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SUMMARY

Let PG(d, q) be the d-dimensional projective space defined over a finite field of
order ¢q. For a nonempty set £ of lines of PG(d, q), a set B of points of PG(d, q)
is called an L-blocking set if each line of £ meets B in at least one point. An
L-blocking set B in PG(d, q) is said to be minimal if B has no proper subset
which is also an £-blocking set in PG(d, q).

Blocking sets are combinatorial objects in finite geometry with several ap-
plications and have been the subject of investigation by many researchers with
respect to varying sets of lines. The first step in this regard has been to determine
the minimum size of a blocking set and then to characterize, if possible, all block-
ing sets of that cardinality. When L is the set of all lines of PG(d, q), a classical
result by Bose and Burton [13, Theorem 1] says that if B is a blocking set in
PG(d, q) with respect to all its lines, then |B| > (¢¢ — 1)/(q — 1) and equality
holds if and only if B is the point set of a hyperplane of PG(d, q).

In PG(3, ¢), consider an elliptic quadric Q@ (3, ¢), a hyperbolic quadric Q*(3, q)
and a quadratic cone K with base an irreducible conic in some plane of PG(3, q).
Let @ € {Q(3,9),Q7(3,q),K}. Every line of PG(3,¢q) meets Q in either 0, 1,2
or ¢+ 1 points. A line L of PG(3,¢q) is called external if |[L N Q| = 0, secant if
|LN Q| =2, and tangent if |[LN Q| =1 or ¢+ 1. We denote by £, S and T the set
of all lines of PG(3,¢q) that are external, secant and tangent, respectively, with

respect to Q.



Contents

In this thesis, for Q@ € {Q7(3,¢), K}, we study the minimum size £-blocking
sets in PG(3, ¢), where the line set Lisoneof £, 7, S, EUT,EUS and T US.
We note that, when Q@ = Q7(3,¢), the minimum size blocking sets in PG(3, q)
with respect to such line sets have already been characterized in the papers [8, 9,
22, 23, 54, 55, 56], also see [57]. When ¢ = 2 and Q € {Q(3,2),Q7(3,2)}, we
classify all minimal £-blocking sets in PG(3, 2), up to isomorphisms. When ¢ = 3
and Q € {Q7(3,3),Q7(3,3)}, we classify all next-to-minimum size £-blocking
sets in PG(3,3), up to isomorphisms. We also give a characterization of the
secant lines with respect to a hyperbolic quadric in PG(3, ¢) for odd ¢ > 7 based

on certain combinatorial properties.

vi



Chapter 1

Preliminaries

In this chapter, we recall the basic definitions and properties of point-line geome-
tries that are needed in the subsequent chapters. We also discuss substructures
like ovals in a finite projective plane, irreducible conics in PG(2, ¢), and ovoids

and quadrics in PG(3, ¢q).

1.1 Point-line geometries

A point-line geometry is a triple X = (P, L,Z), where P and L are disjoint sets
with P nonempty and Z is a subset of P x L such that for every L € L there
are at least two x € P with (z,L) € Z. The elements of P and L are called
points and lines of X respectively and the set Z is called the incidence relation.
If (x,L) € Z, then we say that z is incident with L, or that L is incident with
x. Two distinct points of X are said to be collinear if they are incident with
a common line. We say that two distinct lines of X meet or intersect if they
are incident with a common point. If P is a finite set, then X is called a finite
point-line geometry. If any two distinct points of A are incident with at most
one line, then X is called a partial linear space. If any two distinct points of X
are incident with exactly one line, then X is called a linear space. Clearly, every

linear space is also a partial linear space. All the point-line geometries considered
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in this thesis are partial linear spaces.

Let X = (P, L,Z) be a partial linear space. Every line L € L can be identified
with a unique subset {x € P : (z,L) € Z} of P. Then for (z,L) € Z, we also say
that z is contained in L, or that L contains x, or that x lies on L, or that L passes
through z. For two distinct collinear points x and y of X', we denote by xy the
unique line of X' containing both x and y. A subset S of P is called a subspace
of X if every line that contains at least two points of S has all its point in S.
The intersection of any collection of subspaces of X' is again a subspace. For a
subset U of P, define (U) to be the intersection of all subspaces of X containing
U. Then (U) is called the subspace of X generated by U. Thus (U) is the smallest
subspace of X' containing U. If (U) = P, then U is called a generating set of X.
The generating index of X is the minimal size of a generating set of X.

Let X = (P,L,Z) and X’ = (P',L,Z") be two partial linear spaces. An
isomorphism from X to X’ is a bijective map ¢ from P U L to P’ U L’ such that
o(P) =P, ¢(L) = L, and (x,L) € T if and only if (¢(x),d(L)) € Z'. We say
that X and X’ are isomorphic, denoted by X = X’, if there is an isomorphism
between X and X’. Any isomorphism from X to itself is called an automorphism
of X.

Let X = (P,L,Z) be a partial linear space such that every point of X is
contained in at least two lines. Then the (point-line) dual of X is the point-line
geometry X0 = (PP LP TP) where PP = £, LP = P, and ZP C PP x LP =
L x P such that (L,z) € ZP if and only if (z,L) € Z for x € P and L € L. We
say that X is self-dual if XP =~ X.

1.2 Projective planes

A projective plane is a linear space in which any two distinct lines meet at exactly
one point and there exist four points such that no three of them are collinear.

The generating index of a projective plane is three.

2
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Let X = (P, L,Z) be a projective plane. The point-line dual X” of X is again
a projective plane. For subsets Py of P and Ly of L, the triple Xy = (Po, Lo, Zo)
with Zy the restriction of Z to Py x Ly is called a subplane of X if Ay itself is
a projective plane. For every point-line pair (x, L) € P x L, there is a bijective
correspondence between the set of lines of X' that are incident with x and the set
of points of X that are incident with L.

Now suppose that X is a finite projective plane. Then there exists a positive
integer n > 2 such that every point of A" is contained in exactly n 4 1 lines and
every line of X contains exactly n + 1 points. The integer n is called the order of
X and we have [P| = |L|=n*+n+ 1.

If X contains a proper subplane X; of order ng < n, then either n = n2 or
n = n2 + ng (see [31, Theorem 3.7] or [33, Theorem 1.12]). If n = n?, then Aj is
called a Baer subplane of X. In that case, the lines of A, are called Baer lines.
Thus Baer subplanes of X cannot exist unless n is a perfect square. We have that
A is a Baer subplane of X if and only if each line of X is incident with at least
one point of Ay. If A, is a Baer subplane of X and z is a point of X but not a
point of Aj, then there is exactly one line of X through x that is also a line of
Xy and each of the remaining lines of X through z is incident with exactly one
point of Xy, see [14]. We note that every known finite projective plane is of prime

power order.

Ovals

Let X be a finite projective plane of order n. A k-arc in X is a set of k points
such that no three of them are collinear. For every k-arc in X, we have k <n+1
if nis odd, and k < n+2if n is even. Any (n+ 1)-arc in X is called an oval. If n
is even, then any (n + 2)-arc in & is called a hyperoval. An oval can be obtained

from a hyperoval by removing a point.

Let O be an oval in X. We refer to the book [43] for the basics properties of

3



§1.3. Projective spaces

points and lines of X with respect to O. Every line of X meets O in at most two
points. A line L of X is called external (respectively, tangent, secant) with respect
to O if [LN O] = 0 (respectively, |[LNO| =1, |[LNO| = 2). There are n(n+1)/2
lines of X secant to O. Every point of O is contained in a unique tangent line and
n secant lines of X'. Thus there are exactly n + 1 lines of X tangent to O and so
the number of external lines to O is n?+n+1—(n+1)—n(n+1)/2 =n(n—1)/2.

First consider the case that n is even. Then all the n + 1 tangent lines of X
with respect to O meet in a unique common point, which is called the nucleus of
O. There is a unique hyperoval in X’ containing O, and this hyperoval consists of
the points of O and the nucleus of O. Every point of X’ different from the points
of O and its nucleus is contained in one tangent line, n/2 external lines and n/2
secant lines.

Now consider the case that n is odd. Then every point of X is contained in
at most two tangent lines. We call a point x of X' interior (respectively, absolute,
exterior) with respect to O if x is contained in 0 (respectively, 1, 2) tangent lines.
The points of O are precisely the absolute points of X'. So there are n+1 absolute
points of X'. There are n(n + 1)/2 exterior points and n(n — 1)/2 interior points
of X. Every exterior point of X is contained in two tangent lines, (n — 1)/2
secant lines and (n — 1)/2 external lines. Every interior point of X’ is contained
in (n + 1)/2 secant lines and (n + 1)/2 external lines. Every tangent line of
X contains one absolute point and n exterior points. Every external line of X
contains (n + 1)/2 exterior points and (n + 1)/2 interior points. Every secant
line of X contains two absolute points, (n — 1)/2 exterior points and (n — 1)/2

interior points.

1.3 Projective spaces

A linear space X = (P, L,T) is called a projective space if it satisfies the following

conditions:
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P1. Every line is incident with at least three points and there are at least two

distinct lines.

P2. Veblen-Young Aziom: If w,x,y,a,b are five mutually distinct points of X
such that the lines ab and zy intersect in a single point w, then the lines

xa and yb also meet in a point.

In a projective space, the geometry induced on a subspace containing at least
two distinct lines is again a projective space. The dimension of a subspace S of
a projective space is defined to be one less than the generating index of S. The
dimension of a projective space is at least two, and equality holds if and only if

it is a projective plane.

Classical projective spaces

Consider a right vector space V' of dimension at least three over a division ring K.
Let PG(V') denote the point-line geometry whose points are the one dimensional
subspaces of V, lines are the two dimensional subspaces of V' and incidence is
containment. Then PG(V) is a projective space of dimension dim(V) — 1. If V'
is of finite dimension d + 1 for some positive integer d > 2, then PG(V) is of
dimension d and it is denoted by PG(d,K). If K is a finite division ring, then
K is a field by a theorem of Wedderburn and so K is the finite field F, for some
prime power ¢. In this case, PG(d,K) will be denoted by PG(d,q). For d = 2,
PG(2, q) is an example of a projective plane, but not every projective plane is of
this form.

Let X = (P, L,Z) be a projective space. Consider a Desargues configuration
(in the sense of [63, Page 73|) x, a1, as,as, by, by, by consisting of seven distinct

points of X, that is, these points satisfy the following two conditions:

(i) the points ay, as, ag are not collinear and the points by, by, b3 are not collinear

in X;



§1.3. Projective spaces

(i) the lines a1by, asbs, aszbs are mutually distinct and intersect at the point z.

If the intersection points zi2, 213 and 293, where z;; = a;a; N bib; for 1 < i <
7 < 3, are collinear in X for all possible Desargues configurations in X', then
the projective space X is called Desarguesian. FEvery Desarguesian projective
space is isomorphic to PG(V) for some right vector space V' of dimension at least
three over a division ring. Every projective space of dimension at least three is
Desarguesian. In particular, every finite projective space of dimension d > 3 is
isomorphic to PG(d, ¢) for some prime power gq. However, there are projective
planes which are not isomorphic to PG(2, q).

Consider the projective space PG(d, q) associated with a (d 4 1)-dimensional
vector space V' over the field F,. If U is a (¢ + 1)-dimensional vector subspace of
V, then the set of one-dimensional subspaces of U forms a t-dimensional subspace
of PG(d, q). Conversely, if S is a t-dimensional subspace of PG(d, ¢), then there
exists a (t 4 1)-dimensional vector subspace U of V such that the points of S are
precisely the one-dimensional subspace of U. The points and lines of PG(d, ¢) are
precisely the subspaces of dimensions 0 and 1, respectively. The 2-dimensional
subspaces of PG(d, q) are called planes and the (d — 1)-dimensional subspaces of
PG(d, q) are called hyperplanes. Each line of PG(d, ¢) meets every hyperplane.
The number of points in PG(d, q) is equal to (¢?** —1)/(q — 1). More generally,

for 0 < ¢t < d, the number of t-dimensional subspaces of PG(d, q) is

(@™ = D" —q)- - (¢"" = ¢
(@ =g —q) - (¢ =)

If T :V — V is an invertible linear transformation, then 7" induces an automor-
phism of PG(d, ¢) which maps a point (v) to the point (T'(v)) for v € V\{0}. Such
automorphisms of PG(d, ¢) are called projective transformations. Two invertible
linear transformations 77 and T35 of V' induce the same projective transformation
of PG(d, q) if and only if T, = oT; for some nonzero element a € F,. The group
of all projective transformations of PG(d, ¢) is denoted by PGL(d+1,q). We say

6



§1.4. Bilinear and quadratic forms

that two point sets in PG(d, q) are projectively equivalent if one of them can be
mapped into the other by an element of PGL(d + 1, q).

Let PG(d, q)* denote the point-line geometry whose points are the (d — 1)-
dimensional subspaces of PG(d, ¢) (that is, hyperplanes of PG(d, ¢)), lines are the
(d —2)-dimensional subspaces of PG(d, ¢) and a point U is incident with a line W
in PG(d, ¢)* if and only if the subspace U contains W in PG(d, ¢). Then PG(d, ¢)*
is a projective space of dimension d. Note that PG(d, ¢)* is also often called the
dual space of PG(d, q). A duality of PG(d, ¢) is an isomorphism from PG(d, q) to
PG(d, q)*. A duality ¢ of PG(d, q) is called a polarity if the permutation of the
set of subspaces of PG(d, ¢) induced by ¢ has order 2.

1.4 Bilinear and quadratic forms

Let V be a vector space of finite dimension d 4+ 1 over a field F. A map B :
V xV — F is said to be a bilinear form on V' if it is linear in both components,

that is,
(i) B(u+ \v,w) = B(u,w) + AB(v,w);
(i) B(u,v + A\w) = B(u,v) + A\B(u, )

for all w,v,w € V and X\ € F.

Let B be a bilinear form on V. The form B is called nondegenerate if 1 = 0
is the only vector in V' for which B(u,v) = 0 for all v € V, equivalently, if
u = 0 is the only vector in V for which B(v,u) = 0 for all v € V. If B is
not nondegenerate, then it is called degenerate. For a subspace W of V| the
set Wt .= {v € V | B(t,w) = Oforallw € W} is a subspace of V. We
have V4 = {0} if and only if B is nondegenerate. If B is nondegenerate, then
dimW 4+ dim W+ = d+ 1 = dim V for every subspace W of V. A subspace W
of V' is called totally isotropic if B(z,y) = 0 for all z,y € W, that is, if W is

contained in W+,
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If B(u,v) = B(v,u) for all w,v € V, then B is called a symmetric form on
V. If B(v,v) = 0 for all v € V, then B is called an alternating form on V. If
B is an alternating form, then B(v,u) = —B(u,v) for all u,v € V. If B is a
nondegenerate alternating form on V', then dim V' must be even and such a form
is also called a symplectic form on V.

A quadratic form on V is a function @) : V' — F such that the following two

conditions are satisfied:
(i) Q(\u) = )\ZQ(ﬂ) forallu e Vand A € F.

(ii) The map B : V x V — F defined by B(u,v) := Q(a + v) — Q(u) — Q(v)

for u,v € V is a symmetric bilinear form on V.

Let @ be a quadratic form on V' and B be the associated symmetric bilinear
form on V. If V- N Q71(0) = {0}, then Q is called nondegenerate. Thus Q is
nondegenerate if for every nonzero v € V with Q(v) = 0, there exists u € V' with
B(v,u) # 0. Clearly, @ is nondegenerate if B is nondegenerate. The converse
is true if the characteristic of F is odd. The converse statement need not be
true if the characteristic of F is two. For example: Let V = F3, where F is
of characteristic 2. The quadratic form @ on V defined by Q(u) := ud + ujus
for u = (ug,u1,us) € V is nondegenerate. If B is the symmetric bilinear form
on V associated with @, then B(u,v) = ujvy + ugvy for u = (ug, us,us) and
v = (vg,v1,v2) in V. The form B is degenerate as (1,0,0) € V.

A one-dimensional subspace (v) of V is called singular or nonsingular ac-
cording as Q(v) = 0 or not. A subspace W of V is called totally singular
if Q(w) = 0 for all w € W. Every totally singular subspace of V is totally
isotropic with respect to B. When F has odd characteristic, the converse is also
true. If @ is nondegenerate and W is a totally singular subspace of V', then
dimW < (d+1)/2 = dim V/2.

Let Q be the set of points (), v € V' \ {0}, of PG(d,F) such that Q(v) = 0.
The set Q is called a quadric in PG(d,F) with respect to (). We say that Q is

8
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a nondegenerate quadric in PG(d,F) if @ is a nondegenerate quadratic form on
V. If d = 2 (so that dimV = 3), then the quadric Q in PG(2,F) is called a
conic. Nondegenerate quadrics in PG(2,F) are called irreducible conics. 1If Q is
a nondegenerate quadric, then the Witt index of Q is the maximum vector space
dimension of a totally singular subspace contained in Q.

If the symmetric bilinear map B on V associated with () is nondegenerate,
then the map 7 : W — W+ for subspaces W of V is a polarity of PG(d,TF)
as dimV = d + 1 is finite. This polarity 7 is called a symplectic polarity or an
orthogonal polarity according as the characteristic of F is even or odd.

Let Q be a quadric in PG(d, q). Then every line of PG(d, ¢) meets Q in 0, 1,2
or ¢+ 1 points. A line L of PG(d,q) is called external if |L N Q| = 0, secant if
|ILN Q| = 2, and tangent if [LN Q| = 1 or ¢+ 1. A tangent line of PG(d,q)
is called an outer tangent or an inner tangent with respect to Q according as it

meets Q in 1 or ¢ + 1 points.

1.4.1 Irreducible conics in PG(2,q)

Let C be an irreducible conic in PG(2, ¢). Then C is the set of points ((uo, u1, us2))
of PG(2,q) satisfying a nonzero homogeneous quadratic polynomial equation
Q(X,Y,Z) = 0 in three variables, where Q(X,Y, Z) € F,[X,Y, Z] is irreducible.
By a suitable linear change of coordinates, C is equivalent to the conic defined by

X7 —Y?=0. Thus we can write

C={((1,t,%)) - t e Fe} U{((0,0,1))}.

The conic C has ¢+ 1 points and no three of them are collinear. Thus C is an oval
in PG(2,¢) and hence all the properties of points and lines with respect to an
oval hold true with respect to C as well. If ¢ is odd, then by a result of Segre [58]
the irreducible conics are precisely the ovals in PG(2,q). If ¢ € {2,4}, then every

oval in PG(2, ¢) is also an irreducible conic [17, Theorem 4.9]. However, for ¢ > 8

9



§1.4. Bilinear and quadratic forms

even, there are ovals in PG(2,¢) which are not irreducible conics [17, Theorem

4.11]. The classification of these ovals is a challenging and ongoing problem.

1.4.2 Quadrics in PG(3,¢q)

There are two types of nondegenerate quadrics in PG(3, ¢): (1) Elliptic quadrics
which are of Witt index one, and (2) Hyperbolic quadrics which are of Witt index
two. These are of special interest to us along with degenerate quadratic cones.
We refer to [30] for the basic properties of points, lines and planes of PG(3,q)

with respect to these quadrics.

Elliptic and hyperbolic quadrics

Let V = IF;1 be the four-dimensional vector space over F, and let () be a nondegen-
erate quadratic form on V. By a linear change of coordinates, () is given by either
Q(xo, 71, To, T3) = ToT1 + ax3 + brows + cx3; or Q(wo, T1, T2, T3) = ToT1 + ToT3
for (g, 1,79, 23) € V, where the quadratic polynomial aX? + bX + ¢ € F,[X]
is irreducible over F,. The associated quadratic @~ (3,¢) in PG(3,¢q) is of Witt
index 1 in the first case and is called an elliptic quadric. In the latter case, the
associated quadric Q7 (3,q) is of Witt index 2 and is called a hyperbolic quadric.

Let @~ (3,q) be an elliptic quadric in PG(3, ). There are no inner tangent
lines. Then Q~(3,q) contains ¢*> + 1 points of PG(3,¢) and it meets every line
of PG(3,¢) in at most two points. Every point of Q~(3,¢) is contained in ¢ + 1
tangent lines, this gives (¢ + 1)(¢* + 1) tangent lines to Q(3,q). We also have
¢*(¢*+1)/2 secant lines and then (¢*+1)(¢*+q+1)—¢*(¢*+1)/2—(q+1)(¢*+1) =
¢*(¢* + 1)/2 external lines to Q= (3,¢). Every point of Q7 (3,¢) is contained in
q? secant lines. Every point of PG(3,q) \ Q(3,¢) is contained in ¢ + 1 tangent
lines, q(q — 1)/2 secant lines and ¢(q + 1)/2 external lines.

Let @7 (3,q) be a hyperbolic quadric in PG(3,¢). Then Q*(3,¢q) contains
(¢ + 1)? points of PG(3,¢) and every line of PG(3,q) meets Q*(3,¢) in 0,1,2

10
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or ¢+ 1 points. Every point of Q*(3,q) is contained in ¢ + 1 tangent lines (out
of which 2 are inner tangents and ¢ — 1 are outer tangents) and ¢? secant lines.
Every point of PG(3,¢)\ Q" (3, ¢) is contained in ¢+ 1 outer tangents, ¢(q+1)/2
secant lines and ¢(¢ — 1)/2 external lines. There are 2(¢ + 1) inner tangents,
(g —1)(g+ 1)? outer tangents, ¢*(¢+ 1)?/2 secant lines and ¢*(q — 1)?/2 external
lines to QT (3, ¢q).

With the quadric Q¢(3, q), € € {—, +}, there is naturally associated a polarity
7 of PG(3,¢) which is symplectic if ¢ is even, and orthogonal if ¢ is odd. For a
point x of PG(3, ¢), the plane 27 is called a tangent or secant plane according as
x is a point of Q¢(3, q) or not. For every point x of PG(3, ¢) \ Q°(3, ¢), the secant
plane z7 intersects (3, ¢) in an irreducible conic. The map = — =™ N Q%(3,q)
defines a bijection between PG(3,¢) \ Q°(3,¢) and the set of irreducible conics
contained in Q“(3, ¢). For every point x of Q¢(3, ¢), the tangent plane 7 intersects
Q°(3, q) at the point x if e = —, and in the union of the two inner tangents through
x if e = 4. In both cases, the ¢+ 1 tangent lines through x are precisely the lines
through x contained in z7.

Suppose that ¢ is odd. Then, for every point z of PG(3,q) \ Q(3,¢q), the
secant plane z7 does not contain the point x and the tangent lines through x are
precisely the ¢ + 1 lines through x meeting the conic ™ N Q¢(3, q).

Suppose that ¢ is even. Then, for every point = of PG(3,q) \ Q°(3,q), the
secant plane z7 contains the point x and the tangent lines contained in 7 are
precisely the ¢ + 1 lines of 2™ through x. Thus the point z is the nucleus of the
conic 7 N Q(3,¢q) in z7.

Consider the points, lines and planes of PG(3,¢q) with respect to Q(3,q).
There are ¢? + 1 tangent planes and ¢> + ¢ secant planes of PG(3, ¢) with respect
to Q7 (3, q). Every point of Q™ (3,¢) is contained in one tangent plane and ¢? + ¢
secant planes. Every point of PG(3,¢q) \ @ (3,¢) is contained in ¢ + 1 tangent
planes and ¢? secant planes. Every tangent line is contained in one tangent plane

and ¢ secant planes. Every secant line is contained in ¢ + 1 secant planes. Every

11
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external line is contained in two tangent planes and ¢ — 1 secant planes.

Now, consider the points, lines and planes of PG(3, ¢) with respect to Q™ (3, q).
There are (¢+1)? tangent planes and ¢ — ¢ secant planes of PG(3, ¢) with respect
to Q@7(3,q). Every point of QT (3,q) is contained in 2¢ + 1 tangent planes and
q(q — 1) secant planes. Every point of PG(3,¢q) \ @7 (3,¢) is contained in ¢ + 1
tangent planes and ¢? secant planes. Every inner tangent is contained in ¢ + 1
tangent planes, every outer tangent is contained in one tangent plane and ¢ secant
planes, every external line is contained in ¢ + 1 secant planes, and every secant
line is contained in two tangent planes and ¢ — 1 secant planes. Each tangent

plane contains g+ 1 tangent lines and ¢? secant lines. Every secant plane contains

q(g+1) q(g—1)
2 2

q + 1 tangent lines, secant lines and external lines. Every pencil of

lines in a tangent plane contains 0 or ¢ secant lines. If ¢ is odd, then every pencil

1 qg+1

of lines in a secant plane contains %=, &5~ or ¢ secant lines.

1.4.3 Quadratic cones

Let 7* be a plane in PG(3, ¢), C be an irreducible conic in 7* and p* be a point
of PG(3,¢q) \ #*. A quadratic cone K in PG(3,¢) with base C and kernel p* is
the set of points on the lines joining p* with the points of C. Thus K consists of
the ¢*> + ¢ + 1 points of PG(3,¢) that are contained in the ¢ + 1 lines through
p* meeting C. Every line of PG(3, q) intersects K in either 0, 1,2 or ¢ + 1 points.
There are ¢°(q + 1)/2 secant lines, ¢* + 2¢*> + ¢ + 1 tangent lines and ¢*(¢ — 1)/2
external lines of PG(3, ¢) with respect to K.

A plane 7 of PG(3, ¢) intersects K either in the point p*, in a line (through p*),
in two lines (intersecting at p*), or in an irreducible conic. If 7NK is an irreducible
conic, then we call 7 a secant plane. The planes of PG(3, ¢) not passing through
p* are precisely the secant planes, giving in total ¢ secant planes of PG(3,q).
There are ¢* secant planes through a point of PG(3,¢q) \ {p*}, and ¢ secant planes

through a line not containing p*.
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1.5 Ovoids in PG(3,¢q)

An ovoid in PG(3,q) is a set of ¢* + 1 points intersecting each plane in either a
singleton or an oval. For ¢ > 2, the ovoids in PG(3, ¢) are precisely the subsets of
the point set of PG(3, ¢) of largest possible size with the property that no three
points of the set are collinear. In PG(3,2), the complement of a plane is a subset
of size 8 > 22 4+ 1 in which no three points are collinear, but it is not an ovoid in
PG(3,2).

Every elliptic quadric in PG(3,¢) is an example of an ovoid. In fact, if ¢ is
odd, then every ovoid in PG(3, q) is also an elliptic quadric [5, 47]. If ¢ > 2 is even
and a nonsquare (that is, ¢ = 2 for some odd integer ¢ > 3), then another type of
ovoids in PG(3, ¢) is known which are called ‘Tits ovoids’, see [30, Section 16.4] for
more on these ovoids. All ovoids in PG(3, ¢q) are classified for ¢ € {2,4, 8,16, 32}.
By [27, 44, 45, 46], every ovoid in PG(3, q) is an elliptic quadric if ¢ € {2,4, 16},
and either an elliptic quadric or a Tits ovoid if ¢ € {8,32}. However, classifying

all ovoids in PG(3, ¢) for other even ¢ is still an open problem.

Let O be an ovoid in PG(3,q). If L is a line of PG(3, ¢), then L meets O in at
most two points. We say that L is an external, tangent or secant line depending

on whether |L N O] is equal to 0, 1 or 2.

Suppose that ¢ is even. Then there is a symplectic polarity 7 of PG(3, q)
associated with O [59]. Planes intersecting O in a singleton are called tangent
planes while planes intersecting O in ovals are called secant planes. If x € O,
then 27 is a tangent plane through x and every other plane through z is a secant
plane. Through z, there are ¢ + 1 tangent lines (namely the ¢ + 1 lines of 27
through z) and ¢* secant lines. If z € PG(3,q) \ O, then 27 is a secant plane
intersecting O in ¢ + 1 points, say yi,¥a, - ., Yg+1. The planes yi,y3, ..., 97, are
the ¢ + 1 tangent planes through z, while the remaining ¢* planes through x are
secant planes. The point z is contained in precisely ¢ + 1 tangent lines (namely

2_ . 2 .
Y1, Y2, - - ., TYgs1), L5L secant lines and % external lines. Also, every external
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line of PG(3, ¢) with respect to O is contained in two tangent planes and ¢ — 1

secant planes.

1.6 Generalized quadrangles

Let s and t be positive integers. A generalized quadrangle of order (s,t) is a

partial linear space X = (P, L,Z) satisfying the following axioms:

(Q1) Every line of X is incident with s+ 1 points and every point of X is incident
with ¢ + 1 lines.

(Q2) For every point-line pair (z, L) with x not incident with L, there exists a

unique line M of X incident with = and intersecting L.

If s = ¢, then the generalized quadrangle X is said to have order s. See [49] for
background material on generalized quadrangles.

Let X = (P,L,Z) be a generalized quadrangle of order (s,t). Then |P| =
(s+1)(st +1) and |[£] = (t + 1)(st + 1), see [49, 1.2.1]. A subset O of P such
that every line of X contains exactly one point of O is called an ovoid of X'. If X
has an ovoid O, then |O| = st + 1 (this follows counting in two ways the number
of point-line pairs (z, L), where x € O and L is a line of X’ containing z).

Two points of X are called collinear if there is a line of X containing them.
For a point set A of X, the set A consists of all points of X which are collinear
with every point of A. Note that, for a point x, 2+ := {z}* contains z. For two
distinct points x,y, we have [{z,y}*| = s+ 1 or t + 1 according as x is collinear
with g or not. For two noncollinear points z,y, the set {z,y}++ is called the
hyperbolic line defined by x and y.

If P is a subset of the point set of some projective space PG(d,q), L is a
set of lines of PG(d, ), P is the union of all lines in £ and Z is the incidence
relation induced from PG(d, q), then X is called a projective generalized quadran-

gle. The points and the lines contained in a hyperbolic quadric in PG(3, ¢) form
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a (projective) generalized quadrangle of order (g,1). Conversely, any projective
generalized quadrangle of order (¢, 1) with ambient space PG(3, ¢) is a hyperbolic
quadric in PG(3, ), see [49, 4.4.8].

Let V be a 4-dimensional vector space over F, and B : V x V — F, be a
symplectic form on V. The map U + U+ ={v € V : B(u,v) =0 for all u € U}
for subspaces U of V defines a symplectic polarity of PG(3,¢). The point-line
geometry whose point set is that of PG(3,¢) and line set consisting of all the
totally isotropic lines of PG(3, q) with respect to B is a generalized quadrangle
of order ¢, denoted by W(q). It has ovoids if and only if ¢ is even, see [49, 3.2.1,
3.4.1]. By Segre [59]: Every ovoid of PG(3, ¢), ¢ even, is an ovoid of some W (q).
The converse statement is due to Thas [62]: Every ovoid of W(q), ¢ even, is an

ovoid of the ambient space PG(3, ¢q).

1.7 Blocking sets

Let X = (P, L,Z) be a partial linear space and L. be a nonempty subset of £. An
LL-blocking set in X is a subset B of P such that every line in L is incident with
at least one point of B. An LL-blocking set B is said to be minimal if B has no
proper subset which is also an IL-blocking set in X. Every LL-blocking set in X of
minimum size is a minimal LL-blocking set, but the converse need not be true.
When X = PG(d, q), blocking sets in PG(d, q) are combinatorial objects in
finite geometry and have been the subject of investigation by many researchers
with respect to varying sets of lines. The first step in this regard has been to
determine the minimum size of a blocking set and then to characterize, if possible,
all blocking sets of that cardinality. The following classical result was proved by

Bose and Burton in [13, Theorem 1].

Proposition 1.7.1 ([13]). Let L be the set of all lines of PG(d,q). If B is an
L-blocking set in PG(d,q), then |B| > (¢° —1)/(q — 1), and equality holds if and
only if B is the point set of a hyperplane of PG(d, q).
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The above proposition is used frequently in the subsequent chapters while
studying blocking sets in PG(d, q), d € {2, 3}, with respect to certain subsets of
the line set of PG(d, q).

A blocking set in PG(d, ¢) with respect to all its lines is called nontrivial if
it does not contain any hyperplane of PG(d, q), equivalently, if every hyperplane
of PG(d, q) contains a point outside the blocking set. In view of Proposition
1.7.1, one aspect to the study of blocking sets in PG(d, q) is to characterize the
minimal nontrivial blocking sets in PG(d,¢). When d = 2, minimal nontrivial
blocking sets in PG(2, q) have been extensively studied by several authors and
many results are available in the literature, see [10, 37, 51, 52, 61| for example
and the references therein.

The other aspect to the study of blocking sets in PG(d, q) is to characterize
the minimal L-blocking sets in PG(d, q) for proper subsets L of the line set of
PG(d, q). If L is the set of all lines of PG(d, ¢) which are contained in a given non-
degenerate quadric Q in PG(d, q), then K. Metsch [38, 39, 40, 41, 42] has studied
the minimum size L-blocking sets in PG(d, ¢). He proved that such blocking sets
can be obtained as sets consisting of the nonsingular points of quadrics H N Q for
suitable hyperplanes H of PG(d,¢). In this thesis, we investigate the minimum
size blocking sets in PG(3, ¢q) of certain line sets with respect to a quadric in it.

There are several applications of blocking sets in finding solutions of geo-
metrical problems, and problems in other related research areas. The theory of
blocking sets are very useful in the study of the weights of the codewords of a
g-ary linear code Cj(d,q). The authors in [34] used properties of blocking sets
to find upper bounds for the minimum weight of the dual code Cy(d,q)*. Using
the link between blocking sets and the codewords of C(d, ¢), the authors in [35]
computed a gap for the weights of the codewords. In [11], the authors provided
a family of minimal linear codes arising from certain blocking sets. See [50] for

more on applications of blocking sets in finite geometry and other related areas.
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Chapter 2

Blocking sets in PG(2, q)

In this chapter, we recall the known results available in the literature and prove
some new results on blocking sets in PG(2, ¢), which are needed in the subse-
quent chapters. The following result was proved in [55, Lemma 2.4], also see |9,

Proposition 3.1].

Proposition 2.0.1 ([9, 55]). Let x be a point of PG(2,q) and LL be the set of all
lines of PG(2,q) not containing x. If A is an L-blocking set in PG(2,q), then
|A| > q and equality holds if and only if A= L\ {x} for some line L of PG(2,q)

through x.

Let C be an irreducible conic in PG(2,q). If ¢ is even, then n denotes the
nucleus of C. In this chapter, we denote by £, § and T the set of all lines of
PG(2, q) that are external, secant and tangent, respectively, with respect to C.
The minimum size L-blocking sets in PG(2, ¢), where the line set L is one of &,
T,S, EUT,EUS and T US, have been determined by the contributions of
several authors. One can refer to [48] for a brief survey of the results obtained in

this regard.
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2.1 £&-blocking sets

The minimum size £-blocking sets in PG(2, ¢) were characterized by Giulietti in
[29, Theorems 1.1, 1.2] for ¢ even and by Aguglia and Korchméros in [3, Theorem
1.1] for ¢ odd. When ¢ = 3, it was observed in [22, Theorem 2.1] that one more

possibility occurs.

Proposition 2.1.1 ([3, 22]). If A is an E-blocking set in PG(2,q) with q odd,
then |A| > q — 1 and the following hold for equality case:

(i) For q =29, |Al =q—1 if and only if A = L\ C for some secant line L of
PG(2,q).

(ii) For q € {5,7}, |A| = q — 1 if and only if one of the following two cases

occurs:

(a) A= L\C for some secant line L of PG(2,q).

(b) A is a suitable set of ¢ — 1 points interior to C.
(i1i) For q =3, |A| = 2 if and only if one of the following two cases occurs:

(a) A= L\C for some secant line L of PG(2,3).

(b) A consists of any two interior points to C.

Proposition 2.1.2 ([29]). If A is an E-blocking set in PG(2, q) with q even, then

|A| = q — 1, and equality holds if and only if one of following three cases occurs:
(i) A= L\C for some secant line L of PG(2,q).
(1)) A= L\ ({n}UC) for some tangent line of PG(2,q).

(111) q is a square and A = I\ ({n}UC), where 11 is a Baer subplane of PG(2, q)
containing n such that [IINC| = \/q + 1.

The following is an immediate consequence of Propositions 2.1.1 and 2.1.2.
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Corollary 2.1.3. Let A be an E-blocking set in PG(2,q). If |A| = ¢ — 1, then
ANnC=0.

2.2 7T-blocking sets

If g is even, then the proof of the following proposition is straightforward.

Proposition 2.2.1. Let A be a T -blocking set in PG(2, q), where q is even. Then
|A| > 1, and equality holds if and only if A = {n}.

For ¢ odd, the minimum size T-blocking sets in PG(2, q) were characterized

by Patra et al. in [48, Section 3.1]. They proved the following.

Proposition 2.2.2 ([48]). Let A be a T -blocking set in PG(2, q), where q is odd.
Then |A| > (g + 1)/2, and equality holds if and only if A consists of (¢ +1)/2
exterior points to C such that the line through any two distinct points of A is not

tangent to C.

2.3 S-blocking sets

A set of four points in PG(2,q) with the property that no three of them are
collinear is called a quadrangle. Let {x,y, z, w} be a quadrangle in PG(2, ¢). Then
the three points a, b, ¢ defined by a := zy N zw, b := zz Nyw and ¢ := zw N yz
are called the diagonal points of the quadrangle {z,y, z, w}. These three diagonal
points are collinear in PG(2, ¢) if and only if ¢ is even [36, 9.63, p.501].

The minimum size S-blocking sets in PG(2, ¢) were studied by Aguglia et al.
in [4, Theorem 1.1] for ¢ even and in [1, Theorem 1.1] for ¢ odd.

Proposition 2.3.1 ([1, 4]). If A is an S-blocking set in PG(2,q), then |A| > q.

Moreover, the following hold:

(1) If q is odd, then |A| = q if and only if |A\ C| € {0,1,3} and one of the

following three cases occurs:
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(i) A=C\{x} for some point x € C.
(ii)) A= (C\ {z,y}) U{a} for two points x,y € C, and for some point a
(different from x and y) on the secant line xy to C.

(iti)) A = (C\{w,z,y,2}) U{a,b,c} for some quadrangle {w,z,y,z} C C

with diagonal points a, b, c.

(2) If q is even and |A| = q, then the points of A\ C are contained in a line of
PG(2, q) which is tangent to C. The set L\ {n} is an S-blocking set of size
q for every tangent line L of PG(2,q).

We note that, for ¢ even, the description of the S-blocking sets in PG(2, q) of
minimum size ¢ is quite different. The statement in Proposition 2.3.1(2) above
was obtained while proving the main result of [4] in Section 2 (see after case
(3) on page 654 of that paper). The following is an immediate consequence of

Proposition 2.3.1.

Corollary 2.3.2. Let A be an S-blocking set in PG(2,q). If |A| = q, then
ANC # 0, except when q =3 and A consists of all the three interior points to C.

2.4 (£UT)-blocking sets

Let L be a secant line of PG(2, ¢) with respect to C and let LNC = {a,b}. The
pole of L is the intersection point of the two tangent lines through a and b.

The minimum size (£ U T )-blocking sets in PG(2, ¢) were studied by Aguglia
and Giulietti in [1, Theorem 1.2] for ¢ even and by Aguglia and Korchmaros in

2, theorem 1.1] for ¢ odd.

Proposition 2.4.1 ([1, 2]). Let A be an (£ UT)-blocking set in PG(2,q). Then

|A| > q, and equality holds if and only if one of the following three cases occurs:

(i) A= L\C for some tangent line L of PG(2,q).
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(1) A= (L\C)U{z} for some secant line L of PG(2,q), where x is the pole of
L for q odd, and x = n is the nucleus of C for q even.

(i1i) q is a square and A =11\ (IINC), where I1 is a Baer subplane of PG(2, q)

such that II N C is an irreducible conic in I1.

The examples mentioned in (i) and (ii) are always (€ U T )-blocking sets in
PG(2,q), while this is not always the case for the examples mentioned in (iii).
In (iii), it is therefore implicitly assumed that the Baer subplane I needs to
be chosen in such a way that A = II \ (II N C) is a blocking set, and this is
always possible. We refer to Section 2.7, in particular to Remark 2.7.2, for a
further discussion of this issue. The following is an immediate consequence of

Proposition 2.4.1.

Corollary 2.4.2. Let A be an (€ UT)-blocking set in PG(2,q). If |A| = q, then
ANC=0.

2.5 (£ US)-blocking sets

The minimum size (€ U S)-blocking sets in PG(2, ) were studied by Patra et al.
in [48, Section 3.2]. The following two results were proved in [48, Theorems 3.2
and 3.3].

Proposition 2.5.1 ([48]). Let A be an (€ US)-blocking set in PG(2, q), where q
is even. Then |A| > q, and equality holds if and only if A = L\ {n} for some
tangent line L of PG(2,q).

Proposition 2.5.2 ([48]). Let A be an (£ US)-blocking set in PG(2,q), where q
is odd. Then |A| = 3 for ¢ =3 and |A| = q+1 for q = 5. Moreover, the following
hold:

(i) For q =3, |A| = 3 if and only if A consists of all the three interior points
to C.
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(ii) For q =5, |A| =6 if and only if one of the following occurs:

(a) A is a line of PG(2,5).

(b) A =1\ {ay,as, a3,a4}, where I is the set of interior points to C and
{a1,a2,a3,a4} C I is a quadrangle such that the line a;a; is external

toC for1 <i+#7j<4.

(iii) For q > 7, |A| =q+ 1 if and only if A is a line of PG(2,q).

2.6 (7 US)-blocking sets

Every (7 US)-blocking set in PG(2, q) is of size at least ¢+ 1. The conic C itself
and lines of PG(2,q) are (T U S)-blocking sets of size ¢ + 1. Every (T U S)-
blocking set in PG(2, q) of size ¢ + 1 which is disjoint from C must be an external
line to C. This was proved by Bruen and Thas in [15] for ¢ even and by Segre and
Korchmaros in [60] for all g. We refer to [12] for the description of all (T U S)-
blocking sets in PG(2, q) of size g + 1 that are different from C and the lines of
PG(2,q), also see [48, Section 2.3].

2.7 A new result

We shall need the following result in PG(2, ¢) while studying the blocking sets of

external and tangent lines with respect to an elliptic quadric in PG(3, q).

Lemma 2.7.1. Let I be a Baer subplane of PG(2,q), q a square, such that IINC
is an irreducible conic in I1. Suppose that A := 11\ (IINC) is an (EUT)-blocking
set in PG(2,q) of size q. Let L be a line of PG(2,q) that is tangent to C in the
point x. Then the following hold for L:

(1) If v € IINC, then L intersects I1 in a Baer subline that is tangent to IINC

i the point x.
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(i7) If x € C\1I, then L cannot intersect I in a Baer subline.

Proof. (i) Suppose x € IINC. Then as L meets A = II\ (IINC), it must intersect
IT in a Baer subline and this Baer subline necessarily coincides with the line of II

that is tangent to II N C in the point z.

(ii) Suppose = € C \ IT and ¢ is even. Let y; and yo be two distinct points of
IINC. Let L; with ¢ € {1,2} denote the unique line of PG(2,¢) that is tangent
to C in the point y;. By (i), we know that L; NIl and Ly NI are two distinct
lines of II that are tangent to IINC. So, L; N1l and Ly N II meet in the nucleus
m of the conic CN Il in I1. As m € Ly N Ly, the point m is also the nucleus of C
and so m = n. Now, the line L must contain the nucleus n. If L NIl were a Baer
subline, then L N II would be a line of II that is tangent to C N1l in a point y.
Asy € LNC, we have x = y, in contradiction with the fact that x ¢ II.

Suppose x € C \ IT and ¢ is odd. We choose coordinates such that IT consists
of all points (X1, Xy, X3) of PG(2,q) with X, Xy, X3 € F 4 and I[I N C consists
of all points (X1, X2, X3) of PG(2,q) with Xy, X5, X5 € F 5 satisfying X7 +
X5X3 = 0. Suppose C has equation Z a;; X;X; = 0 with respect to the
same reference system, where a;; € F, 1;?15131 i,7 € {1,2,3} with ¢ < j. Since
(1,1,-1), (1,-1,1), (0,1,0) and (0,0,1) belong to C NIl C C, the equation of
C is of the form a;;(X? + X5X3) + a12(X1Xs + X1 X3) = 0, that is, of the form
X7 4 X5 X3+ b(X1 X2 + X1 X3) =0 for some b € F, \ {1,—1} as C is irreducible.
The line K of PG(2,q) that is tangent to C in the point (0,1,0) has equation
X3+ bX; = 0, while the line K of II that is tangent to IINC in the point (0, 1,0)
has equation X3 = 0. By (i), we know that K NII = K. This implies that b = 0,

that is, C has equation X+ X, X3 = 0 with respect to the same reference system

(but coordinates are in ).
Now, suppose that x has coordinates (uj, ug, u3) and that L intersects II in a
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Baer subline. The line L has equation a;X; + a2 X5 + a3 X3 = 0, where

aq 2 00 (751
ay | =100 1 || u |- (2.7.1)
as 010 Uus

Since L NI is a Baer subline, (ay,as,as) is proportional to a nonzero element
of ]Ff/a. This implies by (2.7.1) that (uy, us, ug) is also proportional to a nonzero
element of IE':\"/&. As this is in contradiction with the fact that = € C \ II, our

assumption that L intersects II in a Baer subline was wrong. ]

Remark 2.7.2. Let I1 be a Baer subplane of PG(2,q), q a square, such that IINC
is an irreducible conic in II. Then for ¢ > 16, A ;= I1\ (ILNC) is always an
(€ U T)-blocking set in PG(2,q), while counter examples to that claim exist for
q=4 and qg=29.

We justify Remark 2.7.2 in the following. As in the proof of Lemma 2.7.1, we
can take a reference system in PG(2,q) with respect to which II consists of all
points (X1, Xy, X3) of PG(2,q) with X;, X, X3 € F 5 and II N C consists of all
points (X1, Xo, X3) of PG(2, ¢) with X, X5, X3 € F 5 satisfying X2+ X, X5 =0.
Suppose C has equation Z a;; X;X; = 0 with respect to the same reference
system. The fact that theléfiftz (0,1,0), (0,0,1) and (1,w, —w™) belong to C for
every w € F_5\{0} then implies that asy = az3 = 0 and apw*+(ay —ag3)w—ay3 =
0 for allw € F 5\ {0}. For ¢ > 16, this implies that a;» = a13 = 0, a11 = ag3 and
so C has equation X7+ X, X3 = 0 with respect to the same reference system®. It is
now straightforward to verify that for every point 2 € IINC, we have K, = K,NII,
where K, and K, are the tangent lines of PG(2, ¢) and II through 2 with respect

to C and II N C, respectively. This property implies that A = IT\ (IINC) is an

! Another way to see this is as follows. For ¢ > 16, we have |[II N C| = Va+1 =5 As
there is a unique irreducible conic through any given collection of five points of which no three
are on the same line, we thus see that C coincides with the irreducible conic with equation
X2+ XpX3=0.
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(€ U T)-blocking set in PG(2, q).

For q € {4,9}, it is possible that C has equation X7 + X5X3 + w(X; Xy +
X1X3) = 0 with w € Fy\F_ 5. We can then verify that K # K NII, where K and
K are the tangent lines of PG(2, ¢) and II through (0, 1,0) with respect to C and
I1 N C, respectively. The line K does not contain any points of A = I1\ (IT N C)
and so A cannot be an (£ U T)-blocking set in PG(2, q).

2.8 Extending some results to ovals

Recall that ovals in PG(2, ¢q) with ¢ odd are precisely the irreducible conics. If ¢
is even and at least 8, then there are ovals in PG(2,¢) which are not irreducible
conics, however, they have similar combinatorial properties. In the following
proposition, we extend some of results of the previous sections to arbitrary ovals

in PG(2, ¢q) with ¢ even.

Proposition 2.8.1. Let O be an oval in PG(2, q), q even, and let n be the nucleus
of O. Then the following hold:

(2) If A is a blocking set in PG(2,q) with respect to the external lines to O,
then |Al = q—1. If |A| =q—1, then AN (O U {n}) = 0.

(73) If A is a blocking set in PG(2,q) with respect to the external and tangent
lines to O, then |A| > q.

(1i1) The point sets of size q in PG(2,q) that block all tangent and external lines
to O are precisely the sets of the form AU{n}, where A is a blocking set in
PG(2,q) of size ¢ — 1 with respect to the external lines to O. In particular,

such sets of points are always disjoint from O.

Proof. (i) It suffices to prove this claim for minimal blocking sets A with respect
to the external lines to O. Since A\ (OU{n}) is also a blocking set in PG(2, ¢) with
respect to the external lines to O, minimality of A implies that AN(OU{n}) = 0.
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(¢=1)

So, every point of A is contained in 4 external lines. As there are ££= external

lines each containing at least one point of A, the number of points in A is at least

@(%)1 =q— 1. Hence, |A| > g — 1.

If |A| = ¢ — 1, then A necessarily is a minimal blocking set and by the above,
we then know that AN (O U{n})=10.

(ii) Suppose that |A] < ¢— 1. As A is also a blocking set with respect to the
external lines to O, we know from (i) that |[A| = ¢—1 and AN (O U {n}) = 0.
Each point of A is therefore contained in  + 1 = q;r—Q lines that are external or
tangent to O. In total, there are q(q—;l) +q+1= q2+—2q+2 lines in PG(2, ¢) that are
external or tangent to O. As each such line contains at least one point of A, we
have |A| > qQJFTq“ : (‘1'5—2)_1 > q — 1, a contradiction.

(iii) If A is a blocking set of size ¢ — 1 with respect to the external lines to O,
then AU {n} is a blocking set of size ¢ with respect to the external and tangent
lines to O (as each tangent line contains n). Conversely, suppose A’ is a blocking
set of size ¢ with respect to the external and tangent lines to O. If n & A’, then
each of the ¢+1 lines through n is a tangent line containing a point of A’, proving
that |A'| > ¢ + 1, a contradiction. Hence, n € A’. Obviously, A := A"\ {n} is a
blocking set of size ¢ — 1 with respect to the external lines to O. By (i), we know

that A is disjoint from O. Hence, also A’ = AU {n} is then disjoint from O. O
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Chapter 3

Blocking sets in PG(3, q): Elliptic

quadrics

Let @~ (3,q) be an elliptic quadric in PG(3,¢) and 7 be the associated polarity
of PG(3,¢q). So 7 is symplectic if ¢ is even, and orthogonal if ¢ is odd. In this
chapter, we denote by £, S and T the set of all lines of PG(3, ¢) that are external,
secant and tangent, respectively, with respect to Q7 (3,¢). We shall study the
minimum size L-blocking sets in PG(3, q), where the line set L is one of £, T, S,
EUT,EUS and T US. The contents of this chapter appear in [18] and [19].

All the tangent and secant planes of PG(3,¢) considered in this chapter are
with respect to the quadric @~ (3,q). Let L € {€,7,S,EUT,EUS,TUS}. For
a plane 7 of PG(3, ¢q), we denote by L, the set consisting of those lines of L. that
are contained in w. For a secant plane 7 of PG(3,¢q), we shall denote by C, the
irreducible conic 7 N Q~(3,¢) in 7. In that case, the lines of L, are of the same
type with respect to C, as that of IL with respect to Q™ (3,¢). Note that if B is
an L-blocking set in PG(3,¢) and 7 is a secant plane of PG(3,¢), then the set

B, :=mN B is an LL,-blocking set in 7.
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3.1 S-blocking sets

Let 7 be a secant plane of PG(3, q). For a given S;-blocking set A in 7, we define
the set A(m) by

A(m) == AU(Q(3,9) \ Cx),

which is a disjoint union. The proof of the following lemma is straightforward.

Lemma 3.1.1. Let 7 be a secant plane of PG(3,q). If A is an Sy-blocking set in
7, then A(m) is an S-blocking set in PG(3,q) of size ¢* — q + |A|.

In this section, we shall prove the following theorem which characterizes the

minimum size S-blocking sets in PG(3, q).

Theorem 3.1.2. Let B be an S-blocking set in PG(3,q). Then |B| > ¢*, and
equality holds if and only if B = A(w) for some secant plane © of PG(3,q) and

for some Sy-blocking set A in 7 of size q.

As a consequence of Theorem 3.1.2 and Proposition 2.3.1(1), we have the

following.

Corollary 3.1.3. Let B be an S-blocking set in PG(3,q) of minimum size ¢°.
If q is odd, then |B\ Q™ (3,¢)| € {0,1,3} and one of the following three cases

occurs:
(i) B=Q (3,q) \ {x} for some point x € Q= (3, q).

(i1)) B=(Q(3,¢9)\{z,y})U{a}, where z,y are two distinct points of Q~ (3, q)

and a is a point (different from x,y) on the secant line xy.

(i) A = (Q(3,¢9) \ {w,z,y,z}) U{a,b,c}, where {w,z,y,z} is a quadrangle
contained in C, for some secant plane m of PG(3,q) and a,b, c are the three

diagonal points of this quadrangle.
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If 7 is a secant plane of PG(3,¢) and A is an S;-blocking set in 7 of size g,
then Lemma 3.1.1 implies that A(r) is an S-blocking set in PG(3, q) of size ¢*.
We prove the other parts of Theorem 3.1.2 in the rest of this section. Suppose
that B is an S-blocking set in PG(3, ¢) of minimum possible size.

3.1.1 General properties

For every point = of Q@ (3, ¢q), observe that Q~(3,¢) \ {z} is an S-blocking set in
PG(3,q) of size ¢*. Then the minimality of |B| implies that |B| < ¢* and hence
@ (3,¢9) \ B is nonempty.

Lemma 3.1.4. The following hold:
(i) Every secant line through a point of Q~(3,q) \ B meets B in a unique point.
(ii) |B| = ¢*.

Proof. Let w be a point of Q(3,q) \ B. Each of the ¢ secant lines through

w meets B and two distinct such lines meet B at different points. This gives

|B| > ¢?. Since |B| < ¢?, it follows that both (i) and (ii) hold. O

Suppose that B C Q7 (3,¢q), then |B| = ¢* implies that B = Q7 (3,¢) \ {z}
for some point x of @ (3,q). Consider a secant plane 7 through the point z.
Then z € C; and A := C, \ {2} is an S;-blocking set in 7 of size ¢. We also have
B=AU(Q (3,9) \Cr) = A(m). This proves Theorem 3.1.2 in this case.

From now on assume that B ¢ Q™ (3, ¢). Then both the sets B\ Q~(3,¢) and
@ (3,q) \ B are nonempty and we have

Q"B \ Bl = [B\Q"(3,9)| + L. (3.1.1)

Lemma 3.1.5. BNQ(3,q) is nonempty.

Proof. Suppose that B N Q~(3,q) is empty. There are ¢(q¢ — 1)/2 secant lines
through every point of B. We also have |B| = ¢* and |S| = ¢*(¢* + 1)/2. Since
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B is an S-blocking set, counting the cardinality of the set

R={(z,L):xe€B,LeS,ze€L}

in two ways, we get

¢*qla—1)/2=|R| > |S] 1 =¢*(¢" + 1)/2,

which is not possible. Hence B N Q~(3,¢) is nonempty. [

Corollary 3.1.6. Every secant line through a point of B\ Q~(3,q) contains two
points of either BNQ~(3,q) or @~ (3,q) \ B.

Proof. This follows from Lemma 3.1.4(i). O

Lemma 3.1.7. The tangency point of every tangent line through a point of B\
Q" (3,q) is contained in BN Q™ (3,q).

Proof. Let z be a point of B\ Q7 (3,¢) and y € @~ (3,¢) be the tangency point

of some tangent line through x. We show that y is a point of BN Q~(3,q).
Suppose to the contrary that y is a point of Q~(3, ¢)\ B. Then there would go

at least ¢? + 1 lines through y each containing a point of B, namely the ¢? secant

lines (see Lemma 3.1.4) and the line yx, in contradiction with |B| = ¢2. O

Corollary 3.1.8. Every line joining a point of B \ Q@ (3,q) and a point of
@~ (3,9) \ B is a secant line which meets Q~(3,q) \ B in a second point.

Proof. This follows from Lemma 3.1.7 and Corollary 3.1.6. O]
Corollary 3.1.9. |Q(3,q) \ B| is even and hence |B\ Q@ (3,q)| is odd.

Proof. Since B\ (3, q) is nonempty by our assumption, the first part follows
from Corollary 3.1.8. The second part follows from (3.1.1) using the first part. [

Lemma 3.1.10. Let L be a secant line containing two points of Q= (3,q) \ B. If

T is a secant plane containing L, then B, is an Sy-blocking set in 7 of size q.
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Proof. Let m = my, 71, ..., 7, be the g+1 secant planes through L. By Proposition
2.3.1, |B,,| = q for every i € {0,1,...,q}. We show that |B,,| = ¢ for each i and
then the lemma will follow from this.

Let |B:,| = ¢+ si, 0 < i < g, for some nonnegative integer s;. We have
|LN B| =1 by Lemma 3.1.4(i) and m; N7; = L for distinct 4,5 € {0,1,...,¢}.
Since B = LqJOBm., we get

i=0
This gives
q
a0
i=0
Since each s; > 0, we must have s; = 0 for all . O

3.1.2 The case q even

Lemma 3.1.11. If q is even, then the line through two distinct points of B\
Q" (3,q) is tangent to Q~(3,q).

Proof. Let z,y be two distinct points of B \ Q@ (3,q). We show that xy is a
tangent line. Consider a point @ € @~ (3,q) \ B. Lemma 3.1.7 implies that the
lines za and ya are secant to Q~ (3, ¢). Since x,y € B with  # y, Lemma 3.1.4(i)
implies that the secant lines xa and ya are distinct. Then, by Corollary 3.1.6,
there exist distinct points b and ¢ of Q~(3,¢) \ B such that xtaNQ~(3,q) = {a, b}
and ya N Q™ (3,q) = {a,c}.

Consider the plane 7 := (a, b, c) generated by the points a,b,c. Then 7 is a
secant plane and z,y are points of 7. Since a,b € Q~(3,q) \ B, applying Lemma
3.1.10 to the secant line za = ab, we get that B, is an S,-blocking set in 7 of
minimum size ¢q. So, by Proposition 2.3.1(2), all the points of B, \C, are contained

in a common line L which is tangent to C, and hence tangent to Q@ (3, ¢). Since
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x,y € By \ Cy, it follows that the tangent line L contains both = and y. m
As a consequence of Lemma 3.1.11, we have the following.

Corollary 3.1.12. If q is even, then any secant line contains at most one point
of B\ Q™ (3,49).

Lemma 3.1.13. If q is even, then all the points of B\ Q~(3,q) are contained in

a common tangent line.

Proof. The statement is clear if |[B\ @ (3,¢q)] = 1. Since |B\ @ (3,¢)| is odd
by Corollary 3.1.9, we assume that |B\ Q@ (3,¢)| > 3. By Lemma 3.1.11, it is
enough to show that any three distinct points x,y, z of B\ Q™ (3, q) are contained
in a line.

By Lemma 3.1.11, zy, xz and yz are tangent lines. Suppose that the line xy
does not contain the point z. Then the plane 7 generated by the two tangent
lines zy and zz is a secant plane. Since ¢ is even, x must be the nucleus of the
conic C,; in 7 and so all tangent lines contained in m meet at . But the tangent

line yz contained in 7 does not contain x, a contradiction. O]

The following proposition proves Theorem 3.1.2 when ¢ is even.

Proposition 3.1.14. If q is even, then B = A(w) for some secant plane w of
PG(3,q) and for some S,-blocking set A in  of size q.

Proof. By Lemma 3.1.13, there exists a tangent line 7' containing all the points
of B\ Q@ (3,q). Consider a point x of T" which is in B\ Q@ (3,¢). Let L be a
secant line through x meeting Q= (3, ¢) \ B at two points. Such a line L exists by
Corollary 3.1.8 as Q@ (3,¢) \ B is nonempty. The plane 7 generated by the two
intersecting lines 7" and L is a secant plane of PG(3, ¢). Applying Lemma 3.1.10
to the secant line L, the set B, is an S;-blocking set in 7 of size q.

As every point of B\ Q~(3,q) is contained in A := B,, we have B C AU
(Q(3,9) \ Cx) = A(m). Since |A(m)| = |A| + ¢* — ¢ = ¢* = |B|, we see that
B = A(n). m
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3.1.3 The case ¢ odd

Lemma 3.1.15. If q is odd, then there is no line of PG(3,q) containing more
than two points of B\ @ (3,q).

Proof. Suppose that L, is a line of PG(3, ¢) containing at least three points, say
a,b,c, of B\ Q (3,q). Let Ly be a secant line through a which contains two
points of Q@ (3,¢) \ B. Such a line L, exists by Corollary 3.1.8 as Q@ (3,q) \ B is
nonempty. By Lemma 3.1.4(i), a is the only point of B\ Q(3,¢) contained in
Ly. So Ly # Ls. The plane 7w generated by the two intersecting lines L; and Lo
is a secant plane of PG(3,¢). By Lemma 3.1.10, the set B, is an S;-blocking set
in 7 of size q. Then |B, \ C;| < 3 by Proposition 2.3.1(1). Since the points a, b, ¢
of Ly are contained in B, \ Cr, we must have B, \ C, = {a, b, c}.

By Proposition 2.3.1(1)(iii), @, b, ¢ must be the three diagonal points of some
quadrangle contained in C,. Then a, b, ¢ can not be contained in any line of 7 as

q is odd, contradicting that the line L, of m contains a, b, c. O
Lemma 3.1.16. If q is odd, then |Q~(3,q)\ B| < 4 and hence |[B\Q~(3,q)| < 3.

Proof. Suppose that [Q~(3,¢) \ B] > 4. Then |Q~(3,¢)\ B| > 6 as |Q~(3,¢) \ B|
is even by Corollary 3.1.9. Fix a point = of B\ Q~(3,q). Let Ly, Ly, L3 be three
secant lines through z each of which meets Q= (3, ¢) \ B at two points (use Corol-
lary 3.1.8). Set L, N (Q~(3,¢) \ B) = {a;,b;} for i € {1,2,3}. Since ay,as,as
(respectively, by, by, b3) are points of (3, ¢q), they are not contained in any line
of PG(3, ¢). Thus the seven points x, ay, as, as, by, by, b3 form a Desarguesian con-
figuration. So the three intersection points zi9, 213, 223, Where ajas Nbi1by = {212},
ajaz Nbibg = {z13} and agaz N babs = {223}, are contained in a line of PG(3, q).
Let m;; be the plane generated by the two intersecting lines L; and L;, where
1 <i<j <3 Then m; is a secant plane and by Lemma 3.1.10, the set ij
is an S, -blocking set in 7; of size q. Since a;, b;, aj, b; are points of Cr \ By,

Proposition 2.3.1(1) implies that Cr,; \ Br,; = {ai, b;, a;,b;} and the set By, \ Cr,,
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consists of the diagonal points of the quadrangle {a;,b;, a;,b;} contained in C,;.
In particular, the point z;; is contained in By,; \ Cr,; and hence in B\ Q7 (3, q).
It follows that the three points 219, 213, 223 of B\ Q@7 (3,¢) are contained in a line
of PG(3, q), contradicting Lemma 3.1.15.

Hence |Q7(3,q) \ B| < 4 and then (3.1.1) implies that |[B\ @ (3,¢)] < 3. O

The following proposition proves Theorem 3.1.2 when ¢ is odd.

Proposition 3.1.17. If q is odd, then B = A(w) for some secant plane © of
PG(3,q) and for some Sy-blocking set A in w of size q.

Proof. We have |B\ Q@ (3,q9)| € {1,3} by Lemma 3.1.16 and Corollary 3.1.9.
First assume that |[B\ @ (3,¢)] = 1. Then |Q~(3,¢q) \ B] = 2 by (3.1.1). Let
B\Q (3,9) ={a} and Q= (3,¢9) \ B = {z,y}. The secant line xy meets B at the
point a. Consider any secant plane 7 containing the line xy. Then z,y € C, and
A= (Cr \ {z,y}) U{a} is an S;-blocking set in 7 of size ¢. It can be seen that
B=AU(Q (3,9)\Cr) = A(m).

Now assume that |B \ Q@ (3,¢)] = 3. Then |Q(3,q9) \ B| = 4 by (3.1.1).
Let B\ Q@ (3,9) = {a,b,c} and Q(3,9) \ B = {w,x,y,z}. Using Corollary
3.1.8, there are exactly two secant lines through a point of B\ Q~(3,¢q) each of
which meets Q~(3,¢) \ B at two points. Conversely, any secant line through two
points of Q~(3,¢) \ B contains a unique point of B\ @~ (3,¢) by Lemma 3.1.4(i).
Thus the four points w, x,y, z generate a plane m of PG(3, ¢) which contains the
points a, b, ¢ as well. In fact, a, b, c are the three diagonal points of the quadrangle
{w,x,y, 2z} contained in the conic C;. Then A := (C, \ {w,z,y,z2}) U {a,b,c} is
an S;-blocking set in 7 of size ¢. We also have B = AU (Q(3,¢) \ C;) = A(m)

in this case. [l

3.2 £&-blocking sets

The following theorem characterizes the minimum size £-blocking sets in PG(3, ¢).
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Theorem 3.2.1. Let B be an E-blocking set in PG(3,q). Then |B| > ¢*, and
equality holds if and only if B =7\ Q™ (3,q) for some secant plane = of PG(3, q).

We note that Biondi et al. studied in [9, Section 3| the &-blocking sets in
PG(3,¢q) and proved Theorem 3.2.1 in [9, Theorem 3.5], with exception of the
equality case for some small values of ¢, namely ¢ € {2,3,4,5,7,8}. We observed
that their proof also works for all even ¢, but not for ¢ = 3,5,7. By Propositions
2.1.1 and 2.1.2, the minimum size of a blocking set of the external lines with
respect to an irreducible conic in PG(2,q) is ¢ — 1. For ¢ = 3,5,7, there are
examples of such blocking sets in PG(2,q) of size ¢ — 1 consisting of interior
points (see Proposition 2.1.1) and the arguments used to prove [9, Theorem 3.5]
does not cover such sporadic examples in the plane case.

In this section, our aim is to give an alternate proof of the equality case in
Theorem 3.2.1 which works for all ¢, in particular, for ¢ = 3,5,7. We implicitly
borrow some of the arguments used in [9, Section 3] for our proof.

Let B be an £-blocking set in PG(3, ¢) of minimum size. If 7 is a secant plane,
then 7\ Q7 (3, ¢) is an E-blocking set of size ¢*. From the minimality of |B| and
the fact that B\ Q7 (3,¢q) is an £-blocking set, we have that |B| < ¢* and that
BNQ (3,q) is empty. Note that if 7 is a tangent plane, then |B,| > ¢ using
Proposition 2.0.1.

A proof of the following lemma can easily be extracted from [9, Proposition

3.4]. A proof is added here for reasons of completeness.

Lemma 3.2.2. Let N; denote the number of tangent planes intersecting B in
ezactly q points. Then Ny > q+ 1. If Ny = ¢+ 1, then |B| = ¢* and each of the

remarming q° — q tangent pianes meets m ezxactly q + 1 points.
ming q* tangent pl ts B i tly 1 point

Proof. There are ¢*> +1— N; tangent planes intersecting B in at least ¢+ 1 points
by Proposition 2.0.1. As each point of PG(3,¢q) \ @ (3, ¢) is contained in exactly

g + 1 tangent planes, a double counting of the incident point-tangent plane pairs
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(x,m) with = € B yields
Ni-qg+ (@ +1-N)-(g+ 1) <|Bl- (¢+1) < ¢*(g+1),

that is, ¢ +1 < Ny. If Ny = ¢+ 1, then the above implies that |B| = ¢* and that
each of the ¢> + 1 — N; = ¢ — ¢ tangent planes that meets B in at least ¢ + 1
points meet it in precisely ¢ + 1 points. 0

In the sequel, let 7, m9, ..., 7 with & > ¢ + 1 be all the tangent planes
intersecting B in precisely ¢ points. Let a; with i € {1,2,...,k} be the tangency
point of 7;. By Proposition 2.0.1, there exists a line U; of 7; through «a; such that
Bnm=U;\{a}.

Lemma 3.2.3. Any two distinct lines in the collection {Uy,Us, ..., Uy} intersect

in a singleton (outside Q~(3,q)).

Proof. Let iy,is € {1,2,... k} with iy # i5. The external line L = m;, N7,
intersects B in a singleton {$} which belongs to both U;, and U;,. Hence U;, =
a;, f and U;, = a;,f meet in the singleton {3}. ]

Lemma 3.2.4. We have k = q+ 1 and Uy,U,,...,Ugy1 are the ¢ + 1 tangent

lines contained in a secant plane 7w*.

Proof. As {Uy,Us, ..., U} is a collection of mutually intersecting lines by Lemma

3.2.3, at least one of the following cases occurs:
(1) the lines Uy, Uy, ..., Uy are contained in the same plane 7*;
(2) the lines Uy, Us, ..., Uy go through the same point x*.

We show that case (1) occurs. Note that if case (2) occurs, then z* ¢ Q(3,q)
by Lemma 3.2.3.
If case (2) occurs with ¢ even, then the tangent lines Uy, Us, ..., Uy are all

contained in the secant plane (z*)” through z*, indeed showing case (1) occurs.
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Suppose that case (2) occurs with ¢ odd. Then the tangent lines through x*
are the ¢+ 1 lines through x* containing a point of (z*)"NQ~(3,q). As k > q+1,
we then have k = ¢+ 1. As [BN(U;U0,U...UU )| =1+ (¢+1)(g—1) =¢*
and |B| < ¢, we must have B = (U; UUs U ... UU,1) \ Q@ (3,¢). But this is
impossible, as any external line contained in the secant plane (z*)” would then
be disjoint from B.

Thus, case (1) occurs. As the k > g + 1 tangent lines Uy, Us, ..., Uy are all
contained in the same plane and their tangency points are mutually distinct, we
can conclude that k& = ¢ + 1, 7* is a secant plane and that Uy, Us,, ..., U,y are

all the ¢ + 1 tangent lines contained in 7*. O
The following is a consequence of Lemmas 3.2.2 and 3.2.4.

Corollary 3.2.5. We have |B| = ¢*. There are ¢ + 1 tangent planes meeting B

in precisely q points and q* — q tangent planes meeting B in precisely ¢+ 1 points.
The following lemma completes the proof of Theorem 3.2.1.

Lemma 3.2.6. Let * be the secant plane as in Lemma 3.2.4. Then B = 7* \
Q@ (3,9).

Proof. For q odd, let E,« and I, denote the set of points of 7* that are exterior
and interior, respectively, with respect to the conic C,~. Lemma 3.2.4 implies that
the set of points of B covered by the tangent lines contained in 7* is precisely
™\ Q7 (3,q) if ¢ is even, and E,« if ¢ is odd. Since |B| = ¢* = |7*\ Q™ (3,q)|,
the lemma follows for even ¢ and it suffices to prove that I« C B for odd gq.
Suppose to the contrary that there exists a point x € I+ which is not con-
tained in B. There are # — q;—l = ‘722—_1 external lines through = which are not

contained in 7*. Each of these fT*l external lines contains at least one point of

B\ 7*, implying that

|B| = |BN7*|+ |B\ 7| > |Ex
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in contradiction with |B| = ¢*. O

3.3 (7 US)-blocking sets

We prove the following theorem which characterizes the minimum size (7 U S)-

blocking sets in PG(3, q).

Theorem 3.3.1. Let B be a (T US)-blocking set in PG(3,q). Then |B| > ¢*+1
and equality holds if and only if B = Q~(3,q).

Proof. Consider B to be a (T US)-blocking set in PG(3, ¢) of minimum possible
size. Since the quadric Q™ (3,¢) contains ¢> + 1 points and it blocks the tangent
and secant lines, the minimality of | B| implies that |B|] < |Q7(3,q)] = ¢*+1. We
assert that B = Q7 (3,¢). It is enough to show that Q~(3,¢) C B.

Suppose that there exists a point x of Q~(3,¢) which is not in B. Each line
through = in PG(3, ¢) is either tangent or secant to @~ (3,¢). Since x ¢ B and
B is a (T U 8)-blocking set, the ¢* + g + 1 lines of PG(3,¢) through = would
meet B at different points. This gives |B| > ¢* + ¢ + 1, a contradiction to that
|B| < ¢*>+ 1. Thus Q(3,q) C B. O

3.4 (£US)-blocking sets
In this section, we shall prove the following theorem which characterizes the
minimum size (€ U S)-blocking sets in PG(3, q).

Theorem 3.4.1. Let B be an (EUS)-blocking set in PG(3,q). Then the following
hold:

(i) If ¢ =2, then |B| > 6 and equality holds if and only if B = LUL" for some
line L secant to Q~(3,q).

(11) If ¢ = 3, then |B| > ¢* +q+1 and equality holds if and only if B is a plane
of PG(3,q).
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When ¢ > 4 is even, Theorem 3.4.1(ii) can also be seen from [56, Theorem
1.3] which was proved using properties of the symplectic generalized quadrangle
W (q) of order q. Here we give a different proof which works for all ¢.

The rest of this section is devoted to prove Theorem 3.4.1. Note that if 7 is
a tangent plane, then there is no secant line in (£ US),. If 7 is a secant plane,
then (£ US), is precisely the set of external and secant lines with respect to the
conic C, =N Q™ (3,q) in 7.

Suppose that B is a minimum size (£ U S)-blocking set in PG(3,¢). Then
|B| < ¢* + q + 1, as each plane blocks every line of PG(3, ¢). For every plane 7,
the set By = m N B is an (£ U S),-blocking set in 7.

We first prove two results for g even, which are needed to show that any secant
plane contains at least ¢ + 1 points of B for ¢ > 4. Recall that, if ¢ is even and z
is a point of PG(3,¢) \ @ (3, ¢), then x is a point of the secant plane z”. In fact,
x is the nucleus of the conic C,- in the plane 27, in particular, x” is precisely the

union of the ¢ + 1 tangent lines through x.

Lemma 3.4.2. Suppose that q is even. Let L be a tangent line through a point
y & B. Then |Byr| > q for every point x of L\ {y} and the points of B, are
different from those of L N B.

Proof. Let M be a line through y in ™ which is different from L. If x is a point
of Q7 (3,q), then x7 is a tangent plane and so the line M is external to Q= (3, q).
If v € Q(3,q), then z is the nucleus of the conic C,- in 27, implying that L = xy
is the unique tangent line of 7 through y and that M is either a secant or an
external line. In all cases, each such line M must meet B. Since y ¢ B and there
are ¢ possible choices for M, it follows that |B,-| > ¢ and the points of B, are
different from those of L N B. O

Lemma 3.4.3. Suppose that q is even and let x be a point of BONQ™(3,q). If there
exists a tangent line L through x with |LNB| = q, then every tangent line through
T contains at least q points of B. In particular, |Byr| > 1+ (¢ +1)(g — 1) = ¢*.
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Proof. Let M be a tangent line through x different from L. Since L has a point
not in B, Lemma 3.4.2 implies that the tangent plane x” through L contains at
least 2¢q points of B. Note that «7 is also the tangent plane through M.

Suppose that |[M N B| < ¢—1. Then M has at least two points which are not
in B. Applying Lemma 3.4.2 carefully to the tangent line M, it follows that each
of the ¢ secant planes 27, z € M \ {z}, through M contains at least ¢ points of
B which are different from those of M N B. Counting the points of B contained
in the ¢ + 1 planes through M, we get

|B| > 20+ ¢* > @ +q+1,

which is a contradiction to the fact that |B] < ¢*+ ¢+ 1. So [M N B| > O
Lemma 3.4.4. Let 7 be a plane of PG(3,q). Then the following hold:

(i) Suppose that m is a tangent plane. Then |B.| > q and equality holds if
and only if By = L\ {z} for some tangent line L through =, where {x} =

TNQ™(3,9).

(i1) Suppose that 7 is a secant plane. Then |B.| > q. Further, if ¢ > 4, then
|B| = q+1.

Proof. (i) Since 7 is a tangent plane, (€ US); is precisely the set of all lines of ©
not containing the point z. Then (i) follows from Proposition 2.0.1.

(ii) Here By is an (€ U S),-blocking set in 7. The first part for all ¢ and the
second part for odd ¢ > 5 follow from Propositions 2.5.1 and 2.5.2.

Assume that ¢ > 4 is even. Let 7 = z7 for some point x of PG(3,q) \
Q(3,9). We have |B,-| > ¢q by Proposition 2.5.1. Suppose that |B,-| = ¢.
Note that (£ US),~ is precisely the set of lines in 2™ not containing x. Then, by
Proposition 2.5.1 again, B, = L\ {z} for some tangent line L through z. Let
L = {xg, 21, - ,24-1,2, = x} with tangency point =y € ()~ (3,¢). By Lemma
3.4.2, each of the secant planes z], 1 < ¢ < ¢ — 1, through L contains at least
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q points of B which are different from those of L N B. Also we have |B,;| > 7
for the tangent plane zj} by Lemma 3.4.3. Counting the points of B contained in
the ¢ planes 2] through L for i € {0,1,...,¢— 1} and using our assumption that
q = 4, we get

Bl > ¢*+(¢—1)g> ¢ +q+1,

which is a contradiction to the fact that |B| < ¢*+¢+1. Hence |B,-| > ¢+1. O
Corollary 3.4.5. |B| > ¢* + q.

Proof. 1f every tangent line meets B, then B would be a blocking set with respect
to all lines of PG(3,¢q) and hence we must have |B| > ¢* + ¢ + 1 by Proposition
1.7.1. Suppose that there is a tangent line L which is disjoint from B. Count the
points of B contained in the ¢ + 1 planes through L. Since L N B = (), we get
|B| > (¢4 1)q = ¢* + ¢ using Lemma 3.4.4. O

The following proposition proves Theorem 3.4.1 when q > 4.
Proposition 3.4.6. If ¢ > 4, then |B| = ¢*+q+1 and B is a plane of PG(3,q).

Proof. By Proposition 1.7.1, it is enough to show that every tangent line meets
B. Suppose that there exists a tangent line L which is disjoint from B. Count the
points of B contained in the ¢ 4+ 1 planes through L. There is one tangent plane
and ¢ secant planes containing L. Using the assumption that ¢ > 4, Lemma 3.4.4
implies that

1Bl 2 q+qla+1)=¢+29>¢" +q+1,

which is a contradiction to the fact that |B| < ¢* + ¢ + 1. Hence every tangent

line meets B. [
The following proposition proves Theorem 3.4.1 for ¢ = 2.

Proposition 3.4.7. If ¢ = 2, then |B| = 6 and B = LU L™ for some line L
secant to Q(3,q).
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Proof. By Corollary 3.4.5, we have |B| > 6. Let L be a secant line of PG(3,2)
and LN Q(3,2) = {u,v}. Then L7 is an external line which is common to the
two tangent planes u™ and v7. If w is the third point of L, then L” is the unique
external line contained in the secant plane w”. If M is a secant line not containing
w and v, then M contains two points of C,,r = Q7 (3,2) \ {u,v} and so is a line of
w”. In the plane w”, the lines M and L™ meet. If M is an external line, then M
meets the plane w” in at least one point of {w} U L™. It follows that L U L™ is an
(€ US)-blocking set in PG(3,2) of size 6. Thus |B| = 6 by the minimality of |B|.

Conversely, let B be an (£ U S)-blocking set in PG(3,2) of size 6. Since B\
@~ (3,2) is an E-blocking set in PG(3,2), we have |B\ Q~(3,2)| > 4 by Theorem
3.2.1. There are 10 secant lines to (3, 2), and every point of PG(3,2)\Q~ (3, 2)
is contained in a unique secant line. If |[B\ Q7 (3,2)| = 6 and BN Q™ (3,2) =0,
then B blocks precisely 6 secant lines. If |B\Q™(3,2)| =5 and |BNQ~(3,2)| =1,
then B blocks at most 5+4 = 9 secant lines. So we must have |[B\ Q™ (3,2)| =4
and |[BNQ~(3,2)] = 2. Hence B\ Q(3,2) =7\ Q (3,2) for some secant plane
7 of PG(3,2) by Theorem 3.2.1. Let BN Q(3,2) = {z,y}. Since |B| = 6 and
B blocks all secant lines, it can be seen that Q~(3,2) \ C; = {z,y}. The secant
line L = xy meets the plane 7 in the nucleus of C, and L7 is precisely the unique

external line contained in 7. It follows that B =L U L". O

In the rest of this section, we prove Theorem 3.4.1 for ¢ = 3.
Lemma 3.4.8. If ¢ = 3, then |B| = 13.

Proof. We have |B| < 13 and by Corollary 3.4.5, |B| > 12. Suppose that |B| =
12. Then Proposition 1.7.1 implies that there exists a tangent line L of PG(3,3)
which is disjoint from B. By Lemma 3.4.4, each of the four planes through L
contains at least three points of B. Since LN B = () and |B| = 12, it follows that
each plane through L contains exactly three points of B. Clearly, the points of
B contained in the tangent plane through L are outside @~ (3,3). Proposition
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2.5.2(i) implies that the points of B contained in a secant plane through L are
also outside Q7 (3, 3). Thus B is disjoint from Q (3, 3).

There are three secant lines through each point of B, giving that B blocks at
most 36 secant lines. But there are 45 lines which are secant to Q= (3, 3). It follows

that B does not block all the secant lines, a contradiction. Hence |B| =13. O

Lemma 3.4.9. Suppose that ¢ = 3. If | BN Q™ (3,3)] = 1, then B is a tangent

plane.

Proof. Since |B| = 13 by Lemma 3.4.8 and [BN Q(3,3)] = 1, we have |B \
@~ (3,3)| = 12. There are three secant lines through each point of B\ Q@ (3, 3),
implying that the points of B\ Q@ (3,3) block at most 36 secant lines. There are
nine secant lines through the point of BNQ~(3,3). Since B blocks each of the 45
secant lines, it follows that each secant line contains exactly one point of B. Thus,
if BNQ(3,3) = {z}, then none of the secant lines through z contains a point
of B\ @ (3,3). This is equivalent to saying that the 12 points of B \ Q~(3,3)
are contained in the tangent lines through x. It follows that B coincides with the

tangent plane x7. O

Lemma 3.4.10. Suppose that ¢ = 3. If BN Q™ (3,3) contains exactly two points,

say x1, Ty, then every tangent line that is disjoint from B meets xixs \ {x1, 2}

Proof. Let K be a tangent line which is disjoint from B. Suppose that K does not
meet 2125 \ {21, x2}. Then the planes m = (K, x;) and my = (K, z3) are distinct
secant planes through K. Now, for every i € {1,2}, By, is an (£ US),,-blocking
set in m; containing the point x; € C,,. By Proposition 2.5.2, we then know that
|Br,| = 4. Each of the two remaining planes 73, 74 through K distinct from 7y, mo
contains at least three points of B by Lemma 3.4.4. As BN K = (), we have
1Bl = 31, |Br,| >4+ 4+3+3 =14, in contradiction with |B| = 13, O

Proposition 3.4.11. If ¢ = 3, then B is a plane of PG(3,q).

43



§3.4. (£ U S)-blocking sets

Proof. We have |B| = 13 by Lemma 3.4.8. There are three secant lines through
a point of PG(3,3) \ Q@ (3,3). If B is disjoint from Q~(3,3), then |B| = 13
implies that B blocks at most 39 secant lines. Since there are 45 lines which are
secant to (3, 3), it would follow that B does not block all the secant lines. So,
IB\ Q(3,3)] < 12.

We show that every tangent line meets B. Then |B| = 13 and Proposition
1.7.1 would imply that B is a plane.

On the contrary suppose that there exists a tangent line L of PG(3,3) which
is disjoint from B. Let 7y, 7, T, T3 be the four planes of PG(3,3) through L,
where 7, is the tangent plane and the other three are secant planes. By Lemma
3.4.4, |By,| = 3 for each i € {0,1,2,3}. Since LN B = () and |B| = 13, it follows
that exactly one of planes m; contains 4 points of B and each of the remaining
three planes contains 3 points of B. By Proposition 2.5.2(i), if m; contains exactly
three points of B for some i € {1,2,3}, then B, is disjoint from @~ (3,3). Since
|B\ Q@ (3,3)] < 12 and the points of B, are outside @~ (3, 3), it follows that we
must have |B,,| = 3.

Without loss of generality, we may assume that |B,,| = 4, |B.,| = 3 and
|Br,| = 3. Since By, \ Cr, is an &,,-blocking set in my, we have | By, \ Cr,| > 2 by
Proposition 2.1.1. Since |B\ Q7 (3,3)] < 12, the set BN Q(3,3) = BNC,, =
By, NCy, is nonempty. So |By, \ Cr,| < 3. Thus |B, \ Cr,| € {2,3}.

If | Bx, \Cxry| = 3, then |[B\Q(3,3)] = 12 and |[BNQ~(3,3)| = 1. In this case,
Lemma 3.4.9 implies that B is a tangent plane which is not possible as LN B = ().

Thus |By, \ Cxy| = 2. Then |B\ Q(3,3)] =11 and |[BNQ(3,3)] = 2. Put
BNQ (3,3) = {1, x}.

Since L is disjoint from B, Lemma 3.4.10 implies that L meets z125 \ {1, z2}
in a singleton. Denote by « the tangency point of L in @~ (3,3). Note that
B, is an & -blocking set of size 3 in my. By Proposition 2.0.1, we then know
that B, = U \ {a} for some line U of 7y through « distinct from L. If we

denote by K a line of my through « distinct from L and U, then K is another

44



§3.5. (T U E)-blocking sets

tangent line disjoint from B. By Lemma 3.4.10 again, we then know that K
meets z125 \ {1, z2}. But that is impossible: as mg Nz = L N 129, L is the

unique line through « in 7y that meets xqxs. [l

3.5 (7 U¢&)-blocking sets

In this section, we shall prove the following theorem which characterizes the

minimum size (7 U £)-blocking sets in PG(3, ¢).

Theorem 3.5.1. Let B be a (T UE)-blocking set in PG(3,q). Then |B| > ¢*+q,
and equality holds if and only if B = x7 \ {x} for some point x of Q= (3, q).

3.5.1 Basic properties

Let B be a (T U &)-blocking set in PG(3,¢) and 7 be a plane of PG(3,q). If =
is a tangent plane, then it does not contain any line of PG(3,¢) that is secant
to @ (3,q) and so (T U &), is the set of all lines of 7. In that case, Proposition
1.7.1 (with d = 2) implies that |B;| > ¢ + 1, and equality holds if and only if B,
is a line of . If 7 is a secant plane, then |B,| > ¢ by Proposition 2.4.1. We thus

have the following.

Lemma 3.5.2. Let B be a (T UE)-blocking set in PG(3,q) and 7 be a plane of
PG(3,q). Then the following hold:

(i) If w is a secant plane, then |B;| = q.

(i1) If © is a tangent plane, then |B,| = q+ 1 and equality holds if and only if

B, 1s a line of m.

Now let B be a (T U E)-blocking set in PG(3, ¢) of minimum cardinality. For
any point x of Q7 (3,¢q), it is clear that the point set 2™ \ {x} blocks every line of
T UE and so is a (T UE)-blocking set in PG(3, q) of size ¢* + ¢. Then minimality
of | B| implies that |B| < ¢* + q.
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Lemma 3.5.3. The following hold:

(i) There exists a secant line of PG(3,q) that is disjoint from B. If L is such a
secant line, then each of the g+ 1 (secant) planes through L contains exactly

q points of B.
(ii) |Bl|=¢*+q and BNQ (3,q) = 0.

Proof. Since |B| < ¢* + ¢, Proposition 1.7.1 implies that there exists a secant
line L of PG(3, q) that is disjoint from B. Each plane through L, being a secant
plane, contains at least ¢ points of B by Lemma 3.5.2(i). Since L is disjoint from
B, the ¢ + 1 secant planes through L together contain at least ¢* + ¢ points of
B. Tt follows that |B| = ¢® + q and that each secant plane through L contains
exactly ¢ points of B.

For a given secant plane 7 through L, |B,| = ¢ implies that B, is disjoint
from the conic C; in 7 by Corollary 2.4.2. Since B is a disjoint union of the sets
B, and Q~ (3, ¢) is the union of the conics C, as 7 runs over all the secant planes

through L, it follows that B is disjoint from Q~(3,q). ]

Lemma 3.5.4. If 7 is a tangent plane with |B,| = q+ 1, then B, is an external

line.

Proof. By Lemma 3.5.2(ii), B, is a line of 7. Since B is disjoint from Q™ (3,q)

by Lemma 3.5.3(ii), it follows that B, is an external line. O

Lemma 3.5.5. There are at least two tangent planes each containing q+1 points

of B.

Proof. By Lemma 3.5.2(ii), every tangent plane contains at least ¢ + 1 points of
B. Let a be the number of tangent planes containing exactly ¢ + 1 points of B.

Consider the set

Y ={(z,7) : x € B, 7 is a tangent plane containing x}.
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Every point of PG(3,¢) \ Q@ (3,¢) is contained in ¢ + 1 tangent planes. Using

Lemma 3.5.3(ii), we count |Y| in two ways to get

(@ +9)(g+1)=[Blg+1) =|Y[>alg+1)+ (@ +1—a)(g+2).

This gives a > 2. O]

Lemma 3.5.6. If m; and my are two distinct tangent planes with |By,| = ¢+ 1 =

|Br,|, then the external lines By, and By, are either equal or meet in a point.

Proof. The external line 7m; N7 of 5 contains a point of the line B,,. This point

of B lies in m; and hence is contained in B,,. So, the lines B, and B,, meet. []

Lemma 3.5.7. For every external line L, there are at most two tangent planes

27, x € Q(3,q), such that B,- = L.

Proof. This follows from the fact that there are precisely two tangent planes

through L. O

Lemma 3.5.8. Suppose 7 is a tangent plane with tangency point x. Then the

number of secant lines through x disjoint from B is at least |B| —q > 1.

Proof. By Lemma 3.5.2(ii), |B;| > ¢+ 1 and so |B;| —q > 1. We have x ¢ B and
|B] = ¢* + ¢ by Lemma 3.5.3(ii). There are |B| — |B,| = ¢* — (|Bx| — q) points of
B\ 7 and these are distributed over the ¢* (secant) lines through z not contained

in 7. So, at least |B,| — q of these ¢ lines are disjoint from B. ]

3.5.2 The case ¢ odd

Lemma 3.5.9. Suppose that q is odd. Then every tangent line meets B in either

L, \/q or q points.

Proof. Consider a tangent line L with LNQ (3, ¢) = {z}. By Lemma 3.5.8, there
exists a secant line K through z disjoint from B. Put 7 := (K, L), the secant
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plane generated by K and L. By Lemma 3.5.3(i), 7 intersects B in precisely ¢
points. Since B, is a (T U &),-blocking set in 7 of size ¢, one of the following

three possibilities occurs for B, by Proposition 2.4.1.

(1) Suppose that B, = M \ C, for some line M of = tangent to C,. In m, if
L = M, then |[LN B| =gq, and if L # M, then |[LN B| =1 as L and M intersect

in a point not in C,.

(2) Suppose that B, = (M \ C;) U {n} for some line M of 7 secant to C,
where n is the pole of M with respect to C,. If x € M NC,, then L passes through
the pole n of M and so |[LNB| =1. If x ¢ M NC,, then L does not pass through
n and meets M \ C, in a point, implying |L N B| = 1.

(3) Suppose that ¢ is square and B, = p\ (1NC,), where u is a Baer subplane
of m such that N C, is an irreducible conic in u. Put KN Q™ (3,q) = {x,y}.
Note that every line of 7 meets y in a singleton or a set of |/g+1 points. Since K
is disjoint from B, it intersects g in a unique point, and this point must belong
to Cr. So, one of z, y belongs to u N C, while the other belongs to C, \ p. If
r € uNCyand y € Cr \ i, then L intersects B in /g points by Lemma 2.7.1(i).

Assume therefore that y € uNC, and z € C; \ p. Then Lemma 2.7.1(ii)
implies that the tangent line L of m through x meets p in a unique point not

belonging to C,, that is, |[L N B| = 1. O

Remark 3.5.10. The proof of Lemma 3.5.9 does not work for q even. Otherwise,
in Step (2), we then have that B, = (M \C;)U{n}, where n is the nucleus of C.
In the case that y = u, we then have that L contains two points of B, namely the

nucleus n and a point of M \ Cy.

For every i € {1, /¢, q}, we denote by N; the number of tangent lines meeting

B in exactly ¢ points.
Lemma 3.5.11. Suppose that q is odd. Then the following hold:

(i) Ni = (q+1)(¢*— \/g) and N g+ N, < (g + 1) (g +1).
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(ii) If Ng =0, then Ny = ¢*(g + 1) and Ny = q + 1.

Proof. Since there are ¢ + 1 tangent lines through each point of Q@ (3, q), we see
that
N+ Nyg+ Ny = 1Q(3,0)] - (g +1) = (¢ + (g +1). (35.1)

Consider the set Z = {(b,L) : b € B, L is a tangent line containing b}. By
Lemma 3.5.3(ii), we have |B| = ¢*> + ¢ and B C PG(3,¢) \ Q@ (3, ¢). Recall also
that each point of PG(3,¢q) \ @ (3, q) is contained in exactly g + 1 tangent lines.

Counting |Z| in two ways, we have
N+ -Nyg+a-Ny=1Bl-(q+1) = (¢ +a)(g +1). (3.5.2)

If N 5 =0, then (3.5.1) and (3.5.2) imply that Ny = ¢*(¢ + 1) and N, = ¢ + 1.
This proves (ii). In the general case, we deduce from (3.5.1) and (3.5.2) that

(Va =M = (¢ = V)N, = (a+1) - (Vala® + 1) = (¢ +q)).

So,
(Va—1Ni = (g+1)- ((vVa—1)a* = Valyva - 1)),

that is, N1 > (¢+1)(¢°—/q). Then (3.5.1) implies that N g+N, < (y/g+1)(g+1).
This proves (i). O

Let T' denote the set of all points = of Q@ (3,¢) such that the tangent plane
2™ meets B in exactly ¢ + 1 points. By Lemma 3.5.5, |[I'| > 2. This bound is

improved in the following lemma for odd gq.
Lemma 3.5.12. If q is odd, then || = 2q > ¢+ 1.

Proof. For x € I', B+ is an external line by Lemma 3.5.4 and so every tangent
line through = meets B in a singleton. If ¢ is not a square, then N 5z = 0 and so

N, = q+1 by Lemma 3.5.11(ii). This implies that there are at most ¢ + 1 points
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of @~ (3, ¢q) which are not contained in I'. So,
D= +1) = (¢g+1) =¢"—q>2g,

where the last inequality holds as ¢ > 3 for ¢ being odd.

If ¢ is a square, then N 5+ N, < (¢ +1)(y/g + 1) by Lemma 3.5.11(i). This
implies that at most (¢ + 1)(,/q + 1) points of Q7 (3,¢) are not contained in T'.
So,

1> (¢*+1) = (a+ D(Va+1) > 2,

where the second inequality holds as ¢ > 9 for ¢ being an odd square. O

The following proposition proves Theorem 3.5.1 when ¢ is odd.

Proposition 3.5.13. If q is odd, then B is equal to the point set of a tangent

plane minus its tangency point in Q= (3, q).

Proof. Recall that, for x € I', the tangent plane x™ meets B in the external line
L, := B,-. The collection L,, x € I', of external lines mutually intersect by
Lemma 3.5.6. There are two possibilities: all these lines contain a given point or

are contained in a given plane.

Suppose first that all the lines of the collection L., x € I', share a common
point, say u. Then u € L, C x7 for every x € I'. So, x € u” for every x € I,
implying that the plane u” intersects @~ (3,q) in at least |I'| > ¢ + 1 points
(Lemma 3.5.12), a contradiction.

Therefore, the external lines L., x € I', are all contained in the same plane,
say p*. For every such external line L, there are at most two points x € I' such
that L, = L by Lemma 3.5.7. This fact and Lemma 3.5.12 imply that the number

L]

of mutually distinct lines in the collection L., x € T', is at least 3 > q. Let
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Ly, Ly, ..., L, be ¢ mutually distinct lines of this collection. We then have

IBOp*| = L1+ Lo\ Li| + |Ls \ (L1 U Ly)|

+-o o+ | L\ (LU Ly U--- U Ly_yq)

+ 3

We claim that p* \ @~ (3,¢) is contained in B. Suppose there exists a point
2

wof p*\ (Q~(3,¢9) U B). There are ¢ + 1 tangent lines and il |

@ +q

external lines

of PG(3,q) through u. So, there are at least tangent or external lines

through u which are not contained in p*. Each of these lines contains a point of

B\ p*. So,

. g Wat+3)  Ptg
Bl =B+ |B\p|> W TR0 gy

in contradiction with the fact that |B| = ¢* + q.

Thus p* \ Q7 (3,q) € B. If p* is a tangent plane, then |B| = ¢? + ¢ implies
that B is equal to the point set of the tangent plane p* minus its tangency point.
In order to complete the proof of the proposition, we now show that u* cannot
be a secant plane. If p* is a secant plane, then B, = p*\ Cpo = 1"\ Q7 (3,9)

contains ¢* points. Since |B| = ¢ + ¢, we get

B\ 'l =q=>2.

In fact, for every x € C,., each of the ¢ tangent lines through z not in p* contains

a unique point of B\ p*. This implies that y € 7 for every « € C,. and every

T

y € B\ p*. This is impossible as the intersection [\ z
CCEC”,*

()" O

is a singleton, namely
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3.5.3 The case ¢ even

Lemma 3.5.14. Suppose that q is even. Let x be a point of PG(3,q) \ @ (3,q).
If x is not a point of B, then |By-| > q+ 1.

Proof. Since q is even, every line of x7 through x is a tangent line. Each such
line must contain a point of B, that is, a point of B,-. Since x ¢ B, it follows

that |Byr| > ¢ + 1. O
As a consequence of Lemma 3.5.14, we have

Corollary 3.5.15. Suppose that q is even. Let x be a point of PG(3,q)\ Q™ (3, q).

If the secant plane x™ contains exactly q points of B, then x € B.

Lemma 3.5.16. Suppose that q is even. Then the following hold for points x of
PG(3,9) \ Q™ (3,9):

(i) x € B if and only if |B,-| = q.
(i1) x & B if and only if |Byr| = ¢+ 1.

Proof. By Lemma 3.5.2(i), every secant plane of PG(3,q) contains at least ¢
points of B. Let R be the collection of all points x of PG(3,q) \ @ (3,q) for
which |B,-| = gq.

(i) It is enough to show that R = B. We have R C B by Corollary 3.5.15,
and so |R| < |B| = ¢* + q. Consider the following set

X ={(b,7) : b€ B, 7 is asecant plane containing b}.

The number of secant planes of PG(3,¢q) is ¢* + ¢ and each point of PG(3,¢q) \
Q~(3,q) is contained in exactly ¢? secant planes. Counting | X| in two ways using

Lemma 3.5.3(ii), we get

(*+q)¢°=|B|-¢ =|X| 2 |R| - g+ (¢*+q— |R])(g+1).
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This gives |R| > ¢* + q. Thus |R| = ¢* + ¢ = | B| and hence R = B.

(ii) Let s denote the number of secant planes of PG(3, ¢) containing exactly
q+ 1 points of B. Using (i), we have s < ¢*+q—|B| = ¢ +q¢—(¢* +q) = ¢* — ¢*.
Consider again the set X defined in the proof of (i) above. We count |X| in two

ways to get

@+ =1XI2 (@ +q+s(g+1)+ (P +q— (¢ +q) —s)(qg+2).

This gives s > ¢> — ¢%. Thus s = ¢ — ¢* and it follows that each of the ¢* — ¢?
secant planes 7 with ¢ B meets B in exactly ¢ + 1 points. ]

The following proposition proves Theorem 3.5.1 when ¢ is even.

Proposition 3.5.17. If q is even, then B is equal to the point set of a tangent

plane minus its tangency point in Q= (3,q).

Proof. Let my be a tangent plane containing exactly ¢ + 1 points of B. Such a
plane 7y exists by Lemma 3.5.5. Then B, is an external line by Lemma 3.5.4
and so it is contained in two tangent planes and ¢ — 1 secant planes. Let m; be
the other tangent plane and s, ..., 7, be the secant planes through B;,. Then
B, contains By, for every i € {0,1,...,q}. By Lemma 3.5.16, every secant plane
contains q or ¢+ 1 points of B. This implies that B;, = By, for 2 < j < ¢. Since
B = U B, it now follows that B = B;,. Since B is disjoint from Q~(3,¢) and
| B| —_q + g by Lemma 3.5.3(ii), we must have that B = B;, = m \ {y}, where
y is the tangency point of 7 in Q7 (3, q). [

3.6 7T-blocking sets

We first prove the following lemma which gives a lower bound for the size of a

T-blocking sets in PG(3, q).
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Lemma 3.6.1. Let B be a T -blocking set in PG(3,q). Then |B| > ¢* + 1, and

equality holds if and only if every tangent line meets B in a unique point.

Proof. Consider the set X = {(z,L) | x € B,L € T,x € L}. We count the
cardinality of X in two ways. Every point of B is contained in ¢ 4+ 1 tangent
lines. This implies |X| = |B|(q + 1). Since each tangent line meets B and
1T = (¢g+ 1)(¢* + 1), we get |X| > (¢ +1)(¢> +1). Now it follows that |B| >

% = ¢*> + 1. Tt is also clear that |B| = ¢ + 1 if and only if every tangent
line contains a unique point of B. m

If ¢ is even, then it is known that the point-line geometry X = (P, L,7),
where P is the point set of PG(3,q), £L = T and Z is the incidence relation
induced from PG(3, ¢q) is a generalized quadrangle of order ¢ and it is isomorphic
to W (q). The following theorem characterizes the minimum size 7-blocking sets

in PG(3, q) for ¢q even.

Theorem 3.6.2. Let B be a T -blocking set in PG(3,q), q even. Then |B| = ¢*+1
if and only if B is an ovoid of X = W (q).

Proof. Since q is even, we know that 17 (¢) has ovoids. Every ovoid of W(q) is of
size ¢ + 1. By Lemma 3.6.1, | B| = ¢* + 1 if and only if every tangent line meets
B in a unique point. The latter statement is equivalent to saying that B is an

ovoid of X = W (q). O

Recall that ovoids in W(q) (and hence in PG(3, ¢)) with ¢ even are not clas-
sified except for ¢ € {2,4, 8,16, 32}.

If g is odd, then the quadric @~ (3, q) itself is an example of a T-blocking set
in PG(3, q) of size ¢* + 1. The problem of classifying T-blocking sets in PG(3, q),

q odd, of size ¢®> + 1 is under our investigation.
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3.7 Generalizations to ovoids in PG(3, q)

Recall that if ¢ is odd, then every ovoid in PG(3,¢q) is an elliptic quadric, but
more examples exist for g even. One can now wonder whether the main results
on minimum size blocking sets obtained in the previous sections extend to ovoids
in PG(3, ¢), where ¢ is even. We have observed that a general ovoid in PG(3, q), ¢
even, satisfies similar properties as an elliptic quadric. This raises the hope that
some of the main results may be generalized to arbitrary ovoids.

First observe that the arguments used in the proof of Theorem 3.3.1 holds
good with respect to any ovoid. We thus have the following.

Theorem 3.7.1. Let O be an ovoid in PG(3,q), q even, and B be a blocking set
of the tangent and secant lines of PG(3, q) with respect to O. Then |B| > ¢* + 1,
and equality holds if and only if B = O.

The proofs of Theorems 3.2.1 and 3.5.1 rely on the inequality |A| > ¢ —
1 from Proposition 2.1.1, the inequality |A| > ¢ from Proposition 2.4.1 and
Corollary 2.4.2. These results were proved in the literature for irreducible conics.
In Proposition 2.8.1, we have extended these results to arbitrary ovals. Taking
into account Proposition 2.8.1 and the properties of ovoids in PG(3, ¢), g even, we
can easily verify that the arguments used in Sections 3.2, 3.5.1 and 3.5.3 remain
valid for general ovoids. So the conclusions of Theorems 3.2.1 and 3.5.1 remain

valid for general ovoids in PG(3, ¢), g even. We thus have the following theorems:

Theorem 3.7.2. Let O be an ovoid in PG(3,q), q even, and B be a blocking set
of the external lines of PG(3,q) with respect to O. Then |B| > ¢*, and equality

holds if and only if B = w\ O for some secant plane m of PG(3,q) with respect
to O.

Theorem 3.7.3. Let O be an ovoid in PG(3,q), q even, and B be a blocking set
of the external and tangent lines of PG(3, q) with respect to O. Then |B| > ¢*+q,
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and equality holds if and only if B = m\ O for some tangent plane = of PG(3, q)
with respect to O.

For every ovoid in PG(3, q), g even, recall that there is associated a symplectic
polarity of PG(3,¢). Taking into account the properties of ovoids in PG(3,q), ¢
even, we can easily verify that the arguments used in Sections 3.4 and 3.6 remain
valid for general ovoids. So the conclusions of Theorem 3.4.1, Lemma 3.6.1 and
Theorem 3.6.2 remain valid for ovoids in PG(3,¢), ¢ even. We thus have the

following theorems:

Theorem 3.7.4. Let O be an ovoid in PG(3,q), q even, and T be the symplectic
polarity associated with O. If B is a blocking set of the external and secant lines

of PG(3, q) with respect to O, then the following hold:

(i) If ¢ =2, then |B| > 6 and equality holds if and only if B = LUL" for some

line L secant to O.

(ii) If ¢ > 4, then |B| = ¢* +q+1 and equality holds if and only if B is a plane
of PG(3,q).

Theorem 3.7.5. Let O be an ovoid in PG(3,q), q even, and W(q) be the gen-
eralized quadrangle of order q corresponding to the symplectic polarity associated
with O. If B is a blocking set of the tangent lines of PG(3,q) with respect to O,
then |B| > ¢* + 1, and equality holds if and only if B is an ovoid of W(q).

It is not clear whether the proof of Theorem 3.1.2 can be extended to ovoids
in PG(3,q), g even, as it makes use of Proposition 2.3.1(2) for which no general-

ization to ovals is known.
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Chapter 4

Blocking sets in PG(3, q):

Quadratic cones

Let K be a quadratic cone in PG(3, ¢) with kernel the point p* whose base is an
irreducible conic C* in a plane 7* not containing p*. In this chapter, we denote by
E, S and T the set of all lines of PG(3, ¢) that are external, secant and tangent,
respectively, with respect to IC. We shall study the minimum size A-blocking sets
in PG(3,¢q), where the line set A is one of £, T, S, EUT, EUS and T US.
All secant planes of PG(3, ¢q) considered in this chapter are with respect to the

quadratic cone K.

4.1 Main result

Let A€ {E,T,S,EUT,EUS, TUS}. With A, we associate two parameters N 4

and €4 as given in the following table.
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A Na €A
E q—1 0
T 1 if ¢ is even, and % if ¢ is odd 1
S q 0
EUT q 1
EUS || q if q iseven,3 if g=3 and g+ 1 if ¢ >3 isodd | 0
TUS qg+1 1

Note that Ny < g+ 1 and €4 = 1 if and only if 7 € A. Denote by A’ the
set of lines of A that are contained in 7*. As we will see in Lemma 4.2.1, the
number N4 equals the smallest size of an A’-blocking set in 7*. The following
theorem is the main result of this chapter which appears in [21]. It gives a uniform

characterization of the minimum size A-blocking sets in PG(3, q).

Theorem 4.1.1. Let B be a minimum size A-blocking set in PG(3,q), where A
is one of the line sets £, T, S, EUT,EUS and TUS. Then |B| = q¢N4+ €4
and the following hold:

(i) If A€ {E,S,EUS}, then B =K'\ {p*}, where K' is a cone with kernel p*

and base an A’-blocking set of size N4 in 7*.

(ii) If A€ {T,EUT}, then B =K', where K' is a cone with kernel p* and base

an A’-blocking set of size N 4 in w*.

(iii) Suppose that A =T US.

(a) If p* ¢ B, then B is a secant plane.

(b) If p* € B, then B = K', where K' is a cone with kernel p* and base an

A’-blocking set of size N4 in 7*.
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4.2 Preliminaries

We note that, for a secant plane m of PG(3,¢) with respect to the cone K, the
set of external (respectively, tangent, secant) lines of PG(3,¢q) with respect to
KC contained in 7 are precisely the set of external (respectively, tangent, secant)
lines with respect to the irreducible conic 7 N K in 7.

Let A be one of the linesets £, T, S, EUT, EUS, TUS in PG(3,q). Recall
that A" denotes the set of lines of A that are contained in 7*. Note that A’
consists of all the lines of 7* of the same type (as that of A) with respect to the

irreducible conic C*.

Lemma 4.2.1. Every A’-blocking set in 7 has size at least N 4, and there exists

an A’-blocking set in m of size N 4.

Proof. In PG(2, q), blocking sets of minimum size with respect to various line sets
(consisting of external/tangent/secant lines) determined by a given irreducible
conic have been studied in the papers [1, 2, 3, 4, 12, 15, 22, 29, 48, 60]. Brief
survey of the results obtained in this regard is given in Chapter 2 of this thesis.
The present lemma is a consequence of these results. In particular, for A = &,
the lemma is implied by Proposition 2.1.1 for ¢ odd and by Proposition 2.1.2 for
q even. For A = T, the lemma is implied by Proposition 2.2.1 for ¢ even and
by Proposition 2.2.2 for ¢ odd. For A = &, the lemma is implied by Proposition
2.3.1. For A = EUT, the lemma is implied by Proposition 2.4.1. For A = E£US,
the lemma is implied by Proposition 2.5.1 for ¢ even and by Proposition 2.5.2 for
q odd. Finally, for A =7 US, the lemma is implied by Section 2.6. m

Lemma 4.2.2. Let X be an A’-blocking set of size N4 in w*. Let K' be the
cone in PG(3,q) with kernel p* and base X C n*. We put B' = K’ \ {p*} if
Ae {€S5EUS}and B =K if A e {T,EUT, TUS}. Then B’ is an
A-blocking set in PG(3,q) of size gN4 + €4.

Proof. By construction, B’ has size ¢N4 + €¢4. We need to prove that B’ is an
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A-blocking set in PG(3, ¢q).

Let L be aline of A. If p* € L, then we necessarily have A € {T,EUT,TUS},
and in this case L contains the point p* of B’. So, we may suppose that L does
not contain p*. The plane o := (p*, L) can have three possibilities depending
upon L. If L is a tangent line meeting K in one point, then ¢ contains a line
of IC. If L is a secant line, then o contains two lines of K through p*. If L is
an external line, then o contains only the point p* of K. In each of these three
cases, it follows that o intersects 7* in a line L’ that belongs to A’. Since X is
an A’-blocking set in 7*, L’ contains a point x belonging to X. Then the unique
point of L on the line p*x belongs to B’. We conclude that B’ is an A-blocking
set in PG(3, q). O

4.3 Proof of the main result

Suppose B is an A-blocking set in PG(3, ¢) of minimum possible size. By Lemmas
4.2.1 and 4.2.2, we then know that

IB] < gNa + ea. (4.3.1)

Lemma 4.3.1. The following hold:

(a) If A€ {€,5,EUS}, then p* & B.

b) If A € {T,EUT, TUS} and p* € B, then Ny = q+ 1, ¢4 = 1 and
Bl =¢*+q+1.

Proof. (a)If A € {€,S,EUS}, then B\ {p*} is also an A-blocking set in PG(3, q).
By the minimality of |B|, we then have B\ {p*} = B, i.e. p* & B.

(b)If A€ {T,EUT,TUS} and p* & B, then each of the ¢*+ ¢+ 1 (tangent)
lines through p* contains a point of B, implying that |B| > ¢* + ¢ + 1. On the
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other hand, (4.3.1) implies that |B| < ¢gNg+ea <q(¢+1)+1=¢*+q+1. So,
IBl=¢+q+1, Ny=q+1and eq = 1. ]

Lemma 4.3.2. Suppose p* € B if Ac{T,EUT,TUS}. Then |B| =qNa+e€a

and every secant plane meets B in exactly N4 points.

Proof. By Lemma 4.3.1(a), we have p* ¢ B if A € {£,5,£ US}. So,

[B\Ap"} = |B| —€a < qNa (4.3.2)

by (4.3.1) and the definition of € 4. We count the number N of pairs (z, 7), where
x is a point of B\ {p*} and 7 is a secant plane through z. As each point of

B\ {p*} is contained in precisely ¢* secant planes, we have

N =B\ {p}- ¢ <¢’Na (4.3.3)

using (4.3.2). On the other hand, if 7w is one of the ¢ secant planes, then 7
contains at least N4 points of B\ {p*} by Lemma 4.2.1, implying that

N4 < N. (4.3.4)

By (4.3.2), (4.3.3) and (4.3.4), we know that N = ¢*N4 and |B| = ¢N4 + €.
Moreover, the reasoning leading to (4.3.4) then reveals that every secant plane
contains exactly N4 points of B. O
Lemma 4.3.3. We have |B| = gN 4+ €.

Proof. By Lemma 4.3.2, we can assume that A € {7,£UT,T US} and p* € B.

By Lemma 4.3.1(b), we then know that Ny =¢+1,e4 =1and |B| = ¢*+q+ 1.
Hence, |B| = ¢N4 + €4 holds. ]

Lemma 4.3.3 proves the first part of Theorem 4.1.1 regarding the minimum
size of an A-blocking set in PG(3,¢q). We next characterize the A-blocking sets

of minimum size ¢/N 4 + €4 for which following result is needed.
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Lemma 4.3.4. Suppose p* € B if A€ {T,EUT,TUS}. If w is a plane through

p* and L is a line of m not containing p*, then

qNo+|mNB|—|B] |tNB|—ey
q ¢

ILNB|=

Proof. By Lemma 4.3.2, the ¢ secant planes through L contain in total |LN B|+
q(NA — LN B|> =qN4— (¢—1)-|LN B| points of B. It follows that

gN4s—(q—1)-|LNB|=|B|—|rNB|+|LNB|.

Hence, |[LNB| = w. By Lemma 4.3.2, we also know that this number

. NB|—
is equal to %. ]

Lemma 4.3.5. Suppose p* € Bif A€ {T,EUT,TUS}. Then B can be obtained

as i Lemma 4.2.2.

Proof. By Lemma 4.3.1(a), it suffices to prove that if x is a point not belonging
to BU{p*}, then p*z \ {p*} has no points in common with B. Consider a secant
plane 7 through z. As |t N B| = N4y < ¢+ 1 by Lemma 4.3.2, there exists a line
L in 7 through x meeting B in n € {0, 1} points. Let 7’ be the plane (p*, L).
By Lemma 4.3.4, BN 7' is a set of ng + €4 points intersecting each line of 7’ not
containing p* in exactly n points. If n = 0, then necessarily BN #" C {p*} and
the claim is valid. If n = 1, then (BN«') U {p*} is a set of ¢ + 1 points meeting
each line and so (BN 7') U {p*} is a line through p* by Proposition 1.7.1. Also

the claim is valid in this case. O]

Lemma 4.3.6. Suppose A € {T,EUT, TUS} and p* ¢ B. Then A=TUS

and B 1s a plane not containing p*.

Proof. By Lemma 4.3.1(b), we know that Ny = ¢+ 1 and |B| = ¢* + ¢+ 1. As
Ny = q+ 1, we necessarily have A = 7 US. If each external line meets B,

we necessarily have that B is a plane by Proposition 1.7.1. So, we may assume
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that there exists an external line L that is disjoint from B. Each of the g secant
planes through L contains at least Ny = ¢ + 1 points of B. Also, the plane
o = (p*, L) (where 0 N IKC = {p*}) through L must contain at least ¢ + 1 points
of B, namely at least one on each of the ¢ + 1 tangent lines of o through p*. So,

|B| > (¢+1)*> = ¢* + 2¢ + 1, a contradiction. O

Remark. A classification of all £-blocking sets (with respect to ) in PG(3,q)
of minimum size was already obtained in Theorem 4.3 of [9] in the case that
q = 9. However, that theorem has counter examples in the case that ¢ is even.
Indeed, by Proposition 2.1.2, we know that there are three types of minimum size
blocking sets of the external lines with respect to an irreducible conic in PG(2, q),
q even. Via the construction mentioned in Lemma 4.2.2, we then obtain three
types of E-blocking sets of minimum size ¢* —¢. Theorem 4.3 of [9] only mentions
one of these possibilities. The problem seems to originate from errors in the proof

of [9, Proposition 4.2].

63






Chapter 5

Some minimal blocking sets in

PG(3,q), ¢ € {2,3}

Let @ (3,q) be an elliptic quadric and Q*(3,¢q) be a hyperbolic quadric in
PG(3,¢). In this chapter, we shall denote by £~ and €T the set of all exter-
nal lines of PG(3, ¢) with respect to Q@ (3,¢) and Q7 (3, q), respectively.

For ¢ € {—,+}, two £blocking sets X; and X, in PG(3,q) are said to
be isomorphic if there is an automorphism of PG(3, q) stabilizing Q¢(3,q) and
mapping X; to Xs.

Recall from Theorem 3.2.1 that the following result holds for £~ -blocking sets
in PG(3,q):

Proposition 5.0.1. Let X be an £ -blocking set in PG(3,q). Then |X| > ¢?,
and equality holds if and only if X = w\ Q(3,q) for some secant plane 7 of
PG(3, q) with respect to Q™ (3, q).

If 7 is a tangent plane of PG(3, ¢) with respect to Q= (3, ¢q), then 7\ Q™ (3, q) is
obviously also an £~ -blocking set in PG(3, q). A straightforward counting shows
that each point of 7\ Q7 (3,¢) is contained in an external line that does not lie
in 7, implying that also this £~ -blocking set in PG(3,¢) is minimal. Its size is

equal to ¢* + ¢q. It can be of interest to search for new (families of) minimal
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E-blocking sets in PG(3,q) whose sizes are relatively small, say in the open
interval ]¢2, ¢* + ¢[. In this chapter, we classify, up to isomorphisms, all minimal
&~ -blocking sets in PG(3, ¢) if ¢ = 2 and all minimal £~ -blocking sets in PG(3, q)
of size ¢ + 1 = 10 if ¢ = 3. We have not been able so far to describe an infinite

family that contains these examples.

The minimum size £-blocking sets in PG(3, ¢) were characterized in [8, The-
orem 1.1] for even ¢ > 8 and in [9, Theorem 2.4] for odd ¢ > 9. Alternate proofs
characterizing such blocking sets are given in [22, Section 2| for all odd ¢ and in
[54, Section 3] for all even ¢q. The following result holds for £*-blocking sets in
PG(3,q):

Proposition 5.0.2 ([8, 9, 22, 54|). Let X be an E1-blocking set in PG(3,q).
Then | X| = ¢* — q, and equality holds if and only if X = 7\ Q" (3,q) for some
tangent plane ™ of PG(3, q) with respect to QT (3, q).

If 7 is a secant plane of PG(3, ¢) with respect to @ (3,¢), then 7\ Q1 (3,q)
is obviously also an £*-blocking set in PG(3,¢q). Tt is straightforward to verify
that each point of 7\ @7 (3,¢) is contained in an external line that is not in 7
if and only if ¢ # 2. So, for ¢ > 2, this £T-blocking set in PG(3, ¢) is minimal
and its size is equal to ¢%. It can be of interest to search for new (families of)
minimal £*-blocking sets in PG(3, ¢) whose sizes are relatively small, say in the
open interval |¢? — ¢, ¢?[. In this chapter, we also classify, up to isomorphisms, all
minimal £*-blocking sets in PG(3, ¢) if ¢ = 2 and all minimal £"-blocking sets in
PG(3,q) of size ¢*> — ¢+ 1 =T if ¢ = 3. We have not been able so far to describe

an infinite family that contains these examples.

5.1 Description of the main results

The results of this chapter appear in [20]. Suppose first that ¢ = 2 and consider a
hyperbolic quadric Q*(3,2) in PG(3,2). If 7 is a tangent plane of PG(3,2) with
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respect to QT (3,2), then 7\ Q1(3,2) is a minimal £*-blocking set in PG(3,2) of
size 2 by Proposition 5.0.2. Such an £*-blocking set is also of the form L\ Q7 (3,2)

for some outer tangent L. We will prove the following.

Theorem 5.1.1. Every minimal ET-blocking set in PG(3,2) is of the form L\
Q1 (3,2) for some outer tangent L.

Consider now an elliptic quadric @~(3,2) in PG(3,2). Let V be the 4-
dimensional vector space over [Fy for which PG(3,2) is the associated projective
space. The elliptic quadrics in PG(3,2) are precisely the frames of PG(3,2) im-
plying that we can take an ordered basis (€1, €5, €3, €4) in V' with respect to which
@~ (3,2) consists of the points with coordinates (1,0,0,0), (0,1,0,0), (0,0,1,0),
(0,0,0,1) and (1,1,1,1). Let £ denote the set of all w’s of the form ({i,j},k,1)
with {7,7,k,1} = {1,2,3,4} and i < j. For every such w € €2, we define

B, = {(e; +¢€;),(e; +¢&; +éx), (€ + ¢ +e),(e+ ek, (e +e)}

The set B := {B,, |w € Q} contains 12 elements which are all projectively equiva-
lent under the stabilizer of @~ (3, 2) inside PGL(4, 2), which is a group isomorphic
to S5. We will prove the following.

Theorem 5.1.2. Each element of B is a minimal £~ -blocking set in PG(3,2) of

size 5.

Theorem 5.1.3. Up to isomorphisms, there are three minimal £~ -blocking sets
in PG(3,2). Fach such blocking set is either of the form w\ Q™ (3,2) for some
secant plane m of PG(3,2) with respect to Q~(3,2), of the form m\ Q~(3,2) for
some tangent plane m of PG(3,2) with respect to Q~(3,2) or belongs to B.

Next, we describe our obtained results for ¢ = 3. For a given secant plane 7 of
PG(3,3) with respect to the quadric Q<(3,3) with € € {—,+}, we denote by E,
the set of six points of 7 that are exterior with respect to the irreducible conic

TN Q(3,3) in 7. We will prove the following results.
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Theorem 5.1.4. Let Q~(3,3) be the elliptic quadric in PG(3, 3) that has equation
X1 X + X2+ X7 = 0 with respect to a certain reference system in PG(3,3) and
let  be the secant plane of PG(3,3) with equation X4 = 0. Then

Y = E,U{((1,0,0,1)),((0,—1,0,1)), ((1,—1,1,1)), ((1,—1,—-1,1))}

is a minimal £~ -blocking set in PG(3,3) of size 10.

Theorem 5.1.5. Let B be an £ -blocking set in PG(3,3) of size 10. Then B is
one of the following:

(1) B=(r\Q (3,3))U{x}, where 7 is a secant plane of PG(3,3) with respect
to Q= (3,3) and z is a point of PG(3,3) not belonging to = \ Q@ (3, 3).

(2) B is isomorphic to the £~ -blocking set Y described in Theorem 5.1.4.

Theorem 5.1.6. Let w be a point of PG(3,3) \ Q1 (3,3) and 7 be the secant
plane w™, where T is the orthogonal polarity associated with Q*(3,3). Then B :=
E, U{w} is a minimal E*-blocking set in PG(3,3) of size 7.

Theorem 5.1.7. Let B be an ET-blocking set in PG(3,3) of size 7. Then B is
one of the following:

(1) B=(r\Q*(3,3))U{x}, where 7 is a tangent plane of PG(3, 3) with respect
to Q@7(3,3) and x is a point of PG(3,3) not belonging to m\ QT (3,3).

(2) B is as described in Theorem 5.1.6.

5.2 Proofs for ¢ =2

5.2.1 Proof of Theorem 5.1.1

Suppose ¢ = 2 and X is a minimal £-blocking set in PG(3,2). Then |X| > 2 with

equality if and only if X = L\ Q*(3,2) for some outer tangent L (see Proposition
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5.0.2). Suppose therefore that |X| > 3. As X is minimal and X \ @7 (3,2) is an
ET-blocking set, we know that X N Q7% (3,2) = () and no two distinct points of X

are on the same outer tangent.

Let x1, o and z3 be three mutually distinct points of X. Suppose they are
on an (external) line L of PG(3,2). Let m be a (secant) plane through L and let
y be the nucleus of the conic 7 N Q1 (3,2). The unique external line through y
is not contained in 7 and contains a point x4 € X. Upon replacing z3 by %,
we may thus assume that z;, o and x3 are three points of X not on the same
line of PG(3,2). But then x;xq, 2123 and xoxg are three distinct external lines
of the plane (x1,x9,z3). This is impossible as a plane only can contain 0 or 1

external line depending on whether it is a tangent or secant plane with respect

to @7(3,2).

5.2.2 Proof of Theorem 5.1.2

Suppose g = 2. We first give here a construction for minimal £ ~-blocking sets in
PG(3,2) of size 5 and prove subsequently in Lemma 5.2.1 that each element of B
can be obtained via this construction.

Let 7 be a secant plane of PG(3,2) with respect to @~ (3,2) and denote by k
the nucleus of the irreducible conic C, = 7NQ~(3,2). Let x be an arbitrary point
of 7\ (Cx U{k}) and denote the two other points of 7\ (C, U {k}) by y; and ys,.
Through x, there are two external lines L; and Lo not contained in 7. The plane
(L1, Ly) meets 7 in a third line Lg through z. Since L; and Lo are external lines,
(L1, Ly) must be a tangent plane and L3 a tangent line necessarily equal to kx.
Let 1 € Ly \{z} and 23 € Lo\ {x} such that the line z125 contains the tangency
point x3 of Ly (so Ly = {k,x,x3}). By construction, X := {k,y1, o, x1, 22} is an
&~ -blocking set in PG(3,2) of size 5. We now show that it is minimal. As L; is
an external line meeting X precisely in z;, X \ {x;} is not an £ -blocking set for

every i € {1,2}. As (L, Lo) is a tangent plane with tangency point x3, the lines
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x1k and zok are external to Q7 (3,2). As the third external line through & is not
contained in 7, we see that X \ {k} is not an £ -blocking set. Suppose now that
X \ {yi} is an £ -blocking set for some ¢ € {1,2}. Then y;x; and y;x2 must be
the two external lines through y; not contained in 7. As above, we then know
that the plane (y;x1, y;22) meets 7 in the line ky;, in particular the line z;x5 must
meet ky;. This is obviously not the case here as the point x3 € kx does not lie

on ky;. So, X must be a minimal £~ -blocking set in PG(3,2).

Lemma 5.2.1. Each B € B is an £ -blocking set in PG(3,2) that can be obtained

via the above construction.

Proof. Let m be the secant plane through the points (1,0,0,0), (0,1,0,0) and
(0,0,1,0) of @ (3,2). The nucleus k of C, = 71N Q(3,2) is equal to (1,1,1,0)
and we denote the three points of 7\ (C, U{k}) by x = (0,1, 1,0), y; = (1,1,0,0)
and y2 = (1,0,1,0). The tangency point x3 on the line L3 = kx is then equal to
(1,0,0,0). If x; = (0,1,0,1) and o = (1,1,0,1), then x5 € xy29 and L; = zxy,
Lo = xx5 are the two external lines through = not contained in 7. We thus see that
B, with w = ({1, 2}, 3,4), which is equal to the £~ -blocking set {k, y1, y2, 1, 2},
can be obtained as in the above construction. The claim then follows from the

fact that any two elements of B are isomorphic. m

5.2.3 Proof of Theorem 5.1.3

Suppose again that ¢ = 2. We already know that 7\ @~ (3,2) is a minimal £ -
blocking set in PG(3,2) for every plane 7. Let B be a minimal £~ -blocking set in
PG(3,2) that is not of the form 7\ Q~(3,2) for some plane 7. As B is minimal
and B\ Q@ (3,2) is a minimal £ -blocking set, we know that BN Q~(3,2) = ()
and B does not contain (nor is contained in) a set of the form 7\ @~ (3,2) with
7 a plane.

Applying a permutation to the coordinates of the points (X, X5, X3, Xy) of
PG(3,2) is an automorphism of PG(3,2) stabilizing @~ (3,2). The stabilizer of
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@~ (3,2) inside PGL(4,2) therefore contains a subgroup S = 5,. We will show
that B € B. As B is stabilized by S, we are allowed to classify the sets B, up to
isomorphisms in S.

The tangent plane 7 through the point (1,1,1,1) € Q~(3,2) has equation
X1+ Xo+ X3+ X, =0. As B contains points outside 7, i.e. points with weight
3, we may without loss of generality assume that (1,1,1,0) € B. The external
line {(1,1,0,0),(1,0,1,0), (0,1, 1,0)} must contain a point of B. Without loss of

generality, we may assume that (1,1,0,0) € B. We distinguish two cases.

Case (1). Suppose first that (0,0,1,1) € B. As each of the external lines
{(0,0,1,1), (0,1,1,0),(0,1,0,1)} and {(0,0,1,1),(1,0,1,0),(1,0,0,1)} contains
a point of B, at least one of (0,1,1,0), (0,1,0,1) belongs to B, as well as at least
one of (1,0,1,0), (1,0,0,1). In the secant plane o with equation X, = 0, the
points (1,1,0,0) and (1,1,1,0) belong to B, implying that at most one of the
two remaining points (0,1, 1,0), (1,0,1,0) in a \ @~ (3,2) belongs to B. We will
prove that precisely one of them belongs to B.

If this is not true, then none of (0,1, 1,0), (1,0,1,0) belongs to B and we must
have (1,1,1,0),(1,1,0,0),(0,1,0,1),(1,0,0,1) € B. As the secant plane with
equation X3 = 0 contains at most three points of B (outside @~ (3,2)), we have
(1,1,0,1) ¢ B. As each of the two external lines {(1,0, 1,0), (0,1,1,1),(1,1,0,1)}
and {(0,1,1,0),(1,0,1,1),(1,1,0,1)} contains a point of B, we then have that
(0,1,1,1) and (1,0,1,1) belong to B. But that is impossible as it would imply
that the tangent plane in the point (0,0, 1,0) with equation X; + Xo + Xy =0
has all its points in B, with exception of (0,0,1,0) € @~ (3, 2).

So, precisely one of the points (0,1,1,0), (1,0,1,0) belongs to B. Up to
isomorphisms in S, we may assume that (1,1, 1,0),(1,1,0,0),(1,0,1,0) € B and
(0,1,1,0) ¢ B. The external line {(0,1,1,0),(0,1,0,1),(0,0,1,1)} meets B. As
(0,0,1,1) and (0,1,1,0) are not in B, we have that (0,1,0,1) € B. The four
points outside @~ (3,2) in the secant plane X; = X3 are (1,1,1,0), (1,0,1,0),
(0,1,0,1), (1,0,1,1). As not all these points can be contained in B, we have

71



§5.3. Proofs for ¢ = 3

(1,0,1,1) € B. As the external line {(0,1,1,0),(1,1,0,1),(1,0,1,1)} contains
points of B, we must have (1,1,0,1) € B. So, B, with w = ({1,2},3,4) is

contained in B. The minimality of B then implies that B = B,,,.

Case (2). Suppose next that (0,0,1,1) € B. So, (1,1,1,0), (1,1,0,0) and
(0,0,1,1) are in B. The fourth point (1,1,0,1) of PG(3,2)\ Q™ (3, 2) in the secant
plane through (1,1,1,0), (1,1,0,0), (0,0,1,1) cannot belong to B. Considering

the external lines
{(1,1,0,1),(0,1,1,1),(1,0,1,0)} and {(1,1,0,1),(1,0,1,1),(0,1,1,0)}

through (1,1,0, 1), we see that at least one of (0,1,1,1), (1,0, 1,0) belongs to B,
as well as at least one of (1,0,1,1), (0,1,1,0).

By considering the secant plane with equation X3 = X, and taking into
account that the points (1,1,0,0), (0,0,1,1) of B belong to that plane, we see
that not both of (0,1,1,1), (1,0,1,1) can belong to B.

By considering the secant plane with equation X, = 0 and taking into account
that the points (1,1,1,0), (1,1,0,0) of B belong to that plane, we see that not
both of (1,0,1,0), (0,1,1,0) belong to B.

So, we either have (0,1,1,1),(0,1,1,0) € B or (1,0,1,1),(1,0,1,0) € B. So,
B, with w equal to either ({2,3},1,4) or ({1,3},2,4) is contained in B. The
minimality of B then implies that B = B,,.

5.3 Proofs for ¢ =3

5.3.1 Proofs of Theorems 5.1.4 and 5.1.5

Let B be an £ -blocking set in PG(3,3) of size 10. If B is not minimal, then
B = B’ U {x}, where B’ is an £ -blocking set in PG(3,3) of size 9 and z is a
point of PG(3,3) not belonging to B’. By Proposition 5.0.1, B" = 7 \ Q@ (3, 3)
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for some secant plane 7 of PG(3,3) with respect to Q~(3,3). We then have case
(1) of Theorem 5.1.5. Therefore, we may assume that B is minimal. We divide

the treatment into two cases:

e Case I: There exists a secant plane 7 of PG(3,3) with respect to Q~(3,3)
such that all the points of 7 exterior to the conic 7NQ~(3, 3) are contained

in B.

e Case II: There does not exist any secant plane 7 of PG(3, 3) with respect to
@ (3,3) such that all the points of 7 exterior to 7N Q™ (3,3) are contained
in B.

We will prove that the set Y defined in Theorem 5.1.4 is a minimal £ -
blocking set in PG(3,3) of size 10 (Proposition 5.3.5) and that if Case I occurs,
then B is isomorphic to Y (Proposition 5.3.6). We shall then prove that there
are no examples of blocking sets corresponding to Case II. We repeatedly use the

following lemma, mostly without mention.

Lemma 5.3.1. We have BN Q~(3,3) = 0.

Proof. This follows from the minimality of B and the fact that B\ Q(3,3) is
also an £ -blocking set in PG(3, 3). O
Treatment of Case 1

Here, we suppose that B is a minimal £ -blocking set in PG(3,3) of size 10
containing the set F, of all points of a secant plane 7 that are exterior with
respect to the conic C; := 7N Q™ (3,3) in 7. Let I, denote the set of three points
of m that are interior with respect to C,. Through each point of I, there are four

lines belonging to £~ that are not lines of .
Lemma 5.3.2. The following hold:
(1) BNm=E; and |B\ 7| =4.

73



§5.3. Proofs for ¢ = 3

(2) If x € I, then each of the four external lines through x not contained in

meets B in precisely one point.

Proof. Since 7\ C, is an £ -blocking set in PG(3,3) of size 9 containing E,, the
minimality of B with |B| = 10 implies that there must exist a point in I, not
belonging to B. Now, let x be an arbitrary point of I\ B. Since each of the four
external lines through x not contained in = meets B, we must have |B\ 7| > 4. As
|B| = 10 and Ej is contained in B with |E,| = 6, we thus see that the conclusions

of the lemma must hold. O]

Let @ denote the quadratic form defining the quadric @~ (3,3). We can choose
a reference system in PG(3,3) such that Q= (3, 3) has equation

Q(X1, X2, X3, X4) = X1 Xo + X5+ X7 =0
and 7 has equation Xy = 0. We then have:

C7r = {<(170a0’0)>7<(0717070)>7<(1’_1’1’0»7((17_17_170»}7
by = {<(07071a0)>7<(1’17070)>7<(1707170)>7<(1707_170)>7

<(071>170>>7<<O717_170)>}7
I, = {((1,-1,0,0)),((1,1,1,0)), ((1,1,—1,0))}.

In fact, C; (respectively, E, I,) consists of all points ((X;, Xs, X3,0)) of 7 for
which Q(X7, Xo, X3,0) is equal to 0 (respectively, 1, —1). If f: Fj x F3 — F3 is

the symmetric bilinear form associated with @), then
f((X17X27X37X4)7 ()/17 }/27}/?” Y4)) = XI}/Q + XQ}/I - X3}/3 - X4§/4

fOI' au <X17X27X37X4)7 <Y17Y27)/37}/4) c ]Flgl

Lemma 5.3.3. If ((a,b,¢,1)) € B\ «, then (a,b,c) # (0,0,0) and {(a,b,c,0)) €
Cr.
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Proof. Suppose that (a,b,c) = (0,0,0) and let {(u,v,w,0)) be an arbitrary point
of I;. As Q(u,v,w,1) = Q(u,v,w,0)+Q(0,0,0,1) = —1+1 = 0, the line through
((a,b,c,1)) =((0,0,0,1)) and ((u, v, w,0)) would not be external as required by
Lemma 5.3.2. Hence, (a,b,c) # (0,0,0).

We also have ((a,b,c,0)) & I, as otherwise Q(a,b,c,1) = Q(a,b,c,0) +
Q(0,0,0,1) = =1 +1 = 0, in contradiction with BN Q~(3,3) = @ (Lemma
5.3.1).

Suppose that ((a,b,c,0)) € E.. Consider then the unique external line
through ((a,b,c,0)) contained in 7. This external line contains precisely two
points of I, say ((u1,v1,wy,0)) and ((ug,ve,ws,0)). Without loss of general-
ity, we may suppose that we have chosen (u1,vy,w;) and (ug,ve,ws) in such
a way that (a,b,¢) = (ug,vq,ws) + A(ug,v1,wy) for some A € Fs. The line
through the points ((a, b, ¢, 1)) € B\ 7 and ((uy,v1,ws,0)) € I, then contains the
point ((ug, va, we, 1)) belonging to Q@ (3, 3) as Q(uz, v, wa, 1) = Q(ua, ve, we, 0) +
@(0,0,0,1) = =14 1 = 0. But that is impossible as such a line must belong to
&~ by Lemma 5.3.2. O

Lemma 5.3.4. Let (al,bl,cl,O), (ag,bg,CQ,O), (CL3,b3,Cg,O) and (a4,b4,c4,0) be

mutually distinct elements of 5 such that each {(a;, bi,c;,0)), i € {1,2,3,4}, is
a point of Cr. Then

X = {{(ai, by, e, 1)) i € {1,2,3, 41} UE,

is an €~ -blocking set in PG(3,3) if and only if ((a; — a;,b; — bj,c; —¢;,0)) & I,
for alli,j € {1,2,3,4} with i # j.

Proof. We first prove that if ((a,b,c,0)) € Cy, then ((a,b,c,1),(a’,V/,c,0)) is
an external line for every ((d/,¥',c,0)) € I.. Indeed, we have Q(a,b,c,1) =
Q(a,b,¢,0) +Q(0,0,0,1) =0+ 1 # 0 and Q(d/,V,,0) = —1. The secant line
((a,b,¢c,0),(a’,b/,,0)) in 7 contains only one point of I, namely ((a’,¥,,0)).

If (x,y,2) € {(a+d',b+V,c+), (a—d',b—V,c—)}, then ((z,y, z,0)) is a point
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of ((a,b,¢,0),(a',V,,0)) not belonging to I, and hence the point {((z,y,z,1)) €
((a,b,c,1),(a', b, ,0)) does not belong to @~ (3, 3) as Q(z,y,2,1) = Q(x,y, z,0)+
Q(0,0,0,1) = Q(z,y,2,0) + 1 #0.

Now, X is an £~ -blocking set in PG(3, 3) if and only if for every ((da/, V', ¢, 0)) €
I, the four lines ((a’,¥,,0), (a;, b;, c;, 1)), i € {1,2,3,4}, are distinct (external)
lines. The latter statement precisely holds when the condition in the lemma is

satisfied. O

As an application of Lemma 5.3.4, we have the following proposition that also

proves Theorem 5.1.4.

Proposition 5.3.5. The sets

Y = {((1,0,0,1)),((0,—1,0,1)), ((1,—1,1,1)),((1,-1,-1,1)) } U E,

and

Z :={((-1,0,0,1)),((0,1,0,1)),((=1,1,—1,1)),((—1,1,1,1)) } U E

are isomorphic minimal £~ -blocking sets in PG(3,3) of size 10.

Proof. Clearly, |Y| = 10 = |Z]|. The facts that Y and Z are £ -blocking sets in
PG(3,3) follows from Lemma 5.3.4. Since the map

(X17 X27 X37 X4) — (Xh X27 X3’ _X4)

defines an automorphism of PG(3,3) stabilizing @~ (3, 3) and fixing 7 pointwise,
it follows that Y and Z are isomorphic.

If Y and Z were not minimal as £ -blocking sets, then they would be of the
form (7" \ Q@ (3,3)) U{z}, where 7’ is a secant plane of PG(3,3) with respect to
@ (3,3) and z is a point not belonging to 7'\ @~ (3, 3). This is obviously not the

case here. n
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The following proposition proves Theorem 5.1.5 if Case I occurs.
Proposition 5.3.6. B is equal to either'Y or Z.

Proof. Let G be the graph with vertex set

V(g = {{@1,0,0,1),(0,-1,0,1),(1,-1,1,1),(1,-1,—-1,1),

(=1,0,0,1),(0,1,0,1),(=1,1,-1,1),(=1,1,1,1)} C FL,

where two distinct vertices (a, b, ¢, 1) and (a’, V', ¢, 1) are adjacent whenever ((a —
a,b—"b,c—,0)) € I, UC,. Then G is isomorphic to the complete bipartite
graph K, 4 with the two parts

{(1,0,0,1),(0,—1,0,1),(1,-1,1,1),(1,-1,—-1,1)},

and

{(~1,0,0,1),(0,1,0,1), (=1,1,—1,1),(=1,1,1,1)}

for which the set of all edges {(a,b,c, 1), (a', V', , 1)} satisfying ((a —a’,b—10",c—
d,0)) € C, is a complete (that is, perfect) matching.

We know that B\ E; is a subset of {((a, b, ¢, 1)) : (a,b,¢,1) € V(G)} by Lemma
5.3.3 and that B must be obtained as in Lemma 5.3.4. The first paragraph of

this proof in combination with Lemma 5.3.4 then immediately implies that B is

either Y or Z. O

Treatment of Case 11

Here, we suppose that B is a minimal £ -blocking set in PG(3,3) of size 10
satisfying the following:

() There is no secant plane m of PG(3,3) with respect to Q@ (3,3)
such that all the points of 7 exterior to the conic 7 N Q7 (3,3) are

contained in B.
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We shall derive a contradiction at the end of this subsection.

Lemma 5.3.7. Let m be a tangent plane of PG(3,3) with respect to Q~(3,3).
Then |m N B| > 3, with equality if and only if TN B = L\ Q(3,3) for some

tangent line L contained in 7.
Proof. This follows from Proposition 2.0.1. O

Lemma 5.3.8. A secant plane of PG(3, 3) with respect to Q~(3,3) cannot contain

more than five points of B.

Proof. Suppose that there is a secant plane 7 containing at least six points of B.
By our assumption (x), there exists a point = in 7 \ B exterior with respect to
the conic # N Q~(3,3). Through z, there are five external lines not contained in
7. Each of these five external lines contains an extra point of B, implying that

|B| > |r N B|+5>6+5 =11, a contradiction. O

Lemma 5.3.9. There does not exist any tangent plane of PG(3,3) with respect

to Q~(3,3) meeting B in an external line.

Proof. Suppose 7, is a tangent plane meeting B in an external line L. Let m be
the other tangent plane through L, and 73, m4 be the two secant planes through
L. Each of w3 \ L and 74 \ L contains at most one point of B by Lemma 5.3.8,
implying that my \ L contains at least four points of B. Thus, the tangent plane
o contains at least eight points of B.

Now, let = be a point of 75 \ @~ (3,3) not contained in B. There are three
external lines through x not contained in 7. Each of these three external lines
contains a point of B, implying that |B| > |m N B| + 3 > 8 + 3 = 11, a contra-
diction. [

Lemma 5.3.10. There does not exist any tangent plane of PG(3,3) with respect
to Q= (3,3) meeting B in three points.
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Proof. Suppose 7 is a tangent plane meeting B in three points. Then there exists
a tangent line L in 7 such that 7N B = L\ @~ (3,3) by Lemma 5.3.7.

By Lemma 5.3.8, each of the three secant planes through L contains besides
the points of L \ @~ (3,3) at most two other points of B, giving that |B| <
IL\ Q(3,3)| +3-2 =9, a contradiction. O

Lemma 5.3.11. Fach tangent plane of PG(3,3) with respect to Q~(3,3) inter-

sects B in precisely four points.

Proof. We count in two ways the number N of pairs (z,7), where x € B and 7
a tangent plane through z. As there are 10 tangent planes, we know by Lemmas
5.3.7 and 5.3.10 that N > 40, with equality if and only if every tangent plane
contains precisely four points. On the other hand, we have |B| = 10 possibilities
for x and we know by Lemma 5.3.1 that there are four possibilities for 7 for a
given x. So, N = 40 and every tangent plane contains precisely four points of

. O

Lemma 5.3.12. Let x be a point of Q= (3,3) and m be the tangent plane of
PG(3,3) with respect to Q= (3,3) through x. Then

TNB=(L,\Q (3,3)U{z}

for some (tangent) line L, of m through x and some point z, € 7\ L,.

Proof. By Lemma 5.3.11, we have |7 N B| = 4. First suppose that every tangent
line contained in m meets B. Then mN B is a blocking set of size 4 with respect to
all lines of 7 and so wN B is a line of m by Proposition 1.7.1. As BNQ™(3,3) = 0,
7 M B must be an external line, in contradiction with Lemma 5.3.9.

Therefore, there is some tangent line in 7 disjoint from B. As |B N 7| = 4,
this implies that there is some tangent line L, in m meeting B in at least two
points, say z; and z3. Let 3 denote the unique point in L, \ @~ (3, 3) distinct

from z; and zo. If 3 &€ B, then each of the three external lines through zj
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contained in 7 would contain another point of B, implying |7 N B| > 5 which is
not possible. So, z3 € B and L, \ @~ (3,3) is contained in B. Since |7 N B| =4
and BN Q™ (3,3) = 0, there exists a unique point z, € 7 N B not belonging to
L,. Thus, 7N B = (L, \ Q (3,3)) U{z}. O

Lemma 5.3.13. There exist no four mutually distinct points x1, xo, x3, T4 in
Q~(3,3) such that the tangent lines L,,, Ly,, Ly,, L, obtained as in Lemma

5.83.12 meet in a common point.

Proof. Suppose L,,, L,,, L.,, L,, meet in a common point y. Then the secant
plane y” contains the points xi, 2, x3 and x4. The number of points of B
contained in L,, UL,, UL,, UL,, equals 9. There are also at least two points of
B in y™ which follows from Proposition 2.1.1. This would imply that |B| > 11, a

contradiction. O]

Lemma 5.3.14. Fach point of B is contained in precisely three tangent lines L,

reQ(3,3).

Proof. We count in two ways the number N of pairs (z,y) with z € Q7 (3,3)
and y € L, \ Q@ (3,3) € B. As |Q (3,3)] = 10, there are N = 30 such pairs.
On the other hand, there are at most |B| = 10 possibilities for y. For a given
y, there are at most three possibilities for x with y € L, by Lemma 5.3.13. As
N = 30, we thus see that every point of B is contained in precisely three lines

Ly, x € Q(3,3). O

Derivation of a contradiction:

Fix a point € B and let L,,, L,,, L,, be the three mutually distinct tangent
lines through x obtained in Lemma 5.3.14, where uy, uz, us € Q= (3,3). Put

Ly, :=A{x,y1,21,u1}, Ly, := {2, 90, 20,us} and Ly, := {x,y3, 23, ug}.

Then {x,y1, 21, Y2, 22, Y3, 23} C B. We thus have already found seven points of B.
Each of the planes (L, Ly, ), (Lu,, Lug) and (L,,, Ly,) is a secant plane contain-
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ing, by Lemma 5.3.8, no further points of B than those in {x, y1, 21, y2, 22, Y3, 23}
So, for the point y; € B, if

Lm = {yhxvzlaul}7 LU'2 = {yhyéazévué} and Lug = {ylayévzéaug}

are the three mutually distinct tangent lines through y; obtained in Lemma
5.3.14 with uy, vy € Q7(3,3) and y}, 25,94, 25 € B, then none of the points
Yy, 25, Y4, z5 can be contained in {z,y1, 21, Yo, 22, Y3, 23}. This would imply that

{x, 1, 21, Y2, 22, Y3, 23, Yh, 25, Y4, 25} is a set of 11 points of B, a contradiction.

5.3.2 Proof of Theorem 5.1.6

In this subsection, w is a point of PG(3,3) \ @7 (3,3), m is the secant plane w”
of PG(3,3), where 7 is the orthogonal polarity associated with Q*(3,3), and
B =E,U{w}.

Proof of Theorem 5.1.6. Clearly, we have |B| = 7. We need to show that B

is a minimal £*-blocking set in PG(3,3). Through w, there are:

e four outer tangents, namely the lines wz with x a point in the conic 7 N

Q" (3,3);

e three external lines with respect to Q7 (3, 3), namely the lines wz € €T with
z € I (see [23, Corollary 2.4]), where I is the set of three points of 7 that

are interior with respect to m N Q7 (3, 3);
e six secant lines with respect to Q7 (3,3), namely the lines wy with y € E,.

Through a point u € I, there are three lines belonging to £7. Two of them are
contained in 7 and so each of them meets F,. The remaining one external line
necessarily coincides with ww.

Now, any external line L € £7 is either contained in 7, meets 7 in a point of

E, or meets 7 in a point of I.. In the first case, L contains two points of F,. In
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the second case, L contains one point of E, but not the point w. In the third
case, L contains the point w but not any of the points of E;.

It follows from the above that B is an £*-blocking set in PG(3,3), but also
that it is minimal as removing one point x of B would imply the existence of
lines belonging to €1 that are disjoint from B\ {z}. Indeed, if x = w, then this
would be the case for the external lines wz € €1 with z € I.. If x € E,, then
this would be the case for the two external lines through z not contained in 7.

This completes the proof. n

The rest of this subsection is devoted to prove a result (Corollary 5.3.16) which
is needed while proving Theorem 5.1.7.

Let L* be an outer tangent contained in 7 with tangency point z* in QT (3, 3).
As wz* is also an outer tangent, the plane 7* := (w, L*) is a tangent plane with
tangency point z*. Further, 7* meets B in four points among which three are
on the same outer tangent L* and the remaining one point, namely w is on the

other outer tangent through z*, that is, 7* N B = (L* \ {z*}) U {w}.

Lemma 5.3.15. Any ET-blocking set in PG(3,3) of size 7 intersecting 7 in
BNx* coincides with B.

Proof. Let X be an ET-blocking set in PG(3, 3) of size 7 such that XN#* = BNr*.
We claim that X = B. It suffices to prove that there is at most one such £*-
blocking set X.

Put wz* := {w,2*,u;,us}. Then w € B and x*,uy, uy are not contained in
B. Through the outer tangent wz*, there are three secant planes, say my, mo, 73,
of PG(3, 3) with respect to Q*(3,3). Fori € {1,2,3}, the set X Nr; is a blocking
set in 7; of the external lines with respect to the conic C; = m; N Q7 (3,3). Then
| X Nm;| = 2 by Proposition 2.1.1, and so each m; contains at least one extra point
of X besides w. But as |X| =7 and |X N7*| = |B N 7*| = 4, there are precisely

three points in X \ 7*, showing that each 7; contains precisely one extra point of
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X different from w. It suffices to show that this extra point in each 7; is uniquely
determined.

As wx* is tangent to the conic C;, the points u; and usy of 7; are exterior with
respect to C;. So, each u; with j € {1,2} is contained in a unique line A;; of
m; external to C;. Each of the lines M;; and M;s contains a point of X. As 7
contains only one extra point of X besides w, this extra point of X in 7; must

coincide with M,‘l N MZ‘Q. ]
We thus have also shown the following.

Corollary 5.3.16. The E*t-blocking sets in PG(3,3) of size 7 disjoint from
Q7 (3,3) and intersecting a tangent plane in a set of four points three of which are
on the same outer tangent and the remaining one is on the other outer tangent

are precisely the ET-blocking sets described in Theorem 5.1.6.

5.3.3 Proof of Theorem 5.1.7

Let B be an ET-blocking set in PG(3,3) of size 7. If B is not minimal, then
B = B' U {x}, where B’ is an £"-blocking set in PG(3,3) of size 6 and x is a
point not belonging to B’. By Proposition 5.0.2, B" = 7\ Q*(3,3) for some
tangent plane m of PG(3,3) with respect to Q*(3,3). We then have case (1) of

Theorem 5.1.7. So, we may assume the following:
Assumption 1: B is minimal.

As B\ Q7(3,3) is also an £T-blocking set in PG(3,3), we have the following by
the minimality of B.

Lemma 5.3.17. BNQ7*(3,3) = 0.

Each tangent plane of PG(3,3) with respect to @7 (3,3) meets B thus in at

most six points.
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Lemma 5.3.18. There is no tangent plane of PG(3,3) with respect to Q*(3,3)

meeting B in precisely six points.

Proof. 1f this were the case, then B would be as in (1) of Theorem 5.1.7, contrary

to the assumption that B is minimal. O

Lemma 5.3.19. There exists no tangent plane of PG(3, 3) with respect to Q™ (3, 3)

intersecting B in precisely five points.

Proof. Suppose 7 is a tangent plane intersecting B in precisely five points and
let « be the unique point in 7\ (BUQ7(3,3)). Through z, there are three lines
belonging to €' not contained in 7. Each of these lines contains at least one

point of B, showing that |B| = |BNw|+|B\ 7| > 5+ 3 = 8, a contradiction. [
We may also make the following assumption.

Assumption 2. There is no tangent plane of PG(3,3) with respect
to QT (3, 3) intersecting B in a set of four points three of which are on
the same outer tangent and the remaining one is on the other outer

tangent.

Indeed, if this were not the case, then Corollary 5.3.16 implies that we would
have case (2) of Theorem 5.1.7. We shall derive a contradiction at the end of this

section under the Assumptions 1 and 2.

Lemma 5.3.20. There exists no tangent plane of PG(3, 3) with respect to Q™ (3, 3)

intersecting B in precisely four points.

Proof. Suppose 7 is a tangent plane intersecting B in precisely four points. By
Lemma 5.3.17 and Assumption 2, we then know that each of the two outer
tangents in 7 contains precisely two points of B. So, there exists a unique
line L in 7 that is secant to Q7 (3,3) and disjoint from B. There are two se-
cant planes, say 1, m, of PG(3,3) with respect to @*(3,3) through L. Each
of them contains at least two points of B by Proposition 2.1.1, showing that
|B| > | BN x|+ |BNm|+ |BNm| =442+ 2 =28, a contradiction. O
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Lemma 5.3.21. There exists no outer tangent intersecting B in precisely three

poInts.

Proof. Suppose L is an outer tangent meeting B in precisely three points. There
is a unique tangent plane 7 through L and 7 contains besides L one other outer
tangent L'. By Lemmas 5.3.17, 5.3.18, 5.3.19 and 5.3.20, we know that L'NB = {).
There are three secant planes, say 7y, 7o, 73, of PG(3,3) with respect to Q™ (3, 3)
through L'. Each of them contains at least two points of B by Proposition 2.1.1,
giving that |B| > |BNx|+ |[BNm|+ |BNm|+|BN7s| 23+2+2+2=9,a

contradiction. O]

Lemma 5.3.22. There exists no tangent plane of PG(3, 3) with respect to Q" (3, 3)

meeting B in precisely three points.

Proof. Suppose 7 is a tangent plane with tangency point x meeting B in precisely
three points. By Lemma 5.3.21, there exists a unique outer tangent L; in 7
containing precisely two points of B and the other outer tangent L, in 7 contains
a unique point of B. By Lemma 5.3.15, we know that there exists a unique
ET-blocking set B* in PG(3,3) of size 7 that meets 7 in (L; \ {z}) U (L2 N B).
Put Ly N B = {y} and Ly = {z,uy,us,y}. There are three secant planes,
say mp, ma, w3, of PG(3,3) with respect to Q(3,3) through L,. Each of them
contains besides the point y at least one extra point of B by Proposition 2.1.1.
As ((m Umy Ums) \ L) N B has size |B| — |B N 7| = 4, two of these planes,
say m and 7y, contain precisely one extra point of B, while the remaining plane
73 contains exactly two extra points of B (besides y). By the proof of Lemma
5.3.15, we know that each plane 7;, i € {1,2, 3}, contains a unique point z; € B*
not belonging to Ly (that is, z; # y). If M;; denotes the unique external line in
m; through the point w; with j € {1,2}, then z; is obtained as the intersection
point of M;; and M;,. Each of the external lines M;; and M;, must also contain
a point of B, showing that z; and z, are the unique points of B in respectively

m \ Lo and 7y \ Le. We claim that z3 is not a point of B.
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By the original construction of the £*-blocking set B* (see Theorem 5.1.6,
Lemma 5.3.15 and its proof), we know that B* = {y} U (L1 \ {z}) U {21, 22, 23},
where (L1 \{z})U{z1, 22, 23} consists of the six points of 7* := y” that are exterior
with respect to the conic 7* N Q*(3, 3).

Let 2" denote the unique point of L; \ ({2} U B). We know that there are at
least four points of B in 7*, namely z;, zo and the two points in Ly \ {z, z'}. We
also know that there are at least three points of B outside 7*, namely y and two
points on the two external lines through 2’ not contained in 7* (note that yz’ is a
secant line). These must constitute all the seven points of B and it follows that
23 is not a point of B.

Thus, 2’ and z3 are the only points of B* not contained in B. Consider the
line z'z3 in 7*. It cannot be a secant line as both 2z’ and 23 are exterior points
with respect to 7* N Q7 (3,3). If 2'z3 is an external line containing besides 2z’ and
23 two interior points with respect to 7* N Q7 (3, 3), then this external line would
be disjoint from B, which is impossible. So, z’z3 is an outer tangent in 7* and
it must contain one of z; and zy, say z1, as the third exterior point with respect
to 7 N Q7 (3,3). The exterior point z; is contained in two outer tangents of 7*.
One of them is z’'z3. The other outer tangent through z; contains precisely three
points of B, namely z1, zo and one point of L; N B. But that is in contradiction

with Lemma 5.3.21. This completes the proof. n
Lemma 5.3.23. Fvery outer tangent intersects B in either 0 or 1 point.

Proof. Suppose that this is not the case. Then by Lemmas 5.3.17 and 5.3.21, there
exists an outer tangent L meeting B in exactly two points. Let 7 be the unique
tangent plane containing L. By Lemmas 5.3.17, 5.3.18, 5.3.19, 5.3.20 and 5.3.22,
the other outer tangent L' in 7 is disjoint from B. Then each of the three secant
planes, say 71, mo, 73, through L’ contains at least two points of B by Proposition
2.1.1, showing that |B| > |BNw|+|BNm|+|BNme|+|BN7s| = 2+2+42+2 =8,

a contradiction. ]
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Lemma 5.3.24. The number of outer tangents disjoint from B is equal to 4.

The number of outer tangents intersecting B in a singleton is equal to 28.

Proof. Let A\; with ¢ € {0,1} denote the number of outer tangents meeting B
in exactly ¢ points. Each point of @*(3,3) is contained in precisely two outer
tangents and so the total number of outer tangents is equal to |Q7(3,3)]-2 = 16-
2 = 32. By Lemma 5.3.23, we thus have \g+A; = 32. As each point of B is outside
Q*(3,3) by Lemma 5.3.17 and is contained in four outer tangents, counting the
pairs (z, L) with L an outer tangent and z € L N B yields \; = 7-4 = 28. We
then find \g =32 — \; = 4. O

Lemma 5.3.25. If 7 is a secant plane of PG(3,3) with respect to Q% (3,3), then
among the siz points of w that are exterior with respect to the conic 7 N Q7 (3,3)

at most two can belong to B.

Proof. If B contains at least three of the six exterior points of 7, then there
would exist an outer tangent in 7 containing at least two of these points of B,

contradicting Lemma 5.3.23. O
The following is a consequence of Lemmas 5.3.17 and 5.3.25.

Corollary 5.3.26. If m is a secant plane of PG(3,3) with respect to Q*(3,3),
then |m N B| < 5. If |[m N B| = 5, then all three points of m interior to the conic
TN Q1(3,3) are contained in B and precisely two of the siz points of m exterior

to TN QT(3,3) are contained in B.

Lemma 5.3.27. There cannot exist secant planes of PG(3,3) with respect to
Q7 (3,3) meeting B in precisely five points.

Proof. Suppose 7 is a secant plane meeting B in precisely five points. Let y; and
yo denote the two points of B not contained in w. By Corollary 5.3.26, there
exist four points xq, x9, 23,4 in 7 \ B that are exterior with respect to the conic

7N Q1(3,3). Through each z;, i € {1,2,3,4}, there are two lines belonging to
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ET not contained in 7. As each of these lines contains a point of B, they have
to coincide with x;y; and x;y.. It follows that yixq, y129, Y123 and y,x4 are four
external lines through y;, in contradiction with the fact that there are only three

external lines through ;. O

Lemma 5.3.28. There exists no tangent plane of PG(3, 3) with respect to Q™ (3, 3)

meeting B in precisely two points.

Proof. Suppose 7 is a tangent plane intersecting B in precisely two points. By
Lemma 5.3.23, each of the two outer tangents in 7 contains one point of B. Let
L denote the secant line with respect to Q7 (3, 3) through the two points of 7N B.
We count the points of B contained in the four planes through L. By Lemmas
5.3.17, 5.3.18, 5.3.19, 5.3.20 and 5.3.22, each tangent plane contains at most two
points of B. This implies that each of the two tangent planes through L contains
precisely two points of B, namely the two points of LN B = 7w N B. By Corollary
5.3.26 and Lemma 5.3.27, each of the two secant planes through L contains at
most four points of B (including the two points of LN B). It follows that |B| < 6,

a contradiction. O]

By Lemmas 5.3.17, 5.3.18, 5.3.19, 5.3.20, 5.3.22 and 5.3.28, we thus have the

following;:

Corollary 5.3.29. Every tangent plane of PG(3,3) with respect to Q*(3,3) con-

tains either 0 or 1 point of B.

We are now ready to derive a contradiction (under the Assumptions 1 and
2). Let n; with i € {0,1} denote the number of tangent planes meeting B in
precisely ¢ points. By Corollary 5.3.29, we have ng + ny = 16 and so n; < 16.
The total number of outer tangents meeting B in a singleton is equal to n;. Then

ny < 16 < 28 contradicts Lemma 5.3.24.
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Chapter 6

A characterization in PG(3, q)

Characterizations of the family of external or secant lines with respect to an
ovoid/quadric in PG(3,¢q) based on certain combinatorial properties have been
given by several authors. A characterization of the family of secant lines to an
ovoid in PG(3, ¢) was obtained in [28] for ¢ odd and in [24] for ¢ > 2 even, which
was further improved in [26] for all ¢ > 2. A characterization of the family of
external lines to a hyperbolic quadric in PG(3, ¢) was given in [25] for all ¢ (also
see [32] for a different characterization in terms of a point-subset of the Klein
quadric in PG(5,¢)) and to an ovoid in PG(3,q) was obtained in [26] for all
g > 2. One can refer to [6, 7, 64, 65] for characterizations of external lines in

PG(3, ¢) with respect to quadric cone, oval cone and hyperoval cone.

6.1 Main result

In this chapter, we give a characterization of the secant lines with respect to a
hyperbolic quadric in PG(3, ¢) for odd g > 7. We prove the following result which
appears in [53]:

Theorem 6.1.1. Let S be a family of lines of PG(3,q), ¢ = 7 odd, for which the

following properties are satisfied:

89



§6.2. Combinatorial results

(P1) There are @ or ¢* lines of S through a given point of PG(3,q). Further,
there exists a point which is contained in @ lines of S and a point which

is contained in ¢° lines of S.

(P2) FEvery plane © of PG(3,q) contains at least one line of S and one of the

following two cases occurs:

(P2a) every pencil of lines in m contains 0 or q lines of S.

(P2b) every pencil of lines in w contains %, % or q lines of S.

Then either S is the set of all secant lines with respect to a hyperbolic quadric

in PG(3,q), or the set of points each of which is contained in ¢* lines of S form
. . i . 4,3 2 .

a line L of PG(3,q) and S is a hypothetical family of % lines of PG(3, q)

not containing L.

Let m;, 1 <i < k, be k integers with 0 <my <mg < -+ <mp <qg+1. A
set K of points of PG(2, q) is said to be of class [my, ms, ..., mg] if every line of
PG(2,q) meets K in m; points for some i € {1,2,...,k}. We need the following
result which was proved in [16, Theorem 4.6] for odd g > 7.

Proposition 6.1.2. [16] Let K be a set of class [1, q“;—l, %} in PG(2,q), where
q =7 is odd. Then K consists of an irreducible conic in PG(2,q) and its interior

points.

6.2 Combinatorial results

Let S be a family of lines of PG(3, ¢) for which the properties stated in Theorem
6.1.1 hold. A plane of PG(3,q) is said to be tangent or secant according as it
satisfies the property (P2a) or (P2b). For a given plane 7 of PG(3, ¢), we denote

by S, the set of lines of § which are contained in 7.
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§6.2. Combinatorial results

6.2.1 Tangent planes

Lemma 6.2.1. If 7 is a tangent plane of PG(3,q), then |S;| = ¢*.

Proof. Fix a line L of S;. Every line of S; meets L. By property (P2a), every
point of L is contained in ¢ lines of S;. Then the numbers of lines of S, is

1+(g+1)(g—1)=¢ 0

Lemma 6.2.2. Let m be a tangent plane. Then there are ¢* + q points of 7, each
of which is contained in q lines of S;. Equivalently, there is only one point of ™

which is contained in no lines of Sy.

Proof. Let A, (respectively, B;) be the set of points of 7 each of which is con-
tained in no lines (respectively, ¢ lines) of S,. Then |A,;| + |B;| = ¢* + q + 1.

Consider the following set of point-line pairs:

X ={(z,L):x € By,L € S,z € L}.
By Lemma 6.2.1, |S;| = ¢*. Counting | X| in two ways, we get |B,| X ¢ = |X| =
q* x (¢+1). This gives |B;| = ¢* + ¢ and hence |A,| = 1. O

For a tangent plane 7, we denote by p, the unique point of © which is contained

in no lines of S, (Lemma 6.2.2) and call it the pole of 7.

Corollary 6.2.3. Let 7 be a tangent plane. Then the q+1 lines of ™ not contained
in Sy are precisely the lines of m through the pole p;.

6.2.2 Secant planes

In the rest of this chapter, we assume that q is odd and that ¢ > 7. As an

application of Proposition 6.1.2, we have the following.

Lemma 6.2.4. Let K be a set of class [Q;zl, %, q} in PG(2,q). Then K consists

of the exterior points of an irreducible conic in PG(2,q).
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§6.3. Black points

Proof. The complement K of K in PG(2,q) is a set of class [1, q;r—l, ‘1'5—3} Since
q > 7, K consists of an irreducible conic C' and its interior points by Proposition

6.1.2. Then K consists of the exterior points of C. ]

Lemma 6.2.5. Let m be a secant plane. Then S, consists of the secant lines of

an irreducible conic in m and so |S;| = q(q; ),

Proof. Each point of 7 is contained in (¢ — 1)/2, (¢ + 1)/2 or ¢ lines of ;.

Therefore, in the dual plane 72 of 7, S, is a set of points of class [%, %1, q}.

Since ¢ > 7, by Lemma 6.2.4, S, consists of the exterior points of an irreducible

conic CP in wP. The dual of C? is an irreducible conic C' in 7 and the lines of

7 contained in CP are precisely the tangent lines of C. Since exterior points of

CP in 7P correspond to the secant lines of C' in 7, it follows that S is precisely
a(g+1)

the set of secant lines of C'in m and hence |S,| = £4=. O

For a secant plane m of PG(3,¢q), we denote by ~v(m) the irreducible conic
obtained in Lemma 6.2.5 with respect to which S, is the set of secant lines in
7. The sets of exterior and interior points of v(7) in 7 are denoted by «(7) and
B(m), respectively. Then we have |y(7)| = ¢+ 1, |a(7)| = qzﬂ and |B(m)| = ‘1277".
Note that a(m), B(m) and ~y(m) are precisely the sets of points of m which are
g=1 g+l

= and ¢ lines of Sy, respectively.

contained in 5=,

6.3 Black points

Recall that every point of PG(3,¢q) is contained in ¢ or (]((]2_+1) lines of S by
property (P1). We call a point of PG(3, q) black if it is contained in ¢? lines of S.

6.3.1 Existence of tangent and secant planes

We show that both tangent and secant planes exist for which the following result

is needed.
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§6.3. Black points

Lemma 6.3.1. The number of tangent planes through a line L of PG(3,q) is

equal to the number of black points contained in L.

Proof. Let t and b, respectively, denote the number of tangent planes through L
and the number of black points contained in L. We count in two different ways
the total number of lines of S\ {L} meeting L. We have |S;| = ¢* or @ by
Lemmas 6.2.1 and 6.2.5 for a plane 7. Any line of & meeting L is contained in

some plane through L. If L € §, then we get

q(q+1)
2

t(q2—1)+(q+1—t)<

_1> b= 1)+ (g+1—b) (Q(q;”_1).

If L ¢S, then we get

q(q+1) g(g+1)

t"+(g+1—1) =bg” + (q+1-b)

In both cases, it follows that (¢t — b)@ = 0 and hence t = b. O
Corollary 6.3.2. Both tangent and secant planes exist.

Proof. By property (P1), let x (respectively, y) be a point of PG(3,¢) which is

contained in ¢* (respectively, @) lines of S. Taking L to be the line through

x and y, the corollary follows from Lemma 6.3.1 using the facts that x is a black

point but y is not a black point. O
Corollary 6.3.3. Every line of a tangent plane contains at least one black point.

Corollary 6.3.4. Fvery black point is contained in some tangent plane.

6.3.2 Black points in secant planes

Lemma 6.3.5. If w is a secant plane, then the set of black points in 7 is contained
in the conic ~y(m). In particular, there are exactly q lines of S, through a black

point in .
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§6.3. Black points

Proof. Let x be a black point in 7. Suppose that z is not contained in (7). Fix
a line L of S, through z and consider the ¢ + 1 planes of PG(3,¢) through L.
There are ¢? lines of S through x and each of them is contained in some plane
through L. Since z ¢ (), the plane 7 contains at most £+ lines of S through .
Each of the remaining ¢ planes through L contains at most ¢ lines of & through
x. This implies that there are at most % + ¢q(q — 1) lines of S through x. This
is not possible, as % +q(qg—1) < ¢* So z € y(m). ]

Lemma 6.3.6. The number of black points in a given secant plane is independent

of that plane.

Proof. Let m be a secant plane and A\, denote the number of black points in 7.

We count the total number of lines of &. The lines of S are divided into two

types:

(I) the w lines of S which are contained in 7,

(IT) those lines of S which meet 7 in a singleton.

Let 6 be the number of type (II) lines of S. In order to calculate 6, we divide the

points of 7 into four groups:

(a) The A, black points contained in 7: These points are contained in y(m) by
Lemma 6.3.5. Out of the ¢? lines of S through such a point, ¢ of them are

contained in 7.

(b) The |y(m)| — Ar points of v(7) which are not black: Out of the @ lines

of § through such a point, ¢ of them are contained in 7.
(¢) The points of a(7): Out of the 2 lines of S through such a point, 4

of them are contained in 7.

(d) The points of A(r): Out of the 2™ lines of S through such a point, <

of them are contained in 7.
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§6.3. Black points

. 2 2_
Since [y(m)| = g + 1, |a(m)| = 42 and |5(m)| = 57, we get

0 =X —q)+(g+1—Xs) (@—O +Ja(m)] (Q(qgl) a qgl)
—HBWN(“Q+1»_q+1>

2 2
2 3
+1
A (C] CI) 7°(q )

2 2

Then |S| =6 + . Since |S| is a fixed

2 2 2
number, it follows that A, is independent of the secant plane . O

ag+1) _ (q2—Q) Lty

By Lemma 6.3.6, we denote by A the number of black points in a secant plane.
From the proof of Lemma 6.3.6, we thus have the following equation involving A

and |S|:

2 4, .3, 2
)\(%) L ;Lq T4 ). (6.3.1)

As a consequence of Lemma 6.3.5, we have

Corollary 6.3.7. A <q+ 1.

6.3.3 Black points in tangent planes

Lemma 6.3.8. The number of black points in a given tangent plane is indepen-

dent of that plane.

Proof. Let m be a tangent plane with pole p, and p, be the number of black
points in w. We shall apply a similar argument as in the proof of Lemma 6.3.6
by calculating |S|. The lines of S are divided into two types: (I) the ¢? lines of S
which are contained in 7, and (II) those lines of & which meet 7 in a singleton.
Let 6 be the number of type (II) lines of S. In order to calculate 0, we divide the

points of 7 into two groups:

(a) The p, black points contained in m,
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§6.3. Black points

(b) The ¢*> + ¢ + 1 — u, points of = which are not black.

If z is a point of 7 which is different from p,, then Lemma 6.2.2 implies that the

number of lines of S through 2 which are not contained in 7 is ¢> — ¢ or % —q
according as x is a black point or not. We consider two cases depending on p; is

a black point or not.

Case-1: p, is a black point. In this case, Lemma 6.2.2 implies that none of the
¢? lines of S through p, is contained in 7. Then

o))

= a+ Gue = D6 )+ (1 ) (1

2 4
— +
:Mﬂ(q q)+q q

2 2

Case-2: p, is not a black point. In this case, none of the @ lines of S through

pr is contained in m by Lemma 6.2.2. Then

0= ele )+ L) (2 g ) (—

2 4
_ qa —dq q +q
— e (T50) + L2

. Since |S| is a fixed

2 4 22
In both cases, |S|:9+q2zuﬂ<q q>+q+ ¢ T4q

2 2
number, it follows that u, is independent of the tangent plane . O
By Lemma 6.3.8, we denote by p the number of black points in a tangent

plane. From the proof of Lemma 6.3.8, we thus have the following equation

involving p and |S]:

2 4 2
- +242 +
" (q 5 q) + ==l (6.3.2)

From equations (6.3.1) and (6.3.2), we have

[=\+q. (6.3.3)
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§6.4. Proof of the main result

6.3.4 Black points on a line

Lemma 6.3.9. The following hold:
(i) Every line of PG(3,q) contains 0,1,2 or g+ 1 black points.
(i1) If a line of PG(3, q) contains exactly two black points, then it is a line of S.

Proof. Let L be a line of PG(3, ¢) and b be the number of black points contained
in L. Assume that b > 2. If there exists a secant plane 7 through L, then Lemma
6.3.5 implies that the line L contains b > 3 number of points of the conic ()
in 7, which is not possible. So all planes through L are tangent planes. Then all
the ¢ + 1 points of L are black by Lemma 6.3.1. This proves (i).

If b = 2, then Lemma 6.3.1 implies that there exists a secant plane 7w through
L. By Lemma 6.3.5, L is a secant line of the conic v(7) in 7 and hence a line of

S,. This proves (ii). O

6.4 Proof of the main result

We shall continue with the notation used in the previous sections and the as-
sumption that ¢ > 7. We denote by H the set of all black points of PG(3, ¢q), and

by H, the set of black points of PG(3, ¢) which are contained in a given plane .
Lemma 6.4.1. |H| = Xq+1). In particular, |H| < (¢ + 1),

Proof. Fix a secant plane 7. Let L be a line of m which is external to the conic
v(m). By Lemma 6.3.5, none of the points of L is black. Then, by Lemma 6.3.1,
each plane through L is a secant plane. The number of black points contained in
a secant plane is A\. Counting all the black points contained in the ¢ + 1 planes
through L, we get |H| = A(¢+ 1). Since A < ¢ + 1 by Corollary 6.3.7, we have
H| < (q+1)° O

Lemma 6.4.2. If 7 is a tangent plane, then H, contains a line.
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§6.4. Proof of the main result

Proof. By Corollary 6.3.3, every line of m meets H.,. By Proposition 1.7.1 (taking
d = 2), we then have |H.| > ¢+ 1, and equality holds if and only if H, itself is a
line of .

Therefore, assume that |H.| > ¢+ 1. Since ¢ is odd, the maximum size of
an arc in 7 is ¢ + 1. So H, cannot be an arc and hence there exists a line L of
m which contains at least three points of H,. Then all points of L are black by
Lemma 6.3.9(i) and so L is contained in #,. O

Lemma 6.4.3. Let m be a tangent plane. Then H, is either a line or union of

two (intersecting) lines.

Proof. Using Lemmas 6.3.9(i) and 6.4.2, observe that there are only four possi-
bilities for the set H.,:

(1) H, is a line.

(2) Hn is the union of a line L and a point of 7 not contained in L.
(3) Hn is the union of two (intersecting) lines.

(4) H, is the whole plane 7.

We show that the possibilities (2) and (4) do not occur. If H, is the whole
plane 7, then y = ¢? + ¢+ 1 and so A = ¢®> + 1 by equation (6.3.3), which is not
possible by Corollary 6.3.7.

Now suppose that H, is the union of a line L and a point x not on L. If
the pole p, of 7 is different from x, then take T to be the line through p, and z
(note that p, may or may not be on L). If p, = x, then take T' to be any line
through p, = x. Since 7 is a tangent plane, T is not a line of S, by Corollary
6.2.3 and hence is not a line of §. On the other hand, since T" contains only two
black points (namely, the point z and the intersection point of L and T'), T' is a
line of § by Lemma 6.3.9(ii). This leads to a contradiction. O
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Lemma 6.4.4. Let 7 be a tangent plane. If H, is a line of PG(3,q), then the
following hold:

(i) Hr is not a line of S.

(ii) Hy = H.

(i1i) S is a set of lines of PG(3,q) not containing the line H.

Proof. (i) Suppose that H, is a line of S. Then, by Corollary 6.2.3, the pole
pr of m must be a point of 7\ H,. Fix a line M of = through p,. Note that
M ¢ S again by Corollary 6.2.3. Let x be the point of intersection of M and
H.. Since M contains only one black point (which is =), Lemma 6.3.1 implies
that M is contained in one tangent plane (namely, 7) and g secant planes. Since
T # pr, by Lemma 6.2.2, there are ¢ lines of 7 through = which are contained in
S. In each of the g secant planes through M, x being a black point, there are ¢
lines through x which are contained in & by Lemma 6.3.5. Since M ¢ S, we get
q(q+1) = ¢*> + q lines of S through x, which is not possible by property (P1).

(ii) Suppose that = is a black point which is not contained in H,. Let @’ be
the plane generated by the line ‘H, and the point x. We have 7 # 7’ as x is not
a black point of m. Each of the planes through the line H, is a tangent plane by
Lemma 6.3.1. In particular, «’ is a tangent plane. Note that 7 contains ¢ + 1
black points, whereas 7’ contains at least ¢ + 2 black points. This contradicts

Lemma 6.3.8.

(iii) The line # is not contained in S by (i) and (ii). Since the tangent plane

7 contains ¢ + 1 black points, we have p = ¢ + 1. Then equation (6.3.2) gives

443 4 9,2
that |S| = W =

Lemma 6.4.4 proves the second possibility as mentioned in Theorem 6.1.1
for the family S. Theorem 6.1.1 for ¢ € {3,5} and the family S of lines with
4+ 3+2 2

S| = ¢ q2 q

and satisfying the conditions of Theorem 6.1.1 are under our

investigation.
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In the rest of this section, we assume that H, is the union of two (intersecting)
lines for every tangent plane m. So p = 2¢ + 1 and then equation (6.3.3) gives
that A = ¢+ 1. From equation (6.3.2) and Lemma 6.4.1, we get

(g +1)?

S| =4 : and |H| = (¢ +1)% (6.4.1)

Lemma 6.4.5. Let w be a tangent plane. If H, is the union of the lines L and
L' of w, then the pole p, of w is the intersection point of L and L'.

Proof. Let x be the intersection point of L and L’. Suppose that p, # x. Let
T be a line of 7 through p, which does not contain z (note that p, may or may
not be contained in L U L’). Since 7 is a tangent plane, T is not a line of S, by
Corollary 6.2.3 and hence is not a line of S. On the other hand, since 7" contains
two black points (namely, the two intersection points of 7" with L and L'), it is a

line of S by Lemma 6.3.9(ii). This leads to a contradiction. O
We call a line of PG(3, q) black if it is contained in H.
Lemma 6.4.6. Fvery black point is contained in at most two black lines.

Proof. Let x be a black point. If possible, suppose that there are three distinct
black lines L, Ly, Ly each of which contains z. Let 7 (respectively, 7’) be the
plane generated by L, L (respectively, L, L,). Each plane through L is a tangent
plane by Lemma 6.3.1. So 7 and 7’ are tangent planes. Since H, = L U L; and
H, = LU Ly, it follows that m # n’. By Lemma 6.4.5, x is the pole of both 7
and 7. So the lines through z which are contained in 7 or 7’ are not lines of
S by Corollary 6.2.3. Thus each line of § through z is contained in some plane
through L which is different from both 7 and 7. It follows that the number of
lines of S through z is at most ¢(¢ — 1), which contradicts to the fact that there
are ¢* lines of S through z (being a black point). O

Lemma 6.4.7. Every black point is contained in precisely two black lines.
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§6.4. Proof of the main result

Proof. Let x be a black point and L be a black line containing x. The existence
of such a line L follows from the facts that x is contained in a tangent plane
(Corollary 6.3.4) and that the set of all black points in that tangent plane is a
union of two black lines. By Lemma 6.3.1, let 7y, 7o, ..., m441 be the ¢+ 1 tangent
planes through L. For 1 <7 < ¢+ 1, we have H,, = L U L; for some black line
L; of m; different from L. Let {p;} = L N L;. Lemma 6.4.6 implies that p; # p,
for1<i#j<qg+1,andso L = {p1,pa,...,Pgt1}. Since x € L, we have x = p,
for some 1 < 7 < ¢+ 1. Thus, applying Lemma 6.4.6 again, it follows that x is

contained in precisely two black lines, namely, L and L;. O
The following two lemmas complete the proof of Theorem 6.1.1.

Lemma 6.4.8. The points of H together with the black lines form a hyperbolic
quadric in PG(3,q).

Proof. We have |H| = (¢+ 1)* by (6.4.1). It is enough to show that the points of
‘H together with the black lines form a projective generalized quadrangle of order
(q,1). Clearly, this point-line geometry is a partial linear space. We shall verify
the axioms (Q1) and (Q2) of a generalized quadrangle defined in Section 1.6.

Each black line contains ¢ + 1 points of H. By Lemma 6.4.7, each point of
H is contained in exactly two black lines. Thus the axiom (Q1) is satisfied with
s=qandt=1.

We verify the axiom (Q2). Let L = {x, %9, ..., 2441} be a black line and z be
a black point not contained in L. By Lemma 6.4.7, let L; be the second black line
through w; (different from L) for 1 <i < g+ 1. If L; and L; intersect for ¢ # j,
then the tangent plane m generated by L; and L; contains L as well. This implies
that H, contains the union of three distinct black lines (namely L, L;, L;), which
is not possible. Thus the black lines Ly, Lo, ..., Ly4; are pairwise disjoint. These
¢+ 1 black lines contain (g+ 1)? black points and hence their union must be equal
to H. In particular, = is a point of L; for unique j € {1,2,...,¢ + 1}. Then L;

is the unique black line containing x; and intersecting L.
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§6.4. Proof of the main result

It now follows from the above that the points of H together with the black

lines form a projective generalized quadrangle of order (¢, 1). O]

Lemma 6.4.9. The lines of S are precisely the secant lines to the hyperbolic

quadric H.

¢*(g+1)?
2

secant lines to H. It is enough to show that every secant line to H is a line of

Proof. By (6.4.1), we have |S| = , which is equal to the number of

S. This follows from Lemma 6.3.9(ii), as every secant line to H contains exactly

two black points. O

102



Bibliography

1]

A. Aguglia and M. Giulietti, Blocking sets of certain line sets related to a
conic, Des. Codes Cryptogr. 39 (2006), no. 3, 397-405.

A. Aguglia and G. Korchmaros, Blocking sets of nonsecant lines to a conic

in PG(2,q), q odd, J. Combin. Des. 13 (2005), no. 4, 292-301.

A. Aguglia and G. Korchmaros, Blocking sets of external lines to a conic in

PG(2,q), q odd, Combinatorica 26 (2006), no. 4, 379-394.

A. Aguglia, G. Korchméros and A. Siciliano, Minimal covering of all chords
of a conic in PG(2, q), q even, Bull. Belg. Math. Soc. Simon Stevin 12 (2005),
no. 5, 651-655.

A. Barlotti, Un’estensione del teorema di Segre-Kustaanheimo, Boll. Un.

Mat. Ital. (3) 10 (1955), 498-506.

S. G. Barwick and D. K. Butler, A characterisation of the lines external to

a quadric cone in PG(3,¢q), ¢ odd, Innov. Incidence Geom. 8 (2008), 39-48.

S. G. Barwick and D. K. Butler, A characterisation of the lines external to

an oval cone in PG(3,¢), ¢ even, J. Geom. 93 (2009), no. 1-2, 21-27.

P. Biondi and P. M. Lo Re, On blocking sets of external lines to a hyperbolic
quadric in PG(3, q), q even, J. Geom. 92 (2009), no. 1-2, 23-27.

103



Bibliography

[9]

[11]

[12]

[13]

[14]

[15]

P. Biondi, P. M. Lo Re and L. Storme, On minimum size blocking sets of
external lines to a quadric in PG(3, q), Beitrige Algebra Geom. 48 (2007),
no. 1, 209-215.

A. Blokhuis, On the size of a blocking set in PG(2,p), Combinatorica 14
(1994), no. 1, 111-114.

M. Bonini and M. Borello, Minimal linear codes arising from blocking sets,

J. Algebraic Combin. 53 (2021), no. 2, 327-341.

E. Boros, Z. Fiiredi and J. Kahn, Maximal intersecting families and affine
regular polygons in PG(2,q), J. Combin. Theory Ser. A 52 (1989), no. 1,
1-9.

R. C. Bose and R. C. Burton, A characterization of flat spaces in a finite
geometry and the uniqueness of the Hamming and the MacDonald codes, J.

Combinatorial Theory 1 (1966), 96-104.

A. A. Bruen, Baer subplanes and blocking sets, Bull. Amer. Math Soc. 76
(1970), 342-344.

A. A. Bruen and J. A. Thas, Flocks, chains and configurations in finite
geometries, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat. (8) 59
(1975), no. 6, 744-748 (1976).

F. De Clerck and N. De Feyter, A characterization of the sets of internal and
external points of a conic, European J. Combin. 28 (2007), no. 7, 1910-1921.

B. De Bruyn, An Introduction to Incidence Geometry, Frontiers in Mathe-

matics, Birkhduser/Springer, Cham, 2016.

B. De Bruyn, P. Pradhan and B. K. Sahoo, Minimum size blocking sets
of certain line sets with respect to an elliptic quadric in PG(3, q), Contrib.

Discrete Math. 15 (2020), no. 2, 132-147.

104



Bibliography

[19]

[22]

23]

[24]

[25]

B. De Bruyn, P. Pradhan and B. K. Sahoo, Blocking sets of tangent and
external lines to an elliptic quadric in PG(3,q), Proc. Indian Acad. Sci.
Math. Sci. 131 (2021), no. 2, article no. 39, 16 pp.

B. De Bruyn, P. Pradhan and B. K. Sahoo, Next-to-minimum size blocking

sets of external lines to a nondegenerate quadric in PG(3, ¢), Communicated.

B. De Bruyn, P. Pradhan and B. Sahu, Blocking sets of external, tangent
and secant lines to a quadratic cone in PG(3, q), Discrete Math. 344 (2021),
no. 6, 112352, 4 pp.

B. De Bruyn, B. K. Sahoo and B. Sahu, Blocking sets of tangent and external
lines to a hyperbolic quadric in PG(3, q), Discrete Math. 341 (2018), no. 10,
2820-2826.

B. De Bruyn, B. K. Sahoo and B. Sahu, Blocking sets of tangent lines to a
hyperbolic quadric in PG(3,3), Discrete Appl. Math. 266 (2019), 121-129.

M. J. de Resmini, A characterization of the secants of an ovaloid in PG(3, q),

q even, q > 2, Ars Combin. 16 (1983), B, 33-49.

R. Di Gennaro, N. Durante and D. Olanda, A characterization of the family
of lines external to a hyperbolic quadric of PG(3,q), J. Geom. 80 (2004),
no. 1-2, 65-74.

N. Durante and D. Olanda, A characterization of the family of secant or
external lines of an ovoid of PG(3,¢), Bull. Belg. Math. Soc. Simon Stevin
12 (2005), no. 1, 1-4.

G. Fellegara, Gli ovaloidi in uno spazio tridimensionale di Galois di ordine 8,

Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat. (8) 32 (1962), 170-176.

O. Ferri and G. Tallini, A characterization of the family of secant lines of an

elliptic quadric in PG(3,¢q), ¢ odd, Proceedings of the conference on combi-

105



Bibliography

[31]

[32]

[33]

[34]

[35]

[36]

natorial and incidence geometry: principles and applications (La Mendola,
1982), 297-305, Rend. Sem. Mat. Brescia, 7, Sci. Mat., 7, Vita e Pensiero,
Milan, 1984.

M. Giulietti, Blocking sets of external lines to a conic in PG(2,¢), ¢ even,

European J. Combin. 28 (2007), no. 1, 36-42.

J. W. P. Hirschfeld, Finite Projective Spaces of Three Dimensions, Oxford
Mathematical Monographs, Oxford Science Publications, The Clarendon
Press, Oxford University Press, New York, 1985.

D. R. Hughes and F. C. Piper, Projective Planes, Graduate Texts in Math-
ematics, Vol. 6, Springer-Verlag, New York-Berlin, 1973.

S. Innamorati, M. Zannetti and F. Zuanni, A characterization of the lines

external to a hyperbolic quadric in PG(3, ¢q), Ars Combin. 103 (2012), 3-11.

G. Kiss and T. Szonyi, Finite Geometries, CRC Press, Boca Raton, FL,
2020.

M. Lavrauw, L. Storme and G. Van de Voorde, On the code generated by
the incidence matrix of points and k-spaces in PG(n, ¢) and its dual, Finite

Fields Appl. 14 (2008), no. 4, 1020-1038.

M. Lavrauw, L. Storme, P. Sziklai and G. Van de Voorde, An empty interval
in the spectrum of small weight codewords in the code from points and k-

spaces of PG(n, q), J. Combin. Theory Ser. A 116 (2009), no. 4, 996-1001.

R. Lidl and H. Niederreiter, Finite Fields, Second edition, Encyclopedia of
Mathematics and its Applications, 20, Cambridge University Press, Cam-
bridge, 1997.

G. Lunardon and O. Polverino, Linear blocking sets: a survey, Finite Fields

and Applications (Augsburg, 1999), 356-362, Springer, Berlin, 2001.

106



Bibliography

[38]

[39]

[40]

[41]

[42]

[43]

K. Metsch, A Bose-Burton theorem for elliptic polar spaces, Des. Codes
Cryptogr. 17 (1999), no. 1-3, 219-224.

K. Metsch, Bose-Burton type theorems for finite projective, affine and po-
lar spaces, Surveys in Combinatorics, 1999 (Canterbury), 137-166, London
Math. Soc. Lecture Note Ser. 267, Cambridge University Press, Cambridge,
1999.

K. Metsch, On blocking sets of quadrics, J. Geom. 67 (2000), no. 1-2, 188
207.

K. Metsch, A Bose-Burton type theorem for quadrics, J. Combin. Des. 11
(2003), no. 5, 317-338.

K. Metsch, Blocking sets in projective spaces and polar spaces, J. Geom. 76

(2003), no. 1-2, 216-232.

G. E. Moorhouse, Incidence Geometry, 2017, available online at

http://ericmoorhouse.org/handouts/Incidence_Geometry.pdf

C. M. O’Keefe and T. Penttila, Ovoids of PG(3, 16) are elliptic quadrics, J.
Geom. 38 (1990), no. 1-2, 95-106.

C. M. O’Keefe and T. Penttila, Ovoids of PG(3, 16) are elliptic quadrics, II,
J. Geom. 44 (1992), no. 1-2, 140-159.

C. M. O’Keefe, T. Penttila and G. F. Royle, Classification of ovoids in
PG(3,32), J. Geom. 50 (1994), no. 1-2, 143-150.

G. Panella, Caratterizzazione delle quadriche di uno spazio (tridimensionale)

lineare sopra un corpo finito, Boll. Un. Mat. Ital. (3) 10 (1955), 507-513.

K. L. Patra, B. K. Sahoo and B. Sahu, Minimum size blocking sets of certain
line sets related to a conic in PG(2,q), Discrete Math. 339 (2016), no. 6,
1716-1721.

107



Bibliography

[49]

[50]

[51]

[52]

[53]

[54]

S. E. Payne and J. A. Thas, Finite Generalized Quadrangles, Second edition,
EMS Series of Lectures in Mathematics, European Mathematical Society

(EMS), Ziirich, 2000.

V. Pepe and L. Storme, The use of blocking sets in Galois geometries and
in related research areas, Buildings, finite geometries and groups, 305-327,

Springer Proc. Math., 10, Springer, New York, 2012.

P. Polito and O. Polverino, On small blocking sets, Combinatorica 18 (1998),
no. 1, 133-137.

O. Polverino, Small blocking sets in PG(2,p3), Des. Codes Cryptogr. 20
(2000), no. 3, 319-324.

P. Pradhan and B. Sahu, A characterization of the family of secant lines to
a hyperbolic quadric in PG(3, q), g odd, Discrete Math. 343 (2020), no. 11,
112044, 8 pp.

B. K. Sahoo and B. Sahu, Blocking sets of tangent and external lines to a
hyperbolic quadric in PG(3,q), q even, Proc. Indian Acad. Sci. Math. Sci.
129 (2019), no. 1, 14 pp.

B. K. Sahoo and B. Sahu, Blocking sets of certain line sets related to a
hyperbolic quadric in PG(3, q), Adv. Geom. 19 (2019), no. 4, 477-486.

B. K. Sahoo and N. S. N. Sastry, Binary codes of the symplectic generalized
quadrangle of even order, Des. Codes Cryptogr. 79 (2016), no. 1, 163-170.

B. Sahu, Blocking Sets of Certain Line Sets in PG(3, ¢), Ph.D. Thesis, Homi
Bhabha National Institute, India, 2018.

B. Segre, Ovals in a finite projective plane, Canadian J. Math. 7 (1955),
414-416.

108



Bibliography

[59]

[60]

[61]

[62]

[63]

B. Segre, On complete caps and ovaloids in three-dimensional Galois spaces

of characteristic two, Acta Arith. 5 (1959), 315-332.

B. Segre and G. Korchmaros, Una proprieta degli insiemi di punti di un
piano di Galois caratterizzante quelli formati dai punti delle singole rette
esterne ad una conica, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat.
(8) 62 (1977), no. 5, 613-619.

T. Szényi, Blocking sets in Desarguesian affine and projective planes, Finite

Fields Appl. 3 (1997), no. 3, 187-202.

J. A. Thas, Ovoidal translation planes, Arch. Math. (Basel) 23 (1972), 110
112.

J. Ueberberg, Foundations of Incidence Geometry, Projective and Polar

Spaces, Springer Monographs in Mathematics, Springer, Heidelberg, 2011.

M. Zannetti, A characterization of the external lines of a hyperoval cone in

PG(3,q), q even, Discrete Math. 311 (2011), no. 4, 239-243.

F. Zuanni, A characterization of the external lines of a hyperoval in PG(3, q),

q even, Discrete Math. 312 (2012), no. 6, 1257-1259.

109



	17f522d7-97f1-4e70-b4f2-d933b09de16e.pdf
	SUMMARY
	Preliminaries
	Point-line geometries
	Projective planes
	Projective spaces
	Bilinear and quadratic forms
	Irreducible conics in PG(2,q)
	Quadrics in PG(3,q)
	Quadratic cones

	Ovoids in PG(3,q)
	Generalized quadrangles
	Blocking sets

	Blocking sets in PG(2,q)
	E-blocking sets
	T-blocking sets
	S-blocking sets
	(ET)-blocking sets
	(ES)-blocking sets
	(TS)-blocking sets
	A new result
	Extending some results to ovals

	Blocking sets in PG(3,q): Elliptic quadrics
	S-blocking sets
	General properties
	The case q even
	The case q odd

	E-blocking sets
	(TS)-blocking sets
	(ES)-blocking sets
	(TE)-blocking sets
	Basic properties
	The case q odd
	The case q even

	T-blocking sets
	Generalizations to ovoids in PG(3,q)

	Blocking sets in PG(3,q): Quadratic cones
	Main result
	Preliminaries
	Proof of the main result

	Some minimal blocking sets in PG(3,q), q{2,3}
	Description of the main results
	Proofs for q=2
	Proof of Theorem 5.1.1
	Proof of Theorem 5.1.2
	Proof of Theorem 5.1.3

	Proofs for q=3
	Proofs of Theorems 5.1.4 and 5.1.5
	Proof of Theorem 5.1.6
	Proof of Theorem 5.1.7


	A characterization in PG(3,q)
	Main result
	Combinatorial results
	Tangent planes
	Secant planes

	Black points
	Existence of tangent and secant planes
	Black points in secant planes
	Black points in tangent planes
	Black points on a line

	Proof of the main result

	Bibliography


