity Yp Yp= % In (g—fi) Dimensionless

rigidity - OMmenE o S parice GeV
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Appendix A
(Chapter-3 appendix)

A.1 Thermodynamic Integrals

The n-th moments integral for the distribution function is defined as:

m dp r
]l(t1u)2i~-un = /WPMIPMQ ** Pun (fO + fO) )

which can be docomposed as:

m m)+ m)+
JmE 7(10) Um“'uun“‘L(A) (A oty + + - Uy, + pEIML) 4 - - -

2. fn

-+ IT(qun)i (A,U«l,uQAP«SIM N A/Ln—l,un —+ perm) .

where n > 2gq.

Similarly the auxiliary moments integral

m dp ~ = =
Jls«lli)zi‘“lln = /mepuz * Pun, (fofo + fofo) )

can be decomposed as:

J(m)i = J?S,T(?)ium C Uy, Tt ngn)i (Ammu#?, C Uy, Tt perm.) +-

HIH2...[hn

et Jézl)i (AmmAusm AV & perm.) .

where fo = 1 — rf,. Here we define the thermodynamic integrals as follows:

1 _
m+_ _ - . n—2q—m a, B
L= = I /dp(u )" (Anspp”)? (fo ifo),

and

Jégl)i - ;u / dp(u - p)" 2" (Agppp”)" (fofo + fofo) :

(2¢ + D!
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One can write the J in terms of [ as:

1
Tt = 3 [—L@fq_l +(n— 2q)L§U_)fq} - (A.8)

The general expression of D, used in eq. (B.9) and eq. (B.9) is given by: Dy, =
— 0 —
J(0)+ J(0)+ . Jég) J7(Lq) )

n+1,g9n—1,q
A.2 Second order relaxation equation for dissipative stresses

In this appendix we discuss the detail calculation of the second order dissipative stresses.
The contribution due to the antiparticles are not shown explicitly for simplicity but they

appear in the final expressions.

A.2.1 Shear stress

The second order shear stress wé‘zl; is given by eq. (B.69):

C C C a C
(o = Das / dppapﬂ( 4 ppap[ i p”aafo] + = qFan—[ - p”aafoD(As)
u-p u-p u-p op? |u-p
For convenience, we write them into two parts as:
Here
v o, B Te Te o
Ly = ALg [ dpp®p” | ——p"0, P’ fo| |, (A.11)
u-p u-p
C a C
L= & [awy (e | e ) )
“ u-p op? |u-p
Let us first evaluate the integral Z;:
v a Te Te &
7, = Al / dppp’ ( ppé’p{ p c%foD,
u-p u-p
= A+B+C, (A.13)
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where

_ % a, B 4
B Ags / dpp”p”— 7 Vo [cho} ,
v (o Te o
C = Al / dpp®p’ ——p"V [—p vaf0:|
u-p
A straight forward calculation gives:
v r « Te o
A = —AG / dp fo fop®p’7.D {np { 8P 05ty + (u - p) 0o 5 — c‘%a}} :

We can rewrite the above expression in terms of the thermodynamic integrals given in Ap-

pendix and eq. (B.9) as:

) g2 [ 0 ()= o) o A 10+ 5 | BgBO™
A = —7.a\¥ 27 (6+PJ31 J3 )u“v a+TCA55J31 U [—E+P V,
Bb#°
TN T Vqur > VU] . (A.14)

Similarly for B we have:
1 o TC ¢
B = Agﬁ / dpp pﬁrppvp [chO] 5
p
v r  « Te . ; .
= =AY [ dpfofopn” ——pV )1 | BV, + (u-p)B — @ .

8 w-p

Using the thermodynamics integral discussed in Appendix we get:
B:—%fKﬁ?h+ﬁyvﬂ—(A?Vh£%>ﬂaw—2ﬁVWOW@@H%
= —2e2 [ (TP + D) = (I I ) Y| b0 — 22Vl (875,
(A.15)

where in the last line we have used the expression for ¢ and 3 given in eq. (B.9) and eq. (B.9).

The X and ) are same as eq. (8.26). Finally, for C we have

v a Tc Te o
C = Agﬁ/dpp pﬁ—ppvp{ P Vaf(]] ,
u-p u-p

v r c Te o
= —AL; / dp fo fop” P’ —=p"V, lu—_pp (Bp"Vouy + (u-p) Vo = V)| .

T
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Like the previous cases we use the thermodynamic integrals given in Appendix along

with eq. (8.9) and eq. (B.1) to rewrite the above expression:

1)
c = 2vh (u"> 573J§;>+> +ovi {v%nf (Jg> ——JY )} — 4p72 (2J6(§’>+ + Jg”) el

h p
20 2 7(1)+ v 28 2 7(3)+ v 2 1)+ (3)+ ({ v)
_gﬁTc J42 00-# - gﬁTc J63 00-# — 4/67_0 (J42 + 2J63 ) o ”pwp
BbV.
+272V [Jié” (b)} , (A.16)
e+ P

Now let us evaluate the second integral Zs:

2
. AM o, B Tc 0 o
I, = Aag/dpp p ((_up) quan—ap; [p aafo]>,
2
v £ oo Te o o
= Agg/dpfofop p° <(u_p) qBO"py ((Bp oy + (u - )05 B — Dpx) A7) + BO5u,p A§> :

= 2r2%qBYBJE T (ALY + AL g?) o, (A.17)

where we have used %paﬁa Jo = 05 foAT + p"a%f)a fo and the expression for 0, fj to

arrive at the final expression.

Now using eqgs. (A.14)-(A.17) we get the final expression:

BqBb™
Vs,
+ P

v N . v ny 0)— 1)— v 7(0)+ .
Wé) = —Tc7r<“ ) — 27'02u<“V o <—€ J§1> - Jél) > + TSAZBJél) e [ P

Bo

9 A 700+ .o | BaBY
AP T

+7, apd3l U {e P

27290 (@8I + 2 (87205 ) + 29 {v%nf <J4<;> — %JQ)]
€

va} —or2 | (A + ) x = (I + IR ) V] 0o

20 28 ,
ORI 0 —age? (205 + I ol - Bpra oo
Bq Bbﬂm@ ) }
e+ P
+272gBVBIE) T (ARG + A o) 5, (A.18)

—apr2 (T3 + 20@%) o) + 27200 {Jg” (

Here we kept terms only upto second-order in gradients.
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A.2.2 Bulk stress

Let us now consider the bulk viscous case. From eq. (3.63) we get:

1 0 T
II = —=A, dpp®p? 10, p°0 ——qF"p, PO ,
() 3 /3/ pp°p <up [ 7 f0]+ pq pau{ oF pfoD
= T, + Do, (A.19)
where
Te
I, = —* / dpp” p o, [—ppﬁpfo},
A 0 T,
I, = ap daﬁ—CFWV— € 920, fol .
2 3 L L {u_pp pfo}

Note that for our case F'** = — Bb*”. Let us first evaluate Z; by breaking it into three parts

I, = A+ B+ C where

A, N Te
A = 35 dpp®p°1.D [—p”apfo] :
u-p
_ Aqg a, B8 Te ;
B = 3 dpp p _p Vu <ch0) )

T.p"
C=——/dppp V(p pfo)

We evaluate each of the above integrals one-by-one:

A, N T,
A = 35 dpp®p’r.D { p”apfo} ,
u-p
Agp £ oo 8 Te v
= — | dfoforp’rD vt (Bp"Opuy + (u-p) 0, — Dpar) |,
. 27—02 0= N a. - 27—0 o - 27—025 0)+ - a
= —nll+ 5 JO €+f 5V = 5 JO-v aua—mjél”uaqm Vs

We have used the thermodynamic integrals given in Appendix.JA.1 along with eq. (A.2) and
eq. (B.9) to arrive at the final expression eq. ([A.20). Now let us evaluate B with the help of
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thermodynamic integrals and its properties given in Appendix [A.1]:

B = ——/ Py = Vu(nfo),
57’ 1) Te 1 1)— 2)—\ .
3 Vi (5&2 +Uu> 9 |:(‘]31 + J4 H) 5 (J:’El) + J£2) ) O‘] :
(A21)
Similarly for C we have
Te cp”
=——/ ppp : ”V( Vufo),
Ayp
= d PV, | = Y -p)V,0 -V
3 pfofop® p 7 (u‘p (BP"Vpuy + (u-p) V,8 pa))7
) 3 572
e T
2 572 I3 Ba By,
T <7J63 + Jg”) oG + ; v, [—Jg”ﬁuﬂ - fj = . (A22)

Needless to say, here we kept only terms upto the second-order. The remaining integral Z,

is evaluated in a similar fashion,

Aus 0
_ 7 p
I, 5 [ dpp” ’ qub P { 'pp apfo} :
_ B [ ek B, -2 T (7 B0y, + (- p)O,B — 0,0)
3 poopp pq pyap“ p\p pU~ P)0p D ,
AO& (0701 % apr
i L (BT Vs + B D) (A.23)

using the expansion given in eq. (A.2) and the anti-symmetric property of b** we get:

B
T, = — e g 1O~ (560V uy + 56V ) = 0. (A.24)
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Finally using egs. (A.20)-(A.22) and eq. (A.24) we have:

. 2 2 B 2 2 B 2 2
Mo = —7ll+ 3:; A v ; IO, Vea — i%(;—jrﬁmjg‘f”uanbaﬁvﬁ
512 23 5 . . .
+ Tgﬁ (7Jé§) + 5 ) 6> + ; (70 + 737 ) 5= (A +77) o] 0

2

Tc

v 57—02 1 (1)— (2)— i
<7J63 + ‘]42 > g O-,U,l/ + 3 VN EJ42 - J42 V «
V,

It BaBUV,
e+ P

(A.25)

eq. (A.23) is the second-order relaxation equation for the bulk-viscous stress.

A.2.3 Diffusion current

In this section we discuss the detail derivation of the diffusion current. From eq. (8.33) we

get:
Te o Te Te ov 0 Te
V(';) = Ag/dppa ( P05 { ppapf0:| + qF"p, = [ ppapf0:|> )
u-p u-p u-p op° |u-p
(A.26)
where

I, = AZ/dpp e 170, [ Te pé’fo},
w-pl T up

T, — A“/ 9 | TN

2 — o pl/apo. upp pJO| -

Let us first calculate the Z; by breaking it up into three parts as: Z; = A + B + C where

A = A / dpp®1.D {ippapfo} :
U-p

Te o .

B = [ v, (nh)
U-p
Te o Te

C = Aé/dppa pVU( - pfo)
uU-p U -
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For A we get:

A = A} / dpfOfOPaTcD Lj——_cppp (ﬁpwapuv + (u - p) 0,8 — 8,004)} ;

= —ALD [/ dpfofopaTc Te P’ (ﬁp'@pu,y + (u-p) 0,8 — 0,;04)} )

u-p
nquway]

A.27
e+ P ( )

= —TCV<“> — TCZA‘L;D [

We have used the thermodynamic integrals and its expansion given in the Appendix [A.1],

along with eqs. (8.9) and (B.9) to arrive at the final expression. Similarly for B we get:

B = AL / dpp” ——p°V, <cho>,

= ALV, ( / dppalp"fcfo> +ALV,u, ( / dpp*p? —° p"nfb) ,
u-p (u-p)?
S G B R T R B R
2B, 0" (J;?* + 2Jg>*) . (A.28)
Lastly for C we get:

2

0
C = Al / dpp® Te PV, (p—foo),
uU-p

u-p

" fo' T62 o pp " o, Y TCQ o p,D
= ALV, dpp® ——p°——V,fo | + ALV u, dpp*p’ ——=p"—V,fo | .
u-p u-p (u-p)” u-p

205



A (Chapter-3 appendix)

Substituting the expression for V, fy and using the usual thermodynamic integrals and their

expansion along with eq. (3.9) and eq. (B.1]) the above expression takes the following form:

ar2 (I 472 (o) .
C=——¢ (—21 L= DT ) (V) 6+ =S pile 4 n2 ) i o

3 e+ P
JO+, X JO+, ) o
2 <— | (Va)o - | SR - T | (Vie)uf 4y By

v 2)+
0)— BqBb™V, Jip ' n 3 29— ..
+ TCJ2(1) wg‘ [—e P - 2702 —?Z_ Pf — JZ§2)+ (Va) 05 + 273J£2) ﬁuva’j

572 [ J@+ 572 (o) -
_% ( A ;f ~ 9+ (vra) 6 + gc IS B0 — 272 ARV, (ﬁjﬁ) a’”)

517 (2)— 47 0)-, | BBV, (0)— BqBbL™"V,
o R U e e o R ] ey
@— [ BaBYV, | 571 9—, | BgBO*V,
+27-C!]42 O'fyjl |:_6+P _|_ 3 J42 9 —€+P . (A29)

Now let us calculate the integral Z,:

~ T, oy O T,
I, = -Al / dpfofopau—_qu pua—pg {u—mpp (ﬁp”@,)uw + (u -p)apﬁ - apa)] )

1 ) B BITOMAT O, B pTTG
= 12qB | - Jy) bV a — I 0V o — =2 1 — 2 X
c h 21 Y 21 Y €+ P €+ P
B I (A.30)
e+ P '
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Adding egs. (A.27)-(A.30) together we get the final expression for the diffusion current
(which after simplification becomes eq.(3.34) ) :

: B0V, iy , (4 0
Vil =~V — 72A1D {WZT} =2V (I8 - J ) — r2giee <§J§$> + 3

0)+
N T2ﬁj(0)_ﬂ W — 7'2/6’& g J(O)— + 2J(2)— _ 47—02 J2(1) ny J(l)-i- (vu )9
cPJdar Uy c P Uy 21 42 3\ exp Tp 21 «Q

472 0)— . J . .
3 JQ((l)) Bute — 12 ( 621—|-P J21 ) (Via) ol —l—TCQJQ(?) purall —I—QTCQJE) B’ ok}

IO, . Iy
—r (T T (Ve 4 2 it~ or | SR - T ) (V) ol

e+ P +P
572 J2 572 (o) . _
- ( 641 e )(vm)m I g0 — 22 ALY, (wg) aw)

57 7 4 BqBY™Y, _ . [BaBY™
_ 2eyn|gg?) 4 ] ©O)— u [PIBOTVy
=V 8 ]+3J210{ +P:|+TCJ21 UW{HP}

(2)— /Bqu’YVVV ST. BquijV (0)— /Bqu’YVVl/
el oy [T M R el R ey
JO-pm BTy 0rATFm, B eI
B - J bvu . oi . 21 Y
+ 7' q N —V,«a o1 V,«a = =
BIS bV IT
e+ P
(A.31)

A.3 Projection tensors

The definition of the second and fourth rank projection tensors used in the text is shown in
this section.

A general antisymmetric second rank tensor b, can be defined by

b = b, (A.32)
iz iz
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where b, is a unit axial four vector. The second rank projection tensors are then defined as

P;Eg) = b,ublla
1
— 1 )
P;ﬁul) - 92 (Auv — buby, + Zb/“’) )

where © = v/—1. They satisty the following properties

PP = G PO, (A.33)
m T —m m
(P = PL™ =P, (A.34)
1
STPm = A, PM=1, (A35)
m=-—1

wherem, m’ = 0, £1. The projection tensors P,Erlfl) satisfy the following eigenvalue equation
(see ref. [20])
Pibs = imP{) (A.36)

L2

where m is the eigenvalue. Also b,, can be represented as a linear combination of the

projection tensors

b = Y imP). (A.37)

It is also easy to generalize them to the fourth rank projection tensor which are defined in

terms of the second rank projection tensor as

1 1
P, =3 Y PEYPSIS (mymy +my), (A.38)
mp=—1mo=-—1
where 6 (m, m; + my) = 1 for m = m; + m, and zero otherwise. Notice that m; + m,
assumes the five values m = —2, —1,0, 1, 2 which in turn result in the five shear viscous

coefficients dicussed in the text. A generalization to higher ranks is also possible using the

above basis if need arises.

208



A (Chapter-3 appendix)

A.4 General expressions of transport coefficients

2 (203" + 75

Trm

b | 2 (TIST 505

- 2\ (A I ) 2 = (I IR ) v+ 2 (IR 5]
b | 2 (- 2

ben | 207/

Oxv B 2805 /(e + P)

Table A.1: Transport coefficients appearing in shear-stress equation eq. (B.30).

S S [T+ IR X — ()T IRV + 5(TIE T+ 2]
M| (TR IR

v |5 (- 25a0)

5HVB %

Table A.2: Transport coefficients appearing in bulk equation eq. (8.32).
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v |1k (T - I)
s |4 (-0
lyx —%Jg)_

TVr —B%lvx

Avr —%%lvﬁ

lvn Tl G N A ) v
ove | - (fi—(p) - Jé?") /By
s | =B /(e +P)

s | =BT /(e +P)

lvus —BJYT (e + P)

Mve | = (A +270)7)
pvve | —BJY /(e +P)

TVVB n¢/ (e + P)

Table A.3: Transport coefficients appearing in diffusion equation eq. (B.34).

A.5 Second order relaxation equations for resistive case

Here we give the detailed calculations of the second order dissipative quantities. The ex-

plicit dependence of the anti-particles is not shown in the calculation, but they appear in our
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final results.

A.5.1 Bulk stress

Let us consider the bulk viscous case first. From Eq. (3.63) we get:

A, _
I = 35 dppp® (5fP +5f?), (A.39)
I = T, +T,+ 1+ Lu (A.40)

For convenience we split Z; into three terms as follows:

I, =A+B+C, (A.41)
where
A = Agﬁ dpp“p°r.D {ip”apfo} :
u-p
B = A; 2| dppp” LP“VM <cho) ,

T.p"
C=——/dppp V(p pfo)

We carry out these integrals one-by-one and we get:

. 2
A = -7, 3h U Vi — e uaVaa
27’ B 277 5 )+ .
el JOFy aBb PV, + el g Oty e
3 P 3 pyln ted
57¢ W+ -1\ 4 OTe ) [ 10+, 10+ ¢ W=, 7= -
B = =2 vy(w@ u)+79[(<131 + @) B (A + ) 4],
5 572 1 o )
c = 795 (7J6§)+ + Jj”) 0+ 25, [V“a (%Jg —JY )}
72 572 I3 BBy,
3ﬁ <7J63 + Jg”) oo+ %vu _‘]gHﬁu# - = fj_ P

(A.42)

2o | i BaE”
5V [T
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For the rest three terms after some algebra we get:

I, - —%ﬁﬁE I = 22,88 B,
I, = —qr [ o (5787 + 200" —5J8" —20") BV + g—i (578 +27807) BB,
325 (5 T 49 J:g)f) o Bwvfu] 7

I, = q; <5ﬁJ42 + 25J§f”) E,E". (A.43)
A.5.2 Diffusion
The second order diffusion current V(g) is given by Eq. (B.66):

Ve = [ (5 57,

V(‘;) = Lh+1y+1s + 14 (A.44)
Like the previous case we split Z; into three terms as follows:

7, =A+B+C, (A.45)

where
A = A / dpp®1.D [LP’) apf0:| :
Te . .
B = Af / dpp® ——p°V, (cho>,
Te . Te
¢ = Ai/dpp“ pva( i pfo)-
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After integrating we have:

qn BV,

— _Cv<#>_ 2ALD
7 ey e+ P

}—Aﬂﬁﬂﬁﬂé%}
. 28010
= v (A A - O (1 57 — 720 e
—72 B, 0" (‘]2((1))_ + 2J4(§)‘) ,

4Tc2 L o 1 4702 0)— 5 - I o 1
= =50 (EJQ(IH - J2(1)+) Via = Do) atd — 72 ()T = ) o Va

1
h

BV, 1
] (i)

+r2Jy) B ot — 72 ( T~ Jé}”) WV + T2 B!

+TCJ2(?)7W5 [

221 pinor — Teg (L@ o) gra 4 O 0 ging
Todyy pulal 3 7, 42 42 Q-+ 3 Y42 B

A (ﬁJﬁ*W) - %Tgv“ (mﬁ?*e)

g [ PB4

127212 or {—5 qff;v”] + 5;3 720 [—qu f”;v”}

2 (G4 3 ) o (L)

—2r2J ) ot (qfi—f?) — 2T (W o) %. (A.46)

The rest of the terms give:

AVH
= qr’D (BJQ(})JFEH) + QTfﬁJQ(PJFEau“iLa + qTfﬁJgH <El, (w”“ + " + 2 9) + Eu@)
AP

+ar2 BT (E*‘e +2E, (aw’ + T9)> :
_ g2 (g (L "V ,0) = iy, + VI — A, 0,7 + qn E, — qBYV,
= dqT7, 31 T P ﬁ v Uy v v OpT qny s, q vVfu

g7 (BIR B0+ I B8) + a7 (— IG5 G - I3 BLVa)

5 .
+a7; (ﬁE,,JS” (20“" + gAwe) + EMJ?E?”B) —qr? (B )

= —B¢*72 ] E'B. (A.47)
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A.5.3 Shear stress

The second order shear stress ﬂé”) is given by Eq. (8.69):

wy = A [ de? (55 + 57

= Il + IQ + Ig + I4. (A48)

Again the first term can be divided into three parts and is given by :

where

I =A+B+C, (A.49)

- (w ny 0)— n—1\ - v v 7(0)+ - —BquM
—rt) — 272 (H_PJ?()I) —J) ) WtV o + TfAZﬂJ?El) u’ [ e Va]

Bo a B
2 auw 70+ | PIBD o 0—8 | PE NS o (00— [ABE Ny
+7 AL 3 U l€+P Vo| —ToAGsd51 U P T Agsdsr U =P |

—ar2 [(AVT+ ) B = (07 +IE7) é o - 2m2 e (@8I,

-1 -
PAVAG <U”>B7'62Jg)+> + 2V [Vl’)owf (Jg) - EJS) )} — 4B72 <2Jé§)+ + Jié”) afj‘a”)p
20 28

1 v 3 v 1 3 v
—?5T3J22)+90‘“ — §5T3Jé3)+90‘u — 457’3 <J£2)+ + 2Jé3)+) 0<“pwp>

Y. BqEY
oot | 70+ (BaBYTVINT L s | ;- [ BaEY ng
+27°V {JQ ( P 21V g = . (A.50)

The rest of the terms give:
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1y

a2 BT AL (B + B70) + VO (g2 TG

AGsaTe (‘]31 (5 (B** + B*) + E°V°B + Eavﬁﬁ))
+AM T2 <J42 (E°V°B8 + E°V?B) + wﬁ"Eauﬂ)

+AM g2 <5J42 (0B°° + BaVu” + BSV”uB)>

+AM g7 <5J41 TEP 4+ BJDT (0B + BIVOWY + vavua)>
~AMqr? I (@B + E°VPa + 4B + EPV°a)

FAM T2 RIS (BPa® + BP) — AMqr2 ) (B°VPa + EPVea),

—2A“Eq27‘2ﬁEaE’B <Jig)+ + J32)+> :
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A.6 General expressions of transport coefficients

v _Bag [3Bv <J42 E_;.P‘]42 )} -
0 5 2
e (=) ot (s~ o)
Anv <i + ffli) [% <J§§) EJFPJM ﬂ —
355 <5J£2) éJig)_+2J§1) J?g)_ —
19 (2)—
(35 +07' %) [l ™ = o)
v | g (- 25IE) - o | - 3800

1 1.0 558 1 -1
Ave | 5, ( +h” ) {3<e+P> T B [3<e+p)

XIEE %ﬂ <5Jg)+ + 2J§f)+ - %ng

+ 1)+
20 )

Table A.4: Transport coefficients appearing in bulk-stress equation Eq. (8.65).
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v = (1 (T - ) = () - 1 (2287 ) )
) 4 5 [ npg2" e+ L @)+
4% 3 + 36y \ erp T Y42 + ﬂﬁv[ ( JIDF + 25 ﬂ

T [5< VA %JgH) <J21)+ + JQ(}”) X - <J22)+ e +> y]

nysd. —

o (]C*—P Jg))/ﬁ +ﬁv< ; )
XVE BBv
PVE - <g—2f() [(JZ(SH% I J1(8) > h— <J38)+8XVE " JQOH@XEE)])

Table A.5: Transport coefficients appearing in Diffusion evolution equation Eq. (8.68).

@- _ ny (- - J”
Trv 5% [% <J42 €+J;DJ )] - 52 {J?El) Sh ] -
Bl 878 + 2137 (2)]
9 -1 2 (2)-
>\7rV <£+h %) [ﬁ <J42 E_1_p<]42 )} + hﬁﬂv <J31 J42 > -
2 (B IT) — (2 2) i [802 +208 ()]
by | =2 (I - 2R ) + o [ 2l (D)
>\7rVB /BV ( +h ! 3) [2/8‘]42 /(€+P)] + ﬁ |:_(eib;3) (JTS _'_'] ):|
SO @
XrEE 25 (Q - (JSH + J:E%)Jr))

Table A.6: Transport coefficients appearing in shear-stress evolution equation Eq. (3.71)).
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(Chapter-6)

B.1 Formulas and Conversions used in Chapter-6

In Chapter 6 of the thesis, we have used the Milne coordinate system (7, 7, , ¢), where

VP2,
r= VTR
n = tanh™*(z/t),
6 = tan~" (y/).
Due to the coordinate transformation, various equations changed forms compared to the
Cartesian coordinates. Here, we give the details about the Jacobian and Christoffel symbols

used in this study due to the above coordinate transformation: the Jacobian for the volume

element is \/—g = 77, and the non-vanishing Christoffel symbols are

1
T L/ ——
an_T’ Fm_T’
1

— ¢ _
66 =T Fmb—;'

The space-like projection is defined as A* = g — u*u"; for the Milne coordinate system,

different components of A*" are

TT T 1
A — _(u )27 Aﬂn — —ﬁ,
Tr T 1
AT = —1— (u")?, sz—ﬁ,

AT = AT¢ = AT = AT = AT =,

AT = /11 ()2
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The expansion scalar is given by 6 = D, u* = 9,u” + '} u®.

We consider real particles, and the on-shell condition is given by g,,p"p” = (p7)? —
2(p")? — (p")? — r?(p®)* = m>. Following the convention used in heavy-ion collisions,
we express the components of the four-momentum p* as:

(E,p",p¥,p*) = (mqp coshy, pr cos @, pr sinp, my sinhy), where pr = /p2 + p2, mp =
v/m?+p2, and y = tanh~'(p./E). The components of the four-momentum in Milne

coordinates are

p” = mgcosh(y —n), Tp" = my sinh(y — n),

p" = preos(yp — @), rp? = prsin(y — ¢). (B.1)

Here, (p7, p", p", p®) are the momentum components in the Milne coordinate with y being
the rapidity in momentum space, 1 being the space-time rapidity, ¢ being the azimuthal
angle in coordinate space, and ¢ being the azimuthal angle of the particle in momentum
space.

InEq. (6.2)), we have the term p*d% u» which in our case is given by p*dX,, = g, p"'d¥X” =

my cosh(y — n)rdnrdrdo.
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B.2 First-order (0 f) Correction to the Single-Particle Dis-
tribution

In Eq. (6.3), we introduced the first-order correction to the single-particle distribution while
calculating the invariant yield using the Cooper-Frye formula. Here, we give the detailed

expression of  f in terms of gradients of fluid variables and fields:

0f =— T.C (Ma Jo+qF"p, fO)

up Op*
= T;f_ogo (BP"p* Dyt + (u - p)pH'0, 8 — pouar) — ;fo}{o 4BE"py
= %Ojjo (ﬁp"p“ {uuaa + Opo + Wa + A;‘le} + (u-p)p" 9,8 — p"@ua) - MCI@E%
S Gt 1 e 03— #0) - Sy
N %01{0 (Bp°p*ru, — Bp"p"Tur + (u- p)p'duB — ') — CfOfo 4BE Dy
;fozjj‘o (Bp"p" O-u, + Bp P Oru, + BpPp"Opu,)
;f ofo (B Orur + Bp" DT Opur + Bp®pT dyu)

. . 2
_ Tofofo (5 (stmgﬂgo—gb)) mr_ﬁ(mT&nh(y—??)) ru7+(u-p)p”8ﬂﬂ—p”8ﬂa>

u-p T

~ u” 2 T
T gy, 4 DD B (mrcostiy — nypr costo - )~ stproosto - )
N T;f'()goﬁpT Sin(r%O - (b)pT cos(p — ¢)UOET chn sinn [¢ — 1by]

3 r\3 u’ 2
+ T;fo}{o (—B(mT cosh(y — n))Zr((l; )) + Bmy cosh(y — n)pr cos(p — @) (ma )

_ T;fio}]jo gPr Sm(f —9) m cosh(y — fr;)Z—:uOQ—}; > neysinn (¢ — ).
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B chofo u,.  sin(p — ¢)cos(p — @) 2r . 9
(5f - w-p B(T’ + r UOR Zc,msmnkb wn} Pr
Te 5 Te
T, T (o — o)
u-p u-p
£ )2
#7800 (200~ ) costy - o) 0
u-p ru
— cosh(y — n) sin(¢ — @) L Z sinn [p — 1y,
y—n ¥ T U R Cpn SINTY n] | MrPr
T JE . Ur (ur)?’
. f)poﬁ (smh2 (y — 77)? + cosh?(y — n)r(u7)2 ms., (B.2)
where = % and o = % with '} = 7 along with I'j ; = —r. The contribution due to

the electric field £ - p in the above equation, when expanded, takes the following form:

5](- _ —TCfOfOQﬂE'p,
5f _ —TCfOfOQ6 (Eq—pr B 7_2Ev77p77 . Erpr . T2E¢p¢) )

B.3 Co-ordinate transformation of Electric four vector

The electric field components in Milne-coordinates (E7, E", E”, E?) are connected to the

Cartesian components (E*, E*, EY, E#) through the following transformation

_ET- _C osh[n]
ET 0
E? : 0
B —Sinhl]

0 0 —Sinh[n]| | E*
Cos[¢] Sin[¢] 0 E*
—Sin[g]  Cos[¢] 0 EvY
0 0 Coih[ﬂ] E*

We also note £.u = 0 and this gives rise to :
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E*Sinhn N (cospE* + sinpEY)u"

B =
coshn coshnu™ ’
o £~ B tanhnE™u" ‘
TCoshn TU"

As mentioned in the main text we use four different configuration of transverse electric

fields, they are parameterised as :

BZaem(x — 20)Cosh[n — no

ek = ((x —20)2 + (y — yo)? + (7Sinh[n — no|)?)3/?’
By — AZem(y — yo)Coshln — 1]

((x —20)® + (y — y0)? + (TSinh[n — n))?)3/?’
eEz = 0,

where 7 is the atomic number (for our case we choose Z=82), aemZE, A and B are the
modulation factors which controls the spatial configuration of the field in the transverse
plane, and « is the fine structure constant. We get the first 3 configurations in Fig.(6.2)
by choosing (i) A=B=10 for config-1, (ii) .A=20, B=1 for config-2 (iii) .A=1, B=20 for

config-3, and ¢F, = ¢E, = m? for config-4.
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