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1. Introduction

We denote the space of modular forms and the subspace of cusp forms of
weight k for SLy(Z) by My and Sk, respectively. Suppose f € S and g € S,
with Fourier coefficients a(n) and b(n), respectively. For a positive integer

n, define a Dirichlet series

= a(m +n)b a(m + n)b(m)
Lfgn :Z (m + n)* . (1)
=1

. k41
Then Ly ., (s) is absolutely convergent for Re(s) > — Kohnen [21] con-
structed certain cusp forms, whose Fourier coefficients involve special values

of the Dirichlet series (1). More precisely, he proved the following:

Theorem 1. [21] Let k > 2,1 > 0 and f € Sk, and g € S; with Fourier
coefficients a(n) and b(n), respectively. Then

o0

T;(f)(z) = Z nk_lLﬁg;n(k +1— 1)(]” €S

Ck+1-1)
L(k—1)(4m)
of the map T, : S — Sk, h — gh, with respect to the Petersson scalar

In fact, the map Sgy; — Sk defined by [ +— T (f) is the adjoint

product.

There are many interesting connections between differential operators and
modular forms and many interesting results have been found. Rankin [31, 32],
gave a general description of the differential operators which send modular

forms to modular forms. Cohen [10] explicitly constructed certain bilinear
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operators using differential operators and obtained elliptic modular forms.
Zagier [38, 37] studied algebraic properties of these bilinear operators and
called them Rankin—-Cohen brackets. Explicitly, for a given f € My, g € M,
and an integer n > 0, the n-th Rankin-Cohen bracket [f, g], € M40, and
in fact, [, |, : My x M; — My 112, is a bilinear map. Also, the 0-th
Rankin-Cohen bracket of f and ¢ is the usual product of f and g. Recently,
the work of Kohnen has been generalized by Herrero [14], where he computed
the adjoint of the map constructed using Rankin-Cohen brackets instead of
the product map T}, : Sy — Sk+i, h +— gh, for a fixed cusp form g € 5.
More precisely, for a fixed g € M; and an integer n > 0, he considered the
linear map T}, : Sy — Skti+2, defined by T, ,,(f) = [f, 9] and computed its
adjoint map with respect to the Petersson scalar product. This map involves
special values of certain Dirichlet series of Rankin-Selberg type similar to
(1) with additional factors arising due to binomial coefficients appearing in
the Rankin-Cohen bracket. The result of Kohnen has been generalized to
other automorphic forms (e.g., Jacobi forms, Siegel modular forms, Hilbert
modular forms, etc.). The main objective of this thesis is to extend the work
of Herrero to the case of Jacobi forms, Siegel modular forms of genus two and
modular forms of half-integral weight, which are discussed in Chapters 2,3
and 4 respectively. In Chapter 5, we give some remarks on Rankin’s method

for certain automorphic forms.



2. Jacobi Forms

Let k,m be fixed positive integers and 'Y = SL,(Z) x Z?. We denote the
space of Jacobi forms and the subspace of Jacobi cusp forms of weight k
and index m on I'/ by Jj,, and Jeam Tespectively. Choie, Kim and Knopp
[5] constructed Jacobi cusp forms whose Fourier coefficients involve special
value of certain Dirichlet series of Rankin type. More precisely, for a fixed
¢ € Jio, they considered the linear map Ty : J, )P — J050 ., ¥ — o9
and computed its adjoint with respect to the Petersson scalar product. The
Fourier coefficients of the image of a cusp form ¢ under the adjoint map
involves special values of certain Dirichlet series of Rankin type attached
to ¢ and 1. Sakata [33] also constructed Jacobi cusp forms with similar
Fourier coefficients and generalized the result of Choie, Kim and Knopp by
computing the adjoint of the map T}, for ¢ € J;,,. Rankin-Cohen brackets

for Jacobi forms were studied by Choie [6, 7] by using the heat operator

L,, = ﬁ <8m'ma% — g—;). Forv >0, ¢ € Jiym, and ¥ € Ji, 1m,, the
v-th Rankin—Cohen brackets [¢, 9], € Jk,+kot2vmitms a0d [, o ¢ Jiymy X

Jkyms — k1 +ko+2v,m14+ms 18 @ bilinear map.

2.1. Statement of the Theorem

For a fixed ¢ € Ji.)7 and an integer v > 0, consider the map Ty, : J;.'7  —

ka,m k1,m1

Jon defined by Ty, (¢) = [¢, ¢],. Then Ty, is a C-linear map be-

k1+ko+2v,m14+ma

tween two finite dimensional Hilbert spaces and therefore has an adjoint map
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Tt T tovmmytms = Jovam such that (¢, Ty (W) = (T} (¢),w), V ¢ €

k1,mq

qusp

Cusp . . . .
by kot 2vmy +my DA w € Ji 0 L In the main result, we exhibit the Fourier co-

efficients of T (@) for ¢ € Ji"¥\ o), +m,- Lhese coefficients involve special

values of certain Dirichlet series associated to ¢ and . We first prove the
following lemma to ensure the convergence of Dirichlet series which appears

as Fourier coefficients.

Lemma 1. Let ky > 4, ky > 3,m1 and my be natural numbers. Let € J""

with Fourier expansion

¢(Ta Z) = Z a(nlarl)qmcr1>

n1,r€%Z,
4dmonq —r% >0

cusp . . .
and ¢ € Sy Vr, voumyam, With Fourier expansion

o(7,2) = > b(na,72)q"*C".

ng,ro€ZL,
4(my+ma)na—r>0

Then the sum

747r(m1+m2)y2
v

/J\ | ¢(T, Z)[627ri(n‘r+rz) ‘khml Y, w]yvk1+k2+2ye | dVJ
T'\HxC

~elJ \I'/

dudvdxdy

converges. Here dV; = 3
v

with T = uw+ 1 and z = x + 1y, is an

invariant measure under the action on I’ on H x C.

We now state the main theorem.



Theorem 2. [17] Let ky > 4,ky > 3,m; and my be natural numbers. Let

Ve Jw  with Fourier expansion

U(rz) = Y aln,r)g"Cn

ni,r1€%,
4dmonq —7"%>0

qusp

Then the image of any cusp form ¢ € Ji "\ Loy i vms

with Fourier expansion

o(1,2) = > b(na,r2)q"* ("™

ng,ro €L,
4(my +m2)n27r% >0

under T  is given by

sV

T;,(8)(m2)= > clr)g'd,

n,r€Z,
dmin—r2>0

where

(4min — r2)M172 (my + mo)FrTRe =2 T (ky 4 kg + 20 — 3)

2
ol [ =9

c(n,r) =

X ZAl(kl’ml’k27m2§V)(4m1n—r2)l Z

(4many — r2)*a(ny, r)b(n + ny, 7+ 1)

1=0 ni,r1€Z (4(n + n1)(ma + ma) — (r + Tl)Q)lirkﬁQV_% ’

4dmonq —’f‘%>0

4(m1+m2)(n+ni)—(r+r1)2>0

and

ki +v—23\ (ke +v—2 _
Al(k;17m17k:27m2;y) = <_]‘>l( 1]/_[ 2)( ? l 2)m11/ lml2'
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Remark 1. Fix ¢ € J'"  and suppose that J;2"" is one dimensional space

generated by f(7,z). Then T} (¢)(7,2) = agf(7,2) for some constant oy
and for all ¢ € J" o, m,- I particular, for 1 = ¢101 = 1j7(EsEsr —
EyEsy) € Jip¥ and ky = 12,my = 1 (J5Y = (6121), P21 = 153(EiEay —

E6E671)), we have

i A(12,1,10, 1) (4n — )"y (4ns — )" afr, )bl &, 7+ 1)
1=0

(8(n +mny) — (r +11)2)2+2 2

= ni,r1€%Z
4nq 77"%>0

8(n+n1)—(r+r1)?>0
= agc(n,r)

for all n,r € Z such that 4n — r? > 0, where a(p, q),b(p,q) and c(p,q) are
the (p, ¢)-th Fourier coefficients of ¢191,¢ and ¢2; respectively. If we take

v = 0 in the above example, we have

a(nl, rl)b(n + ny,r —+ 7”1)
Z S = agc(n, ).
ez (8(n+mnq) — (r+r)?)>

4nq —r% >0
8(n+n1)—(r+r1)?>0

3. Siegel Modular forms

We denote the space of Siegel modular forms and the subspace of Siegel
cusp forms of weight k and genus g on I'y := Spy,(Z) by M(I'y) and Si(T,)
respectively. Lee [25] constructed Siegel cusp forms of genus g by computing

the adjoint map of the product map by a fixed Siegel cusp form of genus g
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with respect to the Petersson scalar product. In the proof, he used Poincaré
series of two variables and the holomorphic projection operator developed by
Panchishkin [28]. Let ' € Si(I'y) and G € S;(I'y) with Fourier coefficients
A(T) and B(T) respectively. For a fixed positive definite 2 x 2 matrix S and

a non-negative integer m, define a Dirichlet series Lp .5, as

det (T)™A(T + S)B(T) @)
(det (T'+S))° .

Lrasm(o) = Z

T>0

kil

Then Lrg.s,m(0) converges for Re(o) > *

—-m—+ %. We construct certain
Siegel cusp form of genus two whose Fourier coefficients involve special val-
ues of the series (2). The Rankin-Cohen type operators for Siegel modular
forms of genus two were studied by Choie and Eholzer [3] explicitly and the

existence of such operators for general genus were established by Eholzer and

Ibukiyama [12].

3.1. Statement of the Theorem

For a fixed G € S)(I';) and an integer v > 0, consider the map Tg, :
Si(Fy) = Sktitou(I'2) defined by Tg, (F) = [F,G],, where [F,G], is the
v-th Rankin-Cohen bracket of F' and G. Then T, is a C-linear map be-
tween two finite dimensional Hilbert spaces and therefore has an adjoint map
T, ¢ Skir2u(I2) = Si(T'2) given by (F,Tq,(H)) = (15, (F), H), V F €
Skyi420(I2) and H € Si(T'2). We compute the Fourier coefficients of T¢; ,(F)

in terms of the special values of Dirichlet series defined in (2). We prove the



12 CHAPTER 0. SYNOPSIS

following lemma.

Lemma 2. Let k > 6,1 be natural numbers and v > 0 be a fized integer. Let

G € Si(I'y) with Fourier expansion

§ A 2m tr(ThZ))

T1>0

and F € Sky142,(F2) with Fourier expansion

Z B 27rz tr(TQZ))

T5>0

Then the sum Y [ |F(Z)[exiw@D) |, M,G),(Z) (det Y)k+H+2|dz
MGA\FQ FQ\HQ
CONVETGES.

Theorem 3. [18] Let k > 6,1 be natural numbers and v > 0 be a fized

integer. Let G € S)(I'y) with Fourier expansion

Z A 2m(tr TlZ))'

T >0

Then the image of any cusp form F € Siii10,(I'2) with Fourier expansion

Z B 27r1 tr(T22))

To>0
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under 1¢, , is given by

TG , Z C 27T’L(t’l” (TZ))

>0

Here

C(T) =alk,Lv) > Croplk,D)(det )" Ly (k+1+20—(p+3/2)),

r+s+p=v

with

ok, Lv) = (=T (k—l—l—l—Zu——)

T AT (k= DTk — 2)(dm)2

and

(k+v—3/2)sip({+v—=3/2)psp(—(k+14+v—3/2))r1s

Crasp(k;1) = ! ! ! ’
rl s! p!

where

and the Gamma function I's(0) is defined as
Iy(o) = / e " (det Y)732dY,  for Re(o) > 3/2,
Y

where Y = {Y € Ms»(C) | Y =Y > 0}.
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4. Modular Forms of Half Integral Weight

Let k € Z and I' = I'y(4). We denote the space of modular forms and the
subspace of cusp forms of weight £ + % and Dirichlet character y for I' by
M.y 1 (I',x) and S, 1 (T, x)respectively. Consider the following three linear

maps:

(I) Tg,u . S]H_%(F) — Sk+l+2u+1(F7 XQX)7 defined by Tg,u(f) = [f7 g]m with g€
Ml+%<ra X2)7

(Il) T,, : Sk(I') — Sk+l+2y+%(f‘,xgx), defined by T, ,(f) = [f, g],, with g €
MH_%(F,XQ),

(III) T, : S,H%(F) — SHHQVJF%(F, x2X), defined by T, ,(f) = [f, g],, with g €
M(T', x2)-

We compute the adjoint of these maps with respect to the Petersson in-
ner product. We exhibit explicitly the Fourier coefficients of T} ,(f) for
f € Skriravs1(T, x2x) and these coefficients involve special values of cer-
tain Dirichlet series of Rankin-Selberg type associated to f and g. We now

state the result for the map in (I).

Theorem 4. [19] Let k and 1 be natural numbers and v > 0. Let g €

]\/[H%(F, X2) with Fourier expansion

9(z) = 3 bm)g™.

m=0
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Suppose that either (a) g is a cusp form and k > 2, or (b) g is not a cusp
form andl < k — % Then the image of any cusp form f € Sgiiron+1(L, x2X)

with Fourier expansion
oo
= g a(m
m=1

under T, is given by
T, (1)(z) =Y Bk 1,vin)Lygun(7)q",
n=1

D(k+1+2v) nf2
T'(k— %)(47T)l+2u+% ’
L-function associated with f and g, defined by

where v = k + 14 2v, B(k,l,v;n) =

and L g,n 15 the

ian—km b(m) a(k,l,v,n,m)

, seC
(n+m)s

Lf7g71j n

[y

m=

with

s orfv\ Tk+v)(+v) , .,
alk,lv,n,m) = Z(_l) (7’) F(k:+r)F(l—|—l/—7")n e

Remark 2. We have similar results for the map in (II) with

C(k+1+2v— 1) nkt
=k+1+4+2v—1% and B(k,l,v;n) = 2°___
! 2 and il )= TTG— D @y

Y

and for the map in (III) with

D(k+142v— 1) nts
T(k— 1) (4m)iv2

1
fy:k+l+2y—§, and B(k,l,v;n) =
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with the assumption that either (a) ¢ is a cusp form and k > 3, or (b) g is

not a cusp form and [ < k — 2.

Remark 3. Consider the linear map T 0T, , on S(T') with g(z) € M(T, x2).

If X is an eigenvalue of T, o T}, ,, then A > 0. Suppose that Sy.(I') is a one-

dimensional space generated by f(z) = > a(n)q". Then T, o Ty, (h) =

m=1

Af, ¥V h € S(D). In particular, Ty, o T, ,(f) = Af with A > 0 and if we
write Ty, o T, ,(f) = >_c(n)g" then

n

Tk +i+2v-1) nfr & ar,,r(n+ m)b(m) a(k,l,v,n,m)
eln) = I(k—1) (4m)+2v Z (n + m)k+ir2v=1 ’

m=1

where ar, ,(s)(n) is the n-th Fourier coefficient of Ty, (f) = [f, gl.. If a(my)

is the first non-zero Fourier coefficient of f then we have

k—
Dk+1+2v—1) m,

a(mo)l'(k —1) (4m)+2

N

i ar, (s (mo + m)b(m) a(k,l,v,mg, m)

A= (mo + m)FtHi+av=1

= 0.

m=1

Further, if we take [ = 0,k = 6, v = 0 with g(z) = 0(z) = Y. ¢"and
Ayg(z) = Tus(n)g" € S(I'o(4)) in map (II), then

> Lo (m—+1)b
Z aTG,O(A s )(m 11) (m> > 0 (3)
m=1 (m + 1>7

Now ag, y(aq)(m +1) is the (m + 1)-th Fourier coefficient of 6(2)A46(2) and
m+1

equals to ) b(r)7se(m + 1 — 7). Putting the value of ag, ja,¢(m + 1) in
r=1
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(4.4.1), we have

m241
oo Z_:l 7'4’6(7712 +1-— T'2)
Z (m?+1)2 >0

m=1 2

5. Remarks on Rankin’s Method

Rankin [30] showed that for any normalized eigenform f € Sy with Fourier
coefficients a(n) and any even integer | with g + 2 <1 < k—4, one has the

following identity

LHOL (= 1) = (-3t B,
where L}(s) = (2m)°T'(s)Ly(s) with Lg(s) = io:l af;:).

Zagier generalized the result of Rankin by taking any modular form instead
of Eisenstein series i.e., he computed (f, gF;), for f € Sky; and g € M. He
also considered the Rankin-Cohen bracket instead of product and proved the

following theorem.

Theorem 5. [37] Let I > k+2 > 2 and v > 0 be integers. Let f € Skiiion

and g € My, with Fourier coefficients a(n) and b(n) respectively. Then

T(k+1+2v— DT + 1) <= a(n)b(n)
(47)k++20=11 (1) Z R

{f:9, Erly) =

n=1

To prove it he writes [g, F}], as a linear combination of Poincaré series and
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then computes the Petersson scalar product. We observed that the method
of Herrero can be used to give a different proof of Theorem 5. We prove a

similar theorem for the case of Siegel modular forms of genus 2.

Theorem 6. Let k > 4,1 be natural numbers and v > 0 be a fized integer.
Let G € S)(T'y) with Fourier coefficients A(T) and F € Skijio,(I'2) with
Fourier coefficients B(T'). Then

(—]_>VF2(]€ + l —+ 2v — %) Z Cr707p(l€, l)

iy A(T)B(T)
27y _ P
<F’ [G’ Ek ]V> o (47T)2(k+l+u—§) Z (detT)k“J”’_%'

T>0
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Chapter 1

Preliminaries

In this chapter we give basic definitions and some properties of modular

forms, Jacobi forms and Siegel modular forms.

1.1 Notations

Let N, Z, Q, R and C be the set of natural numbers, integers, rational
numbers, real numbers and complex numbers, respectively. For z € C, Re z
denotes the real part of z and I'm z denotes the imaginary part of z. For any
complex number z and a non-zero real number ¢, we denote by e.(z) = e?7%/¢.
If ¢ = 1, we simply write e(z) instead of e;(2). Let H={r € C: Im 7 > 0}
be the complex upper half-plane. We denote by ¢ = e(7), for 7 € H. For a

complex number z, the square root is defined as follows:

Vz=|z \% 279 #, with — 7 <arg z <.

19
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We set 22 = (,/2)F for any k € Z. The full modular group SLs(Z) is defined
by
a

b
SLy(Z) = ca,b,c,d €7, ad—bec=1
c d

For a positive integer N, we denote the congruence subgroup I'o(IV) of SLy(Z)

as follows:

[o(N) = € SLy(Z) : ¢ =0 (mod N)

1.2 Modular forms for SLy(Z)

a b
The group GLj (R) = ca,be,d €R, ad —bc >0 p acts on H
c d
a b
via fractional linear transformations, i.e., for v = € GL3(R) and
c d
TEH
at +b
ST = :
7 cT +d
a b
Let k € Z and v = € GL$(R). For a complex valued function f
c d

define the slash operator as follows:

k
2

(f e v) (7) := (det )2 (e +d) ™ f(y - 7).
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Definition 1.2.1. A modular form of weight k for SLs(Z) is a holomorphic

function f: H — C satisfying

1. f |k Y= f, \V/’}/ S SLQ(Z), i.e.,

b a b
f (m il ) = (cr+d)F f(r), ¥y = € SLy(Z) and ¥r € H.
cT +d ¢ d

2. f is holomorphic at infinity, i.e., f has a Fourier series expansion of

[&.°]

the form f(1) = > a(n)q".

n=0

If we further have a(0) = 0, then f is called a cusp form.

We denote the space of all modular forms of weight k for SLy(Z) and the
subspace of all cusp forms of weight k for SLs(Z) by M}, and Sk, respectively.
For f, g € M, such that at least one of them a cusp form, the Petersson

scalar product of f and ¢ is defined as:
(ra) = [ soRE I
SLo(Z)\H

dudv

V2

where SLy(Z) \ ‘H is a fundamental domain and d*7 = (T=u+1iv)is
an invariant measure under the action of SLy(Z) on H.
Example. Let k£ be an even integer greater than 2. The normalized Eisen-

stein series Ej of weight k for SLy(Z) is defined as:

1 1
Eu(r) = = -
() 2 Z (mz +n)k
(m,n%EZg)—_{{0,0)}
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Then Ej, is a modular form of weight k for SL,(Z) with Fourier expansion

where 0;,_1(n) = > d*! and By’s are Bernoulli numbers defined by
dn

o0 k
x x
= Br—.
e —1 ; "k
The Fourier expansions of Ej, for k = 4,6, 8,10 and 12 are as follows:

Ey(r) = 14240) o3(n)q",
n=1

o0

Eg¢(T) = 1—504205(71)41”,

n=1
)

Ey() = 14480 o7(n)q",

n=1
)

Ep(r) = 1—264Zag(n)q",

n=1

Elz(’T) == 1+— Ull(n)qn.

Example. The Ramanujan delta function is defined as

1

A(r) = @(Ezl(ﬂg — Eg(1)?).
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A is a cusp form of weight 12 for SLy(Z) with Fourier expansion
Afr)=qJ—ag* =D 7(n)q",
n=1 n=1

where 7(n) is called the Ramanujan tau function.

Example. Let n be a be a positive integer. The n-th Poincare series of

weight k for SLy(Z) is defined by

Pen(r) = > ™y, (1.2.1)
€T 0 \S L2 (Z)

1 t
where ['y, := < &+ teZ ). Py is acusp form of weight k£ > 2

0 1

for SLy(Z) with Fourier expansion

Pen(7) = gm(n)q",

where

gn(n) = b0+ (157 (1) TS Ko <4W\£ﬁ> ,

m
c=1

and K.(m,n) is the Kloosterman sum defined by

2 '(naH— md‘1>
e C

Y
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and J;_1(x) is the Bessel function of order k£ — 1. The Poincafe series has the

following property: If f € Sy with Fourier expansion f(7) = > a(m)q™

m=1

then

Tk-1)
(4mn)e-t

We now define Hecke operators which send modular forms to modular

(f, Pen) = a(n). (1.2.2)

forms. Let n be a positive integer. For f(7) = > a(m)¢™ € My, the n-th

m

Hecke operator is defined by

T) = Z an(m

where a,(m) = > x(d)d*'a(Zg). If f € My (or Si), then T, f € M, (or
d|(m,n)

Sk). The family {7, : n € N} of Hecke operators is commuting. The Hecke

operators T,, acting on Sy, are self-adjoint with respect to the Petersson inner

product.

Definition 1.2.2. A cusp form is said to be an eigenform if it is simultaneous

eigenfunction for all the Hecke operators.

In the space of cusp forms Sy, there exists an orthonormal basis consisting
of eigenforms of all the Hecke operators T,.
Let f(z) € Sk, with Fourier expansion f(7) = > a(n)q™. We associate a

n=1

L-function to f defined by

L(s) := —. (1.2.3)
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This series converges for Re s > ¢+ 1, where ¢ = £ + . Define A(s) by

Ms) = ().

then A(s) extends to an entire function of s, and satisfies the functional

equation

A(s) =+ Ak —s).

Further, if f is an eigenform with Fourier coefficient a(n) then L¢(s) has an

Euler product

Ly(s) = [ J(1 = app +p717%) 70
p

1.3 Modular forms for ['y(V)

Definition 1.3.1. Let k be an integer and x a Dirichlet character modulo N.
A holomorphic function f :H — C is said to be a modular form of weight

k, level N and character x if

a b
L@ = x@re, vr= | e e
at +b a b
f =x(d)(ct +d)*f(1), Vv = e To(N).
(5Fra) =t s s, va= | er

2. f is holomorphic at all the cusps of To(N).

Further, we say f is a cusp form if f vanishes at all the cusps of To(N).
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We denote the space of all modular forms and the subspace of all cusp
forms of weight k, level N with character x on T'g(N) by M (To(N), x) and
Sk(To(N), x), respectively. If x is the trivial character, then we denote the
spaces as M (I'o(N)) and Sip(I'o(N)), respectively.

For f, g € My(T'o(N), x) such that at least one of them a cusp form, the

Petersson scalar product of f and ¢ is defined as:

1 — k
09 = @, J\H P (I

where I'g(N) \ H is a fundamental domain for the action of I'o(/N) on H.
The following lemma tells about the growth of the Fourier coefficients of

a modular form.

Lemma 1.3.2. [16] If f € M(To(N), x) with Fourier coefficients a(n), then
a(n) < [nf*7'*,

and moreover, if f is a cusp form, then
a(n) < |n|275te.

For more details on the theory of modular forms of integral weight, we

refer to [16, 20].
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1.4 Modular forms of half-integral weight

Let T' = Ig(4). For k € Z + % and v = € I define the slash

operator as follows:

where (2) is the Kronecker symbol.

Definition 1.4.1. Let k be an integer and x a Dirichlet character modulo 4.
A holomorphic function f :H — C is said to be a modular form of weight

k + % and character x for I' if

1 (flig) () = X(DFE), ¥ 7 = eT.

2. f is holomorphic at all the cusps of T'.

Further, we say f is a cusp form if f vanishes at all the cusps of T'.

We denote the space of all modular forms and the subspace of all cusp
forms of weight k + % with character xy on I' by MH%(I’, x) and Sk+%(F, X)s

respectively. The Petersson scalar product on .S, 11 (I, x) is defined as follows:

(f,9) = - (M)g(m)Im(r)F*2d"T.

The space Sy, 1 (T, x) is a finite dimensional Hilbert space.
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Definition 1.4.2. Let n be a be a positive integer. The n-th Poincare series

of weight k + L, where k € Z is defined by

29

Pk+%7n(7) = Z 62””7|k+%7. (1.4.1)

VET o\
It is well-known that Pp,1, € SH%(F) for k > 2 . This series has the

following property:

Lemma 1.4.3. Let f € Sk+%(F) with Fourier expansion

f(r) =) a(m)q™

=1

Then
T'(k— 3)

——=2a(n). 1.4.2
e L0 (142)

<f7 Pk+%,n> =

The following lemma tells about the growth of the Fourier coefficients of

a modular form.

Lemma 1.4.4. If f € Mk+%(F,X) with Fourier coefficients a(n), then
a(n) < |27,

and moreover, if f € Sk+%(F,X) s a cusp form, then

a(n) < |n|z .
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For more details on the theory of modular forms of half-integral weight,

we refer to [20, 34].

1.5 Jacobi forms

The Jacobi group I'V := SLy(Z) x (Z x Z) acts on H x C by

a b

ar +b z—l—)\T+,u)

O | () = (g 22T

c d

Let k, m be fixed positive integers. For a complex valued function ¢ on H x C

a b
and v = (N, p) | €77 define
c d
/\ 2
2mim <— C(Z AT —dl— 'u) +)\27+2)\z)
(Blkm) (7,2) = (7 + d) e or (v (,2)).

Definition 1.5.1. A Jacobi form of weight k and index m on I'Y is a holo-

morphic function ¢ : H x C — C satisfying the following:

Plemy = ¢, ¥y €T’

and having a Fourier expansion of the form

¢(Ta Z) = E C(Tl, T)qncr (q — €2Wi77 C — 627”2),
n,r€Z,
r2<dnm
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Further, we say ¢ is a cusp form if c(n,r) #0 = r? < 4nm.

We denote the space of all Jacobi forms and the subspace of all Jacobi cusp
forms by Ji,m and Ji P respectively. The Petersson scalar product of ¢, 1 €

J%*P is defined as :

/ (T, 2)0 Tz) e4ﬁvmdeJ,

dudvdzdy .

3 is an invariant measure under the action on '’ on
v

where dV; =
H x C with 7 =u+iv,2 = 2 + iy and 'V \ H x C is a fundamental domain
for the action of I'Y on H x C. The space (J;=F,(,)) is a finite dimensional

k,m >

Hilbert space.

Example 1.5.1. Let k > 4 be an even integer. The Jacobi Eisenstein series

of weight k and index m is defined as

+b z cz?
Eim d)~Fem (222 2 -
k(T 2) CdZeZ/\EZZCT—i_ ( c7'+d+ ctr+d er+d)’
(¢,d)=1
a b
where a and b are such that € SLy(Z). Then Ej,, is a Jacobi
c d

form of weight k and index m for T,

Example 1.5.2. Let m,n and r be fived integers with r* < 4mn. The (n,r)-
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th Jacobi-Poincaré series of weight k and index m is defined as

Pk,m;(n,r) (7’7 z) = Z 62ﬂi(n7+m)|k,m'}/- (151)
yerL A\
1 ¢
HereT'/ .= L0, p) | - top € Zp . It is well-known that Py n €
01

T for k> 2 (see [13]).
This series has the following property:
Lemma 1.5.2. Let ¢ € J,F with Fourier expansion

o(r,2) = Y eln,r)g"¢".

n,rez,
r2<4nm

Then
_ 2\ —k+32
y L kymsy(n,r)/) — m - yT), .0,
(&, Poominr)) = Qem(dmn — %) " "2¢(n, 1) (1.5.2)

where

mFE=2T(k — g)

Oppoy = ——————.

& ork=3

The following lemma tells about the growth of the Fourier coefficients of a

Jacobi form.

Lemma 1.5.3 (Choie, Kohnen [9]). If ¢ € Jg,m and k > 3 with Fourier

coefficients c(n,r), then

c(n,r) < |r?* — 4nm]k’%,
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and moreover, if ¢ is a Jacobi cusp form, then

c(n,r) < |r? — 4nm]§’%.

For more details on the theory of Jacobi forms, we refer to [11].

1.6 Siegel modular forms

Let Hy = {Z = X +1iY € My, (C) | Z"' = Z, Y > 0} be the Siegel upper

half-plane. Let I'; be the symplectic group Spsy(Z) of genus 2g defined as

0o, -1
T, = {M € Myy(Z) : MJyyM' = Jo,}, Joy = 7|, where O,
_Ig Og
and [, are zero matrix and identity matrix of order g x g, respectively. If
A B
M = e I'y with A, B,C,D € M,(Z), then AB* = BA" CD" =
C D
DC*', AD" — BC" = 1,. The group I'; acts on H, via
A
-7 =(AZ +B)(CZ+ D)%
A B
Let k be a fixed positive integer and M = € I'y. For a complex
C D

valued function F' on H,, define the slash operator

(F|xM)(Z) :=det(CZ + D) "F(M - Z), Z € H,.
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Definition 1.6.1. A Siegel modular form of weight k and genus g is a
holomorphic function F : H, — C satisfying F|,M = F, VM € Ty i.e.,
F((AZ + B)(CZ + D)™') = (det(CZ + D))* F(Z) and having a Fourier

expansion of the form

F(Z) =) A(T)em @2, (1.6.1)

T>0

where the summation runs over positive semi-definite half-integral (i.e.,2t;;, t;; €

Z) g x g matrices T.

We denote the space of Siegel modular forms of weight £ and genus g on
I'y by My(L'y). Further, we say F'is a cusp form if the summation in (1.6.1)
runs over positive definite half-integral matrices T. We denote the space of

Siegel cusp forms by Si(I'y).

T z
We now restrict to the case ¢ = 2. If Z € Hy, then Z =
z 7
n T
with 7,7 € H, 2z € C, and T = 2 with n,r,m € Z, n,m > 0,
T
2 m
2

and 72 < 4nm. Write F(7, z, 7') for F(Z) and A(n, r, m) for A(T), then

Fourier expansion of F' becomes

; !
F(r, 2z, 7) = E A(n, r, m)errinmtrztmr)
n,r,mez
n,m=0
dnm—r2>0
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Theorem 1.6.2. Let F' be a Siegel modular form of weight k and genus 2

and write the Fourier expansion of F' in the form

7'27' EgzﬁmTz%”mT

Then ¢y, 1s a Jacobi form weight k and index m, for each m.

One has the following estimate for the Fourier coefficients of Siegel cusp

forms of genus 2.

Theorem 1.6.3. [22, 23, 1] Let F be a Siegel cusp form of weight k and

genus 2 with Fourier coefficients A(T). Then
A(T) < (det T)k/2-13/36+e (e > 0). (1.6.2)
The Petersson scalar product on Sy (') is defined as

(F,G) = / F(2)G(Z)(det Y)*dZ,

T2\ H2

where F, G € Si(T'y), Z = X +iY and dZ = (det Y) 3dXdY is an invariant
measure under the action of I'y on Hs. The space (Sk(I'2), (,)) is a finite

dimensional Hilbert space.

Example 1.6.1. Let k > 4 be a fized even integer. Then the Eisenstein
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series of weight k and genus 2 is defined as

EP(Z)= > 1M
MeA\T';

I, S
Here A := ? : S € Moyo(Z), S* =S p is a subgroup of T'y. It is

0 I
well-known that E,(f) € My (Ts).

Example 1.6.2. Let k > 6 be a fixed positive integer and T be a fized
symmetric positive definite half-integral 2 x 2 matriz. Then the T-th Poincare

series of weight k and genus 2 1s defined as

Por(Z) = > @A (1.6.3)

MeA\Ts

Then Py is a Siegel cusp form of weight k and genus 2.
The Poincare series has the following property:

Lemma 1.6.4. [24] Let F' € Si(I'y) with Fourier expansion
Z A 271'2 tr(TZ)

T>0

Then
(F, Pox) = cp(det T) "3 A(T), (1.6.4)
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where

cr = 2/m(4m)3 20 (k — 3/2)I' (k — 2).

For basic theory on Siegel modular forms, we refer to [2, 27].

1.7 Rankin-Cohen brackets

There are many interesting connections between differential operators, and
modular forms and many interesting results have been found. Rankin [31, 32]
gave a general description of the differential operators which send modular
forms to modular forms. Cohen [10] explicitly constructed certain bilinear
operators using differential operators and obtained elliptic modular forms
with interesting Fourier coefficients. Zagier [38, 37| studied algebraic prop-
erties of these bilinear operators and called them Rankin—Cohen brackets.
Let k£ and [ be real numbers and v > 0 be an integer. Let f and g be two
complex-valued holomorphic functions on H. Define the v-th Rankin-Cohen

bracket of f and g by

/59l = ;(—1)”7" (Z) ngg?gﬁj?ﬂ D" fD" g, (1.7.1)

1 df

where D" f = @) drr

and I'(x) is the usual Gamma function.

Remark 1.7.1. We note that the 0-th Rankin-Cohen bracket is the usual

pI‘OdUCt, i'6'7 [f7 g]O = fg
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Remark 1.7.2. One has the following property:

ey, glv)e = [f, 9)lksir2ny, VY €T (1.7.2)

Theorem 1.7.1 (Cohen [10]). Let v > 0, be an integer and f € My(T, x1)

and g € Ml(F7X2>' Then [fv g]u € Mk+l+2u(rv XlXQX);

1, if both k,l € Z,
X", ifk€ZandleZ+ 3,
where x =
Ly, ikaZqL%andleZ,
X =X if both k,l € Z+ 3.

MOT’@OU@T, ZfV > O, then [fa g]l/ € Sk+l+2u<F7X1X2X)' In fCLCt, [ ) ]y s a
bilinear map from My (T, x1) X Mi(T, x2) to Myyi10.(I', xax2x). Here x_4 is

—4
the character defined by x_4(-) = (—) .

1.7.1 Rankin-Cohen brackets on Jacobi forms

Rankin-Cohen brackets for Jacobi forms were studied by Choie [6, 7] by using

the heat operator. For an integer m, we define the heat operator
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Let ki, ko, m; and mqy be positive integers and v > 0 be an integer. Let ¢
and 1 be two complex-valued holomorphic functions on H x C. Define the

v-th Rankin-Cohen bracket of ¢ and ¢ by

oot i= o (M) (T b, 012200
- (1.7.3)

We note here that z! = I'(z + 1).

Remark 1.7.3. Using the action of heat operator, one can verify that

[¢’k1,m17; w|k2,m27]11 = [¢7 w]|k1+k’2+2v,m1+m277 V’}/ € FJ' (174)

Remark 1.7.4. If v > 0 and ¢; € Jy, m, (or Jiyr ), i = 1,2 then

[¢17 (]52}1, € Jk1+k2+2um1+mz (Or Jlg?i22+2u,ml+m2>v

and if v > 0, then

cusp
[¢1a ¢2]l/ € ‘]k1+k2+2u,m1+m2'

In fact, [, |, is a bilinear map from Jy, 1y X Jiyms 0 Jiy kot 20.my +mo-

Remark 1.7.5. We note that the 0-th Rankin-Cohen bracket is the usual

product of Jacobi forms i.e., [@, ¥]o = ¢1b.
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1.7.2 Rankin-Cohen brackets on Siegel modular forms

of genus two

Rankin-Cohen brackets for Siegel modular forms of genus two were studied
in [3] explicitly and existence of recursion formula in [12] for general genus.
Let k, | be positive integers and v > 0 be an integer. Let F' and G be
two complex-valued holomorphic functions on H,. Let ID be the differential

operator defined by

0 0 0? T Z
D:.= 4E¥—@, for Z = ) EHQ

Define the v-th Rankin-Cohen bracket of F' and G by

= Y Croplk, 1) DD (F)D*(G)), (1.7.5)

r4+s+p=v

where
(k+v—=3/2)sp (I +v—=3/2)pp (=(k+1+v—3/2))rys
Cr,s,p(k’ l) - | 1 | )
7! s! p!
and
@m= ][] (-9
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Remark 1.7.6. One has the following relation

[F|kM, G’lM],, = [F, G]|k+l+21,M, VM €T1s. (176)

Remark 1.7.7. If F' € My(I'y) and G € M;(I'3), then

[Fa G]V € Mk+l+2u<r2)'

Moreover, if v > 0, then

[F7 G]I/ S Sk+l+2u(r2)'

In fact, [, |, : Mp(Ty) x M;(T's) — Myyy40,(I'2) is a bilinear map.

Remark 1.7.8. The 0-th Rankin-Cohen bracket is the usual product i.e.,
[F,Glo = FG.



Chapter 2

Adjoint of some linear maps on

Jacobi forms

2.1 Introduction

Let k and [ be positive integers. Let f(7) = > a(m)¢™ € Sk and g(7) =

m

> b(m)g™ € S;. For a positive integer n, define a Dirichlet series as follows:
m

> a(m +n)b a(m + n)b(m)
L gin(s) Z e (2.1.1)
=1

Using Deligne’s estimate one can see that the series Ly ,.,(s) is absolutely

%. Using the existence of adjoint map and prop-

convergent for Re(s) >
erty of Poincafe series, Kohnen [21] constructed certain cusp forms whose

Fourier coefficients involve special values of the Dirichlet series (2.1.1). More

41
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precisely:

Theorem 2.1.1 (Kohnen [21]). Let k and | be a positive integers with k >

[ +2. Let f € Sy and g € S; with Fourier expansions

f(r) = Z a(m)q™ and g(1) = Z b(m)qg™.

m=0 m=0
Then the function
Tr(f)(r) =Y 0¥ ' Lygu(k+1—1)q"
n=1

is a cusp form of weight k for SLy(Z). In fact, the map Sk — Sy defined by
k+1-1) _ o

Ty T, :
[ 0k — 1)(dn) o (f) is the adjoint of the map Ty : Sy, — Sky1, h — gh,

with respect to the Petersson scalar product.

Recently the work of Kohnen has been generalized by Herrero [14], where
he computed the adjoint of the linear map constructed using Rankin-Cohen
brackets instead of product by a fixed modular form. More precisely, for a

fixed g € M; and an integer v > 0, consider the linear map
Tg,u : Sk — Sk+l+2ua

defined by
Tgw(f) = [fa g]n

Herrero computed the adjoint map of Ty, , with respect to the Petersson scalar
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product which involves special values of certain Dirichlet series of Rankin-
Selberg type similar to (2.1.1) with additional factors arising due to the

binomial coefficients appearing in the Rankin-Cohen bracket.

Theorem 2.1.2 (Herrero [14]). Let k > 6 and | be natural numbers and

v>=0. Let g(1) = > b(m)q™ € M,. Suppose that either (a) g is a cusp form
m=0

or (b) g is not cusp form and | < k — 3. Then the image of any cusp form

f € Sktiran with Fourier exzpansion f(1) = > a(m)q™ under T, is given

g,V
m=1
by
T, (D7) = Bk, Lvin)Lygun()d",
n=1

D(k+1+2v—1) nk1
D(k —1)(4m)+2
s the L-function associated with f and g, defined by

where v =k +1+2v—1, B(k,l,v;n) =

and Lf7g71/’n

Lygun(s) = i aln + m)mi&];l, v,n,m) , se€C (2.1.2)
with a(k,l,v,n,m) = ;(—1)”’" ) F(rl;:(i—:);)(l;gij?r)ﬂm”r

Remark 2.1.1. The result of Kohnen (Theorem 2.1.1) and Herrero (Theo-

rem 2.1.2) can be generalized to modular forms for congruence subgroups.

The work of Kohnen (Theorem 2.1.1) has been generalized by Choie, Kim
and Knopp [5] and Sakata [33] to the case of Jacobi forms. Choie, Kim and
Knopp [5] constructed Jacobi cusp forms whose Fourier coefficients involve

special values of certain Dirichlet series of Rankin type. For a fix ¢ € Jj
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(modular form of weight 1), consider the linear map

. cusp cusp
ch : ‘]k,m ’ Jk+l,m>

defined by
Ty(¥) = o¢.

Choie, Kim and Knopp [5] computed the adjoint of T, with respect to the
Petersson scalar product. The Fourier coefficients of the image of a cusp form
¥ under the adjoint of T}, involves special values of certain Dirichlet series of

Rankin-Selberg type attached to ¢ and 1.

Theorem 2.1.3. [5] Suppose that k > 5 and | > 0 and ¢(7,2) € Ji}3, with

Fourier expansion

o(r,2) = Y aln,r)g"¢,

n,reZ
r2<dnm

and g € J;o with Fourier expansion

g(r) = S b(n)q"

Then
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is a Jacobi cusp form of weight k and index m, where

c(n,r) =

(4mn — r2)F=32miD (k + 1 — 3/2) Z a(i +n,7)b(i)
m'L(k —3/2) — (dnm + dim — r2)k+H=3/2"

1>1

Sakata [33] generalized Theorem 2.1.3 by computing the adjoint of the map

T, for any Jacobi form ¢. More precisely:

Theorem 2.1.4. [33] Suppose that k1 > 4 and ky > 3 and my, ms € N. Let

cusp . . .
G1(7,2) € S Vg myvmy With Fourier expansion

oi(r,z) = > aln,m) ¢"C,

ni,r1€%
7“% <4n(mi+ma)

and ¢o(7,2) € Ji°F with Fourier expansion

$a(r,2) = Y blna,m) ¢"C.

no,ro€Z
2
ry<4nsms

Then
T;2(¢1)(T> Z) = Z C(”v r)qngr

n,reZ
r2<dnm,

is a Jacobi cusp form of weight ki and index mq, where

(4m1n — r2)k1_3/2(m1 + mg)k1+k2_2F(/€1 + kg — 3/2)

c(n,r) = —
(n,7) e 20k — 3/2)
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X Z a(n—l—nl,r—i—rl)m
€L (4(m1 +ma)(n +na) — (r +rp)?2)kathe=s/2"
7‘%<,4n1m2
(r+r1)2<4(mi+ma)(n+ny)

In this chapter, we generalize the work of Herrero to the case of Jacobi forms,
which generalises the work of Sakata [33]. First we state the theorem and
prove a lemma which is needed for the convergence and then we give a proof

of the main theorem.

2.2 Statement of the result

For a fixed ¥ € J;7? and an integer v > 0, consider the linear map

. rcusp cusp
T"LW” . Jk‘l,ml — Jk1+k2+2u,m1+m27

defined by
Tyu(9) = [:¥]u,

where [¢, 1], is the v-th Rankin-Cohen bracket of ¢ and v defined in (1.7.3).
Then Ty, is a C-linear map between two finite dimensional Hilbert spaces

and therefore has an adjoint map

% . TCusp cusp
Twﬂ/ : Jk1+k2+21/,m1+m2 - Jk17m1
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such that
<¢7T¢:V<w)> = <TQZ,V(¢)7W>7 v¢ S Jg?iig+2u,m1+m2 and w e Jg?j’il
We exhibit the Fourier coefficients of T} ,(¢) for ¢ € J' o, . . These

coefficients involve special values of certain Dirichlet series associated to ¢

and 1. Now we state the main theorem.

Theorem 2.2.1. [17] Let ki > 4,ky > 3,my and my be natural numbers.

Let € Jy o with Fourier expansion

Y(r,2) = Z a(ni, ri)g" ¢

ni,r1€%Z,
r%<4m2n1

qusp

Then the image of any cusp form ¢ € Ji. [ o) i vms

with Fourier expansion

o(1,2) = D b(na,ra)g™(

ng,ro€Z,
r% <4(m1+ma)na

under T  is given by

N4

75, (0)(m2) = > clnr)g'¢,

n,rez,
r2<dmin
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where

(4myn — 129173 (my + my) Pt 2T (k) + ky + 20 — 3)

hat+2v mllﬂ -2 F(kil o %)

cy(n,r) =

X Z Ay(ky,my, kg, mo; v)(dman — r2)!
=0
y Z (4maony — r2)*“la(ny, r)b(n + ny,r + 1)
(A + ) ) — (74 7P

ni,r1 €%
r%<4m2n1
(r+r1)2<4(mi+mz)(n+ni)

and

ky+v—23\ [k +v—2 _
Al(klam17k27m2;y) = (_1)l( ! 2)( ? l Q)mlll lml2‘

v—1

Remark 2.2.1. Using Lemma 1.5.3 (as given in Remark 3.1 in [33]) one can

show that the inner sum of the series converges for k; > 4 and ky > 3.

2.3 Proof of Theorem 2.2.1

We need the following lemma to prove the Theorem 2.2.1.

Lemma 2.3.1. Using the same notation as in Theorem 2.2.1, we have

—47(my + ma)y?

Z | (7, 2)[e2milnr+r2) ||y, w]yvk1+k2+2ue v | dV;

JA\TY
VELSAD I'\HxC

CONVeErges.
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Proof. Changing the variable (7, z) to v~1.(7, z) and using Remark 1.7.3, the

sum equals to

—47m(mq 4+ ma)y?

E / 7— Z 627rz(n7'+rz) 77D]Vvkl-f—kg-ﬂue v |dVJ

YETLAL ~.TI\HxC

and using Rankin unfolding argument, the last sum equals to

—47(my + ma)y?

/ | ¢(7—7 Z)[€27ri(n’r+rz)’ ¢]Vvkl+k2+2y€ v | dVJ
T \HxC

Now replacing ¢ and v with their Fourier expansions and using the definition

of Rankin-Cohen brackets, the last integral is majorized by

ZAl(klamla ko, mo; v) Li(k1, ko, ma, ma, vin, ),
=0

where

I(kla k2’m17m27 l/ 7’L T / Z Z| 4m1n /rn 4m2n1_7a%) -1

ng,ro€7Z, n1,r1€ZL
X(C K I
A 2<4(m1—|-mg)nz r%<4m2n1

—4m(my + mo)y?

2mi((n+n1+n2)7+(r+r1+r2)z) | Uk1+k2+21/6 v dVJ

X a(ny,r1)b(ng, ro)e

Now it suffices to show that the integral Z;(ky, ko, my, ms, v;n, 1) is finite for

each I. We choose a fundamental domain for the action of I'Z, on H x C
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which is given by ([0, 1] x [0,00]) x ([0,1] x R) and integrating over it, we

have

4(my + my)r ket 22D (k) 4 ko 4+ 20 — 3/2)
7-[-k1+k2+21/—3/2

Il(k17k27m17m27 V;?”L,T‘) S

Z Z (4min — r2)(dmaony — r2)"Ya(ny, r1)b(ng, 72)|

nara€Z,  m nez 8(my +ma)(n +mny +ng) — (r + 11 + 1ro)2)k1that2r—3/2"

r2<4(mi+ma)ng r2<dmang
Using the growth of the Fourier coefficients given in Lemma 1.5.3, the above

series converges absolutely, which proves the lemma. O

We now give a proof of Theorem 2.2.1. Write

Tw*,y(¢) (7_7 Z) - Z Cy (n’ ’r)anr‘

n,re€”z,
Amin—r2>0

Now, we consider the (n,r)-th Poincare series of weight k; and index m; as

given in (1.5.1). Using Lemma 1.5.2, we have

<T$,u¢a Pkl,ml;(nﬂ“)> Qky,my <4m1n -r ) klc (n> T)?

where

akl,ml -

my T (ky — 2)
o3 .

On the other hand, by definition of the adjoint map we have

<Tzz7u¢7 Pkl,ml;(nﬂ")> = <¢> T1/J,V<Pk1,m1;(nﬂ"))> = <¢7 [Pklymﬂ(nﬂ')’ w]l/>
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Hence we get

(4min — r2)ki—2

Cky,my

C,,(?”L, T) = <¢? [P/ﬂ,ml;(n,r)? w]u> (2'3'1)

By definition, (&, [P, my;(nr), ¥]y) equals

—47(my + mo)y?

o(T, 2) [Pkl,ml;(mr), w]yvk1+k2+2” e v dVy
I\HxC
—4m(mq 4 ma)y?
= [omal X @y, g0y,
T\HXC YELLALY
—4m(my + my)y?

- / ¢(T’ Z) Z [62ﬂi(nT+W) ‘k’1,m1 v, w]yvk1+k2+2ye v dVJ

DI\HXC TELLAL

—4m(my + ma)y?

= / Z (b(T’ Z)[e2m'(m'+rz) |k1,m1 o w]yvk1+k2+2ye v dVJ
DI\HxC ~yelrZ A\l

By Lemma 2.3.1, we can interchange the sum and integration in (¢, [Pe, my:(n.r), ¥]v)-

Therefore (¢, [Py m,;(nr), ¥]w) equals to

—4m(my + mo)y?

Z / o7, 2)[e2ritnm+ra) ||y w]yvkﬁk?””e v avy.
VEF&\FJFJ\HX(C

Using the change of variable (7,2) to v~! - (7,2) and using Remark 1.7.3,
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<¢7 [Pk1,m1;(n,r)7 w]y equals

—4m(mq 4+ ma)y?
Z o(7, z)[e2milnT+72) w]yvk1+k2+2ue v V.

J J
VELLNY P xc

Now using the Rankin-Selberg unfolding argument, (¢, [P, my;(n,), ¥]v) equals

—47m(mq 4+ ma)y?

/ ¢(T7 Z)[e%z‘(rw—&-rz)’ 77Z)]Vvkrl—kg—i-be v dVJ

TL\HxC
- k1—|—V—§ k2—|—l/—§ v
= Jomasyu (T T
IL\HXC (=0
—47(my + ma)y?
% L£n1 (eQﬂi(nTJrrz))LZl;l(w)vkl-i-kz-i-?Ve v A%

14

= Z Al(k17 mq, kQ, maoj I/) / qb('r, Z)L£n1 (e27ri(nT+TZ))

=0

I'J\HxC

—47(my + mo)y?

y vaﬁ-kﬁ-?ve v dV;. (2.3.2)

The repeated action of heat operators L,,, and L,,, give

Linl (627ri(n7'+7"z)) _ (4m1n . 7,,2)l627ri(n'r+rz)’

Lfn;l(zﬂ) = Z a(ny,r)(4mong — rRyv-lgmilmrEriz),

n1,r1€ZL
4m2n1—7‘%>0
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Now replacing ¢ and ¢ by their Fourier series in (2.3.2), (&, [P, my;(nr)s ¥)

equals

Z Ar(ky, ma, ko, mos v / Z Z(4m1n — ) (dmany — )"

7 no,r2€ZL, ni,r1€%Z
FOO\HX(C 2<4(m1+m2)n2 T1<4m2n1

—4m(my + ma)y?

a(ni, 71)b(ng, )€™ (M2 T2 e2mi(mr i) g2milnT ra)g kiRt v dv;
(2.3.3)
=Y Ai(ki,my, ko, mo;v) Z Z(4m1n — ) dmany — r3)La(ng, )
=0 no,ro€Z, ni,r1€%
r%<4(m1+m2)n2 7"%<4m2n1
—4m(my + mo)y?
b(ng, 77) / e2mi(n2THr27) eami(maTdriz) g2milnT4rz) k1 thatve v dvy.
'L \HXC
(2.3.4)
Putting 7 = u + v, 2 = & 4+ 1y, (@, [Prymy;(n,r)» ¥]v) equals
ZAI k1, my, ko, ma; v Z Z 4min — r2) (4mony — r3)"a(ng, r1) b(ng, ry)

ng,ro€Z, n1,7"1 €7
r2<4(mi+ma)ng r?<dmany

—4m(my + ma)y?

/6—2ﬂv(n2+n+n1)e—?ﬂy(r2+r+r1)62m’(r2—r—rl)z‘eZﬂ'i(nz—n—nl)uvk1+k2+21/€ v va

IJ\HxC

(2.3.5)
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A fundamental domain for the action of the group '/, on H x C is given by
([0,1] x [0, 00]) x ([0, 1] x R). Integrating over this region, (&, [Pe, m;(n.r), ¥lv)

equals

Z Ar(ky,ma, ko, mo; v) Z Z (4man — r2) (dmgny —17)"™!
1=0

n2,r2€Z, n1,r €L
r2<d(mi+mo)ne ri<dmong

1 ) 1 00
X a(nh 7“1> b(n2’ 7“2) / / / / 6_27”’(”24"’14‘”1)6—27Fy(7“2+7"+7“1)627rz('r2—'r—r1)z
0 0 0 —0o0

—4m(my + mo)y?
« e2milna—n—ni)u, ki+kat20-3 v dudvdzdy.

Integrating on = and u, (¢, [Pk, m,;(nr), ¥]v) equals

Z Ai(ky,my, ko, ma; v) Z (dmyn — r2)l(4m2n1 — r%)”_lb(n +ny, 7+ 11)

=0 ni,r1€%
7‘%<4m2n1
(r+r1)2<4(mi+msz)(n+ni)

—4m(my + ma)y?

00 oo
a(nl, rl) / / 6747rv(n+n1)6747Ty(r+r1)vk1 +k2+21/736 v dyd?]
0 —00

Integrating over y, we have

(r+m7)%
0 il (e )y (1 Em2)Y? " my + ma
/ G )dy _yue . (2.3.6)
- 2v/my + my
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Substituting the value on (2.3.6) and integrating over v, we have

(ry +7)%

/OO e—4:7rv(n—l—n1)Ukl—i-kz-‘,-21/—3\/5 e i +ma dv
0 2\/m1 + Mo (237)

1 (o + mg) 22Dy + Ky + 20 — 3)

= 2ﬂ_k1+k2+2uf% (4(n + n1>(m1 + mZ) _ (7“ + r1)2)k1+k2+2y,%.

Putting the value of integral (2.3.7) in (2.3.6), (&, [Pk, my;(n,r)s ¥v) equals

(m1 + mg)k1+k2+2”_2F(k1 + k’g + v — %
27Tk1+k2+2l/—%

)ZAl(klambk%mZ;V)

1=0
" Z (dmin — r?) (dmany — r2)"la(ny, r)b(n + ny,r +1y) |

(4 ) (s +ma) — (a2

ni,r1€%Z
r%<4m2n1

(r+r1)?2<4(mi+ma)(n+ny)

(2.3.8)

Now substituting (@, [Pr, m:(nr), ¥]y) from (2.3.8) in (2.3.1), we get the re-

quired expression for ¢, (n,r) given in Theorem 2.2.1.

2.4 Applications

qusp

In this section we give some applications of Theorem 2.2.1. Fix ¢ € J "

and suppose that J"" is one-dimensional space generated by f(, 2), then

applying the above theorem we get T (¢)(7,2) = asf(7,2) for some con-

qusp

oy kot 20my +my- NOW equating the (n,r)-th Fourier

stant «, and for all ¢ €

coefficients both the sides, we get relation among the special values of Rankin-
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Selberg type convolution of the Jacobi forms ¢ and ¢ with the Fourier coeffi-
cients of f(7, z). For example, taking ¢ = ¢191 = ﬁ(E6E471—E4E671) € Jiot
and ky = 12,m; = 1 (Ji57 is one-dimensional space generated by ¢12,1) where

12,1 = ﬁ(EzEM — E¢Es 1), we have the following relation:

2

EV: A(12,1,10, ;) (4n — 1) Y (4ns — i) afr, r1)bln &, 7+ 1)
=0

(8(n+mny1) — (r+ 7«1)2)22”,,,%

— n1,r1 €L
4nq 77*% >0

8(n+n1)—(r+r1)2>0
= agc(n,r)

for all n,r € Z such that 4n —r? > 0, where a(p, q), b(p, q) and c(p, q) are the
(p, q)-th Fourier coefficients of ¢191,¢ and ¢121, respectively. In particular
taking v = 0 in the above example, we get the special value of Rankin-Selberg

type convolution of ¢19; and ¢ in terms of Fourier coefficients of ¢4, i.e.,

mb(n +ny,r+ rl)
2 T = agc(n, 7).
n1,r1€Z 8(n+mny)—(r+mr)?)=

4nq —7‘% >0
8(n+n1)—(r+r1)2>0



Chapter 3

Adjoint of some linear maps on

Siegel modular forms

3.1 Introduction

The work of Kohnen [21] has been generalized by Lee [25] to the case of
Siegel modular forms to construct certain Siegel cusp forms. Lee computed
the adjoint map with respect to the Petersson scalar product of the product
map by a fixed Siegel cusp form. The proof uses Poincare series of two
variables and the holomorphic projection operator developed by Panchishkin

[28].

Theorem 3.1.1. [25] Let F' € Sy (T'y) with Fourier expansion

F(Z) _ Z B(T)ezm(tr(TZ))7

>0

57
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and G € S)(I'y) with Fourier expansion

E A 27r1 tr(TZ2))

>0
Then
Z C 27r'L tr(TZ))
>0
with 0(r) < I Tk 1= 5 o~ A(S + 7))

(4m)ol=(o=1)/2T  (k — 2£1) (det(S + T))ktt=g’

5>0

18 a Siegel cusp form of weight k and genus g, where
Ly(o) = / e " (det Y)Y ~UTV2qy, for Re(o) > (g +1)/2,  (3.1.1)
Y

and Y ={Y € M,,(C) | Y=Y > 0}.

In this chapter, we generalize the work of Herrero [14] and Lee [25] to the

case of Siegel modular forms of genus two.

Let F' € Si(I'y) and G € S(I'y) with Fourier coefficients A(T") and B(T)
respectively, then for a fixed positive definite 2 x 2 matrix S and a non-
negative integer m, define the Dirichlet series Lz g.s,, as follows:

det (T)"A(T + S)B(T)
2 (det (T +8))°

Lpcsm(o) = (3.1.2)

T>0

The above series converges for Re(o) > k“ —m+ 1z 18 We use the Rankin-

Cohen bracket of Siegel modular forms of genus 2 and special values of the



3.2. STATEMENT OF THE RESULT 99

above series to construct Siegel cusp forms. First, we state the theorem and

give the proof, then we give some applications.

3.2 Statement of the result
For a fixed G € S;(I'z) and an integer v > 0, consider the map
Ta : Sk(T2) = Sy (I2),

defined by
T, (F) = [F,G],,

where [F, G], is the v-th Rankin-Cohen bracket of ' and G defined in (1.7.5).
Then T, is a C-linear map between finite dimensional Hilbert spaces and

therefore has an adjoint map

T¢., ¢ Skriran(T2) — Sk(Ta)

given by

(F, T, (H)) = (Tg, (F), H), VF € Siy110,(Ta) and  H € Sy(Ty).

We explicitly compute the Fourier coefficients of T¢; ,(F) in terms of the

special values of Dirichlet series defined in (3.1.2).

Theorem 3.2.1. [18] Let k > 6,1 be natural numbers and v > 0 be a fized
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integer. Let G € S;(I'y) with Fourier expansion

Z A 27Tz(tr (Th Z)

T1>0

Then the image of any cusp form F € Siii19,(I'2) with Fourier expansion

Z B 27rz tr( TQZ))’

To>0
under 1¢, , is given by
TG , Z C 2m(tr (TZ))
>0
where
C(T) = alk,L,v) > Cropk,1)(det )" Ly (k++2v—(p+3/2)),
r+s+p=v
with

(=1)"Ty(k +1+42v —3/2)
2/ (k = DLk = 2)(An)

Remark 3.2.1. Using the estimate given in Theorem 1.6.3, one can show that

alk,lv) =

the above series converges absolutely.

3.3 Proof of Theorem 3.2.1

We need the following lemma.
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Lemma 3.3.1. Using the same notation as in Theorem 3.2.1, the sum

> |F(2)[e2 @) [, M, Gl,(Z) (det V)2 |dZ
MEA\FQ FQ\HQ

CONVETGES.

Proof. The proof is similar to Lemma 2.3.1. [

Now we give a proof of Theorem 3.2.1. Write

TC;V(F)(Z) = Z C’(T)e27ri(tr(Tz)).
>0

Using Lemma 1.6.4, we have
(T}, F, Por) = ex(det T)™*20(T),

where

cr = 2/ (A7) 2T (k — 3/2)T(k — 2).

On the other hand, by the definition of the adjoint map we have
(1, F, Per) = (F,Tg,(Prr)) = (F, [Per, Glo)-

Hence we get
(det T)*—3

Ci;

O(T) = (F, [Por, Gl). (3.3.1)
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By definition,

(F,[Pyr, G, = / F(2)Pyr, G, (Z) (det V)2 qz

T2\ H2

= / Y F(2)[e T |, M, G,(Z) (det V) dZ.
FZ\HZMEA\FQ

By Lemma 3.3.1, we interchange the sum and the integration in (¥, [Py r, G],),

which gives

(F.[Pr.Gl) = > F(2)[e2trTZ) |, M, G, (Z) (det Y )<+ 4z,

MEA\FQ F2 \7‘[2

Using the change of variable Z to M~! - Z in each integral and using Re-

mark 1.7.6, we get

(F,[Pyr,Gl,) = Z F(2)[ez @) G,(Z) (det Y)k;+z+2de‘
MeA M -T2\ Ho

Using the Rankin-Selberg unfolding argument,

(F, [Pk,T7 Gl,) = / F(Z)[e?”i(tT(TZ))7 Gl,(Z) (det Y))k+l+2udZ

A\Ha

= / F(Z) Y Cruplk, DD (7 TENDS(G(Z))) (det V)2 dZ
A\Ha r+s+p=v



3.3. PROOF OF THEOREM 3.2.1 63

Z Cr,s,p(k, l) / F(Z) DP(DT(GQW’L (tr(TZ)) )Ds(G(Z))) (det Y)k+l+2de.
r+s+p=v AVH,

(3.3.2)

The repeated action of the operator D gives

Dr(€27ri(tr(TZ))) _ (47T’i)2r(d€t T)r627ri(tr(TZ))’

D*(G(Z)) = (4mi)* Y~ A(Ty)(det Ty) e T2,

T, >0

Now replacing F' and G by their Fourier expansions in (3.3.2), we have

r+s+p=v T2>0

(F,[Pyr,G,) = (4mi)* ZC”P (k,1)(det T) /(Z B(Ty)e*™ t?"(TzZ)))
A\Ha

X (Z (det Tl)s(det(T + Tl))pm€_27riw> (det Y)k+l+2de

T1>0

= (4mi)* Y Craplk,D)(det T)" > > " (det T1)*(det(T + Ty))" A(Ty)B(T)
r+s+p=v To>0T1>0
% / 627ri(tr(TQZ)) 6—27ritr(T+T1)Z(det Y)k+l+2udZ

A\Ha2

= (4mi)* Y Crop(k, D)(det T)" Y Y " (det Ty)*(det(T + T1))" A(Ty)B(T3)

r+s+p=v To>0T1>0
< /627ri(tr(T2—(T+T1))X)))6—27r(tr(T2+T+T1)Y) (d€t Y>k+l+21/ dXdy (333)

det (Y)3
AVHo

We know that the set F:={Z =X +iY € Hy | X € X, Y € Y} is a funda-
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mental domain for the action of A on Hs, where

and

Y = {Y € My,»s(C) | Y =Y >0}

Integrating over this fundamental domain, (F, [Py r,G|,) equals

(4mi)™ > Crp(k,D)(det )" N " (det T1)*(det(T + T1))" A(T1)B(Ty)

r4s+p=v To>0T171>0

/ / 627ri(tr(T2—(T+T1))X))) 6—27r(t7‘(T2+T+T1)Y) (det Y)k+l+2y_3dXdY.
xJy
Integrating on X first, (F, [Py, G],) equals

(4mi)* Y " Craplk, D) (det T)" Y (det Ty)*(det(T + T1))? A(Ty)B(T + T4)

r+s+p=v T1>0

/ e 4 (tr(T+T)Y) (det y)k+l+2v—3dy (3.3.4)
Y

Now integration over Y gives

Ly (k41420 —3)

(det (4m(T + Ty)))F++2v=s
(3.3.5)

/ 6747r(tr(T+T1)Y) (det Y)k+l+2l/f3dY _
Y
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Substituting the value from (3.3.5) in (3.3.4), (F, [Py, G],) equals

Ty (k4+1+20—3 s
(1) o (k+1+ v Q)ZCT,S,p(k,l)(detTYZ (det Ty) A(TI)B(T+T13)'
(4r)2k+1Hv=3) (det(T + Ty))kti+2v=(pt3)

(3.3.6)

r+s+p=v Ty >0

Now substituting (F, [Pyr, G],) from (3.3.6) in (3.3.1), we get the required

expression for C(T') as given in Theorem 3.2.1, which completes the proof.

3.4 Applications

Fix G(Z) € S;(I'y) and suppose that Si(I'e) is the one-dimensional space
generated by F'(Z). Then by Theorem 3.2.1, T¢, ,(H)(Z) = agF'(Z) for some
constant ag and for all H € Sii;49,(I'2). Now equating the T-th Fourier
coefficients both the sides, we get a relation among the special values of the
associated Dirichlet series Ly g.7m (3.1.2) with the T-th Fourier coefficients
of F(Z). For example taking G = 9 the Igusa cusp form of weight 10
(see [15], p.195) and H = x%,, then T*

2y _
¥ 10.0(XT0) = yypXx10 for some constant

Qty,, and then equating the T-th Fourier coefficients on both sides, we get a
relation among the special values of the associated Dirichlet series Lyz2 .70
with the T-th Fourier coefficients of x1o. Similarly taking G = y10 and H =
Yoo (the Hecke eigenform of weight 20, see [35], p.390) then T, (Ta0) =
ByioX10 for some constant f3,,, and then equating the T-th Fourier coefficients
on both sides, we get a relation among the special values of the associated

Dirichlet series Ly, y 07,0 With the T-th Fourier coefficients of 1.



Chapter 4

Adjoint of some linear maps on
modular forms of half-integral

weight

4.1 Introduction

The modular forms of half-integral weight was developed by Shimura [34]
and the Rankin-Cohen bracket was studied by Cohen [10]. In this chapter
we extend the result of Herrero to the case of modular forms of half-integral
weight. We first state the main theorem and give a proof, then we give an
application to the non-vanishing of special values of certain Rankin-Selberg

convolution of modular forms.

66
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4.2 Statement of the result

Let I' = T'y(4), g € MH%(F,XQ) and h € M;(T', x2) Consider the following

linear maps:
(I Ty : Sk+%(r) — Skyirav+1(L, X2x), defined by Tg,l/(f) = [f. 9)v,
(II) Ty, : Si(l') — Sk+l+2u+%(rv x2X), defined by T, (f) = [f, glv,
(HI) T+ Spya (D) = Syyipanrr (I, x2x), defined by Ty, (f) = [f, bl

(IV) Th,l/ : Sk:(F) — Sk+l+2l/(r> XZ) defined by Th,u(f) = [f7 h]m
where [, ], is the v-th Rankin-Cohen bracket defined in (1.7.1).

Herrero [14] computed the adjoint of the map in (IV) for I' = SLy(Z) and x»
the trivial character. We exhibit explicitly the Fourier coefficients of T, ,(f)
for f € Skiirou+1(L, x2x) in (I). The analogous results for the maps in (II)
and (III) are given in remark 4.2.1. These involve special values of certain
Dirichlet series of Rankin- Selberg type associated to f and g. We now state

the theorem for the map in case (I).

Theorem 4.2.1. [19] Let k and | be natural numbers and v > 0. Let g €

MH_%(F,XQ) with Fourier expansion g(1) = Y, b(m)q™. Suppose that either
m=0

(a) g is a cusp form and k > 2 or (b) g is not cusp form and !l < k — % Then

the image of any cusp form f € Skiiiov+1(L, x2x) with Fourier expansion

f) =3 alm)g™,

m=1
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under T, is given by

Ty, (f)(7) =Y Bk, Lvin)Lygun(1)d", (4.2.1)

where
T(k+1+2v) nb2

=k+1+2v, k.l,v;n) = -
v B( ) F(k _ %)(47‘,)l+2u+§

and Ly g,,(7) is defined in (2.1.2).

Remark 4.2.1. We have the similar results for the map in (II) with

D(k+1+2v—3)n*!
F(k‘ B 1) (47r)l+2u+%

Y

1
7:k:—|—l+21/—§, and f(k,l,v;n) =

and for the map in (III) with

D(k+1+2v—1) nkz
[(k—3) (dm)l+2v 7

1
7:k+l—|—2u—§, and B(k,l,v;n) =

with the assumption that either (a) g is a cusp form and k > 3

or (b) g is not cusp form and [ < k — 2.

Remark 4.2.2. Using Lemma 1.3.2 and Lemma 1.4.4 one can show that the

series appearing in (4.2.1) converges.

4.3 Proof of Theorem 4.2.1

We need the following lemma to prove Theorem 4.2.1.
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Lemma 4.3.1. Using the same notation in Theorem 4.2.1, we have

3 / 1) [ oy, gl (TIm(r))HH24 | v

YET o \I' I\H

CONVETGES.

Proof. The proof is similar to Lemma 1 in [14]. ]

Now we give a proof of Theorem 4.2.1. Put

Ty, (H)(r) =) en)g™.

n=1

Consider the n-th Poincaré series of weight k + % as given in (1.4.1). Then

using Lemma 1.4.3, we have

. L(k—3)
(TS, Pryin) = mc(”)-

On the other hand, by the definition of the adjoint map we have

<Tg*,yf7 Pk—&—%,n) - <f7 TgvV(Pk+%,n)> = <f’ [Pk—l—%,n’ g]V>

Hence we get

= —<f7 [Pk+%,n7 g]l/>' (4'3'1)
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By definition,

(F.[Pesrngl) = / 1) [Pesyg] () Um(r))t42t arr

\H

= [HOUE @ legrahlr) mr) s s
F\H ’YEFOO\F

= [0 X @ pal(n) (Il
F\H ’YEFOO\F

= / Z f(T) [62ﬂinTTk+%7,g]y(7) (Im(T))k+l+2V+1 d*T.
I'\H Y€l \T

By Lemma 4.3.1, we can interchange the sum and integration in (f, [P, 9.)-

Hence we get,

(f, [Pk%’n,g]l,) = Z /f(T) [62”i"TTk+%77g]y(7) (Im(r))E+HH+2+L gor,

YEL\T I'\H
- a b
Since g € M 1(I,x2), gl 17 = xa(d)g, for every v = cT.
c d
Therefore, (f, [P, i gl,) equals to
— T - )
Z / f(,]—)[€27rzn‘r‘k+%,y’ s (d) g|l+%7]y(7) [m(T)k+l+2l/+1d T
YET o \I' M\H 2
(Z)rH : k2041
= > (B ) 10 E e e T ARt

Y€l \I! I\H
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Using the change of variable 7 to y~! - 7 in each integral, (f, [P, (! R

equals

Z (%) / FOTH ) e fyr 759 ls A7)
I\

YEL\I!
% ([m(’yfl . T))k+l+2u+1 d*<771 . 7_).

Since f € Sirrrav1 (T, x2x), fF(r - 7) = xo(d)x(d)(cz + )M H f(7), for

every v € I'. Therefore (f, [P, +1m gl,) equals

> ((_x)@) / xa(@)x(@)(—er + @) f(r)(—er + @)
Y€l \T \H

| _ Im(T) k+1+2v+1 i}
X ([e2minT |k+% Y, 9 |z+§ Vo |ksir2ve1 y)(T) <‘ o+ a|2) d'r.

Now using Remark 1.7.2; (f, [P, (! 1., 9)y) equals

5 (ot i P o

Y€\ AT\H

We note that the term appearing before integral is equal to 1 for all

'« \ I'. Therefore we get

(f, [Pk+ n,g Z / f(r) [e2minT, ] (Im(z >>k+l+2u+1 d*r

"/EFOO\F ’yF\H
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Now using Rankin-Selberg unfolding argument, (f, [P, 1 ,,9l,) equals to

/ f(T) m <[m<T>)k+l+2u+l d*r

P\ H

= / f(T)ZCT(k’l;]/) DT<627rinT)DV—r(g>(Im(T))k+l+2l/+1 dr

Too\H r=0

:ZCT(/C,Z;V) / f(r) Dr(e2=int) Dv=(g)(Im(7))" 2+ @*r. (4.3.2)

r=0 Too\H

Now replacing f and g by their Fourier series in (4.3.2), (f, [P, L gl,) equals

Zor(k’ l; V)/ (Z a(s)e%i”) n’ e2mint (z:ml/—r_b(m)627rim7'>]m(7_)k+l+2y+ld*7_
r=0 m

Too\H * °

- / Z Za(kal,V7n7m)a(s)b(m) TS g2minT p2mimT ([ (1) )RR grr

Too\H s m

= ZZO((k,l, v,n,m)a(s)b(m) / eImIST 2minT 2mimt ([ (7))L gy

Too\H

Putting 7 = u + v, (f, [Fp1 0, 9lv) equals

Z Z a(k:, l, v,n, m)CL(S)W / eQmL(s—n—m)ue—2r(s+n+m)vvk+l+2u+1 du;lv
v
som Foo\H

A fundamental domain for the action of ', on H is given by [0, 1] x [0, c0).
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Integrating over this region, (f,[Pgn,9],) equals

1 0
Z Z Oé(k, Lv,n, m)a(s)b(m) / / eQﬂ'i(sfnfm)u6727r(s+n+m)vvk+l+21/fldudv.
s m 0 0

Integrating on w first, (f, [Prn,g,) equals
Z a(k,l,v,n,m)a(n + m)b(m) / emAm(nEmv =1y, - (4.3.3)
0

Integrating over v, we have

o0 U(k+1+2v)
—4m(n+m)v k+l+2zx—1d — . 4.3.4
/e ' I R )

Putting the value of integral (4.3.4) in (4.3.3), we have

L(k+1+2v) Zan+m Ya(k,l,v,n,m)

<f7 [Pk+%,n’g]y> 47T k41420 n+m)k+l+2’/ (435)

m

Now substituting (f, [Pk%’n, gl,) from (4.3.5) in (4.3.1), we get the required

expression for ¢(n) as given in Theorem 4.2.1.

4.4 Applications

Consider the linear map T}, o T, on S(I') with g(7) € M(T, x2). If X is a

eigenvalue of Ty, o T, ,, then A > 0. Suppose that Si(I) is one-dimensional

g,V
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space generated by f(7) = > a(n)q". Then Ty, oT,, (h) = Af, Vh €
Si(I). In particular, Ty, o T,,(f) = Af with A > 0 and if we write
Ty, o T,u(f) =2, c(n)g" then

e(n) = T(k+1+20—1) nk2 i ar,,(5)(n+m)b(m) ok, l,v,n,m)
- F(k — 1) (47‘(‘)“‘21/ (Tl + m)k+l+2y—1 ’

m=1

where ar, ,(s)(n) is the n-th Fourier coefficient of Ty, (f) = [f, gl,. If a(my)
is the first non-zero Fourier coefficient of f then by comparing the Fourier

coefficients in T, o T ,(f) = Af, we have

-

Ck+1+2v—1) mﬁf5 i ar, ,(5)(mo +m)b(m) a(k,l,v,my,m)

a(mo)T(k —1) (4n)+2v (mo + m)FtHi+av-1

A= > 0.

m=1

In particular, if we take [ = 0, k = 6 and v = 0 with g(7) = 8(7) = 3 ¢’

n

and the unique newform Ayg4(7) = n(27)" = > Ta6(n)q" € Ss(To(4)) in

the case (IT), then mg = 1, «a(k,l,v,mg,m) =1, and

11/2 Z ATy,0(A46) m+1)b( )
(m—+1)2

> 0,

or equivalently

i aTG,O(A4,6)(m + 1>b(m)

s > 0. (4.4.1)

m=1

Now arg, o(a,)(m + 1) is the (m + 1)-th Fourier coefficient of 6(z)A,6(7) and
m+1

equals to ) b(r)7ae(m + 1 — 7). Putting the value of ag, ja,q(m + 1) in
r=1
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(4.4.1), we have

S (5 smmatm + 1= ) i)

r=1
11 > 07
2

(m+1)

m=1

equivalently

. (mil Tae(m?+1— r2)>
>

r=1
> 0.
(m?+1)%

m=1



Chapter 5

Remarks on Rankin’s method

5.1 Introduction

In this chapter we give some remarks on Rankin’s method for modular forms,
Jacobi forms and Siegel modular forms of genus 2. Rankin [30] showed that for
any normalized eigenform f € Sj and any even integer [ with %—1-2 <I< k-4

one has the following identity:

. . 1 3B B
Ly L (k —1) = (—1)22" 37k —

(f, EiEy), (5.1.1)

where L3(s) = (2m)°T'(s)Ls(s) is the completed L-function. Zagier general-
ized the result of Rankin by considering any modular form instead of Eisen-
stein series and computed the Petersson scalar product (f, gF;), for f € Sk,

and g € M;. Further more, Zagier also computed the Petersson scalar prod-

76
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uct (f,[g, E1],) (where [g, ], is the v-th Rankin-Cohen bracket of g and Ej)
and expressed in terms of special values of Rankin-Selberg type L-function

associated with f and g. More precisely:

Theorem 5.1.1. [38] Let | > k+2 > 2 and v > 0 be inlegers. Let f €

Skii11o, with Fourier expansion

f(r) =Y a(n)q",

and g € My, with Fourier expansion

g(r) =) b(n)g".

Then

11 iy - PN ol

n=1

To prove the above theorem one writes [g, Fj], as linear combination of

Poincaré series as follows:

9, E1] = % > " n¥b(n) Petisovn

where Pyiii0, is the n-th Poincaré series of weight k£ 4 [ + 2v, and then
use the characterization property of Poincaré series given in Lemma 1.2.2 to

compute the inner product (f, [g, Ei],)-
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Remark 5.1.1. 1f we take v = 0 in the above theorem, we have the following:

e}

k:+l—1 a(n)b(n)
(f.9E) = Sy Z nkH 1 . (5.1.2)

n=1

Remark 5.1.2. In particular, if we take ¢ = Ej, (the Eisenstein series of weight

k) in (5.1.2), we get Rankin’s identity (5.1.1).

Remark 5.1.3. Following the proof of Theorem 2.1.2 (Herrero [14]), one can

give a different proof of Theorem 5.1.1 by evaluating the integral

F)g B (Im )27

SLa(Z)\H

explicitly using Rankin-Selberg unfolding argument.

Choie and Kohnen [9] generalized the work of Zagier to the case of Jacobi
forms and computed the Petersson scalar product (¢, [¢, Ek, m,],) in terms
of special values of a certain Rankin-Selberg convolution of Jacobi forms ¢

and 1.

Theorem 5.1.2. [9] Let ky > 3, ko > k1 + 3 and v > 0 be integers. Let

cusp . . .
¢ € Ji s oy smy With Fourier expansion

o(r,2)= Y alnn)g'(,

n,r€Z,
r2<4(mi+ma)n
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and v € Ji, m, with Fourier expansion

U(rz)= Y bn,r)g"¢.

n,rez,
7"2§4m1n

Then

(4min — r?)*a(n,r)b(n,r)

(4(m1 + mQ)n — 7«2)k1+k2+2y_% )

<¢7 W, Ekaw]V) = Cky,ka,m1,ma;v Z

n>1,reZ
r2<dmin

3
— g1 ko1 +ko+20—2 (kg-i—u—%) C(ky + ko + 20 — 5).

where Cky,ka,m1,masv mg(m1+m2)

v rkitke -3

Following the method of Zagier, one writes [¢, Eg, m,], as a linear com-

bination of Jacobi-Poincaré series as follows:

(s By imalv = Chgymaw Z (4man —12)"b(n, 7) Py ko +20,m1 +masmrs

n,r€Z,r2<4min

3 o
where Crym,n = (27)%mY (k2+: 2), and then use the characterization prop-

erty of Jacobi-Poincaré series given in Lemma 1.5.2 to compute the inner

product (@, (¢, Exy mslv)-

Remark 5.1.4. Following the method of proof of Theorem 2.2.1, one can give

a different proof of Theorem 5.1.2 by evaluating the integral

—47n(my + ma)y?

¢(7—7 Z) [w, Ek27m2;(n7,r):| V/Ukl"‘k2+2lj e v dVJ

I\ HxC
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using Rankin-Selberg unfolding argument.

Similar results have been studied for Jacobi forms of higher degree [29],

Hilbert modular forms [8] and other automorphic forms.

5.2 Rankin’s method on Siegel modular forms

In this section we generalize the result of Zagier to the case of Siegel modular

forms of genus 2, following the method of Herrero.

Theorem 5.2.1. Let k > 4,1 and v > 0 be natural numbers and EIEQ) be the
Siegel Eisenstein series of weight k and genus 2. Let G € Sy(T'y) with Fourier

expansion

Z A 27rz (tr(TZ))

T>0

and F € Sky142,(F2) with Fourier expansion

Z B 27r'L (tr(TZ))

7>0

Then
A(T)B(T)

F G, EPL) = alkly)y — 22
(FIG B = alil ) 3

T>0

(5.2.1)

with
(— )’Tg(k+l+2y——) Yo Crop(k,l)

. r+p=v
a(k,l,v) = () 2k+t+=3)

and Cy.o,(k,1) is the coefficients Cy s p(k,1) with s =0 as in (1.7.5).
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Proof. Following the method of proof of Theorem 3.2.1 one can explicitly

compute the integral

/ F(2)[G, EP,(Z) (det Y)**++2qz.

T2\ H2
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