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The thesis deals with some problems in the theory of classical automorphic forms.
There are four chapters in the thesis. Chapter 1 contains all the preliminaries on
elliptic modular forms, Hilbert modular forms and Hilbert-Jacobi forms, which are

needed for the thesis. In the following sections, we describe our results chapter-wise.

1 Simultaneous non-vanishing and sign changes

of Fourier coefficients of modular forms

In chapter 2, we study certain problems related to simultaneous non-vanishing and
sign-changes of Fourier coefficients of two different cusp forms. For positive integers
N and k, we denote M (N) and Si(N) the space of modular forms and cusp forms

respectively, of weight k& for the group T'g(V).

1.1 Simultaneous non-vanishing of Fourier coefficients

The Delta-function A(z), defined by

Az)=q (1 =g =D r(n)g",

is a cusp form of weight 12 for the group SLo(Z). The function n — 7(n) is studied
by Ramanujan in 1916, which is called the Ramanujan’s Tau function. After some
numerical evidence, Lehmer in 1939, conjectured that 7(n) # 0 for all n > 1. This
conjecture is an important open problem in number theory. Motivated from this

conjecture, Serre [48], defined an arithmetic function

iy(n) == min{j > 0: a(n + j) # 0},



for a cusp form f(z) = >_>°  a(n)q", and proved that is(n) < n, provided f is not
a linear combination of CM forms. Then he asked, whether there exists some § < 1
such that, i;(n) < n’. Existence of a § follows from the work of Rankin [43] and

Selberg [47], which states that

Z:a(n)2 =cr+ O(a:g),
n<e
e, if(n) <y ns. After that many mathematicians including, Alkan, Balog and Ono
improved the value of §. The best known bound of ¢ so far is 411, which is proved by
Das and Ganaguly [12].
Let f and g be two cusp forms with Fourier coefficients a(n) and b(n) respectively.

Then we investigate non-vanishing of the sequence {a(n)b(n)}en.

Theorem 1.1. [26] Suppose f(z) = > 2, a(n)n"z ¢" € S(N) and g(z) =
> b(n)n%q” € Sk(N) are two newforms which are not CM forms, then there

exist infinitely many primes p such that, a(p)b(p) # 0.

Let f(2) =D o2 a(n)g™ and g(z) = >~ b(n)q" be two cusp forms of weight
k for the group I'g(IV). We introduce an analogous concept of a gap function iy, for
simultaneous non-vanishing of Fourier coefficients and obtain a bound for i;,. More

precisely we define, for n > 1,
irg(n) :==min{m > 0: a(n +m)b(n+m) # 0}.

From the work of Lu [33], we notice that i;,(n) <, ns*<. Using the results of Chen
and Wu [5] about the distribution of B-free numbers in short intervals as well as in

an arithmetic progression, we give an improvement of the above estimate.

Theorem 1.2. [26] Suppose that f(z) => ", a(n)n"z ¢ € Sk(N) and



g(z) =>", b(n)n'z ¢ € Si(N) are two newforms with k > 2 which are not a
linear combination of CM forms. Then the following results hold.

T

(i) For everye >0, x > xo(f,g,€) and 2777 < y we have

Hex <n<z+4+y:a(n)b(n) #0} >4y

In particular, we get that isg(n) <jg. nirte,

(ii) For every e > 0, x = xo(f,g,¢), y = 23100 gnd 1 < a < q < x° with

(a,q) = 1, we have

He<n<z+4+y: n=a (modq) and a(n)b(n) # 0} >,4- y/q.

1.2 Simultaneous sign-changes of Fourier coefficients

Information of the signs of Fourier coefficients of modular forms give lots of im-
plications. For example, recently Kowalski, Lau, Soundarajan and Wu [24] and later
Matomidki [34] showed that any normalized Hecke eigenform f is uniquely determined
by the signs of their Hecke eigenvalues at primes.

Kohnen and Sengupta [23] considered a problem related to the simultaneous sign

changes and proved the following.

Theorem 1.3. [23] For ky # ko, let f(z) =Y 2 a(n)q” € Sk, (N) and g(z) =
Yoo b(n)g" € Sk, (N) be normalized so that a(1) = b(1) = 1 and a(n),b(n) are

totally real algebraic numbers. Then there exists o € Gal(Q/Q) such that the

sequence {o(a(n))o(b(n))tnen has infinitely many sign changes.

Gun, Kohnen and Rath [16] removed the dependency on the Galois conjugacy and

proved the following.



Theorem 1.4. [16] Let f(z) = > >~ a(n)q" and g(z) = >~ b(n)¢" be non-
zero cusp forms of level N and weights 1 < ki < ko respectively, with real Fourier
coefficients. Furthermore, if a(1)b(1) # 0, then the sequence {a(n)b(n)},en has

infinitely many sign changes.

In chapter 2, we prove the following quantitative result for the simultaneous sign

changes.

Theorem 1.5. [26] Let k > 2 be an integer. Assume that

F2) =Y amn'z ¢" and g(z) = > _b(n)n'z ¢"

n=>1 n=1

are two distinct newforms of weight k on T'o(N). Further, let a(n),b(n) be real
numbers, then for any 6 > I, the sequence {a(n)b(n)}nen has at least one sign
’)

change for n € (x,x + x°| for sufficiently large x. In particular, the number of

sign changes for n < x is > x'79.

2 Rankin-Cohen brackets and construction of
Hilbert cusp forms

Let f(2) = > amg™ € Sk(1) and g(z) = > °_, bmg™ € Si(1). For a positive

m=1

integer n, define the shifted Dirichlet series as follows:

Lygn(s) = Z J—:—m)s (1)

= (n

Using Deligne's estimate one can see that the series Ly ,.,(s) is absolutely convergent
for Re(s) > % Using the existence of adjoint map and property of Poincaré series,

Kohnen [22] constructed cusp forms whose Fourier coefficients involve special values



of the Dirichlet series (3.1). More precisely,

Theorem 2.1. [22] Let k and | be a positive integers with k > 1+ 2. Let f(z) =
> amq™ € Spi(1) and g(z) = > 7 bpg™ € Si(1). Then the function

m=1

T;(f)(z) = Z mkilLf,g:m(k' +1—1)g™

m=1

is a cusp form of weight k for SLy(Z). In fact, the map Syyi(1) — Sk(1) defined by
fe %T;(ﬂ is the adjoint of the map Ty = Sp(1) = Sk(1), h— gh,
with respect to the Petersson scalar product.

This result has been generalized by several authors to other automorphic forms. In
particular, Lee [29], Pei and Wang [41], Wang [50] have analogous result for Hilbert
modular forms.

There are many interesting connections between differential operators and modular
forms and many interesting results have been found. Rankin [44] gave a general
description of the differential operators which send modular forms to modular forms.
Cohen [11] constructed bilinear operators and obtained elliptic modular forms with

interesting Fourier coefficients. Zagier [52] studied the algebraic properties of these

bilinear operators and called them Rankin-Cohen brackets.

Theorem 2.2. [11] For f € My(1) and g € M;(1) and for every n > 0, the

function [f, g, defined by

= (n\ T'(kE+n)I'(l+n .
s gl o= ;(_1)71 (r) F(k(—i-j:)I’)(l :—:—)r)D JD"g,

belongs to My y142,(1), where D" f = (27}”%-

Recently the work of Kohnen has been generalized by Herrero [18] where he

constructed the adjoint map using the Rankin—Cohen brackets by a fixed cusp form



instead of product map. More precisely, for a fixed g € M;(1) and an integer n > 0,
consider the linear map

Ty o Sk(1) — Skrigan(1)

defined by f —— [f, g]. (the n-th Rankin—Cohen bracket). Let T}, be its adjoint

map with respect to the Petersson inner product.

Theorem 2.3. [18] Suppose k,l,n are non-negative integers with k > 6. Let
9(2) =3 0 o bmq™ € M(1). Suppose that either g is a cusp form orl < k — 3.

Then the image of any cusp form f(z) =3 | amq™ € Skyiv2n(1) under Ty, is

given by

. (k+l+2n—1 = . am—i-r_r kln \ m
Tg,n(f)( ) - (471‘ H_Qnr Z m Z m + T‘ k+l+2n 1€m7* q,
m=1

r=0

where

k+n—1\/l+n—-1
k,l,n — -1 t t nft.
= 5 co(UT (T e

t€N,0<t<n

In chapter 3, we generalize the work of Herrero to the case of Hilbert modular
forms. Let K be a totally real number field of degree n over Q with ring of integers
Ok. For k € Nj, let My(I'k) (resp. Sk(I'x)) be the space of Hilbert modular
forms (resp. Hilbert cusp forms) of weight k for the group SLy(Ok). Rankin-Cohen

brackets for Hilbert modular forms are studied by Choie, Kim and Richter [10].

Theorem 2.4. [10] For fi € My(T'k), fo € Mi(T'k) and v = (vy,--- ,v,) € Nj,
the function [f1, f2], defined by

ENAS DECLl ?) (" ?) PO ),

v—t
tEND
0<t; <y
belongs to My, 142,(Ukc). Here fort = (t,--- ,t,) € Np, f) = Lf(z)

ZPY
8211 8222 822”



Now, for a fixed g € M;(I'x) and v € NI}, consider the linear map

Tow = Sk(Pk) — Skrir2,(Tk)

defined by f +—— [f, g, (the v-th Rankin-Cohen bracket). Let 7, be its adjoint
map with respect to Petersson inner product. In chapter 3, we compute explicitly
the Fourier coefficients of 7*,(f), which involves special values of certain shifted

Dirichlet series associated to f and g.

Theorem 2.5. [27] Suppose k,l,v € Ny with k; > 4n + 2 for some i. Let g(z) =

> bmeltr(mz)] € My(T'k). Suppose that either g is a cusp form or k; — l; >

meOy,

m>0

4n for some i. Then the image of any cusp form f(z) = > apme[tr(mz)] €
meOy
m>0

Skvir20(Ux) under T, is given by

where R
F(k+l+2V— 1) k?? am—i—;tz_)m kv
Cn = H Z 7 Spm
(4m)H2D(k — 1) o (m + p)ktir2v=1 "1
m>>6(
and

— —
k+v—1 l+v—1
kly 1)\t t  u—t
e 2 () e
teND
0<t; <y
Let f € Skiiron(1), g € My(1) and n > 0 be an integer. Zagier [51] computed
explicitly the Petersson scalar product (f,[Ek,g],.) in terms of special values of a
certain Dirichlet series associated to f and g. The main idea of his proof is to express

[Ek, gl as a linear combination of elliptic Poincaré series and then use the character-

ization property of the Poincaré series. Choie, Kim and Richter [10] generalized the



above work of Zagier for Hilbert modular forms and proved the following.

Theorem 2.6. [10] Let k > 2 be a natural number and l,v € N§ with k—1; > 2n

for some i,1 < i < n. Suppose that f(z) = > ame[tr(mz)] € Skri42.(I'x) and

meO0y
m>0
g(z) = > bye[tr(mz)] € Mi(T'x). Then
meOy
m>0

N —
H .
k+l+v—1
neoy "
n>>0

(K 1420 - DK +v—
(4W>|?+l+2uf?|(? _ ?)!V!

(f, [Br, glv) = vol((’)K/R”)(zm)\VI

As an application, we note that one can give a different proof of this result

following our method.

3 Rankin-Cohen type operators for Hilbert-Jacobi

forms

The theory of Jacobi forms is an interesting and fruitful area of research in the recent
past, which is systematically studied by Eichler and Zagier [13] in their monograph,
“The Theory of Jacobi Forms”. In this monograph, they gave a method, using
differential operators, to construct Jacobi forms of odd weight from forms of even

weight. More precisely,

Theorem 3.1. [13] Let ¢(7,z) and ¢'(1,z) be Jacobi forms of weight k and k'

and m and m’, respectively. Then

m/(az¢)¢/ - m¢(az¢,)

is a Jacobi form of weight k + k' + 1 and index m + m/.



Using the heat operator on the space of Jacobi forms, Choie [6, 7] studied such
construction which increase the weight by even. Further, Choie and Eholzer [8] studied
Rankin-Cohen type operators for Jacobi forms in more generality. More precisely, they

proved the following.

Theorem 3.2. [8] Let ¢(7,z) and ¢'(7, z) be Jacobi forms of weight k and k' and
m and m', respectively. Then for X € C, (¢, gzﬁ’]];(’gl’m’m, and [¢, qb’]];(’gl’fl’m/, defined

by

(6, ST = D Crap(k K (1= mX)* (L + ' X) L8 (L (9) L3y (8)).

r4+s+p=I

and

/ / / ! / !
[, &)™ = m[g, 00155 — m/[0.0, ¢/}

are Jacobi forms of weight k+k' +21 and k+k + 20+ 1 of the same index m+m/,

respectively. The coefficients C, s ,(k, k') are given by

atr+s+psipy BHr+s+phy ((Y+7+85+D))rts
rl sl pl

Crsplk, k') = (
with (x), = Hogignfl(x —i),a=k—=3/2,0=kK —-3/2,y=k+k —3/2.

Skogman [49] in his thesis generalized the theory of Jacobi forms (over Q) to
Hilbert-Jacobi forms (over any totally real number field). In chapter 4, we construct
Rankin-Cohen type operators for Hilbert-Jacobi forms. Let K be a totally real number
field of degree g over QQ with ring of integers Ok. Let J,fm denote the space of
Hilbert-Jacobi forms of weight k& = (k1, ks, ..., k;) € Z9 and index m € Of for the

field K.



§3. Rankin-Cohen type operators for Hilbert-Jacobi forms

We first define the heat operator L,, for m € Ok, which is as follows.

L'*8'a—82 “ 8,8_82 62 8,8_82 ©
m = 8mimor — o5 | o 8mimas — o5 | 0- o 8mimas — o
where ¢; is j-th unit vector in RY for 1 < 7 < g. Now using this operator, we

construct Rankin-Cohen type differential operators for the space of Hilbert-Jacobi

forms.

Definition 3.3. Let ¢, ¢’ : HY x C9 — C be two holomorphic functions and let
k,k',m,m’ be complex numbers. Then for any X € C9, v € Nj and | € N§ with

l; € {0,1} for all1 < i< g, define

kK m,m/ i l—j. 1iraj —j kK mam! 1

[0, ¢1%500" = Y (=1 m! I m[0le, O,
JENS
j<l

where for any two holomorphic functions f and f on HI x CY

P = T A K D) (4mX)T (L=m/ X)L (L0 () Loy (f),

r,s,peN,
r4+s+p=v

with
B (—(E+ K +1—-3/24v))r4s
Corlslpl (k—3/24 1) (K —3/24 )

A sp(k KD
We now state the main result of chapter 4.

Theorem 3.4. [28] Let ¢,¢" be Hilbert-Jacobi forms of weight and index k,m
and k',m’ respectively. Then for any X € C9, v € N§ and | € N} with [; € {0,1}
foralll <i<g,

[0, &' 1K
is a Hilbert-Jacobi form of weight k + k" + 2v + [ and index m + m'.

XxXVvii
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Chapter 1

Preliminaries

1.1 Notations

Let N,Np,Z,Q,R and C be the set of positive integers, non-negative integers,
integers, rational numbers, real numbers and complex numbers respectively. For
a,b,c,d € 7, we write a|b when b is divisible by a and ¢ (mod d) means that c varies
over a complete set of residue classes modulo d. For z € C, Re(z) denotes the real
part of z and Im(z) denotes the imaginary part of z. For any z € C, we denote ¢?™*
by e[z]. Let H = {z € C: Im(z) > 0} be the complex upper half-plane. We denote
by ¢ = e[r], for 7 € H.

We use interchangeably Landau’s notation f = O(g) and Vinogradov's f < g,
both to mean that |f| < C|g| for a suitable positive constant C, which may be
absolute or depend upon various parameters, in which case the dependence may be
indicated in a subscript. Moreover, we write f < g to indicate that f < gand g < f
hold simultaneously.

Forn € Nand z € Ny, wewrite @ = (z,z,...,2) € NI Forv = (14,0s,...,1p),

l=(l,...,0l,) €N} and z = (21, 29,...,2,) € C", we denote

n n n
lv| = g Vi, V!:Hlji! and z”:Hz;’i.
i=1 i=1 i=1

1



2 CHAPTER 1. PRELIMINARIES

Whenever we write v < [ means v; <, for all 1 < j < n.

1.2 Modular forms

Consider the group

GL3 (R) := ta,b,c,d e R and ad —bc >0
c d

The subgroup SLy(Z) of GL3 (R), defined by

SLy(Z) = ca,b,e,d €Z with ad—bc=1 p,

is known as the full modular group. For a positive integer IV, the principal congruence

subgroup of level N, denoted by I'(V), is defined by

a b a b 10
['(N) = ] € SLy(Z) : ] = (mod N)
c c 01

Note that I'(1) = SLy(Z). A subgroup I' of SLy(Z) is called a congruence subgroup
if '(N) C T for some N. For N > 1,

[o(N) := € SLy(Z) :¢c=0 (mod N)

The group GLj (R) acts on H as follows:

a b a b
L= BT b, for € GL; (R) and z € H. (1.2.1)
¢ d cz+d ¢ d




1.2. MODULAR FORMS 3

Using the action (1.2.1), we define an action of the group GLj (R) on the set of

functions defined on H. For a complex valued function f on H and k € Z, we define

(fle 7)(2) = (det 1)*2(cz +d) " f(72), = € GL; (R).

Definition 1.2.1 (Modular form). Let I" be a congruence subgroup of SLs(Z) and
k € Z. A modular form of weight k for I is a holomorphic function f : H — C

satisfying

1 fle v=F, forall ~ €T,

2. fis holomorphic at every cusp of T.

A modular form f is called a cusp form if it vanishes at each cusp of I.

Let M, (I") be the C-vector space of modular forms of weight & for I" and Si(I")
be the subspace of cusp forms in M (I"). These are finite-dimensional C-vector space.
For simplicity, we write My(N) and Si(N) for the space of modular forms and cusp

forms of weight k for the group I'o(V), respectively.

Example 1. Let k£ > 4 be an even integer. The Eisenstein series F, defined by

1 1
FE = — —_, cH 1.2.2
=5 X e B (122)
(m,ngez2)\£§0,0)}

is a modular form of weight k for the group SLs(Z). It has the following g-expansion

at the cusp oc.
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where ox(n) =3, d* and B}'s are Bernoulli numbers defined by

00 k

T T
= Bi—.

e* —1 ; ")

Example 2. The Ramanujan delta function is defined as

A(z) = —

= 1oas (BI(2) — E2(2))

A(z) is a cusp form of weight 12 for SLy(Z) with the following Fourier expansion:

A(z) =Y 7(n)q", (1.2.3)

where 7(n) is known as the Ramanujan’s Tau function.

Sp(N) is a finite-dimensional Hilbert space with respect to the Petersson inner

product

Foa) =+ [ f@e) Y.

IN JFy Y

(1.2.4)

where Fy is a fundamental domain for the action of I'4(N) on H, iy is the index
of T'o(N) in SLy(Z) and z = z + 1y.
We now state a lemma which gives the growth of Fourier coefficients of a modular

form.

Lemma 1.2.2. [40, p. 30] If f € My(N) with Fourier coefficients a(n), then for
any € > 0

a(n) < nk_1+€,

and moreover, if fis a cusp form, then

a(n) < n'z e, (1.2.5)
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The estimate (1.2.5) is known as Deligne's bound. For more details on the theory

of modular forms, we refer to [21] and [40].

1.2.1 Newforms in S;(NV)

There is a family of linear operators on the space Si(IV), called Hecke operators,
which are used to develop the theory of newforms (see, [40]). Hecke introduced these

operators in 1937 by means of “averaging” techniques.

Definition 1.2.3 (Hecke operators). For f € Si(N), the action of n-th Hecke

operator T,, on f is defined by

ne =1 S (B0,

ad=n 0o<b<d

The Hecke operator 7, maps the space S(N) into itself. Moreover, if (n, N) =1,
then T, is a hermitian operator with respect to the Petersson inner product defined

by (1.2.4).

Definition 1.2.4 (Hecke eigenform). A cusp form f € Sp(N) is called a Hecke

eigenform if for each m > 1 there is a complex number A(m) for which

(T f)(2) = A(m) f ().

The Fourier coefficients of a Hecke eigenform satisfy the following properties.

Proposition 1.2.5. [40, Prop. 2.6] Suppose that f(z) = > >~ a(n)q" € Si(N)

1s a Hecke eigenform with
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1. If f is non-constant, then a(1) # 0.

2. If f is a normalized cusp form, i.e., a(1) =1, then

a(m)a(n) = a(mn). (1.2.6)

Definition 1.2.6 (Artin-Lehner operators). For a prime divisor p of N with
ord,(N) = ¢ (i.e., p*||N), let Q, := p°. The Atkin-Lehner operator W(Q,) on

Sk(N) is defined by any matriz

Qpa P
Ny Qo

W(Qp) =

with determinant Q,, where o, 3,v,0 € Z. Furthermore, the Fricke involution

W(N) on My(N) is defined by the matrix

N 0

It is a well known fact (see, [1]) that if f(2) € Sp(N) and d > 1 then f(dz) €
Sk(dN). We denote S¢'4(V), the linear subspace of Sy(NN) spanned by all forms of
the type f(dz) where d|N and f(z) € Si(M) for some M < N such that dM|N.
The subspace S¢'4(N) of Sj,(NV) is called the space of old forms in Si(N). The space
of newforms S2°¥(NV) is defined by the orthogonal complement of S¢'4(N) in Si.(N)

with respect to the Petersson inner product.
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Definition 1.2.7 (Newform). A newform in SpV(N) is a normalized cusp form
that is an eigenfunction of all the Hecke operators and all of the Atkin-Lehner
operators W(Q,), for primes p|N and W (N).

Definition 1.2.8 (CM form). A newform f(z) = >~ a(n)q™ of level N and
weight k is said to be a CM form if there is a quadratic imaginary field K such

that a(p) = 0 if p is a prime which is inert in K.

For more details on the theory of newforms, we refer to [1] and [40].

1.2.2 L-functions

Let f(2) =>.77, a(n)q" be a newform of weight k for the group T'o(V). Define the

n=1

function

L(s, f) := Z a(n)’ seC.

nS
n=1
Using the Deligne's estimate (1.2.5) we see that the function L(s, f) converges ab-
solutely for Re(s) > % This L-function has analytic continuation to C and satisfy

the following functional equation.

Lemma 1.2.9. [40, p. 150] Let f(z) = > 2, a(n)¢" be a newform of weight k
for the group T'o(N) and

A(s, f) == (2m)*N*/*T(s)L(s, f).

Then there is an € € {£1} such that
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1.3 Hilbert modular forms

Let K be a totally real number field of degree n over Q and Ok be the ring of
integers. Assume that oy, 09, ...,0, denote the real embeddings of K. We write
a; = oi(a) for a € K and 1 < i < n. The trace and norm of o € K is defined
by tr(a) = >, a; and N () = [, o; respectively. For a € C", the trace and

norm are defined by the sum and the product of its components respectively. More

generally, if ¢ = (¢1,¢0,...,¢,),d = (dy,da,...,dy), 2 = (21,22,...,2,) and m =
(my, ma,...,m,) € C" then the norm and trace are defined by
N(cz+d) = 1_[(612Z +d;) and tr(mz) = Zmzzz
i=1 i=1

For a € Ok, we write a = 0 to demonstrate that either « = 0 or « is totally positive
(means all the conjugates of « are positive) and a > 0 for « to be totally positive.

Let

a b
I'x = SLy(Ok) = s a,b,e,d € Og,ad —bec=1

c d

be the Hilbert modular group which can be embedded into SLs(R)"™ by

a b o1(a) o1(b) on(a) on(b)
— ey
c d o1(c) o1(d) on(c) on(d)
ay bl Qn bn
For v = ey GSLQ(R)”andz:(zl,...,zn)GH”,
C1 d1 Cp dn

we define

a1z1 + by an2n + by
yoz=——r,. ..., —— | .
c1z1 + dy Cnn + dy,

This action deduces an action of SLy(Ok) on H". Let k = (ky,...,k,) € Nj.
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aq b1 Qp, bn
For v = e € SLy(R)" and for f : H" — C

&1 dl Cn dn

define the slash operator

(f k) (2) =34(v.2) " f(yoz), where j(v,z) = (cz+d).

Definition 1.3.1 (Hilbert modular form). A Hilbert modular form of weight

k € N§ for 'k is a holomorphic function f : H" — C such that

flev=1f foralyeTlk.

Note that for n = 1, we need holomorphicity condition at the cusps of I'. In

addition, f is called a Hilbert cusp form if it vanishes at all the cusps of I'k.

Let My(I'x) denotes the space of Hilbert modular forms of weight £ € Nf for
the group 'k and Si(I'x) be the corresponding subspace of cusp forms. These are
finite-dimensional complex vector spaces and Si(I'x ) is a Hilbert space with respect

to the Petersson inner product

pdxdy
Y2

Y

o= [ S

where z = x + 1y, dvr = dxy...dzr, and dy = dy, ...dy,. By Koecher principle,

f € My(T'x) has a Fourier expansion at the cusp oo of the form

f2) = Y anelir(ms)),

where O3, := {p € K | tr(uX) € Z for all A € Ok} is the dual space of Ok.

Example (Hilbert Poincaré series). For a totally positive element v of Oj and
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weight & = (k1, ko, ... k) (kj > 2, 7 = 1,2,...,n), we define the v-th Hilbert

Poincaré series as follows:

Pen(z) = 30 (M, =) eltr(v(M=))], (1.3.1)
MeT o \I'k
L op : : —
where 'y, = cp € Ok p . It is well known that if v # 0 then Py, €
0 1

Sk(l'k). Forv = 0, P, 5(z) := Ei(z) is known as Hilbert Eisenstein series of weight
k. Moreover, we have the following characterization property of Hilbert Poincaré

series.

Theorem 1.3.2. [15] If f(z) = > apetr(mz)] € Sx(T'k), then
meOy,
m>0

%
(k— 2)!
,Prw) = vol(A\ R") —= a,, 1.3.2
(1 Pao) = ol \ R (132)
where
1
A=dpueR": H ek
0 1

One has the following growth of Fourier coefficients of a Hilbert modular form.

Proposition 1.3.3. (Hecke) Let f(z) = > ame[tr(mz)] € My(Tk), then

meOy,
m>=0
%
Ay < mF™ 1 (1.3.3)
If f is a cusp form, then
(A < M5 (1.3.4)

For more details on the theory of Hilbert modular forms, we refer to [15].
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1.3.1 Rankin-Cohen brackets

There are many interesting connections between differential operators and modular
forms and many interesting results have been found. Rankin [44] gave a general
description of the differential operators which send modular forms to modular form.
Cohen [11] constructed bilinear operators and obtained elliptic modular forms with
interesting Fourier coefficients. Zagier [52] studied the algebraic properties of these

bilinear operators and called them Rankin-Cohen brackets.

Definition 1.3.4 (Rankin-Cohen bracket). Let k, | and n > 0 be integers. Let f
and g be two holomorphic functions on H. Then the n-th Rankin-Cohen bracket
of f and g is defined by

o - o\ T(k+n)(4+n) . . . .
[f, 9ln == ;:O(—l) <T) F(k+r)F(l+n—T)D fD" g, (1.3.5)
L. Lo df
where D" f = i) dor

Proposition 1.3.5. [11] For f € My(1) and g € My(1) and for every n > 0, the

function [f, g, defined by (1.3.5) belong to My ii1on(1).

In 1997, Choie, Kim and Richter [10] generalized the theory of Rankin-Cohen

brackets to the space of Hilbert modular forms. For t = (¢1,...,t,) € Nf, let

[t]
FO() 0 £(2)

" t1 9 t2 t
02, 0zy" - - - Ozlr

Definition 1.3.6 (Rankin-Cohen bracket of Hilbert modular forms). Suppose
fi : H™ — C be holomorphic fori = 1,2 andk = (k1, ..., kn),l = (I1,...,1,) € Nj.
For allv = (11,...,1v,) € Np, define the v-th Rankin-Cohen bracket by

fifalei= 3 (1) (’””j) (HV_?)ff”(Z)fz(”)(Z)- (13.6)

v—t t
teNg

0<t; <y,
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Theorem 1.3.7. [10] For all M € SLy(R)",

[f1|kM7 f2|lM]l/ - [fl)fQ]I/|k+l+21/M* (137)

In particular, if f1 € Mx(T'x) and fo € My(T'x) then

Lf1, ol € Myyiqon (D),

and if v # 0, then

[f1; ol € Skyir2v(Ti).

Remark 1.3.1. For each v € Ny, [. , .|, is a bilinear operator on the space of

Hilbert modular forms.

1.4 Jacobi forms and Hilbert-Jacobi forms

The Jacobi group I'Y := SLy(7Z) x (7Z x Z) acts on H x C by

a b

ct+d  cer+d

atr +b z+ AT+ p
Ovp) om):( )

c d

Let k£, m be fixed positive integers. For a complex valued function ¢ on H x C and

a b _
V= ,(\ ) | €T, we define

c d

c(z 4+ AT+ p)?
cT +d

(¢lim) (7, 2) == (cT + 2) e {m (— + A2 + 2)\z> }(b(y o (7,2)).

Definition 1.4.1 (Jacobi form). A Jacobi form of weight k and indexz m on T’ is

a holomorphic function ¢ : H x C — C which satisfying the following conditions:
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1. Qlrmy =@, for all y € T/,

2. ¢ has a Fourier expansion of the form,

(1, 2) = Z c(n,rel(nt +rz)].

n,rez
dnm—r2>0

Further, we say ¢ is a cusp form if c(n,r) # 0 = r*> < 4nm.

The theory of Jacobi forms is systematically developed by Eichler and Zagier
[13]. In 2001, Skogman [49] extended the theory of Jacobi forms over any totally
real number field K which is known as “Hilbert-Jacobi forms”. We now recall some

preliminaries about Hilbert-Jacobi forms.

1.4.1 Hilbert-Jacobi forms

Let K be a totally real number field of degree g over Q with the ring of integers Ok
and we denote its g real embeddings by 01, ...,0,. We denote i-th embedding of an
element o € K by a” := o;(a) for any 1 < i < g. An element a € K is said to
be totally positive, & > 0, if all its embeddings o into R are positive. The trace
and norm of a € K are defined by tr(a) = >¢_ a® and N(a) =[], . The
trace and norm of an element o € CY are given by the sum and by the product of its
components, respectively. More generally, for ¢ = (¢1,...,¢,),d = (di,...,d,), k =

(k1,...,kg) and m = (myq,...,my) € CY, we define the following:

g g
tr(mz) ;= me and (cz +d)f = H(CiZi + d;)".

i=1 i=1
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a b

c d
the Hilbert-Jacobi group as I'/(K') which is defined by

Let Tk := SLy(Ok) = s a,b,c,d € Og,ad —bc=1 3. We denote

I'(K) := SLy(Ok) x (O x Ok),

with the group multiplication

aq b1 a9 bg as
Y12 1= (A1) + (A2, p2) |
C1 d1 Co d2 Co d2
a; bz
where 7; 1= ,(X\is i) | for i = 1,2. The Hilbert-Jacobi group I'’ (K)

C; dl
acts on the space HY x C9 by

a b

c d

aWr + D a7, 409 2z + AO7 4 D
A +d07 7 D1 4 d9)” Dy 4 d)

A ) Lo (T, Ty 2, 2g)

Zg + )\(Q)Tg _|_ “(g)
R c(g)rg + d(9) ’

a

c d
holomorphic function ¢ : HY x C?9 — C, we define the following two slash operators.

where (A p) | e TX(K) and (71,..., 74,21, .,2,) € HI x C9. For a

Let £ € NJ and m € Og. We define

(BlemM) (7, 2) = (cz + d) e [tr (—c”:fz)]gb o(r,2) |, (14.1)
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and
(Olm(A 1) (7, 2) = eftr (M(N*T 4+ 2)2))] (A, 1) o (7, 2)) (1.4.2)
for M = o € SLy(Ok) and (A, 1) € Ok x Ok.
c d

Definition 1.4.2 (Hilbert-Jacobi form). A Hilbert-Jacobi form of weight k and
index m for the field K is a holomorphic function ¢ : HY x C9 — C which satisfies

the following conditions:
1. ¢|k,mM = ¢, for all M e SLQ(OK),
2. ¢lm(\ ) = ¢, for all (A, u) € Ok x Ok,

3. ¢ has a Fourier expansion of the form,

o(r,2) = Z co(n, r)eltr(nT +rz)].

n,r€0%
Anm—r2>0
We note that O} is §5', the inverse of the different ideal of the number field K.
Moreover, such a form ¢ is called Hilbert-Jacobi cusp form if c4(n,r) = 0 whenever
dnm —1r? = 0. Let JE (J52P) denote the space of Hilbert-Jacobi forms (Hilbert-

Jacobi cusp forms) of weight k& and index m for the field K. For more details on the

theory of Hilbert-Jacobi forms, we refer to [49].

1.4.2 Rankin-Cohen type operators

Using differential operators, Eichler and Zagier [13] constructed Jacobi forms which

increase the weight by 1. More precisely,
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Theorem 1.4.3. [13] Let ¢(T, z) and ¢'(7, z) be Jacobi forms of weight k and k'

and m and m’, respectively. Then
m'(9.¢)¢" — me(0.4')

is a Jacobi form of weight k + k' + 1 and index m +m’.

Using the heat operators on the space of Jacobi forms, Choie [6, 7] studied such

construction which increase the weight by even.

Theorem 1.4.4. [6, 7] Let k, k', m and m' be positive integers and v > 0 be an
integer. Let ¢(7,2) and ¢'(7,z) be Jacobi forms of weight k and k' and m and
m’, respectively. Then the function ¢, d'],, defined by

o= S (T (T e o @), 0y

v—1 t
t=0

is a Jacobi form of weight k + k' + 2v and index m +m/. Here for m € Z, L,, is

the m-th heat operator which is defined by

1 .0 02

Further, Choie and Eholzer [8] studied Rankin-Cohen type operators for Jacobi

forms in a more generality. More precisely, they proved the following.

Theorem 1.4.5. [8] Let ¢(7,2) and ¢'(T, z) be Jacobi forms of weight k and k'

k.k" m,m’

and m and m', respectively. Then for X € C, the functions [¢, ¢'] ¥ and

9, ¢/V;(’gjfl’m/, defined by

(6, 15T = Y Craplb K)(L = mX ) (1 +m/X)" LD (L (6) L (6))).

r+s+p=l
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and

/ / / / ! /
(6, &IN5 = mle, 0.0 ™™ — m'[0.0, ¢/ 1N5™.

are Jacobi forms of weight k + k' + 21 and k + k' + 2l + 1 of same index m + m/,

respectively. The coefficients C, s ,(k, k") are given by

a+tr+s+psipy BHr+s+phy ((Y+7+8+D))rts
rl sl pl

Crranls k) =

with (2)n = [ocicng(t —1),a =k =3/2,8=F = 3/2,y =k + K —3/2.

Using the Maass operators on the space of nearly holomorphic Jacobi forms,
Bocherer [3] showed that the space of bilinear holomorphic differential operators
raising the weight v is in general of dimension 1 + [v/2]. Furthermore, he noticed
that one can give a basis of such space in terms of the operators defined by Theorem
1.4.5. In chapter 4, we generalize the above construction of Choie and Eholzer for

Hilbert-Jacobi forms.






Chapter 2

Simultaneous non-vanishing and
sign changes of Fourier

coeflicients of modular forms

In this chapter, we study simultaneous non-vanishing and simultaneous sign changes

for Fourier coefficients of two distinct modular forms.

2.1 Introduction and statement of the theorems

Throughout the chapter, let k, N be positive integers and p be a prime. We recall
that Si(/V) denotes the space of cusp forms of weight k for the group ['o(V). Let
7(n) be the n-th Fourier coefficient of the Ramanujan delta function A(z), defined
by (1.2.3). The function n — 7(n) is studied by Ramanujan in 1916, which is called
the Ramanujan Tau function. After some numerical evidence, in 1939 Lehmer [31]
conjectured that 7(n) # 0 for all n > 1. This conjecture is an important open

problem in number theory. Let f(z) => 7 a(n)q”, g(z) => .~ b(n)g" € Si(N)

19
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be two non-zero cusp forms which are not a linear combination of CM forms. One
of the goals of this chapter is to study simultaneous non-vanishing of a(n) and b(n),

partially inspired from the above Lehmer's conjecture.

Motivated from the Lehmer's conjecture, Serre [48] defined an arithmetic function

iy(n) == min{j > 0: a(n + j) # 0},

for a cusp form f(z) = >_"  a(n)q", and proved that is(n) < n, provided f is not
a linear combination of CM forms. In the same paper [48], he posed the question

whether one can prove an estimate of the form

if(n) < 1’

where § < 1. In his paper [39], Kumar Murty first pointed out that is(n) < n®/?®
follows immediately from the celebrated work of Rankin [43] and Selberg [47] done
in 1939 and 1940, respectively. After that many authors improved the value of § (for

more detail see [12]).

In the case of level 1 and f is an eigenform, Das and Ganguly [12] discovered a
clever argument to show i ;(n) < n'/* by combining a classical result of Bambah and
Chowla [2] with a congruence of Hatada [17] along with a basic lemma of Murty and
Murty [38]. Here is a synopsis of their elegant proof. In 1947, Bambah and Chowla

1/4 there is a

showed using an elementary argument that in any interval of length x
number n (say) which can be written as a sum of two squares. As f is an eigenform,
a(n) is multiplicative. Hatada's theorem [17] implies that a(p) = 2 (mod 4), for
p=1 (mod 4) and a(p”) =1 (mod 4) if r is even and p =3 (mod 4). The one of
the lemma in [38] shows that a(p") # 0 for p = 1 (mod 4) provided p is sufficiently

large. These congruences combined with the classical theorem about factorization
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of natural numbers that can be written as a sum of two integral squares now imply
a(n) # 0 provided n is coprime to a given finite set of primes. Thus, one now needs
the Bambah-Chowla theorem with n coprime to a finite set of primes. One can tweak
the argument in [2] to accommodate this extra condition and thus deduce the non-
vanishing result as done in [12]. Actually, the argument of Bambah and Chowla can
be generalized with considerable latitude. At the end of the chapter, we generalize
the idea of Bambah and Chowla in more generality.

We hasten to highlight that the argument of Das and Ganguly allows for simul-
taneous non-vanishing. In fact, if fi, ..., f. are normalized eigenforms of level 1, with
corresponding Fourier coefficients ay, (n), then one can find an 7 with 7 < n'/* such
that

ay,(n+1i) # 0, forall 1<j5<r.

It has been suggested that perhaps if(n) < n° for any € > 0. Perhaps even the
stronger conjecture if(n) < 1 is true (see for example, [39]).
Let f and g be two cusp forms with Fourier coefficients a(n) and b(n) respectively.

Then we investigate non-vanishing of the sequence {a(n)b(n)}en.

Theorem 2.1.1. [26] Suppose that f(z) =, a(n)n"z q" € Sp(N) and g(z) =
Yo b(n)n%q" € Sk(N) are two newforms which are not CM forms, then there

exist infinitely many primes p such that a(p)b(p) # 0.

Now, we introduce the concept of gap function ¢ , for simultaneous non-vanishing
analogous to that of iy and then we derive a bound for iy, as small as possible, based

on current knowledge. For n € N, define
ifg(n) :=min{m > 0:a(n+m)b(n +m) # 0},

which is well-defined from the above theorem. We are interested to find the growth
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of the function if4(n) as n — oo. In 2014, Lu [33] by using the result of Chan-

drasekharan and Narasimhan [4] proved the following.

> a(n)*b(n)? = cx + O(25+),

n<e

where c is a non-zero constant. It then follows that i ,(n) < nste. Here we give a

better estimate than above.

Theorem 2.1.2. [26] Suppose that f(z) =, a(n)n"z q" € Sp(N) and g(z) =
Yo b(n)n%q" € Sk(N) are two newforms with k > 2 which are not a linear

combination of CM forms. Then the following results hold.

1) For everye >0, x > zo(f,g,¢) and A < y we have
()
Hr<n<z+y:a(n)b(n) #0} > 9. (2.1.1)

In particular, we get that is,(n) < 4. niite.

(ii) For every e > 0, x = xo(f,g,¢), y = 2310 gnd 1 < a < q < x° with

(a,q) =1, we have

He<n<z+4+y: n=a (modq) and a(n)b(n) # 0} >4 y/q. (2.1.2)

In 2009, Kohnen and Sengupta [23] considered a problem related with the simul-
taneous sign changes. They proved that given two normalized cusp forms f and ¢
of the same level and different weights with totally real algebraic Fourier coefficients,
there exists a Galois automorphism ¢ such that f? and ¢° have infinitely many Fourier
coefficients of the opposite sign. Recently Gun, Kohnen and Rath [16] removed the

dependency on the Galois conjugacy. In fact, they extended their result to arbitrary
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cusp forms with arbitrary real Fourier coefficients but they assumed that both f and
g should have first Fourier coefficient to be non-zero. More precisely, they proved the

following.

Theorem 2.1.3. [16] Let

f(z) =) a(n)g" and g(z) =Y b(n)q"

be non-zero cusp forms of level N and weights 1 < ki < ko respectively. Suppose
that a(n),b(n) are real numbers. If a(1)b(1) # 0, then there exist infinitely many

n such that a(n)b(n) > 0 and infinitely many n such that a(n)b(n) < 0.

If f and g are newforms then we have the following quantitative result for the

simultaneous sign changes.

Theorem 2.1.4. [26] Let k > 2 be an integer. Assume that

are two distinct newforms of weight k on Ug(N). Further, let a(n),b(n) be real
numbers, then for any 6 > £, the sequence {a(n)b(n)}nen has at least one sign
change for n € (x,z + °] for sufficiently large x. In particular, the number of

sign changes for n < x is > x'79.

2.2 Useful results

In this section we state some results from the literature which are used in our proofs.

In 1982, Serre [48, p.174, Cor.2] proved the following result.
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Lemma 2.2.1. [48] Let f(z) =32, a(n)q” € S(N) be a newform with weight

k > 2 which does not have complex multiplication. For every e > 0 we have

X
H{p<z:alp) =0} <fe ———-
(log )z~

To prove Theorem 2.1.2, we shall use the concept of B-free numbers which was
introduced by Erdds [14] in 1966 and later many authors studied the distribution of

B-free numbers.

Definition 2.2.2 (B-free numbers). Let B = {b; : 1 < by < by < ---} be a

o 1

sequence of mutually coprime positive integers for which )~ ;- < 0o. A positive

integer n is called B-free if it is not divisible by any element in B.

By using sieve theory and estimates for multiple exponential sums, Chen and
Wu [5] studied the distribution of B-free numbers in short intervals as well as in an

arithmetic progression and proved the following.

Proposition 2.2.3. [5] Let B be a sequence of positive integers satisfying the

conditions in the definition of B-free numbers. Then,

i) foranye >0, x> x,(B,e) and y > T 17 €, we have
Hzx <n<x+y:nisB-free }| >p. vy, (2.2.1)

17

(ii) for any ¢ > 0, © > x,(B,e) and y > x5 1 < a < q < 2° with

((a,q),b) =1, for allb € B, we have

Hr<n<z+4+y:n=a (modq) andn is B-free }| >p.y/q. (2.2.2)
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Here the implied constants depend only on B and €.

Recently Meher and Ram Murty [35], gave a general criteria for the sign changes

of any sequence of real numbers {a(n)},en. More precisely, they proved the following.
Theorem 2.2.4. [35] Let {a(n)}nen be a sequence of real numbers such that
(i) a(n) = O(n%),
(ii) 3=y a(n) = O(nf),
(i1i) Y,y a(n)? = cx + O(n"),

with o, B,v,c =2 0. If a + B < 1, then for any § satisfying, max{a + 5,7} <
d < 1, the sequence {a(n)}nen has at least one sign change for n € [x,x +
2°). Consequently, the number of sign changes of a(n) for n < x is > x'7° for

sufficiently large x.

2.3 Proof of Theorem 2.1.1

From Lemma 2.2.1, we have

x
{p <z:alp) =0} <pe ——,
(logz)2~
and
x
{p<z:b(p) =0} <ge ———-
(logx)2~¢

Since a(p)b(p) = 0, we have either a(p) =0 or b(p) = 0. Hence

{p <o : a(p)b(p) = 0}] < pge ———.
(log z)3
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By the prime number theorem, we have

T

7(@) = Hp < o}l ~ oo

Hence

T

{p <z :alp)b(p) # 0} = n(x) — {p < 2 :a(p)b(p) = 0} ~

logx’

Thus there exist infinitely many primes p such that a(p)b(p) # 0. Hence we complete
the proof.

Actually, the theorem is true without the constraint that the forms are not CM.
We make some remarks in the case that either f or g is of CM type. Suppose first
that f has CM by an order in an imaginary quadratic field K and g does not. Then,
for primes p coprime to the level of f, a(p) = 0 if and only if p is inert in K. The

density of such primes is 1/2 and so

T

{p <z:a@b@) # 0} = 7(2) - {p <2 : alp)b(p) = 0} 2 57—

Hence, in this case also there are infinitely many primes p such that a(p)b(p) # 0. If
both f and g have CM by two imaginary quadratic fields K, Ks (say, respectively),
then we need only choose primes p coprime to the level which split in K; and K.
This density is either 1/2 (if K3 = K3) or 1/4 (if K7 # Ks). Thus, in all cases,

Theorem 2.1.1 is valid in general.

2.4 Proof of Theorem 2.1.2

Let S = {p: a(p)b(p) = 0} U{p|N}. Put B=SU{p?:p ¢ S}. Clearly B is a

sequence of mutually coprime integers and if n is B-free, then n is square-free and
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a(n)b(n) # 0 by using the multiplicative properties of a(n) and b(n). Thus (2.2.1)
and (2.2.2) imply the first and second assertions of Theorem 1.2 respectively, if we

can show that ZpeB% < o0. Since ) 1/p? < oo, it suffices to show that
1

T

peS p

We know, from Lemma 2.2.1 that

x
Z 1<y W, for some o > 0.

psT
peS

Hence, by partial summation formula, we have

1 1 1 1 * dt
—==-%"1 — (N " 1)at S — S
Zp T Z +/2 tz(z Jdt L (log z)1+9 +/2 t(log t)1+0

psz psT p<t
peS peES pES
<Lty L.

This completes the proof of Theorem 2.1.2.

2.5 Proof of Theorem 2.1.4

We prove Theorem 2.1.4, as an application of the Theorem 2.2.4, for which we have

to analyse the stated conditions for the sequence {a(n)b(n)}en.

(i) Ramanujan-Deligne:

a(n)b(n) = O(n®) for all € > 0. (2.5.1)

From the paper of Lu [33], one can deduce the following results.
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Za(n)b(n) < x%(logm)_%e, (2.5.2)

n<e

where § = 0.1512....

(iii)
> a(n)?b(n)? = cx + O(x5+).

ne

Hence from Theorem 2.2.4, we immediately deduce Theorem 2.1.4.

2.6 Generalization of a result of Bambah and

Chowla

By a straightforward elementary construction, Bambah and Chowla [2] proved the
existence of a constant C' such that for z > 0 there is at least one integer between
z and z + Cz which can be expressed as a sum of two squares. They conjectured
that there should be an integer expressible as sums of two squares in any interval
of the form (X, X + X¢) for any € > 0 for all X sufficiently large. Here we give a

generalization of Bambah and Chowla result.

Theorem 2.6.1. Let r and s be natural numbers and set o« = (r — 1)(s — 1) /rs.
There is an effectively computable C (depending only on v and s) such that in
any interval of the form [n,n + Cn®], there is a number m which can be written
as

m=A"+ B,

with A and B integers.

Proof. We essentially follow Bambah and Chowla [2] and modify their argument

to our setting. Let t = [n'/*] = n'/* — @ with 0 < 6 < 1. Let x1, 25 be positive
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real numbers such that

] +t° =n,
x5+t =n+Cn”

with C to be chosen later. Thus, x5 — 27 = Cn®. Now,

T = (TL _ ts)l/r < n(s—l)/rs’ Ty K n(s—l)/'rs’

by a simple application of the binomial theorem. Hence,

xg—l + «I'g_QfEl N :Lnl"—l < n(s—l)(r—l)/rs — n®

Now writing

(9 — xl)(ngl 4+ -4 :U’fl) =x) —z] = Cn?,

we immediately see that

1'2—I1>1,

for a suitable choice of C' (in fact, C' = 2"rs will work). Therefore, there is a

natural number N in the interval [x7, 5] so that

n=x]+t° < N +t° <z, +t°=n+Cn",

as desired. This completes the proof of Theorem 2.6.1.

29

We remark that there are several variations of this theorem that can be derived

from this proof. For example, if f(x) is a monotonic, continuous function for z

sufficiently large, and f(z) =< ", then there is a natural number m such that m =

f(A) + B? for some natural numbers A, B and with m € [n,n+ Cn®]. In particular,
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this can be applied to the norm form a? + DV?, with D squarefree. We record
these remarks with the view that the result may have potential applications in other

contexts.

2.7 Concluding remarks

It would be interesting to extend Hatada's congruence to modular forms of higher
level. This is a research problem of independent interest and is accessible since
there have been significant advances in the theory of congruences of modular forms.
If one assumes standard conjectures about distribution of primes such as Cramér's
conjecture, then it is easy to deduce that i;(n) = O(log” n). The other problem that
suggests itself is to obtain estimates with their dependence on level and weight made
explicit. An initiation into such an enterprise can be found in the methods of [36]
and [37].

The analogues of these questions for modular forms of half-integral weight takes
us into a parallel universe of ideas. There is, of course, a link between these two worlds
provided by Waldspurger's theorem and the question is equivalent to the simultaneous
non-vanishing of quadratic twists of L-series attached to modular forms. A modest

beginning in this line of research was initiated in [25].



Chapter 3

Rankin-Cohen brackets and
construction of Hilbert cusp

forms

3.1 Introduction

Let f(2) = > 0 amq™ € Sk(1) and g(z) = > bng™ € Si(1). For a positive

m=1

integer n, define the shifted Dirichlet series of Rankin-Selberg type as follows:

a

- b
Lioo(s) = JminTm cC.
1,9 (S) mzl (n+m)s S

Using Deligne’s estimate (1.2.5) one can see that the series Ly ., (s) is absolutely

Using the existence of adjoint map and property of

convergent for Re(s) > £H.

Poincaré series, Kohnen [22] constructed cusp forms whose Fourier coefficients involve

special values of the above Dirichlet series.

Theorem 3.1.1. [22] Let k and [ be a positive integers with k > 1 + 2. Let

31
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f(2) =0 amq™ € Ski(1) and g(2) = > > byg™ € Si(1). Then the function

T;(f)(z) = Z mk_lLf,g:m(k +1—-1)g™

m=1

is a cusp form of weight k for SLy(7Z). In fact, the map Syy(1) — Sk(1) defined by

Nk+1-1
= WT;U) is the adjoint of the map Ty = Sp(1) = Sk(1), h— gh,
with respect to the Petersson scalar product.

This result has been generalized by Choie, Kim and Knoop [9] and Sakata [46]
for Jacobi forms and then by Lee [30] for Siegel modular forms. Moreover, Lee [29],

Pei and Wang [41], Wang [50] have analogous results for Hilbert modular forms.

Recently the work of Kohnen has been generalized by Herrero [18] where he
constructed the adjoint map using the Rankin-Cohen brackets by a fixed cusp form
instead of product map. More precisely, for a fixed g € M;(1) and an integer n > 0,
consider the linear map

Ty = Se(1) — Skiiran(1)

defined by f —— [f, g, (the n-th Rankin-Cohen bracket defined by (1.3.5)). Let T},
be its adjoint map with respect to the Petersson inner product defined by (1.2.4).

Herrero [18] computed the explicitly expression for the map 77, which is as follows.

Theorem 3.1.2. [18] Suppose k,l,n are non-negative integers with k > 6. Let
9(2) =00 o bmq™ € M(1). Suppose that either g is a cusp form orl < k — 3.

Then the image of any cusp form f(z) =3 | amq™ € Skyiv2n(1) under Ty, is

given by

. (k—l—l+2n—1 - = by kln | m
Tg,n(f)( ) - (471‘ H_in—\ Z m Z m + T‘ k+l+2n lgm"’ 7
m=1

r=0
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where

k+n—1\/l+n-1
kiln _ —1)t tpn—t
Emn E (—1) S ; m'r

t€N,0<t<n

The result of Hererro has been generalized for Jacobi forms [19] and Siegel modular
forms [20] by Jha and Sahu. In this chapter, we generalize the work of Herrero to
the case of Hilbert modular forms. First we state our main theorem and then prove
some intermediate results which we need for our proof. In the last section, we give

an application of the main result.

3.2 Statement of the theorem

For a fixed g € M;(I'x) and v € N{, consider the linear map
Tyo: Sk(Tr) — Skviran (L),

defined by

=119, (3.2.1)

where [f, g],, is the v-th Rankin-Cohen bracket of f and g defined by (1.3.6). Since

Sk(I'k) is a finite-dimensional Hilbert space, there exists the adjoint map
T, Skriror(T') — Sk(T'k) (3.2.2)
satisfying
<Tg*,1/ Loh)y ={(f,Ty,h), ¥V f€ Sipya(k)and h e Sp(lk).

We compute the Fourier coefficients of T}, (f) explicitly which involve special values

of certain Dirichlet series associated to f and g. More precisely, we prove the following
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result.

Theorem 3.2.1. [27] Suppose k,l,v € Ni with k; > 4n + 2 for some i. Let

g € M,(T'x) with Fourier expansion

g(z) = Z beltr(mz)].

Suppose that either (a) g is a cusp form or (b) g is not cusp form and k; —1; > 4n
for some i. Then the image of any cusp form f € Skiip2.(U'x) with Fourier

eTPansion

[ =3 ameftr(mz)],

meO0y
m>0

under Ty, is given by

T, ()(z) =) cueltr(p2)],
ne0y

where
I'(k+142v— ?) T -
Cp = Lkt Z mpm — z—:ﬁ’% (3.2.3)
(4m)H2T(k — 1) o (m A )kttt
m>g
and

k+v— T\ /1 +v— T
8IlilT,nu _ Z (_1)t|( ) ( ; ),utm”_t. (3.2.4)

v—t
teNn
0<t; <y,

Notice that our result generalises the work of Pei and Wang [41] and Wang [50] where

.. —
the authors computed the adjoint map for v = 0. We now state some useful facts.

Facts: (a) Let s = (s1,...,5,) € C". For w € K, we denote w*® to be the product
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[T;=, oi(w)*. Then the series

1
2
weOy
w>>0

converges absolutely if Re(s;) > n for some i, 1 <i <mn.
Using this fact and the estimates for the Fourier coefficients of f and g from
Proposition 1.3.3, one can prove that the series in (3.2.3) converges absolutely.

(b) Let s = (s1,...,5,) € C". Then the series

1
P R

€0
v>0,u>>0

converges absolutely if Re(s;) > 2n for some i, 1 <i <n.

3.3 Intermediate results

We need the following lemma to prove the Theorem 3.2.1.

Lemma 3.3.1. [27] Let f and g be Hilbert modular forms with Fourier coefficients

a, and b, respectively as in Theorem 3.2.1. Then the series

nbm v
3 (b (3.3.1)

k+1+2v— 1
n,me0}, (n +m+ /'L>
n>0,m>0

COMVETGES.

k+1+2v
2

Proof. Using Proposition 1.3.3, we have a, < n and b, < ms (if g is a

Hilbert cusp form). Hence the series (3.3.1) satisfies

>

n,me0}
n>>0, m>—0

n+m+u)’“/2 T
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which converges absolutely using fact (a) (see, section 3.2) as k; > 4n + 2 for

some i. If g is not a cusp form, then b,, < m!~! and the series (3.3.1) satisfies

/2—1/27
W ”+m+ﬂ>
n>>0m>0

which converges absolutely using fact (b) (see, section 3.2) as k; — I; > 4n for

some 1. ]

Proposition 3.3.2. [27] Let f and g be Hilbert modular forms as in Theorem

3.2.1 and u(> 0) € Oj.. Then the series

, dxdy
[ ERRGET e S @2
’YGFOO\FK FK\H" y
converges.
a b
Proof. For any v = € I'k, changing the variable z to v~ ! o 2 for each
c d

integral, the sum (3.3.2) equals to

k+1+2v
_ Y dudy
> o 2l ol ™" © 2 ety 7

~ET oo\ FK\Hn)

By (1.3.7), the sum is equal to

Z / Vel gl ()l 42 .

Now using the Rankin-Selberg unfolding argument, the above sum is equal to

[ G e
Lo \H" Yy
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Replacing f(z) and g(z) with their Fourier expansions and using the definition

of Rankin-Cohen brackets, the last integral is majorized by

b dxd
> ) / 3" anbmm”teftr(nz)]efor((m + p)2)][y* > S0,
teNg oo \H™ n,me0 Yy
0<t; <v; >0

m>0

where R R
k+v— 1>(l—|—u— 1
t

uult) = (1) ) riur,

v—1

The above sum is a finite sum and now it suffices to show that the integral

Dy~ L dady
1 = / Z |apbpm” eftr(nz)]eftr((m + p)z)]|Jy" 2 ’
Too\H" 1\ me0s. —y
n>0
m>0

is finite for each ¢. We choose R™ \ O3, x (0,00)" as a fundamental domain for

the action of I'yx on H" and integrating over it, we have

< Z |anbmm”\

% .
k+l+2v—1
n,me0% (’I’L +m+ 'u)

n>0,m>0

Using Lemma 3.3.1, the above series converges. O]

3.4 Proof of Theorem 3.2.1

Let T, ,(f)(2) = >_ cueltr(uz)]. Using Theorem 1.3.2 we have
neO0%
u>0
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- dxd
- / )P gl )y 2
T \H" Y

dxd
/ ey, gl ()2 2.
L i \H" . \FK Yy

By Proposition 3.3.2, the above expression is absolutely convergent, hence one can

interchange the summation and the integration. The change of variable z to v 1o 2

for each integral gives

Tk T N T kepi20 dxdy
vol (O /R™) (47 k— 2 ey r(pz z — -
(Or /R")(dmpe) = —( WEFEOO\F /FK\Hn leltr(n2)], glu(2) y y

(3.4.1)

Using the Rankin-Selberg unfolding argument, the right hand side of (3.4.1) is equal

to

[ ARG ghe) 2 (342

Using the definition of Rankin-Cohen bracket (1.3.6), the above integral is equal to

E —
() Ty e oy
Z( 1) ( v—t ¢ /Foo\an(Z)e[tr(uz)]()g( )(2) yk+l+2 T

teN
0<t;<y;

Substituting f(z) and g(z) by their Fourier expansions and observing the repeated

action of differential operators,

eltr(uz)]"” = (2mip)'eftr(p2)]

g z) = D (2rim) " byeltr(mz)],
meO0y
m>0
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the integral (3.4.2) equals

o (k+v— T\ /1 +v— T o\t —
Z (_1) (27TZN) Z anbm
v—t ¢ R™\Oj X (0,00)"

teNg n,me0F
0<t; <y, ’n>;8
mz

x (2imrm)”e[tr(nz)]e[tr((m + u)z)]y“l“”%.

Writing z = = + iy and choosing R™ \ O} x (0,00)™ as a fundamental domain for

I \ H™ (see, [15]) the above expression equals

o (k+v— T\ (1 +v— T o\t —
Z (_1) (27TZ[L) Z anbm
v—t t R"\O;(X(O,oo)"

teNg n,me0

0<t; <y n>§8
mz

: v ,dxd
< (imm)eltr((n = (m+ )a)lelen((n+ (m + )y L
Integrating over x first, we have (see, [15, section 1.13])

/R"\O* eltr((n — (m + p))z)|dx = vol(R™ \ OF) (3.4.3)

if n = m + p and zero, otherwise. Using (3.4.3) in the previous integral, the integral

(3.4.2) equals

v—t t

k—i-V—?)(l-i—I/—?

IR\ 00 3 (1) ) ey

tEND
0<t;i<y;

(i d
X/( ) Z a(m+u)bm(27Tim)”*te*47f”((m+u)y) yk+l+2uy_fg_
0,00)"™

meOy,
m>0
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Integrating over y, we have

%
/ o~ dmtr((m-+u)y) yk+l+2u@ _ Pk+i+2v—1) 1 (3.4.4)
(0,00)™

Y2 (dr)ktit2=T (g 4 p)ktit2r=1"

where T'(k + 1 + 2v — ?) = [T—, T'(ki + I; + 2v; — 1). Finally, substituting (3.4.4)

in the previous integral, the integral (3.4.2) is equal to

> ("t ?) (" ?> (2mip) vol (O [R)

v—t
teND
0<t; <y

— .
" Fk+l1+2v—1) Z Aot b (200

(4rr)k+it2=T (m + p)ktitr=1 "

meO7y,
m>0

Hence,

. - z
B )Tk +1+2v— 1) , 7 Z At b kv

c, = by
" (4m)+2T (s — ?) (m + M)k+l+2uf? 1

(3.4.5)

meOy,
m>0

where e/l is given by (3.2.4). This completes the proof.

3.5 Application

Let f € Skii2n(1), g € M;(1) and n be a non-negative integer. Zagier [51]
computed explicitly the Petersson scalar product (f, [E¥, g]») in terms of special values
of a certain Dirichlet series associated to f and g. Note that, here E} is the usual
Eisenstein series defined by (1.2.2). The main idea of his proof is to express [E}, g,
as a linear combination of elliptic Poincaré series and then use the characterization
property of the Poincaré series. A particular case of his result gives the following

interesting identity [51].
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Let f(2) = >_,>1@nq" € Sk(1) be a normalized eigenform and r be an even
integer with g +2<r<k—4. Then one has

3B, By,
Ly Lk —1) = (<1 P28 L2 B ),

n=1

where L} is the completed L-function defined by L%(s) = (27)°T'(s) > % and

B, is the r-th Bernoulli number.

Following the method of Zagier [51], Choie, Kim and Richter [10] computed the
Petersson scalar product (f,[Ej,g],) in the case of Hilbert modular forms. More

precisely, they proved the following.

Theorem 3.5.1. [10] Let k > 2 be a natural number and l,v € N with k —1; >

2n for some i,1 < i < n. Suppose that f € Skii+2,(I'x) with Fourier expansion

f2) =3 aneltx(mz)),

meO0y
m>0

and g € Mi(T' k) with Fourier expansion

g(z) = Z bpeltr(mz)].

Then
— — —
_) .
El4v—1
neoy, W
n>0

(K +1+20— DK +v—
(4m) [ F++2-TI(F — T

(f,[Ex, gl,) = vol(O JR™)(2im) !

As an application, we observe that by following the method of proof of Theorem
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3.2.1, one can give a different proof of Theorem 3.5.1 by evaluating the integral

_ dxd
/ F(2)[Br, gl Y
' \H" Yy

using the Rankin-Selberg unfolding argument.



Chapter 4

Rankin-Cohen type operators for

Hilbert-Jacobi forms

In this chapter, we construct Rankin-Cohen type operators for Hilbert-Jacobi forms
which generalize the work of Choie and Eholzer (see, [8, Theorem 1.3]) and Zagier

(see, [13, Theorem 9.5]).

4.1 Heat operators

Let K be a totally real number field of degree g over Q with ring of integers O . Let
J,fm denotes the space of Hilbert-Jacobi forms of weight k = (ki, k2, ..., k;) € Z9
and index m € Oy for the field K. We introduce the notion of heat operator for the

space JX .

Definition 4.1.1. For 1 < j < g, let e; be j-th unit vector in RY. For a given

m € Ok, we define the m-th heat operator,

. o 82 €j

j=1

43
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where 7 € HI and z € CI.

In the above definition, we denote “[[" for the composition of operators. Now
we state some properties of these operators which can be proved as in the case of

Jacobi forms (see, [6]).

Lemma 4.1.2. [28] Let ¢(7, z) be a holomorphic function on the space H9 x C9,

keZ9 and m € Ok. Then

1. for X € Ok x Ok,

2. for any v € NJ and M € SLy(Ok), we have
0

Ot = 3 (1) 2 oty D Gh), (113)

cr+d)yrHa+1— )
leN]

l<1/

wherea:k—%.

4.2 Statement of the theorem

In this section, we define Rankin-Cohen type differential operators on the space of

Hilbert-Jacobi forms using the heat operator (4.1.1).

Definition 4.2.1. Let ¢,¢' : HY x C9 — C be two holomorphic functions and
let k,k';m,m' be vectors in C9. Then for any X € C9, v € Nj and | € N with

l; € {0,1} for all1 < i< g, define

6. = Y (AP0l B, (42)
JENS
J<l
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where for any two holomorphic functions f and f" on HI x CY

P = T Al K D) (m X)) (L=m/ X)L (L0 () Loy (f)),
T,s,pENg,
r+s+p=v

with

(—(k+ K +1—3/2+ 1))rps

AT’S k7k,7l = ’
ol )= pt(k=3/2+71)! (K =3/2+s)!

Here for x € CY and n € N, (x), :=[]_, Hogjig(ni—l)(mi — Ji)-

Remark 4.2.1. In the above definition we have the following convention.

! ! ! !
(6, ¢/ = [0, @155

Remark 4.2.2. Note that the constants A, s ,(k, k', 1) are different than C,. s ,(k, k'),

which appeared in Theorem 1.3 of [8] for the field K = Q.
We now state the main result of this chapter.

Theorem 4.2.2. [28] Let ¢, ¢" be Hilbert-Jacobi forms of weight and index k,m
and k',m’ respectively. Then for any X € C9, v € N§ and | € N} with [; € {0,1}
forall1 <i <y,

[0, 0I5 (422)
is a Hilbert-Jacobi form of weight k + k' + 2v 4+ 1 and index m + m/'.

There are two known methods to prove result like Theorem 4.2.2. First one,
by showing that [p, /|55 satisfy all the required conditions to be a Hilbert-
Jacobi form (see, [8, section 4]) and second one, by using generating series (see, [13,

Theorem 3.2], [8, section 5]). We prove our result by using generating series. In the

next section we shall develop some tools for a proof of Theorem 4.2.2.
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4.3 Intermediate results

Proposition 4.3.1. Let ¢(1,2) € J,fm and o = k — % Then the formal power

series associated with the Jacobi form ¢ defined by

Ln(@)(1,2) 1

SrzW)i= 3 S (4.3.1)

veN]

satisfies the following functional equation,

~ 2 1% mez? meW \]| ~
O S T e

* ok
for all M = € SLy(Ok).
c d

Proof. From the definition of gg, we have

Lin(9) (MT’ CTj— d) wv
vi(a+v—1)! (et + d)%

~ 2z W
¢ (MT7 cr+d (c7’+d)2> - Z

er v [ur (22| (ol

ct +d

via+v—1)! W

Using (4.1.3) and the assumption that ¢ € J,fm, the right hand side of the above

equation is equal to
2 1 v\ (8mime)’ Yo+ v —1)!

d)eeftr [ 52 L M)W

(er +d) €[r<c7‘ +d ,;Ngy!(a +v—1)! % 1) (ct+d)Ha+1-1)! m(@lkm MD)W

= (e + d)Fe [tr (c:,'lc—fil)} 2 (

(8mimc)” ™

1 l )
Z l!(y—l)!(a+l_1)!(CT+d),,_lL m(qb))W

leNg
I<v

I<v
veNg
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= (cz + d)*e [tr (:T;)} e [4tr (SCEL)] o(r, 2, W).

This completes the proof. O

Let f(T, z; W) be a power series in W whose coefficients are holomorphic functions

~ a b
on H? x C¥ie., f(7, 25 W) = > cng Xo(T, 2)W". For M = € SLy(Ok),
c d

we define

(FlemM) (7,2, W) := (e + d)Fe [—tr (:Cfdﬂ € l_ém (::T;H

« T ar+b =z W
cr+d er+d (er+d)? )

Next we show that for a given formal power series satisfying certain conditions, one

can construct a family of Hilbert-Jacobi forms like in the case of Jacobi forms [8,

Theorem 5.1].

Theorem 4.3.2. Let (E(T, z; W) be a formal power series in W, i.e.,

o(r, ;W) Z Xu(T, 2) (4.3.3)

veNy

satisfying the functional equation

N _ b
(PlemM)(T,2:W) = ¢(1, W), for all M = ¢ € SLy(Ok), (4.3.4)
c d

for some k € N} and m € Og. Furthermore, assume that the coefficients x, (7, z)
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are holomorphic functions on HY x CY9 with Fourier expansion of the form,

Xu(T,2) = Z c(n,r)e[tr(nT + rz)], (4.3.5)

n,r€0%
Anm—r2>=0

satisfying
XolmY =x» forall Y € O x O. (4.3.6)

Then for each v € N, the function &,(T, z) defined by

ir2) = Y S 3?? i (k) (43.7)

1s a Hilbert-Jacobi form of weight k + 2v and index m.

Remark 4.3.1. We call k and m appeared in the equation (4.3.4) is the weight

and index of the power series 5 respectively.

Proof. We show that &,(7, z), defined by (4.3.7) is invariant under SLs(Of) ac-
tion. For 1 < j < g, let e; be the j-th unit vector in RY. Define the j-th
differential operator

0? 0 0?
(ki —1/2)—— — W ——
aTj 62’2 ( J / )8W] ]8I/Vj27

J

Ly

kom S= Smim\)

where k = (k1,ko,....k;) and m € Og. Let Mkm be the collection of all

functions f(r, z; W)= ZueNg X, (7, z)W" which satisfy the condition:

~ ~ a b
(f]kmM)(T, 2, W) = f(r, W), for all M = € SLy(Ok).
c d

We note that the constant term x( (7, z) in the power series expansion of f(7, z; W) €
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./f\/lvk,m satisfy the following.

a b
(X6|k,mM) (1,2) = x4(T, 2), for all M = € SLy(Ok). (4.3.8)
c d

Then using the definition of slash operator (4.3.4) one can show that
zzj,m(gﬁlk,mM) = (szm(é) |k+26j,mM7

for all M € SLy(Ok). We note that []7_, zzjm (the composition of all zzjm for

1 < j < g), denoted by ka satisfy
L (0lemM) = (Lim®) |ksomM, for all M € SLy(Ok).

In other word, Ly, is a map from My, to Myt which is given in terms of

power series by

~ (D)) A+ 1= A+ = LS, (a1
E A § E J m A
Lk,m~ X)\(T,Z)W —> ( )\'()\—I—a—l)' W s
AeN{ AeN§ * jeN]
J<1

with a = k — 1/2. Composing the maps Z,Hi’m forl<i<<v—1,

T Zk:,m T Zlc«&»2,7n Zk+2V72,'m T
Mk,m ? Mk+2,m yo 7 Mk+21/,m

then it maps Z,\eNg (7, 2) WA to

(D)) A+ v = A+ 20+ a =5 = 2L, (g—5) .,
Z (Z >W .

| — NI
e\ jae MA+a+v—2)!
Jj<v
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We note that the constant term, i.e., A = 0 in the above series, is v! times &, .
Hence from (4.3.8), &, is invariant under SLs(Of) action. The other conditions

hold easily from the given hypothesis on function x, (7, z). O

In the next two lemmas we show how the operator 0, behaves under the group

and lattice actions.

Lemma 4.3.3. Let ¢ be a Hilbert-Jacobi form of weight k and index m. For

J € N§ with j; € {0,1} for all 1 < i < g, we have

Y 5 ar+b =z W
gler+d” \ er +d’ et +d’ (et + d)?

. 2 %% Amimez \* .~
_ Y mez A me i e
(er +d) e {tr (CT +d))© o cT+d ZeNg cr+d %5 W)
aclig

Proof. This is an easy consequence of Proposition 4.3.1. O]

Lemma 4.3.4. Suppose f(z) is a holomorphic function on the space HY and

Y = (\p) € Ox x Og. Then for j € N§ with j; € {0,1} for all 1 < i < g, we

have
(D )|mY =Y (—=4mimA) 0L (f|mY). (4.3.10)
acNj
a<j
Proof. One can prove this result using the definition of the action “|,, Y. O

4.4 Proof of Theorem 4.2.2

. - —
First we prove for case [ = 0 and then for general case [ # 0.
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Case I: [ = 0. For a fixed X ¢ CY, consider the series F'x (7, z; W) defined by

Fx(r,z;W) = ¢(7, 2, L+ m' X)W) ¢/ (7, 2; (1 — mX )W),

where d: and 5’ are defined by the equation (4.3.1). Here we show that the function
Fx (7, z; W) satisfy all the necessary conditions for Theorem 4.3.2 and consequently

deduce the result.

Using the corresponding functional equation for $ and gg’ given in the Proposi-
tion 4.3.1, one can easily show that the function Fx(r,z;W) also satisfy the same

functional equation as (4.3.4) with weight & + £’ and index m + m/.

Now we look the power series expansion of F'x. Replacing 5 and 5’ with their

corresponding expressions (4.3.1) in Fx, we get

Fy(r, 2 W)= ( S (1+m'X)"L;,(¢) WV) ( 3 (1 —mX)"Ly,(¢") Wu)

v (k—3/24v)! v (K —3/2+v)!

veN]

:Z(

IIENS aGNg
asv

= Z XZI,F(7_7 Z)WV7

veN]

(1+m'X)*(1 —mX)"™ o (o r—al T
2 =l (=324 a)l (v =32 50— W)W

where

L (1 + m/X)a(l B mX)yia a v—a/ 1/
xor(7,7) = %; T (=)l (k=32 % )l (b — 3724 v~ ayi om0

(4.4.1)
Clearly x,.r(7, 2) is holomorphic on HY x CY for all v € N. We note that if ¢ has the

Fourier expansion ¢(7,2) = Y. cg(n,r)eftr(nT +72)], then the function L! (¢)
n,r€0%
Anm—r2>0
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has the Fourier expansion

LL(®)(m2) = > coln,r)(dnm —r®)eftr(nT +r2)]. (4.4.2)

n,r€0%
Anm—r2>0

Replacing ¢ and ¢’ by their Fourier expansions and using the repeated action of the

heat operator from (4.4.2), we have

_ (1 4+ m'X)" (1= mX)—
Xor (7:2) = Z al (v—a)l (k=3/2+a)! (K —3/24+v—a)

aGNg
asv

X ( > (4nm—r2)“c¢(n,7‘)e[tr(n7+rz)])

n,r€0%
dnm—r2>0

X ( > @nm =) ey (0! 1 eltr(n'T + r'z)])

A,
n' €Oy
An'm’ —r'2>0

N,ReO3% (aeNg
AN (m+m')—R?>0 asv

(I+mX)*(1 —mX)"*
Z al (v—a)! (k—=3/24a)! (K —3/2+v—a)

X Z (4nm — r?)*(4n'm/ — ") "cy(n,r)cy (n/, r’)) e[tr(NT + Rz)].

n,n'rr'eO0%
n+n'=N,
r+r'=R,

dnm—r2>0,

An'm’ —r'2>0

One can check that 4N (m + m’) — R? > 0 for the above choices of N and R and
the last sum is a finite sum for a given N and R. From (4.1.2), it is clear that
Xv.Flmim'Y = xu.r for all Y € O x Ok. Hence from Theorem 4.3.2, &, p(T, 2) is
a Hilbert-Jacobi form of weight k + &’ + 2v and index m 4+ m/. This completes the

proof in this case because [¢, gb’]];’(’g’ym’m/ (1,2) = &p(T, 2).
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Case II: | # 0. For a fixed X € CY, consider the function Gx (7, z; W) defined by

Gx(1,z; W) = Z(—l)jml_jm'jagg(ﬂ z (1+m'X)W) 8i_j&(7, z; (L—=mX)W).
JjeNg
J<i

(4.4.3)

We show that the function G x satisfy the same functional equation as (4.3.4) with

a b
weight k + &’ + | and index m + m/. Let € SLy(Ok). Using (4.4.3), we
c d
have
ar+b =z w e ~far+b z (14+m'X)
G . =N —1VmIm ’ :
X(c7'+d’c7'+d’ (c7’+d)2) ;Ng( Ym0, e 4 (CT—l—d cr+d (et +d)?
ASS)
i<l

x5 at+b z  (1-mX)W '
Fertd® \er +d et +d' (er +d)?

Using Lemma 4.3.3, the above equation becomes

. ar+b =z W
*\er+d er+d (e + d)?
2
_ k+k+1 n_C* N W
= (et +d) e{tr((m+m)CT+d)1e{4tr((m+m)m+d>}
% Z(_l)jml—jm/j( Z (47mch> 82_(15(7', 2 (1 + m'X)W)

cT+d

JENS eNg

J<l a<j

Py i O (7,21 (1 - mX)W)
7,2 (1 —
et +d ? T
beNg
b<l—j

Now we split the above sum into two parts,

. ar+b =z W
Y\er+d er+d (e + d)?

A e )

ct +d et +d
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X < Z(—l)jmjm’l_jaga(ﬂ z (1+m' X)W) 8i_j$’(7, z (1= mX)W)

JENY
g<l
4  CAmimez ' (Arimiez 0P
—1Vmt=Iml
p (Z( fmm (c¢+d> (c¢+d) )
a,BeNy * jeN§

a+p<l i<l

X 3?5(7’, 2 (14 m’X)W)@f&(T, z; (1 — mX)W)) :

An easy computation shows that for any pair of o, 8 € NJ with a + 8 < [, the
coefficient of 8?5 afgz?’ in the second sum of the above equation is zero, which prove
our claim. Now replacing the corresponding power series expression for 5 and & from
(4.3.1) in (4.4.3), we note that the function Gx has power series expansion of the

form

x(1,2; W) Zx,,gTz

I/GNg

where x, (7, z) is given by

(1 +m’X)“(1 — mX)V_a NI =i liTa (aj v—a/al—j 41
a€Ng JENS
asv J<l

(4.4.4)

As mentioned in the previous case one can show that for each v € N, the corre-

sponding function X, (7, z) has the following Fourier expansion.

B (I4m'X)*(1-mX)"~ S~
walna) = (ﬂza'(u—a)(k‘ 3/2+a)!(K /2+v—a‘ i

N,ReOy, €Ny Ng
4N (m+m/)—R2>0 a<v ]<z
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X Z (4nm — r2)*(4n'm/ — )~ iy ey (n, r) ey (0, r')) eftr(NT + Rz)].

nn/rr'eOf,
n+n'=N,
r+r'=R,

4nm77‘220,

An'm’ —r"2>0

Using Theorem 4.3.2 one can deduce that [, gzﬁ/]_’;(’gﬁ’lm € Tk sovttmpm 3S

9, ¢/}]§é{€2l,’,nl’zml = &,.¢(T, z) once we prove X, ¢ (T, 2) lm+m'Y = Xu.c(T, 2) for all

veNJ and Y € Ok x Ok. From (4.4.4) we have

_ (1+m'X)*(1 — mX)"
X6 (T, 2) lmame Y = Z al (v—a)l (k—=3/2+a)! (K —3/2+v —a)!

aEN‘g
asv

X Y (=1YmImI0 Ly $)|mY 0L (L) Y.
JENS
gl

From Lemma 4.3.4 the right hand side of the above equation is equal to

(14+m'X)*(1 —mX) @ i
Z al (v—a) (k—3/2+a)! (k’—3/2—|—u—a)!jz(_1) m7m

aeNj eNg

a<v j<l

X (Z(—4wimA)tagt(L;¢|mY)> ( Z (—4m’m’A)Sa§jS(L;’n,%’ym,y)).
teN] seNg
t<y s<l—j

Now using the assumption that ¢ and ¢’ are Hilbert-Jacobi forms and (L,,¢)|,Y =

L (6]mY), the above expression is equal to

(1+m/X)(1 —mX)"° P
= Z al (V—a)! (k—3/2+a)! (k’/—3/2+V—a)!j§](_1) mom

aeNj
asv j<l
X <Z(—4mmx)tagngn¢) ( > (—47rim’)\)58ist7’j1,“¢’).
teN] seNG
t<y s<l=j

For a fixed a € Nj we note the following. For o, € NJ with a + 3 < [, the
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coefficient of 9%(L%,¢) 07(L¥%¢') in the above expression is zero. Thus ¥, g is

invariant under the lattice action and this completes the proof.

4.5 Concluding Remarks

Theorem 4.2.2 gives justification to expect that the space of bilinear holomorphic
differential operators raising the weight v = (1v1,...,1,) € N{ is at least [[?_,(1 +
[v:/2]) for the space of Hilbert-Jacobi forms over a totally real number field of degree
g over Q on HY x CY9. It would be interesting to prove the generalization of the result
of Bocherer [3] in case of Hilbert-Jacobi forms that the dimension is exactly equal to

im (1+[/2]).
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