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ABSTRACT

In modern Fourier analysis, the study of multilinear (m­linear) operators focuses on es­

tablishing their boundedness from the m­fold product of normed spaces to the appropriate

normed spaces. For instance, Lebesgue spaces are commonly considered as the normed

spaces in this context. These operators find applications in various fields, including partial

differential equations, complex analysis, and quantum mechanics. A more comprehensive

investigation consists of exploring weighted inequalities, which involve determining the

boundedness of these operators on weighted Lebesgue spaces. Weighted inequalities hold

significance in a broader scope, impacting areas such as vector­valued operators, operator

extrapolation, and the theory of Laplace’s equation boundary value problems on Lipschitz

domains.

Over the past three decades, a parallel theory to classical Fourier analysis, associated

with root systems and reflection groups, has emerged in Euclidean harmonic analysis. This

theory, known as Fourier analysis in the Dunkl setting, serves as a generalization of classi­

cal Fourier analysis. Within this context, significant progress has been made, particularly

in understanding singular integrals, Fourier multiplier operators, and potential­type oper­

ators. However, exploration of multilinear operators or weighted inequalities within the

Dunkl setting has been relatively limited. The primary aim of this thesis is to delve into the

weighted boundedness of some multilinear operators in the Dunkl framework.

The first result of this thesis is one and two­weight estimates for multilinear Calderón­

Zygmund type singular integral operators in the Dunkl setting, along with the associated

maximal operators. Importantly, these operators distinguish themselves from classical Cald­

erón­Zygmund singular integral operators by incorporating both the ‘Dunkl metric’ and the

usual metric in their definition. In the subsequent chapter, we initially establish Littlewood­

Paley theory in the Dunkl framework, utilizing it to prove a Coifman­Meyer type bilinear

multiplier theorem associated with the Dunkl transform. Additionally, we show that these

multiplier operators are examples of multilinear Dunkl­Calderón­Zygmund operators and

derive weighted estimates for them. In the final chapter, we study similar weighted in­

equalities for a different type of operators known as multilinear Dunkl fractional integral

operators and multilinear fractional maximal operators.
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Summary

A generalization of classical Fourier analysis is Fourier analysis in the Dunkl setting. In­

deed, following the discovery of Dunkl operators as a generalization of partial derivative

operators, analysis in the Dunkl setup has been explored in various directions. There has

been a particular emphasis on singular integrals, multiplier operators, and potential­type

operators. However, not much investigation has been conducted concerning multilinear

operators or weighted inequalities within this context. The aim of this thesis is to bridge

this gap by addressing and exploring the weighted boundedness of certain multilinear op­

erators in the Dunkl setup.

We consider a fixed root system R on Rd, a fixed non­negative valued multiplicity

function k defined on R, G as the associated reflection group, and dµk as the associated

Dunkl measure. Through the well­established connection between the Fourier transform

and the partial derivative operator, Dunkl operators introduce a new operator that gen­

eralizes the classical Fourier transform, called the Dunkl transform. It is defined for all

f ∈ L1(Rd, dµk), by

Fkf(ξ) =

∫
Rd

f(x)Ek(−iξ, x) dµk(x),

where Ek is called the Dunkl kernel, which can be thought of as a generalization of the

exponential function. Fk enjoys a many properties similar to those of the classical Fourier

transform.

Generalizing the notion of classical multilinear Calderón­Zygmund operators opera­

tors introduced by Grafakos and Torres [38], we define the multilinear Dunkl­Calderón­

Zygmund operators as follows.

T (f1, f2, · · · , fm)(x) =
∫
(Rd)m

K(x, y1, y2, · · · , ym)
m∏
j=1

fj(yj) dµk(yj),

for all fj ∈ C∞
c (Rd) with σ(x) /∈

m⋂
j=1

supp fj for all σ ∈ G, where K is a function defined

1



Summary

away from the set O(△m+1)

=:
{
(x, y1, y2, · · · , ym) ∈ (Rd)m+1 : x = σj(yj) for some σj ∈ G, for all 1 ≤ j ≤ m

}
,

which satisfies the some suitable size estimate and smoothness estimates. We derive one and

two­weight estimates for the operator T , extending the results established in the classical

framework by Lerner et al. [48]. We also prove a multilinear Cotlar­type inequality and

weighted boundedness for the maximal operators associated with T , given by

T ∗(f1, f2, · · · , fm)(x) = sup
δ>0

|Tδ(f1, f2, · · · , fm)(x)|,

where for any δ > 0, Tδ represents the appropriately truncated operator obtained from T .

Next, we delve into multiplier operators associated with the Dunkl transform. In anal­

ogy to the classical case, for a bounded function m on Rd × Rd define the bilinear Dunkl

multiplier operator Tm as

Tm(f1, f2)(x) =
∫
R2d

m(ξ, η)Fkf1(ξ)Fkf2(η)Ek(ix, ξ)Ek(ix, η) dµk(ξ)dµk(η)

for all f1, f2 ∈ S(Rd), the space of all Schwartz class functions on Rd. By establishing a

Littlewood­Paley type theory, we initially derive a Coifman­Meyer [16] type bilinear mul­

tiplier theorem for Tm. Subsequently, utilizing this theorem along with results for the mul­

tilinear Dunkl­Calderón­Zygmund operators, we obtain weighted estimates for the operator

Tm.
Lastly, we study multilinear fractional integral operators Ik

α and multilinear fractional

maximal operators Mk
α in the Dunkl setup. For

−→
f = (f1, f2, ..., fm) ∈ S(Rd)× S(Rd)×

...× S(Rd), they are defined as follows

Ik
α

−→
f (x) :=

∫
(Rd)m

τ kxf1(−y1)τ kxf2(−y2)...τ kxfm(−ym)
(|y1|2 + |y2|2 + ...+ |ym|2)(mdk−α)/2

dµk(y1)dµk(y2)...dµk(ym),

where 0 < α < mdk and τ kx is the Dunkl translation operator;

Mk
α

−→
f (x) := sup

r>0

m∏
j=1

r
α
m
−dk

∣∣∣∣∫
Rd

fj(yj)τ
k
xχB(0,r)(−yj) dµk(yj)

∣∣∣∣ ,
where 0 ≤ α < mdk. We establish both one and two­weight inequalities for these two

operators which extends the results of Moen [51] in the classical setting.
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Chapter 1

Introduction

In harmonic analysis, the study of bilinear orm­linear operators represents an extension of

the concept of the multiplication of two functions or m­functions. A significant aspect of

the study of multilinear operators involves demonstrating that certain integral operations

on specific types of functions are not excessively irregular. In simpler terms, when dealing

with anm­linear integral operator T, the main aim is to establish an inequality of the form

∥T(f1, f2, · · · , fm)∥X0 ≤ C ∥f1∥X1∥f2∥X2 · · · ∥fm∥Xm , (1.0.1)

whereXj’s are appropriate normed function spaces with norms ∥ · ∥Xj
for j = 0, 1, · · · ,m.

These operators naturally arise not only in harmonic analysis but also in different areas

of analysis, such as partial differential equations, complex analysis, potential theory, and

quantum mechanics, etc. The study of such operators helps us understand non­linear prob­

lems where the product of more than one function is considered. The basis of these studies

goes back to the contributions of Coifman and Meyer [14–16]. After the pioneering works

[46,47] of Lacey and Thiele, numerous developments have been made in the field of multi­

linear operators. Some of those that we are interested in are [8,29,34,36–38,42,48–51,73],

where the boundedness of the form (1.0.1) for certain multilinear integral operators are

studied on the Lebesgue spaces.

Now, given the inequality (1.0.1), a natural question is whether we can derive conditions

on the functions w0, w1, · · · , wm such that we have

∥T(f1, f2, · · · , fm)w0∥X0 ≤ C ∥f1w1∥X1∥f2w2∥X2 · · · ∥fmwm∥Xm? (1.0.2)

3



1 Introduction

This type of inequalities are known as weighted inequalities and the functions wj’s are

called weights. If there is a relation between w0 and the product w1w2 · · ·wm, then in­

equality (1.0.2) is called a one­weight inequality; otherwise, it is known as a two­weight

inequality. Weighted inequalities, with their broad implications, are not merely generaliza­

tions. Applications of these inequalities extend to areas such as vector­valued operators and

the extrapolation of operators (for example, see [5, 18]). They also play a significant role

in the theory of boundary value problems for Laplace’s equation on Lipschitz domains (for

example, see [67]), showcasing their importance.

The initial response in this direction was provided by Muckenhoupt [52] for the lin­

ear Hardy­Littlewood maximal operators in the context of Lebesgue spaces. He gave a

characterization stating that the Hardy­Littlewood maximal operatorM is bounded on the

weighted Lebesgue space Lp(Rd, w(x)dx) for 1 < p < ∞, if and only if the weight w

belongs to the class Ap, that is w satisfies

sup
Q

( 1

|Q|

∫
Q

w dx
)(∫

Q

w1−p′ dx
)p−1

<∞, (1.0.3)

where Q denotes a cube in Rd and p′ is the Hölder conjugate of p.

Later, Sawyer [64] characterized the two­weight inequality for M , proving that M :

Lp(Rd, u(x)dx) → Lp(Rd, v(x)dx) if and only if

sup
Q

∫
Q
M(χQv

1−p′)(x)pu(x) dx∫
Q
v(x)1−p′ dx

<∞. (1.0.4)

These results led to the investigation of similar weighted inequalities for various opera­

tors including the Hilbert transform [43], Calderón­Zygmund operators [13], and fractional

operators [53].

In 2009, Lerner et al. [48] presented a suitable adaptation of theMuckenhouptAp classes

from the linear setting to the multilinear setting:

4



1 Introduction

Definition 1.0.1. Let 1 ≤ p1, p2, · · · , pm <∞,
−→
P = (p1, p2, · · · , pm) and p be the number

given by 1/p = 1/p1 + 1/p2 + · · · + 1/pm. Furthermore, let w1, w2, · · · , wm be non

negative, locally integrable functions on Rd and −→w = (w1, w2, · · · , wm). We say that the

vector weight −→w is in the class A−→
P
, if it satisfies

sup
Q⊂Rd

( 1

|Q|

∫
Q

m∏
j=1

(
wj(x)

)p/pjdx)1/p m∏
j=1

( 1

|Q|

∫
Q

wj(x)
1−p′jdx

)1/p′j
<∞,

when pj = 1,
(

1
|Q|

∫
Q
wj(x)

1−p′jdx
)1/p′j

is understood as
(
inf
Q
wj

)−1

.

They characterized that themultilinear Hardy­Littlewoodmaximal operators are bounded

from the product of the Lebesgue spaces Lp1(Rd, w1(x)dx) × Lp2(Rd, w2(x)dx) × · · · ×

Lpm(Rd, wm(x)dx) toLp(Rd,
m∏
j=1

(
wj(x)

)p/pjdx) (weakLp if one of the pj’s is 1) if and only

if −→w ∈ A−→
P
. The natural progression involved exploring how weighted inequalities extend

to the multilinear context for other operators. We will delve into a few of these topics in

more detail in the next sections.

In 1989, C.F. Dunkl introduced the Dunkl operators [22] by adding a rational part to

the standard directional derivatives. These operators are linked to root systems and reflec­

tion groups in Euclidean spaces and serve as a broadened perspective on partial derivatives.

This concept originates from the examination of root systems, which are fundamental tools

in the theory of Lie groups and Lie algebras, consisting of configurations of vectors in Eu­

clidean spaces satisfying certain geometrical properties. By exploiting the well­established

correlation between the Fourier transform and the partial derivative operator, Dunkl oper­

ators unveil a new operator known as the Dunkl transform. This extension of the classical

Fourier transform marks the initiation of the analytical aspect of Dunkl theory – a com­

prehensive endeavor to extend the core findings of classical Fourier analysis and special

function theory to the realm of root systems and reflection groups.

Over the past three decades, counterparts of many classical harmonic analysis theories

5



§1.1. Multilinear Calderón­Zygmund Operators

related to singular integrals, multiplier operators, and potential­type operators have been

studied in the Dunkl setting. However, there has not been much exploration regarding

multilinear operators or weighted inequalities in this context. The purpose of this thesis is

to address this gap and investigate weighted boundedness for certain multilinear operators

within the Dunkl setup. Specifically, we are interested in studying one and two­weight in­

equalities for multilinear Calderón­Zygmund­type singular integral operators and maximal

operators associated with them, bilinear multiplier operators, multilinear fractional integral

operators, andmultilinear fractional maximal operators in the Dunkl setup. Next, we briefly

discuss a few of the theories in the classical setup relevant to our results.

1.1 Multilinear Calderón­Zygmund Operators

Multilinear Calderón­Zygmund theory in the unweighted case was systematically studied

by Grafakos and Torres [38]. Let us use the notation S(Rd) to denote the class of all

Schwartz functions on Rd. Let S ′(Rd) be the corresponding space of all tempered distri­

butions, and let
−→
f denote the vector consisting of anm­tuple of functions (f1, f2, . . . , fm).

The following definition of multilinear Calderón­Zygmund operators was given in [38].

Definition 1.1.1. A function T : S(Rd) × S(Rd) × · · · × S(Rd) → S ′(Rd) is called

an m­linear Calderón­Zygmund operator, if for all f1, f2, · · · , fm ∈ C∞
c (Rd) with x /∈

m⋂
j=1

supp fj , T has the integral representation

T(
−→
f )(x) =

∫
(Rd)m

K(x, y1, y2, · · · , ym)
m∏
j=1

fj(yj) dyj,

and the kernel K is defined on the compliment of the set△m+1

=:
{
(x, y1, y2, · · · , ym) ∈ (Rd)m+1 : x = y1 = · · · = ym

}
andK fulfils the following size and smoothness conditions for some ϵ > 0:

6



§1.1. Multilinear Calderón­Zygmund Operators

|K(y0, y1, y2, · · · , ym)| ≤ C
1(

|y0 − y1|+ |y0 − y2|+ · · · |y0 − ym|
)md

, (1.1.1)

for all (y0, y1, y2, · · · , ym) ∈ (Rd)m+1 \ △m+1;

|K(y0, y1, y2, · · · , yn, · · · , ym)−K(y0, y1, y2, · · · , y′n, · · · , ym)|

≤ C
|yn − y′n|ϵ(

|y0 − y1|+ |y0 − y2|+ · · · |y0 − ym|
)md+ϵ

, (1.1.2)

whenever |yn − y′n| ≤ max
1≤j≤m

|y0 − yj|/2, for all n ∈ {0, 1, · · · ,m}.

In the same paper, the boundedness of T in the Lebesgue spaces was proved in the

unweighted case. Later in [48], a theory of weighted boundedness results was presented.

We state it below.

Theorem 1.1.2. Let 1 ≤ p1, p2, · · · , pm < ∞,
−→
P = (p1, p2, · · · , pm), p be the number

given by 1/p = 1/p1 + 1/p2 + · · · + 1/pm and the vector weight −→w ∈ A−→
P
. Furthermore,

let T maps from Lq1(Rd, dx) × Lq2(Rd, dx) × · · · × Lqm(Rd, dx) to Lq(Rd, dx) for some

q, q1, q2, · · · , qm satisfying 1 ≤ q1, q2, · · · , qm <∞ with 1/q = 1/q1 + 1/q2 + · · ·+ 1/qm.

Then the following hold:

(i) if pj = 1 for some 1 ≤ j ≤ m, then for all
−→
f ∈ Lp1(Rd, w1(x) dx)×Lp2(Rd, w2(x) dx)×

· · · × Lpm(Rd, wm(x) dx), the following boundedness holds:

sup
t>0

t
( ∫
{y ∈Rd: |T

−→
f (y)|>t}

m∏
j=1

wj(x)
p/pj dx

)1/p
≤ C

m∏
j=1

(∫
Rd

|fj(x)|pjwj(x)dx
)1/pj

;

(ii) if pj > 1 for all 1 ≤ j ≤ m, then for all
−→
f ∈ Lp1(Rd, w1(x) dx)×Lp2(Rd, w2(x) dx)×

· · · × Lpm(Rd, wm(x) dx), the following boundedness holds:(∫
Rd

|T
−→
f (x)|p

m∏
j=1

wj(x)
p/pj dx

)1/p
≤ C

m∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dx
)1/pj

.

7



§1.2. Bilinear Multiplier Operators

In a similar manner, a two­weight inequality for the operator T can also be established,

provided certain additional assumptions on the weights are satisfied. However, we are not

including the details here.

Also one can consider the corresponding maximal operator T∗, given by

T∗(
−→
f )(x) = sup

δ>0

|Tδ(
−→
f )(x)|,

where for δ > 0,

Tδ(
−→
f )(x) :=

∫
m∑

j=1
|x−yj |2≥δ2

K(x, y1, y2, · · · , ym)
m∏
j=1

fj(yj) dyj,

and K is the m­linear Calderón­Zygmund kernel as in Definition 1.1.1. In the paper [37],

the authors examined the boundedness properties of the operator T∗ by utilizing the bound­

edness results for T. Specifically, they established the boundedness of this operator in

Lp­spaces in both weighted and unweighted cases. A crucial tool in proving this result is

the following multilinear Cotlar­type inequality:

|T∗−→f (x)| ≤ C
([
M(|T

−→
f |ν)(x)

]1/ν
+

m∏
j=1

Mfj(x)
)
. (1.1.3)

Our objective is to formulate an appropriate analogue of multilinear Calderón­Zygmund

operators in the Dunkl setup and to present one and two­weight inequalities resembling

those stated in Theorem 1.1.2. We also want to derive a multilinear Cotlar­type inequal­

ity in this setup and explore the relevant literature for maximal operators associated with

multilinear Dunkl­Calderón­Zygmund operators.

1.2 Bilinear Multiplier Operators

To keep things simple and avoid the complexity of the large expressions, we will focus

on Fourier multipliers for the bilinear case, i.e., when m = 2. Let, F denote the classi­

cal Fourier transform on the Euclidean space Rd. A priori, for a function m ∈ L∞(R2d),

8



§1.3. Multilinear Fractional Operators

the bilinear Fourier multiplier operator Tm associated with m is defined on the product of

Schwartz spaces by

Tm(f1, f2)(x) =

∫
R2d

m(ξ, η)Ff1(ξ)Ff2(η)eix·(ξ+η) dξ dη.

With certain smoothness assumptions on the multiplier m, Coifman and Meyer [16] es­

tablished the boundedness of the operator Tm in the Lp­spaces. Afterward, a significant

amount of literature (for example, see [8, 29, 38, 42, 45, 49, 73]) has developed concerning

the study of bilinear multipliers. In this context, we will specifically highlight weighted

inequalities involving multiple weights, which bear relevance to this thesis. The following

result was proved in [8].

Theorem 1.2.1. Letm ∈ CL
(
Rd × Rd \ {(0, 0)}

)
satisfies the condition

|∂αξ ∂βηm(ξ, η)| ≤ Cα, β (|ξ|+ |η|)−(|α|+|β|) (1.2.1)

for all multi­indices α, β ∈ (N ∪ {0})d such that |α| + |β| ≤ L and for all (ξ, η) ∈ Rd ×

Rd \ {(0, 0)}, where L is an integer with d + 1 ≤ L ≤ 2d. Also, let p, p1, p2 be exponents

satisfying 1/p = 1/p1 + 1/p2 and p0 := 2d/L < p1, p2 < ∞ and the vector weight

(w1, w2) ∈ A(
p1
p0

,
p2
p0

). Then for all f1 ∈ Lp1(Rd, w1(x)dx) and f2 ∈ Lp2(Rd, w2(x)dx), the

following boundedness holds:(∫
Rd

|Tm
−→
f (x)|pwp/p1

1 (x)w
p/p2
2 (x) dx

)1/p
≤ C

2∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dx
)1/pj

.

We aim to study the weighted boundedness properties of bilinear multiplier operators

associated with the Dunkl transform in the place of the Fourier transform.

1.3 Multilinear Fractional Operators

In this section, we will discuss the multilinear fractional integral operator and the associated

multilinear fractional maximal operator. These operators were introduced by Moen [51].

9



§1.3. Multilinear Fractional Operators

For
−→
f = (f1, f2, · · · , fm) ∈ S(Rd) × S(Rd) × · · · × S(Rd), the multilinear fractional

integral operator Iα is defined by

Iα

−→
f (x) =

∫
(Rd)m

f1(y1)f2(y2)...fm(ym)

(|x− y1|+ |x− y2|+ ...+ |x− ym|))md−α
dy1dy2...dym,

where 0 < α < md;

and for all locally integrable functions f1, f2, · · · , fm in Rd, the multilinear fractional max­

imal operator is given by

Mα

−→
f (x) = sup

x∈Q

m∏
j=1

l(Q)α/m

|Q|

∫
Q

|fj(yj)| dyj, where 0 ≤ α < md.

These two operators are closely interrelated. In [51], a distinct class of weights A−→
P , q

was

introduced to characterize the weighted boundedness of these multilinear operators. This

extension builds uponMuckenhoupt andWheeden’s [53]Ap, q weight classes from the linear

case. We present the following one­weight inequality form [51].

Theorem 1.3.1. Suppose that 1 < p1, p2, · · · , pm < ∞, 0 < α < md, 1/m < p < d/α

and q be a number defined by 1/q = 1/p − α/d. Furthermore, let the vector weight −→w =

(w1, w2, · · · , wm) ∈ A−→
P , q

, i.e.,

sup
Q⊂Rd

(
1

|Q|

∫
Q

( m∏
j=1

wj(y)
)q
dy

)1/q m∏
j=1

(
1

|Q|

∫
Q

wj(y)
−p′jdy

)1/p′j

<∞.

Then for all
−→
f ∈ Lp1(Rd, wp1

1 (x)dx) × Lp2(Rd, wp2
2 (x)dx) × · · · × Lpm(Rd, wpm

m (x)dx),

the following inequality holds:(∫
Rd

( ∣∣∣Nα

−→
f (x)

∣∣∣ m∏
j=1

wj(x)
)q
dx

)1/q

≤ C

m∏
j=1

(∫
Rd

(|fj(x)|wj(x))
pj dx

)1/pj

,

where Nα is either Iα or Mα.

10



§1.3. Multilinear Fractional Operators

For α = 0, the operatorMα coincides with the multilinear Hardy­Littlewood maximal

operator. Therefore, based on the results in [48], the above inequality holds true for Mα,

even when α = 0.

In this case as well, a two­weight inequality for these operators was established in the

same paper, in a comparable fashion, provided that specific additional conditions on the

weights are met. However, we choose not to present the details here.

Our goal is to devise suitable counterparts for these operators in the Dunkl setup. We

intend to investigate the weighted boundedness characteristics of themultilinear Dunkl frac­

tional integral operators and the multilinear Dunkl fractional maximal operators.
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Chapter 2

Preliminaries

This chapter serves as the prerequisite chapter for the thesis. In the next section, we present

several notations, definitions, and preliminary results of Dunkl theory, which are essential

for this thesis. We also extend these concepts to the multilinear Dunkl setting, as outlined in

Section 2.2. Moving on to Section 2.3, we discuss the topics of spaces of homogeneous type

according to Coifman and Weiss [17], Muckenhoupt weight classes, and the boundedness

of Hardy­Littlewood maximal operators for the spaces of homogeneous type.

2.1 Preliminaries of Dunkl Theory

Let us consider the usual inner product ⟨· , ·⟩ and the usual norm | · | :=
√
⟨· , ·⟩ on Rd. For

any λ ∈ Rd \ {0}, the reflection σλ with respect to the hyperplane λ⊥ orthogonal to λ is

given by

σλ(x) = x− 2
⟨x, λ⟩
|λ|2

λ.

Let R be a finite subset of Rd which does not contain 0. If R satisfies R ∩ Rλ = {±λ}

for all λ ∈ R and σλ(R) = R for all λ ∈ R, then R is called a root system. Throughout

this thesis we will consider a fixed normalized root system R, that is |λ| =
√
2, ∀λ ∈ R.

The subgroup G generated by reflections {σλ : λ ∈ R} is called the reflection group (or

Coxeter group) associated with R and a G­invariant function k : R → C, is known as a

multiplicity function. In this paper, we take a fixed multiplicity function k ≥ 0. Let hk

be the G­invariant homogeneous weight function given by hk(x) =
∏
λ∈R

|⟨x, λ⟩|k(λ) and

13



§2.1. Preliminaries of Dunkl Theory

dµk(x) be the normalized measure ckhk(x)dx, where

c−1
k =

∫
Rd

e−|x|2/2 hk(x) dx,

dk = d+ γk and γk =
∑
λ∈R

k(λ).

Let x ∈ Rd, r > 0 and B(x, r) be the ball with centre at x and radius r. Then the

volume µk(B(x, r)) of B(x, r) is given by 1

µk(B(x, r)) ∼ rd
∏
λ∈R

(|⟨x, λ⟩|+ r)k(λ) . (2.1.1)

It is immediate from above that if r2 > r1 > 0 then

C

(
r1
r2

)dk

≤ µk(B(x, r1))

µk(B(x, r2))
≤ C−1

(
r1
r2

)d

. (2.1.2)

In fact, if x1, x2 ∈ Rd and B(x1, r1) ⊆ B(x2, r2), then

C

(
r1
r2

)dk

≤ µk(B(x1, r1))

µk(B(x2, r2))
≤ C−1

(
r1
r2

)d

. (2.1.3)

Let dG(x, y) denote the distance between theG­orbits of x and y that is dG(x, y) = min
σ∈G

|σ(x)−

y| and for any r > 0 we write VG(x, y, r) = max {µk(B(x, r)), µk(B(y, r))}. Then from

the expression for volume of a ball, it follows that

VG(x, y, dG(x, y)) ∼ µk(B(x, dG(x, y))) ∼ µk(B(y, dG(x, y))). (2.1.4)

Let us define the orbit O(B) of the ball B by

O(B) =
{
y ∈ Rd : dG(cB, y) ≤ r(B)

}
=
⋃
σ∈G

σ(B),

where cB denotes the centre and r(B) denotes the radius of the ball B. It then follows that

µk(B) ≤ µk(O(B)) ≤ |G|µk(B). (2.1.5)
1The symbol ∼ between two positive expressions means that their ratio remains between two positive

constants.
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§2.1. Preliminaries of Dunkl Theory

Although dG satisfies the triangle inequality, it is not a metric on Rd. Also note that for any

x, y ∈ Rd we have dG(x, y) ≤ |x− y|.

The differential­difference operators or theDunkl operatorsTξ introduced byC.F. Dunkl

[22] is given by

Tξf(x) = ∂ξf(x) +
∑
λ∈R

k(λ)

2
⟨λ, ξ⟩f(x)− f(σλx)

⟨λ, x⟩
.

The Dunkl operators Tξ are the k­deformations of the directional derivative operators ∂ξ and

coincides with them in the case k = 0. For a fixed y ∈ Rd, there is a unique real analytic

solution for the system Tξf = ⟨y, ξ⟩f satisfying f(0) = 1. The solution f(x) = Ek(x, y) is

known as theDunkl kernel. For two reasonable functions f and g, the following integration

by parts formula is well known:∫
Rd

Tξ f(x)g(x) dµk(x) = −
∫
Rd

f(x)Tξ g(x) dµk(x).

Also, if at least one of f or g is G­invariant then the Leibniz­type rule holds:

Tξ(fg)(x) = Tξf(x) g(x) + f(x)Tξg(x).

Let us consider the canonical orthonormal basis {ej : j = 1, 2, · · · , d} in Rd and set

Tj = Tej and ∂j = ∂ej . For any multi­index α = (α1, α2, · · · , αd) ∈ (N ∪ {0})d, we use

the following notations.

• |α| = (α1 + α2 + · · ·+ αd),

• ∂0j = I , ∂α = ∂α1
1 ◦ ∂α2

2 ◦ · · · ◦ ∂αd
d ,

• T 0
j = I , Tα = Tα1

1 ◦ Tα2
2 ◦ · · · ◦ Tαd

d .

Sometimes we will write ∂αξ to indicate that the partial derivatives are taken with respect to

the variable ξ.

The Dunkl kernelEk(x, y)which actually generalizes the exponential functions e<x,y>,

has a unique extension to a holomorphic function onCd×Cd. We list below few properties

15



§2.1. Preliminaries of Dunkl Theory

of the Dunkl kernel (see [60–62] for details).

• Ek(x, y) = Ek(y, x) for any x, y ∈ Cd,

• Ek(tx, y) = Ek(x, ty) for any x, y ∈ Cd and t ∈ C,

• |∂αz Ek(ix, z)| ≤ |x||α| for any x, z ∈ Rd and α ∈ (N ∪ {0})d .

Let Lp(Rd, dµk) denote the space of complex valued measurable functions f such that

||f ||Lp(dµk) :=
(∫

Rd

|f(x)|p dµk(x)
)1/p

<∞

and Lp,∞(Rd, dµk) be the corresponding weak space with norm

||f ||Lp,∞(dµk) := sup
t>0

t [µk

(
{x ∈ Rd : |f(x)| > t}

)
]1/p <∞.

For any f ∈ L1(Rd, dµk), the Dunkl transform of f is defined by

Fkf(ξ) =

∫
Rd

f(x)Ek(−iξ, x) dµk(x).

The following properties of Dunkl transform are known in the literature [21, 23].

• Fk preserves the space S(Rd),

• Fk extends to an isometry on L2(Rd, dµk) (Plancherel formula) that is,

||Fkf ||L2(dµk) = ||f ||L2(dµk),

• If both f and Fkf are in L1(Rd, dµk), then the following Dunkl inversion formula holds

f(x) = F−1
k (Fkf)(x) =:

∫
Rd

Fkf(ξ)Ek(iξ, x) dµk(ξ),

• From definition of the Dunkl kernel, for any f ∈ S(Rd), the following relations holds :

TjFkf(ξ) = −Fk(i(·)jf)(ξ) and Fk(Tjf)(ξ) = iξjFkf(ξ).

The Dunkl translation τ kxf of a function f ∈ L2(Rd, dµk) is defined in [71] in terms of

Dunkl transform by

Fk(τ
k
xf)(y) = Ek(ix, y)Fkf(y).
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§2.1. Preliminaries of Dunkl Theory

SinceEk(ix, y) is bounded, the above formula defines τ kx as a bounded operator onL2(Rd, dµk).

We collect few properties of the Dunkl translations which will be used later.

• For f ∈ S(Rd), τ kx can be pointwise defined as

τ kxf(y) =

∫
Rd

Ek(ix, ξ)Ek(iy, ξ)Fkf(ξ) dµk(ξ),

• τ ky f(x) = τ kxf(y) for any f in S(Rd),

•
∫
Rd τ

k
xf(y)g(y)dµk(y) =

∫
Rd f(y)τ

k
−xg(y)dµk(y), for any f ∈ S(Rd) and any bounded

function g ∈ L1(Rd, dµk);

• τ kx (ft) = (τ kt−1xf)t, ∀x ∈ Rd and ∀f ∈ S(Rd), where ft(x) = t−dkf(t−1x) and t > 0;

• τ kxf ≥ 0 for all bounded, radial functions f ∈ L1(Rd, dµk) such that f ≥ 0.

Also the following specific formula for the Dunkl translation of Schwartz class radial

functions f(x) = f0(|x|) was obtained by Rösler [62].

τ kxf(−y) =
∫
Rd

(f0 ◦ A)(x, y, η) dµx(η), (2.1.6)

where A(x, y, η) =
√

|x|2 + |y|2 − 2⟨y, η⟩ and µx is a probability measure supported in

the convex hull of the set {σ(x) : σ ∈ G}.

A useful formula that for any η ∈ conv {σ(x) : σ ∈ G},

dG(x, y) ≤ A(x, y, η) ≤ max
σ∈G

|σ(x)− y|. (2.1.7)

Thangavelu and Xu [71, Proposition 3.3] observed that the formula (2.1.6) also holds

for radial functions f such that both f and Fkf ∈ L1(Rd, dµk). Later Dai and Wang [19,

Lemma 3.4] extended it to all continuous radial functions in L2(Rd, dµk).

Although τ kx is bounded operator for radial functions in Lp(Rd, dµk) (see [31]), it is

not known whether Dunkl translation is bounded operator or not on whole Lp(Rd, dµk) for

p ̸= 2.

For f, g ∈ L2(Rd, dµk), the Dunkl convolution f ∗k g of f and g is defined by

f ∗k g(x) =
∫
Rd

f(y)τ kx g(−y) dµk(y).
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§2.2. A Multilinear Dunkl setup

∗k has the following basic properties (see [71] for details).

• f ∗k g(x) = g ∗k f(x) for any f, g ∈ L2(Rd, dµk);

• Fk(f ∗k g)(ξ) = Fkf(ξ)Fkg(ξ) for any f, g ∈ L2(Rd, dµk).

As mentioned for the Dunkl operators case, for k = 0 Dunkl transform becomes the

Euclidean Fourier transform and the Dunkl translation operator becomes the usual transla­

tion. In this sense, Dunkl transform is a generalization of Euclidean Fourier transform and

putting k = 0, we can recover the corresponding results in the classical setting from our

results.

2.2 A Multilinear Dunkl setup

We start this section by extending the Dunkl theory to a multilinear setup. LetR be the root

system and k be the multiplicity function as in the last Section. Then

Rm := (R× (0)m−1) ∪
(
(0)1 ×R× (0)m−2

)
∪ · · · ∪

(
(0)m−1 ×R

)
,

where (0)j = {(0, 0, · · · , 0)} ⊂ (Rd)j , defines a root system in
(
Rd
)m. The reflection

group acting on (Rd)m is isomorphic to the m­fold product G × G × · · · × G. Let km :

Rm → C be defined by

km((0, 0, · · · , λ, · · · , 0)) = k(λ) for any λ ∈ R.

Then it follows that km is a non­negative normalized multiplicity function on Rm. Due

to this choice of the Root system and multiplicity function, Dunkl objects on (Rd)m splits

into product of the corresponding objects in Rd. In fact, using the notations as described in

Section 2.1, it follows that for any x1, y1, x2, y2, · · · , xm, ym ∈ Rd, we have

dµkm
(
(x1, x2, · · · , xm)

)
= dµk(x1)dµk(x2) · · · dµk(xm).
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§2.3. Spaces of Homogeneous type and Muckenhoupt Weights

Again the structures of the root system and the multiplicity function allow us to write

Ekm
(
(x1, x2, · · · , xm), (y1, y2, · · · , ym)

)
= Ek(x1, y1)Ek(x2, y2) · · ·Ek(xm, ym).

This at once implies that for reasonable functions f1, f2, · · · , fm;

Fkm (f1 ⊗ f2 ⊗ · · · ⊗ fm)
(
(x1, x2, · · · , xm)

)
= Fkf1(x1)Fkf2(x2) · · · Fkfm(xm)

and τ km(x1,x2,··· ,xm) (f1 ⊗ · · · ⊗ fm)
(
(y1, y2, · · · , ym)

)
= τ kx1

f1(y1) · · · τ kxm
fm(ym).

Also them­fold counterparts of all the properties mentioned in Section 2.1 hold in this case.

2.3 Spaces ofHomogeneous type andMuckenhouptWeights

Definition 2.3.1. A space of homogeneous type (X, ρ, dµ) is a topological space equipped

with a quasi metric ρ and a Borel measure dµ such that

(i) ρ is continuous onX×X and the ballsBρ(x, r)) := {y ∈ X : ρ(x, y) < r} are open

in X;

(ii) the measure µ fulfills the doubling condition :

µ(Bρ(x, 2r)) ≤ Cµ(Bρ(x, r)), ∀x ∈ X, ∀r > 0;

(iii) 0 < µ(Bρ(x, r)) <∞ for every x ∈ X and r > 0.

Note that the Dunkl measure µk is a Borel measure on Rd and satisfies the doubling

condition, and hence (Rd, |x− y|, dµk) is a space of homogeneous type.

For any m ∈ N and given any
−→
f = (f1, f2, · · · , fm) with each fj being a locally

integrable function on (X, ρ, dµ), we define themulti(sub)linearHardy­Littlewoodmaximal

function MX
HL by

MX
HL

−→
f (x) = sup

Bρ⊂X
x∈Bρ

m∏
j=1

1

µ(Bρ)

∫
Bρ

|fj(y)| dµ(y),
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§2.3. Spaces of Homogeneous type and Muckenhoupt Weights

where supremum is taken over all balls Bρ in X which contains x.

Wewill use the notationMk
HL for themulti(sub)linear Hardy­Littlewoodmaximal func­

tion on the space (Rd, |x− y|, dµk), i.e.,

Mk
HL

−→
f (x) = sup

B⊂Rd

x∈B

m∏
j=1

1

µk(B)

∫
B

|fj(y)| dµk(y).

Whenm = 1, we will write

Mk
HLf(x) := sup

B⊂Rd

x∈B

1

µk(B)

∫
B

|f(y)| dµk(y).

For any locally integrable function f , we also define the sharp maximal function Mk, #
HL,

given by

Mk, #
HLf(x) = sup

B⊂Rd

x∈B

1

µk(B)

∫
B

|f(y)− fB| dµk(y),

where

fB =
1

µk(B)

∫
B

f(y) dµk(y).

For ϵ > 0 set

Mk, #
HL, ϵ f(x) =

(
Mk, #

HL(|f |
ϵ)(x)

)1/ϵ
.

Observe that for ϵ, a, b > 0, the inequalities

min{1, 2ϵ−1}(aϵ + bϵ) ≤ (a+ b)ϵ ≤ max{1, 2ϵ−1}(aϵ + bϵ)

yield

Mk, #
HL, ϵ f(x) ∼ sup

B⊂Rd

x∈B

inf
c∈C

[ 1

µk(B)

∫
B

∣∣ |f(y)|ϵ − |c|ϵ
∣∣ dµk(y)

]1/ϵ
.

For t > 1, we also define the average maximal operator Mk
t,HL, given by Mk

t,HLf =

(Mk
HL|f |t)1/t. From the well known result in homogeneous space type [17], we can state

the following theorem for the above maximal type operators.

Theorem 2.3.2. Letm ∈ N, then
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(i) Mk
HL is weak typeL1(Rd, dµk)×L1(Rd, dµk)×· · ·×L1(Rd, dµk) toL1/m(Rd, dµk);

(ii) for 1 < p <∞,Mk
HL is strong type Lp(Rd, dµk) to Lp(Rd, dµk);

(iii) for t > 1,Mk
(tp)′,HL is strong type Lp′(Rd, dµk) to Lp′(Rd, dµk).

A non­negative locally integrable function in a homogeneous space is called a weight.

Next we define Muckenhoupt class in homogeneous space setting as follows.

Definition 2.3.3. Let 1 ≤ p <∞ and w be a weight. The weight w is said to belong to the

class Ap(X, ρ, dµ), if it satisfies

sup
Bρ⊂X

( 1

µ(Bρ)

∫
Bρ

w(y)dµ(y)
)( 1

µ(Bρ)

∫
Bρ

w(y)1−p′dµ(y)
)p−1

<∞,

when p = 1,
(

1
µ(Bρ)

∫
Bρ
w(y)1−p′dµ(y)

)p−1

is understood as
(
inf
Bρ

w

)−1

.

Set A∞(X, ρ, dµ) :=
⋃

1≤p<∞
Ap(X, ρ, dµ).

Definition 2.3.4. Let 1 < p ≤ q < ∞ and w be a weight. We say that the weight w is in

the class Ap, q(X, ρ, dµ), if it satisfies

sup
Bρ⊂X

(
1

µ(Bρ)

∫
Bρ

w(y)qdµ(y)

)1/q(
1

µ(Bρ)

∫
Bρ

w(y)−p′dµ(y)

)1/p′

<∞.

We also have the multilinear analogue of the above classes as follows.

Definition 2.3.5. Let 1 ≤ p1, p2, · · · , pm < ∞,
−→
P = (p1, p2, · · · , pm) and p be the num­

ber given by 1/p = 1/p1 + 1/p2 + · · · + 1/pm. Furthermore, let v, w1, w2, · · · , wm be

weights and −→w = (w1, w2, · · · , wm). We say that the vector weight (v,−→w ) is in the class

A−→
P
(X, ρ, dµ), if it satisfies

sup
Bρ⊂X

( 1

µ(Bρ)

∫
Bρ

v(y)dµ(y)
)1/p m∏

j=1

( 1

µ(Bρ)

∫
Bρ

wj(y)
1−p′jdµ(y)

)1/p′j
<∞,

when pj = 1,
(

1
µ(Bρ)

∫
Bρ
wj(y)

1−p′jdµ(y)
)1/p′j

is understood as
(
inf
Bρ

wj

)−1

.
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In particular when v =
m∏
j=1

w
p/pj
j , wewill simply say that−→w is in the classA−→

P
(X, ρ, dµ).

Definition 2.3.6. Let 1 < p1, p2, · · · , pm <∞, q be a number such that 1/m < p ≤ q <∞

and w1, w2, · · · , wm be weights. We say that the vector weight −→w = (w1, w2, · · · , wm) is

in the class A−→
P , q

(X, ρ, dµ), if it satisfies

sup
Bρ⊂X

(
1

µ(Bρ)

∫
Bρ

( m∏
j=1

wj(y)
)q
dµ(y)

)1/q m∏
j=1

(
1

µ(Bρ)

∫
Bρ

wj(y)
−p′jdµ(y)

)1/p′j

<∞.

For the homogeneous space type(Rd, |x− y|, dµk), we will simply write Ak
p, Ak

∞, Ak
p, q,

Ak−→
P
andAk−→

P , q
in place ofAp(Rd, |x−y|, dµk),A∞(Rd, |x−y|, dµk),Ap, q(Rd, |x−y|, dµk),

A−→
P
(Rd, |x − y|, dµk) and A−→

P , q
(Rd, |x − y|, dµk), respectively. Ak

p weights are recently

studied in [41] without using the results of spaces of homogeneous type. However in this

article will use the known results for weights in a general space of homogeneous type. In

our main theorems we will use G­invariant weights in Dunkl setting, i.e. weights w in Rd

that satisfies w(σ(x)) = w(x), ∀x ∈ Rd and ∀σ ∈ G. It is quite natural to restrict to the

weights which are G­invariant as the Dunkl measure dµk itself is G­invariant. From G­

invariance of a weight w, it follows that for a reasonable function f on Rd, for any σ ∈ G

and for any exponent p,∫
Rd

f ◦ σ(x)w(x) dµk(x) =

∫
Rd

f(x)w(x) dµk(x),

which will be used many times in our proofs.

As in the classical setting [7, Remark 2.4] the following property of Ak−→
P , q

follows im­

mediately from the definition.

Proposition 2.3.7. Let 1 < p1, p2, · · · , pm < ∞, q be such that 1/m < p ≤ q < ∞ and
−→w ∈ Ak−→

P , q
, then there exist t > 1 such that for any ball B ∈ Rd,(

1

µk(B)

∫
B

wj(y)
−tp′jdµk(y)

)1/t

≤ C
1

µk(B)

∫
B

wj(y)
−p′jdµk(y).
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Proof. We only give an outline of the proof as the same argument as in the classical case

works here also. From the definition one can find that−→w ∈ Ak−→
P , q

implies eachw
−p′j
j satisfies

the Ak
∞ condition (see [51, Theorem 3.4 ], for the classical case). Then the rest of the proof

is a direct consequence of the fact thatA∞ weights satisfy the reverse Hölder condition.

We also have the following improving property of Ak−→
P , q

weights.

Proposition 2.3.8. Suppose that 1 < p1, p2, · · · , pm < ∞, 0 < α < mdk, 1/m < p <

dk/α and q be a number defined by 1/q = 1/p− α/dk. Furthermore, let the vector weight
−→w = (w1, w2, · · · , wm) ∈ Ak−→

P , q
, then there exists ϵ > 0 such that

−→w ∈ Ak−→
P , qϵ

∩ Ak−→
P , q̃ϵ

,

where 1/qϵ = 1/p − (α + ϵ)/dk and 1/q̃ϵ = 1/p − (α − ϵ)/dk. Also ϵ satisfies ϵ <

min{α,mdk − α}; 1/p > (α + ϵ)/dk and 1/q < (mdk − ϵ)/dk.

Proof. Let 1 < r <∞ and w ∈ Ak
r , then we have the following.

(i) for r ≤ s <∞, Ak
r ⊆ Ak

s ;

(ii) for any 0 < δ < 1, wδ ∈ Ak
r ;

(iii) there exists δ > 0 with r − δ > 1 such that w ∈ Ak
r−δ;

(iv) there exists δ > 0 such that w1+δ ∈ Ak
r .

In fact (i) and (ii) follows easily by applying Hölder’s inequality. For any homogeneous

space with doubling measure, proof of (iii) can be found in [68, Lemma 8]. Finally (iv)

follows by using the fact that w ∈ Ak
r implies w1−r′ ∈ Ak

r′ , using the result in [68, Theorem

15] for homogeneous spaces together with decreasing property of reverse Hölder classes.

On the other hand, let 1 < s1, s2, · · · , sm < ∞, 1/s = 1/s1 + 1/s2 + · · · + 1/sm and

0 < r <∞. Then w ∈ Ak−→
S ,r

if and only if
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(i)
( m∏

j=1

wj

)r
∈ Ak

1+r(m−1/s);

(ii) for all j ∈ {1, 2, · · · ,m}, w−s′j
j ∈ Ak

1+s′jtj
, where tj = 1/r +m− 1/s− 1/s′j.

This actually follows by repeating the arguments used in the proof by Iida [44, Theorem 2]

for the classical case with obvious modifications of the parameters involved.

Thus we have acquired all the ingredients used in the proof the corresponding result in

classical setting [76, Lemma 3.3]. Hence the proof follows by arguing in the same way as

in the classical case.

We end this section by stating two theorems which follow from well known results for

general space of homogeneous type [34, Theorem 4.4, Theorem 4.6, and Theorem 4.7].

Theorem 2.3.9. Let 1 ≤ p1, p2, · · · , pm < ∞,
−→
P = (p1, p2, · · · , pm), p be the number

given by 1/p = 1/p1 + 1/p2 + · · · + 1/pm and v, w1, w2, · · · , wm be weights. Then the

following hold:

(i) if pj = 1 for some 1 ≤ j ≤ m and the vector weight (v,−→w ) ∈ Ak−→
P
, then for all

−→
f ∈ Lp1(Rd, w1 dµk) × Lp2(Rd, w2 dµk) × · · · × Lpm(Rd, wm dµk), the following

boundedness holds:

sup
t>0

t
( ∫
{y ∈Rd:Mk

HL

−→
f (y)>t}

v(x) dµk(x)
)1/p

≤ C

m∏
j=1

(∫
Rd

|fj(x)|pjwj(x)dµk(x)
)1/pj

;

(ii) if pj > 1 for all 1 ≤ j ≤ m and for some t > 1 the vector weight (v,−→w ) satisfies the

bump condition

sup
B⊂Rd

( 1

µk(B)

∫
B

v(y)dµk(y)
)1/p m∏

j=1

( 1

µk(B)

∫
B

wj(y)
−tp′j/pjdµk(y)

)1/tp′j
<∞,

(2.3.1)
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then for all
−→
f ∈ Lp1(Rd, w1 dµk)× Lp2(Rd, w2 dµk)× · · · × Lpm(Rd, wm dµk), the

following boundedness holds:

(∫
Rd

(
Mk

HL

−→
f (x)

)p
v(x) dµk(x)

)1/p
≤ C

m∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dµk(x)
)1/pj

.

Theorem 2.3.10. Let 1 < p1, p2, · · · , pm < ∞,
−→
P = (p1, p2, · · · , pm), p be the number

given by 1/p = 1/p1 + 1/p2 + · · · + 1/pm and w1, w2, · · · , wm be weights such that the

vector weight −→w ∈ Ak−→
P
; then for all

−→
f ∈ Lp1(Rd, w1 dµk) × Lp2(Rd, w2 dµk) × · · · ×

Lpm(Rd, wm dµk), the following boundedness holds:

(∫
Rd

(
Mk

HL

−→
f (x)

)p m∏
j=1

wj(x)
p/pj dµk(x)

)1/p
≤ C

m∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dµk(x)
)1/pj

.
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Chapter 3

Multilinear Dunkl­ Calderón­ Zygmund
Operators

In this chapter, we introduce multilinear Calderón­Zygmund operators that incorporate the

actions of reflection groups and orbit distances, aligning appropriately with the Dunkl setup.

Our focus lies in establishing weighted bounds for these operators, extending the corre­

sponding conclusions from the classical setup to the Dunkl setup. Assuming the initial

boundedness condition, we first prove an end­point weak­type boundedness result in Sec­

tion 3.2. Then, in Section 3.3, by combining these weak­type end­point estimates with

known bounds for the maximal operators, we establish one and two­weight estimates for

multilinear Dunkl­Calderón­Zygmund operators. In Section 3.4, we delve into the study of

maximal operators associatedwithmultilinear Dunkl­Calderón­Zygmund operators. Specif­

ically, we establish a multilinear Cotlar­type inequality as a means of attaining the weighted

boundedness of these maximal operators. The content of this chapter is based on a portion

of the work [56] and on the work [54].

3.1 Introduction

In the 1950’s, Calderón and Zygmund [9–11]made significant progress in laying the ground­

work for studying a broad category of singular integral operators. These operators later

became known as Calderón­Zygmund operators. Much later, in the 2000’s, a considerable

portion of these works was extended to the multilinear setting (see e.g. [14,15,25,36–38,45,

48]). Our primary focus among these references lies in the multilinear Calderón­Zygmund
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operators, as introduced by Grafakos and Torres [38].

The study of singular integral operators has been well­explored in the Dunkl setup [4,

27,69]. Remarkably, Tan et al. [69] recently introduced a category of singular integrals that

bears resemblance to classical Calderón­Zygmund operators. However, currently, there is

no known theory for multilinear singular integrals in this framework. Thus, it is crucial

to investigate this unexplored domain. In this chapter, our objective is to explorem­linear

Dunkl­Calderón­Zygmund operators, which can be treated as Dunkl counter part of the

multilinear Calderón­Zygmund operators in classical setting introduced by Grafakos and

Torres [38].

In the theory of Dunkl analysis, our findings on multilinear singular integral operators

pave the way for studying various multilinear operators within the Dunkl framework. No­

tably, in the next chapter, we have derived that bilinear multipliers represent specific class

of such operators. Furthermore, we anticipate the extension of these results to encompass

other type of operators, including multilinear Dunkl­pseudo­differential operators belong­

ing to some particular symbol classes, much like in the classical case ( [12, 38]). Also,

this, in turn, prompts us to explore other types of multilinear singular integrals, such as

rough singular integrals and singular integrals with Dini­type conditions, along with their

associated commutators.

Motivated by the Definition 1.1.1 of classical multilinear Calderón­Zygmund opera­

tors, we provide the following definition for multilinear Calderón­Zygmund operators in

the Dunkl setting.

Definition 3.1.1. Anm­linear Dunkl­Calderón­Zygmund operator is a function T defined

on them­fold product S(Rd)×S(Rd)×· · ·×S(Rd) and taking values on S ′(Rd) such that

for all fj ∈ C∞
c (Rd) with σ(x) /∈

m⋂
j=1

supp fj for all σ ∈ G, T can be represented as
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T (
−→
f )(x) =

∫
(Rd)m

K(x, y1, y2, · · · , ym)
m∏
j=1

fj(yj) dµk(yj),

whereK is a function defined away from the set O(△m+1)

=:
{
(x, y1, y2, · · · , ym) ∈ (Rd)m+1 : x = σj(yj) for some σj ∈ G, for all 1 ≤ j ≤ m

}
which satisfies the following size estimate and smoothness estimates for some 0 < ϵ ≤ 1:

|K(y0, y1, y2, · · · , ym)| ≤ CK

[ m∑
j=1

µk

(
B(y0, dG(y0, yj))

)]−m


m∑
j=1

dG(y0, yj)

m∑
j=1

|y0 − yj|


ϵ

,

(3.1.1)

for all (y0, y1, y2, · · · , ym) ∈ (Rd)m+1 \ O(△m+1);

|K(y0, y1, y2, · · · , yn, · · · , ym)−K(y0, y1, y2, · · · , y′n, · · · , ym)|

≤ CK

[ m∑
j=1

µk

(
B(y0, dG(y0, yj))

)]−m

 |yn − y′n|
max

1≤j≤m
|y0 − yj|

ϵ

, (3.1.2)

whenever |yn − y′n| ≤ max
1≤j≤m

dG(y0, yj)/2, for all n ∈ {0, 1, · · · ,m}.

Note that the size condition (3.1.1) guarantees that the above integral is convergent and

hence pointwise T (
−→
f )makes sense. Also this definition of multilinear Calderón­Zygmund

operators inDunkl settingmatcheswith the definition ofmultilinear Calderón­Zygmund op­

erators in classical setting [38] as well as with the definition of linear Calderón­Zygmund

operators in Dunkl setting [69]. In this context, it is worth noting that the regularity condi­

tions (3.1.2) assumed on the kernel are much weaker than those required for kernels of the

multilinear Calderón­Zygmund type operators defined in [34] for spaces of homogeneous

type. This contrast is consistent with the situation in the linear case, as shown in [69, p. 10].

Ourmain results regardingDunkl­Calderón­Zygmund operators are one­weight inequal­

ities Theorem 3.3.4 and and two­weight inequalities Theorem 3.3.3. In the proofs of these
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theorems, we closely follow the scheme used in [48] (see also [34]). However, due to in­

volvement of the action of the reflection group inDefinition 3.1.1, some new ideas regarding

G­orbits, the Dunkl metric dG, and results for spaces of homogeneous type are required to

complete the proofs. Here, we also mention that by arguing as in [69, p. 10], we can see

that the smoothness conditions (3.1.2) assumed on the kernel are weaker than that of the

Calderón­Zygmund singular integral operators given in spaces of homogeneous type [34, p.

20]. So, the results for singular integrals in spaces of homogeneous type do not imply our

results.

3.2 Weak Boundedness for Multilinear Dunkl­Calderón­
Zygmund Operators

Before going into the weak­type estimates for T , we require the following lemma.

Lemma 3.2.1. For any ϵ > 0 and N ∈ N there exists a constant C > 0 such that for any

s ∈ {1, 2, · · · , N} and x, yn ∈ Rd,∫
Rd

[ N∑
n=1

µk

(
B(x, dG(x, yn))

)]−1
[ max
1≤n≤N

dG(x, yn)]
−ϵ dµk(ys) ≤ C [ max

1≤n≤N
n ̸=s

dG(x, yn)]
−ϵ.

Proof. Take t = max
1≤n≤N

n ̸=s

dG(x, yn).

Estimate for dG(x, ys) < 2t.

In this case using (2.1.2), it is not hard to see that

N∑
n=1

µk

(
B(x, dG(x, yn))

)
∼ µk(B(x, t)).

Then from (2.1.5),∫
dG(x,ys)<2t

[ N∑
n=1

µk

(
B(x, dG(x, yn))

)]−1
[ max
1≤n≤N

dG(x, yn)]
−ϵ dµk(ys)
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≤ C [ max
1≤n≤N

n ̸=s

dG(x, yn)]
−ϵ

∫
dG(x,ys)<2t

1

µk(B(x, t))
dµk(ys)

≤ C [ max
1≤n≤N

n ̸=s

dG(x, yn)]
−ϵ.

Estimate for dG(x, ys) ≥ 2t.

In this case we have

N∑
n=1

µk

(
B(x, dG(x, yn))

)
∼ µk(B(x, dG(x, ys))).

Hence, similarly applying (2.1.5) again,∫
dG(x,ys)≥2t

[ N∑
n=1

µk

(
B(x, dG(x, yn))

)]−1
[ max
1≤n≤N

dG(x, yn)]
−ϵ dµk(ys)

≤ C

∫
dG(x,ys)≥2t

1

µk

(
B(x, dG(x, ys))

) [dG(x, ys)]−ϵ dµk(ys)

≤ C
∞∑
r=1

∫
2rt≤dG(x,ys)<2r+1t

1

µk

(
B(x, dG(x, ys))

) [dG(x, ys)]−ϵ dµk(ys)

≤ C
∞∑
r=1

1

(2rt)ϵ
|G|µk(B(x, 2rt))

µk(B(x, 2rt))
≤ C t−ϵ = C [ max

1≤n≤N
n̸=s

dG(x, yn)]
−ϵ.

This completes the proof of the lemma.

Throughout this sectionwewill assume that T is anm­linear Dunkl­Calderón­Zygmund

operator and T maps fromLq1(Rd, dµk)×Lq2(Rd, dµk)×· · ·×Lqm(Rd, dµk) toLq,∞(Rd,

dµk) with norm A for some q, q1, q2, · · · , qm satisfying 1 ≤ q1, q2, · · · , qm < ∞ with

1/q = 1/q1 + 1/q2 + · · · + 1/qm. From this a priori boundedness condition we can prove

the following weak­type end­point estimates.

Theorem 3.2.2. Let T be a multilinear operator as described above. Then T extends to a

bounded operator from them­fold productL1(Rd, dµk)×L1(Rd, dµk)×· · ·×L1(Rd, dµk)

to L1/m,∞(Rd, dµk) with norm ≤ C(CK + A).
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Proof. By density argument, it is enough to show the result for functions in S(Rd). Take

f1, f2, · · · , fm ∈ S(Rd) and fix α > 0. Define

Eα =
{
x ∈ Rd : |T (f1, f2, · · · , fm)(x)| > α

}
.

Also, without loss of generality we can take ∥fj∥L1(dµk) = 1. It then suffices to prove that

µk(Eα) ≤ C(CK + A)1/m α−1/m.

Let ν > 0 be constant to be defined later. Applying Calderón­Zygmund decomposition

to each of the functions fj at height (αν)1/m, we obtainm number of good functions gj ,m

number of bad functions bj andm families Ij of balls
{
Bj, n : n ∈ Ij

}
such that fj = gj+bj ,

bj =
∑
n∈Ij

bj, n with the properties that for all n ∈ Ij and s ∈ [1,∞),

(i) supp bj, n ⊆ Bj, n and
∫
Rd bj, n(y) dµk(y) = 0;

(ii) ∥bj, n∥L1(dµk) ≤ C(αν)1/m µk(Bj, n);

(iii)
∑
n∈Ij

µk(Bj, n) ≤ C(αν)−1/m;

(iv) ∥gj∥L∞ ≤ C(αν)1/m, ∥gj∥Ls(dµk) ≤ C(αν)1/m(1−1/s) and ∥bj∥L1(dµk) ≤ C.

Now let

E1 = {x ∈ Rd : |T (g1, g2, · · · , gm)(x)| > α/2m},

E2 = {x ∈ Rd : |T (b1, g2, · · · , gm)(x)| > α/2m},

E3 = {x ∈ Rd : |T (g1, b2, · · · , gm)(x)| > α/2m}
...

and E2m = {x ∈ Rd : |T (b1, b2, · · · , bm)(x)| > α/2m}.

Then µk

({
x ∈ Rd : |T (f1, f2, · · · , fm)(x)| > α

})
≤

2m∑
n=1

µk(En). It is now enough to

show that for all n ∈ {1, 2, · · · , 2m},

µk(En) ≤ C(CK + A)1/mα−1/m. (3.2.1)
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Applying the given hypothesis on T , we get

µk(E1) ≤ C(2mA/α)q||g1||qLq1 (dµk)
||g2||qLq2 (dµk)

· · · ||gm||qLqm (dµk)

≤ C Aqα−q(αν)(q/m)(m−1/q) ≤ C Aqα−1/mνq−1/m. (3.2.2)

Next let us take En, where 2 ≤ n ≤ 2m. Consider the case where there are exactly

l bad functions appearing in T (h1, h2, · · · , hm) where hj is either gj or bj and also let

j1, j2, · · · , jl are the indices which corresponds to the bad functions. We will prove that

µk(En) ≤ Cα−1/m[ν−1/m + ν−1/m(ν CK)
1/l]. (3.2.3)

Let rj,n be the radius and cj,n be the centre of the ball Bj,n. Define (Bj,n)
∗ = B(cj,n, 2rj,n)

and (Bj,n)
∗∗ = B(cj,n, 5rj,n). Now

µk

( m⋃
j=1

⋃
n∈Ij

O
(
(Bj,n)

∗∗)) ≤
m∑
j=1

∑
n∈Ij

µk

(
O
(
(Bj,n)

∗∗))
≤ |G|

m∑
j=1

∑
n∈Ij

µk

(
(Bj,n)

∗∗)
≤ C

m∑
j=1

∑
n∈Ij

µk

(
Bj,n)

)
≤ C(αν)−1/m.

Thus in view of the above inequality, to prove (3.2.3), we only need to show that

µk

({
x /∈

m⋃
j=1

⋃
n∈Ij

O
(
(Bj,n)

∗∗) : |T (h1, h2, · · · , hm)(x)| > α/2m
})

≤ C (αν)−1/m(CK ν)
1/l. (3.2.4)

Fix x /∈
m⋃
j=1

⋃
n∈Ij

O
(
(Bj,n)

∗∗). Then
|T (h1, h2, · · · , hm)(x)| ≤

∑
n1∈Ij1

· · ·
∑
nl∈Ijl

∣∣ ∫(
Rd
)m K(x, y1, y2, · · · , ym)

×
∏

s /∈{j1,··· ,jl}

gs(ys)
l∏

s=1

bjs, ns(yjs) dµk(y1) · · · dµk(ym)
∣∣
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=:
∑

n1∈Ij1

· · ·
∑
nl∈Ijl

Hn1,n2,··· ,nl
. (3.2.5)

Let us fix balls Bj1,n1 , Bj2,n2 , · · · , Bjl,nl
and without loss of generality let us take

rj1,n1 = min
1≤s≤l

rjs,ns .

Then using the smoothness condition (3.1.2) we have∣∣ ∫
(Bj1,n1

)∗
K(x, y1, y2, · · · , ym) bj1,n1(yj1) dµk(yj1)

∣∣
=

∣∣ ∫
(Bj1,n1

)∗
[K(x, y1, · · · , yj1 , · · · , ym)−K(x, y1, · · · , cj1,n1 , · · · , ym)]

×bj1,n1(yj1) dµk(yj1)
∣∣

≤ CK

∫
(Bj1,n1

)∗

[ m∑
n=1

µk

(
B(x, dG(x, yn))

)]−m
[ |yj1 − cj1,n1|
max

1≤n≤m
|x− yn|

]ϵ
× |bj1,n1(yj1)| dµk(yj1). (3.2.6)

To complete the proof, taking integration on both sides of (3.2.6) with respect to ys ∈

{1, 2, · · · ,m} \ {j1, j2, · · · , jl} and using Lemma 3.2.1 (m− l) times, we get∫
(Rd)m−l

∣∣ ∫
(Bj1,n1

)∗
K(x, y1, y2, · · · , ym) bj1,n1(yj1) dµk(yj1)

∣∣ ∏
s /∈{j1,j2,··· ,jl}

dµk(ys)

≤ CK

∫
(Bj1,n1

)∗
|bj1,n1(yj1)|

[ ∫
(Rd)m−l

[ m∑
n=1

µk

(
B(x, dG(x, yn))

)]−m
[ |yj1 − cj1,n1|
max

1≤n≤m
dG(x, yn)

]ϵ
×

∏
s/∈{j1,j2,··· ,jl}

dµk(ys)
]
dµk(yj1)

≤ CCK

∫
(Bj1,n1

)∗
|bj1,n1(yj1)|

[ l∑
s=1

µk

(
B(x, dG(x, yjs))

)]−l|yj1 − cj1,n1|ϵ

×[max
1≤s≤l

dG(x, yjs)]
−ϵ dµk(yj1)

≤ CCK

∫
(Bj1,n1

)∗

[ rj1,n1

max
1≤s≤l

dG(x, yjs)

]ϵ[ l∑
s=1

µk

(
B(x, dG(x, yjs))

)]−l |bj1,n1(yj1)| dµk(yj1).

(3.2.7)

Now yjs ∈ Bjs,ns and x /∈
m⋃
j=1

⋃
n∈Ij

O
(
(Bj,n)

∗∗) together implies

dG(x, yjs) ∼ dG(x, cjs,ns) and hence µk

(
B(x, dG(x, yjs))

)
∼ µk

(
B(x, dG(x, cjs,ns))

)
.
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Also the minimality of rj1,n1 implies

rj1,n1 ≤
l∏

s=1

(rjs,ns)
1/l.

Similarly,

max
1≤s≤l

dG(x, cjs,ns) ≥
l∏

s=1

[dG(x, cjs,ns)]
1/l

and
l∑

s=1

µk

(
B(x, dG(x, cjs,ns))

)
≥

l∏
s=1

[µk

(
B(x, dG(x, cjs,ns))

)
]1/l.

Now, taking the above discussions into account, from (3.2.7) we can write∫
(Rd)m−l

∣∣ ∫
(Bj1,n1

)∗
K(x, y1, y2, · · · , ym) bj1,n1(yj1) dµk(yj1)

∣∣ ∏
s /∈{j1,j2,··· ,jl}

dµk(ys)

≤ CCK

[ rj1,n1

max
1≤s≤l

dG(x, cjs,ns)

]ϵ[ l∑
s=1

µk

(
B(x, dG(x, cjs,ns))

)]−l ∥bj1,n1∥L1(dµk)

≤ CCK ∥bj1,n1∥L1(dµk)

l∏
s=1

[ rjs,ns

dG(x, cjs,ns)

]ϵ/l 1

µk

(
B(x, dG(x, cjs,ns))

) .
So using properties of Calderón­Zygmund decomposition, from (3.2.5) we write

Hn1,n2,··· ,nl
≤

∫(
Rd
)m−1

∣∣ ∫
(Bj1,n1

)∗
K(x, y1, y2, · · · , ym) bj1,n1 dµk(yj1)

∣∣
×

∏
s /∈{j1,··· ,jl}

|gs(ys)| dµk(ys)
l∏

s=2

|bjs, ns(yjs)| dµk(yjs)

≤ CCK (αν)(m−l)/m ∥bj1,n1∥L1(dµk)

∫(
Rd
)l−1

l∏
j=2

|bjs,ns(yjs)| dµk(yjs)

×
l∏

s=1

[ rj1,n1

dG(x, cjs,ns)

]ϵ/l 1

µk

(
B(x, dG(x, cjs,ns))

)
≤ CCK (αν)(m−l)/m

l∏
s=1

[ rjs,ns

dG(x, cjs,ns)

]ϵ/l ∥bjs,ns∥L1(dµk)

µk

(
B(x, dG(x, cjs,ns))

)
≤ CCK αν

l∏
s=1

[ rjs,ns

dG(x, cjs,ns)

]ϵ/l µk(Bjs,ns)

µk

(
B(x, dG(x, cjs,ns))

) .
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Thus for any x /∈
m⋃
j=1

⋃
n∈Ij

O
(
(Bj,n)

∗∗), substituting the above inequality in (3.2.5), we have
|T (h1, h2, · · · , hm)(x)|

≤ CCK αν
∑

n1∈Ij1

· · ·
∑
nl∈Ijl

l∏
s=1

[ rjs,ns

dG(x, cjs,ns)

]ϵ/l µk(Bjs,ns)

µk

(
B(x, dG(x, cjs,ns))

)
≤ CCK αν

l∏
s=1

[ ∑
ns∈Ijs

[ rjs,ns

dG(x, cjs,ns)

]ϵ/l µk(Bjs,ns)

µk

(
B(x, dG(x, cjs,ns))

)]. (3.2.8)

Now using the facts that dG(x, cjs,ns) ∼ dG(x, cjs,ns) + rjs,ns , µk

(
B(x, dG(x, cjs,ns))

)
∼

µk

(
B(x, dG(x, cjs,ns) + rjs,ns)

)
and the condition (2.1.2), we get[ rjs,ns

dG(x, cjs,ns)

]ϵ/l µk(Bjs,ns)

µk

(
B(x, dG(x, cjs,ns))

)
≤ C

[ µk

(
Bjs,ns

)
µk

(
B(x, dG(x, cjs,ns) + rjs,ns)

)]ϵ/(l dk) µk(Bjs,ns)

µk

(
B(x, dG(x, cjs,ns) + rjs,ns)

)
≤ C

[
1

µk

(
B(x, dG(x, cjs,ns) + rjs,ns)

) ∫
Rd

χBjs,ns
(y) dµk(y)

]1+ϵ/(l dk)

≤ C

[
1

µk

(
B(x, dG(x, cjs,ns) + rjs,ns)

)
×

∫
O
(
B(x, dG(x,cjs,ns )+rjs,ns )

) χBjs,ns
(y) dµk(y)

]1+ϵ/(l dk)

≤ C

[∑
σ∈G

1

µk

(
B(σ(x), dG(x, cjs,ns) + rjs,ns)

)
×

∫
B(σ(x), dG(x,cjs,ns )+rjs,ns )

χBjs,ns
(y) dµk(y)

]1+ϵ/(l dk)

≤ C
[∑
σ∈G

Mk
HL

(
χBjs,ns

)
(σ(x))

]1+ϵ/(l dk)

. (3.2.9)

Finally, usingChebyshev’s inequality, (3.2.8), (3.2.9), Hölder’s inequality,L1+ϵ/(l dk) bound­

edness ofMk
HL and properties of Calderón­Zygmund decomposition, we obtain

µk

({
x /∈

m⋃
j=1

⋃
n∈Ij

O
(
(Bj,n)

∗∗) : |T (h1, h2, · · · , hm)(x)| > α/2m
})
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≤ C α−1/l

∫
Rd\

m⋃
j=1

⋃
n∈Ij

O
(
(Bj,n)∗∗

) |T (h1, h2, · · · , hm)(x)|1/l dµk(x)

≤ C (CKν)
1/l

∫
Rd

[
l∏

s=1

∑
ns∈Ijs

[∑
σ∈G

Mk
HL

(
χBjs,ns

)
(σ(x))

]1+ϵ/(l dk)
]1/l

dµk(x)

≤ C (CKν)
1/l

l∏
s=1

[∫
Rd

∑
ns∈Ijs

[∑
σ∈G

Mk
HL

(
χBjs,ns

)
(σ(x))

]1+ϵ/(l dk)

dµk(x)

]1/l

≤ C (CKν)
1/l

l∏
s=1

[ ∑
ns∈Ijs

∑
σ∈G

∫
Rd

[
Mk

HL

(
χBjs,ns

)
(σ(x))

]1+ϵ/(l dk)

dµk(x)

]1/l

= C (CKν)
1/l

l∏
s=1

[ ∑
ns∈Ijs

∑
σ∈G

∫
Rd

[
Mk

HL

(
χBjs,ns

)
(x)
]1+ϵ/(l dk)

dµk(x)

]1/l

≤ C (CKν)
1/l

l∏
s=1

[ ∑
ns∈Ijs

|G|µk

(
Bjs,ns

)]1/l
≤ C (CKν)

1/l(αν)−1/m.

This completes the proof of the inequality (3.2.4). Finally choosing ν = 1/(CK +A), from

(3.2.2) and (3.2.3), we see that (3.2.1) holds and hence the proof is concluded.

3.3 Weighted Inequalities forMultilinearDunkl­Calderón­
Zygmund Operators

In this section, we discuss our main results, namely Theorem 3.3.3 and Theorem 3.3.4,

regrading weighted estimates for multilinear Dunkl­Calderón­ZygmundOperators. Wewill

now prove two propositions that will be very useful in the proofs of these results.

Proposition 3.3.1. Let 1 ≤ p1, p2, · · · , pm < ∞ and ν ∈ (0, 1/m). Then there is a con­

stant C > 0 depending only on ν,m, ϵ and pj’s such that for all
−→
f ∈ Lp1(Rd, dµk) ×

Lp2(Rd, dµk)× · · · × Lpm(Rd, dµk),

Mk, #
HL, ν

(
T
−→
f
)
(x) ≤ C (CK + A)

∑
(n1,n2,··· ,nm)

σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x).
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Proof. Fix a ball B such that x ∈ B. From the definition given in Section 2.3, it suffices

to prove that there is a cB ∈ C depending only on B such that[ 1

µk(B)

∫
B

∣∣ T −→
f (z)− cB

∣∣ν dµk(z)
]1/ν

≤ C (CK + A)
∑

(n1,n2,··· ,nm)
σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x). (3.3.1)

Let cB denotes the centre and r(B) denote the radius of the ballB and setB∗∗ =
(
B(cB, 5r(B))

)
.

Also define f 0
j = fjχO(B∗∗) and f∞

j = fj − f 0
j . Then

m∏
j=1

fj(yj) =
m∏
j=1

[
f 0
j (yj) + f∞

j (yj)
]

=
∑

α1,α2,··· ,αm∈{0,∞}

fα1
1 (y1)f

α2
2 (y2) · · · fαm

m (ym)

=
m∏
j=1

f 0
j (yj) +

∑
at least one αn ̸=0

fα1
1 (y1)f

α2
2 (y2) · · · fαm

m (ym)

Denote (f 0
1 , f

0
2 , · · · , f 0

m) by
−→
f 0, then we have

T
−→
f (z) = T

−→
f 0(z) +

∑
at least one αn ̸=0

T
(
fα1
1 , fα2

2 , · · · , fαm
m

)
(z). (3.3.2)

Set N =
m∏
j=1

1

µk(B)
∥f 0

j ∥L1(dµk) and cB =
∑

at lest one αn ̸=0

T
(
fα1
1 , fα2

2 , · · · , fαm
m

)
(x).

Then from (3.3.2) we can write[ 1

µk(B)

∫
B

∣∣ T −→
f (z)− cB

∣∣ν dµk(z)
]1/ν

≤ C
[ 1

µk(B)

∫
B

∣∣ T −→
f 0(z)

∣∣ν dµk(z)
]1/ν

+ C
[ 1

µk(B)

∫
B

∑
at least one αn ̸=0

×
∣∣ T (fα1

1 , fα2
2 , · · · , fαm

m

)
(z)− T

(
fα1
1 , fα2

2 , · · · , fαm
m

)
(x)
∣∣ν dµk(z)

]1/ν
.(3.3.3)

Now we consider the first term. It follows from Theorem 3.2.2 that[ 1

µk(B)

∫
B

∣∣ T −→
f 0(z)

∣∣ν dµk(z)
]1/ν
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=
[ 1

µk(B)

∫ N(CK+A)

0

ν tν−1µk

(
{z ∈ B : |T

−→
f 0(z)| > t}

)
dt

+
1

µk(B)

∫ ∞

N(CK+A)

ν tν−1µk

(
{z ∈ B : |T

−→
f 0(z)| > t}

)
dt
]1/ν

≤ C
[
Nν(CK + A)ν + (CK + A)1/mN1/m

∫ ∞

N(CK+A)

ν tν−1−1/m dt
]1/ν

≤ C(CK + A)N ≤ C (CK + A)Mk
HL

−→
f (x)

≤ C (CK + A)
∑

(n1,n2,··· ,nm)
σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x). (3.3.4)

For the second term in (3.3.3), we take αj1 = αj2 = · · · = αjl = 0, where for 0 ≤ s ≤

l, js ∈ {1, 2, · · · ,m} and 0 ≤ l ≤ mwith the convention that {j1, j2, · · · , jl} = ∅ if l = 0.

Then keeping in mind thatm− l ≥ 1, x ∈ B and supp f∞
j ⊂ Rd \ O(B∗∗), for any z ∈ B

we can apply smoothness condition (3.1.2) to obtain

∣∣ T (fα1
1 , fα2

2 , · · · , fαm
m

)
(z)− T

(
fα1
1 , fα2

2 , · · · , fαm
m

)
(x)
∣∣

≤ CK

∫
(Rd)m

∣∣K(z, y1, y2, · · · , ym)−K(x, y1, y2, · · · , ym)
∣∣ m∏
j=1

∣∣fαj

j (yj)
∣∣ dµk(yj)

≤ CK

∫
(Rd)m

[ m∑
n=1

µk

(
B(z, dG(z, yn))

)]−m

 |z − x|
max

1≤n≤m
|z − yn|

ϵ
m∏
j=1

∣∣fαj

j (yj)
∣∣ dµk(yj)

= CK

∫
(
O(B∗∗)

)l
l∏

s=1

∣∣f 0
js(yjs)

∣∣ ∫
(
Rd\O(B∗∗)

)m−l

[ m∑
n=1

µk

(
B(z, dG(z, yn))

)]−m

×

 2r(B)

max
1≤n≤m

|z − yn|

ϵ ∏
j /∈{j1,j2,··· ,jl}

∣∣fj(yj)∣∣ l∏
s=1

dµk(yjs)
∏

j /∈{j1,j2,··· ,jl}

dµk(yj),

≤ CCK

∞∑
n=1

∫
(
O(B∗∗)

)l
l∏

s=1

∣∣f 0
js(yjs)

∣∣ ∫
(
O(3nB∗∗)

)m−l

\
(
O(3n−1B∗∗)

)m−l

[ m∑
s=1

µk

(
B(z, dG(z, ys))

)]−m

×

 r(B)

max
1≤s≤m

dG(z, ys)

ϵ ∏
j /∈{j1,j2,··· ,jl}

∣∣fj(yj)∣∣ l∏
s=1

dµk(yjs)
∏

j /∈{j1,j2,··· ,jl}

dµk(yj),
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where in the last step, we have used the fact that (Rd\O(B∗∗))m−l ⊆
(
Rd
)m−l\

(
O(B∗∗)

)m−l.

Using the inequalities max
1≤s≤m

dG(z, ys) ≥ C 3nr(B) and
m∑
s=1

µk

(
B(z, dG(z, ys))

)
≥

C µk(3
nB), from above we write

∣∣ T (fα1
1 , fα2

2 , · · · , fαm
m

)
(z)− T

(
fα1
1 , fα2

2 , · · · , fαm
m

)
(x)
∣∣

≤ CCK

∞∑
n=1

3−nϵ

∫
(
O(B∗∗)

)l
l∏

s=1

∣∣f 0
js(yjs)

∣∣ dµk(yjs)

×
∫

(
O(3nB∗∗)

)m−l

\
(
O(3n−1B∗∗)

)m−l

(
µk(3

nB)
)−m

∏
j /∈{j1,j2,··· ,jl}

∣∣fj(yj)∣∣ dµk(yj)

≤ CCK

∞∑
n=1

3−nϵ

m∏
j=1

1

µk(3nB)

∫
O(3nB∗∗)

∣∣fj(yj)∣∣ dµk(yj)

≤ CCK

∞∑
n=1

3−nϵ

m∏
j=1

[∑
σ∈G

1

µk(3nB)

∫
3nB∗∗

∣∣fj ◦ σ(yj)∣∣ dµk(yj)
]

= CCK

∞∑
n=1

3−nϵ
∑

(n1,n2,··· ,nm)
σns∈G

[ m∏
j=1

1

µk(3nB∗∗)

∫
3nB∗∗

∣∣fj ◦ σnj
(yj)

∣∣ dµk(yj)
]

≤ C (CK + A)
∑

(n1,n2,··· ,nm)
σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x).

Now making use of (3.3.4) and the last inequality in (3.3.3), we conclude the proof of

(3.3.1).

Proposition 3.3.2. Let w be a weight in the class Ak
∞ and p ∈ [1/m,∞). Then there exists

a constant C > 0 such that if f1, f2, · · · , fm are bounded functions with compact support

(i) if p > 1/m, then

(∫
Rd

∣∣T −→
f (x)

∣∣pw(x) dµk(x)
)1/p

≤ C(CK + A)
∑

(n1,n2,··· ,nm)
σns∈G

(∫
Rd

(
Mk

HL

−→
fσ(x)

)p
w(x) dµk(x)

)1/p
;
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(ii) if p ≥ 1/m, then

sup
t>0

t
( ∫
{y ∈Rd: |T

−→
f (y)|>t}

w(x) dµk(x)
)1/p

≤ C(CK + A)
∑

(n1,n2,··· ,nm)
σns∈G

sup
t>0

t
( ∫
{y ∈Rd:Mk

HL

−→
fσ(y)>t}

w(x) dµk(x)
)1/p

,

where we have used the notation
−→
fσ = (f1 ◦ σn1 , · · · , fm ◦ σnm).

Proof. We only prove (i) as (ii) follows by similar arguments. For any N ∈ N, define

wN(x) = min{w(x), N}. Then the weight wN ∈ Ak
∞ (cf. [18, p. 215]) and the constant

[wN ]Ak
∞
in the Ak

∞ condition, does not depend on N .

Also by Fatou’s lemma∫
Rd

∣∣T −→
f (x)

∣∣pw(x) dµk(x) ≤ lim
N→∞

∫
Rd

∣∣T −→
f (x)

∣∣pwN(x) dµk(x).

Since f1, f2, · · · , fm are bounded functions with compact support, by our hypothesis T
−→
f ∈

Lq,∞(Rd, dµk) which implies for any ν ∈ (0, 1/m),
∣∣T −→

f
∣∣ν is locally integrable on Rd (by

similar method as in (3.3.4)). Next we claim that

sup
t>0

t
( ∫
{
y∈Rd:

(
Mk

HL(|T
−→
f |ν)(y)

)1/ν
>t
} wN(x) dµk(x)

)1/p0
<∞, (3.3.5)

for some 0 < p0 < p. Taking p0 = 1/m and using the fact that Mk
HL is bounded on

Lr,∞(Rd, dµk) for 1 ≤ r <∞ (cf. [33, p. 103]), we have

sup
t>0

t
( ∫
{
y∈Rd:

(
Mk

HL(|T
−→
f |ν)(y)

)1/ν
>t
} wN(x) dµk(x)

)m

≤ ∥wN∥mL∞∥Mk
HL(|T

−→
f |ν)∥1/ν

L1/mν,∞(dµk)

≤ ∥wN∥mL∞∥Mk
HL∥

1/ν

L1/mν,∞(dµk)→L1/mν,∞(dµk)
∥|T

−→
f |ν∥1/ν

L1/mν,∞(dµk)

= ∥wN∥mL∞∥Mk
HL∥

1/ν

L1/mν,∞(dµk)→L1/mν,∞(dµk)
∥T

−→
f ∥L1/m,∞(dµk)

<∞.
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This completes the proof of the claim (3.3.5).

Therefore, by arguing as [34, Lemma 4.11 (i)] for the space of homogeneous type

(Rd, |x− y|, dµk) and using Proposition 3.3.1, we finally write(∫
Rd

∣∣T −→
f (x)

∣∣pwN(x) dµk(x)
)1/p

≤
(∫

Rd

(
Mk

HL(|T
−→
f |ν)(x)

)p/ν
wN(x) dµk(x)

)1/p
≤ C[wN ]

Ak∞

(∫
Rd

(
Mk,#

HL,ν(T
−→
f )(x)

)p
wN(x) dµk(x)

)1/p
≤ C(CK + A)

∑
(n1,n2,··· ,nm)

σns∈G

(∫
Rd

(
Mk

HL (f1 ◦ σn1 , · · · , fm ◦ σnm) (x)
)p
wN(x) dµk(x)

)1/p

≤ C(CK + A)
∑

(n1,n2,··· ,nm)
σns∈G

(∫
Rd

(
Mk

HL (f1 ◦ σn1 , · · · , fm ◦ σnm) (x)
)p
w(x) dµk(x)

)1/p
.

Recalling the fact that [wN ]Ak
∞
is independent of N , we get the required result by taking

N → ∞.

Finally, our main results concerning multilinear Dunkl­Calderón­Zygmund operators

consist of the following two­weight and one­weight inequalities:

Theorem 3.3.3. Let 1 ≤ p1, p2, · · · , pm < ∞,
−→
P = (p1, p2, · · · , pm), p be the number

given by 1/p = 1/p1+1/p2+· · ·+1/pm and v, w1, w2, · · · , wm beG­invariant weights with

v ∈ Ak
∞. Furthermore let T maps from Lq1(Rd, dµk)×Lq2(Rd, dµk)×· · ·×Lqm(Rd, dµk)

to Lq,∞(Rd, dµk) with norm A for some q, q1, q2, · · · , qm satisfying 1 ≤ q1, q2, · · · , qm <

∞ with 1/q = 1/q1 + 1/q2 + · · ·+ 1/qm. Then the following hold:

(i) if pj = 1 for some 1 ≤ j ≤ m and the vector weight (v,−→w ) ∈ Ak−→
P
, then for all

−→
f ∈ Lp1(Rd, w1 dµk) × Lp2(Rd, w2 dµk) × · · · × Lpm(Rd, wm dµk), the following

boundedness holds:

sup
t>0

t
( ∫
{y ∈Rd: |T

−→
f (y)|>t}

v(x) dµk(x)
)1/p
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≤ C(CK + A)
m∏
j=1

(∫
Rd

|fj(x)|pjwj(x)dµk(x)
)1/pj

;

(ii) if pj > 1 for all 1 ≤ j ≤ m and the vector weight (v,−→w ) satisfies the bump condition

(2.3.1) for some t > 1, then for all
−→
f ∈ Lp1(Rd, w1 dµk)×Lp2(Rd, w2 dµk)× · · · ×

Lpm(Rd, wm dµk), the following boundedness holds:(∫
Rd

|T
−→
f (x)|pv(x) dµk(x)

)1/p
≤ C(CK + A)

m∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dµk(x)
)1/pj

.

Proof of (i). Proof follows at once from Proposition 3.3.2 (ii), Theorem 2.3.9 (i) and the

G­invariance of the weights.

Proof of (ii). Similarly the proof follows form Proposition 3.3.2 (i), Theorem 2.3.9 (ii) and

the G­invariance of the weights.

Theorem 3.3.4. Let 1 ≤ p1, p2, · · · , pm < ∞,
−→
P = (p1, p2, · · · , pm), p be the number

given by 1/p = 1/p1+1/p2+ · · ·+1/pm and w1, w2, · · · , wm beG­invariant weights and

the vector weight−→w ∈ Ak−→
P
. Furthermore let T maps from Lq1(Rd, dµk)×Lq2(Rd, dµk)×

· · · × Lqm(Rd, dµk) to Lq,∞(Rd, dµk) with norm A for some q, q1, q2, · · · , qm satisfying

1 ≤ q1, q2, · · · , qm <∞ with 1/q = 1/q1 + 1/q2 + · · ·+ 1/qm. Then the following hold:

(i) if pj = 1 for some 1 ≤ j ≤ m, then for all
−→
f ∈ Lp1(Rd, w1 dµk)×Lp2(Rd, w2 dµk)×

· · · × Lpm(Rd, wm dµk), the following boundedness holds:

sup
t>0

t
( ∫
{y ∈Rd: |T

−→
f (y)|>t}

m∏
j=1

wj(x)
p/pj dµk(x)

)1/p

≤ C(CK + A)
m∏
j=1

(∫
Rd

|fj(x)|pjwj(x)dµk(x)
)1/pj

;

(ii) if pj > 1 for all 1 ≤ j ≤ m, then for all
−→
f ∈ Lp1(Rd, w1 dµk)× Lp2(Rd, w2 dµk)×

· · · × Lpm(Rd, wm dµk), the following boundedness holds:(∫
Rd

|T
−→
f (x)|p

m∏
j=1

wj(x)
p/pj dµk(x)

)1/p
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≤ C(CK + A)
m∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dµk(x)
)1/pj

.

Proof of (i). Note that −→w ∈ Ak−→
P
implies that

d∏
j=1

w
p/pj
j ∈ Ak

∞ (see [34, Proposition 4.3]).

Hence, in this case also proof follows from Proposition 3.3.2 (ii), Theorem 2.3.9 (i) with

v =
d∏

j=1

w
p/pj
j and the G­invariance of the weights.

Proof of (ii). The proof can be completed by using Proposition 3.3.2 (i), Theorem 2.3.10

and the G­invariance of the weights together with the property of the Ak−→
P
weights as used

in the last proof.

Remark 3.3.5. In the classical setting, for n = 1, 2, · · · , d, the m­linear n­th Riesz tranas­

form is defined by

Rn(
−→
f )(x) = p.v.

∫
Rmd

m∑
j=1

(xn − (yj)n)( m∑
j=1

|x− yj|2
)(md+1)/2

f1(y1) · · · fm(ym) dy1 · · · dym,

where (yj)n denotes the n­th coordinate of yj . These multilinear Riesz transforms are ex­

amples of classical multilinear Calderón–Zygmund operators. It is shown in [48] that if

Theorem 1.1.2 holds for each of the operators Rn, then −→w ∈ A−→
P
. However, since there is

not much information available about Dunkl translations, we cannot provide such necessary

conditions for weighted boundedness results in this setup.

3.4 Maximal Multilinear Dunkl­Calderón­Zygmund Op­
erators

In [70], the authors investigated boundedness results in the non­weighted scenario for max­

imal operators associated with linear Dunkl­Calderón–Zygmund singular integrals intro­

duced in [69]. We aim to extend these findings to multilinear operators, addressing not
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only the multilinear case but also exploring weighted scenarios. Therefore, proving our

theorems is much more complicated than in the linear case. This complexity arises from

dealing with multilinear situations and considering weighted scenarios, adding extra layers

of difficulty.

Following the classical case (see Section 1.1) as an analogy, we define maximal multi­

linear truncated operators T ∗ by

T ∗(
−→
f )(x) = sup

δ>0

|Tδ(
−→
f )(x)|,

where we set, for any δ > 0,

Tδ(
−→
f )(x) =

∫
m∑

j=1
dG(x,yj)≥δ

K(x, y1, y2, · · · , ym)
m∏
j=1

fj(yj) dµk(yj)

andK is the kernel as in Definition 3.1.1.

If for all j = 1, 2, · · · ,m, fj ∈ Lqj(Rd, dµk), then Tδ(
−→
f ) is well defined. In fact, the

size condition (3.1.1) on the kernelK implies

|Tδ(
−→
f )(x)| ≤ CK

∫
m∑

j=1
dG(x,yj)≥δ

m∏
j=1

|fj(yj)| dµk(yj)[ m∑
j=1

µk

(
B(x, dG(x, yj))

)]m . (3.4.1)

Let dG(x, y2) = max
2≤j≤m

dG(x, yj), then
m∑
j=2

µk

(
B(x, dG(x, yj))

)
∼ µk

(
B(x, dG(x, y2)) and

hence, using (2.1.5) together with this relation, we can write∫
Rd

dµk(y1)[ m∑
j=1

µk

(
B(x, dG(x, yj))

)]mq′1

≤
∫

dG(x,y1)<dG(x,y2)

dµk(y1)[
µk

(
B(x, dG(x, y2))

)]mq′1

+
∞∑
l=1

∫
2l−1dG(x,y2)≤dG(x,y1)<2ldG(x,y2)

dµk(y1)[
µk

(
B(x, dG(x, y1))

)]mq′1
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≤ C
|G|µk

(
B(x, dG(x, y2)

)[
µk

(
B(x, dG(x, y2))

)]mq′1
+ C

∞∑
l=1

|G|µk

(
B(x, 2ldG(x, y2)

)[
µk

(
B(x, 2ldG(x, y2))

)]mq′1

≤ C
1[

µk

(
B(x, dG(x, y2))

)]mq′1−1

≤ C
1[ m∑

j=2

µk

(
B(x, dG(x, yj))

)
)
]mq′1−1

. (3.4.2)

Now, without loss of generality we can take dG(x, ym) ≥ δ/m. Then applying Hölders

inequality repeatedly and using (3.4.2), from (3.4.1) we get

|Tδ(
−→
f )(x)| ≤ CK ||f1||Lq1 (dµk)

∫
(Rd)m−2

∫
dG(x,ym)≥δ/m

×
(∫

Rd

dµk(y1)[ m∑
j=1

µk

(
B(x, dG(x, yj))

)]mq′1

)1/q′1 m∏
j=2

|fj(yj)| dµk(yj)

≤ C CK ||f1||Lq1 (dµk)

∫
(Rd)m−2

∫
dG(x,ym)≥δ/m

m∏
j=2

|fj(yj)| dµk(yj)[ m∑
j=2

µk

(
B(x, dG(x, yj))

)]m−1/q′1

...

≤ C CK ||f1||Lq1 (dµk)||f2||Lq2 (dµk) · · · ||fm||Lqm (dµk)

×
∞∑
l=1

1[
µk

(
B(x, 2lδ/m)

)]m−(1/q′1+···+1/qm′)
<∞.

Our main results related to maximal multilinear Dunkl­Calderón­Zygmund singular in­

tegrals are two­weight and one­weight inequalities (Theorem 3.4.2 and Theorem 3.4.3 re­

spectively). In the classical scenario, the Cotlar­type inequality plays a pivotal role in estab­

lishing these results. Here, we prove a variant of a multilinear Cotlar­type inequality (see

Lemma 3.4.1) within this framework, which encompasses the action of the involved reflec­

tion group. To prove this inequality, we closely follow classical ideas from [25,34,36,37].

However, as the integral representation provided in Definition 3.1.1 holds only when the

support of fj’s is outside the orbit of x and due to the involvement of both metrics­‘the
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Dunkl metric’ and the usual metric in the regularity conditions (eq. (3.1.1) and (3.1.2)) on

the kernel, some new arguments are essentially required to successfully conclude the proof.

Also, as a direct application of the Cotlar inequality, we obtain pointwise convergence of

principal value integrals, as stated in Theorem 3.4.4, much like the classical case.

3.4.1 Multilinear Cotlar­type Inequality

To prove the boundedness results, we first prove an analogue of the multilinear Cotlar in­

equality involving action of the reflection group.

Lemma 3.4.1. (Multilinear Cotlar­type inequality in Dunkl setting) For 0 < ν < 1/m,

there exists a constant C depending on m, ϵ, ν such that for all fj ∈ Lqj(Rd, dµk); j =

1, 2, · · · ,m; and for all x ∈ Rd, we have

|T ∗−→f (x)| ≤ C
([
Mk

HL(|T
−→
f |ν)(x)

]1/ν
+(CK + A)

∑
(n1,n2,··· ,nm)

σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x)

)
,

where Mk
HL and Mk

HL are respectively linear and m­linear Hardy­Littlewood maximal

operators defined as

Mk
HLf(x) := sup

B⊂Rd

x∈B

1

µk(B)

∫
B

|f(y)| dµk(y)

and Mk
HL

−→
f (x) := sup

B⊂Rd

x∈B

m∏
j=1

1

µk(B)

∫
B

|fj(y)| dµk(y).

Proof. Let us consider x ∈ Rd and ν ∈ (0, 1/m). We define two sets

Sδ =
{
(y1, y2, · · · , ym) ∈ Rmd : sup

1≤j≤m
dG(x, yj) < δ

}
and Uδ =

{
(y1, y2, · · · , ym) ∈ Sδ :

∑
1≤j≤m

dG(x, yj) ≥ δ
}
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Take any (y1, y2, · · · , ym) ∈ Uδ. Then there exists yj0 ∈ Rd satisfying dG(x, yj0) ≥ δ/m.

So

µk(B(x, δ)) ≤
m∑
j=1

µk

(
B(x,mdG(x, yj))

)
≤ Cm

m∑
j=1

µk

(
B(x, dG(x, yj))

)
.

Therefore, using the size condition (3.1.1) on K, we can compute

sup
δ>0

∣∣∣ ∫
Uδ

K(x, y1, · · · , ym) f1(y1) · · · fm(ym) dµk(y1) · · · dµk(ym)
∣∣∣

≤ sup
δ>0

∫
Uδ

CK |f1(y1) · · · fm(ym)|[ m∑
j=1

µk

(
B(x,mdG(x, yj))

)]m dµk(y1) · · · dµk(ym)

≤ C CK sup
δ>0

1[
µk(B(x, δ))

]m ∫
Uδ

m∏
j=1

|fj(yj)| dµk(yj)

≤ C CK sup
δ>0

m∏
j=1

1

µk(B(x, δ))

∫
O(B(x,δ))

|fj(yj)| dµk(yj)

≤ C CK sup
δ>0

m∏
j=1

[∑
σ∈G

1

µk

(
B(σ(x), δ)

) ∫
B
(
σ(x),δ

) |fj(yj)| dµk(yj)
]

≤ C CK

∑
(n1,n2,··· ,nm)

σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x). (3.4.3)

Now, let us consider

T̃δ

−→
f (x) :=

∫
Sc
δ

K(x, y1, · · · , ym) f1(y1) · · · fm(ym) dµk(y1) · · · dµk(ym)

and T̃ ∗−→f (x) := sup
δ>0

|T̃δ

−→
f (x)|.

Also for z ∈ Rd, define

Gδ

−→
f (x, z) =

∫
Sc
δ

K(z, y1, · · · , ym) f1(y1) · · · fm(ym) dµk(y1) · · · dµk(ym).
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Then for z ∈ B(x, δ/2), we have

T̃δ

−→
f (x)

= T̃δ

−→
f (x)−Gδ

−→
f (x, z) +

∫
Sc
δ

K(z, y1, · · · , ym) f1(y1) · · · fm(ym) dµk(y1) · · · dµk(ym)

= T̃δ

−→
f (x)−Gδ

−→
f (x, z) +

∫
Rmd

K(z, y1, · · · , ym) f1(y1) · · · fm(ym) dµk(y1) · · · dµk(ym)

−
∫
Sδ

K(z, y1, · · · , ym) f1(y1) · · · fm(ym) dµk(y1) · · · dµk(ym)

= T̃δ

−→
f (x)−Gδ

−→
f (x, z) + T

−→
f (z)

−
∫
Rmd

K(z, y1, · · · , ym) f1χO(B(x,δ))(y1) · · · fmχO(B(x,δ))(ym) dµk(y1) · · · dµk(ym)

= T̃δ

−→
f (x)−Gδ

−→
f (x, z) + T

−→
f (z)− T (f̃1, · · · , f̃m)(z), (3.4.4)

where f̃j(y) = fj(y)χO(B(x,δ))(y) for all y ∈ Rd and j = 1, 2, · · · ,m.

Again from the smoothness condition (3.1.2) on K,

|T̃δ

−→
f (x)−Gδ

−→
f (x, z)| ≤

∫
Sc
δ

|K(x, y1, · · · , ym)−K(z, y1, · · · , ym)| |f1(y1) · · · fm(ym)|

×dµk(y1) · · · dµk(ym)

≤ CK

∫
Sc
δ

[ |x− z|
max

1≤j≤m
|x− yj|

]ϵ m∏
j=1

|fj(yj)| dµk(yj)[ m∑
j=1

µk

(
B(x, dG(x, yj))

)]m .
Now we can express the above integral as a sum of integrals over Rj1,j2,··· ,jl ⊆ Rmd for

some
{
j1, j2, · · · , jl

}
⊄
=

{
1, 2, · · · ,m

}
so that, for j = 1, 2, · · · ,m; dG(x, yj) < δ if and

only if j ∈
{
j1, j2, · · · , jl

}
for all (y1, y2, · · · , ym) ∈ Rj1,j2,··· ,jl , where l < m. Set

{
s1, s2, · · · , sl

}
=
{
1, 2, · · · ,m

}
\
{
j1, j2, · · · , jl

}
.

Then the last inequality can be rewritten as

|T̃δ

−→
f (x)−Gδ

−→
f (x, z)|

≤ CK δ
ϵ

∏
j∈{j1,j2,··· ,jl}

∫
dG(x,yj)<δ

|fj(yj)| dµk(yj)
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×
∫

(
Rd−O(B(x,δ))

)m−l

1[
max

1≤j≤m
dG(x, yj)

]ϵ
m−l∏
j=1

|fsj(ysj)| dµk(ysj)[ m∑
j=1

µk

(
B(x, dG(x, yj))

)]m
≤ C CK δ

ϵ
∏

j∈{j1,j2,··· ,jl}

∫
dG(x,yj)<δ

|fj(yj)| dµk(yj)

×
∫

m−l∑
j=1

dG(x,ysj )≥δ

1[m−l∑
j=1

dG(x, ysj)
]ϵ

m−l∏
j=1

|fsj(ysj)| dµk(ysj)[m−l∑
j=1

µk

(
B(x, dG(x, ysj))

)]m
≤ C CK

∏
j∈{j1,j2,··· ,jl}

∫
dG(x,yj)<δ

|fj(yj)| dµk(yj)

×
[ ∞∑

r=0

∫
2rδ≤

m−l∑
j=1

dG(x,ysj )<2r+1δ

· · ·
]

≤ C CK

∞∑
r=0

1

2rϵ
1[

µk

(
B(x, 2r+1δ)

)]m m∏
j=1

∫
O(B(x,2r+1δ)

|fj(yj)| dµk(yj)

≤ C CK

∑
(n1,n2,··· ,nm)

σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x). (3.4.5)

Substituting (3.4.5) in (3.4.4), we obtain

|T̃δ

−→
f (x)| ≤ C

(
CK

∑
(n1,n2,··· ,nm)

σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x)

+|T
−→
f (z)|+ |T (f̃1, · · · , f̃m)(z)|

)
. (3.4.6)

Taking νth power and averaging over B(x, δ/2) with respect to the variable z, we get

|T̃δ

−→
f (x)|ν

≤ C
([
CK

∑
(n1,n2,··· ,nm)

σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x)

]ν
+Mk

HL(|T
−→
f |ν)(x)

+
1

µk(B(x, δ/2))

∫
B(x,δ/2)

|T (f̃1, · · · , f̃m)(z)|ν dµk(z)
)
. (3.4.7)
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Now let α = 1
µk(B(x,δ))

A1/m
m∏
j=1

∥fjχO(B(x,δ))∥1/mL1(dµk)
. Then

∫
B(x,δ/2)

|T (f̃1, · · · , f̃m)(z)|ν dµk(z)

= mν

∫ ∞

0

tmν−1µk

({
z ∈ B(x, δ/2) : |T (f̃1, · · · , f̃m)(z)|1/m > t

})
dt

≤ mν

∫ ∞

0

tmν−1min
{
µk(B(x, δ/2)),

A1/m

t

m∏
j=1

∥fjχO(B(x,δ))∥1/mL1(dµk)

}
dt

= mν

∫ α

0

tmν−1µk

(
B(x, δ/2)

)
dt+mν

∫ ∞

α

tmν−2αµk

(
B(x, δ/2)

)
dt

≤ C Aνµk

(
B(x, δ)

)1−mν
m∏
j=1

∥fjχO(B(x,δ))∥νL1(dµk)

Therefore, by (2.1.2),[ 1

µk(B(x, δ/2))

∫
B(x,δ/2)

|T (f̃1, · · · , f̃m)(z)|ν dµk(z)
]1/ν

≤ C A
m∏
j=1

1

µk(B(x, δ))

∫
O(B(x,δ))

|fj(yj)| dµk(yj)

≤ C A
∑

(n1,n2,··· ,nm)
σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x). (3.4.8)

Hence, (3.4.3), (3.4.7) and (3.4.8) together conclude the proof.

3.4.2 Weighted Boundedness

Now we are ready to state our main results regarding weighted boundedness for maximal

multilinear Dunkl singular integrals.

Theorem 3.4.2. Under the assumptions of Theorem 3.3.3, the following boundedness re­

sults hold:

(i) if pj = 1 for at least one j ∈ {1, 2, · · · ,m} and the vector weight (v,−→w ) ∈ Ak−→
P
,

then for all
−→
f ∈ Lp1(Rd, w1 dµk)× Lp2(Rd, w2 dµk)× · · · × Lpm(Rd, wm dµk), the
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following boundedness holds:

sup
t>0

t
( ∫
{y ∈Rd: |T ∗−→f (y)|>t}

v(x) dµk(x)
)1/p

≤ C(CK + A)
m∏
j=1

(∫
Rd

|fj(x)|pjwj(x)dµk(x)
)1/pj

;

(ii) if for any j ∈ {1, 2, · · · ,m}, pj > 1 and the weight (v,−→w ) fulfills the bumped­Ak−→
P

property (2.3.1) for some t > 1, then for all
−→
f ∈ Lp1(Rd, w1 dµk)×Lp2(Rd, w2 dµk)×

· · · × Lpm(Rd, wm dµk), the following boundedness holds:(∫
Rd

|T ∗−→f (x)|pv(x) dµk(x)
)1/p

≤ C(CK + A)
m∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dµk(x)
)1/pj

.

Theorem 3.4.3. Under the assumptions of Theorem 3.3.4, the following boundedness re­

sults hold:

(i) if pj = 1 for at least one j ∈ {1, 2, · · · ,m}, then for all
−→
f ∈ Lp1(Rd, w1 dµk) ×

Lp2(Rd, w2 dµk)× · · · × Lpm(Rd, wm dµk), the following boundedness holds:

sup
t>0

t
( ∫
{y ∈Rd: |T ∗−→f (y)|>t}

m∏
j=1

wj(x)
p/pj dµk(x)

)1/p

≤ C(CK + A)
m∏
j=1

(∫
Rd

|fj(x)|pjwj(x)dµk(x)
)1/pj

;

(ii) if for any j ∈ {1, 2, · · · ,m}, pj > 1, then for all
−→
f ∈ Lp1(Rd, w1 dµk) × Lp2(Rd,

w2 dµk)× · · · × Lpm(Rd, wm dµk), the following boundedness holds:(∫
Rd

|T ∗−→f (x)|p
m∏
j=1

wj(x)
p/pj dµk(x)

)1/p
≤ C(CK + A)

m∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dµk(x)
)1/pj

.

Once Cotlar type inequality is proved, the proofs of the weighted inequalities for T ∗

follow in the same way as in the classical case [37]. Hence, we omit the details.

52



§3.4. Maximal Multilinear Dunkl­Calderón­Zygmund Operators

Proof of Theorem 3.4.2 and Theorem 3.4.3. In view of theweighted boundedness of T (The­

orem 3.3.3 and Theorem 3.3.4) and the weighted boundedness of Hardy­Littlewood max­

imal functions in spaces of homogeneous type [34], the proofs can be done in the same

way as in the proofs of [34, Theorem 4.17 and Theorem 4.16]. Only change is that the

termMk
HL

−→
f needs to be replaced by

∑
(n1,n2,··· ,nm)

σns∈G

Mk
HL (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm)

whose boundedness follows from the quasi­triangle inequalities, applying change of vari­

ables and the G­invariance of the weights.

Next, we state the pointwise convergence result for principal value integrals associated

with the multilinear Dunkl­Calderón­Zygmund kernels, which is a direct consequence of

Lemma 3.4.1.

Theorem 3.4.4. For fj ∈ S(Rd), j = 1, 2, · · · ,m; if

T̃ (
−→
f )(x) = lim

δ→0

∫
m∑

j=1
dG(x,yj)≥δ

K(x, y1, y2, · · · , ym)
m∏
j=1

fj(yj) dµk(yj),

where K is the kernel as in Definition 3.1.1. Then the above integral is convergent almost

everywhere for all fj ∈ Lqj(Rd, dµk).
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Chapter 4

Bilinear Multiplier Operators for Dunkl
Transform

The theme of this chapter is to explore bilinear multiplier operators associated with the

Dunkl transform. In Section 4.1, we recall the theory for Fourier multiplier operators and

introducemultiplier operators associated with the Dunkl transform. Next, in Section 4.2, we

present new Littlewood­Paley type theorems for the Dunkl transform, which are essential

ingredients for the analysis of multiplier operators. We establish a generalization of the

Coifman­Meyer bilinear multiplier theorem in Section 4.3, extending it from the classical

setting to the Dunkl setting. Finally, in Section 4.4, we prove weighted estimates for bilinear

Dunkl multiplier operators, utilizing the results from Section 4.3 and the theory of singular

integrals presented in Chapter 3. This chapter is built upon a part from the work [56].

4.1 Introduction

One of the well studied and trending topics in modern Harmonic analysis is the Fourier

multipliers and its multilinear versions. For f1, f2 ∈ S(Rd), the bilinear Fourier multiplier

operators is defined as

Tm(f1, f2)(x) =

∫
R2d

m(ξ, η)Ff1(ξ)Ff2(η)eix·(ξ+η) dξ dη,

where m is some reasonable function on R2d and F is the classical Fourier transform on

Rd. The classical Coifman­Meyer [16] (bilinear) multiplier theorem from 1970’s states that

if m is a bounded function on R2d, which is smooth away from the origin and satisfies the
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decay condition:

|∂αξ ∂βηm(ξ, η)| ≤ Cα, β (|ξ|+ |η|)−(|α|+|β|) (4.1.1)

for all multi­indicesα, β ∈ (N ∪ {0})d, then the operatorTm is bounded fromLp1(Rd, dx)×

Lp2(Rd, dx) to Lp(Rd, dx) for 1 < p, p1, p2 < ∞ with the relation 1/p = 1/p1 + 1/p2.

Later, significant improvements has been done to this result by improving the range of

p [38, 45] and by reducing the smoothness condition on m [73]. In 2010’s many authors

were concerned with weighted inequalities for the bilinear multipliers. In this direction,

weighted inequalities with classical Ap weights were proved by Fujita and Tomita [29] and

Hu et. al [42] under Hörmander condition which is weaker than the condition (4.1.1). Also,

Bui and Duong [8] and Li and Sun [49] presented similar results but with multiple weights

introduced by Lerner et. al [48] in place of the classical weights.

In parallel with the classical scenario, for a bounded functionm on Rd ×Rd define the

bilinear Dunkl multiplier operator Tm as

Tm(f1, f2)(x) =
∫
R2d

m(ξ, η)Fkf1(ξ)Fkf2(η)Ek(ix, ξ)Ek(ix, η) dµk(ξ)dµk(η)

for all f1, f2 ∈ S(Rd).

For the linear Dunkl multiplier operators, there are analogous results [3,26] to classical

Fourier multiplier operators for the non­weighted cases. However, for bilinear multipliers

there is a lack of proper analogue to the classical setting even for the non­weighted case. In

fact, in Dunkl setting boundedness of bilinear multiplier operators are known only in two

special cases. The first case is due to Wróbel [75], where he assumes that the multiplier m

is radial in both the variables, that is there exists a function m0 on (0,∞) × (0,∞) such

that m(ξ, η) = m0(|ξ|, |η|) and the second one is obtained by Amri et al. [3], where they

restricted themselves to the one­dimensional case only. This motivates us to address the

gap and acquire a suitable counterpart to the classical results for bilinear multipliers in the

Dunkl setting.
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Our first aim in this chapter is to prove a Coifman­Meyer type multiplier theorem in

Dunkl setting (Theorem 4.3.1) without those extra assumptions mentioned above. Themain

obstacle that comes in obtaining such results is due to lack of appropriate Littlewood­Paley

type theorems in Dunkl setting. Thanks to recent results [28] on pointwise estimates of

multipliers, which allows us to overcome such difficulties and present a Littlewood­Paley

type theory. Once such tools are available, the rest of our work lies in properly adapting

some classical techniques ( [57, pp. 67­71], [75, Theorem 4.1]) in Dunkl setup along with

some new ideas.

Moving forward to the next step, we want to prove one and two­weight inequalities for

the bilinear Dunkl­multiplier operators (Theorem 4.4.2 and Theorem 4.4.1) with multiple

weights and also for the exponents beyond the Banach range 1 < p <∞. In our results, the

smoothness condition on the multiplierm and weight classes are not the same to that of the

corresponding results in the classical case (see [49, Theorem 1.2] and [8, Theorem 4.2]). To

prove the boundedness results, the approaches used in the classical setting highly depend

on the fact that the two transposes of the operator Tm are also bilinear multiplier operators

with multipliers m(−ξ − η, η) and m(ξ,−ξ − η). In Dunkl case, no mechanism is known

to find the multipliers of the so called transposes of the Dunkl bilinear multiplier operator.

Moreover, our results are different than the classical case as we have also included the two­

weight case and the end­point cases. Therefore, merely adapting classical techniques in a

routine manner is insufficient to attain these results. In this context, we will adopt a different

approach. To achieve these weighted inequalities, we will mainly rely on the estimates

for Dunkl translations established in [28] and apply the theory of multilinear Calderón­

Zygmund type singular integrals in the Dunkl setting.

These results concerning bilinear multipliers may have many potential applications,

namely in establishing fractional Leibniz­type rules for the Dunkl Laplacian and various

Kato­Ponce­type inequalities. For instance, in [75], a fractional Leibniz­type rules for the
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Dunkl Laplacian has been proved for the group Zd
2 using bilinear multiplier theorem with

radial multipliers.

4.2 Littlewood­Paley type Theorems

In this section, we prove two different Littlewood­Paley type theorems which are the main

ingredients in the proof of Theorem 4.3.1. We start with the following theorem. A partic­

ular case [20, Theorem 5.2] of this theorem is known for the group Zd
2 with Muckenhoupt

weights.

Theorem 4.2.1. Let u ∈ Rd, 1 < p < ∞. Let ψ be a smooth function on Rd such that

suppψ ⊂ {ξ ∈ Rd : 1/r ≤ |ξ| ≤ r} for some r > 1. For j ∈ Z, define ψj(ξ) = ψ(ξ/2j)

and for f ∈ S(Rd) define

ψ(u,Dk/2
j)f(x) =

∫
Rd

ψj(ξ) e
i⟨u, ξ⟩/2jFkf(ξ)Ek(ix, ξ) dµk(ξ).

Then ∥∥∥(∑
j∈Z

|ψ(u,Dk/2
j)f |2

)1/2∥∥∥
Lp(dµk)

≤ C (1 + |u|)n||f ||Lp(dµk),

where n = ⌊dk⌋+ 2 and C is independent of u.

Proof. Wewill use the theory of Banach­valued singular integral operators [4, Theorem 3.1]

to prove the above theorem. The L2­case follows in similar way to the classical case [24, p.

160]. Using Plancherel formula for Dunkl transform, we get

∥∥∥(∑
j∈Z

|ψ(u,Dk/2
j)f |2

)1/2∥∥∥2
L2(dµk)

=

∫
Rd

∑
j∈Z

|ψj(x) e
i⟨u, ξ⟩/2j |2|Fkf(x)|2 dµk(x)

≤
∫
Rd

∑
j∈Z

|ψj(x)|2|Fkf(x)|2 dµk(x)
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≤ Cr ||f ||2L2(dµk)
,

where in the last step we have used the fact that for any x only a fixed finite number of j’s

(depending on r) will contribute in the sum. This concludes the L2­case.

Let Ψu ∈ S(Rd) be such that FkΨ
u(ξ) = ψ(ξ)ei⟨u, ξ⟩ and define Ψu

j (ξ) = 2jdkΨu(2jξ).

Then FkΨ
u
j (ξ) = ψj(ξ)e

i⟨u, ξ⟩/2j and we also have that(∑
j∈Z

|ψ(u,Dk/2
j)f(x)|2

)1/2
=
(∑

j∈Z

|f ∗k Ψu
j (x)|2

)1/2
.

Thus to apply the above mentioned Theorem, we only need to show that∫
|y−y′|≤dG(x,y)/2

∥τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)∥ℓ2(Z) dµk(x) ≤ C (1 + |u|)n

and
∫

|y−y′|≤dG(x,y)/2

∥τ kyΨu
j (−x)− τ ky′Ψ

u
j (−x)∥ℓ2(Z) dµk(x) ≤ C (1 + |u|)n.

Again to prove the above two inequalities, it is enough to show that for x, y, y′ ∈ Rd with

|y − y′| ≤ dG(x, y)/2,

∥τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)∥ℓ2(Z) ≤

C (|1 + |u|)n

VG (x, y, dG(x, y))

|y − y′|
dG(x, y)

(4.2.1)

∥τ kyΨu
j (−x)− τ ky′Ψ

u
j (−x)∥ℓ2(Z) ≤

C (|1 + |u|)n

VG (x, y, dG(x, y))

|y − y′|
dG(x, y)

. (4.2.2)

We will only proof (4.2.1), as proof of (4.2.2) follows from (4.2.1) by symmetry.

Now using the formula for Dunkl translation and the definition of Ψu
j , we have

τ kxΨ
u
j (−y) = 2jdk

∫
Rd

ψ(ξ) ei⟨u, ξ⟩Ek(iξ, 2
jx)Ek(−iξ, 2jy) dµk(ξ). (4.2.3)

Next, we calculate ∥ψ(·) ei⟨u, ·⟩∥Cn(Rd). Using usual Leibniz rule for any multi­index α we

have

∂α
(
ψ(ξ) ei⟨u, ξ⟩

)
=

∑
β≤α

(
α

β

)
∂βei⟨u, ξ⟩ ∂α−βψ(ξ),
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where the summation ranges over all multi­indices β such that βj ≤ αj for all 1 ≤ j ≤ d.

Hence,

∥ψ(·) ei⟨u, ·⟩∥Cn(Rd) = sup
ξ∈Rd, |α|≤n

|∂αψ(ξ) ei⟨u, ξ⟩|

≤ C (1 + |u|)n sup
|α|≤n

∥∂αψ∥L∞ . (4.2.4)

Next, we estimate |τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)|. We calculate the estimate in two parts:

If |2jy − 2jy′| ≤ 1:

In view of (4.2.3), applying [28, eq.(4.31)] and using the inequalities (4.2.4) and (2.1.2),

we have

|τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)|

≤ C (1 + |u|)n 2jdk |2jy − 2jy′|
(µk(B(2jx, 1))µk(B(2jy, 1)))1/2

1

1 + 2j|x− y|
1

(1 + 2jdG(x, y))
n−1

≤ C(1 + |u|)n |y − y′|
|x− y|

1

(µk(B(x, 2−j))µk(B(y, 2−j)))1/2

× 1

(1 + 2jdG(x, y))
n−1 . (4.2.5)

Now, when 2jdG(x, y) ≤ 1, from (2.1.2) and (2.1.4), we get

1

µk(B(x, 2−j))
≤ C

(
2jdG(x, y)

)d 1

µk(B(x, dG(x, y)))

≤ C
(
2jdG(x, y)

)d 1

VG(x, y, dG(x, y))

≤ C

(
2jdG(x, y)

)d
+
(
2jdG(x, y)

)dk
VG(x, y, dG(x, y))

.

Similarly, when 2jdG(x, y) > 1, from (2.1.2) and (2.1.4), we get

1

µk(B(x, 2−j))
≤ C

(
2jdG(x, y)

)d
+
(
2jdG(x, y)

)dk
VG(x, y, dG(x, y))

.
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Thus, in any case

1

µk(B(x, 2−j))
≤ C

(
2jdG(x, y)

)d
+
(
2jdG(x, y)

)dk
VG(x, y, dG(x, y))

.

In similar manner we can deduce

1

µk(B(y, 2−j))
≤ C

(
2jdG(x, y)

)d
+
(
2jdG(x, y)

)dk
VG(x, y, dG(x, y))

.

Therefore, if |2jy − 2jy′| ≤ 1, using above two estimates, from (4.2.5) we write

|τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)|

≤ C(1 + |u|)n |y − y′|
|x− y|

(
2jdG(x, y)

)d
+
(
2jdG(x, y)

)dk
VG(x, y, dG(x, y))

× 1

(1 + 2jdG(x, y))
n−1 . (4.2.6)

If |2jy − 2jy′| > 1:

Again, in view of (4.2.3), applying [28, eq.(4.30)] and using the inequalities (4.2.4), (2.1.2)

and (2.1.4) in similar manner as in the last case, we get

|τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)|

≤ C (1 + |u|)n
[

2jdk

(µk(B(2jx, 1))µk(B(2jy, 1)))1/2
1

1 + 2j|x− y|
1

(1 + 2jdG(x, y))
n−1

+
2jdk

(µk(B(2jx, 1))µk(B(2jy′, 1)))1/2
1

1 + 2j|x− y′|
1

(1 + 2jdG(x, y′))
n−1

]

≤ C (1 + |u|)n
[(

2jdG(x, y)
)d

+
(
2jdG(x, y)

)dk
VG(x, y, dG(x, y))

1

1 + 2j|x− y|
1

(1 + 2jdG(x, y))
n−1

+

(
2jdG(x, y

′)
)d

+
(
2jdG(x, y

′)
)dk

VG(x, y′, dG(x, y′))

1

1 + 2j|x− y′|
1

(1 + 2jdG(x, y′))
n−1

]
(4.2.7)

It is easy to see that the condition |y − y′| ≤ dG(x, y)/2 implies that

dG(x, y) ∼ dG(x, y
′), |x− y| ∼ |x− y′| and VG(x, y, dG(x, y)) ∼ VG(x, y

′, dG(x, y
′)).
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So, if |2jy − 2jy′| > 1, applying the above estimates in (4.2.7), we write

|τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)|

≤ C (1 + |u|)n
(
2jdG(x, y)

)d
+
(
2jdG(x, y)

)dk
VG(x, y, dG(x, y))

1

1 + 2j|x− y|
1

(1 + 2jdG(x, y))
n−1

≤ C (1 + |u|)n
(
2jdG(x, y)

)d
+
(
2jdG(x, y)

)dk
VG(x, y, dG(x, y))

|2jy − 2jy′|
1 + 2j|x− y|

1

(1 + 2jdG(x, y))
n−1

≤ C (1 + |u|)n |y − y′|
|x− y|

(
2jdG(x, y)

)d
+
(
2jdG(x, y)

)dk
VG(x, y, dG(x, y))

1

(1 + 2jdG(x, y))
n−1 . (4.2.8)

Now taking (4.2.6) and (4.2.8) into account and using |x− y| ≥ dG(x, y) together with

the condition n = ⌊dk⌋+ 2, we have

∥τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)∥ℓ2(Z)

≤
∑
j∈Z

|τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)|

≤ C (1 + |u|)n

VG(x, y, dG(x, y))

|y − y′|
dG(x, y)

∑
j∈Z

(
2jdG(x, y)

)d
+
(
2jdG(x, y)

)dk
(1 + 2jdG(x, y))

n−1 .

≤ C (1 + |u|)n

VG(x, y, dG(x, y))

|y − y′|
dG(x, y)

( ∑
j∈Z: 2jdG(x,y)≤1

· · ·+
∑

j∈Z: 2jdG(x,y)>1

· · ·

)

≤ C (1 + |u|)n

VG(x, y, dG(x, y))

|y − y′|
dG(x, y)

( ∑
j∈Z: 2jdG(x,y)≤1

(
2jdG(x, y)

)d
+

∑
j∈Z: 2jdG(x,y)>1

(2jdG(x, y))
dk

(2jdG(x, y))n−1

)

≤ C (1 + |u|)n

VG(x, y, dG(x, y))

|y − y′|
dG(x, y)

.

This completes the proof of (4.2.1) and hence the proof of the theorem.

Remark 4.2.2. In [4, Theorem 3.1] the explicit constant for the boundedness of Banach­

valued singular integrals is not calculated. However, a close observation (see [4, Theorem

3.1] and [35, Theorem 1.1] ) assures that the constant in our proof will vary as (1 + |u|)n.
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Letm be a bounded function on Rd. For any t > 0 and for any f ∈ S(Rd), we define a

Dunkl­multiplier operatormt(Dk) as

mt(Dk)f(x) =

∫
Rd

m(tξ)Fkf(ξ)Ek(ix, ξ) dµk(ξ).

Then, we have the following boundedness result.

Proposition 4.2.3. Letm be a function on Rd such that

|m(x)| ≤ Cm/(1 + |x|) and |∇m(x)| ≤ Cm′/(1 + |x|) for all x ∈ Rd,

where ∇ is the usual gradient on Rd. Then

∥∥∥ sup
t>0

|mt(Dk)f |
∥∥∥
L2(dµk)

≤ C(Cm + Cm′)||f ||L2(dµk)

Proof. The proof follows by repeating the proof in the classical case [63, pp. 397­398] with

the classical objects replaced by their Dunkl­counterparts.

The next main result of this section is a different variant of the Littlewood­Paley theo­

rem, stated as follows.

Theorem 4.2.4. Let u ∈ Rd, 1 < p <∞. Let ψ be a compactly supported smooth function

on Rd. For j ∈ Z, define ψj(ξ) = ψ(ξ/2j) and for f ∈ S(Rd) define

ψ(u,Dk/2
j)f(x) =

∫
Rd

ψj(ξ) e
i⟨u, ξ⟩/2jFkf(ξ)Ek(ix, ξ) dµk(ξ).

Then ∥∥∥ sup
j∈Z

|ψ(u,Dk/2
j)f |

∥∥∥
Lp(dµk)

≤ C (1 + |u|)n||f ||Lp(dµk),

where n = ⌊dk⌋+ 2 and C is independent of u.

Proof. The proof follows in the same scheme as the proof of Theorem 4.2.1. We will only

provide a outline of the proof.
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Since ψ is a smooth function with compact support, ∂jψ is also so and ∂jei⟨u, ξ⟩ =

iuje
i⟨u, ξ⟩ for any 1 ≤ j ≤ d. Therefore, the following estimates hold for all ξ ∈ Rd:

∣∣ψ(ξ)ei⟨u, ξ⟩∣∣ ≤ C

1 + |ξ|
and

∣∣∇(ψ(ξ)ei⟨u, ξ⟩)∣∣ ≤ C(1 + |u|)
1 + |ξ|

,

where C does not depend on u.

Hence by Proposition 4.2.3,∥∥∥ sup
j∈Z

|ψ(u,Dk/2
j)f |

∥∥∥
L2(dµk)

≤ C(1 + |u|)||f ||L2(dµk).

Let Ψu be as in the proof of Theorem 4.2.1. Thus, to complete the proof, we only need

to prove that for x, y, y′ ∈ Rd with |y − y′| ≤ dG(x, y)/2,

sup
j∈Z

|τ kxΨu
j (−y)− τ kxΨ

u
j (−y′)| ≤

C (1 + |u|)n

VG (x, y, dG(x, y))

|y − y′|
dG(x, y)

, (4.2.9)

which follows by repeating the arguments used in the proof of Theorem 4.2.1.

4.3 Coifman­Meyer type Bilinear Multiplier Theorem

The first main result of this chapter is Coifman­Meyer [16] typemultiplier theorem in Dunkl

setting. This theorem extends the boundedness of Fourier multiplier operators to include

multiplier operators associated with the Dunkl transform.

Theorem 4.3.1. Let 1 < p, p1, p2 < ∞ with 1/p = 1/p1 + 1/p2 and L ∈ N be such that

L > 2d+ 2⌊dk⌋+ 4. If m ∈ CL
(
Rd × Rd \ {(0, 0)}

)
be a function satisfying

|∂αξ ∂βηm(ξ, η)| ≤ Cα, β (|ξ|+ |η|)−(|α|+|β|)

for all multi­indicesα, β ∈ (N ∪ {0})d such that |α|+|β| ≤ L and for all (ξ, η) ∈ Rd×Rd\

{(0, 0)}; then for all f1 ∈ Lp1(Rd, dµk) and f2 ∈ Lp2(Rd, dµk), the following boundedness

holds:

||Tm(f1, f2)||Lp(dµk) ≤ C ||f1||Lp1 (dµk) ||f2||Lp2 (dµk).
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Proof. Let ψ ∈ C∞(Rd) be such that suppψ ⊂ {ξ ∈ Rd : 1/2 ≤ |ξ| ≤ 2} and

∑
j∈Z

ψj(ξ) = 1 for all ξ ̸= 0,

where ψj(ξ) = ψ(ξ/2j) for all ξ ∈ Rd. Then

Tm(f1, f2)(x) =

∫
R2d

∑
j1∈Z

∑
j2∈Z

ψj1(ξ)ψj2(η)m(ξ, η)Fkf1(ξ)Fkf2(η)Ek(ix, ξ)

×Ek(ix, η) dµk(ξ)dµk(η)

=

∫
R2d

∑
|j1−j2|≤4

· · ·+
∫
R2d

∑
j1>j2+4

· · ·+
∫
R2d

∑
j2>j1+4

· · ·

=: T1(f1, f2)(x) + T2(f1, f2)(x) + T3(f1, f2)(x)

We will calculate the estimates for T1, T2 and T3 separately.

Estimate of T1:

For any j ∈ Z definemj(ξ, η) = ψj(ξ)
∑

j2:|j−j2|≤4

ψj2(η)m(ξ, η)

=: ψj(ξ)ϕj(η)m(ξ, η),

where ϕ(η) =
∑
|j|≤4

ψj(η) and ϕj(η) = ϕ(η/2j).

Then supp ϕ ⊂ {ξ ∈ Rd : 2−5 ≤ |ξ| ≤ 25}.

Let ψ̃ ∈ C∞(Rd) be another function such that 0 ≤ ψ̃ ≤ 1 and

ψ̃(ξ) =

{
0 if |ξ| /∈ [2−6, 26],
1 if |ξ| ∈ [2−5, 25].

Then we have for any j ∈ Z,

mj(ξ, η) = ψj(ξ)ϕj(η)m(ξ, η)

= ψ̃j(ξ)ψj(ξ)ψ̃j(η)ϕj(η)m(ξ, η)

= ψ̃j(ξ)ψ̃j(η)mj(ξ, η).
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Now suppmj ⊂
{
(ξ, η) ∈ Rd × Rd : 2j−6 ≤ |ξ| ≤ 2j+6, 2j−6 ≤ |η| ≤ 2j+6

}
.

Define for all j ∈ Z,

aj(ξ, η) = mj(2
jξ, 2jη).

Then supp aj ⊂
{
(ξ, η) ∈ Rd × Rd : 2−6 ≤ |ξ| ≤ 26, 2−6 ≤ |η| ≤ 26

}
. Now using

support of aj and smoothness assumption on m, expanding aj in terms Fourier series over

[2−6, 26]d × [2−6, 26]d we write

aj(ξ, η) =
∑
n1∈Zd

∑
n2∈Zd

cj(n1,n2) e2πi(⟨ξ, n1⟩+⟨η, n2⟩), (4.3.1)

where the Fourier coefficients cj(n1,n2) are given by

cj(n1,n2) =
∫∫

[2−6, 26]d×[2−6, 26]d

aj(y, z) e
−2πi(⟨y, n1⟩+⟨z, n2⟩) dydz.

Thus we get

mj(ξ, η) =
∑
n1∈Zd

∑
n2∈Zd

cj(n1,n2) e2πi(⟨ξ, n1⟩+⟨η, n2⟩)/2j

=
∑
n1∈Zd

∑
n2∈Zd

cj(n1,n2) e2πi(⟨ξ, n1⟩+⟨η, n2⟩)/2j ψ̃j(ξ)ψ̃j(η).

Substituting this in the expression for T1 and interchanging sum and integration, we obtain

T1(f1, f2)(x)

=

∫
R2d

∑
j∈Z

mj(ξ, η)Fkf1(ξ)Fkf2(η)Ek(ix, ξ)Ek(ix, η) dµk(ξ)dµk(η)

=
∑
n1∈Zd

∑
n2∈Zd

∑
j∈Z

cj(n1,n2)
(∫

Rd

ψ̃j(ξ) e
2πi⟨n1, ξ⟩/2jFkf1(ξ)Ek(ix, ξ) dµk(ξ)

)
×
(∫

Rd

ψ̃j(η) e
2πi⟨n2, η⟩/2jFkf2(η)Ek(ix, η) dµk(η)

)
=

∑
n1∈Zd

∑
n2∈Zd

∑
j∈Z

cj(n1,n2) ψ̃(2πn1, Dk/2
j)f1(x) ψ̃(2πn2, Dk/2

j)f2(x), (4.3.2)

where ψ̃(2πn1, D/2j)f1(x) and ψ̃(2πn2, D/2j)f2(x) are as in Section 4.2. Now as ψ and ϕ

are supported compactly away from origin andm satisfies (4.4.1), by Leibniz rule we have
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that for all j ∈ Z,

|∂αξ ∂βη
(
m(2jξ, 2jη)ψ(ξ)ϕ(η)

)
| ≤ Cα,β (|ξ|+ |η|)−(|α|+|β|) (4.3.3)

for all α, β ∈ (N ∪ {0})d such that |α|+ |β| ≤ L and for all (ξ, η) ∈ Rd × Rd \ {(0, 0)}.

Now for any α, β ∈ (N ∪ {0})d, we have

cj(n1,n2) =

∫∫
[2−6, 26]d×[2−6, 26]d

m(2jy, 2jz)ψ(y)ϕ(z) e−2πi(⟨y, n1⟩+⟨z, n2⟩) dydz

=
C

nα1n
β
2

∫∫
[2−6, 26]d×[2−6, 26]d

m(2jy, 2jz)ψ(y)ϕ(z) ∂αy ∂
β
z e

−2πi(⟨y, n1⟩+⟨z, n2⟩) dydz.

Hence, applying integration by parts formula and using (4.3.3), we get

|cj(n1,n2)| ≤ CL
1

(1 + |n1|+ |n2|)L
(4.3.4)

Now using (4.3.4) and applying Cauchy­Schwarz inequality, from (4.3.2) we have

|T1(f1, f2)(x)| ≤
∑
n1∈Zd

∑
n2∈Zd

∑
j∈Z

∣∣cj(n1,n2) ψ̃(2πn1, Dk/2
j)f1(x) ψ̃(2πn2, Dk/2

j)f2(x)
∣∣

≤ C
∑
n1∈Zd

∑
n2∈Zd

C

(1 + |n1|+ |n2|)L
(∑

j∈Z

|ψ̃(2πn1, Dk/2
j)f1(x)|2

)1/2
×
(∑

j∈Z

|ψ̃(2πn2, Dk/2
j)f2(x)|2

)1/2
Finally, from Hölder’s inequality and Theorem 4.2.1 and using the facts that L > 2d +

2⌊dk⌋+ 4 and n = ⌊dk⌋+ 2, we obtain(∫
Rd

|T1(f1, f2)(x)|p dµk(x)
)1/p

≤ C
∑
n1∈Zd

∑
n2∈Zd

1

(1 + |n1|+ |n2|)L
∥∥∥(∑

j∈Z

|ψ̃(2πn1, Dk/2
j)f1|2

)1/2∥∥∥
Lp1 (dµk)

×
∥∥∥(∑

j∈Z

|ψ̃(2πn2, Dk/2
j)f2|2

)1/2∥∥∥
Lp2 (dµk)

≤ C ||f1||Lp1 (dµk) ||f2||Lp2 (dµk)

∑
n1∈Zd

∑
n2∈Zd

(1 + |n1|)n(1 + |n2|)n

(1 + |n1|+ |n2|)L
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≤ C ||f1||Lp1 (dµk) ||f2||Lp2 (dµk)

This concludes the proof for T1.

Estimate of T2:

For any j ∈ Z, definemj(ξ, η) = ψj(ξ)
∑

j2:j2<j−4

ψj2(η)m(ξ, η)

=: ψj(ξ)ϕj(η)m(ξ, η),

where ϕ(η) =
∑

j<−4

ψj(η) and ϕj(η) = ϕ(η/2j).

Then supp ϕ ⊂ {ξ ∈ Rd : |ξ| ≤ 2−3}.

Let ψ̃, ϕ̃ ∈ C∞(Rd) be another two functions such that 0 ≤ ψ̃, ϕ̃ ≤ 1 and

ψ̃(ξ) =

{
0 if |ξ| /∈ [2

5
, 5
2
],

1 if |ξ| ∈ [2−1, 2];

ϕ̃(ξ) =

{
0 if |ξ| /∈ [0, 2−2],
1 if |ξ| ∈ [0, 2−3].

Then, we have for any j ∈ Z,

mj(ξ, η) = ψj(ξ)ϕj(η)m(ξ, η)

= ψ̃j(ξ)ψj(ξ)ϕ̃j(η)ϕj(η)m(ξ, η)

= ψ̃j(ξ)ϕ̃j(η)mj(ξ, η).

Now suppmj ⊂
{
(ξ, η) ∈ Rd × Rd : 2j−1 ≤ |ξ| ≤ 2j+1, |η| ≤ 2j−3

}
.

Define for all j ∈ Z,

aj(ξ, η) = mj(2
jξ, 2jη).

Then supp aj ⊂
{
(ξ, η) ∈ Rd × Rd : 2−1 ≤ |ξ| ≤ 2, |η| ≤ 2−3

}
.

Although ψ(ξ)ϕ(η) does not vanish at η = 0 but it is clear that it vanishes near ξ = 0.

Hence, we can repeat the arguments as in the case of T1 to obtain that

T2(f1, f2)(x)
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=
∑
n1∈Zd

∑
n2∈Zd

∑
j∈Z

cj(n1,n2) ψ̃(2πn1, Dk/2
j)f1(x)

× ϕ̃(2πn2, Dk/2
j)f2(x) (4.3.5)

and also (4.3.4) holds.

To complete the proof in this case, we need the following lemma. A version of this

lemma can be found in [75], however for the sake of correctness and completeness, we

provide a proof here.

Lemma 4.3.2. LetΦ be a smooth function onRd such that 0 ≤ Φ ≤ 1, suppΦ ⊂ {ξ ∈ Rd :

2−6 ≤ |ξ| ≤ 26} and Φ(ξ) = 1 for 2−5 ≤ |ξ| ≤ 25. For j ∈ Z, define Φj(ξ) = Φ(ξ/2j)

and for f ∈ S(Rd) define

Φ(0, Dk/2
j)f(x) =

∫
Rd

Φj(ξ)Fkf(ξ)Ek(ix, ξ) dµk(ξ).

Then for any j ∈ Z and x ∈ Rd,

ψ̃(2πn1, Dk/2
j)f1(x) ϕ̃(2πn2, Dk/2

j)f2(x)

= Φ(0, Dk/2
j)
(
ψ̃(2πn1, Dk/2

j)f1(·) ϕ̃(2πn2, Dk/2
j)f2(·)

)
(x).

Proof. It is enough to prove that

Fk

(
ψ̃(2πn1, Dk/2

j)f1(·) ϕ̃(2πn2, Dk/2
j)f2(·)

)
(ξ)

= Φj(ξ)Fk

(
ψ̃(2πn1, Dk/2

j)f1(·) ϕ̃(2πn1, Dk/2
j)f2(·)

)
(ξ),

for all ξ ∈ Rd.

Applying properties of Dunkl convolution the above equality is equivalent to

(
ψ̃j(·)e⟨2πin1, ·⟩/2

jFkf1(·) ∗k ϕ̃j(·)e⟨2πin2, ·⟩/2
jFkf2(·)

)
(ξ)

= Φj(ξ)
(
ψ̃j(·)e⟨2πin1, ·⟩/2

jFkf1(·) ∗k ϕ̃j(·)e⟨2πin2, ·⟩/2
jFkf2(·)

)
(ξ),
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for all ξ ∈ Rd.Again, to prove that the above equality holds, from definition of ψ̃, ϕ̃ andΦ, it

suffices to show that for any f, g ∈ S(Rd) with supp f ⊂
{
ξ ∈ Rd : 2j+1

5
≤ |ξ| ≤ 5.2j−1

}
,

supp g ⊂
{
η ∈ Rd : |η| ≤ 2j−2

}
, we have that

supp (f ∗k g) ⊂
{
ξ ∈ Rd : 2j−5 ≤ |ξ| ≤ 2j+5

}
.

Take x ∈ Rd such that |x| /∈ [2j−5, 2j+5]. Now

f ∗k g(x) =
∫

2j+1

5
≤|y|≤5.2j−1

f(y)τ kx g(−y) dµk(y)

Now from [26, Theorem 1.7] or [2, Theorem 5.1], we have

supp τ kx g(−·) ⊂
{
y ∈ Rd : |2j−2 − |x| | ≤ |y| ≤ |x|+ 2j−2

}
.

But |x| /∈ [2j−5, 2j+5] and y ∈ supp τ kx g(−·) together implies either |y| < 2j+1

5
or |y| >

5.2j−1 and which implies f ∗k g(x) = 0. This completes the proof of the Lemma.

Coming back to the proof for T2, by Lemma 4.3.2, from (4.3.5) we get

T2(f1, f2)(x)

=
∑
n1∈Zd

∑
n2∈Zd

∑
j∈Z

cj(n1,n2) Φ(0, Dk/2
j)
(
ψ̃(2πn1, Dk/2

j)f1(·) ϕ̃(2πn2, Dk/2
j)f2(·)

)
(x).

To proveLp boundedness of T2, take g ∈ S(Rd)with ||g||Lp′ (dµk)
= 1where 1/p+1/p′ = 1,

then using Plancherel formula for Dunkl transform, we have∫
Rd

T2(f1, f2)(x) g(x) dµk(x)

=

∫
Rd

∑
n1∈Zd

∑
n2∈Zd

∑
j∈Z

cj(n1,n2)

×Φ(0, Dk/2
j)
(
ψ̃(2πn1, Dk/2

j)f1(·) ϕ̃(2πn2, Dk/2
j)f2(·)

)
(x) g(x) dµk(x)

=
∑
n1∈Zd

∑
n2∈Zd

∑
j∈Z

cj(n1,n2)
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×
(∫

Rd

Φ(0, Dk/2
j)
(
ψ̃(2πn1, Dk/2

j)f1(·) ϕ̃(2πn2, Dk/2
j)f2(·)

)
(x)g(x) dµk(x)

)
=

∑
n1∈Zd

∑
n2∈Zd

∑
j∈Z

cj(n1,n2)
(∫

Rd

ψ̃(2πn1, Dk/2
j)f1(x) ϕ̃(2πn2, Dk/2

j)f2(x)

×Φ(0, Dk/2
j)g(x) dµk(x)

)
.

Again using Cauchy­Schwarz inequality, Hölder’s inequality, decay condition (4.3.4),

Theorem 4.2.1 and Theorem 4.2.4 and using the facts that L > 2d + 2⌊dk⌋ + 4 and n =

⌊dk⌋+ 2, we have∣∣∣ ∫
Rd

T2(f1, f2)(x) g(x) dµk(x)
∣∣∣

= C
∑
n1∈Zd

∑
n2∈Zd

1

(1 + |n1|+ |n2|)L
∥∥∥(∑

j∈Z

|ψ̃(2πn1, Dk/2
j)f1 ϕ̃(2πn2, Dk/2

j)f2|2
)1/2∥∥∥

Lp(dµk)

×
∥∥(∑

j∈Z

|Φ(0, Dk/2
j)g|2

)1/2∥∥∥
Lp′ (dµk)

≤ C ||g||Lp′ (dµk)

∑
n1∈Zd

∑
n2∈Zd

1

(1 + |n1|+ |n2|)L
∥∥∥(∑

j∈Z

|ψ̃(2πn1, Dk/2
j)f1|2

)1/2∥∥∥
Lp1 (dµk)

×
∥∥∥ sup

j∈Z
|ϕ̃(2πn2, Dk/2

j)f2|
∥∥∥
Lp2 (dµk)

≤ ||f1||Lp1 (dµk) ||f2||Lp2 (dµk)

∑
n1∈Zd

∑
n2∈Zd

(1 + |n1|)n(1 + |n2|)n

(1 + |n1|+ |n2|)L

≤ C ||f1||Lp1 (dµk) ||f2||Lp2 (dµk)

Hence the proof for T2 is completed.

Estimate of T3:

The estimate for T3 follows exactly in the same as in the case of T2, hence it is omitted.

Remark 4.3.3. In our result smoothness condition onm is more than what one may expect

from the viewpoint of the classical case [73, Corollary 1.2]. We do not know whether the

above result can be proven by assuming less number of derivatives onm.
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4.4 Weighted Inequalities for Bilinear Multiplier Opera­
tors

Next, we state and prove our main results regarding one and two­weight estimates the for

bilinear Dunkl multiplier operators.

Theorem 4.4.1. Let 1 ≤ p1, p2 < ∞, p be the number given by 1/p = 1/p1 + 1/p2 and

L ∈ N be such that L > 2d + 2⌊dk⌋ + 4. If m ∈ CL
(
Rd × Rd \ {(0, 0)}

)
be a function

satisfying

|∂αξ ∂βηm(ξ, η)| ≤ Cα, β (|ξ|+ |η|)−(|α|+|β|) (4.4.1)

for all multi­indices α, β ∈ (N ∪ {0})d such that |α| + |β| ≤ L and for all (ξ, η) ∈ Rd ×

Rd \ {(0, 0)} and v, w1, w2 be G­invariant weights with v ∈ Ak
∞; then the following hold:

(i) if at least one of p1 or p2 is 1 and the vector weight (v, (w1, w2)) ∈ Ak
(p1,p2)

, then

for all f1 ∈ Lp1(Rd, w1 dµk) and f2 ∈ Lp2(Rd, w2 dµk), the following boundedness

holds:

sup
t>0

t
( ∫
{y ∈Rd: |Tm

−→
f (y)|>t}

v(x) dµk(x)
)1/p

≤ C
2∏

j=1

(∫
Rd

|fj(x)|pjwj(x)dµk(x)
)1/pj

;

(ii) if both p1, p2 > 1 and the vector weight (v,−→w ) satisfies the bump condition (2.3.1)

withm = 2 for some t > 1, then for all f1 ∈ Lp1(Rd, w1 dµk) and f2 ∈ Lp2(Rd, w2 dµk),

the following boundedness holds:

(∫
Rd

|Tm
−→
f (x)|pv(x) dµk(x)

)1/p
≤ C

2∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dµk(x)
)1/pj

.

Theorem 4.4.2. Let 1 ≤ p1, p2 < ∞ and p be the number given by 1/p = 1/p1 + 1/p2

and L ∈ N be such that L > 2d + 2⌊dk⌋ + 4. If m ∈ CL
(
Rd × Rd \ {(0, 0)}

)
be a

function which satisfies the condition (4.4.1) for all multi­indices α, β ∈ (N ∪ {0})d such
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that |α|+ |β| ≤ L and for all (ξ, η) ∈ Rd×Rd\{(0, 0)} andw1, w2 beG­invariant weights

with (w1, w2) ∈ Ak
(p1, p2)

; then the following hold:

(i) if at least one of p1 or p2 is 1, then for all f1 ∈ Lp1(Rd, w1 dµk) and f2 ∈ Lp2(Rd, w2 dµk),

the following boundedness holds:

sup
t>0

t
( ∫
{y ∈Rd: |Tm

−→
f (y)|>t}

2∏
j=1

w
p/pj
j (x) dµk(x)

)1/p
≤ C

2∏
j=1

(∫
Rd

|fj(x)|pjwj(x)dµk(x)
)1/pj

;

(ii) if both p1, p2 > 1, then for all f1 ∈ Lp1(Rd, w1 dµk) and f2 ∈ Lp2(Rd, w2 dµk), the

following boundedness holds:(∫
Rd

|Tm
−→
f (x)|pwp/p1

1 (x)w
p/p2
2 (x) dµk(x)

)1/p
≤ C

2∏
j=1

(∫
Rd

|fj(x)|pjwj(x) dµk(x)
)1/pj

.

Proofs of Theorem 4.4.1 and Theorem 4.4.2. Let ϕ ∈ C∞(R2d) be such that supp ϕ ⊂

{(ξ, η) ∈ Rd × Rd : 1/4 ≤
(
|ξ|2 + |η|2

)1/2 ≤ 4} and∑
j∈Z

ϕ(ξ/2j, η/2j) = 1 for all (ξ, η) ̸= (0, 0)

where we recall that the notation | · | stands for the usual norm on Rd. Then

m(ξ, η) =
∑
j∈Z

m(ξ, η)ϕ(ξ/2j, η/2j)

=:
∑
j∈Z

mj(ξ/2
j, η/2j).

In view of the multilinear Dunkl setting defined in Section 2.2, for x, y1, y2 ∈ Rd, let us

define

Kj(x, y1, y2) = τ k
2

(x,x)F−1
k2

(
m(·, ·)ϕ(·/2j, ·/2j)

)(
(−y1,−y2)

)
and K̃j(x, y1, y2) = τ k

2

(x,x)F−1
k2 mj

(
(−y1,−y2)

)
.

Then Kj(x, y1, y2) = 22jdkK̃j(2
jx, 2jy1, 2

jy2) for all x, y1, y2 ∈ Rd and for all f1, f2 ∈

S(Rd),

Tm(f1, f2)(x) =

∫
R2d

m(ξ, η)Fkf1(ξ)Fkf2(η)Ek(ix, ξ)Ek(ix, η) dµk(ξ)dµk(η)
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=
∑
j∈Z

∫
R2d

mj(ξ/2
j, η/2j)Fk2

(
f1 ⊗ f2

)(
(ξ, η)

)
Ek2
(
i(x, x), (ξ, η)

)
×dµk2

(
(ξ, η)

)
=

∑
j∈Z

∫
R2d

Kj(x, y1, y2) f1(y1)f2(y2) dµk(y1)dµk(y2)

=:

∫
R2d

K(x, y1, y2) f1(y1)f2(y2) dµk(y1)dµk(y2).

Having Theorem 4.3.1 already proved, proofs of Theorem 4.4.1 and Theorem 4.4.2 will

follow directly from Theorem 3.3.3 and Theorem 3.3.4, if we can show that integral kernel

K of Tm, satisfies the size estimate (3.1.1) and smoothness estimates (3.1.2) form = 2. For

that, we need to show that for any x, x′, y1, y2 ∈ Rd,

(i) |K(x, y1, y2)|

≤ C
[
µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]−2dG(x, y1) + dG(x, y2)

|x− y1|+ |x− y2|
(4.4.2)

for dG(x, y1) + dG(x, y2) > 0;

(ii) |K(x, y1, y2)−K(x, y1, y
′
2)|

≤ C
[
µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]−2 |y2 − y′2|
max{|x− y1|, |x− y2|}

(4.4.3)

for |y2 − y′2| < max{dG(x, y1)/2, dG(x, y2)/2};

(iii) |K(x, y1, y2)−K(x, y′1, y2)|

≤ C
[
µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]−2 |y1 − y′1|
max{|x− y1|, |x− y2|}

(4.4.4)

for |y1 − y′1| < max{dG(x, y1)/2, dG(x, y2)/2}

and
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(iv) |K(x, y1, y2)−K(x′, y1, y2)|

≤ C
[
µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]−2 |x− x′|
max{|x− y1|, |x− y2|}

(4.4.5)

for |x− x′| < max{dG(x, y1)/2, dG(x, y2)/2}.

Proof of the inequality (4.4.2)

The condition (4.4.1) assures that

sup
j∈Z

∥mj∥CL(R2d) ≤ C. (4.4.6)

Since

K̃j(x, y1, y2) =

∫
R2d

mj(ξ, η)Ek2
(
i(ξ, η), (x, x)

)
Ek2
(
− i(ξ, η), (y1, y2)

)
dµk2

(
(ξ, η)

)
,

by applying [28, eq.(4.30)] for R2d, we write

|K̃j(x, y1, y2)| ≤ C[
µk2
(
B((x, x), 1)

)
µk2
(
B((y1, y2), 1)

)]1/2
× 1

1 +
(
|x− y1|2 + |x− y2|2

)1/2 1[
1 + dG×G

(
(x, x), (y1, y2)

)]L−1
.

Therefore, using (2.1.2) for R2d we get

|K(x, y1, y2)|

≤
∑
j∈Z

|Kj(x, y1, y2)|

=
∑
j∈Z

22jdk |K̃j(2
jx, 2jy1, 2

jy2)|

≤
∑
j∈Z

C 22jdk[
µk2
(
B((2jx, 2jx), 1)

)
µk2
(
B((2jy1, 2jy2), 1)

)]1/2
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× 1

1 + 2j
(
|x− y1|2 + |x− y2|2

)1/2 1[
1 + 2j dG×G

(
(x, x), (y1, y2)

)]L−1

≤ C
∑
j∈Z

1[
µk2
(
B((x, x), 2−j)

)
µk2
(
B((y1, y2), 2−j)

)]1/2
× 1

1 + 2j
(
|x− y1|2 + |x− y2|2

)1/2 1[
1 + 2j dG×G

(
(x, x), (y1, y2)

)]L−1

= C
∑

j∈Z: 2j dG×G((x,x), (y1,y2))≤1

· · ·+
∑

j∈Z: 2j dG×G((x,x), (y1,y2))>1

· · · . (4.4.7)

Again from the discussion in Section 2.2, using the product nature of the root system, it is

not too hard to see that
µk2
(
B((z1, z2), r)

)
∼ µk

(
B(z1, r)

)
µk

(
B(z2, r)

)
,

dG×G

(
(z, z), (z1, z2)

)
∼ dG(z, z1) + dG(z, z2)

and µk

(
B(z, r1 + r2)

)
≥ C [µk

(
B(z, r1)

)
+ µk

(
B(z, r2)

)
]

(4.4.8)

for all z, z1, z2 ∈ Rd and r, r1, r2 > 0.

Now, if 2j dG×G((x, x), (y1, y2)) ≤ 1, by applying (2.1.2) for R2d and the relations

(4.4.8), we deduce

1

µk2
(
B((x, x), 2−j)

) ≤ C
[2j dG×G((x, x), (y1, y2))]

2d

µk2
(
B((x, x), dG×G((x, x), (y1, y2)))

)
≤ C

[2j dG×G((x, x), (y1, y2))]
2d

[µk(B(x, dG(x, y1))) + µk(B(x, dG(x, y2)))]2

and

1

µk2
(
B((y1, y2), 2−j)

) ≤ C
[2j dG×G((x, x), (y1, y2))]

2d

µk2
(
B((y1, y2), dG×G((x, x), (y1, y2)))

)
≤ C

[2j dG×G((x, x), (y1, y2))]
2d

µk2
(
B((x, x), dG×G((x, x), (y1, y2)))

)
≤ C

[2j dG×G((x, x), (y1, y2))]
2d

[µk(B(x, dG(x, y1))) + µk(B(x, dG(x, y2)))]2
,

where in the second last inequality we used (2.1.4) for R2d .

Using the above two inequalities in (4.4.7), we have∑
j∈Z: 2j dG×G((x,x), (y1,y2))≤1

1[
µk2
(
B((x, x), 2−j)

)
µk2
(
B((y1, y2), 2−j)

)]1/2
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× 1

1 + 2j
(
|x− y1|2 + |x− y2|2

)1/2 1[
1 + 2j dG×G

(
(x, x), (y1, y2)

)]L−1

≤ C
∑

j∈Z: 2j dG×G((x,x), (y1,y2))≤1

[2j dG×G((x, x), (y1, y2))]
2d

[µk(B(x, dG(x, y1))) + µk(B(x, dG(x, y2)))]2

× 1

2j(|x− y1|+ |x− y2|)

≤ C
[
µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]−2dG(x, y1) + dG(x, y2)

|x− y1|+ |x− y2|
×

∑
j∈Z: 2j dG×G((x,x), (y1,y2))≤1

[2j dG×G((x, x), (y1, y2))]
2d−1

≤ C
[
µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]−2dG(x, y1) + dG(x, y2)

|x− y1|+ |x− y2|
.

(4.4.9)

Similarly for the second sum in (4.4.7), where 2j dG×G((x, x), (y1, y2)) > 1, we get∑
j∈Z: 2j dG×G((x,x), (y1,y2))>1

1[
µk2
(
B((x, x), 2−j)

)
µk2
(
B((y1, y2), 2−j)

)]1/2
× 1

1 + 2j
(
|x− y1|2 + |x− y2|2

)1/2 1[
1 + 2j dG×G

(
(x, x), (y1, y2)

)]L−1

≤ C
∑

j∈Z: 2j dG×G((x,x), (y1,y2))>1

[2j dG×G((x, x), (y1, y2))]
2dk

[µk(B(x, dG(x, y1))) + µk(B(x, dG(x, y2)))]2

× 1

2j(|x− y1|+ |x− y2|)
1[

2j dG×G

(
(x, x), (y1, y2)

)]L−1

≤ C
[
µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]−2dG(x, y1) + dG(x, y2)

|x− y1|+ |x− y2|

×
∑

j∈Z: 2j dG×G((x,x), (y1,y2))>1

1

[2j dG×G((x, x), (y1, y2))]L−2dk

≤ C
[
µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]−2dG(x, y1) + dG(x, y2)

|x− y1|+ |x− y2|
.

(4.4.10)

Substituting (4.4.9) and (4.4.10) in (4.4.7), we complete the proof of (4.4.2).

Proof of the inequality (4.4.3)
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It is easy to see that

dG(x, y1) ≤ dG×G((x, x), (y1, y2)) and dG(x, y2) ≤ dG×G((x, x), (y1, y2)).

So the condition |y2 − y′2| < max{dG(x, y1)/2, dG(x, y2)/2} implies that the 2d­norm 1

|(y1, y2)− (y1, y
′
2)| ≤ dG×G((x, x), (y1, y2))/2,

which further implies

dG×G

(
(x, x), (y1, y2)

)
∼ dG×G

(
(x, x), (y1, y

′
2)
)
, |(x, x)−(y1, y2)| ∼ |(x, x)−(y1, y

′
2)| and

VG×G

(
(x, x), (y1, y2), dG×G

(
(x, x), (y1, y2)

))
∼ VG×G

(
(x, x), (y1, y

′
2), dG×G

(
(x, x), (y1, y

′
2)
))
.

By applying the techniques used in the proof of Theorem 4.2.1 in R2d and using (4.4.6) in

place of (4.2.4), we get

22jdk |K̃j(2
jx, 2jy1, 2

jy2)− K̃j(2
jx, 2jy1, 2

jy′2)|

≤ C
|(y1, y2)− (y1, y

′
2)|∣∣(x, x)− (y1, y2)
∣∣
(
2jdG×G

(
(x, x), (y1, y2)

))2d
+
(
2jdG×G

(
(x, x), (y1, y2)

))2dk
VG×G

(
(x, x), (y1, y2), dG×G

(
(x, x), (y1, y2)

))
× 1(

1 + 2jdG×G

(
(x, x), (y1, y2)

))L−1
. (4.4.11)

Hence, using (2.1.4) for R2d, and (4.4.8) repeatedly, from (4.4.11) we have

|K(x, y1, y2)−K(x, y1, y
′
2)|

≤
∑
j∈Z

22jdk |K̃j(2
jx, 2jy1, 2

jy2)− K̃j(2
jx, 2jy1, 2

jy′2)|

≤ C
|(y1, y2)− (y1, y

′
2)|∣∣(x, x)− (y1, y2)
∣∣ 1

VG×G

(
(x, x), (y1, y2), dG×G

(
(x, x), (y1, y2)

))
×
∑
j∈Z

(
2jdG×G

(
(x, x), (y1, y2)

))2d
+
(
2jdG×G

(
(x, x), (y1, y2)

))2dk(
1 + 2jdG×G

(
(x, x), (y1, y2)

))L−1

1We have used the same notation | · | for norms on Rd and R2d.
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≤ C
|y2 − y′2|

|x− y1|+ |x− y2|
1

µk2
(
B((x, x), dG×G((x, x), (y1, y2)))

)
×
∑
j∈Z

(
2jdG×G

(
(x, x), (y1, y2)

))2d
+
(
2jdG×G

(
(x, x), (y1, y2)

))2dk(
1 + 2jdG×G

(
(x, x), (y1, y2)

))L−1

≤ C
|y2 − y′2|

|x− y1|+ |x− y2|
1[

µk

(
B(x, dG×G((x, x), (y1, y2)))

)]2
×
∑
j∈Z

(
2jdG×G

(
(x, x), (y1, y2)

))2d
+
(
2jdG×G

(
(x, x), (y1, y2)

))2dk(
1 + 2jdG×G

(
(x, x), (y1, y2)

))L−1

≤ C
|y2 − y′2|

max{|x− y1|, |x− y2|}
1[

µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]2
×
∑
j∈Z

(
2jdG×G

(
(x, x), (y1, y2)

))2d
+
(
2jdG×G

(
(x, x), (y1, y2)

))2dk(
1 + 2jdG×G

(
(x, x), (y1, y2)

))L−1

≤ C
[
µk

(
B(x, dG(x, y1))

)
+ µk

(
B(x, dG(x, y2))

)]−2 |y2 − y′2|
max{|x− y1|, |x− y2|}

,

where the convergence of the last sum can be shown in exact same way as in the proof of

Theorem 4.2.1.

Proof of the inequality (4.4.4)

The proof of (4.4.4) is exactly the same as the proof of (4.4.3) with interchange of the

roles of y1 and y2.

Proof of the inequality (4.4.5)

Note that K̃j can be written as

K̃j(x, y1, y2) =

∫
R2d

mj(ξ, η)Ek2
(
i(ξ, η), (−y1,−y2)

)
Ek2
(
−i(ξ, η), (−x,−x)

)
dµk2

(
(ξ, η)

)
,

Now the condition |x− x′| < max{dG(x, y1)/2, dG(x, y2)/2} implies that the 2d­norm

|(x, x)− (x′, x′)| ≤
√
2 dG×G((x, x), (y1, y2))/2,
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which further implies

dG×G

(
(x, x), (y1, y2)

)
∼ dG×G

(
(x′, x′), (y1, y2)

)
, |(x, x)−(y1, y2)| ∼ |(x′, x′)−(y1, y2)| and

VG×G

(
(x, x), (y1, y2), dG×G

(
(x, x), (y1, y2)

))
∼ VG×G

(
(x′, x′), (y1, y2), dG×G

(
(x′, x′), (y1, y2)

))
.

Thus in this case also, rest of the proof can be carried forward in the same way as in the

proof of (4.4.3).
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Chapter 5

Multilinear FractionalOperators inDunkl
Setting

This chapter is devoted to studying weighted estimates for the multilinear Dunkl fractional

integral operator Ik
α and multilinear Dunkl fractional maximal operator Mk

α. It extends

the results in the classical setting mentioned in Section 1.3 to the Dunkl setting. After a

concise introduction and a brief overview of the history pertaining to these operators, we

formally define them in the next section. In Section 5.2, we use Rösler’s formula for Dunkl

translations of radial functions to dominate Ik
α by an operator similar to the classical mul­

tilinear fractional integral operator, which involves the Dunkl metric instead of the usual

metric. Subsequently, we investigate the two­weight inequalities for Ik
α. Similarly, in Sec­

tion 5.3, we controlMk
α by a finite sum of classical multilinear fractional maximal operators

and study two­weight inequalities for them. Utilizing two­weight inequalities, we establish

corresponding one­weight inequalities for Mk
α in Section 5.4. This enables us to prove

one­weight inequalities for Ik
α in Section 5.5, depending on the one­weight results forMk

α.

This whole chapter is based on the work [55].

5.1 Introduction

After the groundbreaking work of Muckenhoupt [52] regarding the characterization of wei­

ghted inequalities for the Hardy­Littlewood maximal operator M , the study of weighted

norm inequalities in harmonic analysis has garnered significant attention. The operatorM

is closely related to the fractional integral operator Iα, defined for all functions f in the
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Schwartz class S(Rd), by

Iαf(x) =

∫
Rd

f(y)

|x− y|d−α
dy, 0 < α < d

and to the fractional maximal operatorMα, defined for locally integrable functions f , by

Mαf(x) = sup
x∈Q

1

|Q|1−α/d

∫
Q

|f(y)| dy, 0 ≤ α < d.

Along with the maximal function, a parallel weight­theory forMα and Iα has been studied

as well by several authors. A characterization of the one­weight inequality for these two

operators has been given by Muckenhoupt and Wheeden [53]. In particular, they proved

that for 1 < p < d/α and q given by 1/q = 1/p − α/d; Iα orMα : Lp(Rd, w(x)pdx) →

Lq(Rd, w(x)qdx) if and only if w satisfy the Ap, q condition, i.e.,

sup
Q

( 1

|Q|

∫
Q

wq dy
)1/q( 1

|Q|

∫
Q

w−p′ dy
)1/p′

<∞. (5.1.1)

On the other hand, Sawyer [65] gave a similar characterization as in (1.0.4) for the two­

weight Lp − Lq inequalities for these two operators. Another characterization of the two­

weight inequalities for Iα was given by Sawyer and Wheeden [66] using “power bump”

conditions on the weights.

In 2009, Moen [51] presented a multilinear analogue of the above weighted inequalities

for multilinear fractional integrals Iα and multilinear fractional maximal operators Mα,

where Iα is defined for all
−→
f = (f1, f2, · · · , fm) ∈ S(Rd)× S(Rd)× · · · × S(Rd), by

Iα

−→
f (x) =

∫
(Rd)m

f1(y1)f2(y2)...fm(ym)

(|x− y1|+ |x− y2|+ ...+ |x− ym|))md−α
dy1dy2...dym,

0 < α < md

andMα is defined for all locally integrable functions fi in Rd, by

Mα

−→
f (x) = sup

x∈Q

m∏
j=1

l(Q)α/m

|Q|

∫
Q

|fj(yj)| dyj, 0 ≤ α < md.
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Regarding one­weight inequality, the author in [51] proved that Iα or Mα is a bounded

operator from Lp1(Rd, w1(x)
p1dx)× Lp1(Rd, w2(x)

p2dx)× · · · × Lp1(Rd, wm(x)
pmdx) to

Lq(Rd, (
m∏
j=1

wj(x))
qdx), where 1/q = 1/p1 + 1/p2 + · · ·+ 1/pm − α/n and 1 < pj <∞,

if and only if −→w = (w1, w2, · · · , wm) satisfy the A−→
P , q

condition:

sup
Q

( 1

|Q|

∫
Q

(
m∏
j=1

wj)
q dy
)1/q m∏

j=1

( 1

|Q|

∫
Q

w
−p′j
j dy

)1/p′j
<∞, (5.1.2)

which is multilinear version of the Ap, q condition (5.1.1). In the same paper two­weight

inequalities for these operators were also studied using “bump conditions” on the weights

which are similar to the linear case.

In analogy to the classical case, Thangavelu and Xu [72] defined the fractional integral

operator Ikα associated to Dunkl operator by

Ikαf(x) =

∫
Rd

τ k−yf(x)|y|α−dk dµk(y),

where 0 < α < dk.

Also the associated fractional maximal function Mk
α was introduced by Gorbachev et

al. [32], given by

Mk
αf(x) = sup

r>0
rα−dk

∣∣∣ ∫
Rd

f(y)τ kxχB(0,r)(−y) dµk(y)
∣∣∣,

where 0 ≤ α < dk and χB(0,r) denotes the characteristic function of the ball B(0, r).

For the reflection group Zd
2, the Lp − Lq inequalities for Dunkl fractional integral and

Dunkl fractional maximal function in the non­weighted case were proved by Thangavelu

and Xu [72] and it was further generalized for any reflection groupG by Hassani et al. [39].

Regarding weighted boundedness, weighted inequalities for Ikα andMk
α with radial power

weights are there in the literature [1, 32].

Motivated by the work of Moen [51], in this chapter we define the multilinear fractional

integral operator in Dunkl setting Ik
α and the corresponding multilinear fractional operator
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Mk
α, which could be seen as multilinear analogues of Ikα and Mk

α respectively. For
−→
f =

(f1, f2, · · · , fm) ∈ S(Rd)×S(Rd)×· · ·×S(Rd), we define themultilinear Dunkl fractional

integral operator Ik
α as

Ik
α

−→
f (x) =

∫
(Rd)m

τ k
m

(−y1,−y2,··· ,−ym)f1(x)f2(x) · · · fm(x)
(|y1|2 + |y2|2 + · · ·+ |ym|2)(mdk−α)/2

dµkm(y1, y2, · · · , ym),

where 0 < α < mdk

and the associated multilinear Dunkl fractional maximal operator Mk
α as

Mk
α

−→
f (x) = sup

r>0

m∏
j=1

r
α
m
−dk

∣∣∣∣∣
∫
Rd

fj(yj)τ
k
xχB(0,r)(−yj) dµk(yj)

∣∣∣∣∣, where 0 ≤ α < mdk.

Clearly, Ik
α and Mk

α represent the m­linear extensions of the Dunkl fractional integral

operators and the Dunkl fractional maximal operators.

Our main purpose here is to study both one and two­weight inequalities for Ik
α andMk

α

for weights which are counter parts of those in classical setting. Our results extend the

literature in the Dunkl setting from the linear case to the multilinear case. For general space

of homogeneous type multiple­weighted inequalities for fractional integrals (which are not

equivalent to Dunkl fractional integrals) were proved by Maldonado et al. [50] using the

techniques in [58,66] (see also [51,59]). But we can not directly use their result here as none

of the conditions are satisfied by kernel associated with Ik
α. Here similar techniques will be

used to prove two­weight inequalities. On the other hand to prove one­weight inequalities

we will make use of the two­weight inequalities and follow the similar approaches which

are used to prove weighted inequalities for multilinear maximal function (in the classical

setting by Lerner et al. [48] and Moen [51] and for the homogeneous spaces by Grafakos et

al. [34]). The main essence of our results lies in some new tricks (Lemma 5.2.1 and Lemma

5.3.3 ) that enable us to overcome the challenges inherent in this setup, transitioning from

Dunkl­characteristic to the characteristics similar to those of spaces of homogeneous type.
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5.2 Two­weight Inequalities forMultilinear Fractional In­
tegral Operators

Before delving into the main theorem of this section, we first state the following lemma,

which will be employed in proving the main theorem.

Lemma 5.2.1. For
−→
f ∈ S(Rd)×S(Rd)×· · ·×S(Rd)with fj ≥ 0 for all j = 1, 2, · · · ,m;

we have

|Ik
α

−→
f (x)|

≤ C

∫
(Rd)m

f1(y1)f2(y2) · · · fm(ym)(
dG(x, y1) + dG(x, y2) + · · ·+ dG(x, ym)

)mdk−α
dµk(y1) · · · dµk(ym)

Proof. From the identity

1

(|y1|2 + |y2|2 + · · ·+ |ym|2)(mdk−α)/2

=
1

Γ(mdk−α
2

)

∫ ∞

0

s(mdk−α)/2−1e−s(|y1|2+|y2|2+···+|ym|2) ds

and using the properties of Dunkl convolution, we have

Ik
α

−→
f (x) =

1

Γ(mdk−α
2

)

∫
(Rd)m

τ kxf1(−y1)τ kxf2(−y2) · · · τ kxfm(−ym)

×
∫ ∞

0

s(mdk−α)/2−1e−s(|y1|2+|y2|2+···+|ym|2) ds dµk(y1)dµk(y2) · · · dµk(ym)

=
1

Γ(mdk−α
2

)

∫ ∞

0

s(mdk−α)/2−1

m∏
j=1

(∫
Rd

τ kxfj(−yj)e−s|yj |2 dµk(yj)

)
ds

=
1

Γ(mdk−α
2

)

∫ ∞

0

s(mdk−α)/2−1

m∏
j=1

(∫
Rd

fj(yj)τ
k
x e

−s|−yj |2 dµk(yj)

)
ds.

Now using (2.1.6), applying the inequality (2.1.7) and reversing the above process, we get

|Ik
α

−→
f (x)|

=
1

Γ(mdk−α
2

)

∫ ∞

0

s(mdk−α)/2−1

m∏
j=1

(∫
Rd

fj(yj)
(∫

Rd

e−s(A(x,yj ,η))
2

dµx(η)
)
dµk(yj)

)
ds
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≤ C

∫
(Rd)m

f1(y1)f2(y2) · · · fm(ym)(
dG(x, y1) + dG(x, y2) + · · ·+ dG(x, ym)

)mdk−α
dµk(y1) · · · dµk(ym)

The following is the main theorem in this section.

Theorem 5.2.2. Suppose that 1 < p1, p2, · · · , pm <∞, q be such that 1/m < p ≤ q <∞

andmγk < α < mdk. Furthermore, let u, v1, v2, · · · , vm be G­invariant weights such that

the following two­weight conditions hold:

(i) if q > 1,

sup
B⊂Rd

r(B)α−mdk µk(B)
1
q
+ 1

p′1
+···+ 1

p′m

(
1

µk(B)

∫
B

utq dµk

)1/tq

×
m∏
j=1

(
1

µk(B)

∫
B

v
−tp′j
j dµk

)1/tp′j

<∞,

for some t > 1;

(ii) if q ≤ 1,

sup
B⊂Rd

r(B)α−mdk µk(B)
1
q
+ 1

p′1
+···+ 1

p′m

(
1

µk(B)

∫
B

uq dµk

)1/q

×
m∏
j=1

(
1

µk(B)

∫
B

v
−tp′j
j dµk

)1/tp′j

<∞,

for some t > 1.

Then for all
−→
f ∈ Lp1(Rd, vp11 dµk)×Lp2(Rd, vp22 dµk)×· · ·×Lpm(Rd, vpmm dµk), the following

inequality holds:(∫
Rd

(∣∣∣Ik
α

−→
f (x)

∣∣∣u(x))q dµk(x)

)1/q

≤ C

m∏
j=1

(∫
Rd

(|fj(x)|vj(x))pj dµk(x)

)1/pj

.
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Proof. We start with the set of all dyadic cubes D in Rd, i.e.,

D =
{ d∏

j=1

[
mj2

l, (mj + 1)2l
)
: m1,m2, · · · ,md, l ∈ Z

}
.

Let us define

Dl =
{
Q ∈ D : side length of Q = 2l

}
.

Then the following properties hold.

(i) for any l ∈ Z, Rd =
⋃

Q∈Dl Q;

(ii) given Q ∈ Dl and Q′ ∈ Dl′ with l < l′, then either Q ⊂ Q′ or Q ∩Q′ = ∅;

(iii) for each Q ∈ Dl and each l′ > l, there exists a unique Q′ ∈ Dl′ such that Q ⊂ Q′;

(iv) if Q ∈ Dl, then diameter of Q ≤ 2l
√
d;

(v) for a given Q ∈ Dl, let xQ denotes the centre of Q, then B(xQ, 2
l−1) ⊂ Q.

Clearly by the construction, the cubes in Dl are pairwise disjoint. For any Q ∈ Dl, we

define B(Q) = B
(
xQ, 2

l+1
√
d
)
. It then follows that if Q ∈ Dl, Q′ ∈ Dl′ and Q ⊂ Q′,

then we have B(Q) ⊆ B(Q′). In fact, by property (ii), we get l < l′ and hence y ∈ B(Q)

implies that

|y − xQ′| ≤ |y − xQ|+ |xQ − xQ′| ≤ 2l+1
√
d+ 2l

′√
d ≤ 2l

′+1
√
d.

Also observe that by property (iii), for every Q ∈ Dl we can find a unique Q∗ ∈ Dl+1 such

that Q ⊂ Q∗. Since µk satisfies doubling condition and

B(xQ, 2
l−1) ⊆ Q ⊆ B(Q) ⊆ B(Q∗) ⊆ 3B(Q),

so we have µk(Q) ∼ µk(B(Q)) ∼ µk(B(Q∗)). It is also important to notice that ifQ ∈ Dl,

there exists s > l such that Q∗s is the cube which contains Q (by property (iii)), then

Q ⊂ Q∗s.
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Now we return to our operator Ik
α. By density argument it is enough to prove the The­

orem for
−→
f ∈ S(Rd)× S(Rd)× · · · × S(Rd) with fj ≥ 0 for all j = 1, 2, · · · ,m.

As usual, our next aim is to discretize Ik
α. For that we take (x, y1, y2, · · · ym) ∈

(
Rd
)m+1

and l ∈ Z such that

2l−1 ≤ dG(x, y1) + dG(x, y2) + · · · dG(x, ym) ≤ 2l.

Then we can find a Q ∈ Dl with x ∈ Q. Now as diameter of Q ≤ 2l
√
d,

dG(xQ, yj) ≤ dG(x, xQ) + dG(x, yj) ≤ 2l
√
d+ 2l ≤ 2l+1

√
d.

This implies (y1, y2, · · · ym) ∈ (O(B(Q)))m with

dG(x, y1) + dG(x, y2) + · · · dG(x, ym) ≥ 2l−1 = r(B(Q))/4
√
d.

Hence, we get for x ∈ Q and (y1, y2, · · · , ym) ∈ O(B(Q))×O(B(Q))× · · · ×O(B(Q)),

1(
dG(x, y1) + dG(x, y2) + · · ·+ dG(x, ym)

)mdk−α

≤ Cr(B(Q))α−mdkχQ(x)
m∏
j=1

χO(B(Q))(yj)

≤ C
∑
Q∈D

r(B(Q))α−mdkχQ(x)
m∏
j=1

χO(B(Q))(yj)

Then from Lemma 5.2.1, we have

Ik
α

−→
f (x) ≤ C

∑
Q∈D

r(B(Q))α−mdk

(
m∏
j=1

∫
O(B(Q))

fj(yj) dµk(yj)

)
χQ(x)

Case 1. q > 1

As Ik
α is a positive operator, it is enough to prove for all g ∈ Lq′(Rd, dµk), with g ≥ 0,∫

Rd

Ik
α

−→
f (x)u(x)g(x)dµk(x)
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≤ C

(∫
Rd

g(x)q
′
dµk(x)

)1/q′ m∏
j=1

(∫
Rd

(fj(x)vj(x))
pj dµk(x)

)1/pj

.

From above, we have∫
Rd

Ik
α

−→
f (x)u(x)g(x)dµk(x)

≤ C
∑
Q∈D

r(B(Q))α−mdk

∫
Q

g(x)u(x) dµk(x)

(
m∏
j=1

∫
⋃

σ∈G
σ(B(Q))

fj(yj) dµk(yj)

)

≤ C
∑

(n1,n2,··· ,nm)
σni∈G

∑
Q∈D

r(B(Q))α−mdk

∫
Q

g(x)u(x) dµk(x)

(
m∏
j=1

∫
σnj (B(Q))

fj(yj) dµk(yj)

)

≤ C
∑

(n1,n2,··· ,nm)
σni∈G

∑
Q∈D

r(B(Q))α−mdk

∫
Q

g(x)u(x) dµk(x)

(
m∏
j=1

∫
B(Q)

fj ◦ σnj
(yj) dµk(yj)

)
.

Since the first sum is over finite indices, we only show that for any (σn1 , σn2 , · · · , σnm) ∈

G×G× · · · ×G,

∑
Q∈D

r(B(Q))α−mdk

∫
Q

g(x)u(x) dµk(x)

(
m∏
j=1

∫
B(Q)

fσj
(yj) dµk(yj)

)

≤ C

(∫
Rd

g(x)q
′
dµk(x)

)1/q′ m∏
j=1

(∫
Rd

(fj(x)vj(x))
pj dµk(x)

)1/pj

, (5.2.1)

where we have written fσj
in place of fj ◦ σnj

for simplicity of notation.

Further, for x ∈
⋃

Q∈D
Q we define

Mk
B(D)

−→
h (x) = sup

Q∈D
x∈Q

m∏
j=1

1

µk(B(Q))

∫
B(Q)

|hj(y)| dµk(y).

Let a > 1 be a constant to be defined later. Define

S l =
{
x ∈

⋃
Q∈D

Q : Mk
B(D)

−→
fσ(x) > al

}
,
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where
−→
fσ = (fσ1 , fσ2 , · · · , fσm). (5.2.2)

If S l ̸= ∅, then there exists a cube Q ∈ D with x ∈ Q and
m∏
j=1

1

µk(B(Q))

∫
B(Q)

fσj
(y) dµk(y) > al. (5.2.3)

Thus, we getQ ⊆ S l. Now using the facts that dyadic cubes inD are nested and
∫
Rd

fσj
(y)dµk(y)

<∞, we can write S l =
⋃
s

Ql,s, where for each l the cubes Ql,s ∈ D are maximal, disjoint

that satisfy (5.2.3). Now if we take a to be sufficiently large, then by maximality of Ql,s

al <
m∏
j=1

1

µk(B(Ql,s))

∫
B(Ql,s)

fσj
(y) dµk(y)

≤ C
m∏
j=1

1

µk(B(Q∗
l,s))

∫
B(Q∗

l,s)

fσj
(y) dµk(y)

≤ Cal ≤ al+1. (5.2.4)

Next we compute the part of Ql,s inside S l+1. Take x ∈ Ql,s ∩ S l+1, then

Mk
B(D)

−→
fσ(x) = sup

P∈D
x∈P

m∏
j=1

1

µk(B(P ))

∫
B(P )

fσj
(y) dµk(y) > al+1.

But the nested property of dyadic cubes and maximality of Ql,s implies that
m∏
j=1

1

µk(B(P ))

∫
B(P )

fσj
(y) dµk(y) ≤ al, ∀P ⊃ Ql,s such that x ∈ P.

Consequently, we have

al+1 <Mk
B(D)

−→
fσ(x) = sup

P∈D
x∈P⊆Ql,s

m∏
j=1

1

µk(B(P ))

∫
B(P )

fσj
(y) dµk(y)

≤ sup
P∈D
x∈P

m∏
j=1

1

µk(B(P ))

∫
B(P )

fσj
χB(Ql,s)(y) dµk(y).

From this, it follows that if x ∈ Ql,s andMk
B(D)

−→
fσ(x) > al+1, then

Mk
B(D)

(
fσ1χB(Ql,s), fσ2χB(Ql,s), · · · , fσmχB(Ql,s)

)
(x) > al+1.
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Then from Theorem 2.3.2 and (5.2.4), we have

µk(Ql,s ∩ S l+1)

= µk

({
x ∈ Ql,s : Mk

B(D)

−→
fσ(x) > al+1

})
≤ µk

({
x ∈ Ql,s : Mk

HL

(
fσ1χB(Ql,s), fσ2χB(Ql,s), · · · , fσmχB(Ql,s)

)
(x) > al+1

})
≤

(
CM

al+1

m∏
j=1

∫
B(Ql,s)

fσj
(y) dµk(y)

)1/m

≤ µk(B(Ql,s))

(
CM

al+1

m∏
j=1

1

µk(B(Ql,s))

∫
B(Ql,s)

fσj
(y) dµk(y)

)1/m

≤ CMµk(B(Ql,s))

(
1

a

)1/m

≤ CMµk(Ql,s)

(
1

a

)1/m

≤ θµk(Ql,s),

where the constant θ can be taken less than one by choosing a large enough.

Let El,s = Ql,s \ S l+1, then {El,s}l,s is a disjoint family of sets such that µk(El,s) ≥

γµk(Ql,s), for some 0 < γ < 1. Next define

Cl =
{
Q ∈ D : al <

m∏
j=1

1

µk(B(Q))

∫
B(Q)

fσj
(y)dµ(y) ≤ al+1

}
.

Notice that for any s,Ql,s ∈ Cl and by maximality ofQl,s ifQ ∈ Cl thenQ ⊆ Ql,s for some

s. Then

LHS of (5.2.1) ≤
∑
l∈Z

∑
Q∈Cl

µk(B(Q))mr(B(Q))α−mdk

∫
Q

g(x)u(x) dµk(x)

×

(
m∏
j=1

1

µk(B(Q))

∫
B(Q)

fσj
(yj) dµk(yj)

)

≤
∑
l∈Z

al+1
∑
s

∑
Q∈Cl

Q⊆Ql,s

µk(B(Q))mr(B(Q))α−mdk

∫
Q

g(x)u(x) dµk(x).

Now for any Q, Q0 ∈ D with Q ⊆ Q0, by (2.1.3), we get that µk(B(Q))
µk(B((Q0))

≤ C
(

r(B(Q))
r(B(Q0))

)d
,

hence
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µk(B(Q))mr(B(Q))α−mdk

µk(B(Q0))mr(B(Q0))α−mdk
≤ C

(
r(B(Q))

r(B(Q0))

)α−mγk

.

Since α−mγk > 0, from above, (5.2.4) and applying Hölder’s inequality, we have

LHS of (5.2.1)

≤ a
∑
l∈Z

al
∑
s

µk(B(Ql,s))
mr(B(Ql,s))

α−mdk

∫
Ql,s

g(x)u(x) dµk(x)

≤ C
∑
l,s

µk(B(Ql,s))
mr(B(Ql,s))

α−mdk

×

(
m∏
j=1

1

µk(B(Ql,s))

∫
B(Ql,s)

fσj
(y)vj(y)v

−1
j (y)dµk(y)

)

×

(
1

µk(Ql,s)

∫
Ql,s

g(x)u(x) dµk(x)

)
µk(Ql,s)

≤ C
∑
l,s

µk(B(Ql,s))
mr(B(Ql,s))

α−mdk

m∏
j=1

(
1

µk(B(Ql,s))

∫
B(Ql,s)

v
−tp′j
j dµk

)1/tp′j

×

(
1

µk(Ql,s)

∫
Ql,s

utq dµk

)1/tq m∏
j=1

(
1

µk(B(Ql,s))

∫
B(Ql,s)

(fσj
vj)

(tp′j)
′
dµk

)1/(tp′j)
′

×

(
1

µk(Ql,s)

∫
Ql,s

g(tq)
′
dµk

)1/(tq)′

µk(Ql,s).

Using the two­weight condition and replacing Ql,s with the disjoint sets El,s,

LHS of (5.2.1)

≤ C [u,−→v ]
∑
l,s

m∏
j=1

(
1

µk(B(Ql,s))

∫
B(Ql,s)

(fσj
vj)

(tp′j)
′
dµk

)1/(tp′j)
′

×

(
1

µk(Ql,s)

∫
Ql,s

g(tq)
′
dµk

)1/(tq)′

µk(Ql,s)
1/q′+1/p

≤ C [u,−→v ]

(∑
l,s

m∏
j=1

( 1

µk(B(Ql,s))

∫
B(Ql,s)

(fσj
vj)

(tp′j)
′
dµk

)q/(tp′j)′
µk(Ql,s)

q/p

)1/q

×

(∑
l,s

( 1

µk(Ql,s)

∫
Ql,s

g(tq)
′
dµk

)q′/(tq)′
µk(Ql,s)

)1/q′
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≤ C [u,−→v ]

(∑
l,s

m∏
j=1

( 1

µk(B(Ql,s))

∫
B(Ql,s)

(fσj
vj)

(tp′j)
′
dµk

)p/(tp′j)′
µk(El,s)

)1/p

×

(∑
l,s

( 1

µk(Ql,s)

∫
Ql,s

g(tq)
′
dµk

)q′/(tq)′
µk(El,s)

)1/q′

,

where [u,−→v ] denotes the smallest constant in two­weight condition.

Since x ∈ El,s implies that x ∈ Ql,s, so from above we have

LHS of (5.2.1)

≤ C [u,−→v ]
m∏
j=1

(∑
l,s

∫
El,s

Mk
(tp′j)

′,HL(fσj
vj)(x)

pj dµk(x)

)1/pj

×

(∑
l,s

∫
El,r

Mk
(tq)′,HL(g)(x)

q′ dµk(x)

)1/q′

≤ C [u,−→v ]
m∏
j=1

(∫
Rd

Mk
(tp′j)

′,HL(fσj
vj)(x)

pj dµk(x)

)1/pj

×

(∫
Rd

Mk
(tq)′,HL(g)(x)

q′ dµk(x)

)1/q′

.

Now, Theorem 2.3.2 and G­invariance of the weights concludes the proof of (5.2.1).

Case 2. q ≤ 1

By same estimates as in previous case and using q ≤ 1, we get

Ik
α

−→
f (x)q ≤ C

∑
Q∈D

(
r(B(Q))α−mdk

m∏
j=1

∫
O(B(Q))

fj(yj) dµk(yj)

)q

χQ(x)

≤ C
∑

(n1,n2,··· ,nm)
σni∈G

∑
Q∈D

(
r(B(Q))α−mdk

m∏
j=1

∫
B(Q)

fj ◦ σnj
(yj) dµk(yj)

)q

χQ(x)

Hence integrating,∫
Rd

(
Ik
α

−→
f u
)q
dµk ≤ C

∑
(n1,n2,··· ,nm)

σni∈G

∑
Q∈D

(
r(B(Q))α−mdk

m∏
j=1

∫
B(Q)

fj ◦ σnj
(yj) dµk(yj)

)q
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×
∫
Q

u(x)q dµk(x).

As before, since the first sum is over finite indices, we only show that for any (σ1, σ2, · · · , σm) ∈

G×G× · · · ×G∑
Q∈D

(
r(B(Q))α−mdk

m∏
j=1

∫
B(Q)

fσj
(yj) dµk(yj)

)q ∫
Q

u(x)q dµk(x)

≤ C

m∏
j=1

(∫
Rd

(fj(x)vj(x))
pj dµk(x)

) q
pj

, (5.2.5)

where fσj
is as before. Now

LHS of (5.2.5)

≤
∑
Q∈D

(
µk(B(Q))mr(B(Q))α−mdk

m∏
j=1

1

µk(B(Q))

∫
B(Q)

fσj
(yj) dµk(yj)

)q

×
∫
Q

u(x)q dµk(x)

≤
∑
l

a(l+1)q
∑
s

∑
Q∈Cl

Q⊆Ql,s

µk(B(Q))mqr(B(Q))αq−mdkq

∫
Q

u(x)q dµk(x)

≤ C
∑
l,s

µk(B(Ql,s))
mqr(B(Ql,s))

αq−mdkq

(
m∏
j=1

1

µk(B(Ql,s))

∫
B(Ql,s)

fσj
dµk

)q

×
∫
Ql,s

u(x)q dµk(x)

≤ C
∑
l,s

{
µk(B(Ql,s))

mr(B(Ql,s))
α−mdk

(
m∏
j=1

1

µk(B(Ql,s))

∫
B(Ql,s)

fσj
vjv

−1
j dµk

)

×

(
1

µk(Ql,s)

∫
Ql,s

uq dµk

)1/q}q

× µk(Ql,s).

Once again applying Hölder’s inequality, using the two­weight condition and replacingQl,s

with the disjoint sets El,s, we have

LHS of (5.2.5)
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≤ C
∑
l,s

{
µk(B(Ql,s))

mr(B(Ql,s))
α−mdk

m∏
j=1

(
1

µk(B(Ql,s))

∫
B(Ql,s)

v−tp′jdµk

)1/tp′j

×

(
1

µk(Ql,s)

∫
Ql,s

uq dµk

)1/q}q m∏
j=1

(
1

µk(B(Ql,s))

∫
B(Ql,s)

(fσj
vj)

(tp′j)
′
dµk

)q/(tp′j)
′

×µk(Ql,s)

≤ C [u,−→v ]q
∑
l,s

m∏
j=1

(
1

µk(B(Ql,s))

∫
B(Ql,s)

(fσj
vj)

(tp′j)
′
dµk

)q/(tp′j)
′

µk(Ql,s)
q/p

≤ C [u,−→v ]q
{∑

l,s

m∏
j=1

(
1

µk(B(Ql,s))

∫
B(Ql,s)

(fσj
vj)

(tp′j)
′
dµk

)p/(tp′j)
′

µk(El,s)

}q/p

.

As El,s ⊆ Ql,s, applying multilinear Hölder’s inequality, using Theorem 2.3.2 and using

the G­invariance of the weights, we get

LHS of (5.2.5) ≤ C [u,−→v ]q
m∏
j=1

(∫
Rd

Mk
(tp′j)

′,HL(fσj
vj)(x)

pj

)q/pj

≤ C [u,−→v ]q
m∏
j=1

(∫
Rd

(fj(x)vj(x))
pj dµk(x)

)q/pj

.

This completes the proof.

Remark 5.2.3. In the two­weight case for Ik
α, we could not get the expected range 0 < α <

mdk, we only got the range mγk < α < mdk. However, in the one­weight case we have

the full range.

5.3 Two­weight Inequalities forMultilinear FractionalMax­
imal Operators

We first prove the following proposition for Dunkl translation of the balls B(0, r).

Proposition 5.3.1. [26, 30] For any x, y ∈ Rd and r > 0, τ kxχB(0,r) satisfies

τ kxχB(0,r)(y) ≤
Crdk

µk(B(x, r))
.
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Proof. Letϕ be a continuous radial function such that 0 ≤ ϕ ≤ 1 andϕ(y) =
{

1 if |y| ≤ r,
0 if |y| ≥ 2r.

Let f(·) = ϕ(r·). Then f satisfies

f(y) ≤ C

(1 + |y|)M
, whereM > dk.

Recall the definition ft(x) = t−dkf(t−1x). Then clearly fr is continuous and is inL2(Rd, dµk).

So applying the formula (2.1.6) and using [6, Proposition 3.1] with t = r, we get

τ kxfr(y) ≤
C

µk(B(x, r))
.

Now applying the scaling τ kx (ft) = (τ kt−1xf)t, we get

τ kxϕ(y) ≤
Crdk

µk(B(x, r))
.

Since τ kx is positive on bounded, radial functions in L1(Rd, dµk) and χB(0,r)(·) ≤ ϕ(·), we

have

τ kxχB(0,r)(y) ≤ τ kxϕ(y) ≤
Crdk

µk(B(x, r))
.

Remark 5.3.2. Here we have used [26, Theorem 1.7] for the estimate of the support of

τ kxχB(0,r)(·). This can also be obtained using the formula (2.1.6) together with (2.1.7) (see

[26, Remark 2.11] for details).

For locally integrable functions fj on Rd, define the multilinear homogeneous factional

maximal function M̃k
α by

M̃k
α

−→
f (x) = sup

B⊂Rd

x∈B

m∏
j=1

1

µk(B)1−α/mdk

∫
B

|fj(y)| dµk(y), where 0 ≤ α < mdk.

In the next lemma, we establish a relationship between the two types of fractional maximal

operatorsMk
α and M̃k

α.
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Lemma 5.3.3. For
−→
f ∈ S(Rd)× S(Rd)× · · · × S(Rd),

Mk
α

−→
f (x) ≤ C

∑
(n1,n2,··· ,nm)

σns∈G

M̃k
α (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x).

Proof. Fix x ∈ Rd and r > 0. Then using [26, Theorem 1.7] and from Proposition 5.3.1

and the facts that α < mdk and rdk ≤ Cµk(B(x, r)); for any 1 ≤ j ≤ m,

rα/m−dk

∣∣∣∣∫
Rd

fj(yj)τ
k
xχB(0,r)(−yj)dµk(yj)

∣∣∣∣
≤ rα/m−dk

∫
Rd

|fj(yj)|τ kxχB(0,r)(−yj) dµk(yj)

≤ C rα/m−dk

∫
⋃

σ∈G
σ(B(x,r))

|fj(yj)|
(

rdk

µk(B(x, r)

)1−α/mdk

dµk(yj)

≤ C
∑
σ∈G

1

(µk(B(x, r))1−α/mdk

∫
B(x,r)

|fj ◦ σ(yj)| dµk(yj).

Thus, from above we get

m∏
j=1

r
α
m
−dk

∣∣∣∣∫
Rd

fj(yj)τ
k
xχB(0,r)(−yj) dµk(yj)

∣∣∣∣
≤ C

m∏
j=1

(∑
σ∈G

1

(µk(B(x, r))1−α/mdk

∫
B(x,r)

|fj ◦ σ(yj)| dµk(yj)

)

= C
∑

(n1,n2,··· ,nm)
σns∈G

(
m∏
j=1

1

(µk(B(x, r))1−α/mdk

∫
B(x,r)

|fj ◦ σnj
(yj)| dµk(yj)

)

≤ C
∑

(n1,n2,··· ,nm)
σns∈G

M̃k
α (f1 ◦ σn1 , f2 ◦ σn2 , · · · , fm ◦ σnm) (x).

Taking supremum over all r > 0 completes the proof.

In this section, the main result regarding two­weight estimates forMk
α is the following

theorem.
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Theorem 5.3.4. Suppose that 1 < p1, p2, · · · , pm <∞, q be such that 1/m < p ≤ q <∞

and 0 ≤ α < mdk. Furthermore, let u, v1, v2, · · · , vm beG­invariant weights such that the

following two­weight condition holds:

sup
B⊂Rd

r(B)α−mdk µk(B)
1
q
+ 1

p′1
+···+ 1

p′m

(
1

µk(B)

∫
B

uq dµk

)1/q

×
m∏
j=1

(
1

µk(B)

∫
B

v
−tp′j
j dµk

)1/tp′j

<∞,

for some t > 1. Then for all
−→
f ∈ Lp1(Rd, vp11 dµk)×Lp2(Rd, vp22 dµk)×· · ·×Lpm(Rd, vpmm dµk),

the following inequality holds:(∫
Rd

(
Mk

α

−→
f (x)u(x)

)q
dµk(x)

)1/q

≤ C

m∏
j=1

(∫
Rd

(|fj(x)|vj(x))pj dµk(x)

)1/pj

.

Proof. In view of Lemma 5.3.3 to prove Theorem 5.3.4, it is enough to prove that for any

(σn1 , σn2 , · · · , σnm) ∈ G×G× · · · ×G,(∫
Rd

(
M̃k

α

−→
fσ(x)u(x)

)q
dµk(x)

)1/q

≤ C

m∏
j=1

(∫
Rd

(|fj(x)|vj(x))pj dµk(x)

)1/pj

,(5.3.1)

where
−→
fσ is as in (5.2.2).

For any N ∈ N, define

M̃k
α,N

−→
f (x) = sup

B⊂Rd

x∈B, r(B)≤N

m∏
j=1

1

µk(B)1−α/mdk

∫
B

|fj(y)| dµk(y).

Then it suffices to prove (5.3.1) holds for M̃k
α,N (independent of N ) instead of M̃k

α (by

using monotone convergence theorem as N → ∞). Further, we may assume that each fj

is non­negative bounded function with compact support.

For l ∈ Z, let

Ωl =
{
x ∈ Rd : M̃k

α,N

−→
fσ > 2l

}
.
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Take x ∈ Ωl \ Ωl+1, then we can find a ball Bx containing x with r(Bx) < N such that

2l <
m∏
j=1

1

µk(Bx)1−α/mdk

∫
Bx

fσj
(y) dµk(y) ≤ 2l+1.

Note that here Bx ⊆ Ωl \ Ωl+1 so that we can write Ωl \ Ωl+1 =
⋃

x∈Ωl\Ωl+1

Bx. Then using

basic covering lemma for metric spaces [40, p. 2] for the family
{
Bx : x ∈ Ωl \Ωl+1

}
, we

get a pairwise disjoint family {Bl
β}β∈B of balls each inside Ωl \ Ωl+1 such that

Ωl \ Ωl+1 ⊆
⋃
β∈B

5Bl
β.

Also, we have

2l <
m∏
j=1

1

µk(Bl
β)

1−α/mdk

∫
Bl

β

fσj
(y) dµk(y) ≤ 2l+1. (5.3.2)

Again, note that {Bl
β : β ∈ B, l ∈ Z} is also a pairwise disjoint family.

Let r(B) denotes the radius of the ball B. Now from the fact that µk(B) ≥ C r(B)dk

and using the estimates above, we get(∫
Rd

(
M̃k

α,N

−→
fσ(x)u(x)

)q
dµk(x)

)1/q

=

(∑
l∈Z

∫
Ωl\Ωl+1

(
M̃k

α,N

−→
fσ(x)u(x)

)q
dµk(x)

)1/q

≤

(∑
l∈Z

2(l+1)q

∫
Ωl\Ωl+1

u(x)q dµk(x)

)1/q

≤ 2

{∑
l∈Z

∑
β∈B

(∫
5Bl

β

u(x)q dµk(x)
)

×
( m∏

j=1

1

µk(Bl
β)

1−α/mdk

∫
Bl

β

fσj
(y) dµk(y)

)q}1/q

(5.3.3)

≤ C

{∑
l∈Z

∑
β∈B

(∫
5Bl

β

u(x)q dµk(x)
)
r
(
Bl

β

)qα−qmdk

×
( m∏

j=1

∫
Bl

β

fσj
(y) dµk(y)

)q}1/q

. (5.3.4)
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Using Hölder’s inequality and the two­weight condition, we have(∫
5Bl

β

u(x)q dµk(x)
)
r
(
Bl

β

)qα−qmdk
( m∏

j=1

∫
Bl

β

fσj
(y) dµk(y)

)q
≤

( ∫
5Bl

β

uq dµk

)
r
(
Bl

β

)qα−qmdk
m∏
j=1

(∫
Bl

β

(fσj
vj)

(tp′j)
′
dµk

)q/(tp′j)
′

×
m∏
j=1

(∫
Bl

β

v
−tp′j
j dµk

)q/tp′j

≤ C [u,−→v ]qµk

(
Bl

β

)q/p m∏
j=1

(
1

µk

(
Bl

β

) ∫
Bl

β

(fσj
vj)

(tp′j)
′
dµk

)q/(tp′j)
′

. (5.3.5)

Now substituting (5.3.5) in (5.3.4) and using the fact that p ≤ q, we have(∫
Rd

(
M̃k

α,N

−→
fσ(x)u(x)

)q
dµk(x)

)1/q

≤ C [u,−→v ]

{∑
l∈Z

∑
β∈B

(
µk

(
Bl

β

)1/p m∏
j=1

( 1

µk

(
Bl

β

) ∫
Bl

β

(fσj
vj)

(tp′j)
′
dµk

)1/(tp′j)′)q}1/q

≤ C [u,−→v ]

{∑
l∈Z

∑
β∈B

m∏
j=1

( 1

µk

(
Bl

β

) ∫
Bl

β

(fσj
vj)

(tp′j)
′
dµk

)p/(tp′j)′
µk

(
Bl

β

)}1/p

. (5.3.6)

Recalling the definition ofMk
HL and applying multilinear Hölder’s inequality, we get(∫

Rd

(
M̃k

α,N

−→
fσ(x)u(x)

)q

dµk(x)

)1/q

≤ C [u,−→v ]

{∑
l∈Z

∑
β∈B

∫
Bl

β

m∏
j=1

(
Mk

HL(fσj
vj)

(rp′j)
′
(x)
)p/(tp′j)′

dµk(x)

}1/p

≤ C [u,−→v ]

{∫
Rd

m∏
j=1

(
Mk

HL(fσj
vj)

(rp′j)
′
(x)
)p/(tp′j)′

dµk(x)

}1/p

≤ C [u,−→v ]
m∏
j=1

{∫
Rd

(
Mk

HL(fσj
vj)

(rp′j)
′
(x)
)pj/(tp′j)′

dµk(x)

}1/pj

.

Since pj/(tp′j)′ > 1, Theorem 2.3.2 yields(∫
Rd

(
M̃k

α,N

−→
fσ(x)u(x)

)q
dµk(x)

)1/q

≤ C [u,−→v ]
m∏
j=1

(∫
Rd

(
fσj

(x)vj(x)
)pj dµk(x)

)1/pj

.
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Finally G­invariance of the weights concludes the proof.

Remark 5.3.5. The conditions assumed in Theorem 5.2.2 and Theorem 5.3.4, may seem

to be inappropriate as they involve both the volume and radius of the ball, but we want to

point out that such conditions for two­weight inequalities is not new in the context of spaces

of homogeneous type. This type of condition first appeared for the study of fractional type

operators in spaces of homogeneous type in the paper of Sawyer andWheeden [66, Theorem

3]. Later, other authors [50, 58] have also used analogous conditions involving both radius

and volume of balls. These are our main motivation for proposing such type of conditions

on the weights for the two­weight inequalities.

5.4 One­weight Inequalities forMultilinear FractionalMax­
imal Operators

In this section, we state and prove one­weight estimates for the operatorMk
α.

Theorem 5.4.1. Suppose that 1 < p1, p2, · · · , pm < ∞, 0 ≤ α < mdk, 1/m < p <

dk/α and q be a number defined by 1/q = 1/p − α/dk. Furthermore, let the vector

weight −→w = (w1, w2, · · · , wm) ∈ Ak−→
P , q

and each wj is G­invariant. Then for all
−→
f ∈

Lp1(Rd, wp1
1 dµk) × Lp2(Rd, wp2

2 dµk) × · · · × Lpm(Rd, wpm
m dµk), the following inequality

holds:(∫
Rd

(
Mk

α

−→
f (x)

m∏
j=1

wj(x)
)q
dµk(x)

)1/q

≤ C

m∏
j=1

(∫
Rd

(|fj(x)|wj(x))
pj dµk(x)

)1/pj

.

Proof. By same arguments as in the proof of Theorem 5.3.4 with u =
m∏
j=1

wj and vj = wj ,

in place of (5.3.3) we have(∫
Rd

(
M̃k

α,N

−→
fσ(x)

m∏
j=1

wj(x)

)q

dµk(x)

)1/q
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≤ C

{∑
l∈Z

∑
β∈B

(∫
5Bl

β

( m∏
j=1

wj(x)
)q
dµk(x)

)

×
( m∏

j=1

1

µk(Bl
β)

1−α/mdk

∫
Bl

β

fσj
(y) dµ(y)

)q}1/q

. (5.4.1)

Using Hölder’s inequality, Proposition 2.3.7 and Ak−→
P , q

condition, we have

(∫
5Bl

β

( m∏
j=1

wj(x)
)q
dµk(x)

)
µk

(
Bl

β

)qα/dk−qm

(
m∏
j=1

∫
Bl

β

fσj
(y) dµ(y)

)q

≤

(∫
5Bl

β

( m∏
j=1

wj

)q
dµk

)
µk

(
Bl

β

)qα/dk−qm
m∏
j=1

(∫
Bl

β

(fσj
wj)

(tp′j)
′

j dµk

)q/(tp′j)
′

×
m∏
j=1

(∫
Bl

β

w
−tp′j
j dµk

)q/tp′j

≤ C [−→w ]qµk

(
Bl

β

)q/p m∏
j=1

(
1

µk

(
Bl

β

) ∫
Bl

β

(fσj
wj)

(tp′j)
′

j dµk

)q/(tp′j)
′

, (5.4.2)

where [−→w ] denotes the smallest constant in one­weight condition.

Now substituting (5.4.2) in (5.4.1) and using the fact that p ≤ q, we have

(∫
Rd

(
M̃k

α,N

−→
fσ(x)

m∏
j=1

wj(x)

)q

dµk(x)

)1/q

≤ C [−→w ]

{∑
l∈Z

∑
β∈B

(
µk

(
Bl

β

)1/p m∏
j=1

( 1

µk

(
Bl

β

) ∫
Bl

β

(fσj
wj)

(tp′j)
′

j dµk

)1/(tp′j)′)q}1/q

≤ C [−→w ]

{∑
l∈Z

∑
β∈B

m∏
j=1

( 1

µk

(
Bl

β

) ∫
Bl

β

(fσj
wj)

(tp′j)
′

j dµk

)p/(tp′j)′
µk

(
Bl

β

)}1/p

,

which is same as (5.3.6) with u =
m∏
j=1

wj and vj = wj . Hence, the rest of the proof follows

from the proof of Theorem 5.3.4.
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5.5 One­weight Inequalities forMultilinear Fractional In­
tegral Operators

Before addressing one­weight inequalities for Ik
α, we establish a Welland­type Lemma [74]

in the Dunkl setting, which will be useful here.

Lemma 5.5.1. For 0 < ϵ < min{α,mdk − α} and
−→
f = (f1, f2, · · · , fm) with fj ≥ 0,

there is constant Cϵ such that,

|Ik
α

−→
f (x)| = Ik

α

−→
f (x) ≤ Cϵ

(
Mk

α+ϵ

−→
f (x)Mk

α−ϵ

−→
f (x)

)1/2
.

Proof. Since Ik
α is a positive operator and using properties of Dunkl convolution together

with the fact that τ kx is positive on radial bounded functions in L1(Rd, dµk),

Ik
α

−→
f (x) =

∫
(Rd)m

τ k−y1
f1(x)τ

k
−y2

f2(x) · · · τ k−ymfm(x)

(|y1|2 + |y2|2 + · · ·+ |ym|2)(mdk−α)/2
dµk(y1)dµk(y2) · · · dµk(ym)

=

∫
B(0,r)m

τ k−y1
f1(x)τ

k
−y2

f2(x) · · · τ k−ymfm(x)

(|y1|2 + |y2|2 + · · ·+ |ym|2)(mdk−α)/2
dµk(y1)dµk(y2) · · · dµk(ym)

+

∫
(Rd)m\B(0,r)m

τ k−y1
f1(x)τ

k
−y2

f2(x) · · · τ k−ymfm(x)

(|y1|2 + |y2|2 + · · ·+ |ym|2)(mdk−α)/2
dµk(y1) · · · dµk(ym)

= I+ II

Since, 0 < ϵ < α, we have

I =
∞∑
j=0

∫
B(2−jr)m\B(2−j−1r)m

τ k−y1
f1(x)τ

k
−y2

f2(x) · · · τ k−ymfm(x)

(|y1|2 + |y2|2 + · · ·+ |ym|2)(mdk−α)/2

× dµk(y1)dµk(y2) · · · dµk(ym)

≤ C

∞∑
j=0

(2−jr)α−mdk

∫
B(2−jr)m

τ k−y1
f1(x)τ

k
−y2

f2(x) · · · τ k−ymfm(x)

× dµk(y1)dµk(y2) · · · dµk(ym)

= Cϵr
ϵMk

α−ϵ

−→
f (x).
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On the other hand, using 0 < ϵ < mdk − α, we get

II =
∞∑
j=0

∫
B(2j+1r)m\B(2jr)m

τ k−y1
f1(x)τ

k
−y2

f2(x) · · · τ k−ymfm(x)

(|y1|2 + |y2|2 + · · ·+ |ym|2)(mdk−α)/2

× dµk(y1) dµk(y2) · · · dµk(ym)

≤ C
∞∑
j=0

(2jr)α−mdk

∫
B(2j+1r)m

τ k−y1
f1(x)τ

k
−y2

f2(x) · · · τ k−ymfm(x)

× dµk(y1)dµk(y2) · · · dµk(ym)

= Cϵr
−ϵMk

α+ϵ

−→
f (x).

Thus combining I and II, we have

Ik
α

−→
f (x) ≤ Cϵ

(
r−ϵMk

α+ϵ

−→
f (x) + rϵMk

α−ϵ

−→
f (x)

)
.

Putting rϵ =
(
Mk

α+ϵ

−→
f (x)/Mk

α−ϵ

−→
f (x)

)1/2
, we conclude the proof of the Lemma.

Finally, we prove one­weight estimates for the operator Ik
α.

Theorem 5.5.2. Suppose that 1 < p1, p2, · · · , pm < ∞, 0 < α < mdk, 1/m < p <

dk/α and q be a number defined by 1/q = 1/p − α/dk. Furthermore, let the vector

weight −→w = (w1, w2, · · · , wm) ∈ Ak−→
P , q

and each wj is G­invariant. Then for all
−→
f ∈

Lp1(Rd, wp1
1 dµk) × Lp2(Rd, wp2

2 dµk) × · · · × Lpm(Rd, wpm
m dµk), the following inequality

holds:(∫
Rd

( ∣∣∣Ik
α

−→
f (x)

∣∣∣ m∏
j=1

wj(x)
)q
dµk(x)

)1/q

≤ C

m∏
j=1

(∫
Rd

(|fj(x)|wj(x))
pj dµk(x)

)1/pj

.

Proof. For 0 < ϵ < min(α,mdk − α), define

1

qϵ
=

1

p
− α + ϵ

dk

and
1

q̃ϵ
=

1

p
− α− ϵ

dk
.
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Taking ϵ sufficiently small, from Proposition 2.3.8 it follows that −→w ∈ Ak−→
P , qϵ

and −→w ∈

Ak−→
P , q̃ϵ

. Let q1 = 2qϵ/q and q2 = 2q̃ϵ/q. Then q1 and q2 satisfies

1

q1
+

1

q2
= 1.

Taking
−→
f = (f1, f2, · · · , fm) ∈ S(Rd)×S(Rd)×· · ·×S(Rd), Lemma 5.5.1 together with

Hölder’s inequality implies∫
Rd

(
|Ik

α

−→
f (x)|w(x)

)q
dµk(x)

≤
∫
Rd

(Ik
α|
−→
f |)(x)qw(x)q dµk(x)

≤ Cϵ

∫
Rd

(
(Mk

α+ϵ|
−→
f |)w

)q/2 (
(Mk

α−ϵ|
−→
f |)w

)q/2
dµk

≤ Cϵ

(∫
Rd

(
(Mk

α+ϵ|
−→
f |)w

)qϵ
dµk

)1/q1 (∫
Rd

(
(Mk

α−ϵ|
−→
f |)w

)q̃ϵ
dµk

)1/q2

,

where |
−→
f | = (|f1|, |f2|, · · · , |fm|).

Since p also satisfies p < dk/(α + ϵ) and p < dk/(α− ϵ), from Theorem 5.4.1 we

conclude the proof.

Remark 5.5.3. We do not know whether these conditions are also necessary for the bound­

edness results. Even in the classical setting the two­weight conditions with “power­bump”

on the weights are not known to be necessary for the two­weight boundedness for the frac­

tional maximal function and fractional integral operators. Although the two­weight condi­

tions without “power­bumps” on the weights can be obtained as necessary condition for the

two­weight boundedness for these operators in the classical setting. On the other hand in

the classical settingA−→
P , q

condition (5.1.2) is necessary and sufficient for the one­weight in­

equalities. However, in theDunkl setting the lack of information about the Dunkl translation

prevents us from obtaining necessary conditions for both one and two­weight inequalities.
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