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Abstract
The discovery of topological insulators (TIs) established that quantum phases can be charac-

terized by global topological invariants rather than local order parameters. While topologi-

cal band theory has been highly successful in describing noninteracting systems, the role of

strong electron–electron interactions remains an important open problem. This thesis ex-

plores how electronic correlations can both generate new topological phases and reconstruct

existing topological states beyond the conventional band-theory framework.

In the first part of this thesis, we investigate interaction-driven topological phases in

a two-dimensional generalized Su–Schrieffer–Heeger (SSH) model using a self-consistent

Hartree–Fock approach. We chart out the phase diagram of a semimetal with a quadratic

band-touching point and identify an interaction-induced quantum anomalous Hall (QAH)

phase characterized by a nonzero Chern number. Besides the QAH phase, interactions sta-

bilize several competing charge- and bond-ordered states, including a bond-nematic Dirac

semimetal (BNDS) phase not reported in earlier mean-field studies. We further show that an

onsite potential suppresses the interaction-driven QAH phase while significantly enlarging

the stability region of the BNDS phase, highlighting the rich interplay between symmetry

breaking and topology in systems with an enhanced low-energy density of states.

The second part of the thesis focuses on the impact of strong correlations at interfaces

two between distinct insulators. We investigate a heterostructure composed of a ferrimag-

netic Mott insulator and a time-reversal-invariant topological insulator on a Lieb lattice.

By combining Hartree–Fock and slave-rotor mean-field methods, we show that topological

boundary modes can survive in a buried form at the interface despite the presence of strong

correlations. Furthermore, proximity-induced magnetization generates a spin imbalance in

the helical edge states. Owing to spin–momentum locking, this imbalance converts a dis-

sipationless spin current into a topologically protected charge current, providing a novel

interaction-driven mechanism for controlling interfacial transport.

Overall, this thesis demonstrates that electron–electron interactions can both create and

reconstruct topological phases. The results provide new insights into correlated topologi-

cal matter and broaden the understanding of topological phenomena in strongly interacting

xi
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Chapter 1

Introduction
In the twentieth century, condensed matter physics developed as a discipline to understand

how simple microscopic laws governing electrons give rise to the rich variety of macro-

scopic properties observed in solids. For much of this period, band theory accomplished

this objective with great success [4, 5]. Using Bloch’s theorem, band theory treated elec-

trons in a periodic crystal as the free particles moving in an energy band. This framework

provided a clear classification of materials as metals, semiconductors, or insulators based

on their band structure and offered accurate, predictive descriptions for a wide range of

materials. Even today, band theory remains as fundamental basis of modern solid-state

physics.

Despite the success of band theory, the single-particle picture is inadequate for describ-

ingmany complex electronic phenomena. In somematerials, interactions between electrons

play a decisive role, and the electronic structure qualitatively differs from the band theory

of independent electrons. Phenomena such as magnetism, metal-insulator transition, and

unconventional superconductivity cannot be understood within the framework of noninter-

acting band theory. Instead, they emerge from a fundamental competition between kinetic

energy, which favors electron delocalization, and Coulomb repulsion, which tends to lo-

calize electrons. This competition results in collective behavior that lies well beyond the

scope of conventional band theoretic descriptions.

Traditionally, these collective phases were understood through Landau’s theory of phase

transitions [6]. This framework classifies matter according to spontaneously broken sym-

metries and local order parameters, successfully describing states such as ferromagnets and

1



1 Introduction

Figure 1.1: Hall voltage UH and longitudinal voltage UPP plotted as functions of the gate
voltage Vg, measured at a temperature of 1.5K under an applied magnetic field of 18T [1].

superconductors. Within this paradigm, distinct phases are characterized by their symmetry

properties, and phase transitions correspond to symmetry breaking events.

The discovery of the integer quantum Hall effect (IQHE), however exposed a funda-

mental limitation of this symmetry-based classification. In a two-dimensional electron gas

at low temperature subjected to a strong magnetic field, the Hall conductivity is quantized

as

σxy =
e2

h
ν, (1.1)

with ν ∈ Z. This quantization is extraordinarily robust against disorder and microscopic

details, yet it cannot be explained by any local order parameter. Rather, it reflects a global

property of the electronic ground state.

Experimental evidence for the IQHE is shown in Fig. 1.1, where the Hall voltage ex-

hibits precisely quantized plateaus accompanied by vanishing longitudinal resistance. The

quantized Hall resistance is independent of sample geometry and disorder, highlighting its

2



1 Introduction

topological origin. Quantum mechanically, a strong magnetic field quantizes the electronic

spectrum into discrete Landau levels. In the semiclassical picture [7], electrons execute cy-

clotron motion in the bulk, where disorder localizes the states, while at the sample bound-

aries they undergo skipping orbits, forming chiral edge states responsible for transport.

Thouless, Kohmoto, Nightingale and den Nijs [8] provided a complete theoretical un-

derstanding, demonstrating that the integer ν corresponds to a topological invariant of elec-

tronic wavefunctions. This established that quantum phases may be distinguished not only

by symmetry, but also by global topological properties that remain invariant as long as

the bulk energy gap does not close. This realization introduced topology as an alterna-

tive fundamental principle for characterizing quantum phases in condensed matter physics.

Topological phases are characterized by bulk invariants that are insensitive to local pertur-

bations, yet they manifest through robust boundary phenomena. A defining feature of such

phases is the bulk–edge correspondence, which guarantees that nontrivial bulk topology is

accompanied by protected edge or interface states.

Subsequent developments showed that topological phases are not limited to systems ex-

posed to strong magnetic fields. Lattice models demonstrated that nontrivial topology can

emerge purely from the internal structure of Bloch wavefunctions, even in zero magnetic

field [9]. This led to the prediction and experimental realization of time-reversal-invariant

topological insulators, which possess insulating bulks and robust metallic boundary modes

protected by symmetry. Importantly, these developments were understoodwithin the frame-

work of noninteracting band theory, where topology arises from the global structure of

single-particle Bloch wavefunctions. In this picture, topological invariants are defined for

occupied energy bands and do not require electron–electron interactions.

At the same time, the role of electron–electron interactions in topological systems emerged

as a central open problem. Since real materials are rarely weakly interacting, fundamen-

tal questions naturally arise: Can interactions destabilize or destroy topological phases?
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How do they modify or reconstruct boundary states? More intriguingly, can interactions

themselves generate topological phases in systems that are trivial in the noninteracting

limit? Answering these questions requires moving beyond uniform, weakly interacting

models. Lattice geometry, band degeneracies, and the low-energy spectrum play a cru-

cial role in determining how interactions act. In many cases, interactions favor conven-

tional symmetry-breaking orders [10, 11, 12] that compete with topology, while in other

situations—particularly in systems with enhanced low-energy phase space—they can gen-

erate topological mass terms and stabilize nontrivial phases [13, 14, 15, 16]. An additional

layer of complexity arises in spatially inhomogeneous systems. For example, interfaces

and heterostructures [17, 18, 19] break translational symmetry and introduce strong spatial

variations in charge density, screening, and correlation strength. Such conditions are not

exceptional, but are often found in real materials and engineered structures. At interfaces,

new electronic states can emerge that have no counterpart in any of the bulk materials, and

the interplay between topology and strong correlations becomes especially pronounced.

This thesis is motivated by the need to understand topology as an emergent phenomenon

shaped by interactions, symmetry breaking, and spatial inhomogeneity. The central goal is

to clarify how topological phases emerge, compete, and reconstruct in interacting lattice

systems and correlated heterostructures.

1.1 Topological invariants and bulk–edge correspondence

Topological phases are distinguished by global properties of electronic wavefunctions that

remain invariant under smooth deformations of the Hamiltonian, as long as the bulk energy

gap does not close and the relevant symmetries are preserved. These properties are quan-

tified by topological invariants, which provide a robust classification of quantum phases

beyond the conventional Landau symmetry-breaking paradigm.
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In crystalline solids, electronic states are described by Bloch wavefunctions of the form

ψnk(r) = eik·r unk(r), (1.2)

where n labels the band index and k lies in the Brillouin zone. While the energy spectrum

is determined by the eigenvalues of the Bloch Hamiltonian, the topological properties of a

band are encoded in the geometry of the Bloch eigenstates |unk⟩ as the crystal momentum

k is varied across the Brillouin zone. When the crystal momentum is changed adiabatically

along a closed loop C in momentum space [20], the wavefunction of an isolated Bloch band

acquires a geometric phase known as the Berry phase [21],

γn(C) =
∮
C
An(k) · dk, (1.3)

where the Berry connection is defined as

An(k) = i⟨unk|∇kunk⟩, (1.4)

which acts as a gauge potential in momentum space. Although the Berry connection de-

pends on the phase choice of the Bloch states, the Berry phase accumulated along a closed

path is gauge invariant modulo 2π and is therefore physically meaningful.

The local geometric structure of the Bloch states is captured by the Berry curvature,

defined as the curl of the Berry connection,

Ωn(k) = ∇k × An(k). (1.5)

The Berry curvature plays a role analogous to that of a magnetic field in momentum space

and underlies a variety of anomalous transport effects. Most importantly, it serves as the

fundamental ingredient for defining topological invariants in band insulators.

In time-reversal symmetry broken two-dimensional systems, the relevant topological

invariant is the Chern number. For a filled and isolated band n, the Chern number (νn) is
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obtained by integrating the Berry curvature over the entire Brillouin zone as

νn =
1

2π

∫
BZ
d2kΩn(k). (1.6)

This quantity is quantized to integer values and cannot change continuously under variations

of system parameters. A change in the Chern number necessarily requires the closing of

the bulk energy gap, signaling a topological phase transition.

When several bands are occupied, the physically relevant invariant is the sum of the

Chern numbers of all occupied bands. This invariant has a direct and experimentally mea-

surable consequence [22]: it determines the quantizedHall conductivity through the Thouless–

Kohmoto–Nightingale–den Nijs (TKNN) relation,

σxy =
e2

h

∑
n∈occ

νn. (1.7)

The remarkable robustness of the integer quantum Hall effect against disorder and micro-

scopic perturbations follows directly from the quantization of the Chern number, which

cannot change without a closing of the bulk energy gap.

As mentioned, a central principle related to topological phases is the bulk–edge corre-

spondence [23, 24], which establishes a direct link between bulk topology and boundary

physics. According to this principle, a nontrivial bulk topological invariant guarantees the

existence of gapless boundary modes at the interface between two topologically distinct

phases. In the case of a two-dimensional Chern insulator with total Chern number ν, bulk–

edge correspondence implies the presence of |ν| chiral edge modes propagating along each

boundary. These modes are unidirectional and cannot be removed without closing the bulk

gap or eliminating the topological distinction between the bulk and the surrounding vac-

uum. Physically, the chiral edge states provide the channels through which the quantized

Hall current is carried.

In systems that preserve time-reversal symmetry, the situation is more subtle. Because

the Berry curvature is odd under time reversal, the total Chern number necessarily vanishes.
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Nevertheless, such systems can still possess nontrivial topological structure. The famous

example is the quantum spin Hall insulator [25, 26, 27], which supports counter-propagating

helical edge states that are protected by time-reversal symmetry. In this case, the appropriate

topological invariant is a Z2 invariant that distinguishes trivial and nontrivial time-reversal-

invariant insulators.

For centrosymmetric systems, this invariant can be computed directly from bulk band

structure using the parity eigenvalues of the occupied bands at the time-reversal invariant

momenta (TRIMs) {Γi},

(−1)q =
∏
i

∏
m∈occ

ξ2m(Γi), (1.8)

where ξ2m(Γi) = ±1 denotes the parity eigenvalue of the mth Kramers pair. A nontrivial

value q = 1 signals the presence of an odd number of Kramers pairs of helical edge states,

while q = 0 corresponds to a topologically trivial insulator.

The quantization of these invariants reflects the global structure of the Bloch eigenstates

and remains unchanged under smooth perturbations that preserve the bulk energy gap. They

therefore provide a bulk characterization of topological phases that is directly connected to

protected boundary states through the bulk–edge correspondence. In the following section,

these ideas are illustrated concretely using simple lattice models that realize topological

phases in a transparent and controlled manner.

1.2 Topology in different tight-binding models

In this section, we discuss three well-known lattice models: the Su–Schrieffer–Heeger

model in one dimension and the Haldane and Kane–Mele models in two dimensions. These

models are not merely illustrative examples: together, they explain the basics of topolog-

ical band theory and provide the reference framework for understanding how interactions

modify or generate topological phases.
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1.2.1 Su–Schrieffer–Heeger model: One-dimensional topology

The Su–Schrieffer–Heeger (SSH)model [28, 29] provides the simplest realization of a topo-

logical phase in one dimension. It describes spinless fermions hopping on a dimerized chain

with two sites per unit cell and alternating nearest-neighbor hopping amplitudes. The real-

Figure 1.2: Schematic illustration of the SSH model featuring alternating hopping ampli-
tudes t1 and t2. The thick (thin) bonds represent stronger (weaker) hopping strengths, re-
spectively.

space Hamiltonian is given by

HSSH =
∑
n

(
t1 c

†
n,Acn,B + t2 c

†
n,Bcn+1,A + H.c.

)
, (1.9)

where t1 and t2 denote the intra-cell and inter-cell hopping amplitudes, respectively, and

A,B label the two sublattices as indicated in Fig. 1.2.

Upon Fourier transformation, the Bloch Hamiltonian can be written in the compact form

H(k) = dx(k) σx + dy(k) σy, (1.10)

with

dx(k) = t1 + t2 cos k, (1.11)

dy(k) = t2 sin k. (1.12)

The energy spectrum consists of two bands,

E±(k) = ±
√
d2x(k) + d2y(k), (1.13)

8
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which are separated by a bulk gap except at t1 = t2, where the gap closes at k = π.

Figure 1.3: Band dispersion of the SSH model. The spectrum for periodic boundary condi-
tions is shown in (a), whereas (b) and (c) illustrate the spectra obtained with open boundary
conditions for the two different hopping regimes of the model [2].

The topology of the SSH model is characterized by a winding number,

ν =
1

2π

∫ π

−π

dk
dx∂kdy − dy∂kdx

d2x + d2y
. (1.14)

Evaluating this expression yields

ν =

{
1, |t2| > |t1|,
0, |t1| > |t2|.

(1.15)

The energy spectrum for periodic and open boundary conditions is shown in Fig. 1.3.

Under periodic boundary conditions [Fig. 1.3(a)], the system exhibits two gapped bulk

bands, except at the critical point t1 = t2, where the gap closes. In contrast, under open

boundary conditions, the topologically nontrivial phase (ν = 1), shown in Fig. 1.3(b), sup-

ports zero-energy edge states within the bulk gap that are exponentially localized at the ends

of the chain. These boundary states are protected by chiral symmetry and provide a direct

manifestation of the bulk–edge correspondence.

Beyond its original one-dimensional setting, the SSH model plays an important con-

ceptual role as a building block for higher-dimensional lattice constructions. When SSH-

type dimerization patterns are extended to two dimensions, they naturally give rise to Dirac

points or quadratic band touching points. These band degeneracies form the basis for the

9
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interaction-driven instabilities and topological phases as will be discussed in chapter 3 of

this thesis.

1.2.2 Haldane model: Chern insulator without magnetic field

Figure 1.4: (a) Illustration of the Haldane model defined on a honeycomb lattice structure.
(b) Phase diagram plotted in the ϕ–M parameter space, showing the corresponding Chern
number values across different regions. (c) Schematic depiction of the edge-state behavior
in the Haldane model under open boundary conditions. When the Chern number is finite
(ν = ±1), the system hosts robust chiral edge modes protected by topology, with their
propagation direction determined by the sign of ν. In contrast, these edge states are absent
in the topologically trivial phase (ν = 0) [2].

The Haldane model [9, 30] provides a paradigmatic example of a two-dimensional

Chern insulator and demonstrates that a quantized Hall response can arise even in the ab-

sence of an external magnetic field. The model is defined on a honeycomb lattice (Fig.

1.4(a)) and combines real nearest-neighbor hopping with complex next-nearest-neighbor

hopping arranged so that the net magnetic flux through each unit cell vanishes. The tight-

binding Hamiltonian of the model is given by

H = −t
∑
⟨ij⟩

c†icj − t2
∑
⟨⟨ij⟩⟩

eiνijϕc†icj +M
∑
i

ξi c
†
ici, (1.16)
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where t denotes the nearest-neighbor hopping amplitude and t2 is the next-nearest-neighbor

hopping strength. The phase ϕ encodes the circulating currents associated with the complex

hopping, while νij = ±1 depends on the direction of the hopping path. The factor ξi = ±1

labels the two sublattices of the honeycomb lattice, andM represents a staggered sublattice

potential [31] that explicitly breaks inversion symmetry.

Upon Fourier transformation, the Hamiltonian can be written in momentum space in the

compact form as

H(k) = d(k) · σ, (1.17)

where σ denotes the Pauli matrices acting in sublattice space. The components of the d

vector are

dx(k) = −t
3∑

i=1

cos(k · ai), (1.18)

dy(k) = −t
3∑

i=1

sin(k · ai), (1.19)

dz(k) =M − 2t2 sinϕ
3∑

i=1

sin(k · bi), (1.20)

where ai and bi represent the nearest- and next-nearest-neighbor vectors, respectively. The

three nearest-neighbor vectors are given as

a1 = a(0, 1), (1.21)

a2 = a

(√
3

2
,−1

2

)
, (1.22)

a3 = a

(
−
√
3

2
,−1

2

)
. (1.23)
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The three next-nearest-neighbor vectors can be expressed as

b1 = a2 − a3 = a(
√
3, 0), (1.24)

b2 = a3 − a1 = a

(
−
√
3

2
,−3

2

)
, (1.25)

b3 = a1 − a2 = a

(
−
√
3

2
,
3

2

)
. (1.26)

The resulting energy spectrum,

E±(k) = ±|d(k)|, (1.27)

is fully gapped except at isolated points where the bulk gap closes.

To clarify the topological origin of this gap, it is useful to expand the Hamiltonian near

the two inequivalent Dirac points K and K′. The low-energy theory takes the Dirac form

Hη(q) = vF (ηqxσx + qyσy) +mησz, (1.28)

where η = ±1 label the valley degrees of freedom and

mη =M − η 3
√
3 t2 sinϕ. (1.29)

The sign and relative magnitude of these Dirac mass terms play a central role in determining

the topological character of the phase.

A topologically nontrivial phase arises when the Dirac masses at the two valleys ac-

quire opposite signs. Since each massive Dirac cone contributes ±1
2
to the Chern number

depending on the sign of its mass, opposite mass signs cause the valley contributions to

reinforce rather than cancel, resulting in a quantized Chern number ν = 1.

ν =
1

2
[sgn(m+)− sgn(m−)] . (1.30)

The Berry curvature responsible for this invariant is strongly concentrated near the Dirac

points, highlighting the low-energy origin of the topological response.
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By tuning the staggered sublattice potential M or the complex next-nearest-neighbor

hopping amplitude, the system can be driven through a topological phase transition. This

transition occurs when the bulk energy gap closes at

M = ±3
√
3 t2 sinϕ. (1.31)

For parameter values satisfying

|M | < 3
√
3 |t2 sinϕ|, (1.32)

the system realizes a quantum anomalous Hall phase. In this regime, the Hall conductivity

is quantized according to

σxy =
e2

h
ν, (1.33)

and the nonzero Chern number guarantees the presence of chiral edge states that propagate

unidirectionally along the boundary. These edge modes provide a direct manifestation of

the bulk–edge correspondence.

1.2.3 Kane–Mele model: Time-reversal-invariant topology

The Kane–Mele model [32, 26] generalizes the Haldane model to spinful electrons and

provides a minimal lattice realization of a time-reversal-invariant topological insulator. In-

stead of breaking time-reversal symmetry explicitly, the Kane–Mele model relies on in-

trinsic spin–orbit coupling to generate nontrivial topology while preserving time-reversal

symmetry.

The Hamiltonian is given by

HKM = −t
∑
⟨ij⟩

c†icj + iλSO
∑
⟨⟨ij⟩⟩

νij c
†
is

zcj + λv
∑
i

ξi c
†
ici, (1.34)

where λSO denotes the intrinsic spin–orbit coupling, sz is the Pauli matrix in spin space,

and λv is a staggered sublattice potential. The spin–orbit term effectively realizes two time-
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reversed copies of the Haldane model, with opposite signs of the complex hopping for

spin-up and spin-down electrons.

As a consequence, the total Chern number vanishes,

ν = ν↑ + ν↓ = 0, (1.35)

while the system remains topologically nontrivial. The topological character is instead cap-

tured by a Z2 invariant, which distinguishes the quantum spin Hall phase from a trivial in-

sulator. In the nontrivial phase, the bulk gap is accompanied by robust helical edge states,

in which counter-propagating modes carry opposite spin polarization. Time-reversal sym-

metry forbids elastic backscattering between these modes, ensuring their robustness against

weak nonmagnetic disorder.

In the following sections, these lattice Hamiltonians serve as starting points for incorpo-

rating interactions and for exploring how topology is generated or reshaped in both uniform

and spatially inhomogeneous systems.

1.3 Beyond the noninteracting picture

The lattice models discussed so far illustrate how noninteracting electrons can realize topo-

logical phases through band structure, symmetry, and lattice geometry. This framework has

been highly successful and forms the foundation of topological band theory. In real mate-

rials, however, electrons are never truly noninteracting. Electron–electron interactions are

always present and, in many systems, are comparable to or even stronger than the kinetic

energy. Their presence fundamentally limits the applicability of a purely band-theoretic

description.

Once interactions are taken into account, several important questions naturally arise.

Can interactions destabilize an existing topological phase? How do they modify or re-

construct topological boundary states? More fundamentally, can interactions themselves
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generate topological phases in systems that are topologically trivial at the noninteracting

level? In the following, we first address the possibility of interaction-generated topology.

This question is particularly fundamental, as it asks whether topology can arise purely from

many-body effects rather than from single-particle band structure. We then turn to lattice

models that exhibit topological order (Sections 1.4 and 1.5), and discuss how interactions

reshape topological phases in both homogeneous and spatially inhomogeneous settings.

1.3.1 Can interactions generate topology?

A more subtle and conceptually important possibility is that electron–electron interactions

may themselves generate topological phases, even when the underlying noninteracting band

structure is topologically trivial. In such cases, topology does not originate from explicit

band parameters or spin–orbit coupling, but instead emerges spontaneously as a conse-

quence of interaction-driven symmetry breaking. This idea was proposed in a seminal work

by Raghu et al. [3], who demonstrated that repulsive interactions on a simple lattice can

stabilize a quantum anomalous Hall phase through spontaneous current formation.

Figure 1.5: Interacting lattice model in honeycomb geometry
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The essential setting is the honeycomb lattice as shown in Fig. 1.5 at half filling, whose

noninteracting limit hosts Dirac cones at the corners of the Brillouin zone. For spinless

fermions, the interacting Hamiltonian can be written as

H = −t
∑
⟨ij⟩

(
c†icj + h.c.

)
+ V1

∑
⟨ij⟩

(ni − 1)(nj − 1) + V2
∑
⟨⟨ij⟩⟩

(ni − 1)(nj − 1), (1.36)

where t denotes nearest-neighbor hopping, while V1 and V2 represent nearest- and next-

nearest-neighbor repulsive interactions, respectively. At weak coupling, the system remains

a Dirac semimetal with a vanishing density of states at the Fermi level. As a result, infinites-

imal interactions do not immediately destabilize the semimetal. However, the nature of the

leading instability depends sensitively on the range of the interactions. Nearest-neighbor

repulsion V1 favors a conventional charge density wave that breaks sublattice symmetry and

produces a trivial insulating state. In contrast, next-nearest-neighbor repulsion V2 opens the

possibility of a different instability rather than simple charge ordering. Decoupling the V2

interaction in the bond channel introduces a complex bond expectation value on second-

neighbor links,

χij = ⟨c†icj⟩, (1.37)

which can acquire a purely imaginary component. A nonzero imaginary χij corresponds

to circulating currents around the hexagonal plaquettes and spontaneously breaks time-

reversal symmetry while preserving translational invariance. At the mean-field level, this

generates an effective complex next-nearest-neighbor hopping term that is formally identi-

cal to the Haldane model.

The resulting mean-field Hamiltonian therefore takes the form

HMF = −t
∑
⟨ij⟩

c†icj −
∑
⟨⟨ij⟩⟩

teff2 e
iνijc†icj + h.c., (1.38)

where the effective hopping amplitude teff2 ∝ V2 Imχij is generated spontaneously by inter-

actions. Importantly, there is no explicit time-reversal-breaking term in the original Hamil-
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Figure 1.6: Phase diagram at half filling of spinless interacting fermions on the honeycomb
lattice [3].

tonian, the topological mass arises entirely from many-body effects.

This interaction-generated hopping opens a gap at the Dirac points and produces a quan-

tum anomalous Hall (QAH) insulating phase characterized by a nonzero Chern number and

chiral edge states (Fig. 1.6). Because the insulating gap is driven by interactions rather than

band structure, this phase is often referred to as a topological Mott insulator [3, 33, 34].

Despite its conceptual novelty, several unbiased numerical studies [10, 11, 12, 35, 36,

37, 38] have revealed important limitations of interaction-generated quantum anomalous

Hall phases. Exact diagonalization, density-matrix renormalization group, and quantum

Monte Carlo calculations on closely related honeycomb lattice models consistently show

that, over most of the parameter space, repulsive interactions favor more conventional

symmetry-breaking phases, such as charge density wave order or magnetism, rather than

topological order. In fact, in these unbiased studies, an interaction-driven quantum anoma-

lous Hall phase is absent. The central lesson is that strong correlations do not generically
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generate topological phases. Rather, interaction-induced topological order must compete

with and overcome conventional, topologically trivial symmetry-breaking states. This ob-

servation motivates the search for lattice settings in which such competing orders are weak-

ened or energetically disfavored. Systems hosting quadratic band-touching points provide

a particularly promising platform, as their enhanced density of states increases the sus-

ceptibility to interaction-driven instabilities and can tip the balance in favor of topological

phases, as discussed next.

1.3.2 Dirac points versus quadratic band touching

A key factor that controls whether electron–electron interactions can generate topological

phases is the low-energy density of states near the Fermi level. This becomes particularly

clear when comparing systems hosting Dirac points with those exhibiting quadratic band

touching (QBT) points. In two-dimensional Dirac systems, the low-energy dispersion is

linear,

E(k) ∼ |k|, (1.39)

which implies a vanishing density of states at the Fermi energy,

ρDirac(E) ∝ |E|, ρDirac(0) = 0. (1.40)

As the Fermi level is approached, the available phase space for scattering processes rapidly

diminishes. Consequently, short-range interactions become increasingly ineffective at low

energies and are perturbatively irrelevant at weak coupling from a renormalization-group

perspective.

This suppression of interaction effects stabilizes the Dirac semimetal at weak coupling.

Although mean-field approaches may suggest interaction-driven instabilities, unbiased nu-

merical studies show that Dirac systems remain stable until interactions become sufficiently

strong. Even then, the resulting phases are typically conventional symmetry-breaking insu-
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lators, such as magnetic or charge-ordered states, rather than interaction-generated quantum

anomalous Hall phases. In this sense, Dirac dispersions are generally unfavorable for real-

izing topology that emerges purely from interactions.

Quadratic band touching points present a contrasting situation. Here, the low-energy

dispersion is quadratic,

E(k) ∼ k2, (1.41)

leading to a finite density of states at the Fermi level,

ρQBT(E) ≃ ρ0 ̸= 0, ρQBT(0) = ρ0. (1.42)

The presence of a finite density of states strongly enhances interaction effects. Even weak

short-range interactions in renormalization group sense [39, 40] becomemarginally relevant

and destabilize the noninteracting fixed point.

In sum, a quadratic band touching point is intrinsically unstable in the presence of in-

teractions [39, 41, 42, 43, 44, 45], and the system is driven toward some form of symmetry

breaking. Which ordered phase ultimately emerges depends on the available interaction

channels and the underlying lattice symmetries. In spinless systems, several unbiased the-

oretical studies of quadratic band touching points on checkerboard [13, 46], Lieb, bilayer

graphene [14, 15, 16, 47, 48] and kagome lattices [49, 50, 51, 52, 53, 54] identify time-

reversal-symmetry-breaking instabilities as leading candidates. In this scenario, interac-

tions spontaneously generate a topological mass term that gaps the spectrum and realizes a

quantum anomalous Hall phase with chiral edge states. Other competing orders, such as ne-

matic or charge density wave phases, may also develop and remain close in energy, leading

to strong competition in this regime. Therefore, the density-of-states-controlled distinction

explains why lattice models hosting quadratic band touching points, such as generalized

two-dimensional SSH-type models, form an essential part of this thesis which will be ex-

plored in a later chapter.
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1.3.3 Other competing orders and the role of nematicity

Interaction-generated topology never emerges in isolation. Near band degeneracies, mul-

tiple symmetry-breaking channels compete for the same low-energy degrees of freedom.

Common competing orders are charge density wave order, magnetic order (in case of spin-

ful models), and nematic order.

Nematicity corresponds to the spontaneous breaking of lattice rotational symmetrywhile

preserving translational invariance. In lattice systems, nematic order can arise through

anisotropic renormalization of hopping amplitudes (bond nematicity) or through unequal

on-site potentials within the unit cell (site nematicity). Bond nematicity typically recon-

structs the dispersion without opening a full gap, often splitting a quadratic band touching

into Dirac cones. Site nematicity, by contrast, usually opens a gap (via reducing rotational

symmetry) and produces an insulating phase.

From an energetic standpoint, nematic order can be favored at weak to intermediate

interaction strengths because it lowers the kinetic energy efficiently without immediately

opening a gap or generating Berry curvature. As a result, many interacting phase diagrams

exhibit nematic phases that prevent or compete with quantum anomalous Hall order. Small

changes in interaction range, lattice anisotropy, or band structure can tip the balance between

these competing outcomes.

These considerations point to an important lesson. While electron–electron interactions

can, in principle, generate topological phases in systems that are trivial at the band level,

this does not happen in a generic way. Interaction-driven topology must compete with

more conventional symmetry-breaking tendencies, and whether it ultimately emerges de-

pends strongly on the low-energy electronic structure, especially the density of states and

the nature of band degeneracies. Systems with quadratic band touching are therefore par-

ticularly significant, since their finite density of states makes interactions effective already
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at weak coupling and places nematic, charge-ordered, and topological instabilities on an

equal footing. This close competition is precisely what motivates the study of generalized

two-dimensional SSH-type lattice models, which naturally host quadratic band touching

points and provide a controlled setting to explore how interactions choose between nematic

order and interaction-induced topological phases.

1.4 Effects of interaction on band topology

In the previous section, we discussed how electron–electron interactions can generate topo-

logical phases starting from a topologically trivial noninteracting band structure. In this

section, we shift focus to a complementary question: how interactions affect topological

phases already present in the noninteracting limit in lattice systems. We begin with homo-

geneous, translationally invariant models, where the role of interactions can be studied in

a clean and controlled setting, free from the additional complications introduced by spatial

inhomogeneity. We then move on to heterostructures in the next section, where transla-

tional symmetry is explicitly broken. These uniform systems provide valuable reference

points for understanding how correlations renormalize, compete with, or finally destabilize

topological phases that originate at the band-structure level.

Two important models discussed in this context are the Kane–Mele–Hubbard model

and the Bernevig–Hughes–Zhang (BHZ)–Hubbard model. Both extend well-established

noninteracting topological band structures by incorporating local Hubbard interactions, but

they differ in themicroscopic origin of their topology and in the way their topological phases

respond to electron–electron interactions.
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1.4.1 Kane–Mele–Hubbard and Bernevig–Hughes–Zhang–Hubbard
models

The Kane–Mele–Hubbard and Bernevig–Hughes–Zhang (BHZ)–Hubbard models provide

two well-established and complementary settings for understanding how electron–electron

interactions affect pre-existing topological phases in uniform lattice systems. In both cases,

topology is already present at the noninteracting level and is protected by time-reversal sym-

metry, while interactions act as an additional ingredient that can renormalize or ultimately

destabilize the topological state.

In the Kane–Mele–Hubbard model [55, 56, 57, 58, 59], the noninteracting limit features

intrinsic spin–orbit coupling that opens a bulk gap on the honeycomb lattice and gives rise

to a quantum spin Hall phase with helical edge states. Extensive numerical studies, most

notably quantum Monte Carlo simulations, show that this phase is robust against weak and

intermediate Hubbard interactions. In this regime, interactions mainly renormalize single-

particle properties such as the bulk gap, quasiparticle weight, and edge-state velocity, while

the topological character remains unchanged. At stronger coupling, antiferromagnetic order

develops. Oncemagnetism sets in, time-reversal symmetry is broken, the helical edge states

become gapped, and the system crosses into a topologically trivial insulating phase. The

loss of topology therefore occurs not gradually, but as a direct consequence of magnetic

ordering.

The BHZ–Hubbard model [60, 61, 62, 63] follows a similar overall pattern but through

a different microscopic route. Here, topology originates from band inversion between or-

bitals of opposite parity rather than from lattice geometry. Dynamical mean-field theory

studies show that the system remains a topological insulator at weak to intermediate inter-

action strengths, with the Z2 invariant unchanged. However, correlations act directly on the

inverted band structure itself. In the low-energy Dirac-like description of the BHZ model,
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topology is controlled by a mass parameter that determines the relative energy ordering

of the electron- and hole-like orbitals. The sign of this mass distinguishes the topological

and trivial insulating phases, as it encodes whether band inversion is present. Electronic

interactions renormalize this mass parameter by modifying the orbital energies through the

self-energy correction. As the interaction strength increases, the renormalized mass is grad-

ually driven toward zero, thereby reducing the degree of band inversion. When it eventually

changes sign, the band ordering is restored to the trivial configuration, and a topological

phase transition occurs even in the absence of symmetry breaking. Well before this transi-

tion, the edge states already show strong correlation effects, including reduced coherence

and modified dispersion, while time-reversal symmetry remains intact.

A important theme common to both models is the enhanced sensitivity of boundary

states to interactions. Even when the bulk remains topological, edge states can undergo

substantial reconstruction. In some regimes, the outermost layers become strongly renor-

malized or locally insulating, while the bulk stays gapped and topological. The helical edge

modes then effectively shift inward rather than disappearing immediately. Only at stronger

coupling, when magnetic order develops and consequently time-reversal symmetry is bro-

ken, the edge states become fully gapped, leading to destruction of the topological phase.

Together, these models serve as clean reference points for understanding how interac-

tions reshape band-derived topological phases in uniform systems. They demonstrate both

the robustness of topology at weak coupling and the indirect ways in which strong correla-

tions can eventually destabilize it. At the same time, these results highlight that qualitatively

new correlation-driven phenomena are more likely to emerge in settings that extend beyond

uniform bulk systems, thereby motivating the study of spatially inhomogeneous structures

and interfaces discussed in the following section.
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1.5 Interfaces and heterostructures: Correlated topologi-
cal matter

Studies of interacting lattice models show that electron–electron interactions can substan-

tially modify topological phases and, at strong coupling, may even destroy them through

symmetry breaking. While uniform bulk systems provide conceptual clarity, many of the

most striking phenomena emerge at interfaces, where translational symmetry is broken and

electronic properties vary across only a few lattice spacings. In heterostructures, charge

density, screening strength, and effective interaction parameters change from layer to layer,

producing electronic states that cannot be understood as a simple combination of the two

bulk materials. Interfaces therefore provide a natural setting in which topology, correla-

tions, and electronic reconstruction meet.

Oxide heterostructures offer clear demonstrations of such interfacial reconstruction. A

prominent example is the LaAlO3/SrT iO3 interface [19], where a high-mobility two-

dimensional electron gas forms even though both constituents are insulating in the bulk.

This metallic state does not arise from simple band alignment; instead, it results from elec-

tronic reconstruction driven by polar discontinuity and long-range Coulomb interactions

[17, 18]. Remarkably, the same interface can host superconductivity [64], magnetism [65],

and strong magnetoresistance [66]. These observations make clear that interfaces are ex-

tended correlated regions in which charge, spin, and orbital degrees of freedom reorganize

over several layers [67].

Correlated heterostructures [68, 69, 70, 71, 72, 73, 74] display similar physics. At Mott

insulator–band insulator interfaces, mismatches in chemical potential and screening drive

charge transfer across the boundary [70, 74]. Metallic states may then emerge within only

a few layers, even when both bulk materials remain insulating. These interfacial metals are

often strongly renormalized andmay coexist with magnetic order. Related behavior appears
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in Mott insulator–metal systems [71], where itinerant carriers from the metallic side screen

localized moments in the correlated region, potentially giving rise to Kondo-like physics.

In all these cases, interfaces host emergent phases absent in either bulk constituent.

When one of the materials is topological, additional possibilities arise. Topological

insulators support boundary states protected by bulk invariants and symmetries, yet once

placed in contact with another material, these states become sensitive to proximity effects.

In TI–superconductor heterostructures [75, 76], superconducting correlations are induced

in the helical edge or surface states, opening a gap and potentially generating Majorana

bound states. Interfaces between topological insulators and ferromagnets [77, 78, 79] pro-

vide a complementary route: magnetic proximity breaks time-reversal symmetry and can

gap the boundary spectrum, leading to quantum anomalous Hall states. Heterostructures be-

tween distinct topological insulators [80] further show that boundary modes can hybridize

or reorganize when topological indices differ across an interface. In most of these settings,

however, interactions are treated as weak or symmetry breaking is externally imposed.

A qualitatively different situation arises at topological insulator–Mott insulator inter-

faces, where topological boundary states encounter electrons localized by strong Coulomb

repulsion. Inhomogeneous dynamical mean-field theory studies [81, 82] show that bound-

ary states need not simply disappear. Instead, the effective topological phase boundary can

shift into the correlated region, producing so-called buried edge states. In one scenario,

helical modes penetrate the Mott insulator and evolve into strongly renormalized midgap

states with heavy-fermion-like character [81]. In another, when the Mott transition is first

order and spin–orbit coupling is present on both sides [82], several correlated layers become

topologically nontrivial, effectively relocating the boundary. These results demonstrate that

strong correlations can reconstruct and reposition topological boundary modes rather than

merely suppressing them.

Taken together, these developments emphasize that interfaces are active, self-consistently
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reconstructed regions where topology and strong correlations interact. Charge transfer,

screening, and many-body renormalization can generate metallic or ordered states con-

fined to only a few layers. When topology is involved, boundary states become dynamical

quantities whose spatial location and spectral properties are shaped by interaction-driven

reconstruction. Understanding this interplay is therefore essential for exploring genuinely

correlated topological heterostructures.

1.5.1 Limitations

Despite significant progress, current theoretical approaches to topological insulator–Mott

insulator heterostructures still suffer from limitations. Most existing studies rely on inho-

mogeneous dynamical mean-field theory restricted to paramagnetic solutions. As a result,

spontaneous magnetic ordering and magnetic reconstruction at the interface are explicitly

suppressed. This is a serious limitation, since topological boundary states are inherently

sensitive to magnetism, and even weak time-reversal symmetry breaking can qualitatively

reshape helical edge modes. Consequently, key questions related to spatially varying mag-

netization, spin imbalance, and symmetry-breaking reconstruction of boundary states re-

main largely unexplored.

These limitations directly motivate the approach adopted in this thesis. By combin-

ing real-space Hartree–Fock theory with slave-rotor methods, it becomes possible to treat

charge redistribution, strong correlations, and magnetic ordering on equal footing, with-

out imposing paramagnetic constraints. This framework allows access to regimes in which

weak, proximity-induced magnetization reconstructs topological boundary states without

fully destroying their topological origin. In particular, it enables the study of interme-

diate phases characterized by spin-imbalanced helical edge modes, opening the door to

interaction-driven spin-to-charge current conversion at topological insulator–Mott insula-

tor interfaces. The detailed investigation of these effects forms the basis of the following
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chapters.

1.6 Motivation and research questions

The discussions in the preceding sections establish a coherent picture of how topology,

interactions, and spatial inhomogeneity shape quantum phases of matter. While nonin-

teracting band theory provides a powerful framework for classifying topological phases,

it becomes insufficient once strong electron–electron interactions and broken translational

symmetry are taken into account. Interactions can renormalize, compete with, or even gen-

erate topological phases, and interfaces provide natural settings in which these effects are

amplified.

This thesis is motivated by the observation that two complementary aspects of correlated

topological matter remain only partially understood. First, although interaction-generated

topology has been theoretically proposed and analyzed in specific lattice models, its re-

alization is highly constrained and competes strongly with more conventional symmetry-

breaking orders. Identifying the conditions under which interactions favor topological or-

der over nematic or charge-ordered phases requires controlled lattice settings and careful

analysis of competing instabilities. Second, while topological boundary states are known

to be robust against weak perturbations, their behavior in strongly correlated and spatially

inhomogeneous environments remains far less explored, particularly when magnetic recon-

struction is allowed to emerge self-consistently.

These considerations lead to the following central questions that are investigated in this

thesis:

• Underwhat conditions can electron–electron interactions spontaneously generate topo-

logical phases in lattice systems that are topologically trivial at the band level?

• How does lattice geometry, and in particular the presence of Dirac or quadratic band
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touching points, control the competition between topological order and symmetry-

breaking instabilities such as nematicity and charge order?

• How do strong correlations modify the structure of topological boundary states in

spatially inhomogeneous settings?

• Can proximity-induced magnetism reconstruct helical edge states without fully de-

stroying their topological character?

• Is it possible for interaction-driven reconstruction at interfaces to enable new trans-

port phenomena, such as spin-to-charge current conversion?

To address these questions, the thesis is organized around two complementary lines of

investigation. First, it examines interaction effects in uniform lattice models, using gener-

alized two-dimensional Su–Schrieffer–Heeger models as controlled settings to study how

interactions lift band degeneracies and select between competing phases. Special emphasis

is placed on quadratic band touching points, where the finite density of states makes inter-

actions effective and allows interaction-generated topological phases to compete directly

with nematic and charge-ordered states.

The second direction focuses on spatially inhomogeneous systems, specifically het-

erostructures formed by interfacing topological insulators with Mott insulators. Here, topo-

logical boundary states are exposed to strong local correlations andmagnetic reconstruction.

Using real-space self-consistent Hartree–Fock theory combined with slave-rotor methods,

the work explores regimes beyond paramagnetic mean-field approaches and identifies in-

termediate phases with spin-imbalanced yet topologically derived edge modes.

1.7 Outline of the thesis

The remainder of this thesis is organized as follows.
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Chapter 2 introduces the theoretical framework employed throughout this work, in-

cluding the formulation of the interacting lattice models and the numerical implementation

of the Hartree–Fock and slave-rotor methods.

Chapter 3 investigates interaction-driven topological phases in generalized two-dimen-

sional Su–Schrieffer–Heeger (SSH) models. It presents the lattice geometries and interac-

tion terms considered in this study and analyzes how electron–electron interactions can

induce spontaneous symmetry breaking and generate topological phases beyond the nonin-

teracting band picture.

Chapter 4 is devoted to the study of topological insulator–Mott insulator interfaces in

the Lieb lattice setting. This chapter examines how strong correlations, charge redistribu-

tion, and magnetic reconstruction reshape topological boundary states, leading to phenom-

ena such as buried edge modes and interaction-driven spin imbalance at interfaces.

Chapter 5 summarizes the main results of the thesis and places them in a broader per-

spective. It discusses the implications of these findings for correlated topological matter

and outlines possible directions for future research.
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Chapter 2

Theoretical formalism and computational
methods
The primary aim of this thesis is to understand how electron–electron interactions modify

and give rise to topological phases in two-dimensional quantum systems. While nonin-

teracting topological materials can often be described using band theory and topological

invariants, interactions introduces significant complexity that makes an exact treatment of

large systems challenging. To address this problem, we employ self-consistent mean-field

approaches that provide a practical way to study correlation effects and their influence on

edge states, interfaces, and interaction-driven topological phenomena. We begin by intro-

ducing a generalized lattice Hamiltonian that serves as the foundation for the SSH-type

lattices and heterostructures considered in this work. We then present the Hartree–Fock

(HF) and slave-rotor (SR) mean-field methods used throughout the thesis to investigate

symmetry-breaking instabilities, emergent phase diagrams, Mott localization, and strong-

correlation effects. Finally, we introduce the Chern number used to characterize topological

phases and outline the formalism for calculating Green’s functions and current operators.

2.0.1 Generalized interacting lattice Hamiltonian

All models studied in this thesis can be formulated within a generic lattice Hamiltonian of

the form

H = H0 +Hint +HLRC, (2.1)

whereH0 describes the noninteracting band structure,Hint contains the short-range or onsite

electron–electron interactions, and HLRC accounts for long-range Coulomb effects that is
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essential in spatially inhomogeneous systems.

The single-particle part is written as

H0 = −
∑
i,j,σ

(
tijc

†
iσcjσ + h.c.

)
+
∑
i,σ

(ϵi − µ)niσ, (2.2)

where tij specifies the nearest- and next-nearest-neighbor hopping amplitudes, including

complex next-nearest-neighbor spin-orbit coupling term that opens topological gaps, ϵi rep-

resents sublattice dependent on-site potentials and µ is chemical potential.

In heterostructures and interface geometries, charge redistribution plays a important

role. To prevent unphysical charge accumulation and to capture electrostatic reconstruction,

long-range Coulomb interactions are included at the mean-field level [83, 84],

HLRC =
∑
i

ϕini, (2.3)

where the electrostatic potential ϕi is determined self-consistently from mean-field param-

eters as follows,

ϕi =
∑
j ̸=i

aM t
⟨nj⟩ − Zion

|ri − rj|
. (2.4)

Here aM denotes the Madelung constant that accounts for the lattice geometry, Zion repre-

sents the positive ionic background charge, and t sets the overall energy scale. This term

captures electrostatic reconstruction and realistic charge redistribution across correlated het-

erostructures.

2.1 Hartree–Fock mean field method

Electron–electron interactions play a important role in all lattice models studied in this the-

sis. To treat these interactions in a controlled yet flexible manner, we employ Hartree–

Fock (HF) theory as the primary numerical approach. Within this framework, interact-

ing many-body terms are decoupled into effective single-particle contributions that depend
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self-consistently on expectation values such as local density, bond amplitudes, and magne-

tization. The resulting quadratic Hamiltonian is solved iteratively until self-consistency is

achieved. Depending on the degrees of freedom and the physical problem under consider-

ation, two distinct interaction decoupling schemes are employed, as described below.

2.1.1 Spinless fermions with extended interactions

For the generalized SSH models, we consider spinless fermions interacting via short-range

repulsive density–density interactions. The interaction Hamiltonian is given by

HSSH
int =

1

2

∑
i ̸=j

Vij ninj, (2.5)

where Vij denotes nearest-neighbor and next-nearest-neighbor repulsion.

To capture interaction-driven phases such as the quantum anomalous Hall (QAH) state

and bond-nematic order, the interaction is decoupled in the both Hartree and Fock channels,

ninj ≈ ⟨ni⟩nj + ni⟨nj⟩ − ⟨ni⟩⟨nj⟩ −
(
χjic

†
icj + χijc

†
jci − |χij|2

)
,

where χij = ⟨c†icj⟩ is the bond order parameter.

This decoupling allows interactions to dynamically renormalize hopping amplitudes

and, when appropriate, generate complex bond expectation values. An imaginary com-

ponent of χij corresponds to spontaneous loop currents and signals QAH order, while

anisotropy in its real component reflects bond-nematic symmetry breaking. The Hartree

terms simultaneously capture charge redistribution and charge-density-wave tendencies.

The resulting Hartree–Fock Hamiltonian reads

HHF =
∑
i,j

(
−tij − Vijχ

∗
ij

)
c†icj +

∑
i

(
ϵi +

∑
j ̸=i

Vij⟨nj⟩

)
ni. (2.6)
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2.1.2 Spinful fermions with on-site Hubbard interaction

For the heterostructure system, we consider spinful fermions subject to a local Hubbard

interaction,

HHet
int = U

∑
i

ni↑ni↓. (2.7)

In the strongly interacting regime, magnetic correlations and Mott physics become central

to the low-energy behavior.

Within Hartree–Fock theory, the onsite interaction is decoupled in the density (Hartree)

channel as

ni↑ni↓ ≈ ⟨ni↑⟩ni↓ + ⟨ni↓⟩ni↑ − ⟨ni↑⟩⟨ni↓⟩. (2.8)

Accordingly, the interaction term becomes

Uni↑ni↓ ≈ U
(
⟨ni↑⟩ni↓ + ⟨ni↓⟩ni↑

)
− U⟨ni↑⟩⟨ni↓⟩. (2.9)

The last term represents a constant energy shift and does not affect the eigenstates. The

resulting mean-field Hamiltonian can therefore be written as

HHF = −
∑
i,j,σ

(
tijc

†
iσcjσ + h.c.

)
+
∑
i,σ

[ϵi + U⟨niσ̄⟩]niσ + const. (2.10)

Each spin species thus experiences an effective on-site potential generated by the oppo-

site spin, ϵeffiσ = U⟨niσ̄⟩. The local charge density and spin polarization are determined

self-consistently, enabling a unified description of interfacial charge reconstruction and

interaction-driven magnetism.

2.1.3 Self-consistency, initial conditions, and competing solutions

The Hartree–Fock equations are solved using an iterative self-consistency procedure. Start-

ing from an initial guess for the mean-field parameters, the effective Hamiltonian is diago-

nalized, expectation values are recalculated, and the procedure is repeated until convergence

is achieved.

33



2 Theoretical formalism and computational methods

Because Hartree–Fock theory admits multiple locally stable solutions corresponding to

different symmetry-breaking patterns, the choice of initial conditions plays an important

role. To ensure that the physically relevant ground state is identified, several distinct initial

configurations are explored. For each converged solution, the total Hartree–Fock energy is

evaluated and the state with the lowest energy is selected. To improve numerical stability

and avoid oscillatory behavior, the update of mean-field parameters is performed using

linear mixing between successive iterations.

2.1.4 Limitations

Hartree–Fock theory provides a transparent and intuitive framework for identifying interact

ion-driven instabilities, symmetry breaking, and spatial reconstruction in lattice models.

Although it does not capture quantum fluctuations, it is particularly well suited for studying

lattice-scale ordering, edge states, and heterostructures. In strong regimes where strong

local charge fluctuations become essential, Hartree–Fock is complemented by slave-rotor

mean-field theory, which is discussed in the following section.

2.2 Slave-rotor mean-field theory

While Hartree-Fock captures magnetic symmetry breaking, it fails to describe the param-

agnetic Mott transition and neglects local charge fluctuations. To validate the survival of

edge states in the strong-coupling regime (chapter 4), we employ the Slave-Rotor (SR)

mean-field theory.

Rotor decomposition and constraint: We decompose the physical electron creation op-

erator d†iσ into a neutral fermionic spinon f †
iσ (carrying spin) and a charged bosonic rotor

e−iθi (carrying charge):

d†iσ = f †
iσe

−iθi , diσ = fiσe
iθi (2.11)
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To maintain the physical Hilbert space, we impose the local constraint:

∑
σ

f †
iσfiσ + Li = 1 (2.12)

where Li = −i ∂
∂θi

is the angular momentum of the rotor, representing the deviation from

half-filling.

Coupled effective Hamiltonians: Substituting this decomposition leads to two coupled

Hamiltonians solved self-consistently:

1. The spinon Hamiltonian (Hf ): The spinons describe a fermionic system where the

hopping is renormalized by the coherence of the rotors:

Hf = −
∑
i,j,σ

(
tij⟨ei(θi−θj)⟩f †

iσfjσ + h.c.
)
+
∑
i,σ

(hi − µf )n
f
iσ (2.13)

Here, ⟨ei(θi−θj)⟩ acts as a renormalization factor that modifies the effective hopping ampli-

tude of the spinons. In the Mott phase, the rotor condensate vanishes, suppressing coherent

quasiparticle hopping and leading to a charge-localized insulating state. The quantity hi is a

site-dependent Lagrange multiplier enforcing the slave-rotor constraint and effectively acts

as a local chemical potential for the spinons.

2. The rotor Hamiltonian (Hθ): The interactions are carried entirely by the rotor

degrees of freedom:

Hθ = −
∑
i,j

(
Jije

−i(θi−θj) + h.c.
)
+
U

2

∑
i

L2
i +

∑
i

hθiLi (2.14)

Here Jij = tij
∑

σ⟨f
†
iσfjσ⟩ acts as an effective kinetic coupling generated by the spinon

sector. The term hθi is the corresponding Lagrange multiplier in the rotor sector, which

couples to the rotor angular momentum Li and enforces the local constraint between the

spinon occupation and the rotor charge degree of freedom. Similar to the spinon sector, this

parameter is obtained self-consistently in the mean-field solution.
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Real-space cluster solution: Since the heterostructure breaks translational invariance,

we employ a Cluster Mean-Field Theory. We define a cluster of unit cells and treat intra-

cluster rotor interactions exactly by diagonalizing the cluster Hamiltonian, while treating

inter-cluster couplings at the mean-field level.

Many-body Green’s function reconstruction: At the mean-field level the physical elec-

tron Green’s function approximately factorizes into spinon and rotor correlators

Giσ(τ) ≈ −⟨Tτfiσ(τ)f
†
iσ(0)⟩⟨Tτe

iθi(τ)e−iθi(0)⟩, (2.15)

where gauge fluctuations are neglected. Using the spectral representations of the spinon

and rotor propagators, we obtain the electron Green’s function in frequency space. The

resulting spectral function exhibits a coherent quasiparticle peak in the metallic phase and

the emergence of upper and lower Hubbard bands in the Mott insulating regime.

Self-consistent numerical procedure

All calculations are performed in real space on finite lattices with close boundary conditions

along the interface direction and periodic boundary conditions along the translationally in-

variant direction. Starting from an initial guess for all mean-field variables, the effective

single-particle Hamiltonian is constructed and diagonalized.

Expectation values of charge density, bond order parameters, and rotor condensates are

computed from the eigenstates and fed back into the Hamiltonian. This procedure is iter-

ated until self-consistency is achieved, defined by convergence of all local order parameters

below a prescribed tolerance. Physical observables are evaluated using the converged so-

lution.
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2.3 Topological invariants

For topological characterization of the QAH phase, we compute the Chern number C using

the method developed by Fukui, Hatsugai, and Suzuki (FHS) [85] on a discrete Brillouin

zone. We define the U(1) link variable Uµ(kl) from the normalized overlap of ground state

wavefunctions:

Uµ(kl) =
⟨Ψ(kl)|Ψ(kl + µ̂)⟩
|⟨Ψ(kl)|Ψ(kl + µ̂)⟩|

(2.16)

The lattice Berry flux F̃xy(kl) is given by the gauge-invariant product of link variables

around a plaquette:

F̃xy(kl) = ln
(
Ux(kl)Uy(kl + x̂)Ux(kl + ŷ)−1Uy(kl)−1

)
(2.17)

The total Chern number is the sum of the flux over the Brillouin zone:

C =
1

2πi

∑
l

F̃xy(kl) (2.18)

This method ensures strictly integer results even for coarse discretization.

2.4 Current operators

To characterize the edge-state transport properties of the heterostructures studied in this

thesis, we calculate the local bond currents. The current operator is obtained from the con-

tinuity equation, dni

dt
= i[H, ni], which relates the time evolution of the local charge density

to the flow of particles between neighboring sites. The current flowing from site j to site i

is given by

Jij = −i
∑
σ

(
tijd

†
iσdjσ − tjid

†
jσdiσ

)
. (2.19)

To distinguish between charge and spin transport, the expectation value of the current

is decomposed into its charge and spin components,

J c = J↑ + J↓, Js = J↑ − J↓. (2.20)
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This decomposition is particularly useful for identifying the conversion of spin currents into

charge currents in correlated topological heterostructures.

The theoretical framework developed in this chapter provides the foundation for the

studies presented in the remainder of the thesis. In the following chapters, it is applied

to generalized two-dimensional SSH models to investigate interaction-driven nematic and

quantum anomalous Hall phases, and to topological insulator–Mott insulator heterostruc-

tures to explore magnetic reconstruction, charge redistribution, and the emergence of spin-

imbalanced edge modes.
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Chapter 3

Quantum phases in two dimensional gen-
eralized interacting SSH model
In chapter 1, we established that while band topology provides a powerful framework for

classifying quantum phases, it remains fundamentally formulated within a single-particle

picture. Electron–electron interactions introduce many-body effects that can either destabi-

lize, reconstruct, or even spontaneously generate topological phases. However, interaction-

driven topology does not arise generically, as the same interactions may also favor conven-

tional symmetry-breaking orders such as charge-density-wave or nematic phases. Identify-

ing the conditions under which topology emerges therefore requires lattice models whose

low-energy electronic structure amplifies interaction effects.

Semimetallic systems with symmetry-protected band degeneracies provide particularly

fertile ground for such studies. Among them, quadratic band touching (QBT) points play a

special role. Unlike Dirac points, which possess a vanishing density of states at the Fermi

level, QBT points exhibit a finite density of states, rendering them unstable to arbitrarily

weak interactions. This enhanced susceptibility opens a window for interaction-driven in-

stabilities to emerge already at weak to intermediate coupling.

In this chapter, we investigate interaction-driven quantum phases in a two-dimensional

generalized Su–Schrieffer–Heeger (SSH) model defined on a square lattice. This model

provides a minimal and highly tunable platform that can host either a QBT or symmetry-

protected Dirac nodes in the noninteracting limit, depending on microscopic parameters.

By systematically incorporating extended density–density interactions within Hartree–Fock

framework, we demonstrate how electronic correlations spontaneously generate topological
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3 Quantum phases in two dimensional generalized interacting SSH model

order in an otherwise semimetallic system.

Our central results are threefold. First, we show that interactions stabilize a quan-

tum anomalous Hall (QAH) phase characterized by spontaneous time-reversal symme-

try breaking and a nonzero Chern number. Second, we identify a robust bond-nematic

Dirac semimetal (BNDS) phase that intervenes between topological and trivial insulating

states, revealing a nontrivial interplay between nematicity and topology. Third, we demon-

strate how lattice asymmetry and staggered potentials control the competition between these

phases, allowing a continuous evolution from QBT-driven to Dirac-driven topological be-

havior.

3.1 Generalized two-dimensional SSH model

We consider a two-dimensional interacting spinless fermion model defined on a square lat-

tice with a four-site unit cell. The lattice geometry [Fig. 3.1] can be viewed as a natural

two-dimensional generalization of the Su–Schrieffer–Heeger (SSH) [86, 87, 88] model,

where dimerized hopping patterns are introduced along both spatial directions. Each unit

cell consists of four inequivalent sublattice sites, labeled a, b, c, and d, arranged in a pla-

quette geometry.

The Hamiltonian of the model is given by

Ĥ = −
∑
i,j

(
tij c

†
icj + h.c.

)
+ δ

∑
i∈{a,d}

ni − δ
∑

i∈{b,c}

ni +U
∑
⟨i,j⟩

ninj + V
∑
⟨⟨i,j⟩⟩

ninj. (3.1)

Here, c†i (ci) creates (annihilates) a spinless fermion at lattice site i, and ni = c†ici is the

local density operator. The hopping amplitudes tij include inequivalent nearest-neighbor

(NN) hoppings t1 and t2, corresponding respectively to intra-cell and inter-cell bonds. In

addition, next-nearest-neighbor (NNN) hoppings are included with amplitudes t′1 and t′2,

which connect sites along the diagonals of each plaquette.
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3 Quantum phases in two dimensional generalized interacting SSH model

Figure 3.1: Schematic of the two-dimensional Su–Schrieffer–Heeger (SSH) model on a
square lattice with four sites per unit cell (plaquette). Nearest-neighbor (NN) hoppings
include intra-cell bonds (blue, amplitude t1) and inter-cell bonds (red, amplitude t2). Next-
nearest-neighbor (NNN) hoppings introduce diagonal couplings: green and purple bonds
denote amplitudes t′1 and t′2, respectively.

The second and third terms in Eq. (3.1) represent a staggered on-site potential δ, which

assigns an energy+δ to sublattice sites a and d and−δ to sites b and c. This term explicitly

breaks sublattice and rotational symmetries and plays a crucial role in tuning the low-energy

band structure. The last two terms describe repulsive density–density interactions: U acts

between NN sites ⟨i, j⟩, while V couples NNN pairs ⟨⟨i, j⟩⟩.

Depending on the hopping parameters, the model interpolates between different lattice

geometries. For t1 = t2, the system reduces to a checkerboard lattice with uniform NN

hopping. When the NNN hoppings satisfy t′1 = −t′2 = 0.5 (these values are fixed through-

out the remainder of this chapter unless otherwise stated), the model preserves particle-hole
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3 Quantum phases in two dimensional generalized interacting SSH model

Figure 3.2: (a) Noninteracting band structure at δ = 0, showing a quadratic band touching
(QBT) at the Brillouin-zone M point (π, π). (b) Band structure at δ = −0.2t1 with t1 = 1.0
and t2 = 2.0, where the QBT splits into two Dirac cones. The high-symmetry points are
Γ = (π

2
, π
2
), X = (π, π

2
), Y = (π

2
, π), andM = (π, π).

symmetry [see Appendix. A.2], and the noninteracting band structure exhibits a QBT at

the high symmetry M(π, π) point. A finite staggered potential δ breaks the fourfold (C4)

rotational symmetry and splits the QBT into two Dirac cones [89]. Depending on the sign

of δ, the cones appear along one of two orthogonal directions in the Brillouin zone: either

the ky−kx = 0 line or the ky+kx = 3π
2
line. In contrast, setting t1 ̸= t2 breaks particle–hole

symmetry but preserves the QBT atM when δ = 0 [Fig. 3.2(a)]. For finite δ, this QBT also

splits into a pair of Dirac cones [Fig. 3.2(b)], similar the checkerboard case [89]. The QBT

is protected by theC4 rotational symmetry of the lattice, which forbids linear Dirac terms in

the effective low-energy Hamiltonian [39, 40]. Breaking C4 symmetry lifts this protection,

splitting the QBT into Dirac cones and strongly modifying the susceptibility to interaction-

driven instabilities [46, 89]. Throughout this chapter, we focus on the half-filled case, where

the interplay between band degeneracies, lattice symmetries, and electronic interactions is

most pronounced.
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3.2 Hartree–Fock formulation andmomentum-spaceHamil-
tonian

To investigate interaction-driven instabilities in the generalized two-dimensional SSHmodel,

we employ anHartree–Fock (HF)mean-field approximationwith a four-site unit-cell ansatz.

This approach allows for the spontaneous breaking of time-reversal, translational, and point-

group symmetries, and is therefore well suited for describing charge-ordered, nematic, and

interaction-induced topological phases on equal footing.

The density–density interaction terms in Eq. (3.1) are decoupled by retaining bothHartree

(density) and Fock (exchange) channels. Within this approximation, the mean-field decom-

position for a generic interacting bond between sites i and j is given by

n̂in̂j ≃ ⟨n̂i⟩n̂j + ⟨n̂j⟩n̂i − ⟨n̂i⟩⟨n̂j⟩ − ϵjiĉ
†
i ĉj − ϵij ĉ

†
j ĉi + |ϵij|2,

where ϵij = ⟨ĉ†i ĉj⟩ denotes the bond expectation value arising from the exchange channel.

The bond expectation values are decomposed into real and imaginary parts as ϵij =

ϵRij + iϵIij . The imaginary components correspond to circulating bond currents and allow

for spontaneous breaking of time-reversal symmetry. To capture such loop-current order

associated with imaginary nearest-neighbor hopping processes, we impose the constraints

⟨ĉ†bĉa⟩ = ⟨ĉ†bĉa+2x̂⟩, ⟨ĉ†cĉa⟩ = ⟨ĉ†cĉa+2ŷ⟩,

⟨ĉ†dĉc⟩ = ⟨ĉ†dĉc+2x̂⟩, ⟨ĉ†dĉb⟩ = ⟨ĉ†dĉb+2ŷ⟩, (3.2)

together with their Hermitian conjugates. All next-nearest-neighbor (NNN) mean-field pa-

rameters are constrained to be real.

With these assumptions, the Hartree–Fock Hamiltonian can be written in momentum

space as

Ĥ = E0 +
∑
k

Ψ†
kHk

HFΨk, (3.3)
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where

Ψk =


ĉk,a
ĉk,b
ĉk,c
ĉk,d

 . (3.4)

The Hartree–Fock Hamiltonian matrix takes the general form

Hk
HF =


Hk

00 Hk
01 Hk

02 Hk
03

Hk
01∗ Hk

11 Hk
12 Hk

13

Hk
02∗ Hk

12∗ Hk
22 Hk

23

Hk
03∗ Hk

13∗ Hk
23∗ Hk

33

 , (3.5)

where the diagonal elements arise from Hartree contributions, while the off-diagonal ele-

ments contain both bare hopping terms and Fock-induced renormalizations.

The diagonal matrix elements are given by

Hk
00 = 2U(n̄b + n̄c) + 4V n̄d + δ, (3.6)

Hk
11 = 2U(n̄a + n̄d) + 4V n̄c − δ, (3.7)

Hk
22 = 2U(n̄a + n̄d) + 4V n̄b − δ, (3.8)

Hk
33 = 2U(n̄b + n̄c) + 4V n̄a + δ. (3.9)

The off-diagonal elements read

Hk
01 = −t1e−ikx − t2e

ikx − 2UϵRab cos kx − 2iV ϵIab cos kx, (3.10)

Hk
02 = −t1e−iky − t2e

iky − 2UϵRac cos ky − 2iV ϵIac cos ky, (3.11)

Hk
13 = −t1e−iky − t2e

iky − 2UϵRbd cos ky − 2iV ϵIbd cos ky, (3.12)

Hk
23 = −t1e−ikx − t2e

ikx − 2UϵRcd cos kx − 2iV ϵIcd cos kx, (3.13)

Hk
03 = 2

(
t′1 − V ϵ1ad

)
cos(kx + ky) + 2

(
t′2 − V ϵ2ad

)
cos(kx − ky), (3.14)

Hk
12 = 2

(
t′2 − V ϵ1bc

)
cos(kx + ky) + 2

(
t′1 − V ϵ2bc

)
cos(kx − ky). (3.15)

All remaining matrix elements follow from Hermiticity.
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Finally, the constant energy shift is given by

E0 = 2U
(
|ϵab|2 + |ϵcd|2 + |ϵbd|2 + |ϵac|2 − (n̄a + n̄d)(n̄b + n̄c)

)
+ 2V

(
|ϵ1ad|2 + |ϵ2ad|2 + |ϵ1bc|2 + |ϵ2bc|2 − 2(n̄an̄d + n̄bn̄c)

)
. (3.16)

The self-consistent Hartree–Fock equations are solved by diagonalizing Hk
HF at each

momentum k, updating the mean-field parameters n̄i and ϵij , and iterating until the total

energy converges within a tolerance of 10−10.

3.3 Order parameters and symmetry classification

The Hartree–Fock formulation introduced in the previous section allows for a variety of

competing ordered phases, distinguished by the symmetry properties of the self-consistent

mean-field parameters. In this section, we define the order parameters used to characterize

the interaction-driven phases of the generalized two-dimensional SSH model and classify

them according to the symmetries they break.

Throughout this section, the order parameters are constructed from the site-resolved

densities n̄i = ⟨n̂i⟩ and the bond expectation values ϵij = ⟨ĉ†i ĉj⟩ appearing in the Hartree–

Fock Hamiltonian.

3.3.1 Quantum anomalous Hall order

The quantum anomalous Hall (QAH) phase is characterized by spontaneous breaking of

time-reversal symmetry and the emergence of circulating loop currents. Within the Hartree–

Fock framework, this phase is signaled by purely imaginary nearest-neighbor bond expec-

tation values.

A convenient order parameter for the QAH phase is defined as

ϵQAH =
1

4
|Im (ϵab + ϵbd + ϵdc + ϵca)| , (3.17)
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which measures the net circulating current around a plaquette. A nonzero value of ϵQAH

indicates spontaneous time-reversal symmetry breaking and corresponds to a gapped topo-

logical phase with a nonzero Chern number.

3.3.2 Site-nematic insulating order

The site-nematic insulating (SNI) phase is characterized by an imbalance in the local charge

densities between different sublattices, leading to the breaking of the fourfold rotational (C4)

symmetry.

The corresponding order parameter is defined as

δSNI = |(n̄a + n̄d)− (n̄b + n̄c)| . (3.18)

A finite value of δSNI indicates the formation of a gapped nematic insulating phase with

inequivalent charge occupation on the two sublattice pairs.

3.3.3 Stripe charge-density-wave order

The stripe charge-density-wave (CDW) phase breaks translational symmetry and is charac-

terized by alternating charge densities across different lattice sites. This phase is captured

by the order parameter

δCDW = |n̄a − n̄d|+ |n̄b − n̄c|. (3.19)

A nonzero value of δCDW signals the formation of a stripe-like charge modulation and is

accompanied by a gap opening in the single-particle spectrum.

3.3.4 Bond-nematic order

The bond-nematic Dirac semimetal (BNDS) is a gapless phase that spontaneously breaks

the fourfold (C4) rotational symmetry due to anisotropic next-nearest-neighbor (NNN) bond

ordering. This nematicity manifests as an imbalance in the electronic bond strengths along

orthogonal diagonal directions.
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Specifically, for the a and d sublattices, the bond anisotropy is quantified by

∆
(1)
bond =

∣∣∣⟨ĉ†a+x̂+ŷ ĉa⟩ − ⟨ĉ†a+x̂−ŷ ĉa⟩
∣∣∣ , (3.20)

whichmeasures the difference betweenNNN correlations along the two diagonal directions.

Similarly, the corresponding anisotropy for the b and c sublattices is given by

∆
(2)
bond =

∣∣∣⟨ĉ†b+x̂+ŷ ĉb⟩ − ⟨ĉ†b+x̂−ŷ ĉb⟩
∣∣∣ . (3.21)

The overall bond-nematic order parameter is then defined as the sublattice-resolved

difference between these anisotropies,

∆bond =
∣∣∣∆(1)

bond −∆
(2)
bond

∣∣∣ , (3.22)

which captures the spontaneous breaking of C4 rotational symmetry while maintaining

translational invariance.

3.3.5 Summary of symmetry breaking patterns

The interaction-driven phases discussed above can be classified according to their symme-

try properties as follows. The QAH phase breaks time-reversal symmetry while preserving

translational symmetry. The SNI and stripe CDW phases break rotational symmetry and

open a charge gap. In contrast, the BNDS phase breaks rotational symmetry without open-

ing a gap. The competition and coexistence of these orders lead to the rich phase diagrams

presented in the following section.

3.4 Interaction-driven phase diagrams and physical dis-
cussion

We have established the model, mean-field formulation, and order parameters in the preced-

ing sections. We now discuss the interaction-driven phase diagrams of the generalized two-
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dimensional SSH model, focusing on how the underlying band structure controls the com-

petition between topological and symmetry-breaking orders. We begin with the quadratic

band touching (QBT) regime, which provides a unifying framework for understanding the

dominant interaction-driven instabilities. Within this regime, we first analyze the symmetric

checkerboard limit and then examine the effects of hopping asymmetry, which preserves

the QBT while explicitly favoring nematic bond ordering. Finally, we discuss the Dirac

semimetal regime induced by a staggered on-site potential, where the lifting of the QBT

qualitatively alters the phase diagram.

3.4.1 Phase diagram in the quadratic band touching regime: checker-
board limit

We begin the discussion of interaction-driven phases in the quadratic band touching (QBT)

regime by considering the checkerboard limit of the generalized two-dimensional SSH

model, corresponding to equal intra- and inter-cell hopping amplitudes t1 = t2 = 1.0

and vanishing staggered potential δ = 0. In this limit, the lattice preserves fourfold rota-

tional (C4) symmetry, and the noninteracting band structure at half filling hosts a symmetry-

protected quadratic band touching point. This QBT provides the natural starting point for

understanding the interaction-driven instabilities discussed in this chapter.

The presence of a quadratic band touching (QBT) plays a central role in shaping the

interaction driven phase diagram of the model. Unlike Dirac points, where the density of

states vanishes linearly at the Fermi level, a QBT supports a finite density of states, making

the semimetallic state unstable even to weak repulsive interactions. Within the Hartree–

Fock framework, this enhanced susceptibility gives rise to multiple competing ordered

phases at moderate interaction strengths. As shown in Fig. 3.3(a) for the symmetric checker-

board limit, the zero temperature phase diagram hosts a quantum anomalous Hall (QAH)

insulator with Chern number C = ±1 [90], a bond nematic Dirac semimetal (BNDS), a
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QAH BNDS SNI CDW

(a) (b) (c)

(d) (e) (f) (g)

CDW CDW CDW

SNI SNI SNI
QAH

QAH QAHBNDS BNDS

BNDS

Figure 3.3: Interaction-driven phase diagrams of the generalized 2D SSH model at
δ = 0 for different hopping configurations. (a) Phase diagram for the symmetric hopping
case t1 = t2 = 1.0, corresponding to the checkerboard limit. Four distinct phases emerge:
a QAH phase with spontaneous time-reversal symmetry breaking (black), a SNI that breaks
C4 symmetry (purple), a stripe CDW (red), and a BNDS with gapless anisotropic Dirac
nodes (yellow). (b) Phase diagram for asymmetric hopping with t1 = 1.0 and t2 = 2.0,
representative of the generalized SSH regime. The QAH phase remains robust, while the
BNDS region expands significantly due to enhanced bond anisotropy. The site-nematic and
stripe-ordered insulating phases persist but shrink in extent. (c) Phase diagram for another
asymmetric case, t1 = 2.0 and t2 = 1.0. While the overall structure is similar to (b), the
QAH region is reduced, reflecting the sensitivity of topological ordering to the direction of
hopping asymmetry. The BNDS and insulating phases continue to dominate, underscor-
ing their robustness. (d-g) Representative band spectra and ordering patterns of spinless
fermions at half-filling in the topologically trivial SSH lattice with a QBT point, shown for
asymmetric hopping parameters t1 = 1.0 and t2 = 2.0. The QAH phase is distinguished
by loop-current order, while the BNDS phase features anisotropic bond ordering. SNI and
stripe CDW phases are also illustrated with their characteristic charge distributions. Cir-
cle sizes indicate the local charge density, and bond widths represent the magnitude of the
bond-order parameter.
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site nematic insulator (SNI), and a stripe charge density wave (CDW) phase. These phases

originate from distinct symmetry breaking mechanisms, including time-reversal, rotational,

and translational symmetry breaking, and are characterized by the order parameters defined

in Sec. 3.3.

At weak to intermediate U , the dominant instability is toward the QAH phase. The

finite DOS at the QBT lowers the energy cost of opening a topological gap through com-

plex nearest-neighbor bond order, stabilizing spontaneous time-reversal breaking. Upon

increasing the interaction strength, the QAH phase gives way to competing ordered states.

In particular, we observe the emergence of a bond-nematic Dirac semimetal (BNDS), which

intervenes between the QAH phase and the site-nematic insulating phase. The BNDS phase

is characterized by anisotropic bond expectation ∆
(1)
bond values that break the C4 rotational

symmetry while preserving translational and time-reversal symmetries. Remarkably, de-

spite the presence of strong interactions, the single-particle spectrum remains gapless in

this phase, retaining Dirac nodes with anisotropic velocities.

The appearance of an intermediate BNDS phase separating the QAH and SNI phases

has not been reported in earlier mean-field studies [90, 91] of closely related lattice mod-

els. This finding is consistent with recent thermodynamic studies [92, 93], which identified

BNDS as a finite-temperature stable phase with characteristic bond-order signatures. In

many previous Hartree–Fock analyses, bond order sector was not analysed and attention

was focused primarily on insulating phases, such as charge-ordered or topological states.

As a consequence, the possibility of an intermediate, gapless nematic phase between the

QAH and SNI phases was overlooked. At still stronger interactions, charge-ordered insu-

lating phases dominate: the SNI via sublattice occupation imbalance and the stripe CDW

via periodic density modulation. These emerge as Hartree-driven density terms become

energetically favorable.

Overall, the phase diagram in the checkerboard limit highlights the strong competi-
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tion between topological order, nematic bond order, and charge ordering in systems with

quadratic band touching. This regime therefore provides a useful reference point for un-

derstanding how additional symmetry breaking, such as hopping asymmetry, modifies the

phase diagram, as discussed in the following subsection.

3.4.2 Phase diagram in the quadratic band touching regime with hop-
ping asymmetry

We now consider the quadratic band touching (QBT) regime in the presence of hopping

asymmetry, focusing on the two representative cases t1 = 1.0, t2 = 2.0 and t1 = 2.0, t2 =

1.0, with the staggered potential fixed to δ = 0. In both cases, the quadratic band touching at

half filling remains intact and protected by lattice symmetries, allowing us to examine how

modifying the relative strength of intra- and inter-cell hopping influences interaction-driven

ordering tendencies within the QBT regime.

We first discuss the case t1 = 1.0 and t2 = 2.0 [Fig. 3.3 (b)]. Introducing hopping

asymmetry has a pronounced impact on the balance between competing phases. Compared

to the symmetric checkerboard limit, nematic ordering in the bond sector is strongly en-

hanced, leading to a significant expansion of the bond-nematic Dirac semimetal (BNDS)

phase. This phase becomes stable already at relatively weak interaction strengths. Phys-

ically, the imbalance between intra- and inter-cell hopping amplitudes favors anisotropic

bond correlations, making it energetically favorable for the system to develop nematic bond

order while remaining gapless.

In the asymmetric hopping regime, the quantum anomalous Hall (QAH) phase charac-

terized by a Chern numberC = ±1 [see Appendix A.1] remains present at weak to interme-

diate interaction strengths, although its region in the phase diagram is reduced compared to

the symmetric checkerboard limit. At larger interaction strengths, insulating phases driven

by charge ordering reappear. The SNI phase is stabilized by sublattice density imbalance,
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while the stripe CDW phase emerges when translational symmetry breaking further low-

ers the interaction energy. The corresponding band structures and representative bond- and

charge-order patterns are shown in Fig. 3.3(d)–3.3(g).

We now turn to the complementary asymmetric case t1 = 2.0 and t2 = 1.0 [Fig. 3.3 (c)].

The resulting phase diagram exhibits the same qualitative features as the t1 = 1.0, t2 = 2.0

case. The enhancement of the BNDS phase, the suppression of the QAH phase, and the

appearance of charge-ordered insulating phases at stronger interactions all persist. The

two phase diagrams are related by an interchange of bond directions, and no additional

phases are introduced. Overall, the BNDS phase remains prevalent across all three hopping

regimes, indicating its generic presence in the phase diagram of generalized SSH models

with extended interactions. Our results not only extend previous Hartree-Fock analyses

[90, 91] but also establish a clear link between bond anisotropy and the stabilization of

gapless nematic phases. The clear identification of the BNDS region in our self-consistent

solution highlights the critical role of competing bond-order channels in shaping the phase

diagram of semimetallic systems with interaction-driven instabilities

3.4.3 Competition of order parameters in the quadratic band touching
regime

Amore detailed understanding of the interaction-driven phases in the quadratic band touch-

ing (QBT) regime can be obtained by examining the evolution of the relevant order param-

eters as a function of interaction strength, as shown in Fig. 3.4. Rather than focusing solely

on phase boundaries, this analysis highlights how different ordering tendencies compete

and, in some cases, coexist as interactions increase.

We begin with the weak-coupling regime, where the system stabilizes a bond-nematic

Dirac semimetal (BNDS). As shown in Fig. 3.4(a), for asymmetric hopping t1 = 1.0 and

t2 = 2.0, the bond-nematic order parameter becomes finite already at small values of the
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Figure 3.4: (a) Evolution of the QAH and BNDS order parameters as functions of the in-
teraction strength U for fixed hopping amplitudes t1 = 1.0, t2 = 2.0, and onsite potential
δ = 0. At weak coupling, the system exhibits a pure BNDS phase characterized by spon-
taneous bond-nematic order. In the intermediate U regime, both QAH and BNDS order
parameters coexist, indicating an interaction-induced topological-nematic mixed phase. As
U increases further, the QAH order is suppressed, and a narrow BNDS region emerges be-
fore the transition to a SNI phase. (b) Corresponding plot for t1 = 2.0, t2 = 1.0, showing a
reduced extent of the QAH phase and a slightly broader BNDS region separating the QAH
and SNI phases. All the data in (a) and (b) are in arbitrary unit. (c) Site-nematic order
parameter δsite as a function of U for t1 = 1.0, t2 = 2.0. The SNI order parameter remains
finite across all phases, including the BNDS and QAH regimes, but becomes strongly en-
hanced deep in the SNI phase, signaling a crossover from weak to strong site-nematic order.
(d) Similar behavior of δsite for t1 = 2.0, t2 = 1.0, consistent with the trends observed in
panel (c), confirming the robustness of site-nematic fluctuations across the phase diagram.
All plots are obtained for fixed next nearest-neighbor interaction strength V = 2.0t1 in
panels (a) and (c), and V = 2.0t2 in panels (b) and (d).
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interaction strength, while the QAH order parameter remains strictly zero. This indicates

spontaneous breaking of rotational symmetry without breaking time-reversal symmetry.

Microscopically, interactions induce anisotropic bond correlations that split the quadratic

band touching into a pair of Dirac nodes, resulting in a gapless but nematically distorted

semimetal.
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Figure 3.5: Interaction dependence of the sublattice-dependent bond order. (a) t1 =
1.0, t2 = 2.0 and (b) t1 = 2.0, t2 = 1.0, both exhibiting a finite value that signals sublattice-
selective bond order driving anisotropic BNDS formation. For comparison, the symmetric
checkerboard limit (t1 = t2 = 1.0) yields zero difference, confirming the absence of sub-
lattice dependence.

Importantly, the bond-nematic order realized in the presence of hopping asymmetry is

sublattice dependent. As shown in Fig. 3.5, the interaction-induced bond order between the

a and d sublattice sites differs slightly from that between the c and b sites. This sublattice-

selective anisotropy ∆bond is a direct consequence of hopping asymmetry in the general-

ized SSH model and is absent in the symmetric checkerboard limit (t1 = t2), where the

corresponding difference vanishes. The BNDS phase identified here therefore represents

a qualitatively distinct form of nematic semimetallicity, characterized by both directional

and sublattice-resolved bond modulation.

Upon increasing the interaction strength, the system enters an intermediate regimewhere
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bond-nematic and topological orders coexist. In this regime, both the BNDS andQAHorder

parameters acquire finite values simultaneously, as evidenced by the overlap of the corre-

sponding curves in Fig. 3.4(a). This coexistence reflects a phase in which time-reversal

symmetry is broken through loop-current formation, while rotational symmetry remains

broken due to nematic bond anisotropy. Importantly, the growth of the QAH order param-

eter is accompanied by a partial suppression of the bond-nematic order, signaling direct

competition between these two ordering tendencies. The QAH order opens a topological

gap at the QBT, while the nematic bond order preserves anisotropy in the electronic struc-

ture. This regime demonstrates that interaction-driven topological order does not emerge

in isolation, but develops on top of an already nematically distorted background.

At larger U , the QAH order parameter is suppressed and the system crosses over into

a site-nematic insulating (SNI) phase. This transition is signaled by a sharp increase in the

site-nematic order parameter, as shown in Fig. 3.4(c). While the site-nematic order parame-

ter remains finite even in the BNDS and QAH regimes, it is subdominant there and becomes

strongly enhanced only at strong coupling. This behavior reflects a gradual crossover from

weak nematic fluctuations to a fully developed site-nematic insulating state driven primarily

by Hartree (density) terms. In this regime, bond-driven orders are suppressed, the system

becomes fully gapped, and charge localization dominates the low-energy physics.

A comparison with the inverted hopping configuration t1 = 2.0 and t2 = 1.0, shown in

Fig. 3.4(b) and Fig. 3.4(d), reveals the same qualitative sequence of regimes. However, the

extent of the QAH phase is reduced, while the intermediate BNDS region separating the

QAH and SNI phases becomes broader. This asymmetry reflects the sensitivity of loop-

current-driven topological order to the hopping hierarchy, whereas nematic bond order re-

mains comparatively robust. Notably, the site-nematic order parameter exhibits similar

qualitative behavior in both hopping configurations, remaining finite across all interaction

strengths and sharply increasing only in the strong-coupling regime.
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Taken together, Fig. 3.4 reveals a clear hierarchy of interaction-driven instabilities in

the QBT regime. Nematic bond order dominates at weak coupling, a mixed topological–

nematic phase emerges at intermediate coupling, and site-nematic insulating order prevails

at strong coupling. The analysis of order parameters thus demonstrates that interaction-

driven topological order in this model is closely intertwined with nematicity and competes

directly with both bond- and density-driven symmetry breaking.

3.4.4 Phase diagram in the Dirac semimetal regime

We now turn to the Dirac semimetal regime, which is realized by introducing a finite stag-

gered on-site potential δ. This term explicitly breaks sublattice symmetry and lifts the

quadratic band touching, splitting it into a pair of Dirac cones. As a consequence, the

low-energy density of states at the Fermi level is reduced compared to the QBT regime.

This qualitative change in the band structure plays a crucial role in reshaping the balance

between competing interaction-driven orders.

(a)

BNDS

QAH

SNI

CDW
(b)

BNDS

QAH

SNI

CDW

(c)

BNDS

SNI

CDW

Figure 3.6: Interaction-driven phase diagrams in the Dirac semimetal regime with t1 =
1.0 and t2 = 2.0 for varying staggered potential δ. (a) For δ = 0.2t1, a finite staggered
potential already reduces the extent of the QAH phase (black) compared to the δ = 0 case.
(b)At δ = 0.4t1, the QAH region is further suppressed. (c) For δ = 0.6t1, the QAH phase is
nearly absent, giving way to the BNDS phase. Across all cases, increasing δ destabilizes the
interaction-induced QAH state in favor of BNDS, indicating that the QAH phase remains
robust only for weak sublattice staggering.
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Figure 3.6 summarizes the evolution of the interaction-driven phase diagram with in-

creasing δ for fixed hopping parameters t1 = 1.0 and t2 = 2.0. For a small staggered po-

tential, δ = 0.2t1 [Fig. 3.6(a)], the quantum anomalous Hall (QAH) phase remains clearly

visible and occupies a sizable region of the interaction parameter space. The QAH phase

is characterized by a nonzero Chern number C = ±1, indicating that interaction-driven

topological order can survive the explicit breaking of sublattice symmetry, provided that

the staggered potential is sufficiently weak. Nevertheless, even at this small value of δ, the

extent of the QAH phase is already reduced compared to the QBT case δ = 0 [Fig. 3.3(b)],

reflecting the reduced effectiveness of interactions in the presence of Dirac dispersions.

As the staggered potential is increased to δ = 0.4t1 [Fig. 3.6(b)], the competition

between explicit symmetry breaking and interaction-driven ordering becomes more pro-

nounced. TheQAHphase is significantly suppressed, while the bond-nematic Dirac semim-

etal (BNDS) phase expands and occupies a larger portion of the phase diagram. This behav-

ior indicates that once the quadratic band touching is lifted, nematic bond ordering provides

a more efficient route for relieving interaction-induced instabilities than the formation of

loop-current order associated with the QAH phase.

For a larger staggered potential, δ = 0.6t1 [Fig. 3.6(c)], the QAH phase is almost en-

tirely eliminated. In this regime, the BNDS phase dominates the phase diagram over a wide

range of interaction strengths. The near disappearance of the QAH phase highlights the

fragility of interaction-induced topological order against explicit lattice symmetry-breaking

perturbations. While interactions are able to overcome weak sublattice staggering and sta-

bilize a topological phase at small δ, sufficiently large staggered potentials suppress the

low-energy degeneracies required for spontaneous time-reversal symmetry breaking and

instead enhance nematic ordering tendencies.

Overall, the phase diagrams in the Dirac semimetal regime demonstrate that interaction-

driven QAH order is robust only in the vicinity of the QBT point. As the system is tuned
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deeper into theDirac regime by increasing δ, the balance shifts decisively toward symmetry-

broken bond-ordered phases. This behavior underscores the central role of band geometry

and low-energy density of states in enabling interaction-driven topological phases and pro-

vides a natural contrast to the ordering phenomena observed in the quadratic band touching

regime discussed earlier.

3.5 Summary and conclusion

In this work, we have investigated the interplay between topology and nematicity in a gener-

alized interacting two-dimensional SSH model, controlled by hopping asymmetry, sublat-

tice potential, and interaction strength. Using a Hartree–Fock approach, we identified four

competing many-body phases: a quantum anomalous Hall (QAH) insulator, a site-nematic

insulator (SNI), a stripe charge-density-wave (CDW) insulator, and a bond-nematic Dirac

semimetal (BNDS).

In the symmetric checkerboard limit, where the noninteracting band structure hosts a

quadratic band touching, the phase diagram contains all four interaction-driven phases. In

this regime, the BNDS phase emerges as a robust but narrow intermediate state separating

the QAH and SNI phases, whichwas not analysed in earlier HF studies [90, 91]. Introducing

hopping asymmetry significantly enlarges the parameter regime occupied by the BNDS

phase, while simultaneously reducing the stability of the QAH phase. The analysis of order

parameters reveals a clear hierarchy of interaction-driven instabilities: nematic bond order

dominates at weak coupling, coexists with QAH order at intermediate coupling, and gives

way to site-nematic insulating order at strong coupling. Throughout these regimes, site-

nematic order remains finite, indicating that interaction-driven topological phases develop

on an underlying nematic background.

We further find that in the presence of hopping asymmetry, the BNDS phase develops
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a sublattice-dependent bond order that is absent in the symmetric checkerboard case. This

additional structure highlights the sensitivity of nematic bond order to kinetic anisotropy.

A finite staggered sublattice potential δ qualitatively alters the phase diagram by lifting

the quadratic band touching and producing Dirac cones with a reduced low-energy density

of states. As a result, the interaction-driven QAH phase becomes increasingly fragile and

remains stable only within a narrow parameter window. In contrast, nematic phases—

particularly the BNDS—dominate the phase diagram over a broad range of interaction

strengths in the Dirac semimetal regime.

Taken together, these results demonstrate that the interaction-driven QAH phase in this

model is not an isolated instability, but rather part of a broader landscape in which topologi-

cal and nematic orders are intrinsically intertwined. This perspective is directly relevant for

experimental platforms such as cold-atom optical lattices, moiré superlattices, and quantum

simulation architectures, where hopping asymmetry and sublattice potentials can be tuned

with high precision. Promising future directions include the dynamical control of nematic

and topological orders using periodic driving or strain, as well as extensions beyond mean-

field theory using methods such as exact diagonalization, density-matrix renormalization

group, or functional renormalization group. These approaches will be essential for testing

the robustness of the QAH and BNDS phases and for uncovering possible new forms of

interaction-driven topological–nematic quantum matter.
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Chapter 4

Spin-imbalance induced buried topolog-
ical edge currents in MI–TI heterostruc-
tures
In the previous chapter, we demonstrated how electronic interactions can spontaneously

generate topological phases and nematic order in homogeneous lattice models hosting Dirac

and quadratic band touching points. These results established that strong correlations alone

can induce nontrivial topology and competing symmetry-breaking phases, even in the ab-

sence of explicit topological terms in the noninteracting Hamiltonian. However, real mate-

rials and engineered quantum systems are often spatially inhomogeneous, where interfaces

and boundaries play a central role in determining low-energy electronic properties.

Heterostructures formed by coupling topological insulators to strongly correlated ma-

terials provide a particularly rich platform to explore the interplay between topology, mag-

netism, and electronic correlations. At such interfaces, topological boundary states are no

longer exposed to vacuum but are instead embedded in a correlated environment. This raises

fundamental questions: Do topological edge modes survive in the presence of strong elec-

tronic correlations and magnetic order? If they do, how are their spin, charge, and transport

properties modified by proximity to a correlated phase?

A paradigmatic example of this problem is the interface between a time-reversal in-

variant topological insulator and a Mott insulator. While the bulk topological insulator

supports helical edge modes protected by time-reversal symmetry, the adjacent Mott in-

sulating region can develop magnetic order and spin imbalance. The coexistence of these

two competing tendencies makes the fate of topological edge states at correlated interfaces

60



4 Spin-imbalance induced buried topological edge currents in MI–TI heterostructures

highly nontrivial. Previous studies based on dynamical mean-field theory have shown that

edge states can reconstruct or shift away from the physical interface. However, the role

of magnetism, spin imbalance, and the resulting transport responses remain less explored,

particularly within approaches that allow for spontaneous symmetry breaking.

In this chapter, we investigate a correlated Mott insulator–topological insulator het-

erostructure defined on a two-dimensional Lieb lattice. Using Hartree–Fock approach,

complemented by slave-rotor mean-field theory and the inclusion of long-range Coulomb

interactions, we study how topological edge states are reconstructed at buried interfaces

and how magnetic proximity effects modify their properties. We show that topological

edge modes persist at the MI–TI interface, but develop a spin imbalance induced by the

ferrimagnetic order of the Mott insulator. As a result, the system supports equilibrium spin

and charge currents localized near the buried interface, despite the bulk topological insulator

remaining time-reversal symmetric.

The chapter is organized as follows. We first introduce the heterostructure geometry

and model Hamiltonian. We then describe the theoretical methods used to capture spatially

inhomogeneous charge and magnetic order. Subsequently, we present our results on the

reconstruction of topological edge states, the emergence of spin imbalance, and the genera-

tion of charge and spin currents. Finally, we discuss the robustness of these findings in the

strong-coupling regime and summarize the broader implications for correlated topological

heterostructures.

4.1 Heterostructure geometry and physical setup

We consider a two-dimensional heterostructure composed of a Mott insulating (MI) region

and a time-reversal-invariant topological insulator (TI), both defined on a Lieb lattice [94]

[Fig. 4.1]. The Lieb lattice is particularly well suited for this study, as it naturally hosts
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Figure 4.1: Heterostructure schematic : We divide a periodically identified Lieb lattice
into U ̸= 0 and λ ̸= 0 parts along the x-direction. The resulting interfaces (vertical dashed
lines) are parallel to the y-direction. Unit cells and sites of λR − UL interface (I1) and
UR − λL interface (I2) are labeled as follows. The [ac] edge denotes that the (ac) sites on
the UL edge hybridize with the (b) sites on the region labeled by λR. At the [b] edge, the
(b) sites on the U side interface with (ac) sites of the TI. The three-unit cell consists of sites
labeled by ’a, ’b’, and ’c.’ The two heterostructure cases with interfaces [b]-[ac] and [b]-[b]
are demarcated at the bottom with arrows. The three site unit cell is marked with ‘I’ and
the vertical layers of (ac) sites and (b) sites demarcated by L =1, 2 ,3 ... are also shown.

flat bands, Dirac-like dispersive bands, and supports nontrivial topological phases in the

presence of spin orbit coupling. These features make it an ideal platform to investigate the

interplay between topology, strong correlations, and lattice geometry.

The heterostructure is constructed by partitioning the system along the x direction into

two spatial regions. One region hosts strong onsite Hubbard interactions and realizes aMott

insulating phase, while the other region is noninteracting but includes intrinsic spin orbit

coupling that stabilizes a quantum spin Hall insulating phase. Periodic boundary conditions

are imposed along both the x and y directions. While translational invariance is preserved

along the y direction parallel to the interface, it is explicitly broken along the x direction

due to the spatial change in the electronic environment. This geometry gives rise to two

MI–TI interfaces within a single finite system.

Unlike conventional topological insulators with boundaries exposed to vacuum, the in-

terfaces studied here are buried inside a correlated environment. As a result, the topological

edge modes are not terminated at an open boundary but are instead embedded within a mag-
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netic and interacting background. This buried-interface geometry qualitatively modifies the

fate of the edge states and allows for proximity-induced effects that are absent in isolated

topological systems.

Depending on the lattice termination at the interface, we consider two distinct geome-

tries. In the first case, referred to as the [b]− [ac] geometry, the terminating b-sublattice

sites on the U ̸= 0 side are connected to the a sublattice sites on the λ ̸= 0 side, while

the terminating a-sublattice site on the U ̸= 0 side are connected to the b-sublattice sites

on the λ ̸= 0 side. In the second case, denoted as the [b]− [b] geometry, the terminating

b-sublattice sites at both interfaces of the U ̸= 0 region are connected exclusively to the a

sublattice sites on the λ ̸= 0 side. These two interface terminations allow us to investigate

the sensitivity of the interfacial electronic properties to microscopic lattice details and to

assess the robustness of the resulting physical phenomena.

The presence of two interfaces in the finite system leads to counterpropagating edge

modes localized near opposite MI–TI boundaries. As will be shown in the following sec-

tions, these buried edge modes survive strong electronic correlations and develop a spin

imbalance due to magnetic proximity effects. This imbalance plays a central role in gener-

ating equilibrium spin and charge currents localized near the interfaces.

4.2 Model Hamiltonian

We consider an interacting tight-binding model describing a MI–TI heterostructure on a

two-dimensional Lieb lattice. Each unit cell contains three inequivalent sublattice sites,

labeled a, b, and c. We study spinful fermions with spin index σ =↑, ↓. The total Hamilto-

nian consists of nearest-neighbor hopping, intrinsic spin–orbit coupling, an onsite Hubbard

interaction in the correlated region, and a long-range Coulomb interaction treated at the
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mean-field level,

H = Ht +HSOC +Hint +HC. (4.1)

The kinetic energy arises from nearest-neighbor hopping on the Lieb lattice,

Ht = −t
∑

⟨i,j⟩∈Λ

∑
σ

(
d†iσdjσ + H.c.

)
, (4.2)

where d†iσ (diσ) creates (annihilates) an electron with spin σ at site i, and ⟨i, j⟩ denotes

nearest-neighbor pairs. The corresponding density operators are n̂iσ = d†iσdiσ and n̂i =∑
σ n̂iσ. Throughout this chapter, the hopping amplitude t sets the unit of energy. The full

lattice is denoted by Λ ≡ ΛU ⊕ Λλ, where ΛU and Λλ represent the sets of sites belonging

to the interacting (U ̸= 0) and spin–orbit coupled (λ ̸= 0) regions, respectively.

The topological insulating region is generated by an intrinsic spin–orbit coupling of the

Kane–Mele type, acting only on next-nearest-neighbor bonds within Λλ,

HSOC = iλ
∑

⟨⟨i,j⟩⟩∈Λλ

∑
σ,σ′

νij d
†
iσ (σ

z)σσ′ djσ′ , (4.3)

where λ is the spin–orbit coupling strength and ⟨⟨i, j⟩⟩ denotes next-nearest-neighbor pairs.

The factor νij =
(
d1ij × d2ij

)
z
= ±1 depends on the clockwise/anti-clockwise traversal

of electrons around the ’a’ sites. This fact is encoded using d1ij and d2ij are the two unit

vectors along the two nearest-neighbor bonds connecting ‘a’ sites to the ‘b’ and ‘c’ sites

respectively [94]. The Pauli matrix σz acts in spin space. In the noninteracting limit, ĤSOC

stabilizes a quantum spin Hall insulating phase in the TI region.

Strong electronic correlations are introduced through an onsite Hubbard interaction

present only in the Mott-insulating region ΛU ,

Hint = U
∑
i∈ΛU

n̂i↑n̂i↓, (4.4)

where U is the interaction strength. This spatially inhomogeneous interaction profile mod-

els a sharp interface between a correlated Mott insulator and a noninteracting topological

insulator.
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To account for charge redistribution across the heterostructure, we include a long-range

Coulomb interaction treated at the Hartree level [83, 84],

HC =
∑
i

ϕi n̂i, (4.5)

where ϕi is the Coulomb potential at site i. It is determined self-consistently as

ϕi =
∑
j ̸=i

aM t

|ri − rj|
(⟨n̂j⟩ − zj) , (4.6)

with ri denoting the position of site i. The dimensionless parameter aM = e2/(ϵat) controls

the strength of the Coulomb interaction, where ϵ is the dielectric constant and a the lattice

spacing. We assume a uniform positive background charge zj = 1 on all sites and consider

a half-filled lattice, ⟨n̂i⟩ = 1.

The inclusion of the long-range Coulomb interaction is essential for correlated het-

erostructures, as it suppresses unphysical phase separation and ensures a physically con-

sistent charge redistribution at the MI–TI interface.

For the analysis of spatially inhomogeneous properties, we adopt two additional labeling

conventions. First, lattice sites are denoted by {Iα}, where I is the unit-cell index and

α = a, b, c labels the sublattice within the Ith unit cell. Second, we introduce a layer

index L, which labels inequivalent layers along the x direction normal to the interface.

These conventions, illustrated schematically in Fig. 4.1, are used throughout the following

sections to present layer-resolved densities, magnetization, and current distributions.

4.3 Theoretical methods

To study the MI–TI heterostructure described by the Hamiltonian in Sec. 4.2, we employ

a combination of Hartree–Fock theory and slave-rotor mean-field calculations. This com-

bined approach allows us to capture spatially inhomogeneous charge and magnetic recon-
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structions at the interface, while also assessing the robustness of the results in the strong-

coupling regime.

4.3.1 Hartree–Fock approach

The primary method employed in this chapter is Hartree–Fock (HF) theory. The HF frame-

work allows for spontaneous breaking of spin-rotational, time-reversal, and lattice sym-

metries, and is therefore well suited to describe magnetism, spin imbalance, and charge

reconstruction in spatially inhomogeneous systems.

The onsite Hubbard interaction term Hint is decoupled solely in the density (Hartree)

channel, as given in Eq. 2.8. For each interacting site i ∈ ΛU , we retain the local spin-

resolved densities ⟨n̂iσ⟩, allowing for spin polarization through unequal occupations ⟨n̂i↑⟩ ̸=

⟨n̂i↓⟩. No Fock (exchange) or spin-flip contributions, such as ⟨ĉ†iσ ĉiσ̄⟩, are included. Ex-

cept for translational invariance along the y direction parallel to the interface, no symmetry

constraints are imposed on the mean fields. Technical details of the mean-field solution of

Hamiltonian Eq. 4.1 are provided in Appendix B.1.

Exploiting the remaining translational symmetry along y, we perform a partial Fourier

transform in this direction and work in a mixed real–momentum representation. The Hamil-

tonian is diagonalized independently for each crystal momentum ky, while retaining full

real-space resolution along x. This enables the calculation of layer-resolved spectral func-

tions, charge densities, magnetization profiles, and equilibrium currents.

The Coulomb potential ϕi introduced in Sec. 4.2 is determined self-consistently together

with the Hartree mean fields. At each iteration, the local charge density ⟨n̂i⟩ is updated,

the electrostatic potential ϕi is recalculated, and the resulting single-particle Hamiltonian

is diagonalized until self-consistency is achieved. Convergence is monitored through the

total energy and the spatial profiles of charge and magnetization. The computation of the

Coulomb potential and details of the iterative self-consistency procedure are provided in
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Appendices B.2 and B.3, respectively.

For each ky, theHartreemean-fieldHamiltonian yields eigenvalues {ϵκσ(ky)} and eigen-

vectors {⟨Iα, ky, σ|ψκ⟩}, where I denotes the unit-cell index along the x direction and

α = a, b, c labels the sublattice within the unit cell. Although translational invariance is im-

posed along y, the eigenvectors retain full spatial dependence along x and therefore depend

on the unit-cell index I . For convenience, we also construct layer-projected eigenvectors

labeled by the layer index L, as illustrated in Fig. 4.1.

Using the self-consistent HF solution, we compute the unit-cell-resolved density of

states (DOS),

NI(ω) =
∑
κ,ky ,σ

∑
α∈I

|⟨Iα, ky, σ|ψκ⟩|2 δ(ω − ϵκσ(ky)) , (4.7)

where I labels the unit cell along the x direction.

To characterize magnetic order, we compute the unit-cell-averaged magnetization,

Mz =
1

6

∑
α=a,b,c

(⟨nIα↑⟩ − ⟨nIα↓⟩) , (4.8)

which quantifies the spin imbalance averaged over the three sublattice sites of the Ith unit

cell.

In Appendix C.1, we derive the expression for the charge current at a given unit cell

I of the heterostructure. A brief summary is presented here. Starting from the continuity

equation,

ṅI = i[H,nI ] = −∇ · JI , (4.9)

with nI =
∑

σ,α nIασ and h̄ = 1, we obtain

ṅI = −
∑
σ=↑,↓

(
j(I→I+δx)
σ + j(I→I−δx)

σ + j(I→I+δy)
σ + j(I→I−δy)

σ

)
. (4.10)

We define the spin-resolved current flowing along the positive x direction as

jxσ =
∑
I

j(I→I+δx)
σ , (4.11)
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and similarly along the positive y direction as

jyσ =
∑
I

j(I→I+δy)
σ . (4.12)

The total charge current flowing along the y direction is

Jc = jy↑ + jy↓ , (4.13)

while the spin current along y is defined as

Js = jy↑ − jy↓ . (4.14)

4.3.2 Slave-rotor mean-field approach

While Hartree–Fock theory captures magnetic ordering and spatial reconstruction at inter-

mediate interaction strengths, it neglects quantum charge fluctuations and can overestimate

magnetic order in the strong-coupling regime. To incorporate these strong-correlation ef-

fects, we complement the HF analysis with the standard slave-rotor (SR) mean-field ap-

proach.

In the slave-rotor formalism, the electron operator is written as

d̂iσ = e−iθi f̂iσ, (4.15)

where the fermionic spinon f̂iσ carries the spin degree of freedom and the bosonic rotor e−iθi

describes charge fluctuations. Within this framework, the Mott transition arises from the

localization of the rotor degrees of freedom, while the spinon sector retains the underlying

band structure.

Unlike HF theory, the SR approach does not capture magnetic order. Its strength lies

instead in describing charge dynamics, the opening of the Mott gap, and the Mott–metal

transition beyond static mean-field treatment. In this work, the SR equations are solved

68



4 Spin-imbalance induced buried topological edge currents in MI–TI heterostructures

self-consistently in the heterostructure geometry, including the spatially varying charge

background induced by the Coulomb potential.

The main observable extracted from the SR calculation is the unit-cell-resolved density

of states NI(ω), obtained from the SR single-particle Green’s function. Details of the het-

erostructure implementation of SR are provided in Appendix D.1, and the derivation and

computation of NI(ω) are given in Appendix D.2.

Together, the Hartree–Fock and slave-rotor approaches offer a complementary descrip-

tion of the system: Hartree–Fock captures magnetic reconstruction, while the slave-rotor

method provides a strong-coupling perspective on charge fluctuations and the Mott transi-

tion.

4.4 Results

We present results for two kinds of heterostructure [b]−[ac] and [b]−[b] as shown in Fig. 4.1

(i) and (ii) respectively. We first discuss the Hartree-Fock (HF) mean field results for the

[b]−[ac] heterostructure.

4.4.1 Buried topological edge states and spectral reconstruction

Figure. 4.2(i) shows the unit-cell-resolved Hartree–Fock density of states (DOS) for the

[b]−[ac] heterostructure. The DOS is plotted layer by layer, starting from the bottom, which

corresponds to the terminating unit cell of the λ ̸= 0 region at the [ac] interface, and extend-

ing up to the top, corresponding to the opposite terminating unit cell of the U ̸= 0 region at

the [ac] interface. The central layer contains the two interface unit cells and straddles the [b]

interface. For clarity, the DOS associated with the [b] and [ac] interface unit cells is shown

in red and black, respectively, while the DOS of all remaining unit cells is shown in blue.

The chemical potential is indicated by ω − µ = 0.

As expected, the DOS of the bulk U ̸= 0 region exhibits a large Mott gap of order
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Figure 4.2: Density of states & edge modes for [b]-[ac] heterostructure. (i) show the
unit-cell projected DOS. The interface unit cell DOS (black) and (red), respectively, are for
the [b] and [ac] interfaces, one unit cell on either side of the interface. (ii) and (iii) show
the spin-resolved momentum (ky)-dependent buried-interface modes at the two interfaces.
The dispersions are computed, including contributions from one unit cell on the U ̸= 0 and
three on the λ ̸= 0 side, for the [ac] (black) and [b] (red) interfaces respectively. The results
are presented for λ = 0.3t and U = 7t on a Lieb lattice with 20 three-site unit cells along
the x-direction, while translation symmetry is assumed along the y-direction.

∼ U/t, with well-separated lower and upper Hubbard subbands, consistent with previous

studies of the half-filled Lieb lattice [95, 96]. In contrast, the bulk λ ̸= 0 region displays

the characteristic noninteracting Lieb lattice band structure [97] , consisting of two disper-

sive bands and a flat band. The flat band lies symmetrically at an energy separation of

approximately 4λ/t from the dispersive bands, as expected.

The interface unit cells, highlighted in red and black, exhibit qualitatively different spec-

tral features compared to the bulk. In particular, both the [b] and [ac] interface unit cells
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show finite spectral weight within the energy window corresponding to the bulk gaps. The

presence of this in-gap spectral weight signals the emergence of states localized at the het-

erojunction interfaces. To clarify the nature of these states, we examine the spin-resolved

energy–momentum (ky-dependent) spectra shown in Fig. 4.2(ii) and Fig. 4.2(iii) for the [ac]

and [b] interfaces, respectively. These spectra reveal dispersive edge modes with clear spin

polarization and spin–momentum locking. A direct comparison with Fig. 4.2(i) confirms

that these dispersive modes are constructed from the in-gap spectral weight observed in the

interface DOS, establishing their topological origin and demonstrating that they are buried

within the heterostructure.

For a conventional time-reversal symmetric topological insulator with an open bound-

ary, counterpropagating spin-up and spin-down edge modes contribute equally and oppo-

sitely to the charge current, resulting in a net zero charge flow and a purely helical spin

current. In the present heterostructure, however, the buried edge modes exhibit a quali-

tatively different behavior. The ferrimagnetic order in the Mott insulating region induces

a spin imbalance in the adjacent λ ̸= 0 interface unit cells. As a consequence, the spec-

tral weights of the two spin channels become unequal, breaking the balance that enforces

purely spin-polarized transport. This spin imbalance leads to the emergence of a finite

equilibrium charge current carried by the buried topological edge modes, in contrast to

the conventional helical edge-state picture. To further elucidate the microscopic origin of

this behavior, we next analyze the spatial reconstruction of charge density and magnetic

order across the MI–TI heterojunction.

4.4.2 Edge reconstruction

We now examine the spatial reconstruction of charge density and magnetic order across

the heterostructure interfaces, as illustrated in Fig. 4.3. Panels (i) and (iii) show the layer-

resolved charge density N(L) and magnetizationM(L), respectively, for the [b]−[ac] het-
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erostructure at a fixed interaction strength U = 7t and spin–orbit coupling λ = 0.3t. Along

the x direction, the system consists of alternating layers of (a−c) and b sublattice sites, as

depicted schematically in Fig. 4.1. For each layer, the charge density and magnetization

are averaged over all (a−c) sites or over all b sites. The arrows in Fig. 4.3(i) mark the

terminating layer index of (a−c) and b sites of λ ̸= 0 side that are adjacent to the U ̸= 0

region.

Figure 4.3: Magnetic and charge reconstructions across the heterostructure interface.
(i) and (iii) show the layer-resolved charge density N(L) (black line) and magnetization
M(L), respectively, along the x direction for the [b]− [ac] heterostructure. (ii) and (iv)
present the corresponding profiles for the [b]−[b] heterostructure. In all panels, alternating
layers along the x axis are composed of (a−c) and b sublattice sites, as defined in Fig. 4.1.
The results are computed for λ = 0.3t and U = 7t.

From Fig. 4.3(i), we observe that the average site occupation deep inside both the U ̸=

0 and λ ̸= 0 regions remains close to unity. This half-filled condition stabilizes a Mott

insulating phase in the correlated region, consistent with the presence of a large Mott gap
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in the bulk density of states shown earlier in Fig. 4.2(i). On the λ ̸= 0 side, the system

behaves as a half-filled Lieb lattice supporting both flat and dispersive bands [94].

In contrast, a substantial reconstruction of the charge density occurs in the vicinity of

the heterojunction. Near the interface, the local filling deviates from ⟨ni⟩ = 1, indicating

a redistribution of charge across the boundary. In particular, the (a−c) and b layers on

the λ ̸= 0 side adjacent to the interface exhibit charge densities exceeding unity, while the

neighboring layers on the U ̸= 0 side show a corresponding depletion. This self-consistent

charge redistribution effectively dopes the interface region, leading to partially filled in-gap

states and enabling the formation of buried metallic edge modes at the junction between the

Mott insulator and the time-reversal-symmetric topological insulator.

We next consider the layer-resolved magnetization profiles shown in Fig. 4.3(iii). In the

bulkU ̸= 0 region,M(L) exhibits an alternating patternwith a finite nonzero average value,

in agreement with Lieb’s theorem [97] and consistent with the formation of a ferrimagnetic

Mott insulating state. For layers containing (a−c) sites, the magnetization represents the

average contribution from the two sites, whereas for layers containing b sites it corresponds

solely to the b sublattice. By contrast, the magnetization in the bulk λ ̸= 0 region vanishes,

as expected for a time-reversal-invariant topological insulator.

Notably, the layers on the λ ̸= 0 side adjacent to the interface acquire a small but

finite magnetization, as highlighted by the arrows in Fig. 4.3(iii). From the layer-resolved

magnetization, we compute the unit-cell magnetizationMz, as defined in Sec. 4.3.1, for the

unit cells at the [b] and [ac] interfaces on the λ ̸= 0 side. We obtain finite negative values

of approximately −0.0026 and −0.0043, respectively, demonstrating that magnetic order

penetrates into the topological region over a few lattice spacings due to proximity effects.

Figures 4.3(ii) and 4.3(iv) show the corresponding charge density and magnetization

profiles for the [b]− [b] heterostructure. While the overall behavior remains qualitatively

similar to that of the [b]− [ac] case, quantitative differences arise in the interfacial recon-
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Figure 4.4: Charge and spin currents for the [b]−[ac] heterostructure. (i) Charge current
Jc = J↑ + J↓ (squares) and magnetizationMz (circles) as functions of the spin–orbit cou-
pling λ for the [b] interface. (ii) shows the corresponding results for the [ac] interface. (iii)
and (iv) display the spin currents Js = J↑−J↓ at the [b] and [ac] interfaces, respectively. All
quantities are averaged over contributions from the three edge unit cells on the TI side of
the heterostructure. Filled (open) symbols with solid (dashed) lines correspond to U = 7t
(U = 6t).

struction when the [ac] termination is replaced by a [b] termination. We have verified that

these features are robust over a range of interaction strengths U .

The proximity-induced magnetization in the λ ̸= 0 region plays a crucial role in de-

termining the transport properties of the buried edge states. In the following section, we

analyze how this induced magnetization leads to spin imbalance and the generation of equi-

librium charge and spin currents at the heterostructure interfaces.
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4.4.3 Charge and spin currents

Figure 4.4 presents the behavior of edge currents and induced magnetization in the [b]-[ac]

heterostructure as functions of spin-orbit coupling λ, in the buried interfaces located on the

topological (λ ̸= 0) side.

Based on our numerical calculations, we find that for U > 5t, the charge current (Jc),

spin current (Js), and magnetization (Mz) penetrate approximately three unit cells into the

TI region from the interface, along the x-direction with most contributions from the unit

cell proximate to the interface. Therefore, all quantities shown in Fig. 4.4 are averaged

over these three edge unit cells. The same averaging procedure is applied at both the [b]

and [ac] edges.

Panels (i) and (ii) of Fig. 4.4 display the charge current Jc = J↑ + J↓ (squares) and

magnetizationMz (circles) for the [b] and [ac] edges, respectively. Across all values of λ,

the magnetization induced at the TI edge is negative. This negative magnetization leads to

an enhanced down-spin occupation among the edge states at both interfaces.

Importantly, due to spin-momentum locking, the direction of current carried by down-

spin electrons differs between the two interfaces. As seen in Fig. 4.2(iii), at the [b] edge,

down-spin carriers propagate along the negative y-direction, while at the [ac] edge [Fig. 4.2

(ii)], they move in the positive y-direction. These edge mode dispersions are also computed

by including the contributions from three TI-side unit cells, ensuring consistency with the

current profiles.

In the absence of magnetization—such as in a pristine TR symmetric topological insu-

lator interfacing with vacuum—each edge would host counter-propagating spin-polarized

currents of equal magnitude, resulting in a net zero charge current (Jc = 0) but a finite

spin current (Js ̸= 0). However, the presence of proximity-induced negative magnetization

at the interface breaks this symmetry, resulting in a finite Jc. Specifically, charge current
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flows along the negative y-direction at the [b] edge and along the positive y-direction at the

[ac] edge.

Moreover, both edges continue to support finite spin currents, as shown in Fig. 4.4(iii)

and (iv), where Js = J↑ − J↓ is plotted as a function of λ. As expected, the magnitude

of the spin current increases with increasing λ for both interfaces. However, unlike a TR

symmetry-preserving system, a portion of this spin current is now converted into a charge

current due to the induced edge magnetization. We note that the spin and charge currents

at opposite edges cancel each other up to numerical accuracy, hence there is no net current

in the system.

It is important to emphasize that the spin quantization axis is globally preserved across

the entire heterostructure, and the induced edge magnetization remains weak. As a result,

the helical nature of the spin-momentum-locked edge states and hence their topological

protection persists despite the local breaking of time-reversal symmetry. This establishes

a controlled mechanism for converting spin current into charge current, which can be in-

terpreted as a topology-driven conversion of a spin Hall effect into a charge Hall effect

analog. We also see that the overall conclusions remain unchanged for both the U val-

ues. These conclusions hold for even larger U values. We do not attempt to discuss the

detailed microscopic origin of the evolution with U here within the HF theory, instead, we

check the qualitative correctness of the results by using the strong-coupling SR mean-field

approximation below.

4.4.4 Slave-rotor results

The slave-rotor (SR) mean-field theory provides an important complement to the Hartree–

Fock (HF) approach by explicitly incorporating local charge fluctuations, which are ne-

glected in HF treatments. At the same time, SR theory is intrinsically paramagnetic and

therefore cannot capture magnetic ordering, in close analogy with paramagnetic dynamical
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Figure 4.5: Unit-cell-resolved density of states for the [b]-[ac] heterostructure within
slave-rotor mean-field theory. We present the unit-cell-resolved density of states (DOS)
obtained from slave-rotor mean-field theory for the [b]-[ac] heterostructure. The red and
black curves correspond to the DOS at the [b] and [ac] interfaces, respectively, computed
from one unit cell on each side of the interface. The results are shown for λ = 0.3t and
U = 7t, on a Lieb lattice comprising 20 three-site unit cells along the x-direction, with
translational symmetry assumed along the y-direction.

mean-field theory. In the present context, we employ the SR method to test the robustness

of a central HF result, namely the survival of edge modes at large interaction strengths U

when a strongly correlated region is interfaced with a topological insulator. The SR calcu-

lations, summarized in Appendix D.1, are performed on a background potential determined

self-consistently from the long-range Coulomb interaction.

Figure 4.5 shows the unit-cell-resolved density of states (DOS) obtained within the

slave-rotor mean-field framework for the [b]−[ac] heterostructure. These results are directly
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analogous to the HFDOS presented earlier in Fig. 4.2(i). In the bulkU ̸= 0 region, the DOS

exhibits a well-developed many-body Mott gap. The pronounced features of the lower and

upper Hubbard subbands arise from the cluster-based treatment of the rotor Hamiltonian,

as discussed in Appendix D.1. In contrast, the bulk λ ̸= 0 region reproduces the expected

band structure of a time-reversal-symmetric topological insulator on the Lieb lattice.

Most importantly, the interface unit cells at both the [b] and [ac] terminations show finite

spectral weight within the bulk energy gaps. These in-gap features closely mirror the par-

tially filled edge states observed in the HF analysis and provide independent confirmation

of the existence of metallic edge modes at the heterojunction. In addition, we observe sharp

peaks at the Fermi energy in the interface unit cells on the Mott insulating side. These fea-

tures correspond to mid-gap resonances, a characteristic signature of dopedMott insulators,

and can be understood as arising from Kondo-like screening of gapless spin degrees of free-

dom by carriers associated with the helical edge states penetrating into the correlated region

[98]. Similar mid-gap states have been reported in dynamical mean-field theory studies of

Mott insulator–topological insulator heterostructures [81].

Notably, these many-body resonances are absent in the HF description and can only

be captured by approaches such as slave-rotor theory that retain local charge fluctuations.

While the results shown correspond to U = 7t to facilitate direct comparison with HF, we

have verified that the qualitative features persist over a broad range of interaction strengths.

Taken together, the slave-rotor analysis confirms the robustness of buried helical edge

modes deep into the strong-coupling regime and reveals additional correlation-driven fea-

tures, such as mid-gap resonances, that lie beyond the scope of Hartree–Fock theory.
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4.5 Summary and conclusion

Previous theoretical studies of Mott insulator–topological insulator (MI–TI) heterostruc-

tures have primarily examined scenarios in which electron–electron interactions and spin–

orbit coupling coexist within the topological insulator region itself [99, 100]. Inhomoge-

neous dynamical mean-field theory has been widely employed to analyze such systems [81,

101]; however, these investigations have typically been limited to paramagnetic solutions

and have often neglected long-range Coulomb interactions. This omission is significant,

as the Coulomb potential plays a crucial role in suppressing electronic phase separation

and stabilizing self-consistent charge redistribution at interfaces. Consequently, earlier ap-

proaches were unable to fully capture the physics of buried interfaces between a genuinely

time-reversal-symmetric band topological insulator and a Mott insulator. Moreover, re-

stricting the analysis to paramagnetic states prevented a systematic study of magnetic prox-

imity effects on topological edge modes in such heterostructures.

In this thesis, we address these gaps by investigating a heterostructure composed of a

time-reversal-symmetric topological insulator and a ferrimagnetic Mott insulator on a two-

dimensional Lieb lattice. In this configuration, the correlated region develops ferrimagnetic

order, while the topological region retains a bulk phase protected by spin–momentum lock-

ing. By solving the Hartree–Fock equations self-consistently and incorporating long-range

Coulomb interactions, we demonstrate that metallic edge modes persist at the MI–TI inter-

face even in the presence of magnetic proximity effects. The entire heterostructure shares

a common spin quantization axis, and the induced magnetization in the topological edge

states remains sufficiently weak such that the helical character of the boundary modes —

and therefore their topological protection — is preserved.

A key outcome of this work is the emergence of a spin imbalance induced by this weak

magnetization in the TI edge unit cells. This imbalance lifts the symmetry between counter-
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propagating spin channels and generates a finite, topologically protected charge current

localized at the interface. We demonstrate that both the magnitude and direction of this

current can be controlled by tuning the spin–orbit coupling strength and by modifying the

microscopic termination of the heterostructure. These results establish a clear mechanism

by which magnetic proximity enables the conversion of a purely helical spin current into a

controllable charge current without compromising the underlying topological character of

the edge states.

To evaluate the robustness of the Hartree–Fock results in the strong-coupling regime, we

carried out complementary calculations using slave-rotor mean-field theory. Although the

slave-rotor framework is restricted to paramagnetic solutions and does not capture magnetic

ordering, it incorporates local charge fluctuations absent in Hartree–Fock theory. The slave-

rotor analysis confirms the persistence of buried edge modes deep within the Mott regime

and reveals additional correlation-induced features, including mid-gap Kondo-like reso-

nances, which extend beyond a static mean-field description. Taken together, the Hartree–

Fock and slave-rotor approaches demonstrate that buried topological edge states remain

robust against strong correlations and magnetic proximity effects.

Our results provide a concrete route to realizing interaction-tunable, magnetically prox-

imitized topological edge modes with controllable charge transport. These predictions may

be tested in recently realized material systems exhibiting the Lieb lattice geometry [102,

103]. In particular, layered transition-metal oxides with perovskite structures [104, 105] of-

fer promising platforms for engineering such heterostructures. Systems combining strongly

correlated 3d transition-metal layers with 5d layers possessing strong spin–orbit coupling

are especially suitable for realizing topologically protected, partially spin-polarized charge

currents. The ability to tune interaction strength and spin–orbit coupling through materials

design further opens avenues for low-dissipation electronic and spintronic devices based on

correlation-driven topological phenomena.
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Chapter 5

Summary and conclusions
This thesis investigates how electron–electron interactions influence topological phases of

matter in two-dimensional lattice systems, with a particular focus on band degeneracies,

nematic ordering, and spatial inhomogeneity. Topological band theory has been highly

successful in explaining phenomena such as the quantumHall and quantum spin Hall effects

in non-interacting systems. However, in many real materials, interactions between electrons

are strong and can significantly modify the electronic properties. Understanding how these

interactions affect topological behavior is therefore an important challenge in condensed

matter physics. The main objective of this thesis is to explore how correlations can create,

modify, or destroy topological phases and how these effects are influenced by symmetry

breaking and spatially non-uniform environments. Through the study of two lattice models,

this work sheds light on the rich interplay between electronic correlations and topology in

quantum materials.

The thesis is divided into two closely related parts. The first part studies how strong

electronic correlations can generate topological phases in uniform lattice systems that are

topologically trivial in the absence of interactions. In these systems, topology emerges

spontaneously from many-body effects. The second one investigates correlated topological

heterostructures, where a topological phase already exists in one component of the system

but is modified by strong correlations and proximity effects near an interface.

In the first part of this thesis, we studied a generalized two-dimensional Su–Schrieffer–

Heeger (SSH) model that hosts a quadratic band-touching (QBT) point at half filling. Such

a band structure provides an ideal setting for exploring correlation-driven phenomena be-
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cause, unlike Dirac points, a QBT possesses a finite density of states at the Fermi level. Con-

sequently, even relativelyweak electron–electron interactions can destabilize the semimetal-

lic state and drive the system into new ordered phases. Using a Hartree–Fock mean-field

approach with a four-site unit cell, we systematically mapped the phase diagram by varying

the hopping asymmetry, sublattice potential, and interaction strength, revealing a variety of

competing interaction-driven phases.

One of the main results of this study is the rich phase diagram containing several com-

peting ordered phases. These are quantum anomalous Hall (QAH) insulator, a site-nematic

insulator (SNI), a stripe charge-density-wave phase, and a bond-nematic Dirac semimetal

(BNDS). Each phase is associated with a different type of symmetry breaking and can be

identified through its own characteristic order parameter.

In the symmetric checkerboard limit, where the quadratic band-touching point is pro-

tected by the lattice symmetry, we find that the BNDS phase appears as an intermediate

phase between the QAH and SNI states. In this phase, the system spontaneously devel-

ops anisotropic bond order, breaking the rotational symmetry of the lattice while remaining

gapless with Dirac-like excitations. Interestingly, this phase was not reported in several

earlier mean-field studies. Our analysis shows that this is not because Hartree–Fock theory

is unable to capture the BNDS phase. Rather, the BNDS phase was overlooked in previous

works because bond nematicity was not investigated in the relevant parameter regime. Our

analysis shows that once this possibility is taken into account, the BNDS phase emerges as

a stable and distinct phase of the model.

Introducing hopping asymmetry in the generalized SSHmodel leads to significant changes

in the phase diagram. Although the quadratic band-touching point remains intact, the

anisotropy of the lattice strengthens the tendency toward nematic ordering and greatly en-

larges the BNDS region. At the same time, the interaction-driven quantum anomalous Hall

(QAH) phase becomes less stable and occupies a smaller part of the phase diagram. These
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results highlight an important message of this thesis: topological order generated by inter-

actions does not develop independently, but instead competes with other possible ordered

states, such as nematic and charge-ordered phases. In many cases, these competing phases

can be energetically more favorable. The rich phase diagram that emerges is therefore the

result of a subtle competition between topology and symmetry breaking, governed by the

underlying band structure and the strength of electronic interactions.

A detailed analysis of the order parameters reveals a clear sequence of phases as in-

teractions are increased. At weak coupling, bond-nematic order dominates, leading to the

BNDS phase. At intermediate coupling, the system supports a coexistence regime in which

QAH order develops on top of a nematic background, resulting in a mixed topological–

nematic phase. At strong coupling, site-nematic order becomes dominant and drives the

system into a trivial insulating state. Importantly, site-nematic order remains finite across

all regimes, indicating that topological phases in this model develop on a background with

finite nematic order.

We also investigated the effect of a finite sublattice potential on the system. Introducing

a sublattice potential lowers the rotational symmetry of the lattice from C4 to C2 and splits

the quadratic band-touching point into a pair of Dirac cones. This reduces the density of

states at the Fermi level, making the system less susceptible to interaction effects. As a re-

sult, the interaction-driven quantum anomalous Hall (QAH) phase becomes progressively

less stable. We find that when the sublattice potential is small, electron interactions are still

strong enough to induce topological order. However, as the sublattice potential increases,

the bond-nematic Dirac semimetal (BNDS) phase becomes increasingly favored and occu-

pies a larger region of the phase diagram. These results show that interaction-driven topo-

logical phases are highly sensitive to changes in the band structure and highlight the special

role of quadratic band touching in enhancing correlation effects and stabilizing topological

order.
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Overall, the results presented in Chapter 3 show that the interaction-driven QAH phase

is only one part of a much richer phase diagram. Nematic and charge-ordered phases are not

merely competing states but are deeply connected to the emergence of topological order.

In many cases, topological phases develop alongside symmetry-breaking orders and can

even coexist with them. This strong connection between topology and nematicity is one

of the central insights of this work and provides a deeper understanding of how electronic

interactions shape the phases of correlated quantum systems.

The second part of the thesis focuses on spatially inhomogeneous systems, where trans-

lational symmetry is broken. In particular, we studied a heterostructure made of a ferrimag-

netic Mott insulator and a time-reversal-invariant topological insulator on a Lieb lattice.

This system provides an ideal setting to explore how strong electronic correlations affect

topological states at an interface.

To investigate this problem, we used a combination of Hartree–Fock and slave-rotor

mean-field methods within a mixed real- and momentum-space representation. Our results

show that topological edge states can survive even when a topological insulator is placed

next to a strongly correlated Mott insulator. Rather than being destroyed by the strong

interactions, the edge states are reconstructed and shift away from the physical interface

into the topological region. This finding demonstrates the robustness of topological bound-

ary states and shows how they can adapt to the presence of strong correlations and spatial

inhomogeneity.

One of the most important results of this study is the discovery of a spin imbalance in the

reconstructed edge states near the buried interface. This imbalance arises from the magnetic

influence of the neighboring Mott insulating region. Although the bulk topological insula-

tor itself remains time-reversal symmetric, the magnetization close to the interface affects

the edge states and leads to an unequal contribution from the two spin channels. Because

these edge states exhibit spin–momentum locking, the resulting spin imbalance allows a
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dissipationless spin current to be converted into a finite charge current near the interface.

This finding reveals a novel interaction-driven mechanism for generating charge currents

and shows that strong correlations and magnetic proximity effects can significantly mod-

ify the transport properties of topological edge states, even in the absence of an external

magnetic field.

We showed that these phenomena are robust against changes in interface termination and

persist across different heterostructure geometries. Complementary slave-rotor calculations

confirm the robustness of the buried edge modes, beyond the range where Hartree–Fock

theory is quantitatively reliable. This demonstrates that the key physical conclusions are

robust across different mean-field approaches.

Overall, this thesis improves our understanding of how electronic interactions influence

topological phases of matter. First, it clarifies how interactions can spontaneously gener-

ate topological phases in systems with enhanced low-energy density of states, while also

competing with other ordered phases such as nematic and charge-ordered states. Second,

it demonstrates that strong correlations can modify and control topological edge states at

interfaces, leading to new mechanisms for dissipationless transport. Together, these re-

sults highlight the important role of electronic interactions in creating, transforming, and

controlling topological phenomena in quantum materials.

The results presented in this thesis also open up several interesting directions for fu-

ture research. On the interaction-driven topology side, it would be valuable to go beyond

the mean-field approach and use more advanced methods such as exact diagonalization,

density-matrix renormalization group (DMRG), or functional renormalization group (fRG).

These techniques could provide a deeper understanding of the role of quantum fluctuations

and help determine the stability of the BNDS and QAH phases more accurately. For the

heterostructure problem, including effects such as dynamical screening, disorder, or peri-

odic driving may reveal new ways to manipulate buried edge states and control interface
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currents. More generally, the concepts explored in this thesis are relevant to a wide range of

modern quantum platforms, including cold-atom optical lattices, moiré materials, and quan-

tum simulators. These systems offer exceptional control over lattice geometry, interactions,

and symmetry, making them ideal settings for testing and extending the ideas developed in

this work.

In conclusion, this thesis shows that topology in quantum materials is not determined

by band structure alone. Instead, it can emerge, evolve, and be significantly modified

through electronic interactions and spatial inhomogeneity. By studying both interaction-

driven topological phases in uniform lattice systems and the behavior of topological states

in correlated heterostructures, this work provides a broader understanding of how topology

and electronic correlations work together. The results presented here not only deepen our

understanding of strongly correlated quantum matter but also offer new possibilities for

designing and controlling topological phases in future quantum materials and devices.
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Appendix A

A.1 Chern number and QAH order parameter

In Sec. 3.4, we have reported that the QAH phase is characterized by a quantized Chern

number. Here, we provide an explicit numerical evidence.
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Figure A.1: (a) Chern number as a function of the nearest-neighbor interaction strength
U . The system exhibits a quantized value |C| = 1 within the QAH phase. (b) Quantum
anomalous Hall (QAH) order parameter as a function of U , which is finite in the QAH
phase and vanishes upon entering the site-nematic phase. Results are shown for V = 3.0t1,
t1 = 1.0, and t2 = 2.0.

Figure A.1(a) shows the dependence of the Chern number on the nearest-neighbor inter-

action U . The Chern number of the occupied bands is evaluated using the Fukui–Hatsugai–

Suzuki method [85]. For U < Uc, we obtain C = ±1, indicating a topologically non-

trivial phase stabilized by spontaneous time-reversal-symmetry breaking. This quantized

value persists over a finite interaction window, reflecting the robustness of the QAH state.

Beyond the critical strength Uc, the Chern number abruptly drops to C = 0, signaling a

transition into a topologically trivial SNI.

101



A

The corresponding QAH order parameter, displayed in Fig. A.1(b), remains finite in the

QAH region (U < Uc) and vanishes in the SNI phase. The simultaneous disappearance of

both the Chern number and the QAH order parameter atUc highlights the direct competition

between interaction-driven topological order and symmetry-breaking nematic order. These

results clearly demonstrate a correlation-induced topological phase transition stabilized in

an intermediate interaction regime.

A.2 Proof of particle-hole symmetry

1. Symmetry Criterion in k-Space

For a multi-band Hamiltonian H(k⃗), the condition for particle-hole symmetry (PHS) is

CH(k⃗)C−1 = −H(−k⃗), (A.1)

where C = UK is an antiunitary operator, U is unitary, and K denotes complex conju-

gation.

We consider the generalized two-dimensional SSH model in the noninteracting limit at

half filling with

U = V = δ = 0,

and impose the special parameter choice

t1 = t2 = t, t′1 = −t′2 = t′. (A.2)

2. Momentum-Space Hamiltonian Before Parameter Substitution

The momentum-space Hamiltonian in the basis
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Ψ†
k = (c†1,k, c

†
2,k, c

†
3,k, c

†
4,k)

is

H =
∑
k

Ψ†
kH(k)Ψk, (A.3)

with

H(k) =


0 H01 H02 H03

H10 0 H12 H13

H20 H21 0 H23

H30 H31 H32 0

 . (A.4)

The nearest-neighbor hopping matrix elements are

H01(k) = −
(
t1e

−ikx + t2e
ikx
)
, (A.5)

H02(k) = −
(
t1e

−iky + t2e
iky
)
, (A.6)

H13(k) = −
(
t1e

−iky + t2e
iky
)
, (A.7)

H23(k) = −
(
t1e

−ikx + t2e
ikx
)
. (A.8)

The next-nearest-neighbor hopping matrix elements are

H03(k) = t′1e
−i(kx+ky) + t′1e

i(kx+ky) + t′2e
−i(kx−ky) + t′2e

i(kx−ky), (A.9)

H12(k) = t′2e
−i(kx−ky) + t′2e

i(kx−ky) + t′1e
−i(kx+ky) + t′1e

i(kx+ky). (A.10)

Using

eiθ + e−iθ = 2 cos θ,

we obtain
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H03(k) = 2t′1 cos(kx + ky) + 2t′2 cos(kx − ky), (A.11)

H12(k) = 2t′2 cos(kx − ky) + 2t′1 cos(kx + ky). (A.12)

3. Hamiltonian at the Special Symmetric Point

Substituting

t1 = t2 = t, t′1 = −t′2 = t′,

the nearest-neighbor terms become

H01 = H10 = −2t cos kx, (A.13)

H02 = H20 = −2t cos ky, (A.14)

H13 = H31 = −2t cos ky, (A.15)

H23 = H32 = −2t cos kx. (A.16)

For the next-nearest-neighbor terms,

H03 = 2t′ cos(kx + ky)− 2t′ cos(kx − ky), (A.17)

H12 = −2t′ cos(kx + ky) + 2t′ cos(kx − ky). (A.18)

Using the trigonometric identity

cos(A+B)− cos(A− B) = −2 sinA sinB,

we obtain
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H03 = −4t′ sin kx sin ky, (A.19)

H12 = 4t′ sin kx sin ky. (A.20)

Therefore the Hamiltonian becomes

H(k) =


0 −2t cos kx −2t cos ky −4t′ sin kx sin ky

−2t cos kx 0 4t′ sin kx sin ky −2t cos ky
−2t cos ky 4t′ sin kx sin ky 0 −2t cos kx

−4t′ sin kx sin ky −2t cos ky −2t cos kx 0

 .

(A.21)

4. Complex Conjugation and Momentum Inversion

Since all matrix elements are real,

H∗(k) = H(k). (A.22)

Now under momentum inversion

kx → −kx, ky → −ky,

we use

cos(−x) = cosx, sin(−x) = − sinx.

Hence

sin(−kx) sin(−ky) = sin kx sin ky. (A.23)

Therefore,

H(−k) = H(k). (A.24)
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5. Construction of the Particle-Hole Operator

Define the permutation matrix

P =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , (A.25)

which exchanges the sublattice pairs

(a↔ b), (c↔ d).

Next define the gauge transformation matrix

P̃ =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 . (A.26)

Now define

U = PP̃ . (A.27)

Explicitly,

U =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 . (A.28)

6. Action of the Symmetry Operator

We now compute

UH(k)U †.
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Direct matrix multiplication gives

UH(k)U † =


0 2t cos kx 2t cos ky 4t′ sin kx sin ky

2t cos kx 0 −4t′ sin kx sin ky 2t cos ky
2t cos ky −4t′ sin kx sin ky 0 2t cos kx

4t′ sin kx sin ky 2t cos ky 2t cos kx 0

 .

(A.29)

Comparing with the original Hamiltonian,

UH(k)U † = −H(k). (A.30)

Finally define the antiunitary operator

C = UK, (A.31)

whereK is the complex conjugation operator.

Then

CH(k)C−1 = UH∗(k)U † (A.32)

= UH(k)U † (A.33)

= −H(k) (A.34)

= −H(−k). (A.35)

Therefore,

CH(k)C−1 = −H(−k) (A.36)

which proves that the generalized two-dimensional SSHHamiltonian possesses particle-

hole symmetry at
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t1 = t2 = t, t′1 = −t′2 = t′, δ = 0.

Consequently, the energy spectrum satisfies

E(k) ↔ −E(k),

and the bands occur in symmetric pairs about zero energy.
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B.1 Mean field in k-space

This section outlines the HF mean-field formalism introduced in section 4.3.1. The inter-

acting Hubbard Hamiltonian is given by

Hint = U
∑
i

n̂i↑n̂i↓. (B.1)

We employ the mean-field approximation to simplify the two-body interaction term. This

involves decoupling the product of number operators as

n̂i↑n̂i↓ ≈ ⟨n̂i↑⟩ n̂i↓ + ⟨n̂i↓⟩ n̂i↑ − ⟨n̂i↑⟩ ⟨n̂i↓⟩ . (B.2)

Under this approximation, the interaction Hamiltonian takes the following form:

Hint =
∑
i

U

2
[⟨ni⟩ni − 4 ⟨mi⟩mi]−

U

4
[⟨ni⟩2 − 4 ⟨mi⟩2], (B.3)

where ni = (ni↑ + ni↓) is the total on-site occupation andmi =
1
2
(ni↑ − ni↓) is the on-site

magnetization. The second term in Eq. B.3 introduces a global constant energy shift and

can, therefore, be neglected as it does not affect the relative energy spectrum of the system.

The resulting interacting Hamiltonian in momentum space is

Hint =
∑
Iα,ky

U

2
[
〈
nIα
〉
nIα
ky

− 4
〈
mIα

〉
mIα

ky
], (B.4)

where ky is conjugate momenta along the translation invariant direction y and α denotes

sites within the unit cell I as shown in Fig.4.1.
〈
nIα
〉

= 1
N

∑
ky

〈
nIα
ky

〉
and

〈
mIα

〉
=

1
N

∑
ky

〈
mIα

ky

〉
respectively. Here

〈
nIα
〉
and

〈
mIα

〉
are calculated self consistently.
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B.2 Long-range Coulomb interaction

The average electron density of the MI and TI in the heterostructure is determined by the

chemical potential µ. The long-range Coulomb interaction between all charges is crucial in

controlling the amount of charge transfer across the interfaces. To account for this effect,

we solve the Coulomb potentials ϕIα self-consistently at the mean-field level, following

the methodology established in the literature [83, 84]. The Hamiltonian describes the long-

range Coulomb interaction:

HC =
∑
Iα,ky

ϕIαnIα
ky
, (B.5)

where,

ϕIα =
∑
β ̸=α

aM t

〈
n̂Iβ

〉
− zIβ∣∣r⃗Iα − r⃗Iβ

∣∣ +
∑
J ̸=I,β

aM t

〈
n̂Jβ

〉
− zJβ∣∣r⃗Iα − r⃗Jβ

∣∣
In this equation,

〈
n̂Jβ

〉
represents the electron charge density at the site (Jβ) and aM is the

Madelung constant, as defined in the paper. Throughout the calculations, we assume a uni-

form background charge zJβ = 1. Solving ϕIα self-consistently allows us to incorporate

the long-range Coulomb interaction effect on the charge transfer across the MI-TI inter-

face, ensuring that the electrostatic effects are treated consistently within the mean-field

framework.

B.3 Computational details of self-consistency in Hartree-
Fock approach in heterostructure problem

We performed self-consistent calculations of the mean-field parameters ⟨n̂i⟩ and ⟨m̂i⟩. We

set the convergence tolerance in energy to be∼ 10−5. Additionally, we fixed the Madelung

constant to aM = 1 throughout all calculations to ensure a uniform electron density within

the bulk on each side of the heterostructure. We averaged the Coulomb potential within the

110



B

λ ̸= 0 side, excluding two unit cells from each end of the λ ̸= 0 side.
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Appendix C

C.1 Derivation of current

In section 4.3.1 of the main text, we briefly outlined the prescription to calculate the current

operators. In this section, we provide derivation of current operators. The full Hamiltonian

is written as:

H = Ht +HSO +Hint +HC , (C.1)

In the mean-field approximation [nI ,Hint] = [nI ,HC ] = 0, simplifying the analysis.

The hopping and spin-orbit coupling terms are rewritten in terms of the unit cell index I .

The hopping Hamiltonian becomes

Ht =− t
∑
Iσ

[d†IaσdIcσ + d†IaσdIbσ + d†(I+δy)aσ
dIcσ

+ d†(I+δx)aσ
dIbσ] + h.c. (C.2)

The spin-orbit coupling Hamiltonian is expressed as

HSO =iλ
∑
Iσ

sd†IcσdIbσ − iλ
∑
Iσ

sd†IbσdIcσ

−iλ
∑
Iσ

sd†Icσd(I+δy)bσ + iλ
∑
Iσ

sd†(I+δy)bσ
dIcσ

−iλ
∑
Iσ

sd†(I+δy−δx)bσ
dIcσ + iλ

∑
Iσ

sd†Icσd(I+δy−δx)bσ

−iλ
∑
Iσ

sd†(I+δx)cσ
dIbσ + iλ

∑
Iσ

sd†Ibσd(I+δx)cσ, (C.3)

The local Hubbard interaction term is expressed as:

Hint = U
∑
Iα

nIα↑nIα↓, (C.4)
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where U is the strength of the on-site Hubbard interaction , s = 1(−1) for ↑ (↓) . δx and

δy are the next-nearest lattice translation vector relative to the unit cell I in the positive x

and y direction respectively. Using these Hamiltonians, the current operators are derived by

summing over contributions from all unit cells in a specific direction. The current operator

in the y-direction is found to be

jyσ =
∑
I

it(d†(I+δy)aσ
dIcσ − d†Icσd(I+δy)aσ)

+λ
∑
I

s(d†Icσd(I+δy)bσ + d†(I+δy)bσ
dIcσ) (C.5)

−λ
∑
I

s(d†Icσd(I+δy−δx)bσ + d†(I+δy−δx)bσ
dIcσ),

Similarly, the current operator in the x-direction is

jxσ =
∑
I

it(d†(I+δx)aσ
dIbσ − d†Ibσd(I+δx)aσ)

−λ
∑
I

s(d†Ibσd(I+δx)cσ + d†(I+δx)cσ
dIbσ) (C.6)

+λ
∑
I

s(d†Ibσd(I+δx−δy)cσ + d†(I+δx−δy)cσ
dIbσ).

These expressions are derived under the assumption that adjacent layers exist on both

sides of the layer that is being considered for the current calculation, i.e for bulk layers.
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Appendix D

D.1 Slave-rotor mean field theory

We study the correlation effects in the heterostructure using the slave-rotor mean-field the-

ory, as outlined in previous works [106, 107, 108]. To make this study self-contained, we

briefly summarize the method here. The electronic creation and annihilation operators are

decomposed into a direct product of a bosonic rotor degree of freedom and an auxiliary

fermion. The rotor accounts for charge occupations, while the spinons preserve the anti-

symmetric nature of the electronic operators. To distinguish between the two sides of the

heterostructure, we denote the electronic operator on the U -side as cIα,σ and on the λ-side

as dIα,σ. Specifically, the transformations are:

di,σ → cIα,σ for U side ,

di,σ → dIα,σ for λ side . (D.1)

We then apply the slave-rotor decomposition to the U -side as follows:

c†Iασ = f †
Iασ
e−iθIα ,

cIασ = fIασe
iθIα ,

(D.2)

where f †
Iασ

, fIασ are spinon creation and annihilation operators and e±iθIα represent the

rotor creation and annihilation operators. The rotor operators act on charge states as

e±iθIα
∣∣nθ

Iα

〉
=
∣∣nθ

Iα ± 1
〉
. (D.3)

To ensure that the spin and the charge degrees of freedom add up to physical electron oc-

cupation in the unit cell, we need to restrict the rotor spectrum. At half-filling, the average
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occupation of every unit cell is three. To remove the unphysical states from the direct prod-

uct basis, we impose the following constraint equation

∑
α

(
nθ
Iα + nf

Iα↑ + nf
Iα↓ − I

)
= 0, (D.4)

where the electron number is equal to the spinon number i.e. nf
Iασ

= ne
Iασ

and I is the

identity operator.

Then, the Hamiltonian Eq. 4.1 is reformulated in terms of spinon and rotor operators to

derive an exact expression under the slave-rotor decomposition. Subsequently, we intro-

duce a mean-field ansatz to approximate the ground state:

|Ψ⟩ =
∣∣Ψfd

〉 ∣∣Ψθ
〉
, (D.5)

where the superscript d denotes the collective index for the electronic operators on the λ-

side, f refers to the spinon operator on the U -side, and θ denotes the rotor operator. The

Hubbard interaction term is confined exclusively to the U -side, resulting in the spinon con-

tribution emerging solely from the U -side. The next step is to compute two decoupled

Hamiltonians, Hf,d ≡
〈
Ψθ|H|Ψθ

〉
and Hθ ≡

〈
Ψfd|H|Ψfd

〉
. The expressions are:

Hf,d =−
∑
Iαβσ

tIαIβσ

〈
Ψθ
∣∣∣e−iθIαeiθIβ

∣∣∣Ψθ
〉
f †
Iασ
fIβσ −

∑
IαJβσ

tIαJβσd
†
Iασ
dJβσ +

∑
Iασ

ϕIα
(
f †
Iασ
fIασ

+ d†IασdIασ

)
−
∑

IαJβσ

tIαJβσ
〈
Ψθ
∣∣e−iθIα

∣∣Ψθ
〉
f †
Iασ
dJβσ −

∑
Iασ

(
λIασ + µ

)
f †
Iασ
fIασ,

(D.6)

Hθ =−
∑

IαJβσ

tIαJβσ

〈
Ψfd

∣∣∣f †
Iασ
fJβσ

∣∣∣Ψfd
〉
e−iθIαeiθJβ −

∑
IαJβσ

tIαJβσ

〈
Ψfd

∣∣∣f †
Iασ
dJβσ

∣∣∣Ψfd
〉
e−iθIα

+ U/2
∑
Iα

(
nθ
Iα

)2
−
∑
Iασ

(
λIασ +

U

2

)
nθ
Iα ,

(D.7)
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where

ϕIα =
∑
J ̸=I,β

aM t

〈
f †
Jβσ

fJβσ

〉
− zJβ∣∣r⃗Iα − r⃗Jβ
∣∣ +

∑
β ̸=α

aM t

〈
f †
Iβσ
fIβσ

〉
− zIβ∣∣r⃗Iα − r⃗Iβ
∣∣ +

∑
J ̸=I,β

aM t

〈
d†JβσdJβσ

〉
− zJβ∣∣r⃗Iα − r⃗Jβ
∣∣

+
∑
β ̸=α

aM t

〈
d†IβσdIβσ

〉
− zIβ∣∣r⃗Iα − r⃗Iβ
∣∣

are onsite Coulomb potentials as discussed in Eq. (4.5). The two coupled Hamiltonians

are solved self-consistently under the constraint equation. The spinon Hamiltonian refers

to Eq. (D.6) a one-body physics, while the rotor Hamiltonian in Eq. (D.7) describes many-

body physics which can be solved using cluster mean-field theory. Since the system is

inhomogeneous, we solve using multiple unit cell clusters along the x-direction and repeat

this in the y-direction.

D.2 Observable in Slave-rotor calculation

We express the single-particle electron Green’s function as a convolution of the spinon and

rotor Green’s functions [109]. By taking the imaginary part of this reconstructed Green’s

function, we compute the spectral function. We define the local (on-site) retardedMatsubara

Green’s function as

GIασ (iωn) =−
∫ β

0

dτeiωnτ
〈
Ψ
∣∣∣cIα,σ(τ)c†Iα,σ(0)∣∣∣Ψ〉

=−
∫ β

0

dτeiωnτ
〈
Ψf
∣∣∣fIασ(τ)f †

Iασ
(0)
∣∣∣Ψf

〉
×
〈
Ψθ
∣∣e−iθIα (τ)eiθIα (0)

∣∣Ψθ
〉
. (D.8)

The spinon correlation function in Eq. (D.8) is

1
2

∑
σ

〈
fIασ(τ)f

†
Iασ

(0)
〉

= 1
2

∑
ασ

∣∣〈χf
α | Iα, σ

〉∣∣2 [1− nf

(
ϵfα − µf

)]
e−τ(ϵfα−µf),

(D.9)
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where
∣∣χf

α

〉
and ϵfα are the spinon eigenvectors and eigenvalues, respectively. The rotor

correlation function in Eq. (D.8) is expressed as〈
e−iθIα (τ)eiθIα (0)

〉
= 1

Zθ

∑
m,n e

−βϵm
〈
m
∣∣e−iθIα

∣∣n〉 〈n ∣∣eiθIα ∣∣m〉 eτ(ϵm−ϵn),
(D.10)

where ϵm and |m⟩ are the eigenvalues and corresponding eigenvectors of the rotor Hamil-

tonian, respectively. Here, Zθ is the rotor partition function

Zθ =
∑
m

e−βϵm . (D.11)

The integration in Eq. (D.8) performed over imaginary time τ . We then analytically con-

tinue back to the real frequency to obtain GIασ(ω). The projected density of state (PDOS )

is obtained from its imaginary part of the full Green’s function.
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