
The Fluid-Membrane-Gravity Duality

By

Milan Patra

PHYS11201605003

National Institute of Science Education and Research,
Bhubaneswar

A thesis submitted to the

Board of Studies in Physical Sciences

In partial fulfillment of requirements

for the Degree of

DOCTOR OF PHILOSOPHY

of

HOMI BHABHA NATIONAL INSTITUTE

July, 2023







STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfillment of requirements for an

advanced degree at Homi Bhabha National Institute (HBNI) and is deposited in the

Library to be made available to borrowers under rules of the HBNI.

Brief quotations from this dissertation are allowable without special permission,

provided that accurate acknowledgement of source is made. Requests for permission

for extended quotation from or reproduction of this manuscript in whole or in part

may be granted by the Competent Authority of HBNI when in his or her judgment

the proposed use of the material is in the interests of scholarship. In all other

instances, however, permission must be obtained from the author.

Milan Patra



DECLARATION

I, hereby declare that the investigation presented in the thesis has been carried out

by me. The work is original and has not been submitted earlier as a whole or in

part for a degree / diploma at this or any other Institution / University.

Milan Patra





List of Publications

• List of Publications arising from the thesis

1. Sayantani Bhattacharyya, Parthajit Biswas, Anirban Dinda and Milan

Patra, “ Fluid-gravity and membrane-gravity dualities: Comparison at

subleading orders ”, JHEP 05 (2019) 054, [arXiv:1902.00854]

2. Milan Patra, “ Comparison between fluid-gravity and membrane-gravity

dualities for Einstein-Maxwell system ”, Class.Quant.Grav. 38 (2021) 13,

135017, [arXiv: 1912.09402]

• Other Publications (not included in the thesis)

1. Sayantani Bhattacharyya, Parthajit Biswas and Milan Patra, “ A leading-

order comparison between fluid-gravity and membrane-gravity dualities ”,

JHEP 05 (2019) 022, [arXiv:1807.05058]

2. Sayantani Bhattacharyya , Prateksh Dhivakar , Anirban Dinda , Nilay

Kundu, Milan Patra and Shuvayu Roy, “ An entropy current and the

second law in higher derivative theories of gravity ”,JHEP 09 (2021) 169

,[arXiv:2105.06455]

3. Sayantani Bhattacharyya, Pooja Jethwani, Milan Patra and Shuvayu

Roy, “ Reparametrization Symmetry of Local Entropy Production on a

Dynamical Horizon ”,[arXiv:2204.08447]

4. Chandranathan A, Sayantani Bhattacharyya , Milan Patra and Shu-

vayu Roy, “ Entropy Current and Fluid-Gravity Duality in Gauss-Bonnet

theory ”.[arXiv:2208.07856]

5. Gilad Lifschytz and Milan Patra, “ Dressing bulk spinor fields in AdS3 ”, JHEP

03 (2023) 245, [arXiv:2210.16845]

https://doi.org/10.1007/JHEP05(2019)054
https://arxiv.org/abs/1902.00854
https://doi.org/10.1088/1361-6382/abf9b4
https://doi.org/10.1088/1361-6382/abf9b4
https://arxiv.org/abs/1912.09402
https://doi.org/10.1007/JHEP05(2019)022
http://arxiv.org/abs/1807.05058v1
https://doi.org/10.1007/JHEP09(2021)169
https://arxiv.org/pdf/2105.06455.pdf
https://arxiv.org/abs/2204.08447
https://arxiv.org/abs/2208.07856
https://doi.org/10.1007/JHEP03(2023)245
https://doi.org/10.1007/JHEP03(2023)245
https://arxiv.org/abs/2210.16845


vi

6. Sarthak Duary, Eliot Hijano and Milan Patra “ Towards an IR finite

S-matrix in the flat limit of AdS/CFT ”.[arXiv:2211.13711]

Presentations at conferences and workshops

1. Poster:- “Comparison between fluid-gravity and membrane-gravity dualities.”,

Milan Patra, Poster presentation at Kavli Asian Winter School on Strings,

Particles and Cosmology 2019, January 7-17, 2019, Sogang University, Seoul,

South Korea

2. Poster:- “Comparison between fluid-gravity and membrane-gravity dualities

for Einstein-Maxwell system.”, Milan Patra, Poster presentation at National

String Meeting 2019, December 23-29, 2019, IISER Bhopal, India

Milan Patra

https://arxiv.org/abs/2211.13711


DEDICATIONS

Dedicated to

My

Parents

And My

Maternal grandfather



ACKNOWLEDGEMENTS

I would like to express my sincere gratitude to my thesis supervisor, Dr. Sayan-

tani Bhattacharyya for her guidance throughout my Ph.D. years. I am thankful to

her for giving me the opportunity to work with her. I have learned a lot from the

many discussions we had during the years.

I would like to thank my collaborators, Parthajit Biswas, Anirban Dinda, Shuvayu

Roy, Prateksh Dhivakar, Nilay Kundu, Pooja Jethwani, Gilad Lifschytz and Eliot

Hijano. I would especially like to thank Nilay Kundu, Alok Laddha, Shota Komatsu,

Gilad Lifschytz and Eliot Hijano for their guidance and support.

I would like to thank Ashish, Akshay, Rik, Bimalesh da, Partha da, Anirban da,

Shuvayu, Abhay Sir, Bikash Sir, Jagannath da, Shankha for many helps from writ-

ing Latex to learning Mathematica and obviously all the philosophical discussions

we had. I am thankful to them for their constant encouragement throughout my

Ph.D. years.

I would like to thank my parents, my sister, my maternal grandfather, my maternal

grandmother, maternal uncle, without them I could never reach here.

Finally, I would like to thank all my teachers from whom I have learned a lot and

for their continuous encouragement.



Contents

Title page i

Certificate of approval i

SUMMARY xiii

List of Tables xv

1 Introduction 1

2 Background 13

2.1 The Membrane paradigm at large D . . . . . . . . . . . . . . . . . . . 13

2.2 The fluid-gravity correspondence . . . . . . . . . . . . . . . . . . . . 18

2.2.1 Perturbation parameter in ‘derivative expansion’ . . . . . . . . 18

2.3 Comparing fluid gravity and membrane gravity duality at leading order 20

2.3.1 The overlap regime . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3.2 Transforming to ‘large-D’ gauge . . . . . . . . . . . . . . . . . 28

2.3.3 Bulk-Membrane map in metric dual to Hydrodynamics . . . . 33

2.3.4 Hydrodynamic metric in
(

1
D

)
expansion . . . . . . . . . . . . 40

2.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3 Fluid-gravity and membrane-gravity dualities - Comparison at sub-

leading orders 51

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.1.1 Strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52



x CONTENTS

3.2 Hydrodynamic metric and its large D limit . . . . . . . . . . . . . . . 57

3.2.1 Hydrodynamic metric up to 2nd order in derivative expansion 57

3.3 Large-D metric and Membrane equation . . . . . . . . . . . . . . . . 60

3.4 Implementing part-1:

The split of the hydrodynamic metric . . . . . . . . . . . . . . . . . . 65
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SUMMARY

The classical dynamics of black holes are governed by Einstein’s equations. These

are a set of nonlinear partial differential equations. These simple-looking equations

appear to be too difficult to solve exactly, particularly when the geometry involves

non-trivial dynamics. In such situations, to handle problems analytically one has

to take recourse to perturbation theory. Two such perturbation techniques which

can handle dynamical fluctuations around some static solutions even at non-linear

level are ‘derivative expansion’ and ‘large D expansion’. ‘Derivative expansion’ is

used to generate ‘black hole type’ solutions to Einstein’s equations with negative

cosmological constant that are in one to one correspondence with the solutions of

the relativistic generalization of Navier-Stokes equations of hydrodynamics. On the

other hand ‘large D expansion’ generates similar ‘black hole type’ solutions to Ein-

stein’s equations with or without cosmological constant where the gravity solutions

are dual to the dynamics of a co-dimension one non-gravitational membrane prop-

agating without backreaction in the asymptotic geometry. In this thesis, we have

compared these two perturbation schemes developed to handle both nonlinearity and

dynamics in Einstein’s equations in presence of negative cosmological constant. We

have shown that in an appropriate regime of parameter space, the gravity solutions

along with their corresponding horizon dynamics generated by these two perturba-

tion techniques are equivalent up to the subleading order in expansion parameter

for pure gravity systems and up to the first non-trivial order in expansion parameter

for Einstein-Maxwell system [1, 2, 3].
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Chapter 1

Introduction

The classical dynamics of black holes are governed by Einstein’s equations either in

vacuum or in presence of different matter field stress tensors along with a separate

set of equations controlling the dynamics of the matter fields. For example, the

Einstein-Maxwell system of equations determines the coupled dynamics of charged

black holes and electromagnetic fields around them. As we know these equations

admit a simple but profound solution, namely black holes. These deceptively simple-

looking equations are easy to state but they appear to be too difficult to solve exactly,

particularly when the system involves non-trivial dynamics. In sufficiently dynamic

situations, like the collision of two black holes and their subsequent merger, one may

think to solve the problem numerically and in fact, much of our recent understanding

of these process are due to numerics. But the numerics involve are sufficiently

complicated for such complicated dynamical process. In that situation, one natural

option might be to search for a parameter and then do perturbation theory. However,

Einstein’s equations lack any adjustable parameters to do perturbation theory. The

main problem in solving the dynamics of ‘Schwarzschild-type’ black holes is that it

has only one scale in the system, the horizon radius. One may think to simplify

the problem in the point particle limit, where one considers particle moving in

gravitational field of wavelength large compared to the size of the horizon size. But

if one is interested in the dynamics of the horizon this assumption is not useful
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as one needs to consider finite horizon size. However if one considers black branes

in asymptotically AdS (and also flat) space-time, the scale of variation in some

directions is much larger than the variations along directions transverse to it. This

is the famous ‘derivative expansion’ [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] (in AdS

space) and the ‘blackfold approach’ [15, 16, 17, 18] (in flat space). In the limit of

very large dimensions one can find additional length scale, the thickness of the black

hole, after which the space-time ceases to be wrapped by black holes [19]. In this

thesis, we will discuss two such perturbation techniques which are used to study

dynamical fluctuation around some static solution even at non-linear level. One of

these perturbation techniques as we have mentioned is ‘derivative expansion’ and

another is ‘expansion in inverse powers of dimensions’. In both cases, one can take

theories of gravity and classically rewrite them as non-gravitational systems.

‘Derivative expansion’ is a perturbation technique that generates dynamical

black-brane solutions to Einstein’s equations in presence of negative cosmological

constants that are dual to the solutions of relativistic generalization of Navier-Stokes

equations of hydrodynamics. Here one studies a particular long wavelength limit of

Einstein’s equations with negative cosmological constant. In such a limit it has been

found that Einstein’s equations of general relativity in presence of negative cosmo-

logical constant, with appropriate boundary conditions and regularity restrictions,

reduce to the equations of hydrodynamics, namely the relativistic generalization of

Navier-Stokes equations. In other words, Einstein’s equations in presence of negative

cosmological constant in (d+1) dimensions capture the relativistic generalization of

Navier-Stokes equations in one lower dimension. It is called the famous fluid/gravity

correspondence [13]. Here given an arbitrary fluid dynamical solution in the bound-

ary of AdS, we can construct a time-dependent, inhomogeneous black hole-type

solution with a regular event horizon, retaining full non-linearity whose properties

mimic that of fluid flow. The fluid/gravity correspondence has many important ap-

plications and implications. It has confirmed the long-standing lore that space-time

or black hole horizon dynamics is governed by hydrodynamics. This type of idea

dates back to the old work of membrane paradigm [20, 21, 22], where it has been
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realized that black hole horizons behave like a fluid membrane, equipped with fluid-

like properties, such as viscosity, conductivity and so on. However, this membrane

paradigm is merely an analogy. On the other hand, the fluid-gravity correspondence

is a real duality mapping the long-wavelength but arbitrary amplitude perturbations

of black holes in asymptotically AdS background to the dynamics of conformal fluid,

where one can realize that the membrane lives on the boundary of the space-time.

This enables us to algorithmically construct dynamical black hole geometries with

regular event horizons in the bulk, given solutions of the fluid equations for the

fluid flow in the boundary field theory. This correspondence has provided useful

insight not only for studying black holes in asymptotically AdS space-time but also

helped in classifying various problems in fluid dynamics itself, e.g the appearance

of new pseudo-vector contribution to charge current ignored by Landau & Lifshitz

[23]. It has been used to precisely determine the higher-order transport coefficients

of the conformal fluid which depends on the underlying microscopic structure and

is hard to calculate on the field theory side. It has some experimental implications

also since conformal fluid to an extent mimics the physics of Quark Gluon Plasma

(QGP) discovered in heavy ion collisions.

Over the last few years, it has been observed that in the limit of large D (D is

space-time dimension) , the equations of black hole dynamics simplifies a lot and

there is a novel reformulation of black hole dynamics [24, 25, 26, 27, 28, 29]. As

the space-time dimension grows large the gravitational lines of force get more and

more diluted. In large dimensions, the interaction potential decays very fast at

large distances and at short distances it increases more steeply. As a consequence of

this, the gravitational field is localized near its source whereas at large distances it

is suppressed non-perturbatively in inverse powers of space-time dimensions. Em-

paran, Suzuki, Tanabe and collaborators have noted that in large dimensions the

Schwarzschild black holes have two widely separated length scales, the Schwarzschild

radius and the thickness of the black hole’s gravitational tail beyond the event hori-

zon after which the gravitational force rapidly decays to zero [30, 31, 32, 33, 34, 35].

They have also computed the spectrum of quasinormal modes in large D and found
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that almost all but a finite number of modes are heavy with frequencies inversely pro-

portional to the thickness of the region and the rest finite number of modes confined

in the near horizon region are anomalously light. These two types of quasinormal

modes are distinguished by frequencies parametrically separated in 1/D. The sepa-

ration of scale between heavy and light quasinormal modes suggests that it should

be possible to ‘integrate out’ the heavy modes and get the full non-linear dynamics

of black holes governed by only the effective non-linear theory of the light modes.

In [24, 25, 26, 27, 28, 29] the effective dynamics of black hole horizons have been

studied in a systematic expansion in 1/D. Though very different in detail, the 1/D

expansion is similar in spirit to the 1/N expansion, which t’Hooft invented to study

SU(3) Yang Mills theory in four dimensions generalizing to the study of SU(N).

It has been shown that black hole dynamics at large D reduces to the dynamics of

a co-dimension one non-gravitational membrane propagating without backreaction

in the asymptotic geometry. The dynamical degrees of freedom of this membrane

are the shape of the membrane and a velocity field (and also charge density for

Einstein-Maxwell system) that lives on the membrane world volume. One can cor-

rect the metric systematically order by order in 1/D provided the membrane shape

and velocity field (and also charge density for Einstein-Maxwell system) obey an

integrability constraint - membrane equation of motion. These equations together

define a well-posed initial value problem for the shape of the membrane and also for

the velocity field (and also charge density for Einstein-Maxwell system) and apply

to arbitrarily non-linear and dynamical black hole motion.

Let us discuss very briefly its connection to the old membrane paradigm [20,

21, 22]. The equations of the membrane at large D arise from Einstein’s constraint

equations at the event horizon of the black hole. This can be regarded as the

mathematical realization of the so-called membrane paradigm idea, where it has

been realized that the black hole horizon dynamics resemble the equations of fluid on

a membrane. But the membrane paradigm picture differs from our large D effective

theory in crucial ways. Though like the large D effective theory the membrane

paradigm consists of constraint equations on the horizon but unlike large D effective
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theory they are not imposed after integrating the dynamics near the horizon and

hence is not an effective theory in the sense of large D effective theory. In fact the

constraint equations in the ‘membrane paradigm’ apply to any null hypersurface in

Einstein’s theory in arbitrary dimension and do not require any separation of scales.

The analysis of black hole dynamics in large D has found applications in many

directions [19]. For instance, the efficient analytical calculations of black hole quasi-

normal modes have been done using large D technique in perturbative expansion in

1/D. It has also shed light on some basic problems about the instability of black

holes and their evolution, cosmic censorship and so on. It has been noticed that

the Gregory-Laflamme instability of black strings depends on D and it makes the

large D technique a useful application to this instability problem [19]. In large D

limit of AdS/CFT, one may gain further insight into explaining various phenom-

ena in strongly interacting field theories. In this regard, it has found applications

in condensed matter systems, nuclear physics, and hydrodynamics. When impact

parameter and total angular momentum are small from the analysis of black hole

collisions at large D one can get useful insight into black hole collision in D = 4.

Since gravitational radiation is strongly suppressed in large D limit [37], no gravi-

tational radiation is emitted in black hole collisions in large dimensions. As a result

of this, the total mass and angular momentum of the black hole system will be con-

served and this enormously simplifies the problem of getting a qualitative picture of

the possible outcome of the merger.

The large D effective theory has several similarities with the fluid/gravity cor-

respondence but with significant differences between them also. In both cases, one

integrates the radial dependence orthogonal to the horizon and gets an effective

theory for the fluctuations parallel to the horizon. These two methods of obtain-

ing black hole solutions differ in how the expansion parameter is made small. The

construction of large D effective theory works in an expansion in inverse powers of

dimensions. Fluid/gravity works order by order in an expansion in derivatives in

units of horizon radius and the coefficients of this expansion are determined exactly

as functions of D. On the other side, in large D effective theory the membrane
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equations are constructed in perturbation in 1/D and so at any given order have

terms of all orders in derivatives expansion, namely those that survive at large D

limit. Also, the large D effective theory lives on a fluctuating surface rather than a

fixed field theory background of fluid gravity.

To gain a clear understanding of the space of solutions of Einsteins equations

generated by these two perturbation schemes, we have to chart out the interconnec-

tions between these two different perturbation techniques. In this thesis we have

investigated the following questions.

• Is there any interconnection between these two perturbation schemes

• Whether it is possible to apply these two perturbation techniques simultane-

ously in any regime(s) of parameter space

• Are the solutions generated by these two perturbation techniques equivalent

in any regime(s) of parameter space?

We have answered these questions in affirmative in chapter 2 and chapter 3 for pure

gravity systems and in chapter 4 for Einstein-Maxwell system. Very briefly we have

found the following answers.

• We can apply both perturbation schemes simultaneously in a regime of param-

eter space. Also, when D is large and derivatives are small in an appropriate

sense, we can use
(

1
D

)
and ∂µ (with respect to some length scale) as two

independent perturbation parameters, without any constraint on their ratio.

• Equivalently, if we expand the metric dual to hydrodynamics further in 1/D,

it matches with the metric dual to the membrane-dynamics generated using

large D expansion, expanded in derivatives.

We have compared the gravity solutions generated by these two techniques and

established the equivalence of the gravity solutions along with their dual systems

generated by these two perturbation schemes up to subleading order in both per-

turbation parameters for pure gravity system and up to the first non-trivial order in
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expansion parameter on both sides for Einstein-Maxwell system [1, 2, 3]. The reason

behind the matching is the following. Since we can use the same space-time geometry

as the starting point for both techniques (namely the space-time of a Schwarzschild

black brane) and given the starting point and hence the characterizing data both

the technique generate the higher order corrections uniquely, it follows that in the

regime where both the techniques are applicable, the solutions should be the same.

However, this matching is not at all manifest and we could see it after a series of

intricate gauge and variable transformations. The whole subtlety in the analysis

is to find out the appropriate coordinate transformation. Very briefly we have es-

sentially rewritten the metric dual to hydrodynamics in large number of dimension

in terms of membrane degrees of freedom. In the course of the analysis we have

worked out the field redefinition from the membrane to boundary fluid variables, i.e

we have determined the membrane velocity and its shape function in terms of fluid

variables. Then it is possible to rewrite the hydrodynamic metric (metric generated

in derivative expansion) in terms of membrane degrees of freedom and hence the

subsequent matching up to the order the solutions are known on both sides. We

expect this equivalence to be exactly equivalent to all orders once we have worked

out the field redefinition from the membrane to boundary hydrodynamic variable to

all orders.

In this context let us mention the work of [36]. In [37, 38] it has been shown

that the dual membrane in large D scheme hosts a stress tensor -‘the membrane

stress tensor’ and the equations of motion of the dual membrane are determined

from the conservation of the membrane stress tensor. In [36] the authors have

determined an ‘improved’ membrane stress tensor which defines consistent probe

membrane dynamics even at finite D. Though at leading order in large D limit, the

improved stress tensor reproduces the earlier derived results, but in generic situations

they do not exactly reproduce the finite D black hole physics (although they work

surprisingly well in some equilibrium and non-equilibrium situations). The authors

then studied the long wavelength dynamics of planar membrane in AdS space and

computed the linearized gravitational fluctuations sourced by the membrane stress
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tensor. By using the AdS/CFT prescription they have calculated the boundary

stress tensor induced by this linearized fluctuations. In this procedure, they have

calculated the form of the boundary stress tensor in terms of membrane variables.

Then performing a field redefinition to a local fluid velocity and temperature they

rewritten the boundary stress tensor and showed that it takes the form of the stress

tensor of the conformal fluid in derivative expansion [39]. They have compared this

boundary stress tensor with the respective fluid-gravity stress tensor [39] and found

that it matches exactly at zero and first order in derivative expansion with the fluid-

gravity stress tensor even at finite D. But at second order in derivative expansion,

they deviate from each other and the agreement only at large D. Now we have the

field redefinition from the matching of the two metrics up to second order. Using

this it might be possible to improve the stress tensor and understand this structure

in more detail.

We conclude the introduction with a few interesting future directions and a brief

overview of the chapters in the thesis.

Future directions

Let us now mention some interesting future directions.

We have matched the two metrics only within the membrane region. But it is

possible to compute the gravitational radiation, sourced by the effective membrane

stress tensor and extend outside the membrane region till infinity [37]. As we have

mentioned previously, in [36] the authors have determined the boundary stress tensor

from this radiation part and matched it with the dual fluid stress tensor of the

hydrodynamic metric. Now since we know how to ‘split’ the hydrodynamic metric,

we could also match the metric coefficients outside the membrane region that are

exponentially falling off with D and therefore non-perturbative from the point of

view of O
(

1
D

)
expansion.

In AdS space, there exist similar-looking constructions of horizon stress tensor

in terms of boundary stress tensor by following a radial flow of constraint Einstein’s



9

equations on cut-off surfaces in the background AdS [40, 41]. In some way, they

are a bit different from ‘large-D’ construction of the membrane stress tensor. For

example, they do not resum the derivative expansion. Also, they remain like fluid

equations all along the radial flow and reduce to non-relativistic fluid equations

on the horizon. However, there must be some relations between this radial flow

of Einstein’s equations down to the horizon and the membrane stress tensor car-

ried towards the AdS boundary via gravitational radiation [36]. It would be very

interesting to explore these relations further.

We have compared the metric in the regime where both perturbation techniques

are applicable and what we have shown is that the derivative and the
(

1
D

)
expansion

commute in this regime. However, we also know from [1] that there exists a regime

where derivative expansion could not be applied but we could still apply ‘large-D’

expansion. This is an interesting regime to explore since here we would construct

genuinely new dynamical black hole solutions that were not described previously by

other perturbative techniques. It would be very interesting to isolate this regime in

the general ‘large-D’ expansion technique.

We all know that surface tension is one very important physical property that we

could associate with some membrane. These dualities, once explored further (which

we leave to future work) might tell us that surface tension actually maps to some

other well studied properties of fluid or gravity.

Another very interesting direction is the entropy analysis. Both large-D and

derivative expansion are applicable to even higher derivative theories of gravity and

coupled gauge theory. Concept of entropy in such gravitational systems is still not

well understood, but our understanding about whole thermodynamics and entropy

in particular is far more clear in both membrane and fluid systems. These explicit

maps would probably lead to some progress about understanding these questions in

such higher derivative gravity setups.
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A brief overview of the chapters

We conclude the introduction with a brief overview of the chapters in the thesis.

Background

After a brief introduction to the fluid-gravity correspondence and the membrane-

gravity correspondence in chapter 1, we have described the comparison between

the gravity solutions generated by these two techniques up to the first subleading

orders in the expansion parameters on both sides for pure gravity systems. We have

described that in an appropriate regime of parameter space of the solutions, it is

possible to apply both perturbation techniques simultaneously. We have explicitly

matched the gravity solutions along with their dual systems in large numbers of

dimensions.

Fluid-gravity and membrane-gravity dualities - Comparison

at subleading orders

In chapter 3 (based on [2]) we have essentially extended the comparison of the two

gravity solutions up to the second subleading orders. As the form of both the large

D metric and the ‘hydrodynamic metric’ are very complicated and they look very

different from each other the comparison at this order is far more non-trivial than

at first subleading order [1]. An important outcome of this exercise is that at the

intermediate steps often some pattern emerges and that would naturally lead to

some all-order statement.

Comparison between fluid-gravity and membrane-gravity du-

alities for Einstein-Maxwell system

In chapter 4 (based on [3]) we have compared the two gravity solutions up to the

first non-trivial orders. Unlike the pure gravity case, here even at first non-trivial
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orders the curvature of the background AdS space generates new term in the charge

conservation equation and hence makes the checking more stringent than the pure

gravity system.





Chapter 2

Background

2.1 The Membrane paradigm at large D

Following [24, 25, 26, 27, 28, 29] in this section we briefly discuss the effective dynam-

ics of black hole horizons in large number of space-time dimensions. A few years ago,

Emparan, Suzuki, Tanabe and collaborators have observed that classical dynamics

of black holes in D dimension simplify a lot in large D limit. Motivated by this ob-

servation over the last few years there were several works [24, 25, 26, 27, 28, 29]. In

those works, it has been demonstrated that black hole dynamics can be reformulated

in terms of equations of motion of a co-dimension one non-gravitational membrane

propagating without backreaction on any asymptotic geometry that solves Einstein’s

equations. Emparan, Suzuki, and Tanabe have introduced a parameter into Ein-

stein’s equations and studied dynamics of black holes in a systematic expansion

in 1/D. In order to gain more intuition about how it works let us first consider

the Schwarzschild-Tangherlini black hole, written in Kerr-Schild coordinates. In

Kerr-Schild coordinates, the black hole solution takes the following form

ds2 = −dt2 + dr2 + r2dΩ2
D−2 +

(r0

r

)D−3

(dr − dt)2 . (2.1)

This metric describes a black hole at rest, i.e moving with velocity U = −dt. Note

that this metric manifestly reduces to background geometry (here flat space) at

large r and also is smooth at the outer future event horizon. Also when D is large

the deviation from the background is neat. Note that (dr − dt) is null both in

background and the full space-time geometry.
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The metric for the black hole moving at arbitrary constant boost is obtained if

we replace dt by a timelike one form U and then the metric reads

gMN = ηMN + ψ−DOMON

O = n− U, U = constant, U · U = −1, U · n = 0, ψ−D =
(r0

r

)D−3

r2(x) = PMNx
MxN , PMN = ηMN + UMUN , nM = ∂Mr

(2.2)

where all the ‘·’ product are with respect to ηMN . Varying the fields; horizon radius

r0 and the one-form field U over the horizon much more slowly than the scale D
r0

of the radial gradient we turn them into collective fields and call the coordinate

collective coordinate ansatz. In this way, we can write the more general ansatz

metric as

W(0)
AB = W̄AB + ψ−DOAOB (2.3)

where W̄AB is a smooth metric that solves Einstein’s equations and we refer to it as

background metric. ψ is an unspecified function in the background geometry and

O = n− U with U as a one-form ‘velocity’ field in the background space such that

W̄ABUAUB = −1, nA =
∂Aψ√

W̄AB∂Aψ∂Bψ
, W̄ABnAUB = 0 . (2.4)

We will deal with two derivative pure gravity theory in presence of cosmological

constant. The action of this theory can be written as

S =

∫ √
W [R− Λ] . (2.5)

We will assume the following scaling of the cosmological constant Λ

Λ = (D − 1)(D − 2)λ, λ ∼ O(1) . (2.6)

The equation of motion is given by

EAB = RAB −
(
R− Λ

2

)
WAB = 0 . (2.7)

Our goal is to find new ‘black-hole type’ solutions to these equations in large D

limit. But let us first mention a complication in doing that. As we know Einstein’s

equations in D dimension is a collection of D(D+1)
2

equations that determine a met-

ric tensor with D(D+1)
2

components, each of which is a function of D space-time
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coordinates. So, in large D limit, both the number of equations and the number

of variables to be solved will blow up. To take a sensible large D limit, we will

divide the space-time dimensions into two parts and assume that a large part of

the space-time geometry is fixed by some symmetry and consider that the metric is

dynamical only along some finite number of directions. In that case, we will write

the metric in the following way.

ds2 =WABdX
AdXB = W̃ab ({xa}) dxadxb + f ({xa}) dΩ2 (2.8)

where W̃ab ({xa}) with {a, b} = {0, 1, · · · , p} is a finite (p+1) dimensional dynamical

metric and dΩ2 is the line element on (D − p− 1) dimensional symmetric space.

Now as we will see the metric generated in this large D technique will be dual to a

probe membrane dynamics embedded in background space with a velocity field and

shape function and hence the symmetry of the metric will be there in the membrane

also. So, this dual membrane will be dynamical only along the xa directions and

simply wrap the symmetric space. The requirement that the solutions generated in

this scheme have this particular symmetry is less restrictive than it sounds. Firstly,

although in the derivation of the equations of this dual membrane, the symmetry has

been assumed the final membrane equations are entirely covariant on the membrane

world volume, and the isometry directions are not special. Secondly, a large class

of interesting space-time (e.g the collision of black holes) indeed preserve this large

isometry group.

In such cases, it could be shown that for any generic vector or one-form, the

order of its divergence will be D times larger than the order of the vector or the one

form and it will apply to any arbitrary tensor with any number of indices [24, 25,

26]. In the same way, it could be shown that if the background metric have that

symmetry then we will has the following.

RABCD|on W̄AB
= O(1), RAB|on W̄AB

= O(D), R|on W̄AB
= O

(
D2
)

(2.9)

So, Einstein’s tensor evaluated on the background metric will be O (D2). It will

turn out that the leading ansatz (2.3) will solve Einstein’s equations (at O (D2))

provided

∇2ψ−D = 0, and ∇ · U = O(1), at ψ = 1 (2.10)

where, all contractions are with respect to the background metric.
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Before proceeding further let us mention a few important properties of the ansatz

metric (2.3).

• The static black hole solution of (2.2) is a special case of (2.3) up to corrections

of 1/D and in that special case ψ = 1 is the equation for the event horizon.

• Note the inverse metric is

WAB
(0) = W̄AB − ψ−DOAOB

, where all indices are raised using W̄AB Now it follows that

nAnBWAB
(0) = 1− 1

ψD
.

So, ψ = 1 is a null co-dimension one submanifold of the ansatz metric of (2.3).

At least when at late times the ansatz metric (2.3) settles down to a stationary

black hole solution, this co-dimension one manifold may be identified with the

event horizon of space-time. We will refer to this submanifold as ‘membrane’.

• The deviation of this ansatz metric from the background space is proportional

to ψ−D ≈ e−D(ψ−1). So, the ansatz space-time approaches the background

space-time exponentially rapidly for ψ−1� 1
D

. Hence, the region of thickness

O
(

1
D

)
around ψ = 1 is non-trivial and we call this region ‘membrane region’.

• For ψ − 1 � 1
D

, as D → ∞, the ansatz metric blows up. But this region lies

entirely inside the event horizon and is causally disconnected from dynamics

on and outside the membrane and hence is irrelevant for predicting solution

outside.

In summary, our ansatz space-time reduces to background geometry for ψ−1 >> 1
D

and so solves Einstein’s equations there. The region ψ− 1 << 1
D

lies entirely inside

the event horizon and so irrelevant for predicting solution outside. It remains to

study the region ψ− 1 ∼ 1
D

around ψ = 1. So we need to solve Einstein’s equations

only within the ‘membrane region’.

We use the ansatz metric of (2.3) as the starting point of our perturbation the-

ory and solve Einstein’s equations order by order in 1/D. The leading ansatz is

parametrized by the function ψ and the velocity one-form U . To solve Einstein’s

equation at the very leading order, these variables need to be satisfied some condi-

tions only on ψ = 1 hypersurface (2.10). So, there is a ambiguity in defining the
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function ψ and the unit normalized velocity one-form U away from ψ = 1 hyper-

surface. To fix this ambiguity we will choose some conditions on ψ and U . These

conditions are referred to as ‘subsidiary conditions’. We will choose the subsidiary

conditions on ψ as follows.

∇2ψ−D = 0, everywhere . (2.11)

where the covariant derivatives are with respect to the background metric.

ψ = 1 is the event horizon of the full space-time to all orders in 1/D expansion.

With this initial condition we can always determine ψ in an expansion in 1/D solving

(2.11).

Similarly, the condition on O is fixed by

O ·O = 0, O · n = 1, PB
A (O · ∇)OA = 0, everywhere .

PB
A = δBA − nAOB −OAn

B +OAO
B

(2.12)

where all the contractions and covariant derivative are with respect to the back-

ground metric.

It is important to note that (2.11) and (2.12) are obeyed on ψ = 1.

Two different ansatz metrics whose shape function ψ and the velocity field U

agree on ψ = 1 but differ at larger value of ψ, actually describe the same space-time

on and outside ψ = 1 at leading order in 1/D. In order to restrict attention only

to inequivalent starting points of perturbation theory we need to define ψ and U

everywhere in space-time in terms of the shape of the membrane and the values of

the U on the membrane.

Note also that two different choices of these ‘subsidiary conditions’ produce the

same space-time geometry. But they look different as they are expressed in terms

of two different sets of variables. For example the ‘subsidiary conditions’ in [24, 25,

26] are different from the ‘subsidiary conditions’ in [27, 42, 43] and the metrics look

different in these two different choices. These choices are made in such a way that

the solutions look simpler.

Now we are in a stage to implement the perturbation theory and search for

solution of the form

WAB =
∞∑
n=0

W(n)
AB

Dn

W(0)
AB = W̄AB + ψ−DOAOB

(2.13)
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and attempt to find the corrections W(1)
AB,W

(2)
AB, · · · , solving Einstein’s equations

order by order in 1/D. In order to find unambiguous solution we first fix coordinate

redefinition freedom by choosing a gauge such that

OAW(n)
AB = 0 for n ≥ 1 . (2.14)

It will turn out that we can find corrections to ansatz metrics consistently in 1/D

only when the shape function ψ and the velocity field U satisfy some integrability

constraint - a membrane equations of motion which follow from constraint equations

of gravity. These membrane equations define a well-posed initial value problem for

membrane dynamics. For every configuration that obeys these membrane equations,

one can construct a metric that obeys Einstein’s equations to appropriate order in

1/D. Hence it follows that the solutions of these membrane equations are in one

to one correspondence with dynamical black hole solutions that solve Einstein’s

equations order by order in 1/D.

In this procedure, the solutions to Einstein’s equations have been found in flat

as well as AdS/dS background for pure gravity and Einstein-Maxwell system [24,

25, 26, 27, 28, 29].

2.2 The fluid-gravity correspondence

Here we shall very briefly describe the method of ‘derivative expansion’ [13]. In

chapter 4 we have described this procedure in more detail while constructing the

solutions for Einstein-Maxwell systems.

2.2.1 Perturbation parameter in ‘derivative expansion’

‘Derivative expansion’ is used to study two of the best-studied non-linear partial

differential equations in physics, namely, Einstein’s equations of general relativity

and Navier-Stokes equations of hydrodynamics. It is used to construct ‘black hole

type’ solutions (i.e space-time with a singularity shielded by some horizon [44] ) to

Einstein’s equations in presence of negative cosmological constant in dimension D.

Einstein’s equations:

EAB ≡ RAB + (D − 1)λ2gAB = 0
(2.15)
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λ is the inverse of AdS radius. We shall work in units where λ is set to one.

The solutions generated in this procedure are dual to the solutions of relativistic

generalization of Navier-Stokes equations in (D − 1) dimensional Minkowski space

(D is arbitrary). The different gravity solutions generated in this procedure are

characterized by

1. Unit normalized velocity: uµ(x)

2. Local temperature: T (x) =
(
D−1
4π

)
rH(x)

For the moment, rH is just some arbitrary length scale. It will be related to the

horizon scale of the dynamical black-brane geometry.

{xµ}, µ = {0, 1, · · · , D−2} are the coordinates on the flat space-time whose metric

is simply given by the flat space metric, ηµν = Diag{−1, 1, 1, 1 · · · }.

In this procedure, the fluid velocity and the temperature are slowly varying

functions with respect to the length scale set by rH(x). Mathematically, it can be

stated as follows.

If we choose an arbitrary point xµ0 and scale the coordinates in such a way that in

the new coordinate rH(x0) = 1. Then the derivative expansion would be applicable

if in this new scaled coordinate

|∂̄α1 ∂̄α2 · · · ∂̄αnrH |x0 << |∂̄α1 ∂̄α2 · · · ∂̄αn−1rH |x0 << · · · << |∂̄α1rH |x0 << 1 ∀ n, αi, x0

|∂̄α1 ∂̄α2 · · · ∂̄αnuµ|x0 << |∂̄α1 ∂̄α2 · · · ∂̄αn−1u
µ|x0 << · · · << |∂̄α1u

µ|x0 << |uµ| ∀ n, αi, x0

(2.16)

Hence, the number of ∂α derivatives in a given term determines how suppressed the

term is1. Then in the original xµ coordinates, each derivative ∂µ corresponds to

rH ∂̄µ. Therefore if we work in xµ coordinate which is not defined around any given

point like x̄µ then the perturbation parameter schematically is ∼ r−1
H ∂µ. 2.

In derivative expansion, the starting point of the perturbation is

(where {r, xµ}, µ = {0, 1, · · · , D−2}. We will choose units such that, λ, appearing

1It may happen that at a point in space-time, some nth order term is smaller or comparable to
some (n + 1)th order term. In that situation, one needs to rearrange the expansion around such
points.

2For a conformal fluid in finite dimension there is only one length scale which is set by the fluid

temperature. But as D grows large T (x) and rH ∼ T (x)
D are two parametrically separated length

scales. In (2.16) we have chosen rH to be the relevant scale and set it to order O(1). Here the
scaling of temperature with D is different from the D scaling of the temperature in [45].
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in equation (2.15) is set to one)3.

ds2 = −2uµdx
µdr − r2 f (r/rH) uµuνdx

µdxν + r2Pµνdx
µdxν

where f(z) = 1− 1

zD−1
, Pµν = ηµν + uµuν

(2.17)

It is a boosted black-brane metric in AdS space.

If uµ and rH are constants then equation (2.17) is an exact solution to equation

(2.15).

In ‘derivative expansion’ uµ and rH are allowed to be functions of the coordinates

{xµ}. Then obviously (2.17) will not be a solution to equation (2.15). We need to

add small corrections to (2.17). Treating derivatives on uµ and rH small we will be

able to solve (2.15) order by order in derivatives. The r dependence of these small

corrections could be determined exactly. It will turn out that equations (2.15) can

be solved order by order if and only if uµ and rH satisfy the relativistic generalization

of Navier-Stokes equations, which turn out to be the constraint equations of gravity.

2.3 Comparing fluid gravity and membrane grav-

ity duality at leading order

Following [1] in this section we shall briefly describe the comparison between membrane-

gravity and fluid-gravity duality in the first non-trivial order which will create the

base for discussion of the next chapters.

As we have already discussed in the previous section, the metric constructed in ‘large

D expansion’ [27] can be written in a ‘split’ form, where the metric is written as

‘background’ plus ‘something else’. This means this metric always admits a partic-

ular point-wise map to the ‘background’ geometry (in our case pure AdS).

On the other hand, the metric constructed in derivative expansion, to begin with,

does not have this ‘split’ and there is no guarantee that such a map would exist for

this case also.

In this section, we will show that such a map also exists for the ‘hydrodynamic

metric’4 also. We will see that such a map also exists for the ‘hydrodynamic metric’

even when the number of dimensions is finite. After that, we will match the two

3Note that we need to be careful about the scaling of λ while taking D →∞ limit. In this case,
λ would be fixed to one in large D limit.

4In this section, we will refer to the dynamical black brane solution generated in ‘derivative
expansion’ as the ‘hydrodynamic metric’.
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gravity solutions constructed in these two techniques up to the first non-trivial order

in both perturbation parameters. As we will see in chapter 3, it would get more

non-trivial at the next order.

In the analysis, we could show the equivalence of both the ‘large D metric’ and

the ‘hydrodynamic metric’ in large dimensions. We have actually rewritten the ‘hy-

drodynamic metric’ in terms of membrane degrees of freedom in large dimensions.

After implementing the correct coordinate transformations we could rewrite the la-

belling variables of the ‘large D metric’ (the membrane velocity and shape function)

in terms of the labelling variables of the ’hydrodynamic metric’ (the local fluid tem-

perature and fluid velocity). This analysis in a sense gives hope of a possible duality

between fluid and membrane dynamics in D →∞ limit (more ambitiously in finite

dimensions) where gravity has no role to play (See [45], [36] for such a rewriting of

fluid equations).

In section - (2.3.1) we have first discussed the overlap regime of these two per-

turbation techniques. Then in section - (2.3.2) we have discussed the map between

the bulk of the ‘black-brane’ space-time and the pure AdS space, mentioned above

and described an algorithm to construct the map, whenever it exists. In section -

(2.3.3) we have compared the two metrics in the two perturbation techniques along

with their dual systems (namely Navier-Stokes’ equation and membrane equations)

in large dimensions. We have also worked out the map between the two different

sets of dual variables in these two perturbation schemes. In section - (3.7) we have

concluded.

2.3.1 The overlap regime

Now, we will discuss whether we could apply both the ‘large D expansion’ and

the ‘derivative expansion’ simultaneously in any regime of parameter space of the

solutions. We have already discussed the perturbation parameter in the ‘derivative

expansion’ in section 2.2.1. Now at first, we will discuss the perturbation parameter

in ‘large D expansion’. We shall see that these two perturbation parameters can be

applied independently without any constraint on their ratio.

After that, we will compare the two metrics, generated using these two pertur-

bation schemes, without any constraint on the ratio between these two perturbation

parameters.
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2.3.1.1 Perturbation parameter in
(

1
D

)
expansion

‘Large D expansion’ technique is applicable in large number of space-time dimension

(denoted as D), where gravity solutions are generated in a series expansion in powers

of
(

1
D

)
. Here

(
1
D

)
is the perturbation parameter (a dimensionless number) where,(

1

D

)
<< 1

Note that ‘derivative expansion’ is applicable only in presence of negative cosmo-

logical constant in Einstein’s equations. But the ‘large D expansion’ technique can

be applied with or without the presence of cosmological constant provided λ, the

AdS radius (see equation (2.15) in subsection - 2.2.1) has been kept fixed one takes

D large. Note that the choice of λ defined previously for ‘derivative expansion’ is

consistent with this large D scaling.

As we have discussed previously 2.1, the ansatz metric in ‘large D expansion’

can be written as follows.

dS2 ≡ GAB dXAdXB = ḠAB dXAdXB + ψ−D(OA dX
A)2 (2.18)

where ḠAB, ψ and OA are defined as follows.

1. ḠAB is the ‘background’ metric. In our case, it is pure AdS metric.

We have to choose coordinates in such a way that the metric ḠAB is smooth

and all components of the Riemann curvature tensors are of order O(1) or

smaller in terms of the order counting in large D.

2.
(
ψ−D

)
is a harmonic function w.r.t ḠAB.

3. OA is dual to a tangent vector to a null geodesic in the background metric

such that OAnB ḠAB = 1. Where nA is the unit normal to the constant ψ

hypersurfaces.

It will turn out that the metric in equation (2.18) will solve Einstein’s equations

(2.15) at leading order (which is O(D2)) provided the divergence of O(1) vector

field, UA ≡ nA −OA is also O(1). Mathematically it can be written as

∇ · U ≡
(
∇ · n−∇ ·O

)
ψ=1

= O (1)

where ∇ ≡ covariant derivative w.r.t. ḠAB

(2.19)
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At first sight equation (2.19) does not seem to constraint the O(1) vector field UA,

since all the components of it along with their derivatives are O(1). But it is actually

a constraint in the validity regime of large D technique, since in the validity regime

of large D the divergence of a O(1) vector field is O(D).5.

We can ensure such scaling in the dynamics by considering that the metric is dy-

namical only along some finite number of directions and there is some symmetry in

the rest of the directions [27].

We will assume that such a scaling exists in all the geometry we will consider in-

cluding the dual hydrodynamics. For example, we shall assume that the divergence

of the fluid velocity uµ, which we shall denote by Θ(≡ ∂µu
µ) is of O(D), whereas uµ

itself is of O(1).

Now we shall mention some important properties of the leading ansatz metric in

(2.23) and refer to [27] for a detailed discussion.

With the above mentioned conditions it can be shown that ψ = 1 hypersurface is a

null hypersurface and we will identify it as the event horizon of the full space-time

geometry

Note also that if we are finitely away from the ψ = 1 hypersurface, in large D limit

the metric reduces to the background metric ḠAB.

Now we shall consider the region of thickness of the order of O
(

1
D

)
around ψ = 1

hypersurface. In this region6, the
(

1
D

)
expansion would lead to a nontrivial correction

to the leading space-time geometry. To see how, let us do the following coordinate

transformation.

XA = XA
0 +

x̃A

D
∂A = D ∂̃A

where {XA
0 } is an arbitrary point on the ψ = 1 hypersurface. In these new coordi-

5This requirement is not restrictive as it seems. To explicitly see it let us consider a coordinate
system {z, yµ} in which the background metric takes the following form.

Ḡzz =
1

z2
, Ḡµν = z2ηµν Det[Ḡ] = −z(D−2)

∇ · V = z−(D−2)∂z

[
z(D−2)V z

]
+ ∂µV

µ

= ∂zV
z + ∂µV

µ + (D − 2)

(
Vz
z

) (2.20)

Here obviously the first term is a O(1). Since in large D limit a large number of indices are summed
over term, the second term could potentially be of order O(D). The third term is O(D) provided(
Vz
z

)
is not very small. The second and third terms can potentially cancel for a particular vector

field . Equation (2.19) says that UA∂A is such a fine-tuned vector field.
6Following [27] , we shall refer to this region as ‘membrane region’
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nates

dS2 = D2GAB dx̃Adx̃B, where GAB = GAB
(
X0 +

x̃

D

)
(2.21)

Now, if x̃A is not as large as D, it is possible to expand ψ−D, OA and ḠAB around

XA
0 .

ψ−D(XA) = e−x̃
ANA +O

(
1

D

)
, where NA = [∂Aψ]XA

0

OA(X) = OA|XA
0

+ +O
(

1

D

)
, GAB(X) = GAB|XA

0
+O

(
1

D

) (2.22)

Note that from the second condition (see the discussion below equation (2.18)) it

follows that

Extrinsic curvature of (ψ = 1) surface = K|ψ=1 = D
√
NANBḠAB +O(1)

Substituting equation (2.22) in equation (2.21) we find

GAB = OA(X0) nB(X0) +OB(X0) nA(X0) + PAB(X0)

−
(

1− e−x̃ANA
)
OA(X0) OB(X0) +O

(
1

D

)
where PAB(X0) ≡ projector perpendicular to nA(X0) and OA(X0)

nA =
∂Aψ√

(∂Aψ)(∂Bψ)ḠAB

(2.23)

Hence, at the leading order, the variation of the metric in 2.23 is non-trivial only

along the directionsNA and variations along all the other directions are suppressed in

large D. It is very similar to the starting metric in derivative expansion in equation

(2.17) , where the metric has non-trivial variation only along the direction r. So, we

can say that within the ‘membrane region’, the large D expansion almost reduces to

the derivative expansion provided the metric in 2.23 solves Einstein’s equations at

the leading order. And the conditions mentioned below equation (2.18) along with

equation (2.19) guarantee that this is true.

After finding the leading solution we can apply the above-mentioned procedure to

find the subleading corrections which will handle the variations of NA and OA along

the ψ = constant hypersurface provided the variations of them are suppressed in

1/D (in the unscaled XA coordinates). It can be stated in the following way. We
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should be able to choose a coordinate system along the ψ = 1 hypersurface such

that

[
ḠAB

(
∂A ψ

−D) (∂B ψ−D
)]− 1

2 ∂A |horizon << 1 . (2.24)

We only need to impose this condition only on ψ = 1 and the conditions below equa-

tion (2.18) will guarantee that they are satisfied on all ψ = constant hypersurfaces.

As already explained, the solutions generated in ‘large D expansion’ technique

are expressed in terms ψ and the one-form OA dXA. These fields need to satisfy

the conditions written below equation (2.18). Now to fix the fields completely we

need to specify the boundary conditions along any fixed surface and we shall fix

them on the ψ = 1 hypersurface. Different metric solutions are labelled by the

auxiliary function ψ and the components of the one-form field OA projected along

the surface. Like ‘derivative expansion’, the metric correction can be solved order

by order provided these defining data (The auxiliary field OA and ψ) satisfy some

constraint equation, which we call the ‘membrane equation’.

2.3.1.2 Comparison between two perturbation schemes

In subsection-(2.3.1.1), we have explained that within the membrane region, large

D expansion is almost reduces to ‘derivative expansion’ as discussed in subsection-

(2.2.1). But they are not exactly the same. The leading ansatz for both ‘large D

expansion’ and ‘derivative expansion’ looks quite different and we can not expect

any ‘overlap regime’ between these two perturbation schemes if they compute per-

turbations around two completely different geometries. So, in finding an ‘overlap

regime’, at first we need to understand where in the parameter-space and in what

sense, equation (2.17) and (2.21) describe the same leading space-time.

Though the leading geometries of these two techniques look different , they both

have similar geometric properties - for example the existence of a curvature singu-

larity. In the black-brane metric (2.17) it is located at r = 0 and on the other hand

the metric (2.21) is singular at ψ = 0. Also, in both cases the singularity is shielded

by some event-horizon7.

To explicitly see the similarities, let us now choose a coordinate system XA ≡
{ρ,Xµ}, such that the background metric- ḠAB in equation (2.22) takes the follow-

7So far, the way both the techniques of ‘large-D expansion’ and ‘derivative expansion’ are
developed, the existence of a horizon is a must.
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ing form

ḠAB dXA dXB =
dρ2

ρ2
+ ρ2ηµνdX

µdXν , (2.25)

Then in this coordinate, the following metric is an exact solution of equation (2.15)

ds2 =
dρ2

ρ2
+ ρ2ηµνdX

µdXν +

(
ρ

rH

)−(D−1)(
dρ

ρ
− ρ dt

)2

(2.26)

Note that this is the Schwarzschild black-brane metric, written in Kerr-Schild form.

The metric [27] has the following properties.

•
(

ρ
rH

)−(D−1)

is harmonic function with respect to the background up to correc-

tion of order O
(

1
D

)2
.

∇2

(
ρ

rH

)−(D−1)

= O
(

1

D

)2

Hence the function
(

ρ
rH

)−(D−1)

could be identified with ψ−D appearing in

(2.18) up to corrections of order O
(

1
D

)2
.

• It can easily be shown that the one form
(
dρ
ρ
− ρ dt

)
is null. It also satisfies

the geodesic equation. Further, one can easily check that the contraction of

this one-form field with the unit normal to the constant ρ hypersurfaces is one.

Hence, we can identify this with the null one form OAdX
A

Hence we can recast the metric in (2.26), which is an exact solution of (2.15), in the

form of our leading ansatz in large D expansion up to corrections that are subleading

in
(

1
D

)
expansion. The metric in equation (2.26) can also be expanded around a

given point on the horizon ρ = rH , in the same way that has been done (see equation

(2.23)) in the previous subsection with the following identifications.

NA dX
A|ρ=1 =

dρ

rH
, OA dX

A|ρ=1 =
dρ

rH
− rH dt

nA dX
A =

NA dX
A

√
NANA

=
dρ

rH

(2.27)

So, the leading term in this expansion, after writing in terms of NA and OA would

have exactly the same form as that of the metric written in equation (2.21). The

main difference between the leading ansatz in equation (2.18) and in equation (2.26)
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is that in the later NA and OA satisfy (2.27) equation everywhere along the hori-

zon, in the same {ρ, yµ} coordinates. For the leading ansatz in (2.18) also a local

{ρ, t} coordinates can always be chosen by reversing the equations in (2.27). But

for a generic ψ and OA, we can not do this globally and this is the reason why the

leading ansatz is not an exact solution of (2.15). However, the deviation from the

exact solution will be proportional to the derivatives of NA and OA and therefore

contribute in subleading order. Hence, locally around a point on the horizon, the

leading ansatz for ‘large D expansion’ expansion looks like a Schwarzschild black-

brane written in a Kerr-Schild form where the local ρ and t coordinates respectively

are oriented along the direction of the normal NA and the direction of the field OA

projected along the membrane ψ = 1.

Now we will discuss the leading ansatz for the metric in derivative expansion. As

explained in [4], if we choose rH = constant and uµ = {1, 0, 0, · · · } then the leading

ansatz in derivative expansion, equation (2.17) , reduces to Schwarzschild black-

brane metric written in Eddington-Finkelstein coordinates. Also locally at any point

{xµ0}, we can always choose a coordinate system such that uµ(x0) = {1, 0, 0, · · · }.
So, by appropriate choice of coordinates locally the metric described in (2.17) could

always be made to look like a Schwarzschild black-brane metric, though in a different

coordinate than described in equation (2.18). Hence, the starting point of these two

different perturbation expansions are ‘locally ’same and we can expect an overlap

regime.

But the difference lies in the concept of ‘locality’ and also the space of defining

data in these two perturbation techniques are different. In case of ‘large-D’ expan-

sion, the labelling data of the gravity solutions is specified on the horizon whereas

for the metric generated in ‘derivative expansion’ it is defined on the boundary of

the AdS space.

The range of validity for ‘large-D’ expansion is given in equation (2.24). Now if we

replace ∂Aψ
−D|horizon by (−DNA) then the condition (2.24) reduces to the existence

of coordinate system such that

∂A |horizon << D (2.28)

which looks similar to the validity regime for ‘derivative expansion’ , as we have

mentioned in the subsection (2.2.1)

r−1
H ∂µ << 1 (2.29)



28 Background

Now if somehow we could map each point on the boundary to a point on the horizon

(which is viewed as a hypersurface embedded in the background space-time), then

the same {xµ} coordinates could be used as coordinates along the horizon. Then,

whenever rH is of order O(1) in terms of order counting in ‘large-D’, the inequality

(2.29) would imply equation (2.28). Equivalently we could say, as D → ∞, all

solutions generated in ‘derivative expansion’ could be legitimately expanded further

in
(

1
D

)
, though the reverse may not be true.

Now we know that for the case of exact Schwarzschild black-brane solutions ∂A

and ∂µ are simply related (without any extra factor of D). It is just the the well-

known coordinate transformation that one should use to go from Kerr-Schild form

to Eddington-Finkelstein form of the black-brane metric. The required map from

the horizon to boundary coordinates is also given by this coordinate transformation.

After introducing the perturbations on both sides, relation between these two sets

of coordinate systems are expected to get correction, but in a controlled and per-

turbative manner, and thus it will maintain the above argument for the existence of

overlap.

In summary, a region of overlap exists between these two perturbative techniques.

In this chapter, our goal is to match them in the regime of overlap. As we have

discussed, the key step is to determine the map between ∂A and ∂µ. We shall

elaborate that in the next section.

2.3.2 Transforming to ‘large-D’ gauge

From section (2.3.1) we have seen that whenever derivative expansion is applica-

ble, we can always apply 1/D expansion but the reverse may not be true. So, a

dynamical black-brane metric generated in ‘derivative expansion’ [5] when further

expanded in 1/D should match with the metric generated in large D expansion

(equation (8.1) of [27]) after appropriate coordinate transformations and field redef-

inition. In this section, we will construct the algorithm to find out the appropriate

coordinate transformations.

Before proceeding further let us understand the question in a little more detail.

Both the large D expansion and ‘derivative expansion’ generate dynamical black-

brane geometry in terms of labeling data defined on a co-dimension one hypersurface.

In ‘derivative expansion’ the labelling data is defined on the conformal boundary of

the AdS space and in the case of ‘large D expansion’ it is defined on a co-dimensional

one fluctuating membrane embedded in the asymptotic geometry. Hence both pro-
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cedure uses a particular map from the full space-time geometry to a co-dimension

one hypersurface.

In derivative expansion given a unit normalized velocity field and a temperature field

defined on a (D− 1) dimensional flat Minkowski space, which satisfies the relativis-

tic generalization of Navier-Stokes’ equations one can construct a D dimensional

dynamical black-brane geometry solving Einstein’s equations, which we refer to as

bulk [4, 5]. In [46] the authors have also described how to reverse this construction.

Starting from a dynamical black-brane metric they could read off the dual fluid

variables.

Similarly, in large D expansion starting from a membrane velocity and shape func-

tion defined on a co-dimension one membrane one could systematically construct a

dynamical black-brane geometry order by order in 1/D [27]. But with this tech-

nique, the correspondence has been shown only in one direction [27]. To complete

the map we also need to know how to read off the ‘membrane data’ given an arbi-

trary dynamical black-brane geometry.

In this section, we will construct an algorithm to determine this ‘membrane-bulk

map’, which is similar to the discussion of [46] in the context of writing the rotating

black hole metric to the form of the hydrodynamic metric.

2.3.2.1 Bulk-Membrane map

The ‘large-D expansion’ technique [27], always generate the dynamical black-brane

metric GAB in a ‘split’ form. Here the ‘split’ is specified in terms of an auxiliary

function ψ and an auxiliary one-form field OA∂A. In terms of equation,

GAB = ḠAB +G
(rest)
AB (2.30)

where ḠAB is the background metric and G
(rest)
AB is such that there exists a null

geodesic vector field OA∂A in the background, satisfying

OA GAB = OA ḠAB ⇒ OA G
(rest)
AB = 0 . (2.31)

The normalization of this null geodesic vector is determined in terms of the function

ψ which is defined as follows.

1.
(
ψ−D

)
is a harmonic function with respect to the background metric ḠAB.

2. ψ = 1 hypersurface, viewed as an embedded surface in full space-time geome-

try, is the dynamical event horizon. The boundary condition on ψ is specified
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in this way.

Once we have fixed ψ, the normalization of OA is fixed through the following con-

dition.

OAnA = 1.

where nA is the unit normal on the constant ψ hypersurfaces (viewed as hypersur-

faces embedded in the background space-time).

Equations (2.30) and (2.31) together specify a map between two entirely different

geometries, with metric ḠAB and GAB respectively, both of which satisfy equation

(2.15). Hence, for writing an arbitrary dynamical black-brane metric, which admits(
1
D

)
expansion, in the form described in (2.30), the first step would be to determine

this map or the ‘split’ of the metric between ‘background’ and the ‘rest’, so that the

equation (2.31) is obeyed.

Now in previous subsection, we have seen that this ‘map’ is crucially dependent

on the vector field OA∂A and the function ψ. As both of them are defined using the

‘background’ geometry, we immediately face a problem, because given an arbitrary

black-brane geometry, it is the ‘background’ that we are after.

For example, we could always determine the location of the event horizon for a given

black-brane metric, but we would never know its embedding in the background, un-

less we know the ‘split’ and hence we would not be able to construct the ψ function,

by solving the harmonicity condition on ψ−D. If we do not know ψ we would not

be able to normalize OA, as required.

So we need to figure out some equivalent formulation of this ‘split’ just in terms

of the full space-time metric. The following observation save us. It can be shown

that if GAB admits a split between ḠAB and G
(rest)
AB satisfying OAG

(rest)
AB = 0, then

the vector - OA∂A , which is a null geodesic with respect to background metric ḠAB,

is also a null geodesic with respect to the full space-time metric GAB.

Proof :

We know that

(O · ∇)OA = κ OA

where ∇ denotes the covariant derivative with respect to the metric ḠAB and κ is
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the proportionality factor. We want to show that

(O · ∇̄)OA ∝ OA, where ∇̄ is covariant derivative w.r.t. GAB

Suppose Γ̄ABC denotes the Christoffel symbol corresponding to ∇̄A and ΓABC denotes

the Christoffel symbol corresponding to ∇A. These two would be related as follows

[27].

Γ̄ABC = ΓABC +
1

2

(
∇B

[
G(rest)

]A
C

+∇C

[
G(rest)

]A
B
−∇A

[
G(rest)

]
BC

)
︸ ︷︷ ︸

δΓABC

(2.32)

Here all raising and lowering of indices have been done using ḠAB. Note that

OBOC δΓABC = OB(O · ∇)
[
G(rest)

]A
B
− 1

2
OBOC∇A

[
G(rest)

]
BC

= −
[
G(rest)

]A
B

[
(O · ∇)OB

]
+

1

2

(
∇AOC

) [
G(rest)

]
BC

OB

= κ
(
OC
[
G(rest)

]A
C

)
= 0

(2.33)

What we want to show simply follows from equation (2.33)

(O · ∇̄)OA = (O · ∇)OA = κ OA (2.34)

So by solving the null geodesic equation with respect to the full space-time metric

GAB we could determineOA . But to fully determine it, we also need to know κ which

is fixed by the normalization of OA. As already mentioned, the normalization that

has been used previously in the application of ‘large-D’ technique is not suitable for

our purpose, since for it we need the knowledge of the ‘background’ beforehand. But

luckily the form of the ‘split’ defined by the condition

[
OAG

(rest)
AB = 0

]
is independent

of the normalization of OA.

So we will first determine another null geodesic field (we shall denote it by ŌA to

remind ourselves of the difference in normalization) which is affinely parametrized

and whose inner-product with the normal to event horizon of the full space-time

(which, up to normalization, could again be determined without the knowledge of

the ‘split’) is one.

Then we will be at a stage to define the map between the ‘background’ and the full

space-time metric.

Suppose {Y A} denote the coordinates in the background space-time (in our case
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it is the pure AdS, the metric is denoted by ḠAB) and {XA} are the coordinates

of the full space-time geometry (the dynamical black-brane geometry, the metric is

denoted by GAB). Let us now denote the invertible functions that give a one to one

correspondence between these two spaces as {fA}.

Y A = fA({X}) (2.35)

The equations that will determine fA s are the following

ŌA GAB|{X} = ŌA

(
∂fC

∂XA

)(
∂fC

′

∂XB

)
ḠCC′|{X} (2.36)

8 Here ŌA are affinely parametrized null geodesics with respect to the full space-time

metric i.e.,

Ō · ∇̄ŌA = 0 (2.37)

Equation (2.37) would fix ŌA completely if we specify the angles it would make with

the tangents of the horizons, which is a set of (D − 1) numbers. Now what we are

actually interested in is not ŌA but OA which is related to ŌA with a normalization.

Hence, at this stage we are free to choose the normalization of ŌA, since anyway, we

have to re-normalize it again. It will fix one of the (D − 1) initial conditions. Rest

we will keep arbitrary.

We shall assume

ŌANA|horizon = 1

ŌAl
(i)
A |horizon = some arbitrary functions of horizon cordinates

(2.38)

where NA is the null normal to the event horizon of the space-time (with some

arbitrary normalization) and lA(i)∂A s are the unit normalized space-like tangent

vectors to the horizon.

It will turn out that the hydrodynamic metric could be split for a very specific choice

of these spatial initial conditions and we will fix them order by order in derivative

expansion by matching the the ‘large-D’ metric and hydrodynamic metric . Once

ŌA is fixed (in terms of these arbitrary angles), by solving equation (3.2) we could

determine fA s up to some integration constants .

If we apply the map (2.35) as a coordinate transformation on the ‘background’

then equation (3.2) further says that in the new {XA} coordinates the map would

8The subscript {X} in equation (3.2) denotes that both LHS and RHS of equation (3.2) have
to be evaluated in terms {XA} coordinates.
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just be an ‘identity’ map and the full space-time metric GAB would admit the split

as given in equation (2.30) satisfying (2.31) 9.

Once we have figured out the splitting of the full space-time metric into ‘background’

and the ‘rest’, we know how to view the event horizon as a surface embedded in the

‘background’ geometry and therefore the auxiliary function ψ (by exploiting the

harmonicity of ψ−D with respect to the background metric) everywhere. Now we

can normalize ŌA as it has been done in [27]. Using these ψ and OA (appropriately

normalized) we will be able to recast any arbitrary metric, that admits large-D

expansion, exactly in the form of [27].

2.3.3 Bulk-Membrane map in metric dual to Hydrodynam-

ics

Now we shall implement the above described algorithm for the metric dual to hy-

drodynamics. For convenience, let us summarize the steps again.

• First determine the equation for the event horizon of the full space-time metric.

• Then Determine the null normal to the horizon.

• Solve equation (2.37) to determine ŌA everywhere. We require the normal,

derived in the previous step, to impose the boundary condition.

• Then choose any arbitrary coordinate system {Y A}, where the ‘background’

has a smooth metric GAB.

• After that solve the equation (3.2) to determine the mapping functions fA ’s.

It is not easy to implement all these steps for a generic dynamical metric. But in

this case, the ‘derivative expansion’ and the fact that fA ’s are exactly known at

zeroth order in derivative expansion (which is simply the coordinate transformation

between Eddington-Finkelstein and Kerr-Schild form of a static black-brane space-

time) would help us.

Though the zeroth order transformation is already known, as a ‘warm-up’ exer-

cise et us first re-derive it using the above mentioned algorithm. The condition of

9We would also like to emphasize that what we are describing here is not just a gauge or
coordinate transformation. The ‘split’ mentioned in equation (2.30) is a genuine point-wise map
between two entirely different geometries. Once we have figured out the ‘map’, we are free to
transform the coordinates further; both GAB and ḠAB would change, but the ‘map’ will still be
there.
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‘staticity’ and translational symmetry of the metric will allow us to solve relevant

equations exactly.

2.3.3.1 Zeroth order in ‘derivative expansion’:

At zeroth order in derivative expansion, the metric dual to hydrodynamics is given

by

ds2 = −2uµdx
µdr − r2f (r/rH)uµuνdx

µdxν + r2Pµνdx
µdxν

where Pµν ≡ ηµν + uµuν , f(z) ≡
[
1− z−(D−1)

]
, uµuνη

µν = −1
(2.39)

We could read off the components of the metric and its inverse.

Grr = 0, Gµr = −uµ, Gµν = −r2f (r/rH)uµuν + r2Pµν

Grr = r2f (r/rH) , Gµr = uµ, Gµν =
1

r2
P µν

(2.40)

At zero derivative order, both rH and uµ could be treated as constants. The event

horizon and the null normal to the metric are given by

Event Horizon : S = r − rH = 0, NA dX
A = dXA∂AS = dr (2.41)

Let us now figure out the ‘map’ that would lead to the desired ‘split’ between

‘background’ and ‘rest’.

We have already determined the event horizon. Now, we have to solve for ŌA,

satisfying the conditions

ŌB∇̄BŌ
A = 0, ŌAŌBGAB = 0, ŌANA|r=rH = Ōr|r=rH = 1

At zeroth order in derivative expansion, GAB has translational symmetry in all

the xµ. The conditions on ŌA does not break this symmetry. Hence ŌA must have

the form

ŌA∂A = h1(r) ∂r + h2(r) uµ∂µ (2.42)

Now we shall process the condition that OA is a null vector field.

ŌAŌBGAB = 0

⇒ 2h2(r)h1(r)Gµruµ + h2(r)2uµuνGµν = 0

⇒ h2(r)
[
2h1(r)− r2f (r/rH)h2(r)

]
= 0

⇒ h2(r) = 0

(2.43)
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So finally ŌA∂A = h1(r)∂r
10.

Substituting this form of ŌA in the geodesic equation we could see that h1(r) has

to be a constant and then boundary condition simply says that h1(r) = 1

ŌA∂A = Ōr∂r = ∂r (2.44)

Now let us choose a coordinate system Y A = {ρ, yµ} for the ‘background’ where

the metric takes the following form

ds2
background =

dρ2

ρ2
+ ρ2ηµν dy

µ dyν (2.45)

Again the symmetries of the background metric motivate us to take the following

form for the mapping, which gives the one to one correspondence between the back-

ground coordinates {Y A} = {ρ, yµ} and the black-brane coordinates {XA} = {r, xµ}

yµ = xµ + g(r)uµ, ρ = h(r) (2.46)

We shall now apply the map (2.46) as a coordinate transformation on the back-

ground. In the new coordinates (where the map is just an ‘identity’) the background

metric will take the following form

Ḡrr =

(
h′

h

)2

− (g′h)
2
, Ḡµr = g′h2uµ, Ḡµν = h2 ηµν (2.47)

Here we have suppressed the r dependence and derivative w.r.t r is denoted by prime

(′). In this coordinates equation (3.2) takes the form(
h′

h

)2

− (g′h)
2

= 0, g′h2 = −1 (2.48)

These two equation could be solved very simply. The general solution is given by

h(r) = ±(r + c1), g(r) =
1

r + c1

+ c2 (2.49)

10Actually, there is two solutions to (2.43). If we assume h2(r) 6= 0 and finite everywhere, then

h1(r) =
r2

2
f (r/rH)h2(r)

This implies that h1(r) will vanish at the horizon r = rH (which is a zero of the function f (r/rH)),
contradicting the boundary condition on Ōr.
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where c1 and c2 are two arbitrary constants.

We shall choose the plus sign in the function h(r) to make sure that whenever r

increases, ρ also increases.

Now we have to fix the integration constants. Note that once we know the map,

we know the form of G(rest)
AB , satisfying equation (2.31) by construction.

G(rest)
rr = G(rest)

rµ = 0

G(rest)
µν =

[
(r + c1)2 − r2f(r/rH)

]
uµuν +

[
r2 − (r + c1)2

]
Pµν

(2.50)

We further want that as D → ∞, the metric should reduce to its asymptotic form

at any finite distance from the event horizon of the space-time or in other words,

outside the ‘membrane region’ G(rest)
µν must vanish (a region with ‘thickness’ of the

order of O
(

1
D

)
around the ‘membrane’, see section (2.3.1.1)). This condition will

force us to set c1 = 0. The other constant c2 is not appearing in the final form of the

metric, so, at this order this ambiguity will remain and it is simply a consequence

of the translational symmetry in xµ and yµ directions. For simplicity, let us also

choose c2 = 0. So finally the final form of the map at zeroth order is

ρ = r, yµ = xµ +
uµ

r
. (2.51)

2.3.3.2 First order in derivative expansion

Now we extend the computation of the previous section up to the first order in

derivative expansion. Here uµ and rH depends on xµ but any term that has more

than one derivatives of uµ and rH can be neglected. All calculations presented in

this section generically have corrections at order O(∂2).

At first order in derivative expansion the metric dual to hydrodynamics is [5]

ds2 = − 2uµdx
µdr − r2f (r/rH)uµuνdx

µdxν + r2Pµνdx
µdxν

+ r

[
− (uµaν + uνaµ) +

2Θ

D − 2
uµuν + 2F (r/rH)σµν

]
dxµdxν

(2.52)

Where,

F (r) = r

∫ ∞
r

dx
xD−2 − 1

x(xD−1 − 1)
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And11

aµ = (u · ∂)uµ , Θ = ∂ · u , σµν = P µαP νβ

(
∂αuβ + ∂βuα

2

)
−
(

Θ

D − 2

)
P µν

(2.53)

We will refer to this metric, described in equation (2.52), as ‘hydrodynamic metric’.

Here both rH and uµ are functions of xµs. But the functional dependence is not

completely arbitrary. It will turn out that the hydrodynamic metric will solve the

Einstein’s equations (up to corrections of order O(∂2)) provided the derivatives of

rH and uµ satisfies the following equations12.

(u · ∂)rH
rH

+
Θ

D − 2
= 0, P µν

(
∂µrH
rH

)
+ aν = 0 (2.54)

We read off the components of the metric and its inverse

Gµr = − uµ, Grr = 0

Gµν = − r2f (r/rH)uµuν + r2Pµν

+ r

[
− (uµaν + uνaµ) +

(
2Θ

D − 2

)
uµuν + 2F (r/rH)σµν

] (2.55)

Grr = r2f(r/rH)− r
(

2Θ

D − 2

)
, Gµr = uµ − aµ

r

Gµν =
P µν

r2
− 2F (r/rH)

r3
σµν

(2.56)

The horizon is still given by the surface (no correction at first order in derivative,

though the normal gets corrected since ∂µrH is not negligible now.)

Event Horizon : S = r − rH = 0, NA dX
A = dXA∂AS = dr − dxµ ∂µrH (2.57)

11Here ‘·’ denotes contraction with respect to ηµν
12These two equations are just the stress tensor conservation equation for a (D− 1) dimensional

ideal conformal fluid.
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We need the Christoffel symbols to compute the geodesic equation.

Γrrr = 0, Γµrr = 0

Γrαr =

[
rf(r/rH) +

r2

2rH
f ′(r/rH)− Θ

D − 2

]
uα

Γµrδ =
1

2r2
[2rP µ

δ − ∂δu
µ − uδaµ + ∂µuδ + uµaδ − 2F (r/rH)σµδ + 2 (r/rH)F ′(r/rH)σµδ ]

(2.58)

The most general correction that could be added to ŌA, at first order in derivative

expansion, maintaining it as a null vector with respect to the first order corrected

metric:

ŌA∂A = ∂r + w1(r) Θ ∂r + w2(r) aµ∂µ (2.59)

We shall fix w1(r) and w2(r) using the geodesic equation.

The r component of the geodesic equation gives the following equation.

(Ō · ∇̄)Ōr = 0

⇒Ōr∇̄rŌ
r + Ōµ∇̄µO

r = 0

⇒Ōr∂rŌ
r + ΓrrrŌ

rŌr + 2ŌrŌαΓrαr = 0

⇒(1 + w1(r)Θ)w′1(r)Θ + 2(1 + w1(r)Θ)(w2(r)aα)Γrαr = 0

⇒w′1(r) = 0

⇒w1(r) = A1, where A1 is a constant

From the µ component of the geodesic equation we find

(Ō · ∇̄)Ōµ = 0

⇒ Ōr∇̄rŌ
µ + Ōλ∇̄λŌ

µ = 0

⇒ Ōr∂rŌ
µ + ŌrŌrΓµrr + 2ŌrŌδΓµrδ = 0

⇒
[
w′2(r) +

2w2(r)

r

]
aµ = 0

⇒ w2(r) =

(
A2

r2

)
, where A2 is another integration constant

At this stage

ŌA∂A = ∂r + A1Θ ∂r +

(
A2

r2

)
aµ∂µ (2.60)
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We can partially fix the integration constants using the boundary conditions.

At horizon

ŌANA|r=rH = 1 ⇒ (1 + A1Θ) = 1⇒ A1 = 0

Ōµ∂µrH = O
(
∂2
)
⇒ No constraint on A2

(2.61)

Hence it follows that .

ŌA∂A = ∂r +

(
A2

r2

)
aµ∂µ + terms 2nd order in derivative expansion

⇒ ŌA dX
A = −uµ dxµ + A2 aµ dx

µ + terms 2nd order in derivative expansion

(2.62)

Now, we need to solve for the ‘mapping functions’. For that like in the previous

section let us choose the same coordinates {Y A}, so that the background metric

takes the form of equation (2.45). It is expected that the mapping functions (2.51)

will get corrected by first order terms in derivative expansion.

yµ = xµ +
uµ(x)

r
+ f1(r)Θ uµ(x) + f2(r) aµ(x), ρ = r + f3(r) Θ (2.63)

As we have done previously, we will apply the map (2.63) as a coordinate transfor-

mation on the background metric. In the new coordinates (where the map is just

an ‘identity’) the background metric takes the following form

Ḡrr = 2

(
f ′1(r) +

f ′3(r)

r2
− 2f3(r)

r3

)
Θ

Ḡµr = −
[
1−

(
r2f ′1(r)− 2f3(r)

r

)
Θ

]
uµ + r2f ′2(r) aµ

Ḡµν = r2

(
1 +

2f3(r)

r
Θ

)
ηµν + r (∂νuµ + ∂µuν)

(2.64)

Substituting equation (2.64) in equation (3.2) we find

Ḡµr +

(
A2

r2

)
aνḠνµ = −uµ + A2 aµ +O

(
∂2
)
, Ḡrr = 0

⇒ r2f ′1(r)− 2f3(r)

r
= 0, f ′2(r) = 0, f ′1(r) +

f ′3(r)

r2
− f3(r)

r3
= 0

(2.65)



40 Background

The general solution for equation (2.65):

f3(r) = C3, f2(r) = C2, f1(r) = C1 −
C3

r2

where C1, C2 and C3 are arbitray constants
(2.66)

In the new XA = {r, xµ} coordinates the metric of the background takes the follow-

ing form

ds2
background = ḠABdXAdXB

= − 2uµdx
µ dr + r2ηµνdx

µ dxν

+ r [2C3Θ ηµν + (∂µuν + ∂νuµ)] dxµdxν

= − 2uµdx
µ dr + r2ηµνdx

µ dxν

+ 2r

[
−C3Θ uµuν +

(
C3 +

1

D − 2

)
Θ Pµν −

(
aµuν + aνuµ

2

)
+ σµν

]
dxµdxν

(2.67)

In the last step we have rewritten Gµν using the following identity

∂µuν + ∂νuµ = 2σµν +

(
2Θ

D − 2

)
Pµν − (aµuν + aνuµ) (2.68)

Once we know the background, we could determine Ḡrest
AB .

G(rest)
rr = 0, G(rest)

µr = 0

G(rest)
µν = r2

(rH
r

)D−1

uµuν − 2r C̃3 Θ ηµν + 2r [F (r/rH)− 1]σµν

where C̃3 ≡ C3 +
1

D − 2

(2.69)

2.3.4 Hydrodynamic metric in
(

1
D

)
expansion

In the previous section, we split the ‘hydrodynamic metric’ into ‘background’ and

‘rest’ as required. In this section, we shall expand the metric further in 1/D and

match it against the solution generated in large D technique described in [27].

The matching of the two metrics involves two steps. In the first step, we need

to do an exact matching of the two metrics up to the orders we are interested in

on both sides. In the second step, we need to show the mapping of the two sets of

evolution data.
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As we have already discussed, the ‘hydrodynamic metric’ and the ‘large - D’ metric

are expressed in terms of data, defined on a co-dimension one hypersurface. In

the case of ‘hydrodynamic metric’ it is defined on the conformal boundary of AdS

space and in the case of the ‘large D’ technique, it is defined on a co-dimension one

fluctuating membrane embedded in the asymptotic geometry. For the matching of

the two gravity solutions, the evolution of data should also match. In other words,

we should be able to reexpress the dynamical degrees of freedom of the membrane

in terms of fluid variables and have to show that once the Navier-Stokes’ equations

are satisfied the ‘membrane equations’ are also satisfied.

Now at first, we match the two metrics up to the required order and then we

show the equivalence of the evolution of the two sets of data.

2.3.4.1 Comparison between the two metrics

For matching of the hydrodynamic metric with the final metric described in [27],

the first requirement is that Ḡrest
µν must vanish as one goes finitely away from the

horizon. This is possible if C̃3 is zero and also the function [F (r/rH)− 1] at large r

has a certain type of fall-off behavior. Now C̃3 being an integration constant we can

set it to zero. In appendix (A.1) we have analyzed the integral (2.53) and therefore

the function [F (r/rH)− 1]. We have shown that at large D this integral could be

approximated as follows.

F (z) = F

(
1 +

Z

D

)
= 1−

(
1

D

)2 ∑
m=1

(
1 +mZ

m2

)
e−mZ +O

(
1

D

)3

(2.70)

Hence [F (r/rH)− 1] vanishes13 up to corrections of order O
(

1
D

)2
.

After substituting equation (2.70) and the value for the integration constant C̃3, the

black-brane metric dual to hydrodynamics takes the following form

dS2 = dS2
background + r2

(rH
r

)D−1

(uµ dx
µ)2 +O

(
1

D

)2

(2.71)

where dS2
background is given by equation (2.67)

As we have discussed before, the metric described in [27] is written in terms of

one auxiliary function ψ and one auxiliary null one-form OAdX
A. For convenience,

13 Also, note that the vanishing has appropriate fall-off behaviour (exponential decay in the
scaled Z variable) as required by large D corrections
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let us quote the metric here again.

dS2 = dS2
background + ψ−D

(
OA dX

A
)2

+O
(

1

D

)2

(2.72)

Here ψ−D is a harmonic function with respect to the background metric with ψ = 1

being the event horizon of the full space-time geometry and OA is proportional to

ŌA determined in the previous section. The proportionality factor (we denote it

by the scalar function Φ(X)) is fixed by using the condition that the component

of OA along the unit normal to the ψ = constant hypersurfaces is one everywhere.

Mathematically, the above conditions could be expressed as

ŌA = Φ(X) OA, Φ(X) =
ŌA ∂Aψ√

(∂Aψ)(∂Aψ)
where ∂Aψ ≡ ḠAB ∂Bψ (2.73)

Rewriting (2.72) in terms of ŌA,

dS2 = dS2
background +

(
ψ−D

Φ2

)(
ŌA dX

A
)2

+O
(

1

D

)2

= dS2
background +

(
ψ−D

Φ2

)
(uµ − A2 aµ) (uν − A2 aν) dxµdxν +O

(
1

D

)2

(2.74)

For the exact matching of the metric in (2.74) with the metric in (2.71) we have to

set A2 to zero and identify
[
Φ2r2

(
rH
r

)D−1
]

with the harmonic function ψ−D up to

corrections of order
(

1
D

)2
. Hence, finally we have to verify is the following

ψ−D − Φ2r2
(rH
r

)D−1

= O
(

1

D

)2

(2.75)

where ψ satisfies

∇2ψ−D = 0 (2.76)

with the boundary condition that ψ = 1 hypersurface should reduce to the horizon,

i.e., the hypersurface given by r = rH , in an expansion in
(

1
D

)
.

Now we first determine ψ and then Φ. Note that both ψ and the norm of ∂Aψ

are scalar functions and it would be easier to compute them in a coordinate system

where the background metric has a simple form. Hence, we solve the equation in

the {ρ, yµ} coordinate system and then transform the final answer to the {r, xµ}
coordinates for final matching. For that at first, we need to know the position
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of the horizon in {Y A} coordinates since that will provide the required boundary

condition for ψ. We know that in {XA} = {r, xµ} coordinates the horizon is at

r = rH(x) +O(∂2). Now {XA} and {Y A} coordinates are related as follows.

ρ = r − Θ(x)

D − 2
+O(∂2),

yµ = xµ +
uµ(x)

r
+

(
Θ(x)

D − 2

)(
uµ(x)

r2

)
+ C1 Θ(x) uµ(x) + C2 a

µ(x) +O(∂2)

(2.77)

The inverse transformation:

r = ρ+
Θ(y)

D − 2
+O(∂2)

xµ = yµ − uµ(x)

ρ
− C1 Θ(x) uµ(x)− C2 a

µ(x) +O(∂2)

= yµ − uµ(y)

ρ
+
aµ(y)

ρ2
− C1 Θ(y) uµ(y)− C2 a

µ(y) +O(∂2)

(2.78)

Therefore in terms of {Y A} coordinates the horizon is at

ρ = rH (xµ)−
(

Θ

D − 2

)
+O

(
∂2
)

= rH(yµ)− (u · ∂) rH
rH

−
(

Θ

D − 2

)
+O

(
∂2
)

= rH(yµ) +O
(
∂2
) (2.79)

Here, for terms that are of first order in derivative to begin with, this coordinate

transformation will generate change of order O(∂2) and therefore negligible in our

analysis. In the last line, we have used equation (2.54).

Once we know the position of the horizon, we will be able to solve for ψ. In {ρ, yµ}
coordinates the expressions for ψ and its norm are as follows (see appendix (A.2 for

detail derivation).

ψ(ρ, yµ) = 1 +

(
1− 1

D

)(
ρ

rH(y)
− 1

)
+O

(
1

D

)3

⇒ dY A ∂Aψ =

(
1− 1

D

)(
dρ

rH(y)

)
− ρ

(
1− 1

D

)(
∂µrH(y)

r2
H(y)

)
dyµ

⇒ ∂Aψ ∂Aψ =

(
ρ

rH(y)

)2(
1− 1

D

)2

+O(∂)2

(2.80)

Clearly this solution satisfies the boundary condition that ψ = 1 ⇒ ρ = rH(y) +



44 Background

O(∂2).

Now we have to transform these quantities in {XA} coordinates. We first transform

the quantity

[
ρ

rH(y)

]
.

ρ

rH(y)
=

r − Θ
D−2

rH(x) + (u·∂)rH
r

+O(∂2)

=

(
1

rH(x)

)(
r − Θ

D − 2

)(
1− (u · ∂)rH

r rH

)
+O(∂2)

=

(
1

rH(x)

)(
r − Θ

D − 2
− (u · ∂)rH

rH

)
+O(∂2) =

r

rH(x)
+O(∂2)

(2.81)

From equation (2.81) it follows that

ψ(r, xµ) = 1 +

(
1− 1

D

)(
r

rH(x)
− 1

)
+O

(
1

D3
, ∂2

)
⇒ dXA ∂Aψ =

(
1− 1

D

)(
dr

rH

)
− r

(
1− 1

D

)(
∂µrH
r2
H

)
dxµ +O

(
1

D2
, ∂2

)
⇒ ∂Aψ ∂Aψ =

(
r

rH

)2(
1− 1

D

)2

+O
(

1

D2
, ∂2

)
(2.82)

Substituting this solution in equation (2.73) we find Φ(X) = 1
r
.

Now we have all the ingredients to verify equation (2.75). Let us introduce a

new O(1) variable R such that

r

rH
= 1 +

R

D

In terms of R we find

ψ−D − Φ2r2
(rH
r

)D−1

= ψ−D −
(
r

rH

)−(D−1)

=

[
1 +

(
1− 1

D

)(
R

D

)]−D
−
(

1 +
R

D

)−(D−1)

= − 1

2

(
R

D

)2

e−R +O
(

1

D

)3

(2.83)

This is exactly what is required to have a match between the the ‘large-D’ metric

and the ‘hydrodynamic metric’ up to the first subleading order on both sides.
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2.3.4.2 Comparison between the evolution of two sets of data

As mentioned before, the ‘hydrodynamic metric’ is defined in terms of a unit nor-

malized velocity and the temperature 14 of the relativistic conformal fluid living in a

(D − 1) dimensional flat Minkowski space-time. In case of large - D expansion, the

metric is written in terms of a (D− 1) dimensional time-like fluctuating membrane

embedded in pure AdS space with a dynamical velocity field on it. In both the

cases, these sets of data are controlled by separate equations. For ‘derivative expan-

sion’ , the governing equation of data is given in (2.54). In ‘large-D’ technique, the

governing equation is the following[27]

∇̂ · U = 0,

[
∇̂2Uα
K
− ∇̂αK
K

+ UβKβα − U · ∇̂Uα

]
Pαγ = 0 (2.84)

This equation is written as an intrinsic equation on the membrane world-volume.

Here all raising, lowering and contraction of the indices are done with respect to the

induced metric on the membrane. Uα is the velocity of the membrane, expressed in

terms of its intrinsic coordinates. Kβα is the extrinsic curvature of the membrane,

expressed as a symmetric tensor on the membrane world-volume. K is the trace of

the extrinsic curvature. Pαγ is the projector perpendicular to Uα.

In this section, our aim is to show that equation (2.54) implies equation (2.84) up

to the order O
(

1
D

)2
.

Our first task would be to express the Uα and Kαβ in terms of velocity uµ and

temperature (or rH) of the relativistic fluid. Note that though both uµ and Uα are

unit normalized velocity vector, they are defined on completely different spaces, one

is defined in a flat Minkowski space and the other is defined in the curved (both

intrinsic and extrinsic curvature, being nonzero) membrane world volume.

For convenience, we work in {Y A} = {ρ, yµ} coordinates where the background

metric takes a simple form. At first we calculate the unit normal to the membrane

and different components of its extrinsic curvature. First we will compute them

in terms of background coordinates and then we will re-express it as an intrinsic

symmetric tensor on the membrane.

14The temperature and the horizon radius are related by the following relation

rH =
4π T

(D − 1)

In our choice of units
rH ∼ O(1) ⇒ T ∼ O(D)
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The unit normal to the membrane is given by

nA dY
A|membrane ≡ dY A

[
∂Aψ√
∂Aψ ∂Aψ

]
membrane

=
dρ− dyµ ∂µrH(y)

rH(y)

(2.85)

The extrinsic curvature is defined as follows.

KAB = ΠC
A ∇CnB = ΠC

A

(
∂CnB − ΓDCBnD

)
where ΠB

A = δBA − nA nB and ∇ is the covariant derivative w.r.t background

(2.86)

Now let us choose {yµ} as the intrinsic coordinate on the membrane world volume.

In this choice of coordinates, the extrinsic curvature Kαβ will have the following

structure.

Kαβ = Kρρ (∂αrH) (∂βrH) + [Kρα (∂βrH) +Kρβ (∂αrH)] +Kαβ (2.87)

Note that the first term in the RHS of equation (2.87) does not contribute at first

order in derivative expansion.

After using equation (2.86) and (2.87), at this order the final expression for Kµν
turns out to be very simple (see appendix (A.3) for the details of the calculation).

Kαβ = r2
H ηαβ +O(∂2), K = (D − 1) (2.88)

The induced metric on the membrane is given by

gαβ = r2
H ηαβ +O(∂2) (2.89)

Now we determine the membrane velocity Uα. The membrane velocity is defined as

the projection of OA on the membrane which, by construction, would be unit nor-

malized with respect to the induced metric of the membrane. In {Y A} coordinates,
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OA dY
A takes the following form

OA dX
A|membrane = − [r uµ(x) dxµ]membrane

= −
(
rH(y) +

Θ

D − 2

)[
uµ(y)− aµ(y)

rH

] [(
∂xµ

∂ρ

)
dρ+

(
∂xµ

∂yν

)
dyν
]
ρ=rH(y)

= −
(
rH(y) +

Θ

D − 2

)[
uµ(y)− aµ(y)

rH

] [(
uµ(y)

r2
H(y)

− 2aµ(y)

r3
H(y)

)
dρ+

(
δµν −

∂νu
µ

rH

)
dyν
]

=

(
1

rH(y)
+

Θ

(D − 2)r2
H

)
dρ+

[
−rH(y) uµ(y)−

(
Θ

D − 2

)
uµ + aµ(y)

]
dyµ

=

(
1

rH(y)
+

Θ

(D − 2)r2
H

)
dρ+

[
−rH(y) uµ(y)−

(
∂µrH
rH

)]
dyµ

(2.90)

In the last line, we have used equation (2.54), which is the governing equation for

the labelling data in the hydrodynamic side of the duality.

From equations (2.90) and (2.85) it follows that

UA dY
A ≡− dY A [OA − nA]membrane = −

(
1

r2
H

)(
Θ

D − 2

)
dρ+ rH uµ dy

µ (2.91)

Now Uα is just rewriting of UA in terms of the intrinsic coordinates of the membrane.

Following the same method as in equation (2.87) we find

Uα dy
α ≡

[
rH uα +O(∂2)

]
dyα (2.92)

Once we know Kαβ, Uα and the induced metric on the membrane, we could

compute each term in the equation (2.84).

∇̂ · U =

(
D − 2

rH

)[
Θ

D − 2
+

(u · ∂)rH
rH

]
+O

(
∂2
)

= O
(
∂2
)

∇̂2Uα = O
(
∂2
)

(U · ∇̂)Uβ = aβ +
Pα
β ∂α rH

rH
+O

(
∂2
)

= O
(
∂2
)

Uα Kαβ Pβγ = O(∂2)

∇̂αK = O(∂2)

(2.93)

As it is clear from the notation, in the LHS of each equation the relevant metric

is the induced metric on the membrane on the other hand in RHS it is the flat
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Minkowski metric ηαβ.

Substituting equations (2.93) in equation (2.84) we could show that membrane equa-

tion follows as a consequence of fluid equation.

In this context let us mention the work in [36]. In that paper, the authors have

computed the boundary stress tensor dual to a slowly varying membrane embedded

in AdS. They have calculated the dual fluid velocity in terms of the membrane

velocity.One can easily check that the equation (2.92) is indeed the inverse of what

the authors of [36] have found up to correction of order O(∂2).

2.4 Conclusion

In this chapter we have compared the gravity solutions generated by two different

perturbation techniques, namely ‘derivative expansion’ and ‘large D expansion’. We

have seen that in large numbers of space-time dimensions there exists an overlap

regime between these two techniques. In that regime we have shown that in large

dimensions we can further expand the metric generated in ‘derivative expansion’ in

1/D and then it would match with the metric independently generated using ‘large

D technique’.

In chapter 3 we have extended this computation to the next order on both sides. In

chapter 4 we have generalized this calculation to Einstein-Maxwell system in pres-

ence of negative cosmological constant.

In some sense, our computation serves as a consistency test for these two meth-

ods. But this analysis could teach us something more and that is about the dual

systems of these two gravity solutions.

‘Derivative expansion’ generate dynamical black-brane metric in D space-time di-

mensions and the solutions are dual to the relativistic conformal hydrodynamics

living in (D − 1) dimensional Minkowski space-time. The labelling variables of hy-

drodynamics are a unit normalized fluid velocity and temperature. They are the

data that label different dynamical black-brane solutions in derivative expansion.

On the other hand, the gravity solutions generated in ‘large D expansion’ are dual

to a co-dimension one dynamical non-gravitational membrane embedded in pure

AdS and coupled with a velocity field. In this case also the labelling data of the

metric is defined on a (D − 1) dimensional hypersurface and they consist of a unit

normalized velocity field and a scalar function - the shape of the membrane. In

terms of counting the number of variables this is very similar tot he hydrodynamic
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metric, though the governing equations and the physical significance of the variables

are totally different.

However, we have shown that these two sets of equations are approximately

equivalent after an appropriate field redefinition. In this chapter, we have verified

it at the very leading order and in chapter 3 we have extended this equivalence to

the next order on both sides.

In fact, this equivalence is expected to valid to all orders[36]. In other words,

in the overlap regime, these two systems of equations must be exactly equivalent to

each other if we consider all orders on both sides [36] of the equations. But to see

this equivalence we need to re-express one sets of variables in terms of the other sets

of variables [36, 45, 47].





Chapter 3

Fluid-gravity and

membrane-gravity dualities -

Comparison at subleading orders

3.1 Introduction

This chapter is based on [2].

In this chapter, we shall compare two perturbation techniques, developed to handle

both the nonlinearity and the dynamics in Einstein’s equations in presence of neg-

ative cosmological constant, namely ‘derivative expansion’ [4, 13, 39] and ‘large-D

expansion’ [24, 25, 26, 27, 42]1. The initial set-up for such calculation has already

been worked out in [1] and we have briefly described it in chapter 2 . Here we shall

essentially extend it to the second subleading order. Very briefly, what we have

done is to re express the metric dual to second order hydrodynamics [39] , derived

using ‘derivative expansion technique’ in the form of the metric dual to membrane

dynamics[42] derived using ‘large-D expansion technique’ upto corrections of or-

der O
(

1
Dimension

)3
. As one might have expected, at this order the comparison and

matching of the two gravity solutions in the regime of overlap, become far more

non-trivial than what has been done in [1].

In the next subsection, we shall very briefly sketch the strategy we have used for

comparison. In fact, we shall only give a sketch of the algorithm and shall refer to

1see [30, 34, 36, 43, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64] for work
related to ‘large-D expansion’, see [7, 9, 10, 11, 46, 65, 66, 67, 68] for work related to ‘derivative
expansion’
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[1] for any proof or other logical details.

3.1.1 Strategy

The ‘large-D expansion’ is a technique to generate a perturbative gravity solution

expanded around space-time dimension D →∞ in inverse power of D. The metric

WAB, constructed using this method, always has a ‘split’ form between background

W̄AB and rest W(rest)
AB . W̄AB is the metric of the asymptotic geometry, which is also

an exact solution of Einstein’s equations. For our case, it is just the pure AdS.

The classifying data for different WAB is encoded by the shape of a co-dimension

one dynamical hypersurface embedded in pure ADS, coupled with a velocity field.

We shall denote the equation that governs the dynamics of this membrane and

the velocity field as ‘membrane equation’. For every solution of this ‘membrane

equation’, the ‘large-D expansion’ technique generates one unique dynamical metric

that solves Einstein’s equations in the presence of negative cosmological constant.2

The technique of ‘derivative expansion’ generates gravity solutions in D dimen-

sion that are dual to (D − 1) dimensional dynamical fluids, i.e., the characterizing

data of the solution is given by a (D−1) dimensional fluid velocity and temperature

field. The velocity and the temperature are assumed to be slowly varying functions

of the (D − 1) dimensional space. Therefore, the derivatives of these fields are the

small parameters that control the perturbation here. The dynamics of the fluids

are governed by a relativistic (and also higher order) generalization of Navier-Stokes

equations, which we shall refer to as ‘fluid equation’. The duality states that for

every solution to the fluid equation, there exists a solution to Einstein’s equations

in the presence of negative cosmological constant, constructed in derivative expan-

sion. For convenience, we shall refer to this metric as ‘hydrodynamic metric’. This

technique works in any number of space-time dimension. Also, note that the metric

here is not in a ‘split form’ as we have in the case of ‘large-D’ expansion.

In [69] it has been argued that there exists an overlap in the allowed parameter

regimes where these two perturbation techniques are applicable and also the starting

points for both of these techniques (i.e., the solution at zeroth order) could be chosen

to be the same space-time - namely the black-brane. Now given the zeroth order

solution, both ‘large-D’ and ‘derivative expansion’ technique generates the higher

2The presence of cosmological constant is not a must for the applicability of the ‘large-D expan-
sion’ technique, but it has to be present for the other technique, namely ‘derivative expansion’ to
work. Since our goal is to compare the solutions generated by these two perturbative techniques,
we have to deal with Einstein’s equations in the presence of cosmological constant for both the
cases.
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order solutions uniquely in terms of the characterizing data. Hence it follows that

in the overlap regime the two metrics generated by these two techniques must be

the same or at least coordinate equivalent to each other.

Our goal is to show this equivalence in this overlap regime in the space of the

perturbation parameters. We shall do it in the following three key steps.

3.1.1.1 Part-1:

As mentioned above, the metric generated in the ‘large-D’ expansion technique

would always be expressed as a sum of two metrics - the background W̄AB and

W(rest)
AB . The split is such that the contraction of a certain null geodesic vector

OA∂A with W(rest)
AB vanishes to all orders. However, the hydrodynamic metric, to

begin with, does not have this ‘split’ form.

Our first step is to split the hydrodynamic metric into ‘background ’ and ‘rest’

such that the background is a pure AdS (though would have a complicated look if

we stick to the coordinate system used in [39]) and the ‘rest’ part of the metric is

such that its contraction with a certain null geodesic vector always vanishes.

The procedure is as follows.

1. We determine the position of the horizon (in an expansion in terms of the

derivatives of the fluid data) in the hydrodynamic metric following the method

described in [44].

2. Next we determine a null geodesic field (affinely parametrized) ŌA∂A, that

passes through the horizon.

Because of the specific gauge of the hydrodynamic metric, we could guess a

simple form for ŌA∂A that would work to all orders in derivative expansion.

We gave some heuristic argument in support of this all order statement.

3. Next we pick up a coordinate system denoted as {Y A} ≡ {ρ, yµ} such that the

‘background’ of the hydrodynamic metric takes the following form

ds2
background = ḠAB dY AdY B =

dρ2

ρ2
+ ρ2ηµν dy

µ dyν (3.1)

The {Y A} coordinates are related to the {XA} coordinates (the coordinates

used in [39] to express the hydrodynamic metric) by some (yet unknown)

mapping functions fA(X).

Y A = fA(X)
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4. Now we demand that the following set of equations.

ŌA GAB|{X} = ŌA

(
∂fC

∂XA

)(
∂fC

′

∂XB

)
ḠCC′ |{X} (3.2)

Where, GAB is the full hydrodynamic metric in {XA} coordinates. Here the

subscript {X} denotes that both LHS and RHS of the above equation has

been expressed in terms of {X} variables.

5. Solving equation (3.2) we determine the mapping functions fA s.

However, it turns out that equation (3.2) cannot fix fA s uniquely. To fix this

ambiguity we demanded some extra ‘conformal type’ symmetry (see section

(3.4) for the details) on the background metric .

As with the case of null geodesic ŌA∂A, here also we try to guess some ‘all

order ’expressions for the mapping functions.

6. Once we know the mapping functions, it is not difficult to see the split of the

hydrodynamic metric.

7. Finally we take the large - D limit of the hydrodynamic metric written in

a ‘split’ form. Our goal is to match this metric with the large-D metric as

determined in [42] after expressing the later in terms of fluid - data.

Note all but the last step in this part has been done exactly in D. We have also

tried to make some ‘all order statements’ in terms of derivative expansion, whenever

possible.

3.1.1.2 Part-2:

Next comes the relation between the data of the ‘large - D’ expansion technique

and that of the derivative expansion. The metric generated in large - D expansion

is expressed in terms of a very specific function ψ and the geodesic form field OA,

which is not affinely parametrized. It turns out that this OA is related to the dual

form field ŌA, determined in the previous part (which was affinely parametrized by

construction), by an overall normalization. The normalization crucially depends on

the shape of the constant ψ hypersurfaces.

So in the second part, we first determine ψ and then the normalization of OA∂A in

terms of the ‘fluid data’. The steps are as follows.

1. According [42] the function ψ is such that ψ−D is a harmonic function in the

embedding space of the background and also ψ = 1 is the hypersurface given
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by the equation of the horizon.

∇2ψ−D = 0, where ∇ ≡ covariant derivative w.r.t background

Equation of the bulk horizon : ψ = 1
(3.3)

Since we already know the explicit form of the background geometry, the above

condition could be solved exactly in D using derivative expansion.

2. The null geodesic OA is normalized such that

OAnA = 1 everywhere in the background

where nA is the unit normal to constant ψ hypersurfaces
(3.4)

Now we already know the expressions for ŌA, which is proportional to OA,

the required geodesic. Let us denote the proportionality constant as Φ.

ŌA = Φ OA, ⇒ Φ = nAŌ
A (3.5)

Clearly, once we know both ψ and ŌA, it is easy to determine Φ and therefore

OA in terms of fluid data, all are exact in D.

3. We substitute these expressions of ψ and OA∂A in the ‘large-D’ metric as

derived in [42] and convert it to metric in terms of fluid data.

After following the above steps in this part, we find a metric which we expect

to match with the metric found in the previous part up to appropriate orders in

derivative and
(

1
D

)
expansion.

3.1.1.3 Part-3:

As mentioned before, in case of ‘large-D’ expansion, the characterizing data of the

metric consist of the shape of ψ = 1 membrane viewed as a hypersurface embedded

in the background pure AdS and a coupled D−1 dimensional velocity field (we shall

refer to this data set as ‘membrane data’). In ‘derivative expansion’ the data are

the velocity and temperature of a relativistic fluid living on a (D − 1) dimensional

Minkowski space (referred to as ‘fluid data’).

But for both cases, we are not allowed to choose these data completely arbi-

trarily; they are constrained by some equations. For ‘large-D’ expansion this is the

membrane equation that governs the coupled dynamics of the membrane shape and
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the velocity. For ‘derivative expansion’ it is simply the relativistic generalization of

the Navier Stokes equation.

After completing the previous two parts, we would be able to identify the mem-

brane data in terms of the fluid data. However, as we shall see in the later sections,

this identification will be done locally point by point, both in time and space. If

we want the relations between these two sets of data to be valid always and every-

where, then their dynamics must be compatible. In other words, if we rewrite the

membrane equation in terms of the fluid data it should reduce to ‘relativistic Navier

Stokes equation’ in the appropriate limit of large dimension.

The fluid equation (the governing equation for fluid data) could be expressed

as conservation of a specific stress tensor Tµν living on a flat (D − 1) dimensional

space-time .

∂µT
µ
ν = 0, (3.6)

In [37] the authors have expressed the membrane equation also in terms of a stress

tensor T̂ab living on ψ = 1 hypersurface and conserved with respect to the induced

metric of membrane upto correction of O
(

1
D

)2
. The membrane equation (the

governing equation for large-D data) could be expressed as

∇̃aT̂
a
b = 0,

∇̃a = covariant derivative w.r.t the induced metric of the membrane
(3.7)

It turns out that the existence of T̂ab makes the comparison quite easy. We took the

following steps.

1. To begin with T̂ab is a function of the membrane data encoded in the extrinsic

curvature of the ψ = 1 hypersurface (the horizon in the bulk geometry) and

the velocity field of the membrane, read off from the horizon generators.

Fluid stress tensor Tµν is a function of fluid velocity and the temperature.

2. But we already know the precise form of horizon generator and the ψ = 1

hypersurface in terms of fluid data. Therefore we could easily compute the

extrinsic curvature of the surface as well as the induced metric on it in terms

of the coordinates of the flat Minkowski space-time.

3. Inserting these relations in the membrane equation (3.7), we first convert the

equation in the form ∂µW
µν = 0 for some tensor W µν
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4. Finally we match W µν with T µν up to the appropriate order in large-D and

derivative expansion.

Unfortunately, the expression for T̂ab is not known at order O
(

1
D

)2
though we know

the form of membrane equation at that order[42]. So at that order, we had to

deal with the full membrane equation and showed the equivalence with the help of

Mathematica.

This chapter is organized as follows.

In section-(3.2) and section-(3.3) we simply quote the hydrodynamic and the ‘large-

D’ metric along with the corresponding constraint equations from [39] and [42]

respectively. Next in sections-(3.4), (3.5) and (3.6) we implement the strategy we

described in subsection-(3.1.1). Finally in section-(3.7) we summarize our work and

discussed the future directions.

At this statge we should emphasize that though, in principle, the strategy used in

this chapter is very similar to [69], it differs a lot in details. We believe that now

we have a more streamlined and simplified procedure to implement the strategy,

mentioned in the previous section. However, to establish a clear connection with

[69] we have also worked out every details by following [69] exactly and we have

presented this method of work in appendix-(B.1).

Various computational details are collected in the appendices -(C.1), (B.3) and (B.4).

In appendix-(B.5) we summarized the notations used in this chapter.

3.2 Hydrodynamic metric and its large D limit

The hydrodynamic metric in arbitrary dimension has been derived in [39], correctly

up to second order in derivative expansion. In this section, we shall simply quote

the final result for the metric, position of the horizon and the dual stress tensor from

[39].

3.2.1 Hydrodynamic metric up to 2nd order in derivative

expansion

The metric dual to relativistic hydrodynamics in any dimension could be expressed

in terms of the basic variables of the dual fluid, living on (D − 1) dimensional flat

space. In this case, it is the relativistic velocity, given by the unit normalized four-

vector uµ and the temperature scale, set by rH(x) (local fluid temperature is given
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by the following formula T (x) =
(
D−1
4π

)
rH(x)) . At nth order in derivative expan-

sion the metric has terms with n number of derivatives, acting on uµ(x) and rH(x).

The authors in [39] have determined the metric corrections for n = 0, 1 and 2. In-

dependent fluid data at first and second order in derivative expansion are listed in

Table-4.1 and Table-3.2.

dS2 = dS2
0 + dS2

1 + dS2
2 (3.8)

where,

Zeroth order Piece:

dS2
0 =− 2uµ dx

µ dr − r2f(r) uµuν dx
µ dxν + r2Pµνdxµdxν

Pµν = ηµν + uµuν , r = r/rH , f(z) = 1− z−(D−1)
(3.9)

First order Piece:

dS2
1 = −r (uµAν + uνAµ) dxµ dxν + 2r F (r) σµν dx

µ dxν

where,

Aµ = (u · ∂)uµ −
(
∂ · u
D − 2

)
uµ, σµν = PαµPβν

[
∂αuβ + ∂βuα

2
− ηαβ

(
∂ · u
D − 2

)]
r = r/rH , F (y) = y

∫ ∞
y

dx

x

[
xD−2 − 1

xD−1 − 1

]
(3.10)

Second order Piece:

dS2
2 =

[
X1 uµuν +X2Pµν + (Yµuν + Yνuµ) + Zµν

]
dxµ dxν

where,

X1 = −
[
2

(
∂ · A
D − 3

)
− A2 + ω2

(
1

2rD−1
+

2

D − 3

)
+

σ2

D − 2

{
K2(r)

rD−3
− 2

(
D − 2

D − 3

)}]
X2 =

[
2 [F (r)]2 −K1(r)

](
σ2

D − 2

)
+

ω2

D − 2

(3.11)



3.2 Hydrodynamic metric and its large D limit 59

Yµ =

[
2

rD−3

] [
L(r) +

rD−3

2(D − 3)

] (
Dλσλµ

)
−
[

1

D − 3

] (
Dλωλµ

)
Zµν =

(
2 [F (r)]2 −H1(r)

)
σλµσλν − Pµν

(
2 [F (r)]2 −H1(r)

)(
σ2

D − 2

)
+

[
H2(r)−H1(r)

]
(u · D)σµν +H2(r)

(
ωµ

λσλν + ων
λσλµ

)
+

[
ωµ

λωνλ − Pµν
(

ω2

D − 2

)]
(3.12)

where,

r = r/rH

ωµν = PαµPβν
(
∂αuβ − ∂βuα

2

)
, σ2 = σµνσ

µν , ω2 = ωµνω
µν ,

(u · D)σµν = PαµPβν (u · ∂)σαβ +

(
Θ

D − 2

)
σµν

Dλσµλ = Pαµ ∂λσαλ − (D − 2)Aλ σµλ

Dλωµλ = Pαµ ∂λ ωαλ − (D − 4)Aλωµλ

(3.13)

H1(y) = 2y2

∫ ∞
y

dx

x

[
xD−3 − 1

xD−1 − 1

]
H2(y) = F (y)2 − 2 y2

∫ ∞
y

dx

x(xD−1 − 1)

∫ x

1

dz

z

[
zD−3 − 1

zD−1 − 1

]
K1(y) = 2y2

∫ ∞
y

dx

x2

∫ ∞
x

dz

z2

[
z F ′(z)− F (z)

]2

K2(y) =

∫ ∞
y

(
dx

x2

)[
1− 2(D − 2) xD−2 −

(
1− 1

x

)(
xF ′(x)− F (x)

)
+

(
2(D − 2)xD−1 − (D − 3)

)∫ ∞
x

dz

z2

(
zF ′(z)− F (z)

)2]
L(y) =

∫ ∞
y

dx xD−2

∫ ∞
x

dz

z3

[
z − 1

zD−1 − 1

]
(3.14)

This is a dynamical black-brane metric with a singularity ar r = 0 and the location

of the horizon is given by

H(x) = rH(x) +
1

rH(x)

[
h1 σ

µνσµν + h2 ω
µνωµν

+ h3(D − 3)

{(
Θ

D − 2

)2

− a2 + 2 (u · ∂)

(
Θ

D − 2

)}] (3.15)
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Where,

h1 =
4

(D − 1)2(D − 2)
− K2H

(D − 1)(D − 2)
, h2 = − 1

2(D − 1)
and, h3 = − 1

(D − 1)(D − 3)

with, K2H =

∫ ∞
1

(
dx

x2

)[
1− 2(D − 2) xD−2 −

(
1− 1

x

)(
xF ′(x)− F (x)

)
+

(
2(D − 2)xD−1 − (D − 3)

)∫ ∞
x

dz

z2

(
zF ′(z)− F (z)

)2]
(3.16)

The fluid dual to the metric, described above, is characterized by the following stress

tensor, living on (D − 1) dimensional flat Minkowski space

Tµν = p [ ηµν + (D − 1)uµuν ]− 2 η σµν (3.17)

Where,

p =
rD−1
H

16πGAdS

and, η =
rD−2
H

16πGAdS

(3.18)

The hydrodynamic metric would solve the D dimensional Einstein’s equations in

presence of negative cosmological constant provided the stress tensor described in

equation (3.17) is conserved.

Table 3.1: Data at 1st order in derivative

Independent Data

Scalar Θ
D−2

=
(
∂·u
D−2

)
Vector aµ = (u · ∂)uµ

Tensor σµν = PαµPβν
[
∂αuβ+∂βuα

2
− ηαβ

(
Θ

D−2

)]

Where, Pµν = ηµν + uµuν

3.3 Large-D metric and Membrane equation

Just like the previous section, here we shall simply quote the form of the large-D

metric from [42], correctly upto order O
(

1
D

)2
. Schematically, the solution generated
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Table 3.2: Data at 2nd order in derivative

Independent Data

Scalars s1 ≡
(

Θ
D−2

)2
, s2 ≡ a2, s3 ≡ ωµνωµν , s4 = σµνσµν , s5 = (u · ∂)

(
Θ

D−2

)
Vectors v

(1)
µ ≡

(
Θ

D−2

)
aµ, v

(2)
µ ≡ aνωνµ, v

(3)
µ ≡ aνσνµ,

v
(4)
µ ≡ Pµν∂ν

(
Θ

D−2

)
, v

(5)
µ ≡ Pµν

(
∂λσ

νλ

D−2

)
Tensors t

(1)
µν ≡ σµ

ασαν , t
(2)
µν ≡ ωµ

αωαν , t
(3)
µν ≡ ωµ

ασαν − σµαωαν
t
(4)
µν ≡ PαµPβν (u · ∂)σαβ, t

(5)
µν ≡ aµaν

by Large-D technique takes the following form

WAB =W(0)
AB +

(
1

D

)
W(1)

AB +

(
1

D

)2

W(2)
AB + · · · (3.19)

Where, the starting ansatz W(0)
AB is given by

W(0)
AB = W̄AB + ψ−DOAOB (3.20)

Here W̄AB is the background metric which could be any smooth solution of

Einstein’s equations. The function ψ(XA) and the one-form field OA ≡ OAdX
A

are defined in section- (3.1.1). Rest of the metric corrections could be expressed in

terms of OA, ψ and their derivatives.

For convenience, one velocity field has been defined on the constant ψ slices as

follows.

UA = nA −OA

where,

nA ≡ unit normal to constnt ψ hypersurfaces embedded in background.

(3.21)

And the derivatives of OA has been replaced by derivatives of UA and nA or the

extrinsic curvature of the constant ψ surfaces.

It turns out that W(1)
AB - 1st order metric correction simply vanishes.
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W(2)
AB- 2nd order metric correction is non-zero. It can be decomposed as follows.

W(2)
AB =

[
OAOB

(
2∑

n=1

fn(R) Sn

)
+ v(R)

(
VAOB + VBOA

)
+ t(R) TAB

]
(3.22)

where,

TAB = PC
A P

D
B

[
R̄FCDEO

EOF +
K

D

(
KCD −

∇CUD +∇DUC
2

)
− PEF (KEC −∇EUC)(KFD −∇FUD)

] (3.23)

VA = PB
A

[
K

D

(
nDUEOF R̄FBDE

)
+

K2

2D2

(
∇BK

K
+ (U · ∇)UB − 2 UDKDB

)

− P FD

(
∇FK

D
− K

D
(UEKEF )

)
(KDB −∇DUB)

] (3.24)

S1 = UEUFnDnCR̄CEFD +

(
U · ∇K
K

)2

+
∇̂AK

K

[
4 UBKA

B − 2
[
(U · ∇)UA

]
− ∇̂

AK

K

]
− (∇̂AUB)(∇̂AUB)− (U ·K · U)2 −

[
(U · ∇̂)UA

]
[(U · ∇̂)UA] + 2

[
(U · ∇)UA

]
(UBKBA)

− 3 (U ·K ·K · U)− K

D

(
U · ∇K
K

− U ·K · U
)

S2 =
K2

D2

[
− K

D

(
U · ∇K
K

− U ·K · U
)
− 2 λ− (U ·K ·K · U) + 2

(
∇AK

K

)
UBKA

B −
(
U · ∇K
K

)2

+ 2

(
U · ∇K
K

)
(U ·K · U)−

(
∇̂DK

K

)(
∇̂DK

K

)
− (U ·K · U)2 + nBnDUEUF R̄FBDE

]
(3.25)

R̄ABCD is the Riemann tensor of the background metric W̄AB.

∇ denotes the covariant derivative with respect to W̄AB. ∇̂ is defined as follows:

for any general tensor with n indices WA1A2···An

∇̂AWA1A2···An = ΠC
A ΠC1

A1
ΠC2
A2
· · ·ΠCn

An
(∇CWC1C2···Cn) , with ΠAB = W̄AB − nAnB

(3.26)
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and,

t(R) = − 2

(
D

K

)2 ∫ ∞
R

y dy

ey − 1

v(R) = 2

(
D

K

)3 [ ∫ ∞
R

e−xdx

∫ x

0

y ey

ey − 1
dy − e−R

∫ ∞
0

e−xdx

∫ x

0

y ey

ey − 1
dy

]
f1(R) = −2

(
D

K

)2 ∫ ∞
R

x e−xdx+ 2 e−R
(
D

K

)2 ∫ ∞
0

x e−xdx

f2(R) =

(
D

K

)[∫ ∞
R

e−xdx

∫ x

0

v(y)

1− e−y
dy − e−R

∫ ∞
0

e−xdx

∫ x

0

v(y)

1− e−y
dy

]

−
(
D

K

)4
[∫ ∞

R

e−xdx

∫ x

0

y2 e−y

1− e−y
dy − e−R

∫ ∞
0

e−xdx

∫ x

0

y2 e−y

1− e−y
dy

]
Where, R ≡ D(ψ − 1)

(3.27)

The above expressions for WAB would solve Einstein’s equations in presence of

negative cosmological constant3 provided the following constraint equation is satis-

fied,

3Note that each component of the metric corrections described above vanishes exponentially
in D when R ∼ O(D). Now this ‘large -D metric’, by construction, solves Einstein’s equations

(in presence of negative cosmological constant) upto correction of order O
(

1
D

)3
; and therefore,

whenever the metric corrections become of the order of O(e−D), they are no longer trustable. In
other words, the above metric solves Einstein’s equations as long as R = D(ψ − 1) << D.
It follows that while comparing with hydrodynamic metric we would expect a perfect match only
within this region of validity of the large-D metric. Also a ‘match’ requires a similar exponential
fall off in D for the hydrodynamic metric if one goes away distance of order O(D) from the horizon
- the ψ = 1 hypersurface.
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PA
C

[
∇̂2UA
K

− ∇̂AK

K
+ UBKBA − U · ∇̂UA

]
+ PA

C

[
− UBKBDK

D
A

K
+
∇̂2∇̂2UA
K3

− (∇̂AK)(U · ∇̂K)

K3

− (∇̂BK)(∇̂BUA)

K2
− 2KDE∇̂D∇̂EUA

K2
− ∇̂A∇̂2K

K3
+
∇̂A(KBDK

BDK)

K3
+ 3

(U ·K · U)(U · ∇̂UA)

K

− 3
(U ·K · U)(UBKBA)

K
− 6

(U · ∇̂K)(U · ∇̂UA)

K2
+ 6

(U · ∇̂K)(UBKBA)

K2
+ 3

U · ∇̂UA
D − 3

− 3
UBKBA

D − 3
− (D − 1)λ

K2

(
∇̂AK

K
− 2UDKDA + 2(U · ∇̂)UA

)]
= O

(
1

D

)2

and, ∇̂ · U − 1

2K
∇(AUB)∇(CUD)P

ACPBD = O
(

1

D

)2

(3.28)

where, UA = nA−OA, PAB = W̄AB−nAnB+UAUB and ∇(AUB) = ∇AUB+∇BUA

If we truncate the membrane equation at first subleading order, it takes the

following form

PA
C

[
∇̂2UA
K

− ∇̂AK

K
+ UDKDA − (U · ∇̂)UA

]
= O

(
1

D

)
, ∇̂ · U = O

(
1

D

)
(3.29)

In [37] this part of the equation has been expressed as a conservation of some stress

tensor, defined on the ψ = 1 hypersurface. The form this stress tensor is as follows.

T
(m)
AB =

(
K

2

)
UAUB +

(
1

2

)
KAB −

1

2

(
∇̂AUB + ∇̂BUA

)
− 1

K

(
UA∇̂2UB + UB∇̂2UA

)
+

1

2

(
UA
∇̂BK

K
+ UB

∇̂AK

K

)
− 1

2

(
U ·K · U +

K

D

)
ΠAB

(3.30)

As explained in section-(3.1.1), we shall use this form of the membrane equation to

show equivalence between the two sets of the constraint equations.
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3.4 Implementing part-1:

The split of the hydrodynamic metric

In this section, we shall see how to split the hydrodynamic metric as a sum of the

background and the rest. The hydrodynamic metric that we shall work with is

correct up to second order in derivative expansion and therefore in this section, we

shall neglect all terms of third order or higher. As we have mentioned before, all

these steps are already executed in [69] accurately up to first order in derivative

expansion. Here we shall use the results derived in [69] whenever possible. Also, we

shall try to generalize the results and the derivation, as much as possible, to higher

orders on both sides of the perturbation. It turns out that often some general

pattern emerges which would naturally lead to some ‘all-order’ statements at the

intermediate steps.

3.4.1 The null geodesic ŌA∂A

As summarized in the introduction, the ‘split ’ of the metric would be done in terms

of a geodesic field OA∂A which is null with respect to the full space-time and also

with respect to the background. In this subsection, our task is to fix this OA field.

Before getting into any details of this second order calculation let us describe

few general features of the hydrodynamic metric GAB, which would allow us to de-

termine a null vector field that would satisfy the geodesic equation to all order in

derivative expansion.

According to the derivation of [39], the coordinates are fixed in a way such that

Grr = 0 and Grµ = −uµ to all order in derivative expansion. In this gauge Γrrr and

Γµrr vanish identically to all order. It follows that in this metric, any vector of the

form
(
kA∂A ≡ ζ(xµ)∂r

)
would be an affinely parametrized null geodesic to all order

in derivative expansion as long as the function ζ depends only on xµ .

(kA∇̄A)kr = kr∂rk
r + krΓrrrk

r = 0

(kA∇̄A)kµ = krΓµrrk
r = 0

(3.31)

Now at zeroth order in derivative expansion we know that ŌA∂A is simply ∂r. In

fact this turns out to be true even at first order in derivative expansion[69]. It is

very tempting to conjecture that to all order in derivative expansion

ŌA∂A = ∂r (3.32)
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We could simply set the function ζ(xµ) to be one, since anyway we have to normalize

ŌA further to get the OA vector field ( see the previous section) that appears in the

large-D metric

We could construct some inductive proof for this statement. Suppose at some nth

order in derivative expansion ŌA∂A = ∂r. At (n+1) th order, after setting the norm

to zero and normalization by fixing the coefficient of ∂r to be one, the form of ŌA

would be

ŌA∂A = ∂r + V µ(r)∂µ

where V µ is some vector structure, perpendicular to uµ and containing (n + 1)

derivatives. Now since V µ(r) already contains (n + 1) derivatives, in the geodesic

equation at (n + 1) th order, it is the zeroth order metric that will multiply this

term and we could solve for the r dependence of V µ(r) without any details of the

higher order metric correction. V µ(r) turns out to be

V µ(r) =
Ṽ µ

r2
, where Ṽ µ is independent of r

Upon lowering the index we find ŌA dXA =
[
−uµ + Ṽµ +O (∂n+2)

]
dxµ. Sub-

stituting this ŌA in the expression of large-D metric and using the facts that

ψ−D =
(
rH
r

)D−1
+O

(
1
D

)
and ŌA is proportional to OA, we could see that the leading

term in
(

1
D

)
expansion (i.e., the terms ψ−DOAOB) itself will generate a term of the

form ∼
(
rH
r

)D−1
(uµṼν + uνṼµ). Using AdS-CFT correspondence one could deduce

that such a term in the metric will generate a term of the form (uµṼν + uνṼµ) in

the dual fluid stress tensor, thus making it out of Landau frame. But since uµ of

the hydrodynamic metric is defined to be the fluid velocity in Landau frame (see

[39],[4]), such a term in OA must vanish once we equate the resultant large-D metric

with the hydrodynamic metric.

Hence equation (3.32) gives an all order expression for ŌA∂A

3.4.2 The mapping functions and the ‘split’ of the hydrody-

namic metric

Next we come to the computation of the mapping functions fA s that relate the

{Y A} = {ρ, yµ} coordinates (where the background pure AdS has simple metric

given by equation (3.1)) with the {XA} = {r, xµ}, the coordinates in which the

hydrodynamic metric GAB is expressed in section (3.2).
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As before we shall start with some general observation and try to get some all

order statements about the mapping functions. We shall use equation (3.32) for

the expression of ŌA. Now the mapping functions fA s are determined by solving

equation (3.2). We could view the RHS of equation (3.2) as pure AdS expressed

in {XA} coordinates and contracted with ŌA. Let us rewrite equation (3.2) in this

language.

Suppose ḠAB denotes the pure AdS metric in {XA} coordinates, i.e.,

ḠAB =

(
∂fC

∂XA

)(
∂fC

′

∂XB

)
ḠCC′|{X}

where ḠCC′ is given in equation (3.1)

(3.33)

After using the fact that ŌA∂A = ∂r, equation (3.2) simply implies

ŌA
(
GAB − ḠAB

)
≡ ŌAGrest

AB = 0 ⇒ Grest
rB = 0 (3.34)

Now we know that the hydrodynamic metric as presented in [39] is in a gauge where,

to all orders in derivative expansion,

Grr = 0, Grµ = −uµ

Clearly equation (3.34) could be satisfied provided ḠAB is also in the same gauge. In

other words, fAs should be such that it transforms the pure AdS metric in a gauge

where the (rµ) component is equal to minus of uµ as read off from the hydrodynamic

metric and the (rr) component simply vanishes.

Note that in any general metric the above condition does not fix the gauge com-

pletely; we are left with a residual coordinate transformation symmetry within the

xµ coordinates. For example, consider the following set of mapping functions.

ρ = r + χ(x), yµ = xµ +
uµ

r + χ(x)
+ ξµ(x) (3.35)

The above transformation will take the pure AdS metric to the required gauge

(i.e., Ḡrr = 0 and Ḡrµ = −uµ) to all order in derivative expansion, as along as the

function χ is independent of the r coordinate and ξµ(x) is an arbitrary four-vector,

independent of r, satisfying,

uµ

(
∂ξµ

∂xν

)
= 0 (3.36)

If we demand an exact match between the large-D and hydrodynamic metric, the
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mapping functions must be in terms of the fluid data. In other words χ(x) and

ξµ(x) must be functions of uµ, rH and their derivatives. On top of that ξµ(x),

once expressed in terms of independent fluid data, is further constrained to satisfy

equation (3.36) as an identity. Now we would like to show that only solution to

(3.36) is

ξµ = c uµ, c = constant (3.37)

Suppose

ξµ = C(x) uµ + ξµ⊥(x) such that uµξ
µ
⊥ = 0

Substituting this expression of ξµ in (3.36) we find

uα∂ν [C(x)uα + ξα⊥(x)] = 0

⇒ − ∂νC(x)− ξα⊥(x)∂νuα = 0
(3.38)

ξα⊥(x)∂νuα is a gradient function and therefore must satisfy the following integrability

condition.

∂µ(ξα⊥∂νuα)− ∂ν(ξα⊥∂µuα) = 0

⇒ (∂µξ
α
⊥)(∂νuα)− (∂νξ

α
⊥)(∂µuα) = 0

(3.39)

Dotted with uµ,

[(u · ∂)ξα⊥](∂νuα)− aα(∂νξ
α
⊥) = 0

⇒ [∂βξ
α
⊥]

[
−aαPβν + σναu

β + ωναu
β +

(
Θ

D − 2

)
Pναuβ

]
= 0

(3.40)

In the above equation the four terms multiplying ∂βξ
α
⊥ are independent fluid data

and therefore their linear combination can never vanish identically. The only way

to satisfy equation (3.40) is to set ∂βξ
α
⊥ to zero.

∂βξ
α
⊥ = 0, ⇒ ξα⊥ = constant (3.41)

Now in the hydrodynamic metric there is no special special vector apart from uµ,

which is not a constant. Therefore, if we want a term by term matching of the

‘large-D’ metric (written in {XA} coordinates) with the hydrodynamic metric, ξµ⊥
itself must vanish. Substituting in equation (3.36) we find

∂νC(x) = 0 ⇒ C(x) = c = constant (3.42)
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From the above discussion, it also follows that exact matching of the two metrics

(upto the required order) would be possible only for a very specific choice of χ(x)

and the constant c in equation (3.37). Any other choice, apart from this specific

one, would result in a hydrodynamic metric which would not be exactly same, but

coordinate-equivalent to the metric presented in section-(3.2). The corresponding

coordinate transformation would simply be a xµ dependent shift in the r and xµ

coordinates.

Note that the constant c could not have any derivative correction and the compu-

tation of [69], which is correct up to first order in derivative expansion, has already

told us that c has to be set to zero for an exact match between these two metrics.

It turns out that if we choose the function χ(x) =
(
∂µuµ

D−2

)
, it does cast the pure

AdS metric to the required gauge and everything works out as we wanted i.e., upto

second order in derivative expansion, both the metrics match term by term without

any further coordinate redefinition. So the final form of the mapping functions4 .

ρ = r −
(

Θ

D − 2

)
+O

(
∂3
)
, yµ = xµ +

uµ

ρ
, where Θ ≡ ∂ · u (3.43)

After imposing this coordinate transformation the final form of the background

metric is as follows,

Ḡrr = 0, Ḡrµ = −uµ

Ḡµν = r2(Pµν − uµuν) + 2r

(
Θ

D − 2

)
uµuν + r [2 σµν − aµuν − aνuµ] +

[
t(1)
µν − t(2)

µν + t(3)
µν

]
+ uµ

[
v(2)
ν − v(3)

ν + v(4)
ν

]
+ uν

[
v(2)
µ − v(3)

µ + v(4)
µ

]
− uµuν [s1 − s2 + 2s5]

(3.44)

Once we know the background in {r, xµ} coordinates, we could determine Grest
AB

by simply subtracting the background from the full hydrodynamic metric GAB. Grest
rr

and Grest
rµ are zero by construction. The structure of Grest

µν is a bit complicated. We

first decompose it into the scalar vector and the tensor sectors.

Grest
µν = G(1)

s uµuν + G(2)
s Pµν +

(
G(v)
µ uν + G(v)

ν uµ
)

+ G(t)
µν (3.45)

4At this stage it is very tempting to conjecture equation (3.43) to be an all order statement
for the coordinate transformation since generically we should have an order O

(
∂2
)

term in the ρ
redefinition, but it does not appear.
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Where, G(1)
s , G(2)

s , G(v)
µ and G(t)

µν have the following forms

G(1)
s = r2[1− f(r)]−

(
1

2 rD−1

)
s3 −

1

D − 2

(
K2(r)

rD−3

)
s4

G(2)
s =

1

D − 2

[
2 [F (r)]2 −K1(r)− 1

]
s4

G(v)
µ =

2(D − 2)

rD−3
L(r)

(
v(5)
µ − v(3)

µ

)
G(t)
µν = −2 r[1− F (r)]σµν +

[
2 [F (r)]2 −H1(r)− 1

] [
t(1)
µν − Pµν

s4

D − 2

]
+ [H2(r)− 1] t(3)

µν

+ [H2(r)−H1(r)]

[
t(4)
µν +

(
Θ

D − 2

)
σµν

]
(3.46)

See Table-(3.2) for the definition of si, v
(i)
µ and t

(i)
µν

3.5 Implementing part-2:

Large-D metric in terms of fluid data

In the previous section, we have recast the hydrodynamic metric, GAB as a sum

of ‘background’ (which is just pure AdS but looks complicated in the coordinate

system where the full hydrodynamic metric has the simple form) and the ‘rest’.

GAB = ḠAB + Grest
AB

The large-D metric WAB (see section (3.3)) has exactly this form. We shall simply

identify W̄AB with ḠAB. Next to show that the hydrodynamic is exactly the same as

the large-D metric in the appropriate regime, we need to match Wrest
AB expanded in

terms of boundary derivative up to second order in derivative expansion with Grest
AB ,

expanded in inverse power of dimension up to order O
(

1
D

)2
. In this section our goal

is to rewrite Wrest
AB in terms of fluid data.

As we have explained before, Wrest
AB is expressed in terms of a harmonic function

ψ and a null geodesic one-form field OA (normalized so that the component of OA

along the normal to the constant ψ hypersurfaces is always one). We have already

determined the null geodesic field up to the normalization. Our next task is to

determine ψ in terms of fluid data.
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3.5.1 Determining ψ

The function ψ is a harmonic function in the background AdS.

1. ψ satisfies the following differential equation everywhere on the background.

∇2ψ−D = 0 where ∇ denotes covariant derivative with respect to the background.

(3.47)

2. ψ = 1 hypersurface corresponds to the horizon, viewed as a surface embedded

in the background. More precisely ψ = 1 ⇒ r − H(x) = 0 where H(x) is

the location of the horizon in the hydrodynamic metric as quoted in equation

(3.15).

In this subsection, we shall determine ψ solving the above two conditions. We

shall do it in two steps.

We shall first solve equation (3.47) in {ρ, yµ} coordinates, because the expression of

Laplacian is far simpler in this coordinate system (the background pure AdS metric

is just diagonal here) as compared to the {XA} = {r, xµ} system (the one that has

been used to describe the hydrodynamic metric in section (3.2)). We shall assume

that in {Y A} coordinates, ψ = 1 hypersurface is given by

ψ = 1⇒ r = H(x)⇒ ρ = ρH(y) (3.48)

Note that the above condition will provide only one boundary condition for the

differential equation on ψ and this is not sufficient to determine a function uniquely.

We need one more condition. The other boundary condition is implicitly given by

writing the harmonic function as ψ−D. It implies that at a point which is order

O(1) distance away (along any arbitrary direction) from the ψ = 1 hypersurface,

this harmonic function falls off exponentially with D. Now clearly increasing ρ

keeping all other yµ coordinates constant is one way to go away from the ψ = 1

hypersurface and therefore the harmonic function ψ−D must vanish as ρ goes to ∞.

This will provide the required boundary condition.

Still, for a generic ρH(y), it is difficult to solve the equation explicitly even in

{Y A} coordinate system where the pure AdS has a simple form. However, in this

case, we have two perturbation parameters and we know the solution at leading

order in terms of both of them.

ψ−D =

(
ρ

ρH

)−(D−1)

+O (∂) =

(
r

rH

)−(D−1)

+O (∂)
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This is what will help us to solve the equation. We shall use derivative expansion and

determine ψ up to second order. As usual, at every order in the derivative expansion

we shall encounter a universal and also simple second order ordinary differential

equation in ρ with some source. For an explicit solution, we need two integration

constants. One of them is fixed by the condition that ψ = 1 is the horizon. As we

have explained above, the other boundary condition we fix by demanding that ψ−D

vanishes as ρ → ∞. At the moment, we do not require
(

1
D

)
expansion to solve for

ψ.

In {ρ, yµ} coordinates, the form of ψ turns out to be the following

ψ =

(
ρ

ρH

)1− 1
D

− (D − 1)

2 D(D + 1)ρ2
H

(
ρ

ρH

)1− 1
D

[
1−

(
ρ

ρH

)−2
]

[(D − 2) t1 + t2]+O(∂)3

(3.49)

where,

t1 =

(
∂µρH
ρH

)(
∂µρH
ρH

)
, t2 =

(
∂µ∂µρH
ρH

)
(3.50)

After transforming to {r, xµ} (see appendix-B.3 for the details of the derivation)

ψ(r, xµ) =
( r
H

)1− 1
D

+

(
r

rH

)1− 1
D
(

1

r2
− 1

r2
H

)
D − 1

D(D + 1)

[
s1 − s2 +

1

2
(s3 − s4) + 2 s5

]
−
(
r

rH

)1− 1
D

s4

[
2

D(D − 2) rH

(
1

r
− 1

rH

)]
+O(∂)3

(3.51)

3.5.2 Fixing the normalization of ŌA

As we have explained in section-(3.1.1), the null geodesic field ŌA∂A is related to the

geodesic field ŌA∂A (determined in section - (3.4) ) upto an overall normalization.

The proportionality factor Φ is given by the component of ŌA in the direction of

nA-the unit normal to the constant ψ hypersurfaces (see equation (3.5)). More

explicitly

Φ ≡ ŌAnA = nr =

(
∂rψ

N

)
, where N =

√
(∂Aψ) ḠAB (∂Bψ) (3.52)

However, in {XA} coordinates it is difficult to compute N and therefore nA since

the background metric ḠAB and its inverse ḠAB are complicated. Fortunately we
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also know ψ in {Y A} coordinates where the background has a simple diagonal form.

It is easier to compute nA first in {Y A} coordinates and then convert to {XA} co-

ordinates. Note in {XA} coordinates we only need the r component of nA.

In {Y A} coordinates :

nAdY
A =

[
1

ρ
− 1

2 ρ3

(
∂µρH
ρH

)2
]
dρ− 1

ρH(y)

(
∂ρH
∂yµ

)
dyµ (3.53)

In {XA} coordinates :

nr =

(
∂ρ

∂r

)
nρ +

(
∂yµ

∂r

)
nµ

=

[
1

ρ
− 1

2 ρ3

(
∂µρH
ρH

)2
]

+

[
1

r2
uµ(x) +

2

r3

(
Θ

D − 2

)
uµ
] [

∂µρH(y)

ρH(y)
− 1

ρ

(
∂νρH
ρH

)
(∂µu

ν)

]
(3.54)

After some simplifications the above expression becomes

nr =
1

r
− 1

2 r3

[
s1 − s2 − 4

(
r

rH

)
s4

(D − 1)(D − 2)
+ 2s5

]
= Φ (3.55)

Substituting the normalization we get the following expression for OA

OA dX
A = − r

[
1 +

1

2r2

(
s1 − s2 − 4

(
r

rH

)
s4

(D − 1)(D − 2)
+ 2s5

)]
uµdx

µ

(3.56)

3.5.2.1 Large-D metric in terms of fluid data

In section-(3.3) we have described the large-D metric upto corrections of order

O
(

1
D

)3
. It is written in terms of the extrinsic curvatures of the (ψ = 1) hyper-

surface and the derivatives of the membrane velocity field UA ≡ nA −OA . Since ψ

and OA are already determined in terms of the fluid data, it is easy to express all

the structures that appear in the large-D metric in terms of the fluid data. We are

listing it in tables - (4.2), (3.4) and (3.5 ).

Using these tables we can convert the scalar, vector and the tensor structures as
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Table 3.3: Scalar large-D Data in terms of fluid Data

Large-D Data Corresponding Fluid Data

S1 ≡
(
U ·∇K
K

)
= 0

S2 ≡ U ·K · U = − 1 +
(

1
2r2

)
(s1 − s2 + 2 s5)

S3 ≡ U ·K ·K · U = − 1 +
(

1
r2

)
(s1 − s2 + 2 s5)

S4 ≡ ΠAB
(∇AK

K

) (∇BK
K

)
= 0

S5 ≡ ΠABΠCD (∇AUC) (∇BUD) =
(

1
r2

)
(s4 + s3)

S6 ≡ ΠAB[(U · ∇)UA][(U · ∇)UB] = 0

S7 ≡ U ·K ·
(∇K
K

)
= 0

S8 ≡ ΠAB
(∇AK

K

)
[(U · ∇)UB] = 0

S9 ≡ [(U · ∇)UA][UBKBA] = 0

S10 ≡ ΠAB(∇AUB) = 2
r rH

(
s4
D−1

)
S11 ≡ ΠADΠBC (∇AUB) (∇CUD) = 1

r2
(s4 − s3)

Table 3.4: Tensor large-D Data in terms of fluid Data

Large-D Data Corresponding Fluid Data

T (1)
AB dXAdXB ≡ =

{
r2 Pµν +

[
s1 − s2 + 2s5 −

(
4

(D−1)(D−2)

)(
r
rH

)
s4

]
Pµν

PC
A P

D
B P

EF (KEC −∇EUC) −2
(

r
rH

) (
D−2
D−1

) [
uµ

(
v

(5)
ν − v

(3)
ν

)
+ uν

(
v

(5)
µ − v

(3)
µ

)]
− 2 t

(3)
µν

× (KFD −∇FUD) dXAdXB +
[
uµ

(
v

(4)
ν + v

(2)
ν − v

(3)
ν

)
+ uν

(
v

(4)
µ + v

(2)
µ − v

(3)
µ

)]}
dxµdxν

T (2)
AB dXAdXB ≡ =

{
r2Pµν + rσµν + Pµν

[
s1−s2

2
+ s5 −

(
2

(D−1)(D−2)

)(
r
rH

)
s4

]
PC
A P

D
B

[
KCD − ∇CUD+∇DUC

2

]
+uµ

[
v

(2)
ν − v

(3)
ν + v

(4)
ν + 2

(
D−2
D−1

)
r
rH

(
v

(3)
ν − v

(5)
ν

)]
×dXAdXB +uν

[
v

(2)
µ − v

(3)
µ + v

(4)
µ + 2

(
D−2
D−1

)
r
rH

(
v

(3)
µ − v

(5)
µ

)]}
dxµdxν

described in equations (3.23) and (3.25) in terms of fluid data.

S1 =
1

D
− 1

r2

(
2− 1

D

)
(s1 − s2 + 2s5)− 1

r2

(
1− 1

D

)
s3 −

1

r2

(
1 +

1

D

)
s4

S2 =
1

D

(
1− 1

D

)2

+
2

r2

(
(D − 2)(D − 1)

D3

)
(s1 − s2 + 2s5) +

1

r2

(
(D − 3)(D − 1)

D3

)
(s3 − s4)

(3.57)
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Table 3.5: Vector large-D Data in terms of fluid Data

Large-D Data Corresponding Fluid Data

V(1)
A dXA ≡ PB

A

(
K2

D2

)
[(U · ∇)UB] dXA = (D−2)(D−1)

D2

(
2
rH

)
[v

(5)
µ − v

(3)
µ ]dxµ

V(2)
A dXA ≡ PB

A

(
K2

D2

) (
UCKCB

)
dXA =

(
D−1
D

)2 (1
r

) [
v

(4)
µ + v

(2)
µ − v

(3)
µ

]
dxµ

V(3)
A dXA ≡ PB

A P
F
D

(∇FK
D
− K

D
UEKEF

)
× = −

(
D−1
D

)2 (1
r

) [
v

(4)
µ + v

(2)
µ − v

(3)
µ

]
dxµ

(KDB −∇DUB) dXA

V(4)
A dXA ≡ PB

A

(
K2

D2

) (∇BK
K

)
dXA = 0

V(5)
A dXA ≡ PA

C

(
∇̂2UA
K

)
dXC = 1

r

[
2
(
D−2
D−1

)
v

(5)
µ − v

(3)
µ

−
(
D−3
D−1

) (
v

(2)
µ + v

(4)
µ

)]
dxµ

V(6)
A dXA ≡ 1

K
PA
C

(
UBKBDK

D
A

)
dXC = 1

r

(
2

D−1

) (
v

(4)
µ − v

(3)
µ + v

(2)
µ

)
dxµ

V(7)
A dXA ≡ 1

K
ΠBAΠD

C

(∇BK
K

)
(∇AUD)dXC = 0

V(8)
A dXA ≡ PA

C

(
∇̂2∇̂2UA

K3

)
dXC =

(
1

D−1

)2 1
r5

[
2
(
D−2
D−1

)
v

(5)
µ − v

(3)
µ

−
(
D−3
D−1

) (
v

(2)
µ + v

(4)
µ

)]
dxµ

V(9)
A dXA ≡ 1

K2P
A
CK

DE
(
∇̂D∇̂EUA

)
dXC =

(
1

D−1

)
1
r

[
2
(
D−2
D−1

)
v

(5)
µ − v

(3)
µ

−
(
D−3
D−1

) (
v

(2)
µ + v

(4)
µ

)]
dxµ

V(10)
A dXA ≡ 1

K3P
A
C∇A(KBDK

BDK)dXC = 0

V(11)
A dXA ≡ PA

C

(
∇̂A∇̂2K
K3

)
dXC = 0

Vr = 0

Vµ = − 1

rH

(
(D − 2)(D − 1)

D2

)
(v(3)
µ − v(5)

µ )
(3.58)
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Trr = 0, Trµ = 0

Tµν = −
(
r2

D

)
Pµν + rσµν

(
1− 1

D

)
+ 2 t(3)

µν

+ Pµν
[
− 2

D
(s1 − s2 + 2s5)− 1

D
(s3 − s4) +

r

rH

(
1 +

1

D

)
2

(D − 2)(D − 1)
s4

]
+ uµ

[
− 1

D

(
v(2)
ν − v(3)

ν + v(4)
ν

)
− r

rH

(
2(D − 2)

D(D − 1)

)(
v(3)
ν − v(5)

ν

)]
+ uν

[
− 1

D

(
v(2)
µ − v(3)

µ + v(4)
µ

)
− r

rH

(
2(D − 2)

D(D − 1)

)(
v(3)
µ − v(5)

µ

)]
(3.59)

Next we have to expand the functions (i.e., f1(R), f2(R), v(R) and t(R)) appearing

in the large-D metric in terms of fluid data. Note that the arguments of these

functions are R ≡ D (ψ − 1). Since ψ admits an expansion in terms of derivatives

so does these functions.

Let us define a new variable R̃ ≡ D
(

r
rH
− 1
)

, which is of zeroth order derivative

expansion. Now we express R in terms of R̃.

R = D

(1 +
R̃

D

)1− 1
D

− 1

+ δR̃ (3.60)

where,

δR̃ = −

(
1 +

R̃

D

)−1− 1
D

1

r2
H

(
2 R̃ +

R̃2

D

)
D − 1

D(D + 1)

[
s1 − s2 + 2s5 +

1

2
(s3 − s4)

]

−D
(

1− 1

D

)(
1 +

R̃

D

)1− 1
D

1

r2
H

[
h1 s4 + h2 s3 + (D − 3)h3(s1 − s2 + 2 s5)

]

+

(
1 +

R̃

D

)− 1
D

2 R̃

D(D − 2)

s4

r2
H

(3.61)

Now the functions appearing in the large-D metric could easily be expanded in
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derivative expansion upto the required order.

f1(R) = f1(R̃) + δR̃

(
∂f1(R̃)

∂R

)
, f2(R) = f2(R̃) + δR̃

(
∂f2(R̃)

∂R

)

v(R) = v(R̃) + δR̃

(
∂v(R̃)

∂R

)
, t(R) = t(R̃) + δR̃

(
∂t(R̃)

∂R

)

where, R̃ = D

(1 +
R̃

D

)1− 1
D

− 1


(3.62)

In equation (3.62) we did not explicitly evaluate the functions in terms of R̃ and we

do not need to. Let us explain why.

We know the large-D metric only upto corrections of order O
(

1
D

)3
. Also note that

the functions f1(R), f2(R), v(R) and t(R) appear in the second order correction to

the metric. In other words, whenever they occur, they always come with an explicit

factor of
(

1
D

)2
. Therefore it follows that in equation (3.62), any term of the order

O
(

1
D

)
or higher is of no relevance. Expanding equation (3.60) further in

(
1
D

)
we

find5

R = R̃ +
1

2 r2
H

(
1− R̃

D

)
[s3 − s4 + 2 (s1 − s2 + 2s5)] +O

(
1

D

)
(3.63)

Here we have used the large-D expansion of the coefficients hi appearing in equation

(3.61)

h1 =
1

2D
+O

(
1

D

)2

, h2 = − 1

2D
+O

(
1

D

)2

and, (D − 3)h3 = − 1

D
+O

(
1

D

)2

(3.64)

Now examining the scalar, vector and the tensor structures in equations (3.57),

(3.58) and (3.59), we see that the terms are either of first or second order in terms

of derivative expansion or of order O
(

1
D

)
in terms of large-D expansion. In either

case the O (∂2) terms in equation (3.63), which are actually the leading terms of δR̃

in terms of
(

1
D

)
expansion, are negligible.

5When both R and R̃ are of order O (1) in terms of
(

1
D

)
expansion, in the functions we could

simply replace R by R̃. For regions, where R is of order D, we have to use the full relation as
given as equation (3.60). We could still neglect δR but R has to be replaced by R̃ and not by R̃.
However, as we have mentioned in a previous footnote, in these regions, the metric correction will
fall exponentially with D and therefore are not accurately captured by a power series expansion
in
(

1
D

)
.
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So, in f1(R), f2(R), v(R) and t(R) finally we could simply replace R by R̃.

Now we have all the ingredients to express the large-D metric particularly the

‘rest’ part -Wrest
AB in terms of the fluid data. We substitute the data set presented in

tables (4.2), (3.4) and (3.5 ) in the metric described in section-(3.3). By construc-

tion, Wrest
rr and Wrest

rµ will vanish and only non-trivial components are Wrest
µν . For

convenience of comparison, we shall decompose the resultant expression for Wrest
µν

again in scalar, vector and the tensor sectors as we have done for Grest
AB .

Wrest
µν = W(1)

S uµuν +W(2)
S Pµν +

(
W(V )

µ uν +W(V )
ν uµ

)
+W(T )

µν (3.65)

where,

W(1)
S = r2

(rH
r

)D−1

− 2 (s1 − s2 + 2s5)

[
f1(R̃)

D2
+

1

D + 1

(rH
r

)D−3
{

1−
(rH
r

)2
}]

+
s3

2

[
−
(rH
r

)D−3

− 2
f1(R̃)

D2
+
(rH
r

)D−3
(
D − 1

D + 1

){
1−

(rH
r

)2
}]

+ s4

(rH
r

)D−3
[

4

(D − 2)(D − 1)

(
1− rH

r

)
−
(rH
r

)−(D−3)
(
f1(R̃)

D2

)

− 2

D − 2

(
1− rH

r

)
− 1

2

(
D − 1

D + 1

){
1−

(rH
r

)2
}
− K2H

D − 2

]
W(2)

S = O
(

1

D

)3

W(V )
µ =

1

D2

(
r

rH

)
v(R̃)

(
v(3)
µ − v(5)

µ

)
+O

(
1

D

)3

W(T )
µν =

r t(R̃)

D2
σµν +

(
2 t(R̃)

D2

)
t(3)
µν +O

(
1

D

)3

(3.66)

where, R̃ ≡ D
(

r
rH
− 1
)

and

t(R) = − 2

(
D

K

)2 ∫ ∞
R

y dy

ey − 1

v(R) = 2

(
D

K

)3 [ ∫ ∞
R

e−xdx

∫ x

0

y ey

ey − 1
dy − e−R

∫ ∞
0

e−xdx

∫ x

0

y ey

ey − 1
dy

]
f1(R) = −2

(
D

K

)2 ∫ ∞
R

x e−xdx+ 2 e−R
(
D

K

)2 ∫ ∞
0

x e−xdx

(3.67)
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f2(R) =

(
D

K

)[∫ ∞
R

e−xdx

∫ x

0

v(y)

1− e−y
dy − e−R

∫ ∞
0

e−xdx

∫ x

0

v(y)

1− e−y
dy

]

−
(
D

K

)4
[∫ ∞

R

e−xdx

∫ x

0

y2 e−y

1− e−y
dy − e−R

∫ ∞
0

e−xdx

∫ x

0

y2 e−y

1− e−y
dy

]
(3.68)

3.5.3 Comparison between Grestµν and Wrest
µν

We expect each component of Grest
µν to be equal to Wrest

µν upto corrections of order

O (∂3, (1/D)3). This would be true provided the coefficients ( functions of r only)

of independent scalar vector and tensor types of fluid data, appearing in both the

metrics agree upto corrections of order O
(

1
D

)3
. Below we are simply listing the

equations that must be true for the equality of the two metrics to be valid. In the

next subsection we shall explicitly verify them by doing the integrations in the limit

of large D.

Table 3.6: Matching of Grest
µν and Wrest

µν

Coefficient of different structures The resultant equation

Coefficient of σµν F (r) = 1 + t(R̃)
2 D2 +O

(
1
D

)3

Coefficient of t
(1)
µν − Pµν

(
s4
D−2

)
H1(r) = 2 [F (r)]2 − 1 = 1 + 2 t(R̃)

D2 +O
(

1
D

)3

Coefficient of t
(3)
µν H2(r) = 1 + 2 t(R̃)

D2 +O
(

1
D

)3

Coefficient of t
(4)
µν +

(
Θ

D−2

)
σµν H2(r) = H1(r) +O

(
1
D

)3

Coefficient of Pµν K1(r) = 2 [F (r)]2 − 1 = 1 + 2 t(R̃)
D2 +O

(
1
D

)3

Coefficient of v
(3)
µ − v

(5)
µ L(r) = − 1

2D3

(
r
rH

)
rD−3v(R̃)

= −
(

eR̃

2D3

)
v(R̃) +O

(
1
D

)3

Coefficient of s1 − s2 + 2 s5 + s3
2

f1(R̃) = −2R̃ e−R̃

Coefficient of s4 K2(r) = K2H + R̃− 1
D

(
4 R̃ + 3

2
R̃2
)

+O
(

1
D

)3

Where r ≡ r

rH
, R̃ ≡ D (r− 1)



80 Fluid-gravity and membrane-gravity dualities - Comparison at subleading orders

3.5.3.1 (1/D) expansion of the functions appearing in Hydrodynamic

metric

In this subsection we shall verify the relations appearing in table (3.6) upto order

O
(

1
D

)3
. For this, we need to evaluate the different integrals appearing in the hydro-

dynamic metric and expand it upto the required order in inverse power of dimension.

For convenience we are quoting the integrals here again.

H1(y) = 2y2

∫ ∞
y

dx

x

[
xD−3 − 1

xD−1 − 1

]
H2(y) = F (y)2 − 2 y2

∫ ∞
y

dx

x(xD−1 − 1)

∫ x

1

dz

z

[
zD−3 − 1

zD−1 − 1

]
K1(y) = 2y2

∫ ∞
y

dx

x2

∫ ∞
x

dz

z2

[
z F ′(z)− F (z)

]2

(3.69)

K2(y) =

∫ ∞
y

(
dx

x2

)[
1− 2(D − 2) xD−2 −

(
1− 1

x

)(
xF ′(x)− F (x)

)
+

(
2(D − 2)xD−1 − (D − 3)

)∫ ∞
x

dz

z2

(
zF ′(z)− F (z)

)2]
L(y) =

∫ ∞
y

dx xD−2

∫ ∞
x

dz

z3

[
z − 1

zD−1 − 1

]
Note that the expansion in inverse power of D would crucially depend on how we

choose to scale the variable y or the coordinate r with D. This is what we expect

and we want a detailed match in the regime where (r− 1) ∼ O
(

1
D

)
.

Below we shall first report the results of the integration in this regime, i.e., in

equation (3.69) we shall substitute y = 1 + Y
D

with Y ∼ O(1) and then evaluate the

integral in an expansion in inverse powers of D (see appendix (C.1) for the details

of the computation).
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Large D expansion of different functions in the ‘membrane region’:

F (y) = F

(
1 +

Y

D

)
= 1−

(
1

D

)2 ∞∑
m=1

(
1 +mY

m2

)
e−mY +O

(
1

D3

)
H1(y) = H1

(
1 +

Y

D

)
= 1−

(
2

D

)2 ∞∑
m=1

(
1 +mY

m2

)
e−mY +O

(
1

D

)3

K1(y) = K1

(
1 +

Y

D

)
= 1−

(
1

D

)3 ∞∑
m=1

(
4

m3

)
(2 +mY )e−mY +O

(
1

D

)4

K2(y) = K2

(
1 +

Y

D

)
= −

(
D

2

)
+ (3 + Y )−

(
1

2D

)[
Y (8 + 3Y )

]
+O

(
1

D

)2

L(y) = L

(
1 +

Y

D

)
= O

(
1

D

)3

H2(y) = H2

(
1 +

Y

D

)
= 1− 1

D2

(
π2

3

(
eY − 1

)
− 4 Y Log

[
1− e−Y

]
+
(
eY − 1

) (
Log

[
1− e−Y

] )2

+ 2
(
eY − 1

)
Log

[
1− e−Y

]
Log

[
1

1− eY

]
+ 2

(
eY + 1

)
PolyLog[2, e−Y ]

− 2
(
eY − 1

)
PolyLog

[
2,

eY

eY − 1

])
+O

(
1

D

)3

(3.70)

Once we use this expansion in the equations we derived in the previous subsection,

they are just trivially satisfied thus proving the equivalence of the two metrics within

the membrane region.

Next, we have performed these integrations outside the membrane-region. In this

region (r− 1) ∼ O (1), so here we have substitute y = 1 + ζ with ζ ∼ O(1). It turns

out that in this regime of y , all the above functions evaluate to one up to corrections

exponentially falling in D, and therefore non-perturbative from the point of view of(
1
D

)
expansion (see appendix (C.1) for the details of the computation). Substituting

this fact in the hydrodynamic metric, we see that outside the membrane region Grest
AB

vanishes exponentially fast in D, exactly as we have in case of large-D metric.
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3.6 Implementing part-3:

Equivalence of the constraint equations

In the previous subsection, we have seen that the hydrodynamic metric is exactly

the same as the large-D metric once we have correctly identified the membrane data

of the large-D expansion with the fluid data. However, as we have mentioned before,

the matching of the two metrics is not enough to show that the two gravity solutions

are identical since the time-evolution of both the large-D data and the fluid data

are constrained by two sets different looking equations. In this subsection, our goal

is to show these two sets of equations are also equivalent. More precisely what we

would like to show is that whenever the fluid data would satisfy the appropriate rel-

ativistic Navier-Stokes equation, the corresponding ‘membrane data’ would satisfy

the membrane equation.

The evolution equation of a fluid dual to D dimensional gravity in presence of

cosmological constant, could be expressed as a conservation of a stress tensor T µνfluid,

living on the (D − 1) dimensional flat space-time. Up to first order in derivative

expansion, T µνfluid has the following structure, once expressed in terms of the fluid

velocity uµ and the temperature scale rH .

T µνfluid = rD−1
H

[
(D − 1)uµuν + ηµν −

(
2

rH

)
σµν
]

+O
(
∂2
)

Fluid equation : ∂µT
µν
fluid = 0

(3.71)

The membrane equation could also be expressed as conservation of some mem-

brane stress tensor, living on the D − 1 dimensional membrane embedded in the

empty AdS.

Suppose {za, a = 0, 1, 2, · · · , D − 2} denotes the (D − 1) induced coordinates on

the membrane. In terms of the membrane data (i.e., the membrane velocity Ua and

the membrane-shape encoded in the extrinsic curvature tensor Kab) the stress tensor
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T̂ ab and conservation equation would have the following structure

T̂ ab =

(
K
2

)
UaU b +

(
1

2

)
Kab − 1

2

(
∇̃aU b + ∇̃bUa

)
− 1

K

(
Ua∇̃2U b + U b∇̃2Ua

)
+

1

2

(
Ua ∇̂bK
K

+ U b ∇̂aK
K

)
− 1

2

(
U · K · U +

K
D

)
gab(ind) +O

(
1

D

)
where K ≡ gab(ind)Kab, ∇̃ ≡ Covariant derivative w.r.t. g

(ind)
ab

Membrane equation : ∇̃aT̂
ab = 0

(3.72)

Now, we shall process the membrane equation and after rewriting Ua and Kab in

terms of the fluid data and their derivatives, we shall try to express the membrane

equation as fluid equation plus terms identically vanishing upto the required order.

As before, for computational convenience we shall work in the {Y A} = {ρ, yµ} coor-

dinates. In these coordinates, the location of the membrane is given by [ρ− ρH(y) = 0].

Let us choose {za} to be {yµ} themselves so that the form of the induced metric

is simple. Also with this choice of coordinates along the membrane, there is no

distinction between {a, b} and {µ, ν} indices and now onwards we shall use only the

{µ, ν} ones.

Note that since we are neglecting all terms of third or higher order in derivative

expansion, and since both fluid and the membrane equation already have one overall

derivative, we need to know the membrane stress tensor T̂ µν only upto first order in

derivative expansion. In [69] the membrane velocity Uµ and the membrane shape

have already worked out upto first order in derivative expansion. We shall simply

take their results and compute the other relevant quantities.

gind
µν = r2

H ηµν +O(∂)2

Uµ dy
µ = rH(y) uµ(y)dyµ +O(∂)2

Kµν = r2
H(y) ηµν +O(∂)2, K = (D − 1) +O(∂)2,

1

2

(
∇̃µUν + ∇̃νUµ

)
= rH σµν +O(∂)2, ∇̂2Uµ = O(∂)2

(3.73)

Substituting equation (3.73) in equation (3.72) we find

T̂ µν =
1

2

(
1

r2
H

)[
(D − 1)uµuν + ηµν −

(
2

rH

)
σµν
]

+O
(

1

D
, ∂2

)
(3.74)
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The Christoffel symbols are given by

Γδβα =

[
δδα

(
∂βrH
rH

)
+ δδβ

(
∂αrH
rH

)
− ηβα

(
∂δrH
rH

)]
+O(∂)3 (3.75)

Rewriting the membrane equation in terms ∂µ and the Christoffel symbols we find

∇̃µT̂
µν = ∂µT

µν
membrane + ΓµµαT̂

αν + ΓνµαT
µα
membrane

= ∂µT̂
µν + (D + 1)

(
∂αrH
rH

)
T̂αν −

(
∂νrH
rH

)(
ηαβT̂

αβ
)

+O(∂)3

=

(
1

rD+1
H

)
∂µ

[
rD+1
H T̂ µν

]
−
(
∂νrH
rH

)(
ηαβT̂

αβ
)

+O
(
1, ∂3

) (3.76)

Now substituting equation (3.74) in equation (3.76) we find (upto corrections of

order O(∂3) in derivative expansion and O(1) in large D expansion)

0 = ∇̃µT̂
µν

=

(
1

rD+1
H

)
∂µ

[
rD+1
H T̂ µν

]
−
(
∂νrH
rH

)(
ηαβT̂

αβ
)

=
1

2

(
1

rD+1
H

)
∂µ

(
rD−1
H

[
(D − 1)uµuν + ηµν −

(
2

rH

)
σµν
])

=
1

2

(
1

rD+1
H

)
∂µT

µν
fluid

(3.77)

Equation (3.77) clearly proves that upto the order O (1/D2, ∂3), the two sets of

constraint equations are equivalent once the data of the solution are appropriately

identified with each other.

Unfortunately, we still do not have the expression for the membrane stress tensor

to second subleading order, though we do know the final membrane equation at this

order (see equation (3.28)). Using the tables (4.2) and (3.5) we could easily rewrite

each term of the membrane equation in terms of independent fluid data. We have

checked (with the help of Mathematica version-11) that the membrane equation

vanishes up to second subleading order provided the fluid equation is satisfied up to

order O (∂2).
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3.7 Discussion and future directions

In this chapter, we have compared two dynamical ‘black-hole’ type solutions of

Einstein’s equations in the presence of negative cosmological constant. These two

solutions were already known and were determined using two different perturbation

techniques - one is the ‘derivative expansion’ and the other is an expansion in inverse

powers of dimensions. We have shown that in the regime of overlap of the two

perturbation parameters, the metric of these two apparently different spaces are

exactly the same, to the order the solutions are known on both sides.

Very briefly our procedure is as follows.

We have taken the metric generated in the derivative expansion (known up to second

order) in an arbitrary number of space-time dimension-D and expanded it in
(

1
D

)
up to order

(
1
D

)2
assuming D to be very large.

Next, we have taken the metric generated in
(

1
D

)
expansion (this is also known up

to second order) and expanded it in terms of boundary derivatives up to second

order. The final result is that these two metrics just agree with each other.

The key reasons for this exact match are the following.

Firstly both the perturbation techniques use the same space-time ( namely the

space-time of a Schwarzschild black-brane) as the starting point and secondly given

the starting point and therefore the characterizing data, both of the techniques

generate the higher order corrections uniquely. Hence in the regime where both

perturbations are applicable, there must exist just one solution with a given starting

point. We could determine this solution by first applying derivative expansion and

then expanding the answer further in O
(

1
D

)
or vice versa.

As stated above, the matching of the two metrics seems quite simple in principle.

But in practice, it is quite complicated because the two metrics look very different

from each other. In particular, unlike the hydrodynamic metric, the ‘large-D’ metric

is always generated in a ‘split’ form - as a sum of ‘background’ which is just a pure

AdS metric and the ‘rest’ which is nontrivial only within the ‘membrane region’ (a

region of thickness of order O
(

1
D

)
around the horizon). The matching of these two

metrics would imply that from hydrodynamic metric if we subtract off its decaying

part (i.e, the part that falls off like r−D in the large D limit), the remaining would be

a metric for a regular space-time and would also satisfy the Einstein’s equations in

presence of negative cosmological constant. It does not follow just from the ‘deriva-

tive expansion’ technique. In this note, we have shown that this ‘non-decaying part

of the hydrodynamic metric is actually a coordinate transformation of pure AdS and
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this we have done without using any ‘large-D’ expansion.

This is one of the main results of this note.

This work could be extended to several directions.

We have matched the two metrics only within the membrane region. But it is

possible to compute the gravitational radiation, sourced by the effective membrane

stress tensor and extended outside the membrane region till infinity [37]. In [36] the

authors have determined the boundary stress tensor from this radiation part and

matched with the dual fluid stress tensor of the hydrodynamic metric. Now since

we know how to ‘split’ the hydrodynamic metric, we could also match the metric

coefficients outside the membrane region that are exponentially falling off with D

and therefore non-perturbative from the point of view of O
(

1
D

)
expansion.

The membrane equation essentially is a rewriting of the fluid equation in the

limit of a large number of space-time dimensions. At a given order in large D

expansion, membrane equation resums the fluid equation to all orders in derivative

expansion and the resummed equation could be compactly expressed in terms of

membrane velocity, which is related to fluid velocity by field redefinition. The field

redefinition contains terms of all orders in derivative expansion. In this sense, it

is some non-local field redefinition. But if we truncate the derivative expansion at

some given order, it would look local [36].

In AdS space, there exist similar-looking constructions of horizon stress tensor

in terms of boundary stress tensor by following a radial flow of constraint Einstein’s

equations on cut-off surfaces in the background AdS [40, 41]. In some way, they

are a bit different from ‘large-D’ construction of the membrane stress tensor. For

example, they do not resum the derivative expansion. Also, they remain like fluid

equations all along the radial flow and reduce to non-relativistic fluid equations

on the horizon. However, there must be some relations between this radial flow

of Einstein’s equations down to the horizon and the membrane stress tensor car-

ried towards the AdS boundary via gravitational radiation [36]. It would be very

interesting to explore these relations further.

We have compared the metric in the regime where both perturbation techniques

are applicable and what we have shown is that the derivative and the
(

1
D

)
expansion

commute in this regime. However, we also know [69] that there exists a regime

where derivative expansion could not be applied but we could still apply ‘large-D’

expansion. This is an interesting regime to explore since here we would construct

genuinely new dynamical black hole solutions that were not described previously by
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other perturbative techniques. It would be very interesting to isolate this regime in

the general ‘large-D’ expansion technique.





Chapter 4

Comparison between fluid-gravity

and membrane-gravity dualities

for Einstein-Maxwell system

This chapter is based on [3].

4.1 Introduction :

As we have already discussed in chapter 2, the effective dynamics of these black hole

horizons can be described by a co-dimension one massive membrane with dynamical

degrees of freedom as charge density, shape and a divergence-free velocity field mov-

ing in the background space. This duality has been studied for both asymptotically

flat and AdS/dS background and also for Einstein-Maxwell systems in [24, 25, 26,

27, 28, 29].

On the other hand ‘derivative expansion’, which is a perturbation technique in

boundary derivative expansion [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14], generates dy-

namical black-brane solutions of Einstein’s equations in the bulk with negative cos-

mological constant. These dynamical black brane solutions are dual to an arbitrary

fluid dynamical solutions in the boundary. In other words, for every solution to

the relativistic generalization of Navier-Stokes’ equation in the boundary, one can

construct an asymptotically AdS black hole type solution equivalent to a boundary

fluid flow. These solutions thus generated are characterized by a local temperature

field, a unit normalized velocity field and charge density living on the boundary.

Like chapter 3, in this chapter the questions that we would like to address in this

chapter are the following.
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• Is there any interconnection between these two perturbation techniques

• Can we apply these two techniques simultaneously in any regime of parameter

space

• Are the solutions generated by these two techniques equivalent in any regime

of parameter space?

We will try to understand these questions in the context of Einstein-maxwell system.

These questions have been answered in affirmative[1, 2] for pure gravity systems.

In fact in [1, 2] authors have argued on a very general ground that for these two

perturbation techniques such an overlap regime should exist and the two solutions

should match. The argument runs as follows.

Since we can use the same space-time geometry as the starting point for both the

techniques and since given a starting point both the techniques generate the solutions

uniquely, it follows that in the regime where both the techniques are applicable, the

solutions should be same. But this is not at all manifest and it involves a series

of intricate gauge and variable transformations. Given the general argument stated

above, these explicit comparisons and matching between two differently looking and

complicated metrices, serve as a consistency check for both sides of calculation.

In this chapter, we we have extended this elaborate checking to Einstein-Maxwell

system. The solutions (dynamical charged black hole metric and a U(1) gauge field)

are known both in 1
D

expansion and derivative expansion up to first subleading

order. Also unlike the uncharged case worked out before, here even in the first

subleading order in 1
D

the curvature of the background AdS space generates new

term in the membrane charge conservation equation, thus making this check even

more stringent for a far more complicated set of gravity calculations as compared

to that of pure gravity system.

Just in [1, 2] here also the heart of the chapter lies in these set of subtle gauge

transformation needed to see the equivalence of the two metrices and gauge fields.

In fact these maps or relations between these two coordinate systems, one used for

large D expansion and the other for derivative expansion, are the main results of

this chapter.

Though the algorithm used here is very generic, the details of the map of course

depend on the details of the metrices. This map establishes a duality between three

different systems, namely the dynamical charged black hole, a co-dimension one

dynamical membrane and dynamical fluid living in one lower dimension. Therefore
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it allows us to translate between the physical quantities defined for these three

different systems.

4.1.1 Strategy

In this subsection we will discuss briefly the procedure we have used to show the

equivalence of the two gravity solutions and refer to [1, 2] for any logical discus-

sion and proof. As we know the metric WAB generated in large-D technique is

written in a split form, a background metric W̄AB and W
(rest)
AB . The metric W̄AB

is the metric of the asymptotic geometry (in our case it is pure AdS metric) and

W
(rest)
AB is written in a way such that contraction of a certain null geodesic OA∂A

(not affinely parametrized) with it is zero to all order. On the contrary, the hydro-

dynamic metric is not written in such split form. So it is obvious that to compare

the solutions generated by these two techniques the first step should be to split the

hydrodynamic metric into background and ‘rest’. We will do it by the following steps

At first we determine an affinely parametrized null geodesic field ŌA∂A (with

respect to full hydrodynamic metric), which passes through the event horizon of

the full space-time. Then we pick up a coordinate system Y A ≡ {ρ, yµ}, where the

background of the hydrodynamic metric can be written in the following form

ds2
background = ḠABdY

AdY B =
dρ2

ρ2
+ ρ2ηµνdy

µdyν (4.1)

And determine the mapping function fA(X) that relates Y A to the XA ≡ {r, xµ}
coordinates (in which the hydrodynamic metric is written) by the following equation

ŌAGAB|{X} = ŌA ∂f
C

∂XA

∂fC
′

∂XB
ḠCC′|{X} (4.2)

where GAB is the full metric written in XA coordinates and the subscripts {X} refer

to the fact that all the terms in the left and right are calculated in XA coordinates.

However it cannot fix fA completely and we require some conformal type sym-

metry on the background metric to fix it.

After determining the mapping function we can find out the background metric

in {XA} coordinates and hence can split the hydrodynamic metric into background

plus ‘rest’. Then we take the large-D limit of the hydrodynamic metric.

The next step is to write the large-D data in terms of fluid data. The metric and
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gauge field generated in large-D technique are written in terms of a smooth function

ψ (such that ψ−D is a harmonic function w..r.t the background), a charge field Q̃

and a non-affinely parametrized null geodesic OA. It will turn out that OA is re-

lated to ŌA (determined from the hydrodynamic metric) by an overall normalization

constant.

At first we determine ψ and then OA and Q̃ in terms of fluid data. After that we

substitute these expressions in the large-D metric and gauge field and write those

in terms of fluid data. Then it is easy to check that the metric and gauge field in

large-D side matches with those in fluid side up to appropriate orders in both the

perturbation parameters.

But the hydrodynamic data and large-D data cannot be chosen arbitrarily. They

have to satisfy some constraint equations, named as fluid equations and membrane

equations for the metric and gauge field to be a solution of Einstein’s equations. So

to show the equivalence of the gravity solutions generated by these two techniques

the final step would be to show the equivalence of these constraint equations.

The organisation of this chapter is as follows.

In section §4.2 we determine the hydrodynamic metric and gauge field up to first

order in derivative in arbitrary dimensions. In section §4.3 we have noted the gravity

solutions for Einstein-Maxwell systems in large-D technique. In section §4.4 we have

rewritten the large-D data in terms of fluid data and compared the two gravity

solutions. And finally in section §5 we have concluded.

4.2 Hydrodynamics from charged black-branes in

arbitrary dimensions :

In this section we shall review the work on fluid-gravity correspondence for charged

black-branes [7, 8, 70] by determining the metric and gauge field dual to charged

fluid configuration up to first order in boundary derivative expansion for all D ≥ 3.

The results of this section were previously recorded in [70] in a bit different language.

As our Lagrangian and notations are slightly different from the authors of [70], we

will redo everything with our Lagrangian and notations.
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We start with the D dimensional action1

S =
1

16πGD

∫
dDx

√
−g

[
R− 2Λ− FMNF

MN

4

]
with negative cosmological constant Λ =

(D − 1) (D − 2)

2
λ

(4.3)

By varying the above action we shall get the D dimensional Einstein-Maxwell equa-

tions with negative cosmological constant

RAB −
1

2
R gAB −

(D − 1)(D − 2)

2
gAB +

1

2
FACF

C
B +

1

8
gABFCDF

CD = 0

∇BF
AB = 0⇒ 1√

−g
∂B
(√
−g FAB

)
= 0

(4.4)

where gAB is the D dimensional metric tensor and FAB = ∂AAB − ∂BAA.

We know that these equations (4.4) admit an AdS-Reisner-Nordstrom ‘boosted

black-brane solutions’, which we write in ingoing Eddington-Finkelstein coordinates

as

ds2 = −2uµdx
µdr − r2V (r,m,Q)uµuνdx

µdxν + r2Pµνdxµdxν

A =

√
3 Q

2rD−3
uµdx

µ
(4.5)

with

V (r,m,Q) = 1− m

rD−1
+

1

4

3(D − 3)

2(D − 2)

Q2

r2(D−2)
, Pµν = ηµν + uµuν

uv =
1√

1− β2
, ui =

βi√
1− β2

, β2 = βiβ
i

(4.6)

As in the metric described above we shall use coordinates XA ≡ {r, v, xi}︸ ︷︷ ︸
D

for our

bulk spaces, on the other hand coordinates xµ ≡ {v, xi}︸ ︷︷ ︸
D−1

parametrize our boundary

and r is the radial coordinate.

Now we allow the temperature, velocity and charge field in the black-brane metric

(4.5) to vary slowly in the boundary coordinates and determine the metric and gauge

1We shall use the Latin indices {M,N, · · · } to denote the bulk indices while the Greek indices
{µ, ν, · · · } refer to the boundary indices. And the {µ, ν, · · · } indices are raised and lowered by the
Minkowski metric ηµν . And for our case λ = −1.
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field in boundary derivative expansion. To start we shall take the ansatz as

gMN = g
(0)
MN + g

(1)
MN + g

(2)
MN + · · ·

AN = A
(0)
N + A

(1)
N + A

(2)
N + · · ·

(4.7)

where the leading order ansatz g
(0)
MN and A

(0)
N are given by

g(0) = −2uµdx
µdr − r2V (r,m,Q)uµuνdx

µdxν + r2Pµνdxµdxν

A(0) =

√
3 Q

2rD−3
uµdx

µ
(4.8)

and g
(k)
MN , A

(k)
N , which are corrections to the bulk metric and gauge field, are deter-

mined by solving Einstein-Maxwell equations order by order in derivative expansion.

To solve these equations by our perturbation technique it is useful to work in a par-

ticular gauge. Following[7] we work in the following gauge

grr = 0 , grµ = −uµ , Tr
[(
g(0)
)−1

g(k)
]

= 0 , Ar = 0 (4.9)

Now to define velocity field uniquely we will work in Landau frame defined by

uµT
µν
(k) = 0, where T µν(k) is the kth order stress tensor with k ≥ 1 and in the proper

frame of a fluid element the longitudinal component of the stress tensor to the fluid

velocity give the local energy density in the fluid.

In this section our goal is to find out the metric and gauge field up to first order in

derivative expansion. To implement our perturbation technique we set our velocity

field uµ to be {1, 0, 0, · · · } by a boundary Lorentz transformation at a boundary

point xµ and solve these equations about this special point. Since our perturbation

procedure is ultra-local we can easily write the result thus obtained in covariant

form with respect to the boundary metric. Our velocity, temperature and charge

field expanded in taylor series about this special point xµ in terms of boundary

derivatives as

βi = xµ∂µβ
(0)
i + · · ·

m = m(0) + xµ∂µm
(0) + · · ·

Q = Q(0) + xµ∂µQ
(0) + · · ·

(4.10)

Using the expressions written above if we expand the 0th order ansatz up to first
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order in derivative we have

ds2
(0) =2 dv dr − r2V (0)(r) dv2 + r2dxi dxi

− 2r2
(
1− V (0)(r)

)
xµ∂µβ

(0)
i dxi dv − 2xµ∂µβ

(0)
i dxidr

−
(
−x

µ∂µm
(0)

rD−3
+

1

4

3(D − 3)

2(D − 2)

2Q(0)xµ∂µQ
(0)

r2(D−3)

)
dv2

A =−
√

3

2rD−3

[(
Q(0) + xµ∂µQ

(0)
)
dv −Q(0)xµ∂µβ

(0)
i dxi

]
with V (0)(r) = 1− m(0)

rD−1
+

1

4

3(D − 3)

2(D − 2)

Q(0)2

r2(D−2)

(4.11)

Obviously the metric and gauge field of equation (4.11) will not solve the Einstein-

Maxwell’s equations up to the order we are interested. We need to add corrections

containing first order derivatives to solve these equations. While solving these equa-

tions we find that the bulk Einstein-Maxwell equations decompose into constraint

equations and dynamical equations.

Since the background metric have the SO(D−2) symmetry, the Einstein-Maxwell

equations will split into scalar, vector, and traceless symmetric two tensor sector and

we can solve each sector separately.

4.2.1 Scalars at first order

The scalar components of the first order corrections added to the metric and gauge

field are parametrized by h1(r), k1(r) and w1(r) and we can write these as

g(1)
vv (r) =

k1(r)

r2

g(1)
vr (r) = −(D − 2)

2
h1(r)∑

i

g
(1)
ii (r) = (D − 2) r2 h1(r)

A(1)
v (r) = −

√
3 w1(r)

2 rD−3

(4.12)

Here one should note that the metric corrections g
(1)
ii and g

(1)
vr are related to each other

by the gauge choice Tr
[(
g(0)
)−1

g(1)
]

= 0. At first we determine the constraint equa-

tions. These equations are determined by taking dot product of Einstein-Maxwell

equations with the vector dual to the one form dr. We have these equations as
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follows

∂vm
(0)

m(0)
+

(D − 1)

(D − 2)
∂iβ

(0)
i = 0 (4.13)

which is identical to the conservation of the stress tensor in the boundary

∂µT
µν
(0) = 0 (4.14)

The other constraint equation is given by

∂vQ
(0)

Q(0)
+ ∂iβ

(0)
i = 0 (4.15)

which is equivalent to the conservation of boundary current density.

∂µJ
µ
(0) = 0 (4.16)

In the scalar sector we have 6 differential equations, the rr, vv, rv component of the

Einstein tensor along with the trace over the boundary spatial part and the r and

v components of the Maxwell equations. Among these 6 equations we have to use

only 3 equations to determine the three unknown parameters h1, k1 and w1. The

solutions thus obtained should satisfy the rest equations. Solving these equations

and demanding the appropriate normalizability at infinity we have the following

solutions

g(1)
vv (r) = 2r

(
∂iβ

(0)
i

D − 2

)
g(1)
vr (r) = 0∑
i

g
(1)
ii (r) = 0

A(1)
v (r) = 0

(4.17)
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4.2.2 Vectors at first order

The vector components of first order metric and gauge field are parametrized by

g
(1)
i (r) and j

(1)
i (r) as

g
(1)
vi (r) = r2 (1− V (r)) j

(1)
i (r)

A
(1)
i (r) = −

√
3Q(0)

2rD−3
j

(1)
i (r) + g

(1)
i (r)

(4.18)

Here also at first we have determined the constraint equation which is given by

∂im
(0)

m(0)
+ (D − 1)∂vβ

(0)
i = 0 (4.19)

This follows from the conservation of boundary stress tensor.

The dynamical equations in the vector sector are the ri, vi components of the

Einstein tensor and i th component of the Maxwell equation. Solving these equations

with appropriate boundary conditions (regularity at the future event horizon and

appropriate fall off at boundary) we have the following corrected first order metric

and gauge field in the vector sector

g
(1)
vi (r) = r ∂vβ

(0)
i +

3(D − 3) r2 Q(0)

(
∂iQ

(0) + (D − 2) Q(0) ∂vβ
(0)
i

)
R2(D−1)

R F1(ρ,M)

A
(1)
i (r) = −2

√
3

rD

R2(D−1)

(
∂iQ

(0) + (D − 2) Q(0) ∂vβ
(0)
i

)
F

(1,0)
1 (ρ,M)

(4.20)

where F1 is given by

F1(ρ,M) =
1

4(D − 2)

(
1 +

1

4

3(D − 3)

2(D − 2)

Q2
1

ρ2(D−2)
− M

ρD−1

)
F3(ρ,M)

where F3(ρ,M) =

∫ ∞
ρ

dp
1(

1 + 1
4

3(D−3)
2(D−2)

Q2
1

p2(D−2) − M
pD−1

)2

( 1

p2(D−1)
− c1

p2D−3

)
(4.21)

with

c1 =
D − 2

D − 1

(
1 +

2

M(D − 3)

)
(4.22)
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and also F
(1,0)
1 (ρ,M) is defined as

F
(1,0)
1 (ρ,M) =

d

dρ
F1 (ρ,M) (4.23)

Where we have used the following rescaled variables

ρ =
r

R
,M =

m

RD−1
, Q1 =

Q

RD−2
, and Q2

1 = 4
2(D − 2)

3(D − 3)
(M − 1) (4.24)

And then the Hawking temperature is given by

T =
(D − 1)R

4π

(
1−

(
D − 3

D − 1

)
(M − 1)

)
(4.25)

where R is the radius of the outer horizon. In terms of these rescaled variables the

outer horizon is given by ρ+ ≡ 1.

4.2.3 Tensors at first order

The tensor component of the metric at first order can be parametrized by π
(1)
ij (r) as

g
(1)
ij = r2π

(1)
ij (r) (4.26)

This unknown parameter π
(1)
ij can be determined by solving the dynamical equation

obtained from the ij component of Einstein equation. Then demanding regularity

at the future event horizon and appropriate fall off at boundary we have following

corrected first order metric in the tensor sector .

π
(1)
ij (r) =

2

R
σij F2 (ρ,M) (4.27)

where,

F2 (ρ,M) =

∫ ∞
ρ

ρD
(
ρD − ρ2

)
ρ2 (ρ2D −MρD+1 + (M − 1)ρ4)

dρ (4.28)

4.2.4 The global metric and gauge field at first order

We have done our computation about a special point xµ = 0 on the boundary.

However, our perturbation procedure is ultralocal and we could set any arbitrary

velocity uµ to be {1, 0, · · · } by a boundary coordinate transformation. So we could
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do our computation about any arbitrary point on the boundary. Hence the results

recorded in the previous subsections contain enough information to write down the

metric and gauge field in covariant form w.r.t the boundary metric. we have the

following covariant form of the metric and gauge field

ds2 =gABdx
AdxB

=− 2uµdx
µdr − r2V (r,m,Q)uµuνdx

µdxν + r2Pµνdxµdxν

− 2uµdx
µ r

[
uλ∂λuν −

∂λu
λ

D − 2
uν

]
dxν +

2r2

R
F2(ρ,M)σµνdx

µdxν

− 2uµdx
µ

[
3 (D − 3) Q r2

R2D−3
Pλν (DλQ)F1(ρ,M)

]
dxν + · · ·

A =

[ √
3Q

2 rD−3
uµ −

2
√

3rD

R2(D−1)
Pλµ (DλQ)F

(1,0)
1 (ρ,M)

]
dxµ + · · ·

(4.29)

where

Pλµ (DλQ) = Pλµ (∂λQ) + (D − 2)
(
uλ∂λuµ

)
Q (4.30)

and

σµν = PαµPβν
[
∂αuβ + ∂βuα

2
− ηαβ

(
Θ

D − 2

)]
(4.31)

And the constraint equations can be written in covariant form as

(u · ∂)Q

Q
+ ∂ · u = 0

(u · ∂)m

m
+ (D − 1)

∂ · u
D − 2

= 0

Pαµ ∂αm
m

+ (D − 1)uλ∂λuµ = 0

(4.32)

4.2.5 The boundary stress tensor and the charge current

By using AdS/CFT correspondence we can determine the boundary stress tensor

from the bulk space-time metric. Here we have to add suitable counter terms to

the action to regularise the divergence arising from integrating the full space-time

volume. The expression for the boundary stress tensor dual to the metric presented

in the previous subsection can be obtained by the prescription of [71].

The stress tensor for the metric up to first order in derivative expansion is given
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by

T µν = p (ηµν + (D − 1)uµuν)− 2η σµν

where p =
M RD−1

16 π GD

and η =
RD−2

16 π GD

(4.33)

One can explicitly find out the following expression for charge current for the gauge

field

Jµ = n uµ −D PνµDνn (4.34)

where the charge density n and diffusion constant D are given by

n =

√
3Q

16 π GD

and D =
(D − 3)M + 2

R M (D − 1)(D − 3)
(4.35)

4.2.6 Hydrodynamic metric and gauge field up to first order

in derivative

The metric dual to hydrodynamics in arbitrary dimension D is written in terms

of fluid variable u, a charge field and a temperature field T living on the (D − 1)

dimensional boundary of the space-time. The independent data in first order is

written in table (4.1). In this subsection we shall write the hydrodynamic metric,

gauge field and the constraint equations recorded in previous subsections in the

following way.

Table 4.1: Data at 1st order in derivative

Independent Data

Scalar Θ
D−2
≡ ∂·u

D−2

Vector aµ ≡ (u · ∂)uµ , Pλµ∂λQC

Tensor σµν = PαµPβν
[
∂αuβ+∂βuα

2
− ηαβ

(
Θ

D−2

)]
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The constraint equations can be written as

(u · ∂)QC

QC

= 0

(u · ∂) rH
rH

+
Θ

D − 2
= 0

Pαµ ∂αrH
rH

+ aµ + f(QC)Pαµ ∂αQC = 0

(4.36)

where

f(QC) =
6 (D−3)
D−1

QC

8(D − 2) + 3(D − 3)Q2
C

(4.37)

We write metric and gauge field in two part as

dS2 = dS2
0 + dS2

1 (4.38)

where

0th Order Piece:

dS2
0 =− 2uµ dx

µ dr − r2V (r) uµuν dx
µ dxν + r2Pµνdxµdxν

Pµν = ηµν + uµuν
(4.39)

1st Order Piece:

dS2
1 = −r (uµBν + uνBµ) dxµ dxν +

2r2

rH
F2(ρ,M) σµν dx

µ dxν

where

Bµ = aµ −
(

Θ

D − 2

)
uµ +

3 (D − 3) r QC

r2
H

Pλµ (∂λQC)

[
1− (D − 2)QC f(QC)

]
F1(ρ,M)

(4.40)

The gauge field up to first order in derivative expansion can be written as

A = A0 + A1 (4.41)

where

0th Order Piece:

A0 =

√
3 r QC

2

(rH
r

)D−2

uµdx
µ (4.42)
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1st Order Piece:

A1 = −2
√

3

(
r

rH

)D [
1− (D − 2)QC f(QC)

]
F

(1,0)
1 (ρ,M) Pλµ (∂λQC) dxµ (4.43)

where,

V (r) = 1−
(

1 +
1

4

3(D − 3)

2(D − 2)
Q2
C

)(rH
r

)D−1

+
1

4

3(D − 3)

2(D − 2)
Q2
C

(rH
r

)2(D−2)

(4.44)

Here r = rH is the position of the outer event horizon of the space-time and QC is

just Q1, defined in (4.24) and also rH is just R defined in previous section.

4.3 The large D metric, gauge field and mem-

brane equations:

In this section we simply quote the results of large D metric and gauge field as in

paper [29].

The metric in the large D expansion is written in a split form as W̄AB plus W
(rest)
AB .

WAB = W̄AB +W
(rest)
AB

W̄AB is the metric of the nonsingular asymptotic geometry. In our case it would

be the metric of just pure AdS. In general, W̄AB is any smooth solution (where all

components of the Riemann tensor are of order O(1) in terms of large D counting)

to Einstein’s equations with cosmological constant and vanishing electromagnetic

field. W
(rest)
AB captures the effect of black hole and singularity. Using the large D

technique one can determine W
(rest)
AB and in this case also the gauge field AM order

by order in an expansion in inverse powers of D. In other words the metric and the

gauge field will have the following form

W
(rest)
AB =W(0)

AB +

(
1

D

)
W(1)

AB + · · ·

AM = A
(0)
M +

(
1

D

)
A

(1)
M + · · ·

(4.45)

The final solution is expressed in terms of a null geodesic field OA∂A and two scalar

fields ψ and Q̃. ψ is a smooth function with ψ = 1 as event horizon of the full

space-time and harmonic w.r.t the background W̄AB. Q̃ is also a smooth function
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satisfying

n · ∂Q̃ = 0 , and Q̃|ψ=1 =
1√
2

(
UMAM

)
|ψ=1 (4.46)

where nA is the unit normal to the constant ψ slices and U is the membrane velocity

defined by U = n−O.

The gauge is fixed by demanding that to all orders

OAW
(rest)
AB = 0 and OMAM = 0

Now we shall present the final solutions up to the first subleading order in O
(

1
D

)
i.e., the explicit expressions for W(0)

AB , A
(0)
M and W(1)

AB , A
(1)
M

W(0)
AB = fOAOB

A
(0)
M =

√
2 f̃OM

W(1)
AB = Z(s1)OAOB +

(
Z(v)
A OB + Z(v)

B OA

)
+ Z(T )

AB

and A
(1)
M = A(s)OM +A(v)

M

(4.47)

where

f =
(

1 + Q̃2
)
ψ−D , f̃ = Q̃ψ−D (4.48)

and

Z(s1) =

NS∑
i=1

S
(i)
1 (ζ)S(i) , Z(s2) =

NS∑
i=1

S
(i)
2 (ζ)S(i) , A(s) =

NS∑
i=1

a(i)
s (ζ)S(i)

Z(v)
A =

NV∑
i=1

V(i)(ζ)V
(i)
A , A(v)

A =

NV∑
i=1

a(i)
v (ζ)V

(i)
A , Z(T )

AB =

NT∑
i=1

T (i)(ζ)t
(i)
AB

(4.49)

Here OA dXA is a null one-form with respect to both the background metric W̄AB

and full metric WAB. This is dual to the geodesic vector field OA∂A mentioned be-

fore. The function ψ and Q̃ are already defined (see the discussion around equation

(4.46)).

Now both the functions ψ and Q̃ admit 1
D

expansion in the ‘membrane region’

- the region where the gravitational field is non trivial in the limit of large D. It
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follows that up to first order in 1
D

, the functions f and f̃ can be written as

f(W ) =
(

1 + Q̃2
)
e−W − Q̃2 e−2W +

(
1

D

)
f̃(W ) = Q̃ e−W +

(
1

D

) (4.50)

where the parameter W is a O(1) variable, defined by W = D (ψ − 1).

And then the solution up to first order in metric and gauge field can be written

as

V(i)(y) = −2

∫ ∞
y

dx e−x Q̃ a(i)
v (x)− e−yKvector − 2

(
D

K

)∫ ∞
y

dx e−x
∫ x

0

dt
et v

(i)
metric(t)

1− f(t)

where Kvector = −2

∫ ∞
0

dx e−x Q̃ a(i)
v (x)− 2

(
D

K

)∫ ∞
0

dx e−x
∫ x

0

dt
et v

(i)
metric(t)

1− f(t)

(4.51)

and

a(i)
v (t) = −et(f − f̃ 2)

∫ ∞
t

dx
e−3x

(1− f)(f − f̃ 2)2

∫ x

0

dy M (i)(y)

+

(
2

∫ ∞
0

dz f̃ a(i)
v (z)

)
et(f − f̃ 2)

∫ ∞
t

dx
e−3x

(1− f)(f − f̃ 2)2

∫ x

0

dy ey f̃ (f − f̃ 2)

(4.52)

where

M (i)(x) =

∫ x

0

dx e2x
(
f − f̃ 2

)(
f̃ e−x

(
−2D

K

)∫ ∞
0

dz e−z
∫ z

0

dt
et v

(i)
metric(t)

1− f(t)
− 1

N
v(i)

gauge(x)

+ 2 f̃

(
D

K

)
e−x

∫ x

0

dt
et v

(i)
metric(t)

1− f(t)

)
(4.53)
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and ∫ ∞
0

dt f̃ a(i)
v =

A

B

where B = 1− 2

∫ ∞
0

dz Q̃ (f − f̃ 2)

∫ ∞
z

dx
e−3x

(1− f)(f − f̃ 2)2

∫ x

0

dy ey f̃ (f − f̃ 2)

And A = −
∫ ∞

0

dz Q̃ (f − f̃ 2)

∫ ∞
z

dx
e−3x

(1− f)(f − f̃ 2)2

∫ x

0

dy M (i)(y)

(4.54)

and

a(i)
s (y) = −e−y

(
1

N

)∫ ∞
0

dρ e−ρ
∫ ρ

0

dζ eζ s(i)
gauge(ζ) +

(
1

N

)∫ ∞
y

dρ e−ρ
∫ ρ

0

dζ eζ s(i)
gauge(ζ)

(4.55)

and

S
(i)
1 (y) = −4

∫ ∞
y

dρ f̃ a(i)
s (ρ)− e−y Ascalar +

(
2

N

)∫ ∞
y

dρ e−ρ
∫ ρ

0

dζ eζ s
(i)
metric(ζ)

where Ascalar = −4

∫ ∞
0

dρ f̃ a(i)
s (ρ) +

(
2

N

)∫ ∞
0

dρ e−ρ
∫ ρ

0

dζ eζ s
(i)
metric(ζ)

(4.56)

and correction to the tensor sector

T (W ) = 2
D

K
log
[
1− Q̃2e−W

]
(4.57)

where

v
(1)
metric =

f̃ 2 − f
2

, v
(2)
metric = v

(4)
metric =

f

2
, v

( 3)
metric = − f̃

2

2

v(1)
gauge = f̃ , v(2)

gauge = −f̃ , v( 4)
gauge = −f̃

(4.58)
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and

s
(1)
metric =

N

2

(
V̇(2) + V̇(3) + V̇(4)

)
− f̃ 2 , s

(2)
metric =

N

2

(
−V̇(2) + V̇(3)

)
+ f̃ 2

s
(3)
metric =

f − f̃ 2

2
, s

(4)
metric =

N

2
V̇(1) , s

(5)
metric =

(
Q̃f̃ − f̃ 2

)
, s

(6)
metric = 0

s
(7)
metric = −f̃ 2 , s

(8)
metric =

N

2

(
−V̇(2) + V̇(3)

)
s(1)

gauge = N
(
f̃V(2) + fȧ(2)

v + f̃V(4) + fȧ(4)
v

)
, s(2)

gauge = N
(
−f̃V(2) − fȧ(2)

v + f̃V(3) + fȧ(3)
v

)
s(4)

gauge = N
(
f̃V(1) + fȧ(1)

v

)
, s(6)

gauge = f̃ , s(3)
gauge = s(5)

gauge = s(7)
gauge = 0

s(8)
gauge = N

(
−f̃V(2) − fȧ(2)

v + f̃V(3) + fȧ(3)
v

)
+ f̃

(4.59)

Table 4.2: Membrane Data

Scalar Vector Tensor

S(1) ≡ (U ·∇)K
K

V
(1)
A ≡ PC

A

(∇CK
K

)
tAB ≡ PC

A P
C′
B

[(
∇COC′+∇C′OC

2

)
− PCC′

D
(∇ ·O)

]
S(2) ≡ U ·K · U V

(2)
A ≡ PC

A (U · ∇)OC

S(3) ≡ ∇̂ · U V
(3)
A ≡ PC

A (U · ∇)UC

S(4) ≡ ∇̂2K
K2 V

(4)
A ≡ PC

A

(
∇̂2UC
K

)
S(5) ≡ U ·

(
∇Q̃
Q̃

)
S(6) ≡ 1

K
∇ ·
(
∇Q̃
Q̃

)
S(7) ≡ K

D

S(8) ≡ Ruu
K

4.3.1 The dual system

The large-D gravity solutions, described in the previous subsection, are dual to

a co-dimension one, massive and charged, membrane embedded in the asymptotic

geometry (AdS for our purpose). The membrane is characterized by a velocity field
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U , named as ‘membrane velocity’, a charge field Q̃ and a shape function ψ (the

same scalar fields that appear in the bulk metric and gauge fields). The function

ψ is a harmonic function with respect to the background geometry. Just like in

fluid gravity correspondence, here also the velocity field U and the shape function ψ

cannot be chosen arbitrarily. They have to satisfy some constraint equations, which

we shall refer to as membrane equations. For every solution to these membrane

equations, we have one solution to Einstein’s equations. The membrane equations

are given by

PA
C

[
∇̂2UA
K

−
(

1 + Q̃2
) ∇̂AK

K
+ UBKBA −

(
1 + Q̃2

)(
U · ∇̂UA

)]
= O

(
1

D

)
∇̂ · U = O

(
1

D

)
∇̂2Q̃

K
− U · ∇̂Q̃− Q̃

[
U · ∇̂K
K

− U ·K · U − Ruu

K

]
= O

(
1

D

)
(4.60)

where

PAB = W̄AB − nAnB + UAUB , Ruu = UAR̄ABU
B , and R̄AB = (D − 1)λW̄AB

(4.61)

4.4 Comparing fluid-gravity and membrane-gravity

dualities :

In this section we compare the two perturbation techniques, ‘derivative expansion’

and ‘large-D expansion’ which are used to generate dynamical black-brane solutions

to Einstein equations.

‘Derivative expansion’ is used to solve Einstein’s equations with negative cosmologi-

cal constant, whereas large-D expansion technique is used to solve Einstein equations

with or without cosmological constant. ‘Derivative expansion’ generate gravity so-

lutions that are dual to the relativistic Navier-Stokes’ equations of fluid dynamics.

On the other hand large-D expansion techniques generate solutions that are dual

to a co-dimension one dynamical membrane embedded in some background space.

Like in the previous papers [1, 2], here also our goal is to compare these two gravity

solutions along with their dual systems for the charged case. We will show that

in appropriate regime of parameter space there exists an overlap regime between
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these two different looking gravity solutions generated by two different perturbation

techniques, which we can see after a coordinate transformation.

4.4.1 The split of the hydrodynamic metric

As we have mentioned earlier, the metric generated in large-D expansion technique

are written in a split form, background plus ‘rest’. Here we have a null geodesic,

which when contracted with the ‘rest’ part vanishes to all order in 1
D

. This is not

the case for hydrodynamic metric.

So to compare these two solutions, the first step would be to split the hydrodynamic

metric into background plus ‘rest’.

We shall do it in the following way.

First we find out an affinely parametrized null geodesic ŌA∂A w.r.t the full space-

time metric which passes thorough the event horizon of the space-time. This null

geodesic vector is normalized in a way such that OAnA = 1 (OA is related to ŌA

by an overall normalization constant), everywhere in the background, where nA is

the unit normal to the constant ψ hypersurfaces. Now the hydrodynamic metric

is written in a gauge where Grr = 0, and Grµ = −uµ to all order in derivative

expansion. In this gauge kA∂A = ζ(x)∂r is an affinely parametrized null geodesic to

all order in derivative expansion. However we have to normalize this null geodesic

and hence we can set ζ(x) to be one. Ultimately we shall find that ŌA∂A = ∂r is the

null geodesic which split the hydrodynamic metric as we want. After that we shall

choose a coordinate system Y A ≡ (ρ, yµ) where the background of hydrodynamic

metric take the following form

dS2
background = ḠABdY

AdY B =
dρ2

ρ2
+ ρ2ηµν (4.62)

The Y A coordinates are related to XA ≡ (r, xµ) coordinate by the mapping f

Y A = fA (X) (4.63)

We can determine this mapping function by the following equation

ŌAGAB|{X} = ŌA

(
∂fC

∂XA

)(
∂fC

′

∂XB

)
ḠCC′|{X} (4.64)
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If we use the fact that ŌA∂A = ∂r, then (4.64) can be written as

G(rest)
rB = 0 (4.65)

where G(rest)
AB =

(
GAB − ḠAB

)
, all written in {XA} coordinates. As previously noted

the hydrodynamic metric is written in a particular gauge Grr = 0, and Grµ = −uµ
to all order in derivative expansion. We shall find that coordinate transformation

of the form

ρ = r + χ(x) and yµ = xµ +
uµ

r + χ(x)
+ ζµ(x) (4.66)

where uµ∂νζ
µ = 0, keep the hydrodynamic metric in this required gauge. Further

it will turn out that for the exact matching of the two metric and gauge field we

should have ζµ = 0 and χ(x) = − Θ
D−2

. So finally we have2

ρ = r − Θ

D − 2
and yµ = xµ +

uµ

r − Θ
D−2

(4.67)

If we apply these coordinate transformations, the background metric in {XA} coor-

dinate can be written as3

Ḡrr = 0

Ḡµr = −uµ

Ḡµν = r2 (Pµν − uµuν)− r (uµaν + uνaµ) + 2rσµν + 2r
Θ

D − 2
uµuν +O

(
∂2
) (4.68)

Once we know the background metric in {XA} coordinates, by subtracting it from

the full metric we can determine G(rest)
AB . Now by our construction G(rest)

rr and G(rest)
rµ

are identically zero to all order in derivative expansion and the G(rest)
µν component

2For a detail discussion see [2].
3The inverse of the background metric and the christoffel symbols w.r.t background metric are

give in Appendix C.2
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can be written as

G(rest)
µν = G(S1)uµuν + G(S2)Pµν +

(
G(V )
µ uν + G(V )

ν uµ
)

+ G(T )
µν

where,

G(S1) = r2

(
1− V (r)

)
G(S2) = O

(
∂2
)

G(V )
µ = −3(D − 3) r2 QC

r2
H

[
1− (D − 2)QCf(QC)

]
F1(ρ,M) Pλµ (∂λQC)

G(T )
µν = 2r

(
r

rH
F2 (ρ,M)− 1

)
σµν

(4.69)

4.4.2 Membrane data in terms of fluid data

In derivative expansion the solutions are characterized by a velocity filed u, called

fluid velocity, a temperature field T and a charge field Q, whereas in large-D expan-

sion characterising data are the shape function ψ, the charge Q̃ and the membrane

velocity U . The number of data does match on both sides, as it should be. But

these variables are not the same and we need to rewrite one in terms of the other,

to perform a comparison. In this subsection we rewrite the characterising data of

the membrane in terms of the fluid variables.

4.4.2.1 Determining ψ

As we have described before, ψ is a scalar function, harmonic with respect to the

background geometry. The hypersurface ψ = 1 is identified with the dynamical

horizon of the black brane solution. So we have to solve the differential equation

∇2ψ−D = 0 in this background geometry order by order order in both the pertur-

bation parameters.

After solving we find the following expression for the function ψ (see appendix-B

of [1] for the details of the calculation)

ψ (r, xµ) = 1 +

(
1− 1

D

)(
r

rH
− 1

)
+O

(
∂2,

1

D3

)
(4.70)
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4.4.2.2 Determining UA

Once we have the ψ field everywhere, we could compute the unit normal to the

constant ψ surfaces.

nr =
1

r
+O

(
∂2
)

nµ = − Θ

D − 2
uµ + aµ + f(QC)Pαµ∂αQC +O

(
∂2
)

nr = r − Θ

D − 2
+O

(
∂2
)

nµ =
uµ

r
+
f(QC)

r2
Pµα ∂αQC +O

(
∂2
)

(4.71)

Now UA is defined as follows

UA = nA −OA (4.72)

After properly normalizing our null geodesic field by OA = ŌA

(nA·ŌA)
, we have

Or = 0 Oµ = −ruµ +O
(
∂2
)

Or = r +O
(
∂2
)

Oµ = 0
(4.73)

Then we can find out the membrane velocity UA as

Ur =
1

r
Uµ = ruµ −

Θ

D − 2
uµ + aµ + f(QC)Pαµ∂αQC +O

(
∂2
)

U r = − Θ

D − 2
+O

(
∂2
)

Uµ =
uµ

r
+
f(QC)

r2
Pµα ∂αQC +O

(
∂2
)

(4.74)

4.4.2.3 Determining Q̃

Next our goal is to write the smooth function Q̃ present in the large D metric and

gauge field in terms of fluid data. This function satisfies the subsidiary condition

(n · ∇) Q̃ = 0. The boundary condition which fix it completely is given by

Q̃|ψ=1 =
1√
2

(
UMAM

)
|ψ=1

= − 1√
2

√
3QC

2

(rH
r

)D−2

|ψ=1

= −
√

3QC

2
√

2

(4.75)
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We want to solve Q̃ such that (n · ∂) Q̃ = 0 and for that we will take the following

expansion in Q̃.

Q̃ = Q̃0 + Q̃1 (r − rH) + · · ·

where Q̃0 = −
√

3QC

2
√

2

(4.76)

Collecting coefficients of (r − rH)0 after applying (n · ∂) Q̃ = 0 and using the fact

that (n · ∂) Q̃0 = −
√

3QC
2
√

2 r

(
(u·∂)QC
QC

)
= 0, we have Q̃1 = 0. So finally we have

Q̃ = −
√

3 QC

2
√

2
+O

(
∂2
)

(4.77)

4.4.2.4 Relevant derivatives of the basic data

Large-D metric is determined in terms of the basic functions ψ, Q̃, UA and their

derivatives with respect to the induced coordinates on the membrane. In this sub-

section we shall convert these ‘membrane derivatives’ of the basic ‘membrane data’

in terms of the fluid data.

One of the key structure that arises repeatedly in large-D construction is the

extrinsic curvature of the membrane, viewed as a hypersurface embedded in the

background. The expressions for extrinsic curvature can be re-expressed in terms of

fluid variables as

Krr = − 1

r2
+O

(
∂2
)

Krµ = −uµ +
1

r

(
Θ

D − 2
uµ − aµ

)
+O

(
∂2
)

Kµν = r2 (Pµν − uµuν) + 2 r

(
Θ

D − 2
uµuν −

uµaν + uνaµ
2

+ σµν

)
+O

(
∂2
)

K = (D − 1) +O
(
∂2
)

(4.78)

where KAB is defined as

KAB = ΠC
A ∇C nB

with ΠAB = ḠAB − nA nB
(4.79)

The rest of the data that are relevant for our purpose are presented in the tables
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-(4.3), (4.4) and (4.5). Here ∇̂ is defined for a general n index tensor XA1A2···An as

∇̂AXA1A2···An = ΠC
AΠC1

A1
ΠC2
A2
· · ·ΠCn

An
∇CXC1C2···Cn (4.80)

Table 4.3: Scalar large-D Data in terms of fluid Data

Large-D Data Corresponding Fluid Data

S(1) ≡ (U ·∇)K
K = 0

S(2) ≡ U ·K · U = − 1

S(3) ≡ ∇̂ · U = ΠAB(∇AUB) = 0

S(4) ≡ ∇̂2K
K2 = 0

S(5) ≡ U ·
(
∇Q̃
Q̃

)
= 0

S(6) ≡ 1
K∇ ·

(
∇Q̃
Q̃

)
= 0

S(7) ≡ K
D = 1− 1

D

S(8) ≡ Ruu
K = − λ

Table 4.4: Vector large-D Data in terms of fluid Data

Large-D Data Corresponding Fluid Data

V
(1)
A dXA ≡ PC

A

(∇CK
K

)
= 0

V
(2)
A dXA ≡ PC

A (U · ∇)OC = f (QC)Pλµ∂λQC dxµ

V
(3)
A dXA ≡ PC

A (U · ∇)UC = − f (QC)Pλµ∂λQC dxµ

V
(4)
A dXA ≡ PC

A

(
∇̂2UC
K

)
= − f (QC)Pλµ∂λQC dxµ
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Table 4.5: Tensor large-D Data in terms of fluid Data

Large-D Data Corresponding Fluid Data

tAB ≡ PC
A P

C′
B

[(
∇COC′+∇C′OC

2

)
− PCC′

D
(∇ ·O)

]
=
− rσµν +

1

D

(
r2Pµν + 2rσµν

+ rf (QC)
(
uµPλν ∂λQC + uνPλµ∂λQC

) )

4.4.3 Comparing the metrics and gauge fields

In this subsection we shall take the large D limit of the fluid metric and gauge field

and match with the metric and gauge field in large D side after expressing them in

terms of fluid data.

4.4.3.1 Comparing the gauge fields

At first we decompose the fluid gauge field into scalar and vector components. As

from the gauge condition Ar component of the gauge field is zero to all order in

derivative, we write only the components in the boundary directions.

A(fluid)
µ = B(S) uµ + B(V )

µ (4.81)

where

B(S) =

√
3 r QC

2

(rH
r

)D−2

B(V )
µ = −2

√
3

(
r

rH

)D [
1− (D − 2)QC f(QC)

]
F

(1,0)
1 (ρ,M) Pλµ (∂λQC)

(4.82)

The gauge field in large-D side is given as

AM =
√

2

[
f̃ OM +

1

D
A

(1)
M +O

(
1

D

)2
]

where A(1)
M = A(s)OM +A(v)

M

(4.83)

Also in this case the radial component of the gauge field vanishes and only the

components in boundary directions are non-zero. We decompose this into scalar
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and vector components as follows

A(D)
µ = Y(S) uµ + Y(V )

µ (4.84)

where

Y(S) = −
√

2 r

(
f̃ +

1

D
A(s)

)
+O

(
1

D

)2

Y(V )
µ =

1

D

√
2 A(v)

µ +O
(

1

D

)2
(4.85)

A(s) is defined as follows

A(s) =
Ns∑
i=1

a(i)
s (Y ) S(i)

=
(
a(2)
s (Y ) S(2) + a(7)

s (Y ) S(7) +K a(Ruu)
s (Y ) S(8)

)
=
(
−a(2)

s (Y ) + a(7)
s (Y ) +K a(Ruu)

s (Y )
)

= a(total)
s (Y )

(4.86)

where Y = D(ψ − 1).4

where

a(total)
s (Y ) = −e−Y

(
1

N

)∫ ∞
0

dρ e−ρ
∫ ρ

0

dζ eζ s(total)
gauge (ζ) +

(
1

N

)∫ ∞
Y

dρ e−ρ
∫ ρ

0

dζ eζ s(total)
gauge (ζ)

(4.87)

And s
(total)
gauge is defined as

s(total)
gauge = −s(2)

gauge + s(7)
gauge + s(Ruu)

gauge

= f̃

= Q̃ e−Y +O
(

1

D

) (4.88)

4Here one should note that the integrations in the large-D side are parametrized by W =

D(ψ − 1). On the other hand we can define another parameter R̃ = D
(
r
rH
− 1
)

to expand other

functions in inverse power of dimensions. But it is easy to check that W = R̃+O
(

1
D

)
. And hence

up to the order we are interested the two parameters are just equal and we simply denote both of
them by the O(1) parameter Y without any further confusion.
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Substituting (4.88) into (4.87) we have

a(total)
s (Y ) = Y Q̃ e−Y (4.89)

Putting this in (4.86) we have

A(s) = Y Q̃ e−Y (4.90)

The vector component calculated up to leading order in large-D as

A(v)
µ =

Ns∑
i=1

a(i)
v (Y ) V (i)

µ

= f (QC)
(
a(2)
v (Y )− a(3)

v (Y )− a(4)
v (Y )

)
Pλµ (∂λQC)

= O
(

1

D

) (4.91)

So finally we have

Y(S) = −
√

2 r

(
f̃ +

1

D
Y Q̃ e−Y

)
+O

(
1

D

)2

Y(V )
µ = O

(
1

D

)2
(4.92)

Now taking the derivative of (4.21) and then expanding in 1
D

and also using the

result of C.1.1 we have

F
(1,0)
1

(
1 +

Y

D
,M

)
=

(
1

D

)2

(4.93)

Now if we expand both large-D and fluid gauge field up to O
(

1
D

)
by substituting

r = rH
(
1 + Y

D

)
, we find

Y(S) − B(S) = O
(

1

D

)2

Y(V )
µ − B(V )

µ = O
(

1

D

)2
(4.94)

So within the membrane region, the two gauge fields are equivalent to one another.
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4.4.3.2 Comparing the metric

As we have discussed earlier we can determine G(rest)
µν , by simply subtracting the

background piece from the full hydrodynamic metric once we know the background

metric in XA coordinates. After decomposing G(rest)
µν into scalar, vector and tensor

components, we can write it as follows

G(rest)
µν = G(S1)uµuν + G(S2)Pµν +

(
G(V )
µ uν + G(V )

ν uµ
)

+ G(T )
µν (4.95)

where

G(S1) = r2

(
1− V (r)

)
G(S2) = O

(
∂2
)

G(V )
µ = −3(D − 3) r2 QC

r2
H

[
1− (D − 2)QCf(QC)

]
F1(ρ,M) Pλµ (∂λQC)

G(T )
µν = 2r

(
r

rH
F2 (ρ,M)− 1

)
σµν

(4.96)

Now we will write the large D metric in terms of fluid data. The large D metric up

to first order in 1
D

can be written as

WAB = W̄AB + fOAOB +
1

D
W(1)

AB +O
(

1

D

)2

where W(1)
AB = Z(s1)OAOB +

(
Z(v)
A OB + Z(v)

B OA

)
+ Z(T )

AB

(4.97)

Subtracting the background part from this full large-D metric, we will get, W
(rest)
AB .

Now from the construction of this metric W
(rest)
rr and W

(rest)
rµ vanishes, and we only

have W
(rest)
µν , which we decompose into scalar, vector and tensor components as

follows

W (rest)
µν =W(S1)uµuν +W(S2)Pµν +

(
W(V )

µ uν +W(V )
ν uµ

)
+W(T )

µν (4.98)
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where

W(S1) = r2

(
f +

1

D
Z(s1)

)
+O

(
1

D

)2

W(S2) = O
(

1

D

)2

W(V )
µ = − 1

D
r Z(v)

µ +O
(

1

D

)2

W(T )
µν =

1

D
Z(T )
µν +O

(
1

D

)2

(4.99)

So at first we determine Z(s1) in terms of fluid variables. We write the leading order

expressions in large D expansion by substituting r = rH
(
1 + Y

D

)
.

Z(s1) =
Ns∑
i=1

S
(i)
1 (Y ) S(i)

=
(
S

(2)
1 (Y ) S(2) + S

(7)
1 (Y ) S(7) +K S

(Ruu)
1 (Y ) S(8)

)
=
(
−S(2)

1 (Y ) + S
(7)
1 (Y ) +K S

(8)
1 (Y )

)
= S

(total)
1s (Y )

(4.100)

where

S
(total)
1s (y) = −4

∫ ∞
y

dρ f̃ a(total)
s (ρ)− e−y A(total)

scalar +

(
2

N

)∫ ∞
y

dρ e−ρ
∫ ρ

0

dζ eζ s
(total)
metric(ζ)

where A
(total)
scalar = −4

∫ ∞
0

dρ f̃ a(total)
s (ρ) +

(
2

N

)∫ ∞
0

dρ e−ρ
∫ ρ

0

dζ eζ s
(total)
metric(ζ)

(4.101)

and s
(total)
metric is defined as

s
(total)
metric = −s(2)

metric + s
(7)
metric + s

(Ruu)
metric

= −2f̃ 2

= −2Q̃2 e−2 Y +O
(

1

D

) (4.102)
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Substituting (4.102) into (4.101), we have

A
(total)
scalar = −3Q̃2

S
(total)
1s (Y ) = Q̃2e−2Y

(
1− 2Y − eY

) (4.103)

And hence we have

Z(s1) = Q̃2e−2Y
(
1− 2Y − eY

)
+O

(
1

D

)
(4.104)

Now we will calculate Z(V )
µ component

Z(v)
µ = f (QC)

(
V(2) − V(3) − V(4)

)
Pλµ (∂λQC)

= O
(

1

D

) (4.105)

And the tensor component Z(T )
µν is given by

Z(T )
µν = −2r

(
D

K

)
log
(

1− Q̃2e−Y
)
σµν +O

(
1

D

)
(4.106)

So finally we have

W(S1) = r2

[
f +

1

D

(
Q̃2e−2Y

(
1− 2Y − eY

))]
+O

(
1

D

)2

W(S2) = O
(

1

D

)2

W(V )
µ = O

(
1

D

)2

W(T )
µν = −r

(
2

K

)
log
(

1− Q̃2e−Y
)
σµν +O

(
1

D

)2

(4.107)

From C.1.1, we have

F1

(
1 +

Y

D
,M

)
= O

(
1

D

)3

(4.108)

hence

G(V )
µ = O

(
1

D

)2

(4.109)
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and from C.1.2, we have

G(T )
µν = −r

(
2

D

)
log
(

1− Q̃2e−Y
)
σµν +O

(
1

D

)2

(4.110)

So finally we have

G(S1) = r2

(
1− V (r)

)
G(S2) = O

(
∂2
)

G(V )
µ = O

(
1

D

)2

G(T )
µν = −r

(
2

D

)
log
(

1− Q̃2e−Y
)
σµν +O

(
1

D

)2

(4.111)

So, now if we subtract the fluid metric from the large-D metric both expanded up

to O
(

1
D

)2
, we shall find that in the membrane region the two metric matches.

4.4.4 Comparing the evolution of two sets of data

In the previous subsection we have seen that the metric and gauge fields of both the

perturbation techniques are equivalent in their overlap regime. However, our inten-

tion is to show that the solutions generated by these two perturbation techniques

are equivalent. Hence we also have to show the equivalence of the differential equa-

tions that govern the time evolution of the defining data of both the systems. But

the defining data of hydrodynamic metric and large-D metric are constrained by

two different looking sets of differential equations. For hydrodynamic metric these

equations are given by the equations in (4.36), on the other hand the constraint

equations for the large-D case are given by equations in (4.60). To show the equiva-

lence of these two gravity solutions we have to show that once ‘membrane equations’

are satisfied, the constraint equations in hydrodynamics are also satisfied. One of
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these equations is given by5

PA
C

[
∇̂2UA
K

−
(

1 + Q̃2
) ∇̂AK

K
+ UBKBA −

(
1 + Q̃2

)(
U · ∇̂UA

)]
= O

(
1

D

)
(4.112)

We have calculated the different components of these equations in terms of fluid

data as follows

PA
C

∇̂2UA
K

= − f (QC)Pλµ∂λQC

PA
C

∇̂AK

K
= 0

PA
C U

BKBA = O
(
∂2
)

PA
C

(
U · ∇̂UA

)
= − f (QC)Pλµ∂λQC

(4.113)

Substituting these in the L.H.S of equation (4.112) evaluate to

= −f (QC)Pλµ∂λQC −
(

1 + Q̃2
) (
−f (QC)Pλµ∂λQC

)
= Q̃2 f (QC)Pλµ∂λQC

=
3

8
Q2
C f (QC)Pλµ∂λQC

= O
(

1

D

) (4.114)

As f (QC) = O
(

1
D

)
, so our membrane velocity and shape function satisfies (4.112).

The second constraint equation is

∇̂ · U = O
(

1

D

)
(4.115)

now ∇̂ · U = O (∂2). So up to the order we are interested our membrane velocity

satisfies this equation.

5It is well known that fluid equations can be written as conservation equations of a stress tensor
and charge current living on (D−1) dimensional flat space. Also from paper [37, 38] we know that
we can define a stress tensor and charge current on the membrane order by order in inverse power
of dimensions such that the membrane equations is simply the conservation equations of this stress
tensor and charge current. So it would be interesting and easier to show that the conservation of
membrane stress tensor and charge current follows from the conservation equations of fluid stress
tensor and charge current. But unfortunately at this time we do not have the expressions for the
stress tensor and charge current for a charged membrane propagating in AdS space. Hence we are
forced to check the equivalence of the two different looking sets of constraint equations, namely
membrane equations and fluid equations.
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And the third equation is given by

∇̂2Q̃

K
− U · ∇̂Q̃− Q̃

[
U · ∇̂K
K

− U ·K · U − Ruu

K

]
= O

(
1

D

)
(4.116)

The large-D structures appeared in this equation can be calculated in terms of fluid

data as

∇̂2Q̃

K
= 0

U · ∇̂Q̃ = 0

U · ∇̂K
K

= 0

U ·K · U = −1

Ruu

K
= −λ

(4.117)

Substituting these the L.H.S of (4.116) we can check that (4.116) is also satisfied.

So up to the order we are interested our membrane velocity satisfies this equation.

So we have shown that our membrane equations follow as a consequence of fluid

constraint equations.

4.5 Conclusions:

In this chapter, we have compared two different perturbation techniques - namely

derivative expansion and expansion in inverse powers of dimension, in the regime

where both techniques are applicable.

We have considered the case, when these techniques are used to generate asymptot-

ically AdS, dynamical black hole type solutions of Einstein-Maxwell systems. We

have shown that in the appropriate regime of the parameter space, the two solutions

are equivalent to one another up to the first non-trivial order in both the pertur-

bation parameters. It turns out that after a series of gauge transformations and

field redefinitions, the metrics and the gauge fields generated by these two different

techniques are exactly same up to the order the solutions are known on both sides.

This work could be extended to many directions. Below we are listing few of them.

We have discussed in the introduction the cause of the equivalence. But it is also

important to chart out the subtle details of the redefinitions and transformation it
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involves. If we know how and when the two perturbation techniques generate the

same solution, it will help us to find out when they are really different where one

is generating new set of dynamical black hole solutions that could not be generated

from the other. So once we identified and studied the overlapping regime of the

parameter space, it would be interesting to look at the non-overlapping regimes.

Because of the very generic nature of the physical intuition that asserts this

equivalence, we believe that it exists not only for pure Einstein systems or Einstein-

Maxwell systems but also for Einstein-dilaton systems, higher-derivative gravity

theory [46, 55, 72, 73] or any other systems where we can apply both the perturbation

techniques. However, our explicit calculations are very much system-specific, which

somehow obscures this genericity. It would be interesting to set these calculations

more physically or abstractly, without using too much details of a given theory.

In some sense, this chapter is also describing a duality between the dynamics of

a (D− 1) dimensional charged and massive membrane, embedded in D dimensional

AdS space and that of charged fluid, living on the boundary of the AdS space. The

basic variables of charged fluids are temperature (T ), velocity (uµ) and charge den-

sity (Q); whereas any charged dynamical membrane would be characterized by the

embedding function (ψ), the charge density field (Q̃) and the velocity field (UA)6.

The statement of the duality could be as follows.

If it is possible to have an all order completion for both the membrane equations

and the relativistic fluid equations, then they are actually the same equations, just

written in terms of two different sets of variables.

In this chapter, we have worked out this variable redefinition (see equations (4.70),(4.73)

and (4.74)), needed to show the equivalence, up to the order the equations are known

on both sides.

As it is clear from all previous discussions, the key reason for this equivalence is

the fact that both the systems are dual to the same gravity solution in the overlap

regime of the two perturbation parameters. Still it might be possible to formulate

the duality, removing the gravity altogether, because once we know the appropriate

variable redefinition, that is enough to show the equivalence of the membrane and

fluid equations. However, we should emphasize that at this stage it is a duality

between a very specific membrane and a very specific fluid, the ones that could have

gravity duals. It would be really interesting to see if we can extend such duality

to more generic fluids and membranes. It will provide new ways to analyze the

6Just like the velocity field in fluids, the membrane velocity UA captures the charge or mass
redistribution within the membrane.
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unsolved problems in both sets of equations.



Chapter 5

Conclusion and future directions

In this thesis, we have compared two different gravity solutions to Einstein’s equa-

tions in presence of negative cosmological constant produced by two different per-

turbation techniques, namely ‘derivative expansion’ and ‘large D expansion’ [1, 2,

3].

The gravity solution generated in ‘derivative expansion’ in D space-time dimen-

sion is dual to the dynamics of the relativistic conformal fluid living on the (D− 1)

dimensional flat space-time. The different dynamical black-brane geometry gen-

erated in ‘derivative expansion’ is characterized by a unit normalized four velocity

uµ(x), temperature scale set by the horizon radius rH(x) (the local fluid temperature

is related to rH(x) by T (x) = (D−1)
4π

rH(x)) and charge density (for Einstein-Maxwell

system) living on (D − 1) dimensional flat space-time. On the other hand, the dif-

ferent gravity solutions generated in ‘large D expansion’ are dual to the dynamics

of a co-dimension one probe membrane embedded in the asymptotic geometry (in

our case pure AdS) coupled with a velocity field and charge density (for Einstein-

Maxwell system). In this case, the different ‘black hole type’ solutions are labelled

by the shape of the membrane, a unit normalized velocity field and charge density

(for Einstein-Maxwell system) all of them live on a (D − 1) dimensional hypersur-

face. In terms of counting the number of variables the solutions generated in these

two different techniques are very similar though the governing data and the space

of defining data are very different.

We have found that one could apply both the perturbation techniques simulta-

neously in a regime of parameter space and argued that there should be an overlap

regime between these two techniques and in that regime, the two solutions generated

by the two different techniques should match. In large number of space-time dimen-

sions whenever derivative expansion is applicable we could always apply ‘large D
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expansion’ though the reverse may not be true. In a nutshell, we have re-expressed

the metric generated in ‘derivative expansion’ in the form of the metric generated

in the large D expansion up to the second subleading order for the pure gravity

system and up to the first subleading order for the Einstein-Maxwell system in both

the perturbation parameter. But the matching of the two gravity solutions is not

at all manifest and we could match the two gravity solutions generated in these two

different perturbation techniques after a series of coordinate transformations and

field redefinitions.

On physical ground, the reason behind the matching of the two gravity solutions

is as follows. Since we can use the same space-time geometry (namely the space-

time geometry of Schwarzschild black brane) as the starting point for both the

perturbation procedure and given the starting point and the labelling data both the

perturbation schemes generate the higher order corrections uniquely, it follows that

the solutions should be the same.

Though the matching of the two gravity solutions is expected on physical ground,

the detailed comparison between these two different gravity solutions is important

for the following many reasons. First of all, it would help to explicitly work out the

map between dynamical black-brane geometry generated in ‘derivative expansion’

technique and the pure AdS space (which exists even when the space-time dimension

D is finite). In that process, we could find out the field redefinition between the fluid

and membrane degrees of freedom and it implies some interesting re-summation of

one series into another. For example, even the leading term in the Navier-Stokes

equations of hydrodynamics contains arbitrarily higher order corrections in 1/D

of the membrane equations. It essentially says that they are essentially the same

equations but written in different variables. It can also give us some insight into the

finite D completion of the membrane stress tensor [36].

The dynamical black-brane geometry generated in ‘large D expansion’ is writ-

ten in a particular ‘split’ form, where the full space-time metric is written as the

background AdS metric and something else to all orders in 1/D. So, the space-time

generated in this technique always admits a particular map from the full space-time

space to the background AdS space. But the metric generated in ‘derivative expan-

sion’ to begin with does not have such a ‘split’ form. In this work, we have described

that this particular map also exists for the space-time generated in ‘derivative ex-

pansion’. And the map also exists even at finite number of dimensions irrespective

of large D limit. After determining the ‘split’ of the hydrodynamic metric we could

show the equivalence of the two gravity solutions in the appropriate regime of pa-
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rameter space.

Let us now mention one important point for the comparison in the Einstein-

Maxwell system. Naively from the large D effective theory it seems that as the

gravitational field is localized only within the near horizon region, it does not care

about the asymptotic geometry. But for the Einstein-Maxwell system even at the

very leading order in membrane equations the curvature of background AdS appears.

For that reason, the comparison, in this case, is more rigorous.

In a sense, we could view the equivalence of the two gravity solutions generated

in these two perturbation techniques as describing a duality between the dynamics of

a (D−1) dimensional membrane propagating in pure AdS space and that of a fluid,

which lives on the boundary of the AdS space-time. We could get a field redefinition

between fluid and membrane variables (which we believe will exist to all orders). We

hope that such a writing could lead to a new duality between fluid and membrane in

large dimensions (more ambitiously in finite dimensions also) where gravity has no

role to play. In this work, we have explicitly shown that up to subleading order in

pure gravity and up to leading order in the Einstein-Maxwell system the membrane

equations correctly reproduce the Navier-Stokes equations of hydrodynamics. Even

the leading term in the membrane equations contains arbitrarily higher derivative

corrections to Navier Stokes equations and keeps only those terms that survive in

large D limit. All these things imply a particular resummation of one series into

another series. We end the conclusion with a few future directions.

We have compared the solutions in the overlap regime of parameter space where

both perturbation techniques can be applied. However, in chapter 2, we have de-

scribed that there is a non-overlap regime, where we could apply ‘large D’ but

‘derivative expansion’ could not be applied. In this regime, we can construct some

genuinely new black hole solutions that have not been described by other.

The very generic nature of the arguments and algorithm used in the comparison

of the two gravity solutions implies that the equivalence not only exists for pure

gravity or the Einstein-Maxwell system but also will exist for higher derivative theory

and some other possible system. But our explicit calculation is very much dependent

on the detail of the metric. Hence, it would be interesting to set up the calculation

more abstractly, without using too much details of the information about the specific

systems.

We have established the equivalence of the two metrics only within the mem-

brane region. In [36] the authors have computed the boundary stress tensor from

the linearized gravitational fluctuations sourced by the membrane stress tensor and
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matched it with the dual hydrodynamic stress tensor. Now as we know the ‘split’ of

the fluid-gravity metric, we can match the metric coefficients outsides the membrane

region also, which are non-perturbative in large D expansion.

In AdS space, there exist similar-looking constructions of the horizon stress ten-

sor in terms of boundary stress tensor by following a radial flow of constraint Ein-

stein’s equations on cut-off surfaces in the background AdS [40, 41]. In some way,

they are a bit different from ‘large-D’ construction of the membrane stress tensor.

For example, they do not resum the derivative expansion. Also, they remain like

fluid equations all along the radial flow and reduce to non-relativistic fluid equa-

tions on the horizon. However, there must be some relations between this radial

flow of Einstein’s equations down to the horizon and the membrane stress tensor

carried towards the AdS boundary via gravitational radiation [36]. It would be very

interesting to explore these relations further.
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Appendices for chapter 2

A.1 Analysis of F (r/rH)

In this section, we shall evaluate the integral (2.53) in large D limit. For convenience

we are quoting the equation here.

F (y) = y

∫ ∞
y

dx
xD−2 − 1

x(xD−1 − 1)
(A.1)

We would like to evaluate this integral systematically for large D. Let us first eval-

uate the integral for y ≥ 2. In this case, since D is very large, xD >> 1 throughout

the range of integration. So we shall expand the integrand in the following way.

xD−2 − 1

x(xD−1 − 1)
=

(
1

x2

)(
1− x−(D−2)

) (
1− x−(D−1)

)−1

=

(
1

x2

)(
1− x−(D−2)

)(
1 +

∑
m=1

x−m(D−1)

)

=

(
1

x2

)(
1 +

∑
m=1

[
x−m(D−1) − x−m(D−1)+1

])
(A.2)

Integrating (A.2) we find

y

∫ ∞
y≥2

dx
xD−2 − 1

x(xD−1 − 1)
= 1 +

∑
m=1

[(
1

(D − 1)m+ 1

)
y−(D−1)m −

(
1

(D − 1)m

)
y−(D−1)m+1

]
(A.3)
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Clearly, the sums in the RHS of (A.3) are convergent for y ≥ 2. Let us denote the

RHS as k(y).

However, the expansion in (A.2) is not valid inside the ‘membrane region’, i.e., when

y − 1 ∼ O
(

1
D

)
and naively k(y) is not the answer for the integral.

But consider the function k̃(y) = F (y) − k(y). This function vanishes for all

y ≥ 2 and also by construction, it is a smooth function at y = 2 (none of the

derivatives diverge). Hence k̃(y) must vanish for every y. So we conclude, for every

allowed y (i.e., y ≥ 1)

F (y) = 1 +
∑
m=1

[(
1

(D − 1)m+ 1

)
y−(D−1)m −

(
1

(D − 1)m

)
y−(D−1)m+1

]
(A.4)

Note that F (y) reduces to 1 as y →∞ as required in section (2.3.3.2).

Now we would like to expand F (y) in a series in
(

1
D

)
, where y is in the membrane

regime.

y = 1 +
Y

D
, Y ∼ O(1)

In this regime F (y) takes the following form

F (y) = F

(
1 +

Y

D

)
= 1−

(
1

D

)2 ∑
m=1

(
1 +mY

m2

)
e−mY +O

(
1

D3

)
(A.5)

In this appendix, we consider only the first subleading correction in
(

1
D

)
expansion.

Therefore F (y) could be set to 1 for our purpose.

A.2 Derivation of ψ in {Y A} = {ρ, yµ} coordinates

In this section, we shall give the derivation of ψ as mentioned in eq (2.76). We want

to solve ψ such that ∇2ψ−D = 0. Where ∇ is the covariant derivative with respect

to the background metric

ds2
background =

dρ2

ρ2
+ ρ2ηµν dy

µ dyν (A.6)

we can expand ψ as follows

ψ = 1 +

(
A10 + ε B10 +

A11 + ε B11

D

)
(ρ− rH) + (A20 + ε B20)(ρ− rH)2 +O

(
1

D3

)
(A.7)
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Here ε denotes that Bij’s are O(∂) terms.

∇2
(
ψ−D

)
= 0

⇒ ψ
(
∇2ψ

)
− (D + 1)(∇Aψ)(∇Aψ) = 0

⇒ ψ ρ2

[
∂ρ∂ρψ − Γρρρ(∂ρψ)− Γµρρ(∂µψ)

]
+
ψ

ρ2
ηµν
[
− Γρµν(∂ρψ)− Γαµν∂αψ

]
− (D + 1) ρ2 (∂ρψ)2 +O(∂)2 = 0

(A.8)

The required Christoffel symbols are

Γρρρ = −1

ρ
; Γµρρ = 0; Γρµν = −ρ3ηµν ; Γαµν = 0; (A.9)

Using the above Christoffel symbol we get

ψ

[
ρ2 ∂2

ρψ +Dρ ∂ρψ

]
− (D + 1) ρ2 (∂ρψ)2 = 0 (A.10)

Now,

∂ρψ =

(
A10 + ε B10 +

A11 + ε B11

D

)
+ 2 (A20 + ε B20)(ρ− rH)

∂2
ρψ = 2 (A20 + ε B20)

(A.11)

Solving, (A.10) order by order in derivative expansion we get the following solution

ψ(ρ, yµ) = 1 +

(
1− 1

D

)(
ρ

rH(yµ)
− 1

)
+O

(
1

D

)3

(A.12)

A.3 Computing different terms in membrane equa-

tion

In this section we shall give the details of calculations of different terms that appear

in the membrane equation. The different components of the projector defined in

(2.86) are given by

Πρ
ρ = 0; Πρ

µ = ∂µrH ; Πµ
ρ =

1

r4
H

(∂µrH); Πµ
ν = δµν (A.13)
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The different components of the Christoffel symbol of the background metric in

Y A = {ρ, yµ} co-ordinates are given by

Γρρρ = −1

ρ
; Γρµρ = 0; Γρµν = −ρ3ηµν ; Γνµρ =

1

ρ
δνµ; Γαµν = 0; Γµρρ = 0;

(A.14)

From (2.87) it is clear that we need only Kρα and Kαβ component of extrinsic

curvature

Kρµ = ΠC
ρ

(
∂Cnµ − ΓDCµnD

)
= Πν

ρ

(
∂νnµ − Γρνµnρ

)
=
∂µrH
r2
H

Kµν = ΠC
µ

(
∂Cnν − ΓDCνnD

)
= Πρ

µ

(
∂ρnν − Γρρνnρ

)
+ Πα

µ

(
∂αnν − Γρανnρ

)
= −δαµ Γρανnρ

= ρ2 ηµν

(A.15)

Now, as mentioned in (2.87) in terms of the intrinsic coordinates on the membrane

the extrinsic curvature will have the structure

Kαβ = Kρρ (∂αrH) (∂βrH) + [Kρα (∂βrH) +Kρβ (∂αrH)] +Kαβ

= r2
H ηαβ +O(∂)2

(A.16)

The trace of the extrinsic curvature

K = (D − 1) +O(∂2) (A.17)

For the calculation of the extrinsic curvature we need background metric, where for

the rest of the calculation we require induced metric on the horizon. The induced

metric on the horizon is given by

gαβ = r2
H ηαβ +O(∂2) (A.18)
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The Christoffel symbol of the induced metric

Γδβα =

(
δδβ
∂αrH
rH

+ δδα
∂βrH
rH
− ηαβ

∂δrH
rH

)
(A.19)

Now we shall calculate all the terms mentioned in (2.93). First, we shall calculate

∇̂ · U = gαβ ∇̂αUβ

=
ηαβ

r2
H

[
∂αUβ − ΓδαβUδ

]
+O(∂)2

=
ηαβ

r2
H

[
∂α (rH uβ)− (rH uδ)

(
δδβ
∂αrH
rH

+ δδα
∂βrH
rH
− ηαβ

∂δrH
rH

)]
+O(∂)2

= (D − 2)

(
(u · ∂)rH

r2
H

)
+
∂ · u
rH

+O(∂)2

(A.20)

Now we shall calculate ∇̂2Uµ and
(
U · ∇̂

)
Uα

∇̂2Uµ = gαβ∇̂α∇̂βUµ

= gαβ
[
∂α(∇̂βUµ)− Γδαβ(∇̂δUµ)− Γδαµ(∇̂βUδ)

]
= O(∂)2

(A.21)

(
U · ∇̂

)
Uα = Uβ(∂βUα)− Uβ ΓδβαUδ

=
uβ

rH

(
rH(∂βuα) + uα(∂βrH)

)
− uβ

rH
(rH uδ)

(
δδβ
∂αrH
rH

+ δδα
∂βrH
rH
− ηαβ

∂δrH
rH

)
+O(∂2)

= (u · ∂)uα + uα

(
(u · ∂)rH

rH

)
+
∂αrH
rH

+O(∂2)

(A.22)

Now,

Uα Kαβ Pβγ = (δβγ + Uβ Uγ)(U
α r2

H ηαβ) +O(∂2)

= (δβγ + Uβ Uγ)Uβ +O(∂2)

= O(∂2)

(A.23)
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Appendices for chapter 3

B.1 Comparison up to O
(
∂2, 1

D

)
following [1] ex-

actly:

As we have already mentioned in chapter 3, the computation of this note is quite

different in its approach from that of [69] and in fact a bit conjectural in few steps.

We could see these simple general patterns, conjectured to be true to all orders (for

example see equations (3.32) and (3.43)) only after we have done some detailed cal-

culations, keeping all allowed arbitrariness, to begin with at every stage and fixing

them one by one exactly the way it has been done in [69]. In this appendix, we

shall record this way of doing the calculation. Though it looks clumsy, the clear

advantage in this brute-force method is that it is bound to give the correct result at

the end.

Assuming derivative expansion, the most general form of ŌA∂A at second order

in derivative expansion which is null with respect to the full hydrodynamic metric

GAB is the following

ŌA∂A = ∂r +

(
5∑
i=1

Bi(r) s(i)

)
∂r +

5∑
i=1

B5+i(r) vµ(i)∂µ (B.1)

Now imposing the condition that ŌA is affinely parametrized null geodesic with

respect to GAB i.e., (ŌA∇A)ŌB = 0, the form of ŌA becomes

ŌA∂A = ∂r +

(
5∑
i=1

bi s(i)

)
∂r +

5∑
i=1

(
b5+i

r2

)
vµ(i)∂µ (B.2)
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Where bi’s are arbitrary constants.

As before, we shall start with the most general possible form of fA ’s upto

second order in derivative expansion, substituing the answer for zeoth and first

order correction from [1].

ρ = r − Θ

D − 2
+

5∑
i=1

ci(r) si

yµ = xµ +
uµ(x)

r
+

(
Θ

D − 2

)(
uµ

r2

)
+Kµ

(old) +

(
5∑
i=1

c̃i(r) si

)
uµ +

(
5∑
i=1

ṽi(r) vµi

)
(B.3)

Where, Kµ
(old) is defined as

Kµ
(old) = k1(rH)

(
Θ

D − 2

)
uµ + k2(rH) aµ (B.4)

We shall determine fA ’s by using

EB ≡ ŌA
(
GAB − ḠAB

)
= 0 (B.5)

Here, GAB is full hydrodynamic metric in {X} and ḠAB is background metric in

{X}. Different components of ḠAB are as follows

Ḡrr =
2

r2

[
5∑
i=1

si

(
c′i(r) + r2c̃′i(r)−

2ci
r

)
+

(
3

r2

)
s1

]

Ḡrµ = −uµ +

(
3

r2

)
s1 uµ + uµ

5∑
i=1

(
r2c̃′i −

2ci
r

)
si +

5∑
i=1

(
r2ṽ′iv

i
µ

)
− uβ∂µKβ

(old)

Ḡµν = r2(Pµν − uµuν) + 2r

(
Θ

D − 2

)
uµuν + r [2 σµν − aµuν − aνuµ]

+ (Pµν − uµuν)

[
5∑
i=1

2r ci(r)si

]
− uµuν [s1 − s2 + 2s5] + uµ

[
v(2)
ν − v(3)

ν + v(4)
ν

]
+ uν

[
v(2)
µ − v(3)

µ + v(4)
µ

]
+
[
t(1)
µν − t(2)

µν + t(3)
µν

]
+ r2

[
∂µK

(old)
ν + ∂νK

(old)
µ

]
(B.6)
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Solving, Er = 0 and uµEµ = 0 we get the following solution

c1(r) = r

(
rH

∂k1

∂rH

)
+ p1, c̃1(r) =

1

r3
− p1

r2
− rH

r

(
∂k1

∂rH

)
+ p̃1,

c2(r) = −k2r + p2, c̃2(r) =
k2

r
− p2

r2
+ p̃2,

c3(r) = p3, c̃3(r) = −p3

r2
+ p̃3,

(B.7)

c4(r) = p4, c̃4(r) = −p4

r2
+ p̃4,

c5(r) = −k1r + p5, c̃5(r) =
k1

r
− p5

r2
+ p̃5.

Solving, PµνEν = 0

ṽ1(r) =
1

r

(
k2 − rH

∂k1

∂rH

)
+ q1, ṽ2(r) = −k2

r
+ q2, ṽ3(r) =

k2

r
+ q3

ṽ4(r) =
k1

r
+ q4, ṽ5(r) = q5

(B.8)

Substituting the solutions for ci, c̃i and ṽi it is easy to figure out the form of back-

ground metric ḠAB in {X} coordinates. Now, to get the Grest
AB , we have to subtract

off ḠAB from the hydrodynamic metric presented in section-(3.2). The Grest
rr and Grest

rµ

simply vanish.

G(rest)
rr = 0, G(rest)

rµ = 0 (B.9)

The structure of Grest
µν is a bit complicated. We first decompose it into the scalar

vector and the tensor sectors.

G(rest)
µν = G(1)

S uµuν + G(2)
S Pµν +

(
G(V )
µ uν + G(V )

ν uµ
)

+ G(T )
µν (B.10)
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Where, G(1)
S , G(2)

S , G(V )
µ and G(T )

µν have the following forms

G(1)
S = r2

(rH
r

)D−1

+ r2
(rH
r

)D−1
[
− 1

r2
H

(
1

2
− R̃

D

)
s(3) +

1

r2
H

(
1

2
− R̃ + 2

D

)
s(4)

]

+ 2 r

[(
r rH

∂k1

∂rH
+ p1

)
s(1) − (k2 r − p2)s(2) + p3 s(3) + p4 s(4) − (k1 r − p5)s(5)

]
− 2 r2

[
rH

(
∂k1

∂rH

)
s(1) − k1 s(5) − k2 s(2)

]
G(2)
S = −2 r

[(
r rH

∂k1

∂rH
+ k1 r + k2 r + p1

)
s(1) − (k2 r − p2)s(2) + p3 s(3)

+ p4 s(4) − (k1 r − k2 r − p5)s(5)

]
G(V )
µ = r2

[
(k1 − k2) + rH

∂

∂rH
(k1 − k2)

]
v(1)
µ − (k1 − k2) r2 v(4)

µ − 2 k2 r
2
(
v(3)
µ − v(2)

µ

)
G(T )
µν = −2 k2 r

2 t(1)
µν − 2 k1 r

2

(
Θ

D − 2

)
σµν

(B.11)

Now, in the large-D side the metric is quite simple if we neglect terms of order

O
(

1
D

)2
.

GAB = ḠAB +Grest
AB

where Grest
AB =

(
ψ−D

Φ2

)
ŌAŌB

(B.12)

Where,

ψ−D =
( r
H

)−D+1

−
(
r

rH

)−D+1(
1

r2
− 1

r2
H

)
D − 1

(D + 1)

[
s1 − s2 +

1

2
(s3 − s4) + 2 s5

]
+

(
r

rH

)−D+1

s4

[
2

(D − 2) rH

(
1

r
− 1

rH

)]
+O(∂)3

Φ2 =
1

r2
− 1

r4

[
s1 − s2 − 4

(
r

rH

)
s4

(D − 1)(D − 2)
+ 2s5

]
+O(∂)3

ŌA dX
A = −uµ dxµ −

(
5∑
i=1

bi s(i) uµ −
5∑
i=1

b5+i v
(i)
µ

)
dxµ

(B.13)

After using equation (B.13) we could rewrite Grest
AB in terms of scalar, vector and
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tensor type fluid data.

Grest
rr = 0, Grest

rµ = 0

Grest
µν = G

(1)
S uµuν +G

(2)
S Pµν +

(
G(V )
µ uν +G(V )

ν uµ
)

+G(T )
µν

(B.14)

where

G
(1)
S = r2

(rH
r

)D−1

+ r2
(rH
r

)D−1
[

1

r2
H

(
R̃

D
− 1

2

)
s3 +

1

r2
H

(
1

2
− R̃ + 2

D

)
s4 + 2

5∑
i=1

bi s(i)

]
G

(2)
S = 0

G(V )
µ = − r2

(rH
r

)D−1
(

5∑
i=1

b5+i v
(i)
µ

)
G(T )
µν = 0

(B.15)

Now we demand that each component of Grest
AB should be exactly equal to the same

component of Grest
AB . We shall start from the tensor sector. G

(T )
µν vanishes and there-

fore we shall set G(T )
µν to zero implying

k1 = 0; k2 = 0 (B.16)

Now once we set k1 and k2 to zero, G(V )
µ vanishes. Therefore G

(V )
µ also must vanish

and that determines the constants b5+is.

b5+i = 0, i = {1, · · · , 5} (B.17)

Next we come to the comparison of G(2)
S and G

(2)
S . After setting k1 and k2 to zero,

G(2)
s turns out to be

G(2)
s = −2r

5∑
i=1

pi s(i) (B.18)

whereas from equation (B.15) we see G
(2)
S vanish. These two would be equal if we

set all the constants pi s to zero.

pi = 0, i = {1, · · · , 5} (B.19)

Substituting equation (B.16) and (B.18) in equation (B.11), and equating G(1)
s with
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G
(1)
S we find

bi = 0, i = {1, · · · , 5} (B.20)

The final form of OA becomes

OA∂A = ∂r +O
(
∂3
)

(B.21)

The final form of the mapping functions are

ρ = r − Θ

D − 2
+O(∂)3

yµ = xµ +
uµ(x)(
r − Θ(x)

D−2

) +

(
5∑
i=1

p̃i si

)
uµ +

(
5∑
i=1

q̃i v
µ
i

)
+O(∂)3

(B.22)

Where, p̃i and q̃i are some arbitrary constants.

They clearly match with (3.32) and (3.43) upto the required order1

B.2 Large-D limit of the functions appearing in

hydrodynamic metric

In this appendix, we shall evaluate the integrations appearing in equation (3.69). We

are interested in some expressions, which could be further expanded in inverse powers

of dimension. But unfortunately we have not been able to do these integrations

exactly in arbitrary D and therefore we had to use several tricks to get to the

answers, required for our comparison.

Integration would be done separately for two cases. One is for those ranges of y

so that the metric remains within the ‘membrane region’. Here we have to be careful

so that we could fix each factor up to the corrections of order O
(

1
D

)3
. This is the

regime where we expect a detailed match between the large D and the hydrodynamic

metric.

Next, we perform these integrations outside the membrane regime. Here it is enough

1The last two set of terms in the expression of yµ do not get fixed by the matching at order
O(∂)2. They are equivalent to the terms Kµ

old, which were O(∂) terms in the expression of yµ and
did not get fixed from matching at O(∂). But Kµ

old do get fixed from matching at order O(∂)2

and which turns out to be zero. We think that these undetermined terms in yµ will get fixed from
the matching at the next order (i.e., O(∂)3). We can very easily see that the expression of yµ is

consistent with (3.32) uµ( ∂ξ
µ

∂xν ) = O(∂)3.
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for us to show the overall falloff behavior of these integrations as a function of D.

B.2.1 Within the membrane region

B.2.1.1 F (y) :

F (y) = 1 +
∞∑
m=1

[
y−m(D−1)

m(D − 1) + 1
− y−m(D−1)+1

m(D − 1)

]
(B.23)

Expanding in 1
D

, after putting y = 1 + Y
D

,

F (y) = F

(
1 +

Y

D

)
= 1−

(
1

D

)2 ∞∑
m=1

(
1 +mY

m2

)
e−mY +O

(
1

D3

)
= 1 +

1

D2

(
Y Log

[
1− e−Y

]
− PolyLog

[
2, e−Y

])
+O

(
1

D

)3

(B.24)

B.2.1.2 H1(y) :

Expanding the integrand:

Integrand =
1

x

[
xD−3 − 1

xD−1 − 1

]
=

1

x3

[
1− x−(D−3)

] [ ∞∑
m=0

x−m(D−1)

]

=
1

x3

[
1 +

∞∑
m=1

(
x−m(D−1)

)
−
∞∑
m=1

(
x−m(D−1)+2

)]
(B.25)

After integration

H1(y) = 2y2

∫ ∞
y

dx

x

[
xD−3 − 1

xD−1 − 1

]
= 2y2

∫ ∞
y

dx

x3

[
1 +

∞∑
m=1

(
x−m(D−1)

)
−
∞∑
m=1

(
x−m(D−1)+2

)]

= 1 + 2
∞∑
m=1

[
y−m(D−1)

m(D − 1) + 2

]
− 2

∞∑
m=1

[
y−m(D−1)+2

m(D − 1)

] (B.26)
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Large-D expansion after substituting y = 1 + Y
D

H1

(
1 +

Y

D

)
= 1−

(
2

D

)2 ∞∑
m=1

(
1 +mY

m2

)
e−mY +O

(
1

D

)3

(B.27)

B.2.1.3 K1(y) :

F (y) = 1 +
∞∑
m=1

[
y−m(D−1)

m(D − 1) + 1
− y−m(D−1)+1

m(D − 1)

]
(B.28)

yF ′(y)− F (y) = −1 + (y − 1)
∞∑
m=1

y−m(D−1) = −1 +
y − 1

yD−1 − 1
(B.29)

[
yF ′(y)− F (y)

y

]2

=
1

y2
+
∞∑
m=1

[
m

(
1− y
y

)2

y−(m+1)(d−1) − 2

(
y − 1

y2

)
y−m(D−1)

]
(B.30)

∫ ∞
y

(
dz

z2

)(
z F ′(z)− F (z)

)2

=
1

y
+
∞∑
m=1

[
1

y

(
2

m(D − 1) + 1

)
− 2

m(D − 1

]
y−m(D−1)

+
∞∑
m=1

[
− 2 m

(D − 1)(m+ 1)
+

1

y

(
m

m(D − 1) +D

)
+ y

(
m

(D − 1)m+D − 2

)]
y−(D−1)(m+1)

(B.31)
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K1(x)

= 2x2

∫ ∞
x

dy

y2

∫ ∞
y

(
dz

z2

)(
z F ′(z)− F (z)

)2

= 1 + 4
∞∑
m=1

[
1

[(D − 1)m+ 1][(D − 1)m+ 2]
− x

[(D − 1)m+ 1][m(D − 1)]

]
x−m(D−1)

+ 2
∞∑
m=1

m

[
1

[(D − 1)m+D][D(m+ 1)− (m− 1)]
− 2 x

[(D − 1)(m+ 1)][D(m+ 1)−m]

+
x2

[(D − 1)(m+ 1)][D(m+ 1)− (m+ 2)]

]
x−(D−1)(m+1)

(B.32)

Substituting x = 1 + X
D

and taking the large-D limit

K1

(
1 +

X

D

)
= 1−

(
1

D

)3 ∑
m=1

(
4

m3

)
(2 +m X)e−m X +O

(
1

D

)4

(B.33)

B.2.1.4 K2(y) :

K2(y) =

∫ ∞
y

(
dx

x2

)[
1− 2(D − 2) xD−2 −

(
1− 1

x

)(
xF ′(x)− F (x)

)
+

(
2(D − 2)xD−1 − (D − 3)

)∫ ∞
x

dz

z2

(
zF ′(z)− F (z)

)2]
(B.34)

Naively the integration of K2(y) seems to be diverging. But upon appropriate ex-

pansion the singular terms cancel among themselves. After substituting (B.29) and

(B.31) in (B.34) we can integrate the whole expression.
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K2(y)

=
2

y
− 1

y2

(
D − 2

2

)
+
∞∑
m=1

[(
D(m− 1)− 3m+ 2

[(d− 1)m][D(m+ 1)− (m+ 2)]

)
+

1

y

(
2 [−(D − 3)m2 + 2(D − 2)m+D − 3]

[(D − 1)m(m+ 1)][(D − 1)m+ 1]

)
+

1

y2

(
D2 (m2 − 3m− 2) +D (−4m2 + 10m+ 5) + 3(m− 3)m

[(D − 1)m+ 1][(D − 1)m+ 2][D(m+ 1)−m]

)]
y−m(D−1)

+
∞∑
m=1

[
1

y

(
2(D − 3)m

[(D − 1)(m+ 1)][D(m+ 1)−m]

)
−
(

(D − 3)m

[(D − 1)(m+ 1)][D(m+ 1)− (m+ 2)]

)
− 1

y2

(
(D − 3)m

[D(m+ 1)−m][D(m+ 1)− (m− 1)]

)]
y−(D−1)(m+1)

+
∞∑
m=1

[
1

y

(
4(d− 2)

[d(m− 1)−m+ 3][(d− 1)m+ 1]

)
− 4(d− 2)

[(d− 1)m][d(m− 1)−m+ 2]

]
y−D(m−1)+(m−2)

(B.35)

Now, after putting x = 1 + X
D

we get

K2

(
1 +

X

D

)
= −

(
D

2

)
+ (3 +X)−

(
1

2D

)[
X ( 8 + 3X )

]
+O

(
1

D

)2

(B.36)

B.2.1.5 L(y):

L(y) =

∫ ∞
y

dx xD−2

∫ ∞
x

dz

z3

[
z − 1

zD−1 − 1

]
=

∫ ∞
y

dx xD−2

∫ ∞
x

dz

∞∑
m=1

[
z−m(D−1)−2 − z−m(D−1)−3

]
=

∫ ∞
y

dx xD−2

∞∑
m=1

[
x−m(D−1)−1

m(D − 1) + 1
− x−m(D−1)−2

m(D − 1) + 2

]
=

∫ ∞
y

dx
∞∑
m=0

[
x−m(D−1)−2

(m+ 1)(D − 1) + 1
− x−m(D−1)−3

(m+ 1)(D − 1) + 2

]
=

∞∑
m=0

[
y−m(D−1)−1

[(m+ 1)(D − 1) + 1] [m(D − 1) + 1]
− y−m(D−1)−2

[(m+ 1)(D − 1) + 2] [m(D − 1) + 2]

]
(B.37)

Substituting y = 1 + Y
D

we find

L

(
1 +

Y

D

)
= O

(
1

D

)3

(B.38)
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B.2.1.6 H2(y):

H2(y) = F (y)2 − 2 y2

∫ ∞
y

dx

x(xD−1 − 1)

∫ x

1

dz

z

[
zD−3 − 1

zD−1 − 1

]
(B.39)

We shall first process the integral∫ ∞
y

dx

x(xD−1 − 1)

∫ x

1

dz

z

[
zD−3 − 1

zD−1 − 1

]
=

(∫ ∞
1

dz

z

[
zD−3 − 1

zD−1 − 1

])∫ ∞
y

dx

x(xD−1 − 1)
−
∫ ∞
y

dx

x(xD−1 − 1)

∫ ∞
x

dz

z

[
zD−3 − 1

zD−1 − 1

]
= −Q(D)

Log[1− y−(D−1)]

D − 1
−
∫ ∞
y

dx

x(xD−1 − 1)

∫ ∞
x

dz

z

[
zD−3 − 1

zD−1 − 1

]
(B.40)

In the third step we have used the following identities.∫ ∞
1

dz

z

[
zD−3 − 1

zD−1 − 1

]
= −

(
1

D − 1

)[
EulerGamma + PolyGamma

(
0,

2

D − 1

)]
≡ Q(D)∫

dx

x(xD−1 − 1)
=

Log[1− x−(D−1)]

D − 1

(B.41)

Now the second term could be processed in an expansion.∫ ∞
y

dx

x(xD−1 − 1)

∫ ∞
x

dz

z

[
zD−3 − 1

zD−1 − 1

]
≡
∫ ∞
y

dx

[
1

x(xD−1 − 1)

]
S(x)

Where, S(x) ≡
∫ ∞
x

dz

z

[
zD−3 − 1

zD−1 − 1

] (B.42)

Now, first we will do the indefinite integral then will take the proper limit∫
dx

[
S(x)

x(xD−1 − 1)

]
= S(x)

∫
dx

x(xD−1 − 1)
−
∫
dx

(
dS

dx

∫
dx

x(xD−1 − 1)

)
= S(x)

∫
dx

x(xD−1 − 1)
+

∫
dx

(
xD−3 − 1

x(xD−1 − 1)

∫
dx

x(xD−1 − 1)

)
= S(x)

∫
dx

x(xD−1 − 1)
+

∫
dx
(
xD−3 − 1

)(dG
dx

)
G(x)

(B.43)

Where we have defined

G(x) =

∫
dx

x(xD−1 − 1)
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So, we are getting∫
dx

[
S(x)

x(xD−1 − 1)

]
= S(x)

∫
dx

x(xD−1 − 1)
+

1

2

∫
dx
(
xD−3 − 1

) d

dx
[G(x)]2

= S(x)

∫
dx

x(xD−1 − 1)
+

1

2

∫
dx

d

dx

[ (
xD−3 − 1

)
[G(x)]2

]
− 1

2

∫
dx [G(x)]2(D − 3)xD−4

(B.44)

Now,

G(x) ≡
∫

dx

x(xD−1 − 1)
=

Log[1− x−(D−1)]

D − 1
(B.45)

∫
dx

[
S(x)

x(xD−1 − 1)

]
= S(x)

∫
dx

x(xD−1 − 1)
+

1

2 (D − 1)2

(
xD−3 − 1

) (
Log

[
1− x−(D−1)

])2

− 1

2

D − 3

(D − 1)2

∫
dx xD−4

(
Log

[
1− x−(D−1)

])2

= S(x)

(
Log[1− x−(D−1)]

D − 1

)
+

1

2 (D − 1)2

(
xD−3 − 1

) (
Log

[
1− x−(D−1)

])2

− 1

2

D − 3

(D − 1)2

∫
dx xD−4

(
Log

[
1− x−(D−1)

])2

(B.46)

Restoring the limit, we get∫ ∞
y

dx

x(xD−1 − 1)

∫ ∞
x

dz

z

[
zD−3 − 1

zD−1 − 1

]
=

[
S(x)

(
Log[1− x−(D−1)]

D − 1

)]∞
y︸ ︷︷ ︸

Term1

− 1

2 (D − 1)2

(
yD−3 − 1

) (
Log

[
1− y−(D−1)

])2

︸ ︷︷ ︸
Term2

−1

2

D − 3

(D − 1)2

∫ ∞
y

dx xD−4
(
Log

[
1− x−(D−1)

])2

︸ ︷︷ ︸
Term3

(B.47)
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First we will calculate ‘Term3’. We can expand the integrand in ‘Term3’ as follows

xD−4
(
Log

[
1− x−(D−1)

])2
=

∞∑
m=2

2 xD−4x−m(D−1) HarmonicNumber[m− 1]

m
(B.48)

Now, we can integrate term by term

− 1

2

D − 3

(D − 1)2

∫ ∞
y

dx 2 xD−4x−m(D−1) HarmonicNumber[m− 1]

m

= − D − 3

(D − 1)2

(
y−m(D−1)+D−3

D(m− 1)−m+ 3

)
HarmonicNumber[m− 1]

m

(B.49)

Putting, y = 1 + Y
D

− D − 3

(D − 1)2

(
y−m(D−1)+D−3

D(m− 1)−m+ 3

)
HarmonicNumber[m− 1]

m

=
1

D2

(
eY (1−m)

1−m

)
HarmonicNumber[m− 1]

m
+O

(
1

D

)3 (B.50)

Now, if we take the summation we get,

Term3 =
∞∑
m=2

1

D2

(
eY (1−m)

1−m

)
HarmonicNumber[m− 1]

m
+O

(
1

D

)3

= − 1

6 D2

[
6 eY PolyLog

[
2, e−Y

]
+ (eY − 1)

(
π2 + 6 Log[1− e−Y ] Log

[
1

1− eY

]
− 6 PolyLog

[
2,

eY

eY − 1

])]
+O

(
1

D

)3

(B.51)

Now we will calculate ‘Term2’

Term2 = − 1

2 (D − 1)2

(
yD−3 − 1

) (
Log

[
1− y−(D−1)

])2
(B.52)

Putting, y = 1 + Y
D

Term2 = − 1

2 D2

(
eY − 1

) (
Log

[
1− e−Y

] )2
(B.53)
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Now we will calculate ‘Term1’

S(x)

[
Log[1− x−(D−1)]

D − 1

]
=

[
Log[1− x−(D−1)]

D − 1

] ∫ ∞
x

dz

z

(
zD−3 − 1

zD−1 − 1

)
=

[
Log[1− x−(D−1)]

D − 1

] ∫ ∞
x

dz
∞∑
m=0

[
z−m(D−1)−3 − z−(m+1)(D−1)−1

]
=

[
Log[1− x−(D−1)]

D − 1

] ∞∑
m=0

[
x−m(D−1)−2

(D − 1)m+ 2
− x−(D−1)(m+1)

(D − 1)(m+ 1)

]
(B.54)

Term1 =

[
S(x)

(
Log[1− x−(D−1)]

D − 1

)]∞
y

= −
[

Log[1− y−(D−1)]

D − 1

] ∞∑
m=0

[
y−m(D−1)−2

(D − 1)m+ 2
− y−(D−1)(m+1)

(D − 1)(m+ 1)

]
= −

[
Log[1− y−(D−1)]

D − 1

] [
y−2

2
− y−(D−1)

D − 1

]
−
[

Log[1− y−(D−1)]

D − 1

] ∞∑
m=1

[
y−m(D−1)−2

(D − 1)m+ 2
− y−(D−1)(m+1)

(D − 1)(m+ 1)

]
= −

[
Log[1− y−(D−1)]

D − 1

] [
y−2

2
− y−(D−1)

D − 1

]
−
[

Log[1− y−(D−1)]

D − 1

] [
y−(D+1)

D − 1

]
×(

y2 + LerchPhi

[
y1−D, 1,

D + 1

D − 1

]
+ yD+1Log[1− y−(D−1)]

)
(B.55)

Now putting y = 1 + Y
D

Term1 = − 1

2 D
Log

[
1− e−Y

]
+
Y (Y + 2) + 2(eY − 1)(2 Y − 1)Log[1− e−Y ]

4 D2(eY − 1)
+O

(
1

D

)3

(B.56)

Now, the integration (B.40) becomes∫ ∞
y

dx

x(xD−1 − 1)

∫ x

1

dz

z

[
zD−3 − 1

zD−1 − 1

]
= −Q(D)

Log[1− y−(D−1)]

D − 1
− [Term1 + Term2 + Term3]

(B.57)
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Putting, y = 1 + Y
D

we get

−Q(D)
Log[1− y−(D−1)]

D − 1
= −Log[1− e−Y ]

2 D
+
Y (Y + 2)− 2 (eY − 1)Log[1− e−Y ]

4 D2 (eY − 1)
+O

(
1

D

)3

(B.58)

Now, the expression for H2(y)

H2(y) =F (y)2 − 2y2

[
−Q(D)

Log[1− y−(D−1)]

D − 1
− [Term1 + Term2 + Term3]

]
(B.59)

Putting (B.24), (B.58), (B.56), (B.53) and (B.51) we get the final expression

H2

(
1 +

Y

D

)
= 1− 1

D2

(
π2

3

(
eY − 1

)
− 4 Y Log

[
1− e−Y

]
+
(
eY − 1

) (
Log

[
1− e−Y

] )2

+ 2
(
eY − 1

)
Log

[
1− e−Y

]
Log

[
1

1− eY

]
+ 2

(
eY + 1

)
PolyLog[2, e−Y ]

− 2
(
eY − 1

)
PolyLog

[
2,

eY

eY − 1

])
+O

(
1

D

)3

(B.60)

B.2.2 Outside membrane region

Here we shall show that fluid metric vanishes to any orders in 1
D

expansion outside

the membrane region. To show this we will use the following equation

(1 + ζ)−(α D−β) = e−(α D−β) Log[1+ζ] (B.61)

Now, if ζ is some O(1) number then the right hand side is non perturbative in 1
D

expansion. Now to show how the fluid metric behaves outside horizon we need to

calculate F (y), K1(y), H1(y) and H2(y) as the terms containing L(y) and K2(y) are

already multiplied by y−(D−3), hence non perturbative in 1
D

expansion.

B.2.2.1 F (y):

F (y) = y

∫ ∞
y

dx

x

[
xD−2 − 1

xD−1 − 1

]
(B.62)
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For, y = 1 + ζ, where ζ is some O(1) number, we can write the above integration

(B.23) as

F (1 + ζ)

= 1 +
∞∑
m=1

[(
1

(D − 1)m+ 1

)
(1 + ζ)−(D−1)m −

(
1

(D − 1)m

)
(1 + ζ)−(D−1)m+1

]
= 1 +

∞∑
m=1

[(
1

(D − 1)m+ 1

)
e−(m D−m) Log[1+ζ] −

(
1

(D − 1)m

)
e−(m D−m−1) Log[1+ζ]

]
= 1 + terms non-perturbative in

1

D
(B.63)

In the last line we have used (B.61).

B.2.2.2 K1(y):

K1(y) = 2y2

∫ ∞
y

dx

x2

∫ ∞
x

(
dz

z2

)(
z F ′(z)− F (z)

)2

(B.64)

From (B.32), for y = 1 + ζ, where ζ is some O(1) number

K1(1 + ζ)

= 1 + 4
∞∑
m=1

[
1

[(D − 1)m+ 1][(D − 1)m+ 2]
− (1 + ζ)

[(D − 1)m+ 1][m(D − 1)]

]
(1 + ζ)−m(D−1)

+ 2
∞∑
m=1

m

[
1

[(D − 1)m+D][D(m+ 1)− (m− 1)]
− 2 (1 + ζ)

[(D − 1)(m+ 1)][D(m+ 1)−m]

+
(1 + ζ)2

[(D − 1)(m+ 1)][D(m+ 1)− (m+ 2)]

]
(1 + ζ)−(D−1)(m+1)

(B.65)

Now, using (B.61), we get

K1(1 + ζ) = 1 + terms non-perturbative in
1

D
(B.66)

B.2.2.3 H1(y):

H1(y) = 2y2

∫ ∞
y

dx

x

[
xD−3 − 1

xD−1 − 1

]
(B.67)
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From (B.27), for y = 1 + ζ, where ζ is some O(1) number

H1(1 + ζ) = 1 + 2
∞∑
m=1

[
(1 + ζ)−m(D−1)

m(D − 1) + 2

]
− 2

∞∑
m=1

[
(1 + ζ)−m(D−1)+2

m(D − 1)

]
(B.68)

Now, using (B.61) we can very easily see that

H1(1 + ζ) = 1 + terms non-perturbative in
1

D
(B.69)

B.2.2.4 H2(y):

H2(y) = F (y)2 − 2 y2

∫ ∞
y

dx

x(xD−1 − 1)

∫ x

1

dz

z

[
zD−3 − 1

zD−1 − 1

]
(B.70)

From(B.59), for y = 1 + ζ, where ζ is some O(1) number

H2(y) =F (y)2 − 2y2 Q(D)

[
∞∑
m=1

y−m(D−1)

m(D − 1)

]
+ 2 y2 [Term1 + Term2 + Term3]

(B.71)

where,

Q(D) = −
(

1

D − 1

)[
EulerGamma + PolyGamma

(
0,

2

D − 1

)]
Term1 =

[
∞∑
m=1

y−m(D−1)

m(D − 1)

] [
y−2

2
− y−(D−1)

D − 1

]

+

[
∞∑
m=1

y−m(D−1)

m(D − 1)

](
y−(D−1)

D − 1
+ y−(D+1)

∞∑
n=0

y−n(D−1)

n(D − 1) + (D + 1)
−
∞∑
n=1

y−n(D−1)

n(D − 1)

)
(B.72)

Term2 = − 1

2 (D − 1)2

(
yD−3 − 1

)( ∞∑
m,n=1

y−(m+n)(D−1)

m n

)

Term3 = − D − 3

(D − 1)2

∞∑
m=2

(
y−m(D−1)+D−3

D(m− 1)−m+ 3

)
HarmonicNumber[m− 1]

m

(B.73)

Now using (B.61) we can easily see that

H2(1 + ζ) = 1 + terms non-perturbative in
1

D
(B.74)
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Using the above results in (3.45) we see that Grest
µν vanishes for all order in 1

D
expan-

sion outside the membrane region.

B.3 Relation between Horizon ρH(y) in Y A(≡ {ρ, yµ})
coordinates and H(x) in XA(≡ {r, xµ}) coordi-

nates:

In this appendix we shall determine the relation between the position of the horizon(ρH(yµ))

in Y A - coordinates with the position of the horizon (H(xµ)) in XA - coordinates.

(XA ≡ {r, xµ}) and (Y A ≡ {ρ, yµ}) are related through the following coordinate

transformation

ρ = r −
(

Θ(x)

D − 2

)
, yµ = xµ +

uµ(x)

r − Θ(x)
D−2

(B.75)

The inverse of the above coordinate transformation is

r = ρ+

(
Θ(y)

D − 2

)
− 1

ρ
(u · ∂)

(
Θ

D − 2

)
+O(∂)3

xµ = yµ − uµ(y)

ρ
+
aµ(y)

ρ2
+O(∂)2

(B.76)

Now, the equation of the horizon is

r = H(x)

⇒ ρ = H

(
yµ − uµ(y)

ρ
+
aµ(y)

ρ2

)
−
(

Θ(y)

D − 2

)
+

1

ρ
(u · ∂)

(
Θ

D − 2

)
+O(∂)3

= H(y)− (u · ∂)H(y)

ρ
+

(a · ∂)H(y)

ρ2
+
uµuν∂µ∂νH(y)

2ρ2
−
(

Θ(y)

D − 2

)
+

1

ρ
(u · ∂)

(
Θ

D − 2

)
+O(∂)3

(B.77)

Using (3.15) we can write the equation of the horizon as

ρ = H(y)−
(

Θ(y)

D − 2

)
− (u · ∂)rH(y)

ρ
+

(a · ∂)rH(y)

ρ2
+
uµuν∂µ∂νrH(y)

2ρ2

+
1

ρ
(u · ∂)

(
Θ

D − 2

)
+O(∂)3

(B.78)
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Up to O(∂)2 the equation of the horizon is

ρ = H(y)−
(

Θ(y)

D − 2

)
− (u · ∂)rH(y)

rH(y)
+O(∂)2

= rH(y) +O(∂)2

(B.79)

Where, In the last line we have used (B.88) and (3.15).

Using, (B.79) in (B.78) we get,

ρ = H(y)−
(

Θ(y)

D − 2

)
− (u · ∂)rH(y)

rH(y)
+

(a · ∂)rH(y)

r2
H(y)

+
uµuν∂µ∂νrH(y)

2 r2
H(y)

+
1

rH(y)
(u · ∂)

(
Θ

D − 2

)
+O(∂)3

(B.80)

After some simplifications the above expression becomes

ρ = H(y)+
1

2 rH
(u·∂)

(
Θ

D − 2

)
+

1

2 rH

(
Θ

D − 2

)2

− a2

2 rH
− 2

rH

σ2

(D − 1)(D − 2)
+O(∂)3

(B.81)

In (Y A ≡ {ρ, yµ}) coordinate the equation of the horizon is

ρ = ρH(y) (B.82)

From (B.81) and (B.82) we get

ρH(y) = H(y) +
1

2 rH
(u · ∂)

(
Θ

D − 2

)
+

1

2 rH

(
Θ

D − 2

)2

− a2

2 rH
− 2

rH

σ2

(D − 1)(D − 2)
+O(∂)3

(B.83)

We can express H(y) in terms of H(x)

H(y) = H(x)− rH(x)

r

(
Θ(x)

D − 2

)
− rH
r2

(
Θ(x)

D − 2

)2

+
2

r

(
σ2

(D − 1)(D − 2)

)
+

rH
2 r2

[(
Θ

D − 2

)2

+ a2 − (u · ∂)
Θ

D − 2

]
+O(∂)3

(B.84)
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Substituting (B.84) in (B.83) we get the final expression

ρH(y) = H(x)− rH(x)

r

(
Θ(x)

D − 2

)
− 2

rH

(
1− rH

r

) s4

(D − 1)(D − 2)

+
1

2 rH

(
1− r2

H

r2

)
[s1 − s2 + s5] +O (∂)3

(B.85)

B.4 Identities

In this appendix we shall give the derivation of the identities we have used in sub-

section 3.5.

Identity 1:(
∂µrH
rH

)2

=

[
−aµ + uµ

(
Θ

D − 2

)][
−aµ + uµ

(
Θ

D − 2

)]
+O (∂)3

= a2 −
(

Θ

D − 2

)2

+O (∂)3

= s2 − s1 +O (∂)3

(B.86)

Identity 2:(
∂µ∂µrH
rH

)
=

1

rH
∂µ
[
−rH aµ + rH uµ

(
Θ

D − 2

)]
= −(∂ · a)− (a · ∂)rH

rH
+

Θ2

D − 2
+

(
Θ

D − 2

)(
(u · ∂)rH

rH

)
+ (u · ∂)

(
Θ

D − 2

)
= −

(
σ2 − ω2 +

Θ2

D − 2
+ (u · ∂)Θ

)
+ a2 +

Θ2

D − 2
−
(

Θ

D − 2

)2

+ (u · ∂)

(
Θ

D − 2

)
+O (∂)3

= ω2 − σ2 − (D − 3)(u · ∂)

(
Θ

D − 2

)
+ a2 −

(
Θ

D − 2

)2

+O (∂)3

= s3 − s4 − (D − 3)s5 + s2 − s1 +O (∂)3

(B.87)

Identity 3:

In this identity we shall just quote the fluid equation upto second subleading order.

The derivation is quite straight forward. We have to calculate divergence of fluid
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stress tensor (3.17) and have to project it along uµ direction and perpendicular to

uµ direction.

uν∂µ(T µν) = O (∂)3

⇒ (u · ∂)rH

rH
= − Θ

D − 2
+

(
2

rH

)
σ2

(D − 1)(D − 2)
+O (∂)3

(B.88)

Pαν ∂µ(T µν) = O (∂)3

⇒ Pαν
(
∂νrH
rH

)
= Pαν

[
−aν − 2

rH

(
D − 2

D − 1

)
(aµσ

µν) +
2

rH

(
1

D − 1

)
∂µσ

µν

]
+O (∂)3

(B.89)
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B.5 Notations

Table B.1: Notations

Fluid velocity uµ

Membrane velocity UA

Boundary metric ηµν

Background metric in (Y A = {ρ, yµ}) ḠAB

Background metric in (XA = {r, xµ}) ḠAB

Full metric in (XA = {r, xµ}) GAB

Background metric in arbitrary coordinates W̄AB

Full metric in arbitrary coordinates WAB

Projector perpendicular to nA ΠAB = W̄AB − nA nB

Projector perpendicular to both nA and UA PAB = W̄AB − nA nB + UAUB

Projector perpendicular to uµ Pµν = ηµν + uµuν

Covariant derivative w.r.t background ∇A

Covariant derivative w.r.t GAB ∇̄A

Covariant derivative w.r.t. induced ∇̃µ

metric on the membrane

Covariant derivative projected ∇̂A

along the membrane See equation (3.26) for detail definition



Appendix C

Appendices for chapter 4

C.1 The Large-D limit of the integrations appear-

ing in hydrodynamic metric

In this section we shall try to do the integrations appearing in the fluid metric and

we shall do those integrals in 1
D

expansion.

C.1.1 Analysis of the integral in the function F1

The integral appearing in F1 is given by

F3(ρ,M) =

∫ ∞
ρ

dp
1(

1 + 1
4

3(D−3)
2(D−2)

Q2
1

p2(D−2) − M
pD−1

)2

( 1

p2(D−1)
− c1

p2D−3

)

=

∫ ∞
ρ

dp
1(

1 + (M−1)

p2(D−2) − M
pD−1

)2

( 1

p2(D−1)
− c1

p2D−3

) (C.1)

We would like to evaluate this integral for large D. Now following the appendix A

of [1] let’s first evaluate this integral for ρ ≥ 2. For large D we can expand this

integrand in the following way

1(
1 + (M−1)

p2(D−2) − M
pD−1

)2

( 1

p2(D−1)
− c1

p2D−3

)

=

(
1 +

(M − 1)

p2(D−2)
− M

pD−1

)−2 ( 1

p2(D−1)
− c1

p2D−3

)
=
∑
k=0

(−1)k (k + 1)

(
(M − 1)

p2(D−2)
− M

pD−1

)k ( 1

p2(D−1)
− c1

p2D−3

)
(C.2)
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Now one can do the integration (we have done it using Mathematica, the answer

is a bit long) and let’s call it k(ρ). However, this expansion is not possible in the

membrane region (when ρ − 1 ∼ O
(

1
D

)
) and naively k(ρ) is not the answer to the

integral. But now consider the function k̃(ρ) = F3(ρ)− k(ρ). This k̃(ρ) vanishes for

all ρ ≥ 2 and also by construction it is a smooth function at ρ = 2. Hence k̃(ρ) must

vanish for every ρ and k(ρ) is the answer. Now we would expand it with ρ = 1 + Y
D

and finally we will get

F3(1 +
Y

D
,M) = O

(
1

D

)2

(C.3)

C.1.2 Analysis of the integral in the function F2

The integral appearing in F2 is given by

F2(ρ,M) =

∫ ∞
ρ

pD
(
pD − p2

)
p2 (p2D −MpD+1 + (M − 1)p4)

dp (C.4)

This integration is difficult to do other than M = 1 and hence at first we expand

the integrand around M = 1 by putting M = 1 + δM . Then the integral becomes∫ ∞
ρ

pD
(
pD − p2

)
p2 (p2D −MpD+1 + (M − 1)p4)

dp =

∫ ∞
ρ

dp
pD−2 − 1

p (pD−1 − 1)
+

∫ ∞
ρ

dp

(
pD − p3

) (
pD − p2

)
pD+1 (pD − p)2 δM

+

∫ ∞
ρ

dp

(
pD − p3

)2 (
pD − p2

)
p2D (pD − p)3 δM2 + · · ·

= F̃0(ρ) + F̃1(ρ)δM + F̃2(ρ)δM2 + · · · (say)

(C.5)

Now we will integrate each of the functions F̃ and then expand in 1
D

by setting

ρ = 1 + Y
D

. Then we will get for all F̃k(ρ) with k ≥ 1

F̃k

(
1 +

Y

D

)
= e−kY

(
1

kD

)
+O

(
1

D

)2

(C.6)

Now if we add all these F̃ , we have

F2

(
1 +

Y

D
,M

)
− F̃0

(
1 +

Y

D

)
= − 1

D
log[1− Q̃2e−Y ] +O

(
1

D

)2

(C.7)

where we have used the fact that Q̃2 = (M − 1) +O
(

1
D

)
.
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Now following the appendix A of [1] we have

F̂ (ρ) = ρ F̃0(ρ) = 1 +
∑
m=1

[(
1

(D − 1)m+ 1

)
ρ−m(D−1) −

(
1

(D − 1)m

)
ρ−m(D−1)+1

]
(C.8)

Now if we expand it in 1
D

by setting ρ = 1 + Y
D

we will get

F̂

(
1 +

Y

D

)
= 1 +O

(
1

D

)2

(C.9)

Hence finally expanding in 1
D

we have (remember ρ = r
rH

)

r

rH
F2 (ρ,M)⇒ 1− 1

D
log[1− Q̃2e−Y ] +O

(
1

D

)2

(C.10)

C.2 The inverse of the background metric and

christoffel symbols w.r.t background metric

We can find out the inverse of the background metric order by order in derivative

expansion. These expressions are given by

Ḡrr = r2 − 2r
Θ

D − 2
+O

(
∂2
)

Ḡµr = uµ − aµ

r
+O

(
∂2
)

Ḡµν =
1

r2
Pµν − 2

r3
σµν +O

(
∂2
) (C.11)
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Having these expressions for the background metric we have the christoffel symbols

for the background metric as

Γ̄rrr = 0

Γ̄αrr = 0

Γ̄rµr = r uµ −
Θ

D − 2
uµ

Γ̄αµr =
1

r
Pαµ −

1

2 r2
(uµa

α − aµuα) +
1

2 r2
(∂αuµ − ∂µuα)− 1

r2
σαµ

Γ̄rαµ = −r3 (Pαµ − uαuµ) + r2 (uαaµ + uµaα)− 2 r2σαµ + r2 Θ

D − 2
Pαµ − 3r2 Θ

D − 2
uαuµ

Γ̄βαµ = uβ
(
−r (Pαµ − uαuµ) + (uαaµ + uµaα)− 2σαµ −

Θ

D − 2
uαuµ −

Θ

D − 2
Pαµ

)
+ aβ (Pαµ − uαuµ)

(C.12)

C.3 Notation

In this section we write down the various symbols we have used in 4.

ḠAB : Background metric in Y A ≡ {ρ, yµ} coordinates

ḠAB : Background metric in XA ≡ {r, xµ} coordinates

GAB : Full metric in XA ≡ {r, xµ} coordinates

W̄AB : Background metric in arbitrary coordinates

WAB : Full metric in arbitrary coordinates

ηµν : The boundary metric

uµ : Fluid velocity

UA : Membrane velocity

Q : Charge field in hydrodynamic metric

Q̃ : Charge field in large-D metric

ΠAB : Projector perpendicular to nA

PAB : Projector perpendicular to both nA and UA

Pµν : Projector perpendicular to uµ

∇A : Covarient derivative w.r.t background metric

∇̂ : Covarient derivative projected along the membrane
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