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Abstract

This thesis examines the quark-gluon plasma (QGP) through non-perturbative effective
theories and kinetic theory approaches, focusing on transport properties, heavy quark dy-
namics, and collective behavior relevant to RHIC and LHC experiments. Using the ef-
fective matrix model of QCD, the first part evaluates shear and bulk viscosities of a pure
glue plasma, revealing a minimum in 7)/s near the deconfinement temperature and a pro-
nounced peak in (/s. These feature capture near-critical dynamics that lie beyond the
reach of perturbation treatments. The second part applies the Gribov-Zwanziger formalism
to heavy quarkonium physics. The modified gluon propagator leads to a stronger screen-
ing, reducing quarkonium stability. This framework is further used to study collisional
energy loss of fast partons, where the infrared dynamics amplify the parton energy loss.
The final component analyzes the heavy quark potential in an anisotropic and collisional
QGP. Incorporating a Bhatnagar-Gross-Krook collision kernel shows that collisions signif-
icantly enhance the imaginary part of the potential, increasing quarkonium decay widths,
however the real potential is hardly affected by collision. Together, these studies link the
non-perturbative structure of QCD with experimentally measurable signatures in heavy-ion

collisions.
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SUMMARY

The study of the quark-gluon plasma (QGP) remains a central attraction in high-energy nu-
clear physics, driven primarily by the RHIC and the LHC’s experimental programs. When
QCD matter is subjected to sufficient high temperatures and energy densities, the confined
hadronic phase can no longer persist and transforms into a deconfined state composed of
quarks and gluons, commonly referred to as the quark-gluon plasma, as predicted by Quan-
tum Chromodynamics (QCD), due to the asymptotic freedom of the coupling constant.
Understanding heavy-quark interactions, the transport properties and collective behavior
of this Quark-gluon plasma medium in perturbative and non-perturbative regime of QCD
is essential for reconstructing the dynamical evolution of the fireball created in heavy-ion
collision experiments. In this thesis, I addressed these fundamental questions using a com-
bination of non-perturbative effective theories based on resummed thermal field theory, and
kinetic-theory methods.

The first part of this thesis is devoted to the computation of trasnport coefficient, such
as the shear and the bulk viscosities of a pure glue plasma within the framework of the
effective matrix model of QCD. This model, developed by Pisarski, Hidaka and collab-

orators, describes the semi-QGP region by promoting the Polyakov loop eigenvalues to



dynamical variables governed by an effective potential. Using kinetic theory with collision
terms derived from the scattering matrix, the shear and the bulk viscosities are evaluated
across the semi-QGP region. The results reveal a pronounced minimum of 7)/s near 7}; and
a sharp peak in (/s, illustrating how matrix models provide a controlled bridge between
perturbative high-temperature plasma and non-perturbative confinement physics. These
results demonstrate the capability of the matrix model to describe near-critical transport
phenomena in a manner inaccessible to purely perturbative approaches.

The second major component of the thesis investigates heavy-quark physics through
the medium modification of the heavy-quarkonium potential in the Gribov-Zwanziger (GZ)
prescription. The GZ approach incorporates the effects of the Gribov horizon, resulting in
a modified gluon propagator that naturally suppresses long-wavelength modes. Using this
framework within thermal field theory, the real part and the imaginary part of the poten-
tial are computed. The Gribov parameter introduces enhanced screening and magnified
Landau damping relative to hard thermal loop (HTL) predictions, leading to a more sup-
pressed real part and a significantly larger imaginary part. These findings indicate that the
infrared structure implied by the Gribov horizon shortens quarkonium lifetimes, thereby
demonstrating the crucial role of non-perturbative IR physics in heavy-quark suppression.

This thesis also extends the Gribov-Zwanziger analysis to the energy loss of energetic
partons traversing the QGP. The presence of the Gribov parameter increases the effective
screening scale of the medium, thereby amplifying the collisional energy-loss rate com-
pared to conventional perturbative expectations. The resulting enhancement highlights the
sensitivity of jet quenching to confinement-related infrared dynamics and provides a quali-
tative mechanism by which non-perturbative correlations can influence high-energy probes
in relativistic nuclear collisions.

The final part of this thesis investigates the complex heavy-quark potential in a momentum-

vi



space anisotropic and collisional quark-gluon plasma. Anisotropy is a key feature of the
early time QGP, where rapid longitudinal expansion drives the momentum distribution
away from equilibrium. Collisions, incorporated via the Bhatnagar-Gross-Krook (BGK)
collisional kernel, regulate the Weibel instabilities inherent in the collisionless theory. The
resulting gluon propagator and dielectric function allow a consistent determination of the
real and imaginary parts of the heavy-quark potential for arbitrary anisotropy and finite
collision rate. The analysis shows that while the real part remains largely insensitive to
collisional effects, the modulus of the imaginary part shows larger values with increase of
collision parameter, leading to an increased decay width for quarkonia such as the J/1).
These results highlight the importance of collisional damping in refining theoretical pre-
dictions for quarkonium suppression in out-of-equilibrium QGP.

Collectively, this thesis provides a unified investigation of non-perturbative and near-
critical QCD physics through three complementary frameworks: the effective matrix model,
the Gribov-Zwanziger formalism, and anisotropic thermal field theory with collisions. By
analyzing transport coefficients, heavy-quark potentials, and parton energy loss within
these frameworks, the work highlights some aspects of the microscopic non-perturbative
structure of QCD and the macroscopic observables measured in heavy-ion experiments.
The findings enrich our understanding of the QGP near and above the deconfinement transi-

tion and offer predictions with direct implications for current and future collider programs.
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INTRODUCTION

“I am just a child who has never grown up. I still keep
asking these "how’ and why’ questions. Occasionally, I

find an answer.”
- Stephen Hawking, From 'A Brief History of Time’

It is estimated that, the Big Bang, which created this known observable universe, hap-
pened almost 13.8 billion years ago, and yet we are trying to understand how did matter
form after the Big Bang. Many indirect pieces of evidence and theoretical predictions
shows that there might be a plasma phase after the Big Bang and from that matters was
formed. This plasma is primarily made up of quarks and gluon which interact with each
other strongly. The plasma medium’s temperature is around ~ 200 MeV (or 10'? K). This
strong interaction is studied through the Quantum Chromodynamics (QCD). High energy
heavy-ion facilities -most notably RHIC at Brookhaven and the LHC at CERN - were de-

signed to reproduce, in a controlled experimental setting, the extreme temperatures and



densities thought to characterize the early universe. This thesis aim to study that Quark-

gluon plasma phase for extreme temperatures.

1.1 Quantum Chromodynamics

The theory that governs the strong interactions among the quarks and gluons, carrying
color charges, is described by the Quantum Chromodynamics (QCD), also called the theory
of colors [1-3].The QCD theory with gauge degrees of freedom only, is a non-abelian
gauge theory of SU(3) gauge group. Hence, it has (3> — 1) = 8 generators, as a result
8 types of color gauge fields, denoted as Aj, where color index ’a’ that runs from 1 to
8. In QCD, the dynamical matter fields are incorporated by the quarks- the spin—% Dirac
fermions and these transform under the fundamental representation of the SU(3) gauge
group. In nature, six flavors of quarks are known along with their anti-particles : up (u),
down (d), strange (s), top (¢), bottom (b), and charm (c) - each appears with three color
state : red, blue and green. These quarks interact by exchanging gluons, the color-charged
gauge bosons of SU (3), which themselves carry colors and mediate strong force. The QCD
Lagrangian thus describes the dynamics of color carrying fields- both gluons and quarks.

The QCD Lagrangian is analogous to that of QED (Quantum Electrodynamics), with
extra color structure along with it, comes due to non-abelian nature of the theory. This

QCD Lagrangian density is given by,
A : 1 a v
L=1; (Z’YM(Du)ij - m5z‘j> Vj — ZF,WFf + Lar + Lchost; (1.1)

where 1); is a three component quark field in the fundamental representation of the SU(3)

group, where 7, 7 = 1,2, 3. v* is the Dirac matrices and ‘m’ indicates the quark mass and



D, represents the gauge covariant derivative, given by
(Du)ij = @Mél — Zg(Ta)Z]AZ (12)

F, is the gluon field strength obtained from the gluon field Aj (), which is in adjoint
representation of the SU(3) group. T, ’s are the generators of the local SU(3) symmetry.
The generators are given by 7, = \,/2, where \,’s (a = 1,---,8) are the Gell-Mann

matrices. The gluon field strength is given by,
F3, = 0,A% — 9,A% + g [ AP AS (1.3)

where a,b,c = 1,---,8, and f2>¢ denotes the structure constants of the SU(3) group. It

should be noted that g = \/m .

In Eq. (1.1), the other two terms : Lgr, Lgnost appears solely due to choosing a fixed
gauge.

One of the striking feature of the QCD is asymptotic freedom of QCD coupling con-
stant, o (@) first discussed in [4] - which dictates the strength of the strong interaction,
ever increasing with decrease of energy and decreasing with increase of energy. This is
due to the QCD [-function is negative at one loop order, implying the coupling a,(Q)
decreases logarithmically with increasing momentum transfer, Q?. Consequently, at very
high energies (or temperatures), quarks and gluons behaves as if they almost free - jus-
tifying perturbative treatments of QCD in this regime. Conversely, the coupling grows
large at low energy, leading to confinement, where quarks and gluons are bound inside a
hadron. Thus, asymptotic freedom, not only describes the success of perturbative QCD at

high energies, but also provides the limitations of perturbative QCD of quarks and gluons



at confined state within the hadrons, indicating a change of phase from confined hadrons

to deconfined quark-gluon plasma phase at extreme conditions. In Fig. 1.1, the variation

0.5
o (Q) |
sa Deep Inelastic Scattering
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o Hadron Collisions
& ® Heavy Quarkonia
0.3t
02}
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Figure 1.1: QCD running coupling as a function of energy scale. (Figure from Ref [5].)

of QCD running coupling constant as a function of energy scale () is shown ( [5]), at one

loop this can be expressed as

2 2 4
s (Q%) = ¢ fﬁf ) - ; u ZRY (1.4)
(113N ()

where N; and Q? represent the number of quark flavors and the four momentum transfer
respectively. Aqcp is the typical QCD scale parameter. The running coupling decreases

with increasing momentum transfer.



While asymptotic freedom enables us to use perturbative QCD (pQCD) at high ener-
gies, it also highlights the limitations of pQCD at low energies, where a(()) becomes
strong and color-charged particles becomes confined inside the hadrons. This nature of
QCD implies that the strength of the interaction depends primarily on energy scale, or
equivalently on temperature of the system. As temperature or density increases, the cou-
pling weakens and a transition from the confined hadronic phase to a deconfined phase of
quarks and gluons is expected to occur. The study of this phase transition region nearer the
transition temperature, which is non-perturbative in nature, is the core theme of this current

thesis.

1.2 Quark-gluon Plasma

In Relativistic Heavy Ion Colliders, when two heavy ions collide with each other at
ultra-relativistic energies, the energy density at the overlap region becomes so large that
nucleons lose their individual identities and their constituent quarks and gluons form a
deconfined, strongly interacting medium known as quark-gluon plasma(QGP) phase, the
same QGP state which can be found at the inside the core of highly dense neutron stars
and is believed to exist after the few microseconds of the Big Bang at the early universe.
In Fig. 1.2, (adapted from Chun Shen [6]), it is illustrated how two heavy nuclei collide
at ultra-relativistic energy, then a non-equilibrium phase is created, from then the medium
thermalizes and QGP is formed. At later time, QGP then cools off and a phase transition (or
crossover) occur to form hadron gas, a confined state of quarks and gluons and followed by
hadronic interactions leading to kinetic freeze-out, after which only color-neutral hadrons
are being detected in the detectors.

Experimental evidences at RHIC (Ref. [7-10]) and CERN (Ref. [11-14]) through the

studies of energy loss of transverse momentum and strangeness enhancement hints the
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Figure 1.2: Illustration of QGP formation in heavy-ion collisions and its hadronization
(Figure from Ref. [6]).

existence of QGP medium. And some rigorous numerical studies through Lattice QCD also
confirms the existence of a QGP phase by studying the QCD phase structure (Ref. [15-17]).
Another key evidence which arises from collective flow phenomena, particularly the large
elliptic flow coefficient (v2), which indicates that medium behaves nearly like a perfect
fluid with extremely low shear viscosity to entropy density ratio (n/s) [18-21]. So, the

key observables that scientists look for to study the properties of QGP medium are

* Collective flow ( [21-23]) , specially elliptic flow (v2) indicates about the anisotropic
expansion caused by initial asymmetry of the nucleons overlapping and also indi-
cated about the fluidity of QGP medium after the heavy-ion collision, which implies
that a strongly interacting deconfined medium of quarks and gluons are formed in-
side the collider, and it also indicated that the formed QGP is behaves as a perfect

fluid.



 Jet quenching ( [24-27]) phenomena is the suppression of high-energy jets in the
heavy-ion collision that indicates that constituent fast partons lose significant energy
while traversing through the QGP medium, which hints at existence of QGP medium

in the heavy-ion collision

* Quarkonium suppression ( [28]) is the observation of reduced yields of the heavy
quarkonium states (/1) and Y ) in the detectors, which hints that this quarkonium

pair must have melted inside some hot medium, a signature of QGP existence.

» Strangeness enhancement: In heavy ion collision, there is a increased production of
strange hadrons compared to proton-proton collision which indicates a rapid chemi-

cal equilibration, which is possible if a QGP medium is formed ( [11, 29]).

* Direct photon and dilepton emission- In heavy-ion collision photons and dileptons
are emitted and detected in detectors. Since, photons and dileptons don’t interact
strongly, so they escapes the QGP medium and indicates about the temperature of

the medium ( [30-32]).

These diverse theoretical and experimental studies have established the existence of
quark-gluon plasma and provided significant insights into its properties. However, a com-
plete understanding of QCD matter requires mapping its various possible phases under
different conditions of temperature (7") and baryon chemical potential (x43). This is also
one of the key goals of modern particle colliders in heavy-ion collision program, that is -
being able to map the whole QCD phase diagram with precision.

Various Lattice calculation and experimental evidences ( Ref. [33—35]) shows that for
small or vanishing baryon chemical potential (;1), the transition from confined hadronic

phase to deconfined quark-gluon plasma phase is a smooth cross-over. This implies that the



thermodynamic quantities such as energy density or pressure shows a continuous change

over the transition temperature, which is estimated to be 7" ~ 154 £ 9 MeV (Ref. [34]).
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Figure 1.3: A schematic sketch of QCD phase diagram in 1" — pp plane, locating the QGP
phase and Hadronic phase, and also the color superconducting phase. The actual location

of critical point and order of the phase transition curve is yet to be determined. Figure taken
from [36].

Figure 1.3 shows the QCD phase diagram in temperature (7°) versus baryon chemical
potential () plane,(taken from [36]), which gives a approximate picture of the various
phases of QCD matter. Ongoing experimental programs such as the Beam Energy Scan
(BES) at RHIC, NICA in Russia, and FAIR in Germany aim to explore this high-density
region and search for possible signatures of the critical point, providing a direct link be-

tween heavy-ion phenomenology and the thermodynamics of QCD.



1.3 Perturbative QCD at finite temperature

Experimental and theoretical studies together establish the formation of a strongly in-
teracting quark—gluon plasma in heavy-ion collisions and highlight the need to understand
its dynamical and thermodynamic behavior from first principles. A complete description
of this medium requires Quantum Chromodynamics formulated at finite temperature and
density, so that macroscopic observables of the QGP can be related to its underlying micro-
scopic degrees of freedom. In particular, quantities such as the temperature-dependent pres-
sure, energy density, heavy-quark interaction potential, and transport coefficients (includ-
ing shear and bulk viscosities) encode essential information about the coupling strength,
collective evolution, and non-perturbative structure of the QGP near the transition region.
The evaluation of these thermal QCD quantities therefore plays a crucial role in constrain-
ing phenomenological models and in extracting properties of the strongly coupled plasma
created in modern collider experiments. Incorporating temperature in conventional quan-
tum field theory has been extensively discussed in Ref. [37-44].

As previously mention, in Eq. 1.1, we will use the same Lagrangian. In Eq. 1.1, we

generally choose a covariant gauge for Lgg, with £ a arbitrary gauge parameter, such that,
1 2
Lor = _E Tr[(0,A")7] (1.5)

and so the ghost term becomes, also called the Fadeev-Popov ghost term due to Fadeev-
Popov ghost fields,

»CGhost = _ﬁaaQ,'?a + g fabcﬁaau(ABnc> (16)

where 7 and 7) are Fadeev-Popov ghost and anti-ghost field respectively.

In the current thesis, I have considered the finite temperature by considering the system



is in equilibrium, cause that’s when temperature (7°) is defined thermodynamically. So in
equilibrium system, we wick rotate the temporal axis, by substituting ¢ = 77, with ¢ being
the Minkowski time and 7 being the Euclidean time. So, for finite temperature all the fields
are either periodic (for bosons) or anti-periodic (for fermions) in 7 = 5 = 1/T. So, the
bosonic field follows the periodic boundary condition, ¢(0,x) = ¢(3,x) and fermionic
fields follows anti-periodic boundary condition, ¢(0,x) = —¢(3, x).

The Euclidean partition function becomes

B 1/T
7 = / DA, Dy Dy Dij D exp {— / dr / >z ng} (1.7)
0

with Egc p being the Wick-rotated QCD Lagrangian density. The consequence of this
periodic (or anti-periodic) boundary is that, in going from co-ordinate space (7, X) to mo-
mentum space (w, p), the w becomes discrete and imaginary, and these discrete frequencies

is called the Matsubara frequency. Hence the momentum integrals become,

[ ”%;/ o 49

where,

Wy, = 2naT for bosons, (1.9a)

= (2n+ DaT for fermions (1.9b)

Analogous to perturbative methods in zero temperature quantum field theory, in thermal
perturbation theory as well, we expand the partition function Eq. 1.7 and do the perturbative
computation (see Ref. [43, 45]).

Suppose, we have a set of fields, denoted by &, then the partition function should look

10



like,
Z =N’ /[DCI)]eS, (1.10)

where S denotes the total action, which can be decomposed as free part (.5y) and interaction
part (SI)’
S =5+ 5r. (1.11)

Here, S, is at most quadratic in the field, and S7 is the part that appears due to interaction
and this can be of higher order in fields. In perturbative approach, we expand Eq. 1.10 in a

power series in the interaction part, S7,

[e.9]

Z =N /[DCI)]CSO > %S} (1.12)

=0

Taking log on Eq. 1.12, we can get,

log 2 = 10g(N'/{D<I>]eS°)+1og (1+Z%%>

=1
= log Zy +log Z; (1.13)

Eq. 1.13 which separates the tree-level (free) contribution, log Zj, from the higher-order
interaction corrections, log Z;. The logarithm of the partition function, or equivalently the
free energy, is the central quantity in thermal field theory. In thermal QCD, the interaction
term S consists of gluon self-interactions (three- and four-gluon vertices), quark—gluon
interactions, and ghost—gluon couplings. These vertices generate loop corrections to phys-
ical observables such as the free energy density, the heavy-quark potential, and various
transport coefficients. The Feynman rules at finite temperature follow the same structure

as at zero temperature, with the modification that energy integrals are replaced by discrete

11



Matsubara sums. It is important to emphasize, however, that perturbation theory is reliable
only when the contributions from higher-order diagrams are progressively smaller than
those from the preceding orders. This condition is naturally satisfied at high temperatures
or baryon densities due to asymptotic freedom, which ensures that the strong coupling a
becomes small. Consequently, each succeeding term in the perturbative expansion of the
partition function is suppressed, making the perturbative approach valid in this regime. At
lower temperatures, where the coupling grows large, perturbation theory breaks down, and
non-perturbative methods such as lattice QCD or effective models become essential for

describing QCD matter.

.
S O0000000
/,4//
(a) (b) (c)

(d)

Figure 1.4: The QCD vertices, (a) quark-gluon vertex, (b) three gluon vertex, (c) four gluon
vertex, (d) ghost-gluon vertex.

At finite temperature, the bare gluon propagator in momentum space in the covariant

gauge is given by,

1 K, K,
DUK) = 165 (5 — (1 - 95252, (L1

where K? = k2 — k%, Similarly, the bare quark and ghost propagator is given by respec-

tively,

1.3.1 Frequency sum

12



Bosonic field:

A general form of a frequency sum for bosonic fields can be written as,

n=-+oo

T Y flko = iw, = i2naT). (1.16)
Here k is the temporal component in momentum space in Minkowski configuration, and
f is some meromorphic function.

Im ky Im ko

[ ko K [ ko

Figure 1.5: Poles of coth(5kq/2) at kg = i2n7T forn = —oo, -+ ,0,--- , 00 in complex
ko plane. Figure taken from [37].

The above bosonic frequency sum can be written as a sum of residues of a hyperbolic

cotangent function, so Eq. 1.16 can be rewritten as,

n=-+00
% Z f (ko = iw, = i2n7T) Res {g coth (%)] = % ]{dkzoéf(k:o) coth (%)
c

n=—oo

(1.17)

Now, one should note some important points in Eq. 1.17 :

* coth(5ko/2) has countably infinite poles at the imaginary axis in complex-k, plane
at kg = iw, = i2n7T, and is a bounded and analytic function everywhere except at

the poles.

13



* f(ko) is a meromorphic function which implies that it may have simple poles but it

has no essential singularities or any branch cut.
* The function f (ko) does not have a pole on imaginary axis.

Now the contour which encloses the poles of coth(Sk/2), can be deformed into two
contours C' and C'y with shape of half-circle (see Flg. 1.6), now enclosing the simple poles
of f(ko) function only, leaving the poles of coth(SBky/2), provided that f(kg) is a fast

decreasing function.

pole
pole

< S .'. Re ko

A\ 4

. ‘___

Figure 1.6: Contour '} and (5 is obtained by deforming the original contour, which now
enclode only the poles of the meromorphic function f(ko).( [37]).

So the Matsubara sum can be written as,

1 1
T Z flho =iw,) = -— 7{ dko f (ko = iwy,) §+W , (1.18)
n=-o0 C1UCo

14



where we used the fact that coth (%) =1+ and the constant term 1, repre-

2
exp(Bko)—1°
sents the vacuum term (or 7' = 0 contribution ) and the term with ng (ko) = (exp(Sko) —
1)~! represents the thermal term (or 7' # 0 contribution). After some calculations this

Matsubara sum becomes,

Tn;wf ko = iwyn) = % _imdkoé[f(kO)Jrf(_ko)]
1 100+-€
T om _ioo+6dk0[f<k0)+f(—ko)]n3(ko). (1.19)

Fermionic field:

For the fermionic field, we have to consider the following frequency sum,

TS f(ko = it = i(2n + 1)), (1.20)

n=—0oo

and we note that tanh (%) has poles at kg = iw,, = i(2n + 1)7T. So with the similar

technique as bosonic Matsubara sum, we get,

n=-+oo 1 +ioco 1
T Z f ko =iw,) = omi | d(ko)i[f(ko)‘irf(—ko)]
! EJFZ'Ood k k k ! 1.21
to - (ko) [f (ko) + f (= o)]m- (1.21)

This bosonic and fermionic Matsubara sums will be used to calculate various thermody-
namical quantities which involve various loop calculations whether it is perturbative calcu-

lation or effective field theory calculation , like gluon loop, quark loop etc.
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1.3.2 Few Results: Frequency Sum

We know the general form of the bosonic propagator
Ap(K) = 1/(K* —m?) = 1/(kg — k* —m?),

in momentum space, which can be re-written by

Ap(K) = — / dr e®™ Ag(1, E},), (1.22)
0
where
Ap(r,By) = =T Y e PTAR(K)
ko=i2nnT
1

— T {(1 +np(Ep))e B + np(Ey)e™
S

— ZZEk(l—i—nB(sEk)) —SERT, (1.23)

Equation 1.23 can also be obtained using the contour method from Eq. 1.19, with F}, =
V'k? + m? is the particle energy and np(Ey) = GBE—}C_I denotes Bose-FEinstein (BE) distri-
bution.

The fermion propagator is written as,
S(K) = (v K +m)Ap(K). (1.24)
Analogous to Eq. 1.22, Ap(K) can be written as,

B
Ap(K) = — / dr e®T Ap(1, By), (1.25)
0
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where

Ap(r,Ey)=—T > e ™ Ap(K)= 2i(1—nF(sEk))e_3E”, (1.26)
ko=t(2n+1)nT s==% k

with np(Ey) = eﬁE—iH, is called the Fermi-Dirac (FD) distribution.
One of the useful result using the Matsubara sum techniques, that needed in the current

thesis, is

s152 1 —np(s1Ex) —np(s2Ey)

T Z AF(K)AF(Q:P_K):_Z4Equ po — s1ky — soEy

ko=1(2n+1)7T 51,52

(1.27)

1.4 Non-perturbative Region of QCD

Till now, it is well understood that, perturbative QCD calculation provides a reliable
description at high temperature or density, but it is not reliable at lower temperature near
the confinement-deconfinement transition. In this region, the coupling constant, o, grows
large, and the perturbative expansion doesn’t converge. At zero chemical potential, this re-
gion is around 7' ~ 154+9 MeV, as can be seen in Fig. 1.3, is intrinsically non-perturbative
and understanding the behaviour of QCD matter in this region remains one of the central
challenge in contemporary theoretical QCD community.

A variety of approaches have been attempted to fill the gap between non-perturbative
and perturbative. One of the successful and widely used theoretical framework is the Hard
Thermal Loop (HTL) perturbation theory, developed by Braaten and Pisarski (Ref. [46—
49]). The HTL formalism systematically resums an infinite subset of one-particle-irreducible

(1PI) diagrams in the soft momentum limit, effectively using a dressed propagators and ver-
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tices to include collective medium effects such as Debye screening and Landau damping.
This resummation restores the consistency of perturbation theory in the high-temperature
plasma and allows for a realistic description of quasiparticle excitations, spectral func-
tions, and transport coefficients. The quantitative success of the HTL framework is ex-
emplified by the three-loop computation of the QCD pressure by Haque, Mustafa, and
Strickland [50, 51], a technically demanding calculation that established the reliability of
HTLpt in describing high-temperature QCD thermodynamics.

Despite its success, the HTL framework remains quantitatively reliable only at temper-
atures well above the critical temperature 7 .. As the system approaches 7., where the cou-
pling becomes strong and non-perturbative effects dominate, even HTL-resummed pertur-
bation theory loses accuracy - necessitating more effective and genuinely non-perturbative
approaches to describe the QGP near the phase transition.

In this strongly coupled regime, effective models have proven particularly useful in cap-
turing the essential features of QCD thermodynamics. In this thesis, I have used the effec-
tive matrix model, which was specifically constructed to describe the thermodynamics of
QCD matter in the vicinity of transition region ( [52—60]). This model effectively encodes
confinement deconfinement dynamics through an order parameter, called the Polyakov
loop. The matrix model introduces an effective potential for the Polyakov loop - a gauge-
invariant order parameter for confinement and thereby captures the transition from color
confinement to deconfinement. At the same time, the model retains key features of the glu-
onic self-interactions and color structure inherent to QCD. This model serves pretty well
from the deconfinement temperature, 7;; to almost 47}, also known as semi-QGP region.
This model uses the techniques of HTLpt, but with additional background field due to the
Polyakov loop, that is why sometimes it is referred as Holonomous HTL (HHTL in short).

Another important non-perturbative framework is the Gribov-Zwanziger (GZ) approach
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[61, 62], which provides a confinement mechanism from first principles. By restricting the
gauge field configurations to the so-called Gribov region in field space, this formalism in-
troduces an infrared mass scale- the Gribov parameter - that modifies the gluon propagator
to vanish at zero momentum. This behavior is a clear signature of confinement and has
important consequences for infrared QCD dynamics. Extensions of the GZ framework to
finite temperature have been developed to study how such confinement features manifest
in the deconfined phase, influencing screening, collective modes, and the free energy of
the QGP. The Gribov-type corrections can also be combined with other effective models,
forming hybrid frameworks that capture both infrared confinement and realistic thermody-
namics near the phase boundary.

In this thesis, these theoretical frameworks are utilized as complementary approaches
to explore different aspects of the quark-gluon plasma in regimes where standard perturba-
tive methods fail. The Effective Matrix Model serves as the central framework for studying
the equilibrium thermodynamics of QCD matter near the deconfinement transition. Within
this model, we compute the shear and bulk viscosities for a pure glue theory [63], providing
non-perturbative insight into the transport properties of the strongly coupled plasma. In par-
allel, we employ the Gribov-Zwanziger framework to investigate confinement-related ef-
fects on medium observables. Using the Gribov-modified gluon propagator, we study both
the complex heavy-quark potential [64] and the energy loss of fast-moving partons [65]
within a hot QCD medium. These analyses reveal how the infrared modifications intro-
duced by the Gribov parameter influence color screening, damping, and partonic interac-
tions, thereby connecting confinement dynamics to finite-temperature observables. Finally,
to probe the early, out-of-equilibrium stage of QGP evolution, we extend the analysis to an
anisotropic collisional plasma using the Hard Thermal Loop formalism. In this context, we

examine the behavior of the complex heavy-quarkonium potential under momentum-space
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anisotropy [66], providing insight into the pre-equilibrium suppression dynamics of heavy
quark bound states. Taken together, these works establish a coherent picture of QCD mat-
ter across its different dynamical regimes - ranging from the non-perturbative equilibrium
phase near the transition temperature to the transient anisotropic stage following heavy-ion

collisions; thereby contributing toward a unified understanding of the quark-gluon plasma.
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meeeeesssssmmmmmm $ CHAPTER 2 S

SHEAR AND BULK VISCOSITY IN PURE

GLUONIC SYSTEM

In this chapter transport coefficient such as shear and bulk viscosity has been computed for
a pure gluonic system using the matrix model. This chapter is based on the work presented
in the following paper: Shear and bulk viscosity for a pure glue theory using an effective
matrix model

Manas Debnath, Ritesh Ghosh, Najmul Haque, Yoshimasa Hidaka, Robert D. Pisarski

Phys.Rev.D 112 (2025) 1, 014040 [arXiv:2504.20138].

2.1 Introduction

The behavior of gauge theories at nonzero temperature is a question of fundamental im-
portance, affecting both the behavior of the collisions of heavy ions at high energies and the
evolution of the early universe. While quantities in thermal equilibrium can be computed

from numerical simulations on the lattice, quantities near equilibrium are not easy to mea-
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sure. Notably, this includes the transport coefficients, for which, at present, the lattice can
only provide rough estimates, (However, in recent years for the heavy quark momentum
diffusion constant, results with much more quantitative control have been obtained [67].).

In a SU(N,.) gauge theory without dynamical quarks, the simplest way to measure the
deconfining phase transition is through the Polyakov loop, ¢, which is the trace of the Wil-
son line in the direction of imaginary time, ¢ = tr L/N,.. When N, > 2, the trace of higher
powers of the Wilson line, ¢; = trL’/N,, j = 1... (N, — 1) are also independent, gauge
invariant quantities, and so should be included for a complete description of deconfine-
ment. Alternatively, one can consider the N, — 1 eigenvalues of the thermal Wilson line.
These are gauge-invariant and measure the holonomy of the Wilson line in imaginary time.
They can naturally be used to construct a matrix model for deconfinement.

If the deconfining phase transition occurs at a temperature 7}, the Polyakov loops, or
equivalently the holonomy, is non-trivial from 7}; to a couple of times 7;. This region
can be described as a semi-quark gluon plasma (semi-QGP), where the effects of partial
deconfinement play a dominant role.

In this paper we use an effective matrix model, which describes a partially deconfined
phase with nonzero holonomy [53, 54, 68-79]. Since we compute scattering processes,
we need the generalization of hard thermal loops (HTL’s) [38, 42, 46, 49, 50, 80-85] to
nonzero holonomy [31, 55-60, 86-97]. The computation of the shear [98, 99] and bulk
[100] viscosities follows the computation to leading logarithmic order in ordinary pertur-
bation theory, at zero holonomy.

Besides using a model with nonzero holonomy, our principal assumption is that the
gauge coupling is of moderate strength, even down to 7' ~ T};. For example, in an effective
three-dimensional theory, the coupling constant runs not as a,(7y), but from two loop

calculations, closer to o (277Ty) [101, 102]. We then assume that both gluons and teen
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fields act like well defined quasiparticles, even down to temperatures ~ 7.

At nonzero holonomy, besides the usual gluons, it is also necessary to add new, fictional
degrees of freedom, which we call “teens”. We denote this by the Bengali character ¢ [103],
which is pronounced teen, and represents the number three. This is because our theory has
gluons, Faddeev-Popov ghosts, and teens. For future reference, we also use the Bengali
characters 3, pronounced “baw”, and 7, as “daw”.

At large N, in the deconfined phase, the pressure is ~ Nf, while it 1s ~ NCO in the
confined phase. Thus, to model the theory as 7" — Ty}, it is necessary to add something
so that the leading term in the pressure vanishes. We take the teen fields to lie in the
adjoint representation, so their pressure is ~ N2. For the term in the pressure ~ N?
to vanish, these teen fields must be ghosts, with negative pressure. Because the leading
nonperturbative term in the pressure is ~ T2 [79], we take the teens as two-dimensional
fields, isotropically embedded in four dimensions.

The outline of this chapter is as follows. In Sec. 2.2, we discuss how to characterize
non-trivial holonomy. In Sec. 2.3 we review the solution of the matrix model at large
N, [60, 91, 96, 104, 105]. We describe how the previous solution can be modified to give
close agreement to lattice values for the Polyakov loop. In Sec. 2.4, we describe how to
compute in perturbation theory at nonzero holonomy. In Secs. 2.5 and 2.6, we calculate the
shear viscosity and bulk viscosities respectively, considering 2 — 2 scattering involving
gluon and teen, computing to leading logarithmic order in weak coupling. In Sec. 5.6, we

summarize the results.
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2.2 The thermal Wilson line and non-trivial holonomy

At a nonzero temperature 7', the thermal Wilson line is

1T
L(x) = Pexp (zg/ Ag(w,T)dT) ) (2.1)
0

where P refers to path, which is here time ordering, and the Euclidean time 7 : 0 — 1/7.

Under a gauge transformation 2(x, 7) this transforms as
L(z) — Qf(x,1/T) L(x) Q(x,0) . (2.2)

We can define local gauge transformations as those which fall off at spatial infinity, Q(x, 7) —
1 as © — oo. There are also global gauge rotations, which are constant in space. Normally
these are innocuous, as they just rotate the gauge fields. However, in a pure gauge theory,
we can take a global gauge rotation in the center of the gauge group. For SU(N,) these
are elements of Z(N,), where 0, = /N1, with k = 1... N.. Since the Q;, commute
with all group elements, the gluons remain unchanged. Thus we can take the gauge trans-
formation at 7 = 1/7 equal to that at 7 = 0, times an element of Z(N,): and thus, the
traced Polyakov loop, tr L(x), is a gauge invariant operator. The gauge transformations
can be generalized into aperiodic transformations up to a constant element in the center of

the gauge group.

Qz,1/T) = ¥ *MNe Q(a,0); k=1,..., (N, —1). (2.3)



While locally, the gluons are insensitive to the €2, the thermal Wilson line is not:
L(z) — ™ */NeQf (2, 0) L(z) Q(z, 0) . (2.4)
From this form, we can take traces of the powers of the thermal Wilson line,

0(m) = Ni r L(w) . 2.5)

These are all invariant under gauge transformations, but transform under global Z(N.)
rotations as

() — * IR MNe g (g5) . (2.6)

This global Z(N,) symmetry is related to a one-form Z(N.) symmetry [106], with the
thermal Wilson line the one-form operator. For the propagation of an infinitely massive
test quark, the thermal Wilson line describes the evolution of the color charge through the
thermal medium. The Polyakov loops /; represent the trace of this propagator, as it winds
around in imaginary time j times.

Test quarks do not propagate in the confined phase of a gauge theory, and so the ex-
pectation value of Z(N,) charged Polyakov loops, where j = 1,..., (N, — 1), vanish. Of
course, {y, is a singlet under Z(N.), and has a nonzero expectation value at any 7" # 0.
Conversely, the expectation values of Z(N,) charged loops are nonzero in the deconfined
phase, above the temperature for the deconfining phase transition, at 7.

Numerical simulations on the lattice typically measure the expectation value of the loop
with unit charge, ¢, [107]. To measure loops with higher charge, it is necessary to measure
loops in an irreducible representation of the gauge group. After the fundamental represen-

tation, given by /1, the next simplest is the adjoint, which is Z(N,) neutral, and represen-
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tations with two indices [53], which carry charge two under Z(N.,). See, e.g., Eq. (21) of
Ref. [53]. Polyakov loops with higher charge play an essential role in the effective the-
ory we construct. Models employing just the first Polyakov loop were first proposed by
Fukushima [108], and are extremely useful. Since only the first loop is included, however,
they cannot be completed.

An alternate approach is to notice that since the thermal Wilson line transforms ho-
mogeneously under (periodic) gauge transformations, then, we can always rotate it to a
diagonal form:

L(x) = exp(2mi q/N.) 2.7)

where g is a diagonal matrix. As an element of SU(N.), q is traceless, with N, — 1 inde-
pendent elements. The form of Eq. (2.7) can be described by expanding about a constant

value of the timelike component of the gauge field,

2w
T G, (2.8)

A (@, 7) =

where a,b = 1, ..., N, refer to color indices in the fundamental representation. We note
that at the leading order, the g, are automatically gauge invariant; beyond the leading loop
order, the gauge-invariant quantities are related to the “bare” g, through finite terms [72].
We only compute the potential for the g at one-loop order, so this will not arise in our
analysis. We simply mention it to stress that the eigenvalues of the thermal Wilson line
form gauge invariant quantities. At the tree level, a constant value for the gauge potential

has zero action. A potential for q is generated at one-loop order [68, 69],

o2t e
Vi==5— > P Biw— ). (2.9)
a,b=1
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We introduce the color projection operator

1
abed __ sadsbe ab sed . 2.1
P = 0% _Nc ) (2.10)

This operator is transverse in the color indices, Za Paacd — () Tt is convenient to introduce
in Eq. (2.9), so that we sum only over the N? — 1 degrees of freedom for SU(N,), and not

those of U(NN,). It also enters frequently later. Also,

1

By(q) = ~3 + (1= 9)*; ¢ = |q|mom (2.11)

is the fourth Bernoulli polynomial. The potential V, is elementary to compute, using a
constant background field for Ay. Because the g,’s enter through the adjoint covariant
derivative, the quantities g, — ¢, enter automatically. Since the ¢,’s only enter into L
through an exponential, the potential is periodic, so the ¢’s enter as |¢|, modulo unity.

This potential is minimized at g, = 0, which is the usual perturbative vacuum, or at
Z(N.) transforms thereof [71, 72]. This potential can then be used to compute the Z(N,)
interface tension, which is equivalent to a ‘t Hooft loop around a spatial boundary [109].
Thus, while this one-loop potential is useful at high temperatures, it manifestly cannot
describe the transition to a confining phase. This behavior is manifestly non-perturbative.

To describe this, we add the following term:

Ne
Vo =cT?T; > P By(gu— ) (2.12)

a,b=1

where Bj is the second Bernoulli polynomial,

1
By(q) = G —q¢(1—=9); ¢ = |qlmoar , (2.13)
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and the constant c is adjusted so that the transition occurs at 7. This is non-perturbative,
as it is proportional to 7};, the temperature for deconfinement.

This term is certainly not unique. It is motivated on two grounds. First, from ~ 1.27},
to ~ 4T}, the leading correction to the pressure in a pure gauge theory is ~ T2. This is
not exact, however, only approximate. Secondly, it is necessary to ensure that the non-
perturbative part of the potential is such that there is no first-order transition from a truly
perturbative phase, where all ¢, = 0, to the semi-QGP, where g, # 0. The second Bernoulli

polynomial is particularly useful to ensure this, since By, ~ ¢ at small g.

2.3 Matrix solution at large /N,

In Refs. [57, 59], matrix models were analyzed by fitting to the pressure. In computing
the shear and bulk viscosity, however, we found it convenient to simply take the limit of
large N.. This is simply because, at finite V., one has to take into account that the genera-
tors of SU(NN,) are traceless, and this rather complicates the analysis. Since the model, as
we discuss, has obvious limitations, we ease our computational burden by considering the
limit of large N.. Thus, in this section, we review the solution at large N, [60]; see, also,
Refs. [91, 96, 104, 105].

At large N, the sum over the color indices can be replaced by an integral,

Ne +qo
Z — Nc/ dq p(q) - (2.14)
a=1 —q0

Here we introduce y = a/N,, with ¢, — ¢(y). Instead of integrating over y, however,
we can introduce the spectral density, p(q) = dy/dq. The solution at large N, involves a

spectral density that has a finite range, —qo — qo.
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At large N., we then need to minimize the potential

Verr(q) = do(T')Va(q) — di(T)V2(q) (2.15)

where
+qo

+qo
Valq) = dQ/ dq'p(q) p(d') g —d|"(L =g —¢'|)" . (2.16)
—qo

—4o
To one-loop order, dy = (272/3) T*. Previously [60, 91, 96, 104, 105], it was assumed
that d; ~ T*T3. In this work, in order to fit the Polyakov loop, we adopt a more general
ansatz. By taking derivatives of the equation of motion, the solution is found to be the
following. The temperature dependence only enters through the ratio of the coefficients of

the Bernoulli polynomials,

12dy(T)
d(T)? = . (2.17)
=
The eigenvalue density has an elementary form,
pla) =1+ b(T)cos(d(T)q) 5 q: —q(T) = qo(T) - (2.18)
This eigenvalue density must also satisfy the normalization condition,
+4qo0
/ dg p(q) =1. (2.19)
—4q0
The solution is
d(T) (1 2
t(d(T)qo(T)) = —= | = —q(T) ) — 2.20
o™ = (3= 0lD) - fmgy s @0
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and

b(T)? = d(TT)LL (% - q0<T))4 + d(TT)Q (% _ qO(T))2 Iy 221)

The properties of this solution are roughly in accord with the numerical simulations from

the lattice. The loop with charge k is given by

+4q0
U —/ ' dq p(q) cos(2mkq) . (2.22)

q0

Notably, at the deconfining phase transition, d(7};) = 2, and the value of the first loop is

1
6(Ty) = 3" (2.23)

Unexpectedly, the values of all higher loops vanish at this point,
U(Ty) =0; k>2. (2.24)
This follows directly from the form of the solution at 7};, Eq.(2.18), which equals
p(q) =1+cos(2mq) ; T =T, . (2.25)

We do not see a general reason why all loops with charge two and higher should vanish at
Ty, Eq. (2.24), but it obviously follows from the simple form of the eigenvalue density at
the transition.

Away from the transition, plots of the charged loops are shown in Fig. 2.1, plotted
versus d/(2m). Loops with charge two or greater vanish at the transition, where d/(27) =
1, but they also begin to oscillate in sign. Again, this is presumably a detailed feature of

the model.
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Figure 2.1: Plots of the first four Polyakov loops as a function of d/(27) in the matrix
model.

In Fig. 2.2, we show a plot of the value of the first Polyakov loop, ¢1(7T’), versus results
from the lattice. If we require that the transition take place at Ty, then we must fix d(7") =
27T /T, as the transition occurs when d(7") = 27. Results for the renormalized Polyakov
loop are available for N. = 3 [107] and higher N, [110]. The results are similar, if not
identical. For N, = 3, the value of the renormalized loop is smaller at T}, ¢1(1;) ~ 0.4.
For N, = 5, ¢1(Ty) ~ 0.5. The potential is proportional to the pressure, so one can also
immediately compute the entropy density, s(7') = 0(T") /0T, and from that, the energy
density, &(T') = T's(T')— 2?(T). The deviation from conformality is most easily measured

through the “interaction measure”, which is

ks T 0 (‘@> (2.26)

v~ Toar\1

This is plotted in Fig. 2.3. The pressure from the matrix model is compared to the lattice
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Figure 2.2: Plot of the Polyakov loop using the solution d(7") = 27T /T, versus that for
N, = 5.
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Figure 2.3: Plot of the interaction measure, divided by the number of gluons, N2 — 1, using
the solution d(T") = 271" /T, versus that for N, = 3.

results for N, = 3 [111], as that is the most accurate. From Ref. [111], for three colors the

pressure can be fit by the function

2
_ gyt PP In(t) + p; In"(?) f T ’ 2.27)

8(1+ psaln(t) + psIn’(t)) Ty

<@121‘0 (T)
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where p; = 0.0045, py = 1.76, p3 = 10.6, ps = 2.07, and p5 = 5.8. The overall factor
of 8 on the right-hand side is for the number of gluons. We comment that there are results
for the pressure from the lattice for higher N., but the results do not differ significantly
from N, = 3 [112], at least to the accuracy at which we work. We note that very recent
work [113] computes thermodynamic quantities across the SU(3) deconfinement transition
and presents an improved equation of state, with a similar fit function for the pressure in
Eq. (2.27). We mention that in the analysis for three colors, the pressure was fit to rather
good accuracy but at the expense of adding further terms to the pressure [57, 59]. In any
case, while the fit to the pressure is approximate, as is obvious from Fig. 2.2, there is a
sharp discrepancy between the Polyakov loop in the matrix model versus the renormalized
Polyakov loop from the lattice for N, = 5. In particular, the Polyakov loop on the lattice
approaches unity much slower than in the matrix model. This is not an artifact of large
N,, and is present in the solution of the matrix model for three colors [57, 59]. This is a

serious deficiency of the matrix model, for which we do not have an explanation. Since we

1.0
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0.8F

07F ./

(r)

0.6

0.5 — dp

0.4F —-—- Lattice: SU(5) 1

1.0 1.5 2.0 2.5 3.0 3.5 4.0
T/T,

Figure 2.4: Results for the Polyakov loop with the ansatz of Eq. (2.28) versus the lattice
for N, = 5.

can compute using the matrix model, however, we adopt the following approach. This is
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admittedly a heuristic approach until said time that a better matrix model can be developed.
We take the solution of the matrix model and adjust d(7) so that the Polyakov loop
agrees with the values from the lattice. Accordingly, the terms for the pressure also need

to be adapted. We take two ansatzes:

da(T) = 1.08¢+5.2032

0.26 T
Ap(T) = =~ + 11056+ 49182, ¢ = 7. (2.28)

We take do(T') ~ T*, as for an ideal gas, and define d;(T") from the definition of d(7") in
Eq. (2.17).

The results for the first Polyakov loop are plotted in Fig. 2.4, where they are compared
to the lattice Polyakov loop for N. = 5. The first form, d4(7), is relatively close to the
lattice loop. Given the definition of d(T'), di(T) ~ do(T)/dA(T)?, and so while at large
T, d,(T) ~ T?, as expected from the matrix model, near the transition, the form of d; (7'
cannot be motivated except by the fit to the loop. This is even more true for the second
form, dp(T), which contains a somewhat arbitrary coefficient ~ 1/¢*, which is chosen so
that there is close agreement with the lattice value of ¢;. The results for the interaction
measure are shown in Fig. 2.5. The agreement is satisfactory, although the matrix model

does not describe the a sharp peak in the interaction measure at ~ 1.17}.
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Figure 2.5: Results for the interaction measure, divided by the number of degrees of free-
dom, Nf — 1, with the ansatz of Eq. (2.28) versus that, from the lattice, for N, = 3,
Eq. (2.27).

2.4 Perturbation theory at nonzero holonomy

It is straightforward to compute at nonzero holonomy by expanding about the back-
ground field of Eq. (2.8). For a detailed discussion, see Ref. [56]. The computation for the
gluons is standard so that here we simply establish notation.

We compute at nonzero temperature in Euclidean spacetime, where

d*K X @Bk
/(%)4 =T Z 2r)? ; K = (ko, k) 5 ko = 2mnT . (2.29)

In the background field of Eq. (2.8), for a gluon the time-like component of the momentum

is
Ko = (k§" k), ki’ =ko+ Q¥ =ko+ Q" — Q" =27T(n+ ga — @) - (2.30)
The difference g, — g, enters because the adjoint covariant derivative involves a commutator
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of the background field, Ag. This only happens for the quantum fluctuations with color
components that are off-diagonal. For fluctuations that are color diagonal, the background
field is not entered. This is the principal reason why computations at nonzero holonomy
are more complicated at finite /N, than at infinite V..

In the Landau choice of background field gauge, the gluon propagator is

K’abKab 1
v ab\ __ v v ab,cd
D (K%)= (5“ - (“ab>2> o P 2.31)

This involves the color projection operator, P4 Eq. (2.10). The three and four-gluon
vertices, and the coupling to Faddeev-Popov ghosts, follow directly by replacing the mo-

mentum with color flow momenta.

2.4.1 Teen fields

We concentrate on the effective theory for the two-dimensional ghost fields [97], which
we denote as . This is the Bengali character for three, pronounced teen. We chose this
because it is simple to write, and it is the third field after gluons and Faddeev-Popov ghosts.
We introduce a unit spatial vector [, and to respect rotational invariance, integrate over all

directions of I. The longitudinal and transverse coordinates with respect to [ are
; . .

o= (zpz) , ry=x-l , T -1=0. (2.32)

We then introduce gauge covariant derivatives for the fermionic field, ¢:

1/T . poo
S. — ar [ S5 [7 4, Pz, L (2.33)
© 47T ” 2 2 = © 7 )

0 —0o0 |3 |>1/T7
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where the Lagrangian associated with the 2D ghost field, i.e.,“teen” field is given by

Ly = 2 tr((Dod)(Dog) + (Dyo)(Dy¢) + (Dr¢) - (D19)) , (2.34)

and ¢ and ¢ are taken to lie in the adjoint representation. The overall factor of 2 is because
we use generators normalized such that tr t%t*? = P%<d /2 The integral over transverse
momenta is explicitly the cutoff at 7j;, and so is manifestly non-perturbative.

In practice, we do not evaluate the effective Lagrangian of Eq. (2.33) exactly, but di-
rectly in momentum space, putting a cutoff on the transverse directions = 7};. This violates
gauge invariance. We show that at one-loop order, this violation does not appear in the teen
contribution to the gluon self-energy, but does in the teen self-energy. However, the teen
self-energy does not contribute to either the shear or bulk viscosities to leading logarithmic
order in weak coupling, and so for now, we ignore how to implement the teen fields in a
more consistent manner.

Now, the teen propagator is

1
(Kab)2

DK = Z (2.35)

As for the gluons, the interactions follow directly using color flow momenta. The three-

point vertex connecting a teen, an anti-teen, and one gluon is

S,
- 6¢f(R) 0B¥(Q) d¢(P)

= igf*etl (P — RT) . (2.36)

Here, fobedel = j(5edgef 5 — §of §eb5d) /A/2 is the structure constant. Now, the four-point
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vertex connecting two gluons and two teen fields is

5S,
0B (S) 6BA(R) 6% (Q)dgt(P)

_ _92 Z(fab,ef,ijfcd,gh,ji + fab,gh,ijfcd,eﬁji) 6;1
ij

(2.37)

2.4.2 Teen contribution to gluon self-energy
The two contributions to the gluon self-energy from teen fields are illustrated in Fig. 2.6.

As usual, there is a tadpole term, and a term involving two teen fields. From Fig. 2.6a, the

K
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K'\,__,.-/
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Figure 2.6: Teen () contribution to the gluon self-energy

tadpole diagram contributes

JU = fobeloh pedfehs xt
d*k oM
wo 2 [
X = 2g L(QW)4 (KT - (2.38)

The projection operators P? are multiplied with traceless generators t*°, so the second
term ~ —3%§°¢ /N, drops out, and we can take Pc¢ — 5254 /N,,

The momentum integral for the teen field is

d4K = Bk d3l<: +oo L d%
/ Z / R / / i | / i . (2.39)
M\<Td
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Here k| = k - I,and k;, = k — [(k - [) for a given [, with [2 = 1. The integration over
all directions of [ then restores rotational invariance. To simplify the integral over the teen
momenta, we will usually assume that 7' > T;. This allows us to separate the sum over n,
with momenta ~ 27nT, and k|, from the two-dimensional integral over k .

The contribution to the self-energy from the self-energy diagram can be written from

Fig. 2.6b as
T = pebelan petdeta xp
d4K 2Kfe_Pab “w 2Kfe_Pab v
X = g / ( )" ( ) (2.40)
@) (KFR(P — K

The combined contribution to the gluon self-energy from the two diagrams becomes

XMW= X4 X

2 d*K 20HY B 4(Kf6)u(Kfe>u
- L@ﬂ)“{(KfeP <Kfe>2<Pab_Kfe>2}' (4D

Here, we neglected the external momentum in the numerator, as the calculation is per-
formed using the HTL approximation in the following. We start with the spatial component

of X4

X (P.Qp. ) = - 2/ Tk W g L T T) 1 Qo Q)] 242)
2 sy ly &2 _29 \.)(271')34EkEp_k ! 2 ’ ! ' ’ .

Here, £}, = |k

,and E,_, = |p — k|. We have symmetrized with respect to (); and Qs,

which accounts for the overall factor of 1/2. In detail,

—1
Z'p(1)2 — Ek — Ep—k

T, = (1 (B —iQy) +n(By_y — iQ2)> , (2.43)
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1 . |

L= E B B, (n(Bx — Q1) = By +iQ2)) (2.44)

I3 = P2+ B, — B,y (n(Ek +1iQ1) —n(Ep—i — zQQ)) ’ (2.45)
1

- L+ n(Eg +i Epy+i ) . 2.46

ip(1)2+Ek+Ep—k< + (B, + Q1) + n(Ep-r, +102) (2.46)

To simplify things we write Q; = Q7 — Q¢ and Q@ = Q% — Q* + Q7 — Q¢, with p}* =
po— Q1 + Q2.
The terms that do not involve Landau-damping, and so are due to quasi-particle (QP), can

be written as

i Ak 4Kk
X;{QP(P127Q17 Q2) = %QQL ( ’ (Zy +Zy) + (Q1 < Q)]

2 AELE,
Bl 267 v? | , | |
2/ o iE, ?"f [n(Ek —iQ1) + n(Ey +1iQ1) + n(Ey —iQs) + n(Ey +1iQ5)| ,
©

(2.47)

where vy, = k/Ej. Now, the terms involving Landau damping (LD) are

. 1 PPk Ak
Xp (P =g’ / I +T.
orp (P77 @1, Q2) 59 o (2n) AELE, 4 (T2 + Z3) + (Q1 < Q2)]

_ 1 2 d’k i,.J 2 . . .

= 59 A (27T)3Ukvk [Z’p%? tp- Z{n(Ek - ZQl) - n(Ek + ZQl) + n<Ek - ZQ2)
—n(Ey +iQ2) }

p-l 0

_ i +p- [ OF, {n<Ek —iQ1) + n(Ex +1iQ1) + n(Ey — Q) + n(Ex + ng)}

(2.48)
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The second line of Eq. (2.48) can be simplified as

2 3 T
B %[9 (;ZWI;S {v,ivi o i _ A0 (B, —iQ1) +n'(By, +iQ1) + ' (Ey — iQ2)
+n/(Ey, +iQ2) }

+ vivl {n(Ey —iQ1) + 1/ (Ey, +iQq) + n'(Ey — iQ2) + n'(Ey, + i@2)}1

2 d?’k o _iml2
_ _9_/ [v,@ui» PO (B —iQy) + 0 (Br + Q1) + 0 (Ex — iQy)
AV

2 (271')3 Zp(l]Q +p-l

2
5 (Eik — 3?) {n (B —iQ1) 4+ n(Ey, +iQy) + n(Ey — iQ2) + n(E, + ZQ2)}] 5

(2.49)

where n/(E —iQ1) = On(E —iQ1)/0E, etc.

Now, the spatial components of the tadpole term are

. d*K 1 1
Xz]:_ 2 17 -
t=5 [ o [ 5

2/ Bk g L 1 » ' » |
=g (27T)35 oF, { (Ep —1Q1) + n(Ep +1Q1) + n(Ep — iQs) + n(Ey +iQs) | .

(2.50)

If we add Egs. (2.47), (2.49), and (2.50), the terms ~ % vanish.

Collecting the non-vanishing terms, the spatial components of X*” become

X /Td ki dky /00 2dk, / 'k
0 27 47 2p12 +p l

X {{n(Ek — Q1) — n(Ex +1Q1) + n(Eyx —iQ2) — n(Ey + 2@2)}
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+ ipéQ%{n’(Ek —1Q1) + 1 (Ex +1Q1) + n' (B, —iQ2) + n/(E) + ng)H .

(2.51)
Now, the temporal component of X is
XOO — _92/ d4K 1 _{_L +192/ d4K 4<k(1)>2 + 4(k(2))2
(2m)4 K2 K2 2 (2m)* | K3(P12 — K;)?  K3(P'?2 — K;)?
— g2/ d'K L b _lgz/ d'K A(k,)? . A(k)?
(2m)4 K2 K22 2 (2m)* | K3(P12 — K;)?  K3(P?2—K,)?| "~
(2.52)

Collecting the temporal and spatial components, the total X*” defined in Eq. (2.42) be-

comes

2 Ty )
g ki dk, dQ
' B 2 / 272 / 2dk”/ 4 l
0

[ZPKMKV {n By, — Q1) — n(Ey, +iQ1) + n(Ey, — iQ2) — n(Ey, + ZQQ)}
0

ZKuKV
+ —<u“u —l—ZpO—
2 ipy® +p-1

> {n Ek” ZQl) + TL,(Ek” + ZQl)

+1'(Ey, —iQq) + 1’ (B, + in)}}

T3 A0 KrKY
_ __d adgy
22 { Bl(quBl(%))T/ ir K.Pﬁ]
2 [V

g Ty v dQ KK

2_? [u# +Zp0 4 . P12

2 TT2 2 T
= ﬁ Qd{ 2mi (B (¢ +B1(Q2))]5F‘“’(P12) 292 2d SIT™(P2) . (2.53)
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This involves the functions 61" and JI1. d1I is the usual hard thermal loop function,

dQ: KFKY
oI (P) = —uMu” — 1 —1 = 2.54
(P) =~ =i [ I .54
where u* = 90 is a vector in the rest frame of the medium. The other function is
1
OI*(P) = —— (611" (P) + u'u"”) . (2.55)
Do
The null vector K* = (i, Z), and B is the first Bernoulli polynomial,
1
Bl(q) = ’qymodl - 5 . (256)

So, the teen contribution to the gluon self-energy becomes

H/W;ab,cd<Pab) — J{W(Pab) + Jéw(Pab)

©
HTL

fab,ef,ghfcd,fe,hgx,uy(Pab’ Cgfe7 th)

— 5ad,chMV(Pab’ C)(;Le7 er) o 5ab,CdX,LLl/<P(lb’ Qca’ Qac) ) (257)

For the gluon self-energy, the largest terms are ~ ¢*>7" times 6L, and ~ ¢*>7? times 011.
For soft momenta P, ~ ¢T, the term ~ ¢°T? is as large as the term at the tree level.
Remember that after analytic continuation, this holds as well for the time-like component,
pi? = —iw + €, with |w| ~ ¢T.

For the teen loop in the gluon self-energy, we keep the largest terms, which are ~ 7T
times 0T, and ~ T7 times dI1. We show shortly when both the gluon and teen contributions
are included, that the terms ~ dI" cancel [56, 97], as a consequence of the equations of mo-

tion. The term ~ 11 contributes to the gluon self-energy. In keeping the largest terms, we
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write & in Eq. (2.57) to represent that only the largest terms for soft momenta have been
kept. The contribution to the gluon self-energy from a gluon loop at non-zero holonomy is
given in Ref. [56]. The total is

T4 ;ab, Cd(Pab) - II* ;ab, cd(Pab) + Hgl/;ab,od<Pab)

total gl

— _;Cab,cd(sruu(Pab) - (m2)ab,cd5Huu(Pab) ] (258)

Now, K2 in Eq. (2.58) is

Nc

Icab,cd — 27”9 5ad6bc|:2( Qae +A (er))

+3 Z 87T3 {(B ) + Bi(g — a)) } TC?T} , (2.59)
where
3
Ao(Q) = 27:;)T3 / (;ZW];:)) (n(Ey —iQ) — n(Ey +1iQ)) - (2.60)

It is direct to show that Eq. (2.59) vanishes by the equations of motion [97]. Physically, the
sum of the currents induced by the gluon and teen field cancel [97]. This is an essential
check on the consistency of the model.

The second term in Eq. (2.58) involves the usual hard thermal loop in the gluon self-energy,
OII(P), times the Debye mass squared [56, 97]. The latter includes contributions from the
gluons and teen fields,

gTd

(m2)ab,cd — (mQ = .

l)ab,cd
g

2 —dpabed (2.61)
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where

Ne
(mé)ab’Cd _ 926T2 <5ad5602 {A(Qaf) _|_A(be)} _ 25ab50dA(Qac)> : (2.62)

f=1
with
&3k
A(Q) = %/ (mgﬁ(n(m —iQ) + n(Ex +1iQ)) . (2.63)

2.4.3 'Teen self-energy
The diagrams which contribute to the teen self-energy are those of Fig. 2.7. There is a

tadpole diagram, plus a diagram with a virtual gluon teen pair. As for the usual scalar self-

K K

(@) (b)

Figure 2.7: Teen self-energy diagrams

energy, the teen self-energy is gauge-dependent. Thus we content ourselves with power
counting. The tadpole diagram, Fig. 2.7a, only involves a virtual gluon, and so is propor-
tional to ~ ¢?T. The diagram with a gluon-teen pair involves a virtual teen field, Fig. 2.7b
involves an integral over a teen field, and so is automatically ~ ¢g*T7. We shall see, how-
ever, that the teen self-energy does not enter into the computation of the shear and bulk
viscosities at leading logarithmic order. As we demonstrate in the following, this is not

obvious, and due to which the diagrams in detail contribute at leading logarithmic order.
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2.5 Shear viscosity

2.5.1 Scattering amplitude

We follow the perturbative computation of the shear viscosity following Arnold, Moore,
and Yafte [98, 99, 114-119], modified to the case of nonzero holonomy [55, 87]. Atleading
logarithmic order, what contributes is the scattering of two to two scattering: two incident
particles, with momenta P; and P, go into fields with momenta P; and Pj. The particles

can be either gluon or teen fields. For 2 — 2 scattering, the Mandelstam variables are
s=(P+P), t=(Pi—P3)?, u= (P — Py)*. (2.64)

While we begin with Euclidean momenta, when evaluating the matrix elements, and quan-
tities such as the Mandelstam variables, we blithely analytically continue to Minkowski

momenta.

Figure 2.8: Kinematics of 2-2 scattering, from Ref. [86]
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It is convenient to parametrize these momenta as

K K K K
Pi=P+o P=P - B=P—F PB=P+-. (2.65)

The dominant contribution to the shear and bulk viscosities is forward scattering. The
momenta P and P», and P; and Py, are hard, with the components of the momenta on the
order of the temperature, 7. The exchanged momentum in the ¢-channel, K, is soft, on the
order of g7

We introduce the angles # and ¢’

~

cos=k-p, cost =k-p (2.66)

as illustrated in Fig. 2.8. We define the unit vector E=k /k, where k = |k|, and ¢ as the
angle between two planes spanned by vectors (p1, p3) and (pz, ps).
For forward scattering,
k
cos ~x = ?0 , (2.67)
and 0 ~ ¢', with
AL A 2
coS ¢ >~ PpP—r (2.68)
1— a2
The Mandelstam variables become
s ~ 2pp'(1 —2?)(1 —cos),
u ~ —2pp'(1—2%) (1 —cosg),
t o~ —k*(1—27%). (2.69)
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N o2 ~ 7

Figure 2.9: The diagrams involving the exchange of a virtual soft gluon: gluon-gluon
scattering (a), gluon-teen scattering (b), and teen-teen scattering (c).

We only consider the diagrams that contribute to leading logarithmic order for the shear
and bulk viscosity. These are the ¢- and u-channels, where a soft field is exchanged in the
t-channel; the u-channel is related to the ¢-channel by exchanging Ps; <+ P,. All diagrams
in the ¢- and u-channels were taken into account in computing the full result. Thus, we
neglect diagrams where soft fields are exchanged in other channels, and diagrams with
four-point interactions, which include those between four gluons, or two gluons and two
teens.

The diagrams that contribute to leading logarithmic order are of two types. There are
those involving the exchange of a soft gluon, illustrated in Figs. 2.9a-c, and those involving

the exchange of a soft teen field, illustrated in Figs. 2.10a,b.

Exchange of a soft, virtual gluon

The amplitude for two gluons scattering into two gluons, Fig. 2.9a, is

Magsgs = €' (PP7) € (P5) Tt (PP P Dyte(K™)

g1 3

5 Jy,cd (P2azb27 Péil4b4) 652 (P2azb2) 62#4 (Pf4b4) ) (270)

g2 /4
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Here P/ % are the momenta for particles i = 1, ..., 4. The polarization tensor are €/ ,, for

incoming particles, and e;;fg for outgoing fields. They satisfy
e (P Pul = e (PIY) P =0 .71)

In these expressions, we keep the color indices because especially Eq. (2.70) makes it
clear how the color flow works. They really are not necessary in Eq. (2.71), though, since

the on-shell condition only applies after analytic continuation to Minkowski momenta,

pgb — —w.
In Eq. (2.70), DZ‘QdC(K ba) is the gluon propagator of Eq. (2.31). Now, the color current
for a gluon is
Jgﬂ)ﬂg (Plalm7 P;3b3) = Qigpu,ab SHLH3 tgfbha?,bg . (2.72)

We suppress the two spin indices for a spin-one gluon since that is just an overall degener-
acy. The generator in the adjoint representation is

2fab ;= if(ab,cd,ef) _

cd,e

1
v 5ad60f5be . 6af5bc(5de 7 2.73
75 ) (2.73)
as defined in Eq. (24) of Ref. [56]. In the matrix element, we only consider forward scatter-
ing, where P1"" ~ Pg3bs ~ Peb_All of the external gluon momenta are hard, P%% ~ T.

The scattering for a teen plus gluon scattering into the same is shown in Fig. 2.9b.
The teen field has spin-zero, and so no spin degeneracy. The scattering amplitude in the

t-channel is

M _ Jg,ab(PlalIn’ P;gbg) Dz?/,dc(Kba) Ju,cd (P;2b2, Pf4b4) etz (P;QbQ) e*H4 (Pf4b4) ’

Og—9g &,H2H4
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(2.74)
where J g“’b is the color current associated with teen (¢)-gluon vertex,

Jg,ab(Plalbl ’ P;3b3) — Qigplhab tab . (2.75)

a1b1,a3b3

The color structure is identical to that of the gluon, Eq. (2.72), as both lie in the adjoint
representation. Since the teen particle is a scalar, though, there is no factor of §#'#3, as in
the gluon current of Eq. (2.72).

There is another implicit difference: the perpendicular component of the teen momenta
P{“bl and 1[’2”‘21’2 are of the order of 7;;. Thus, when a soft gluon is exchanged with K ~ ¢7',
k, is also restricted to be ~ Tj.

The scattering amplitude for teen plus teen scattering into the same, Fig. 2.9c¢, is
Moo = Jy " (P10, PIP) DI (™) JU (P2, P™) (2.76)

Exchange of a soft teen field

S \(56666@ S \:@6666@

!

| :
Fog /'

a b

Figure 2.10: The diagrams involving the exchange of a soft, virtual teen particle: Compton
scattering (a) and teen-teen annihilation (b).

There are two diagrams involving the exchange of a teen particle. One contribution is
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where a teen plus a gluon scatters into a gluon plus a teen, Fig. 2.10a. This is analogous to

Compton scattering. The amplitude is

Moy o = (PP) JE (PR, PR) DU () T2 (P, Pty ()

YOg—g9 ©

(2.77)

Lastly, there is the scattering of two teens into two gluons, illustrated in Fig. 2.10b. The

amplitude is

Mg gy = JE™ (PP, PE) DY) TPy, Pt e (P) e (P)

99—gg

(2.78)

These are identical to the diagrams involving gluon exchange, with the replacement of the
gluon by the teen particle.

The matrix elements for the teen particle, however, simplify significantly. Consider
the factors of the polarization tensor for the scattering of two gluons into two gluons,

Eq. (2.70). This involves
Mg g5 ~ 92 (em(pflbl)ezl(P:?abS)) <€N2 <P2a2b2)622 (Pf4b4)> ) (2.79)

where for simplicity, we drop the other factors. For all of the other diagrams involving
gluon exchange, the polarization tensors are contracted with one another, and so give con-
tributions to leading order in the coupling constant, ~ g2.

In contrast, consider the scattering of a teen plus gluon into a gluon plus teen, Fig. 2.10a.
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Including just the factors of the polarization tensor, which is

M ~ g% (e“(PMP)P™) (7 (PP PY) ~ g* . (2.80)
/

©g—3g9
Each of the polarization vectors dotted into the momentum of that field vanishes, such as
e‘f Pf;bl = 0, efc., Eq. (2.71). Then the momentum that appears in the current, ~ Pfjb,
is approximately equal to the external momenta, such as Pfﬁbl, up to soft corrections,
~ Kfj“. These terms are, by assumption, suppressed by ~ ¢g. Thus in all, the matrix
elements involving the exchange of a teen particle, Fig. 2.10, are only ~ ¢*, relative to
those involving gluon exchange, Fig. 2.9, which are ~ ¢2.

This cancellation for the scattering of the scalar field is well known. As discussed in
Sec. 2.4.3, this is most fortunate, and these subtleties associated with constructing a com-
plete, and gauge invariant description of the teen fields can thus be overlooked to leading

logarithmic order.

2.5.2 Collision integrals

To evaluate the transport coefficients, we use kinetic theory. The Boltzmann equation
described the evolution of the particle distribution function f,,(7, p, t) in phase space. The
Boltzmann equation accounts for advection due to motion, external forces, and collisions
among particles.

The Boltzmann equation is evaluated using the Chapman-Enskog method. The distri-
bution function f.,(7,p,t) is expanded in a series in powers of the Knudsen number e,
which quantifies the ratio of the mean free path to the characteristic length scale of the sys-
tem. This expansion assumes that the system is close to local equilibrium, allowing for the

separation of equilibrium and non-equilibrium contributions to the distribution function.
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At zeroth order €%, the collisions among particles are neglected, and the equilibrium
distribution function fJ is obtained. Deviations from equilibrium enter at ¢!. By substi-
tuting the zeroth-order solution into the Boltzmann equation and retaining terms linear in
€, a linearized Boltzmann equation is obtained. Solving this equation iteratively yields the
first-order correction to the distribution function fJ,, capturing the effects of collisions on
the distribution of particles.

The shear viscosity 7 is then extracted from the correction at first order, f1. This
involves calculating the momentum flux tensor and comparing it to the gradient of the
velocity field, quantifying the resistance to shear flow in the plasma.

Finally, the obtained expression for shear viscosity undergoes various consistency checks
to ensure its physical validity. These checks may involve verifying that 7 is positive, and
exhibits the correct behavior in the limit of a small Knudsen number.

The energy-momentum tensor for the gluon is given by

T (r,t) =2 / dl oy PP f, (7, p,t) (2.81)
g

where f, .»(7, p, t) is the statistical distribution function for the gluon. In thermal equilib-

rium, this is the Bose-Einstein distribution function in a background field Q¢ — Q°,

1
0 _ ¢0
g,ab ab(Ep) o(Bp—i(Q*—Q)/T _ 1~ (282)

with E, = /p? the energy. The phase space integral is

N,
c d3p
_ ab,ba
/ Q=Y > P / @nE, (2.83)

g s a,b=1
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This includes a sum over the colors a, b, and the helicity s. The factor P** ensures that
the overall number of degrees of freedom is N? — 1, as appropriate for SU(N..).

The teen field is analogous to a Faddeev-Popov ghost field and is an anti-commuting
field in the adjoint representation. An anti-commuting field is normally a fermion. Fermions,
however, are anti-periodic in the imaginary time, 7, under the shift 7 — 7+41/7". Instead, in
thermal equilibrium, the teen field should be periodic in 7, like a gluons. Consequently, for

the teen field, we start with the statistical distribution function for a fermion, after shifting
(Q* — Q) by nT:

; - (f8
e(Ep—i(Qa—Qb—HrT))/T +1 ab

(E) . (2.84)

Thus absorption of a teen field from a thermal bath produces a relative minus sign, versus
that of a gluon. This shows that the teen field is a ghost. To keep track of the signs, we

introduce a sign function, which = +1 for gluons, and = —1 for teens,
Sg=+1; Sg=-1. (2.85)

In equilibrium, we find it useful to take the statistical distribution function for the teen
equal to that for the gluon,

o (Ep) = () foa(Bp) - (2.86)

9. ab

If we take the distribution functions to be the same, then because there is a (—) sign on the
right hand side of Eq. (2.84), whenever a single factor of a statistical distribution function
enters for absorption from the medium, = f9(E), we have to multiply that by the sign
function: S, = —1 for a teen field, and S, = +1 for a gluon.

This is not true for emission into the medium, however. For a fermion with a statistical

distribution function fp, ., (F), emission is associated with the factor 1 — f . ,(£). In
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this case, the minus sign reflects the Pauli exclusion principle. For a teen field, then, by
Eq. (2.84) this becomes 1 + fg,ab(E ). Thus for a teen field, there is no sign function, which
arises when it is emitted into the medium. This is why we prefer to keep the signs of the
teen and gluon distribution functions the same, Eq. (2.86), and instead introduce the sign
functions 8?1’ etc., for absorption.

It is useful to compare these signs to the case where gluons scatter off of physical
fermions, which we do in Appendix A.l. Because they are physical, fermions do not have
a (—) sign when they are absorbed from the medium, while teen particles, which are ghosts,
do.

The teen contribution to the stress-energy tensor is
T =2 / gy PHP" Sy fy o, - (2.87)
O

This contributes to the pressure with a negative sign, which is what is expected for a ghost
field. As explained previously, we need a ghost to decrease the pressure as the temperature
is lowered, and the confined phase is approached.

While the gluon and teen distribution functions are equal in equilibrium, they differ
away from equilibrium. Thus, there is a Boltzmann equation describing the evolution of
each distribution function.

In the absence of collisions, for a system in the background gauge fields A, and with
total color charge Q, the gluon statistical distribution function satisfies the Vlasov equation
[49, 84, 85],

0 0 , 0
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In the semi-QGP, however, since Agl is constant, the field strength vanishes, G, = 0.
Further, as shown by Eq. (2.59), the total color charge vanishes @ = 0. Thus, only the
first term on the left hand side of Eq. (2.88) contributes, and we must consider the effect of
collisions in the Boltzmann equation.

For collisions, we include the scattering of 2 — 2 particles to lowest order,
I4 25 — 35 4y . (2.89)

The associated momenta are P!’ a1blore We introduce the symbols 3, %, ¥, and @ to denote

that these particles can be either gluon or teen fields. The Boltzmann equation is

Sq 2P, fa o b (@D, 1) = —Cq 1] (2.90)

where the collisional kernel is

1
Coomlfdl =5 D SaSs A Ao, L AT a1 A dlay, (27)"

w7

% 5(4)(P{11b1 + P;sz o Pél3b3 . P4a4b4) ’Maﬁ_ﬂjﬁ/’z

X [fa,alblfwmbz <1 T fa’,agb3> <1 T fW/,a4b4>
I s T st (1 T f?f,albl) (1 + fw,a2b2)} : (2.91)

The only subtlety is the sign factors. The sign factor Sy enters on the left hand side of
Eq. (2.90), as that describes the distribution function for the initial particle, 1.
On the right-hand side, in the collision term of Eq. (2.91), there are only symmetry

factors for particles absorbed from the medium. This is S Sy for the first term, and Sy Sy
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for the second. Since teen number is conserved, however, the sign factors satisfy
S8z = Sa’ SW/ . (2.92)

It is easy to convince oneself by working out all of the examples, such as eg — 9g, efc.
Because of this, in Eq. (2.91) we can write the sign factors of both terms as a common
prefactor, = S; S

With the Chapman-Enskog method, the time derivative is expanded in the power of €
0 =Y o, (2.93)
n=1

We expand the distribution function around the distribution function in thermal equilib-

rium, f9,

fa,ab - l(l)b + Efal,ab + 62f32,ab +eee (294)

Notice that the index 3 does not enter into the distribution function as lowest order, because

in equilibrium the gluon and teen distribution functions are the same as given in Eq. (2.86).
0 0 :

Thus we generally replace f{ab(E) by f2,(E). We parametrize f;ab as

a0 = Ja(1+ 3b)¢gzb : (2.95)

Because we introduced the sign functions above, there is no need to introduce a sign func-

(n)

tion in the definition of gba .
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To €" order, the Boltzmann equation is

,a1b n _ n (n) (n) = (n) "
Sﬁ 2pt lal(t )fa,alln - _(£¢( ))a,aﬂn + Ka,tnbl ’ Ka,a1b1 - Cﬁmbl (/CQS( )a ,aiby °

(2.96)

The linearized operator L is

<£¢ aalbl Z S S /dra2b2/ dFasbg/ dFa4b4

X (%)45(4)(1351’“ + Py — Pyt — PRt M ]
0 (n) (n) (n)
X [ ai1by a2b2(1 + a3b3)<1 + a4b4>} <¢3,a1b1 + ¢Wa bo ¢# ,azbs - ¢W/,a4b4) ’
(2.97)

The right-hand side includes a sum over both gluons and teens. To order €",

a n a k n— 7 n
P 1bla/g )f{albl _ pO, 1b1 Zalf )f{t?sl a fﬁti by (2.98)
k=1

To leading logarithmic order in weak coupling , the viscosities are computed from
Sy 9 pH-a1;bi aﬁl)fa,albl — _<L¢(1)){a1b1 _ (2.99)

We set K' = 0, so that the right hand side of Eq. (2.99) is just the collision kernel,

1 _ M
(Lot ))%161 = C{albl.
We assume that near equilibrium, that the four velocity of the medium is Su”, where
f = 1/T is the temperature, and u* = (1,u)/v/1 — u? the velocity. It suffices to work

to linear order in |u|. Then, except for an overall factor of Sz, the left-hand side of the
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Boltzmann equation is

2Pu7alblal(11)fqoya1bl - _2PM7a1b1 Slbl(]‘ + aolbl)(P%albla/(}) (BUV) - ia&l)yalbl)
—_ 311)1(1 + 31171) Z(PO,a1b1)2at(l)ﬁ + 2piP0,a1b1(ai5 +55t(1)u1)
o 2 . .
+p'p'Boy; — §p268ku’€ — 2pratriglymbn | (2.100)
where
2 .
0ij = Oiuj + Oju; — 6% Gu (2.101)

and v = (Q" — Q") = 2 (qa — @)-

Using energy-momentum conservation or hydrodynamic equations to leading order,

oY = Buou (2.102a)

BV, = —0.8, (2.102b)

where the speed of sound, squared, is

5224
2 _ 2.103
T 08 (109
we obtain
1 A o
2Pu7a1b1 651)-]%,&11)1 = 31b1 (]‘ + t[l)lbl) |:2p2 <§ a UE) 687«UZ B pzp]ﬂgij] ’ (2104)

To obtain this expression, we have analytically continued P%*% — F, = p.
We have also dropped a term ~ 8,(})V“b = 27r8,31)(qa — ). By Eq. (2.102) this term is

~ O’ times i07qayp, fo, (14 f,,). As it is proportional to ~ ;u;, it only contributes

a
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to the bulk viscosity. Since f; , (1 + f7, ), and all other terms which contribute, are even
under a; <+ by, since q¢u,5, = —qb,q, 1S 0dd, this cancels after summing over a; and b;.

We also neglected the contribution of the thermal mass to the bulk viscosity. This con-
tribution becomes non-negligible at high temperatures where v ~ 1/3; however, near T,
as discussed in Sec. 2.6, the deviation of v? from 1/3 provides the dominant contribution
in our model.

For the shear viscosity, we can drop the term ~ O;u’, and we are left with

apratigiNf. = —Bfe, (L [, PPy (2.105)

The term ~ d;u’ does contribute to the bulk viscosity, which we compute in the next
section.

The Boltzmann equation becomes

B L+ [ )00 0sy = Sa(L6W)a,,,, - (2.106)

Now, d)gib can be parameterized as

PRV R i
¢%ib = 035 (p P - §p25 J)X{ab(p) = TijXq ,(P) » (2.107)
and so we can write

. 1 . .
p (plp] — 5]?25”) iy (L forn) = Sa(£X7 )z 4., - (2.108)
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The dissipative part of the energy-momentum tensor becomes
T = 320, [y 1, = 3028y [ a1+ 15) o),
Bl I 3
ij 2 kl ki L oacu o 0
= 0 ZSZT 3 adF“" Xaa PP~ 3P ) L+ fa) - (2.109)
3
Using Eq. (2.108) in the last equation, we can write
. 2T
5T = Z / dTapXE (LX), - (2.110)
The expression for the shear viscosity then reduces from 7% = no¥ to

2T
== Zédrab X oy (EX )01 - (2.111)
I

Thus we need to determine the functions X;j b for both gluons and teens. The case of

gluons is familiar [120, 121]. Expanding . in orthogonal polynomials,

[e.9]

Xeab = D5 X5(D) - 2.112)
n=0
We define the d&’s as
@5 Omn = 7 Zpabba/—gw b(1+ fo)p! X5(0) Xa(p) . (2.113)

ab,s

Using Gram-Schmidt orthogonalization, we can then solve for the x&’s. We choose
n p m
g = N pe (—) , 2.114
X n;) i (7 (2.114)
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with leading coefficients 0%, = 1. The first few terms are

This involves the dimensionless constants,

b%o = —Z—; )

pe _ hs—h3
0 hohy — h2
pe . Pha = hohy
2 hghy — b2

The h,,’s are then

1 bb d3p
— ao,oa 1
= o 2P / (2 )32E a(l+

ab,s

o~ (Bp—iQ)/T

o ab ba
o T6+n Z / 27r 32E 1 _ e(Ep—iQ“b)/T)Qp

ab,s

I'(6 +n) 1
T o Z k5+n (L - 1) -

k=1

(2.115a)
(2.115b)

(2.115¢)

(2.116a)

(2.116b)

(2.116¢)

(2.117)

L is the thermal Wilson line, Eq. (2.1) of Sec. 2.2. The lowest d& can be written in terms

of h,, as

d§ = ho,

ds = hy+bioht,

62

(2.118a)

(2.118b)



dg = h4 + hgb%l + hgbgo . (21180)

For the teen field, we proceed similarly. We expand x,, ,, in orthogonal polynomials,
Xews = D o xn(p) , (2.119)

n=0

and define

1 abba d3p
Ay Oy = Ti7a Y Pt / @n)2E, L+ fo)pt xm(p) x2(p) . (2.120)
d ab © p

The momentum integral is that for a teen field, Eq. (2.39). Again by using Gram-Schmidt

orthogonalization,
9
Xo = 1, (2.121a)
= %+be, (2.121b)
2
X = (% +(%> b+ b (2.121¢)
and
131
by, = ——
10 t() 9
B tits — 15
20 toty — 12
o tite — tots
byy = —totg—t% ) (2.122)
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where

3

1 E : b,b d 4
— ab,ba 1 A +n

dp,d
_ pab.ba piaprapy d4n
- T2T4+n Z / m)22E Jab(L+ fab )p”

D)

(4 +
<8W2” Z km (JTrLY2 — 1) . (2.123)

k=1

Q

The normalization constants d,, are obtained similarly as Eq. (2.118c). We have used the
approximation pj(~ T') > p, (~ T}) for the teen field.

Here one should note that for the integration over the teen field momentum we have

o) Ty o] T2 [e)
/ dpp® = / yan dpL/ dp| = 7d dpy . (2.124)
0 0 0 0

Using the Boltzmann equation,

used,

ST=(Le)d (2.125)
where

=8; B / dla Xa )( i — 25”) (2.126)

and

€Ol = [ (XN

1 o
= =) > 8.8, / dlyyn, / ALy, / dT g, / dT g, (27)*
2 m=07 7 & g n g "
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x 5(4)(P1a1b1 +P2agb2 —P;3b3 —Pf4b4) [ 0 0 (1+ 0 )(1_|_ 0 )]

a1by J azba asbs aqby

ij ij 3 ii R ij F i W
X Mg Xz, (x{mcm + X — XD O~ X mcm) . (2.127)

The shear viscosity is then

=L e - Ly sl @.128)

g n=0 g n=0

To simplify the computation, we only take the lowest elements,

275

Sio= 3 diono, (2.129a)
27273

52 = —deé’an,o. (2.129b)

This approximation is valid to a few percent for the theory with pure glue [98, 99] and with
non-zero holonomy [56]. Given the coarseness of our approximations, we assume the same

here.

2.5.3 Kinematics

We consider the scattering of two to two particles, @ — < processes in Fig. 2.9. In

Eq. (2.128) we can symmetrize between the cz’s, and rewrite

Y enLey= > AL, (2.130)

n, n,m,J,A

where

1\ 1
A:’:l = (2 Z) 5 Sa SW /dralbI/draQbQ /drasbg /dra4b4(2ﬂ-)4
3 7 q "
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><5(4)(P1alb1 + P2a2b2 - P;Bb?) Pa4b4) aiby a2b2 (1 + a3b3) (1 + a4b4)
i i g iJ i n
Ml [ (1) = X, 9)) el + (2, (2) = X (1))

X [(X;{m@l) - X;{m(p:s))cjl + (Xf{m(pz) — Xf{m(m))c}fn] : (2.131)

In these expressions, the first factor of 2 is because =@ — %< gives the same contribution
as @ —  to leading logarithmic order [98]. The factor of 1/4 is because we have sym-
metrized with respect to the s

Assuming that the dominant scattering is in the forward direction, with the momenta in

the ¢-channel small,

A:’Tz ~ 8 S /dFalbldea2b2/dFa3b3 /dFa4b4

(271')4(5 Palbl + Pa2b2 Pasbs Pa4b4)|M§WH3W|2
X a1b1 a2b2 (1+ a3b3)(1 + a4b4)k2(Fa ( )Caca +FW (p :L“)C CW) ’

(2.132)

with

22

) ), (2.133)

Frn(p %) = 201 = 2)p" X0 (0)xm(p) + =5

where © = ko /k as defined in Eq. (2.67). In the limit of kg — 0, we can write

onbr fagts (14 Fasss) (1 + fon,) Z Z Z Z exp [ 52”; — Q™" )]

n4=0n3=0n2=1n1=1

Z Z G(Q,n1,...,na)exp | — B{(ni + nz)p+ (na +na)p'}] , (2.134)

=0ny,me=1
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where
4
G(Q.n1, ... na) = exp [wzw“fbf] : (2.135)
j=1
and we employed the expansion of the distribution function,
G(E) = e B (2.136)

n=1

The form in Eq. (2.134) is useful, as we have factored the dependence upon the momenta

from that upon the color charge.

Gluon-gluon scattering

At nonzero holonomy, first of all we consider the matrix elements for gluon-gluon

(gg — gg) scatterings, that is given by

gg
Anm

o
0

=1 a;b; n1,n2=1n3,ns4=0
g 2T

(
™ d 00 .
% / / /2 fﬁp (n2+n4)/ dr (Ffm(P>33)+Ffm(P/J?))C%Ci/ _¢ dk k3
—1 0

(1 — 2?) cos qSD%b(K)}{DZd(K) + (1 — %) cos qu%d(K)}*.
(2.137)

The detailed definitions of the longitudinal and transverse propagators, D’ (K') and D% (K),

are not required, since to leading logarithmic order [42],

l\:)ll—

/dkk3]D}'jb(K)+(1—x2)cos¢D%b( )P ~ =(1 — cos ¢)°1 < ) (2.138)

K
9*Ne
where = = cos(#) is defined in Eq. (2.67).
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In Eq. (2.138), we introduce the parameter . This represents the uncertainty in our
computation, which is only done to leading logarithmic order in weak coupling. Per-
turbatively, it can be computed by including effects at next to leading logarithmic order,
following Ref. [99].

The angular integration becomes

[l st -onor- 3 [ (3) ()]

(2.139)

where

1
CE .= Z Z bE bE < (s + 2l)) Oprsl - (2.140)

r=0 s=0

Integrating over p and p’, we obtain

2T8T(5 + 1)

(n1+n3)3(n2+n4)5+l ’

/dpp2€_ﬁp(nl+n3)/dp,pl4+l6l6_ﬂp,(n2+n4) — (2.141)

The matrix element becomes

TS
ASE = 20g4—51n(
T

4 00
) [ 5 S @ n bt
i=1 a;b; n1,n2=1n3,n4=0
m+n g
y 1 Cnml F(5 + l) Bcd (2142)
(n1 + ’I’L3)3 —o (TZQ + ’I’L4)5+l 24 nem

At large- N, this simplifies to

X8 c8ch (2.143)

nm-n-m ?

A — 107%(g 2N)QNCQ1 K
nm o gch
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with

S R G+
I YD YD D ) 3 - LIS

mi1=1mao=1m3=1myg=1 [=0

where we define

gml,m2,m37m4 = gm4*m3€m2+m3*m1*m4 + €m1*m3+m4€m2+m3*m4 . (2145)

Gluon-teen scattering

For gluon-teen scattering, Fig. 2.9b,

gy _ _
Anm_

Td o0
ab tba ycd ydc
ooyt g t9S t24/ pidpL/ dp|
i=1 a;b; n1,n2=1n3,ns4=0 0 0

x e Pl / e ) / e (B, (0. 0)c5c5+ B0 0)eics) [ 52
0 ~1 g 2T

X /Oodk kK [DP(K) + (1 — 2%) cos D (K)] [DS(K) + (1 — ?) cos pDF(K)]".

(2.146)

We put —1/2 factor in the above equation because the teen has the negative sign, S, = —1,
and has no spin. The £ integration is the same as in Eq. (2.138). The angular integration

becomes

/dx/ (b x)+ F& (P, )}(1—005@5)2
__Oi: o (2 l2+cg AW (2.147)
- 3 nm,l T P nm,l T P ’ .
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where C  is given in Eq. (2.140) and

Z Z bobons ( 10 (rs+ 21)) Optsi - (2.148)

r=0 s=0

Integrating over p and p’, we get

/ TST?T(5+1)
d dpi e PPi(ni+n3) /d [fA+l gle—Bp (na+na) _ d )
/pJ_ pJ_/ P pp ﬁ 2(’/11 + n3)(n2 + n4)5+l
(2.149)
In this expression we approximate p ~ p. We also require
/ TCT2T(3+1)
d d 2+l —Bp(ni+ns) /d /12 le—ﬁp (n2+nq) — d
/pL pL/ D p pp 6 (nl + n3)3+l(n2 + n4)3
(2.150)

The matrix element becomes

o0

1 1276 K ! - ab yba 4c c
A%, = =520~ 1n (gQNC)HZ > > GQmmy e b

=1 a;b; n1,n2=1n3,n4=0

v 1 ng Cgm lcgcg F(5 + l) nffb Onm lcncm (3 + l)
ny + ns —0 (712 + 7’L4)5+l 8F(5) TLQ + 714 3 n1 + n3 3+l 48F(3)

(2.151)

Equation (2.151) further simplifies to

1 T2T6 2N 2N2
pre = TR NN ) < " )(X’ggcgcg + Ao \”c"’), 2.152)

i gch nm-n-m nm CnCm
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with

ma m+n l)

Xég"gl; - 75 Z Z Z ZW:LI m2 (5) Cgmlgmlam%mg,mzxv

5+1
mlmg 1ms=1my=1 [=0 1My

(2.153a)

mo2 m—+n

I'(3+1)
Xom = —3 Z Z Z Z m3+l m% 48T'(3) Cnmlgmhmzvmsvmél'

m1m2 1 m3=1mg=1 (=0

(2.153b)

Teen-teen scattering

We next turn to teen-teen scattering. The matrix elements in this case is

W~

1
4

0o ab yba ycd 4dc
Ao = ni, ... ,n4) 113 lag Uiz loy

i=1 a;b; n1,n2=1n3,na=0

Ta Tq 0o , 1
/ PLdps / dpy e / prdpy / dpfj e () / do
0 0 0 0 1

x (Er,(p,x)+ FEr.(p,z))crer, / ;lib dk k3
_x 2T Jg

X

X {ng(K) + (1 — 2?) cos qu%b(K)}{Did(K) + (1 — 2?) cos ¢D;d(K)}* :
(2.154)

We put the 1/4 factor in front of the above equation because teen ghosts have no spin. Now,

integrating over p and p/,

/pLdpL /pldpl/dp||eﬁp(n1+n3)/dplp12+lﬁleBp’(n2+n4)

TATAT(3 41
_ AACE N (2.155)
4(711 + ng)(ng + n4)3+l
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The matrix element becomes

1 T4T4 KR 4 > N a a 4C c
A:f’n = 20194 7T5d In (gch) HZ Z Z Gg(Q,n1,...,ng) tlg tg4t1§ tg4

1 ”"‘z*f‘ Crnm T(3+1)
) = (

X .
(n1 +n3 = (12 + n4)3+l 96 F(3)
(2.156)
Equation (2.156) simplifies as
10T T3 (g?N,)?>N?
A%e 2N Ne 1, ( - )xjgc:cz | (2.157)
™ g°Ne
with
A [(3+1)

C\')
my m3t ™ 961(3)

AR YD DD 35S

mi,me=1ms3=1my=1 [=0

Cony mpmams - (2.158)

In summary, Eq. (2.130) reduces to

5
n,J

T8Xx88 + TOT2x 88 0 8

% Z |:cg c\.):| nm d“*nm m

o L 0 AT X + TOT2 X | | o

(2.159)
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Figure 2.11: Ratio of the shear viscosity to the entropy with the ansatzes of Eq. (2.28). The
dash-dot line denotes the value from AdS/CFT, 1 /4.
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Figure 2.12: Ratio of the shear viscosity to the entropy for different parameter sets of .
The values of the parameters x : 32,64, 128 are chosen so that 77/s is relatively small.

2.5.4 Results for the shear viscosity

We make the extreme approximation of considering only n = 0. From Eq. (2.130) we

write

2T T, . T
n="" ; ey (Lo)g (2.160)
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Figure 2.13: Ratio of the shear viscosity to the entropy for different parameter sets of w.

where the sum over < includes that over gluon and teen fields. The final expression for the

shear viscosity becomes

Ar°T? (dy)” (d5)*

T 925(¢(T)2N,)2N2n(r/g2N,) T2 o0 7 e

— - (2.161)
Xoo T 72 Xoo Xoo T 72 X00

Now we estimate the shear viscous coefficient 7 for the small value of the Polyakov loop.

Neglecting higher moments (¢,, for n > 2) and power of /1,

16w 128007 — 3248T°T; + 3T N2 T8 2. 216
T s T 6Tt — 20T T2 + T2 10(¢2N.)2In(r/g2N.) 1T

For pure gluonic cases without teen contribution, we have the following expression,

B 47573 (d%>2
Mglue = 225(g(T)?N.)2N21n(k/g*N.) x5

7T6

- 27O<2(5) E% Npert == 3.31 K% Npert s (2.163)
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where 7),¢;¢ 1s the shear viscosity at large V., in zero background field and given as

2\° T°N?
e = 5060 (2) G 2169

which agrees with the previous works in the pure glue theory [86, 98, 122]. At small /1,
the shear viscosity is  ~ ¢2 for the gluonic medium with and without teens. This can be
understood as 1 ~ d2 /oo ~ {3, where dy ~ (2 and oo ~ /1.

In Fig 2.11, we plot Eq. (2.161) for two ansatzes mentioned in Eq. (2.28). We adopt the
functional form of the one-loop perturbative coupling for zero quark flavors (N; = 0), as
presented in Refs. [123, 124], to define a non-perturbative running coupling characterized

by a single parameter w. For the running coupling, we take

o6

T)?N, =4 .
9(T) 1 log(w2nT/T})

(2.165)

With the increasing temperature 7', the coupling decreases, and the shear viscosity in-
creases. With this form of the coupling constant, taking the values w = 0.5 and kK = 64,
at Ty Npert /s ~ 0.55. We comment that we choose rather large values for k = 32,64, 128,
so that that 7/s is relatively small. Needless to say, it would be useful to compute beyond
leading logarithmic order [99] to see if these values are reasonable.

Here and henceforth, to be self-consistent we used the entropy as computed from the
matrix model. The difference from the entropy for N, = 3 from the lattice is small.

In the matrix model, even with admittedly large values of «, the ratio /s is still well
above that in Anti-de Sitter/Conformal Field Theory, AdS/CFT [125] bound. This is illus-
trated in the figures with a red dash-dotted line.

The dependence of shear viscosity on the parameters x and w are shown in Figs. 2.12
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and 2.13, respectively. The former is obtained by varying ~ with a fixed value of energy
scale 77" i.e., w = 0.5. With increasing «, the value of the viscosity reaches towards the
AdS/CFT bound. These results are shown for one ansatz dg. One will obtain a similar
result for another ansatz with a marginal difference. As the QCD coupling is not well-
known near the transition, we show the plots varying w. Figure 2.13 shows the results for
different energy scales around 277, i.e., for w = 0.5, 1, 2.

In Fig. 2.14, we compare our results with zero background field case. The green line
represents the ratio of shear viscosity accounting for teen-teen, teen-gluon, and gluon-gluon
scattering compared to gluon-gluon scattering in zero background field, whereas, the red
line indicates the ratio of viscosity only including gluon-gluon scattering in presence and
absence of the background fields. In the presence of background fields, these additional
contributions, particularly from teens as ghost fields, lead to a rise in the overall viscosity.
The inclusion of teen-teen and teen-gluon scattering contributes around 6% to the viscosity

near 1.

77/ npert

- ’7g|ue+teen/’7pert

0.6 -= qglue/qpen

1.0 1.5 2.0 25 3.0

T/Ta'

Figure 2.14: The green line denotes the ratio of the shear viscosity including teen-teen,
teen-gluon, and gluon-gluon scattering, to that with perturbative gluon-gluon scattering.
The red-dashed line indicates the ratio of the shear viscosity including just gluon-gluon
scattering, to that with perturbative. As a ghost field, the contribution with teens increases
the total shear viscosity.
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2.6 Bulk Viscosity

We next compute the bulk viscosity. While of utmost importance for phenomenology,
in perturbation theory, it is more difficult to extract. The bulk viscosity vanishes for any
conformal theory, so in gauge theory, it is strongly suppressed relative to the shear viscosity.
As shown by Arnold, Dugan, and Moore [100], the bulk viscosity only arises because
quarks and gluons develop a thermal “mass” ~ ¢g7'. Even then, it is necessary to include
the running of the coupling constant with temperature. Consequently, the bulk viscosity is
suppressed by ~ ¢® and is ¢ ~ g%, relative to the shear viscosity,  ~ 1/g%.

In contrast, in our matrix model the theory is not conformally invariant if the Polyakov
loops are less than unity, since then there must be a non-trivial distribution for the eigen-
values of the thermal Wilson line. Thus while in perturbation theory it is involved to mea-
sure the deviation from conformality through the bulk viscosity, in our matrix model it is
straightforward. In particular, we can compute in precisely the same way as for the shear
viscosity, to leading logarithmic order in the coupling constant. As we show, the bulk vis-
cosity is nonzero because the speed of sound squared is not equal to 1/3; i.e., the theory is
not conformal.

For the bulk viscosity, from Eq. (2.104),

QPH’albla/(})fa,albl = ch?lbl(l + fc?lbl)XQ(|p|) ; (2.166)
where
X=V-u, (2.167)
and
1
q(p) = 2p° (5 - v?) = 2p°Av?, (2.168)
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with v? the speed of sound, squared, Eq. (2.103). In a conformally invariant theory v? =
1/3 and the bulk viscosity vanishes. In our matrix model, the dominant source of conformal
symmetry breaking is from v? # 1/3 as discussed below.

We expand the statistical distribution functions to linear order,

fz(fl)b = fo (1+ fb)@bé’zb- (2.169)

Analogous to Eq. (2.106), then, the Boltzmann equation is written as

Bfon (L+ fon)Xa(pl) = =Sq(LY M),y - (2.170)

where L is a linear operator,

(LY )0 = Z SS / dl o, / dT 4, / Al b, (2)"

x o¢ )(Plalbl + P2azb2 o Pézabs _ Pf4b4)|MW—></W'|

0 (n (n) (n)
X [ a1y a2b2<1 + asbs)(l + a4b4)} (%a by 77Z)Wa by wa’ ,asbs wW/,a4b4> )
(2.171)

Here, the operator L is the same as £ in Eq. (2.97), with the bar added to emphasize its
role in describing the bulk viscosity.
The bulk viscosity is defined by the change in pressure caused by the deviation from

equilibrium ¢5. The bulk viscosity, ¢, is given by [100]

= =) 5 Ldfalbl q([p]) fars, (1 + fap)104(p) - (2.172)
K
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The source term, f , (14 f2, )q(|p|), in Eq. (2.170) can be written in terms of an expan-

sion basis as
Vo, =S A AT gy, 20°0n B2 (L4 f2,) Av? (2.173)

giving us Vg =~ = —(ﬁ_é)z. Here, we expanded ¥ in an orthogonal basis equivalent to
Eq. (2.112) as ¢ = >om éZzDZ. Finally, the coefficient of bulk viscosity from Eq. (2.172)

becomes

¢ = TY [ dlaptg(Ly)
[z,

= TZivj(i—lv): :TZi:(Ec):. (2.174)
3 n=0 3 n=0

In Appendix A.2, we show that if one computes the pressure for a teen field from kinetic
theory, then one obtains Pi.., = —T*T7/72, with the energy & = —T2T7/24. That is,
in kinetic theory teen quasiparticles still look three-dimensional, with & = 3P .e,. In
Appendix A.2, we argue how a kinetic theory of two dimensional teen particles can arise,
with & = Pieen = —T°T7 /24 [97], as in thermodynamics.

In practice, we define our model such that in Eq. (2.174), the deviation from confor-
mality, Av?, is computed from thermodynamics. After all, in our model the teen fields are
not really two-dimensional, but defined with the functions d4(7") and dg(T), which are fit
to obtain (& — 342)/T" from the lattice, Eq. (2.28). Except for the contribution to Av?,
though, we compute Eq. (2.174) using gluon and teen quasiparticles in the semi-QGP. We
believe that this ansatz yields a reasonable estimate of the bulk viscosity.

With this assumption, following Ref. [100], we use a simple ansatz for the basis func-
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tions, 18,

_ 7 P\ _

Here, the 1% are not necessarily orthogonal. We take a different basis for the @/)ﬁl as

T p\™
[ - =1,2,--- K. 2.176

By trial and error, we found that a different basis for the teen functions, Eq. (2.176), con-
verges more quickly (at K ~ 30) than if we take the same basis as for gluons, Eq. (2.175).

For a single order basis, i.e., K = 1, we get

2474 i N22 —1

_ 2
V:o’,l - 2(AUS) 272 £ k5 (5+k)7 (2177)
T2T N2€2 0 3
Vo, = = § 60 + 36k + 9k* + k°) . (2.178)

Equation (2.177) shows the order of temperature V;, and V, contributes to the bulk viscosity
computation. But beyond K = 1, it is also necessary to treat the zero modes in the operator
for the bulk viscosity. This is discussed in Appendix A.3. In the next section, we have

computed bulk viscosity results for K ~ 20 — 30, shown in Figs. 2.15, 2.16, and 2.17.

2.6.1 Matrix Elements at Leading logarithmic order

Analogous to Eq. (2.131), the matrix element form for the -7 scattering becomes

Al ( ) ~8.S / dl o, / dl 0, / AT a1 / dl oy, (270)"

a1b azb asb aqb.
X5(4 (P11+P22 P33 P44 |M3W—>3W‘ alb1 a252(1+f25b3)< + a4b4)

x [ = wm™en + (i = i [ = e + i = v
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(2.179)
If the momentum transfer in the scattering process is small, we get
3 3 3 3
Yy — g = k- aquf(p) s Yy — Yy = —k- 8p/¢a(p/) , (2.180)

where we have used p = (p1 +p3)/2 and p’ = (P2 + p4)/2, © = ko/k =~ cosOp ~
cos Oprk, from Eqs. (2.65)-(2.67). In the small momentum transfer limit, the matrix element

from Eq. (2.179) becomes

4 00 00
0'30' a a jc c
Ajn]jt =2 (271' 5 T H E g E g(Q? Ny, 7”4)tlg tg4 tlg tg4
=1 b 1,m2=1n3,ns=0

- —pBp(ni+ns) ’ 12 75 (n2+n o d¢ 3
X dp p~e~ PP dp P (nztna) dx dkk
0 0 0

XD + (1 = a%) cos ¢ D (K [ - 8p¢a’m(p) - a}; - ap,wm(pf)}
< Tk 00" () = Sl k- ™ ()] @.181)

Here, o4 represents the spin degeneracy; o, = 2 and o, = 1. We assume rotational

invariance, ¥ " (p) = ¢¥¥"(p), so that
(8 00 () = e 0™ )| = @ |, () () = () )] - 2182)

Hence, using Eq. (2.182) we can rewrite Eq. (2.181) as

N = e (L) SSIIE S S @ e e

i=1 a;,b; n1,n2=1n3,n4=0

0 27 1
X / dp p? e~ PP(matns) / dp' p? e~ PP (n24n4) / 9 (1 — cos ¢)2/ dx x?
0 0 0o 27 -1
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’

v) -, <wfn>/<p'>] [ @l )~ & ) )]
= Zi) 1 log( 2N)SS HZ Z Z G(Q,ny, - ,n )tabtbatcdt24

i=1 a;,b; n1,n2=1n3,n4=0

~~

< [Cappp e [y et (603 () - & 65 )
0 0

() — <¢Z>’<p'>}

ml —ma—m3+my €m4—m3

mi,m2=1m3=1my=1

+£m1—m3+m4£m2+m3—m4) / dpp2 e_Bpml / dp, /2 ~Prima
0 0

/

x [en R ) = & i) )] [ @l o) - & ) )] (2.183)

Here we have used the color sum in the limit of large /V,. and it becomes

H Z tab tba th tdflg Q? ni,- ) n4>

=1 a;,b

Né
9 €n1+n3£n2+n4<gn2 mfm —n3 +€n1+n4€n2+n3> ) (2184)

with my = nqy + ns, Mo = Ng + Ny, M3 = N3, My = N4.

Gluon-gluon scattering

For the gluon-gluon scattering, at nonzero holonomy, the matrix element from Eq. (2.183)

becomes

R, = SN, lonn Ty
mn 2(271') Z Z Z m1tma2 m1m2m3m4 0 pp

mi,ma=1mz=1ms=1

x / dp' e Pmtmer ) cs e (4 () — (05 ()05 (D)) — (WE@))']

mn ?

gAN? o .
= 2(27?35 log (gch) ceeeTeYss (2.185)
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where, €y, my.msm4 18 defined in Eq. (2.145) and we define

mn - T6 Z Z Z £m1€m2 m1m2m3m4/0 dep

mi,mo=1m3=1mqg=1

x / (e (4 ()Y — (05 [(WEP)) — WEF)Y]
(2.186)

The factors related to temperature and the coupling constant remain consistent with those
found in the perturbative Quark-Gluon Plasma (QGP) framework. The function Y,% encap-
sulates all the modifications or effects introduced by the background field in the system’s
behavior or properties. The diagram that plays a role in the contributions to the calculation

is shown in Fig. 2.9a.

Gluon-teen scattering

Analogous to the gluon-gluon scattering, the matrix element for gluon-teen scattering

at nonzero holonomy is

_ 1 g*N? K & T? [
O _ c d
o L1 D OID DD DTy

mi,m2=1m3=1my=1

x /O dp' pe Pmrme (yr (p)) — &, (W () e (v () — S (WD)

_ 9N log | — ) TAT2(e8,E8Y%, + €55V rny — CE.COVES — 22.28Y,%)
202m)° "\ g?N.) 1 o B
(2.187)

with 41, 1y ms,m, given in Eq. (2.145) and

ERIE LRSI o) SEN IR

mi,mo=1m3z=1my=1
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X

/ dp/ Ve (W () (R P))'
—g9
Ymn = _iﬁ Z Z Z £m1£m2 mi,ma,m3,my

mi,ma=1mz=1mg=1

/ dp / )2dpe=Pmrtmar) (s ()Y (13 ()
—9¢g >
Ymn - _iﬁ Z Z Z €m1€m2 mi,mo,m3,m4q

mi,ma=1m3z=1ms=1

/ dp [Pt 0 ) )
7:;\.;, - 2T4 Z Z Z €m1€m2 mi,msa,m3,ma

mi,ma=1mz=1myg=1

X

X

X

/ dp/ Pdp'e ) (o () (U7 (p)) . (2.188)
The contributing diagram is presented in Fig. 2.9b.

Teen-Teen scattering

The matrix element for teen-teen scattering is

/_X\N) _ 1 4N4 (

K 00 mi mo TC% o
2Nc> Z Z Z iy Uy €m1,m2,m37m47/0 dp

mi,me2=1ms3=1my=1
2

b / "yt e (02 (1)) — (W2 N — (S ]

2
4 A4
g N, K A2 00
= )7 log (gch) T T°Y, " (2.189)

where

Y;ET\;) - 4T2 Z Z Z £m1£m2 mi,Mmg,m3,my

mi,ma=1m3z=1my=1

1 > 1 o / O N/ © /
- / ng / dple=Smrma) (4 ()Y ((p)) . (2.190)
0 0
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Adding up the matrix elements from gluon-gluon, gluon-teen, and teen-teen scattering, one

can rewrite the total matrix element as

ToYyss 4 T4T2y™ —T T2V, cs
T T2Yme TET Yo + T TV 0 | |
(2.191)

It is worth commenting about the terms from gluon-teen scattering in this expression.

Naively, one might expect that the only contribution to the glue-glue term, ¢5 c2, is from

m-n?

glue-glue scattering. This is incorrect, since Eq. (2.183), there are terms ~ ¢°

&', where 3
and v can be either a gluon or a teen field. Hence gluon-teen scattering contributes to c$,c%
term, through the term Y . Similarly, for the &,,¢, term, there are terms from gluon-teen
scattering, ~ 7:;

Because the scattering kernel in Eq. (2.191) has zero modes, it is necessary to add an

additional term to compute the bulk viscosity. We discuss these details in Appendix (A.3).

2.6.2 Results for the Bulk Viscosity

We first compute ¢ for small values of the loop. Neglecting higher powers of the first
loop, ¢1, and higher loops, ¢,, for n > 2,

(Av))* T,

~ 68.03p ————/* .
¢ g In(r /N

(2.192)
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Note, however, that in the pure glue theory the Polyakov loops are never small: near 77,
(¢1) =~ 0.5at N, = oo, and (¢;) ~ 0.4 for N. = 3.

Notice that the results with nonzero holonomy are very different from perturbation
theory. In perturbation theory, the theory is only nonconformal, with Av? = 1/3 —v? # 0,
because of two effects. First, the gluons have a thermal mass, ~ ¢7'. Second, the coupling
constant runs. With p ~ 1/(g*log(1/g?)), this gives Av? ~ g, and ¢ ~ (Av?)?n ~ ¢,
up to logarithms of log(1/¢g?%). In contrast, our model is manifestly non-conformal, with
Av? = 1/3 — v? # 0 from the nonperturbative equation of state. Thus our bulk viscosity
is ¢ ~ (Av3)?/(g*log(1/¢%)), Eq. (2.192).

The entropy density s(7') and Av? are calculated using Eq. (2.27), i.e., lattice pressure

for three colors [111]. In Fig. 2.15, we show the ratio of the bulk viscosity to the entropy,

0.500¢

_ 0.100}-.
< 0.050f

0.010}
0.005¢

0.001

15 2.0 25 3.0 35
T/T,

Figure 2.15: Ratio of the bulk viscosity to the entropy density with the ansatz of Eq. (2.28),
with the parameters w = 0.5 and k = 64. The dot-dashed line corresponds to the result in
a Gribov-Zwanziger model [126].

versus temperature, for the two ansatzes, d4 and dg. We choose the parameters to fix the
coefficients in the logarithms as w = 1 and x = 64. We compare our result with the

Gribov-Zwanziger model of Ref. [126], and find that our result for (/s is much larger,
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almost an order of magnitude. The value of (/s is ~ 1.59 and 1.71 for d4 and dp.

The dependencies of the parameters x and w on (/s are shown in Fig. 2.16. The left
panel of Fig. 2.16 demonstrates a large sensitivity to the value of the parameter x, which is
greatest as 1" — 1. Similar to the parameter «, there is a large uncertainty on w, especially

as T" — Ty, although it is weaker than for . The ratio of bulk viscosity ( to shear viscosity

SE

0.50
0.50
Z z
™~0.10 N
0.05 0.10
0.05
001
15 20 25 3.0 35 15 20 25 3.0 35
T/T, T/T,

Figure 2.16: Left: Ratio of the bulk viscosity to the entropy density for different parameter
sets of k. Right: Ratio of the bulk viscosity to the entropy density for different parameter
sets of w.

71 has a thermodynamic significance as it reflects the type of dissipative response a medium
exhibits in nonequilibrium conditions, particularly near phase transitions.

Bulk viscosity, which relates to the resistance to volume changes, tends to increase near
phase transitions due to critical slowing down, where the medium struggles to equilibrate
under isotropic stress. This increase is tied to the medium’s equation of state (EoS), which
defines pressure and density relationships that influence the system’s relaxation toward
equilibrium. Hence, the ratio ¢ /1 has an important physical significance.

The left panel of Fig. 2.17 suggests a trend where the ratio decreases with increasing
temperature. For T'/T} values from around 1.5 to 3.5, (/n moves from values closer to

1 to significantly lower values. Lastly, the right panel of Fig. 2.17 shows the temperature
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Figure 2.17: Left: Ratio of the bulk viscosity to the shear viscosity with the ansatz of
Eq. (2.28). Right: Ratio of the bulk viscosity to the shear viscosity scaled with the square
of the conformality measure (Av?).

dependence of the ratio of the bulk viscosity to the shear viscosity scaled with the square
of the conformality measure (Av?). We comment on the relationship to other models in

Eqgs. (2.197) and (2.198).

2.7 Summary

The computation of the shear and bulk viscosities in our matrix model is admittedly
involved, so we conclude by summarizing our results, and comparing to those obtained
with different methods.

In heavy ion collisions at RHIC and LHC energies, experimentally it is observed that a
nearly ideal hydrodynamics works amazingly well [127-131]. The standard paradigm for
understanding this is the AdS/CFT correspondence: for a AV = 4 SU(N,) gauge theory at
N, = oo and ¢?N, = oo [132-134],

n|AdS/CFT ]

¢ AdS/CFT
s A7 s

=0. (2.193)
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As a conformally invariant theory, the dimensionless ratio 77/s is independent of tempera-
ture, and the bulk viscosity vanishes identically.

While our understanding of thermodynamics in equilibrium rests upon computations
in lattice QCD, measuring transport coefficients is extraordinarily difficult. From the Kubo
formula, they depend upon the relevant spectral densities as the frequency w — 0. How-
ever, this requires analytic continuation from discrete, Euclidean p, to the continuous,

Minkowski w. The most recent results from the lattice are from Ref. [135]; at 1.5T},

1 ~0.15 — 0.48 : < ~ 0.017 — 0.059 . (2.194)

s 1157y S|y 57y

We can then compare results from AdS/CFT, Eq. (2.193), and the lattice, Eq. (2.194), to
the results at leading logarithmic order in matrix models. For the shear viscosity, /s, see
Figs. 2.11, 2.12, 2.13, and 2.14; for the bulk viscosity, (/s, see Figs. 2.15 and 2.16.

In order to understand results from the lattice, it is essential to be able to model the
spectral densities; see Refs. [136—139].

In a matrix model, the results are rather insensitive to which ansatz we use for the
eigenvalue density, A or B in Eq. (2.28). They also depend upon the parameter w, which
determines the running of the coupling, Eq. (2.165), and the constant «, which fixes the
behavior beyond leading logarithmic order in the coupling, Eq. (2.138). Using what we
take as the optimal values of w = 0.5 and k = 64, at 1.5 T,from Figs. 2.11 and 2.15 we
find

1 ~0.38 —0.4; g ~ 0.076 — 0.087 . (2.195)

s 1157y S|y 51,

The value for 7/s at 1.5 T} is consistent with Ref. [135], although at the high end, while
the bulk viscosity is somewhat larger than that of Ref. [135]. The matrix model, however,

also provides results for the temperature dependence of each quantity.
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If the coupling constant runs relatively slowly with temperature, as is true for the mod-
erate values of the coupling constant which we use, then as the temperature 7" — T, the
principle way by which 7/s decreases is if the expectation value(s) of the Polyakov loops
decrease as well. In the pure glue theory, for three colors the decrease in the expectation
value of the first Polyakov loop is not very large, though: from (/;) — 1.0 as 7' — oo to
(¢1) ~ 0.4 at the deconfining transition Ty; for N. = oo, (¢;) ~ 0.5 at T;;. Thus at Ty,
the decrease in the shear viscosity is relatively moderate, as illustrated in Fig. 2.11. The
precise temperature dependence is sensitive to varying «, Fig. 2.12, or w, Fig. 2.13. These
changes tend to bring 77/s much closer to the perturbative value.

In contrast, for the bulk viscosity, (/s increases sharply from 1.57, to T,;. From
Fig. 2.15, with w = 0.5 and x = 64, at the transition temperature the bulk viscosity is
large,

S| ~16-17. (2.196)

S|p,
The variation with respect to x and w are shown in Fig. 2.16. Varying x, at 7; we find
that (/s ~ 1.1 — 4; varying w, at T, the matrix model gives (/s ~ 4 — 7. The variation
in these values and the sensitivity with respect to w and k, indicate the limitations of our
model and the attendant assumptions. However, what is clear is that (/s increases strongly
as T — Ty.

It is also useful to compare our results with those obtained in other effective models.

Corrections to the perturbative results for the shear and bulk viscosity were estimated
in Refs. [114-119, 140-143], and do tend to decrease 7/s.

Another approach is to use a quasiparticle model, where the gluon masses are mgy ~
g(T)T. Taking g(T) to increase strongly as 1" — T}, a small pressure is obtained by letting

g(T') become large as T" — T}, so the gluon quasiparticles are (very) heavy. This was done
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in Refs. [144, 145], with results that depend strongly on temperature. As 7' decreases,
it reaches a minimum at 7,,;, =~ 1.17}, and then increases sharply. The shear viscosity
is very small at Ty, With 1/s(Tin) ~ 0.1, close to the AAS/CFT bound. For the bulk
viscosity, it is extremely small until ~ 1.2 7}, where it then increases sharply, and is large,
(/s = 0.25 at Tyuin. In contrast to our model, /s is much smaller at 7},,;,,, while our values
for (/s =~ 0.76 — 0.81 at 1.17; (see Fig. 2.15) is larger than the quasiparticle model. Still,
given the assumptions in both the quasiparticle model, and our matrix model, the results
are not that far apart.

There are also results for the bulk viscosity from other models. For the bulk viscosity,

in N* = 2 SUSY gauge theories Buchel [146] established the bound

1

PR e &0

However, this bound is not exact [147-150].
Bounds on the bulk viscosity were also obtained by Dusling and Schaefer in Ref. [151].

In the relaxation time approximation to kinetic theory,

1
S, b 5. (2.198)

no (13 —v3)?

This is stronger than the bound from N* = 2 SUSY, in that, it involves the square of the
difference in the speed of sound from the conformal limit, where vZ = 1/3.

In the right panel of Fig. 2.17 we plot the same quantity as on the left-hand side of
Eq. (2.198), ¢/n times 1/(1/3 — v%)?. Unlike the relaxation time approximation, unsur-
prisingly, this is temperature dependent, with a value ~ 56 — 65 at 7. The ratio then

increases to a maximum of ~ 105 — 114 at ~ 2.57y, and then it falls off as T increases
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further. In this ratio, there is sensitivity to which ansatz is used.

Still, the right panel of Fig. 2.17 shows that the relaxation time approximation gives
a good rule of thumb, although the matrix model value is about five time larger, with a
non-trivial dependence upon temperature.

There are other models to which we can compare. Using a Gribov-Zwanziger model,
Refs. [126, 152, 153] find that (/s = 0.2 at T,;. While large, ours is approximately an order
of magnitude larger, (/s ~ 1.7 at T}.

There are also results from holographic models [154]. Anisotropic holographic models
find that while the transverse shear viscosity obeys the AdS/CFT bound, that longitudinal
to the direction of the anisotropy can be smaller than the bound [150]. Reference [155] also
finds that in holographic models, 77/s can be below the AdS/CFT bound. Reference [156]
finds 77/s has a minimum at 7, with a model dependent value above 1/(47). Refer-
ence [157] construct a model where 7/s is below the AdS/CFT bound, while (/s ~ 0.12
at T;. Reference [158] constructs a bottom-up model where 7/s is constant, equal to the
AdS/CFT bound, with a small bulk viscosity, (/s ~ 0.045 at T,. Reference [159] found a
large value for the bulk viscosity at the transition, ((7")/T? ~ 0.1 at T,. Reference [160]
finds a violation of the Buchel bound [146], in a model-dependent fashion. Reference [161]
find (/s ~ 0.2 at T;. At T, Ref. [162] find a small minimum for the shear viscosity,
n/s =~ 0.2, and for the bulk viscosity, (/s ~ 0.12.

In all, at T, holographic models give a value of /s near the AdS/CFT bound, while
(/s is larger than that from the lattice, but much smaller than in a matrix model.

Of course, what is relevant to QCD, and real experiments, is the theory with dynamical
quarks. In a matrix model, the results for /s at the chiral phase transition, 7, will certainly
be much smaller than in the pure glue theory. This is because while the (first) Polyakov

loop is relatively large at T}, at the chiral phase transition, at 7}, the expectation value of
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the (first) Polyakov loop is rather small, (¢;) (7)) ~ 0.04, Fig. 1 of Ref. [163]; see, also,
Ref. [164]. This suggests that QCD enters a regime where, at 7}, chiral symmetry restora-
tion occurs in a regime with nearly perfect confinement. In a matrix model, inexorably this
will generate a much smaller value of 77/s [95]. The implications for the bulk viscosity are

less clear, and can only be determined by computation, which is actively underway.
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eeessessssmmmmmn $ CHAPTER 3 S

THE COMPLEX HEAVY QUARKONIUM
POTENTIAL WITH THE

GRIBOV-ZWANZIGER ACTION

In this chapter heavy quark coulomb potential in a thermal medium within the Gribov-
Zwanziger prescription discussed in Chapter 3. This chapter is based on the work pre-
sented in the following paper: The complex heavy quarkonium potential with the Gribov-
Zwanziger action

Manas Debnath, Ritesh Ghosh, Najmul Haque Eur.Phys.J.C 84 (2024) 3,313, [arXiv:

2305.16250].

3.1 Introduction

Quarkonium suppression is one of the signatures of the creation of a novel state of

quarks and gluons, i.e., quark-gluon plasma (QGP) [165] in relativistic heavy-ion colli-
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sion experiments at the Large Hadron Collider (LHC) and Relativistic Heavy Ion Collider
(RHIC). In 1986, Matsui and Satz [28] suggested that the J/1) suppression due to De-
bye screening by color interaction in the medium can play an important role as a QGP
formation signature. The heavy quarkonium spectral functions are studied, theoretically,
via approaches like Lattice QCD [166—170] and using effective field theories [171-173].
In an EFT, the study of quarkonium potential is not trivial, as the separation of scales
is not always obvious. On the other hand, the lattice QCD simulation approach is used
where spectral functions are computed from Euclidean meson correlation [174]. As the
temporal length at high temperatures decreases, the calculation of spectral functions is not
straightforward, and the results highly depend on the discretization effect and have large
statistical errors. So, the study of quarkonia at finite temperatures using the potential mod-
els [175, 176] are well accepted and has been investigated widely as a complement to lattice
studies.

At high temperatures, the perturbative computations indicate that the potential of the
quarkonia state is complex [177]. The real part is related to the screening effect of color
charges [28], and the imaginary part is used to obtain the thermal width of the reso-
nance [178]. So, it was initially thought that the resonances dissociate when the screening
is strong enough; in other words, the real part of the potential is too feeble to bind the QQ
pair together. In recent times, the melting of quarkonia is thought to be also because of
the broadening of the resonance width occurring either from the gluon-mediated inelastic
parton scattering mechanism aka Landau damping [177] or from the hard gluo-dissociation
process in which a color octet state is produced from a color singlet state [179]. The latter
process is more important when the medium temperature is lesser than the binding energy
of the resonance state. As a result, the quarkonium, even at lower temperatures, can be

dissociated. Gauge-gravity duality [180, 181] study also shows that the potential develops
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an imaginary component beyond a critical separation of the quark-antiquark pair. Lattice
studies [182, 183] suggest the existence of a finite imaginary part of the potential. Spectral
extraction strategy [184, 185] and the machine learning method [186] have been recently
used to calculate the heavy quarkonium (HQ) potential, both indicating a larger imaginary
part of QQ) potential with respect to the pure perturbative QCD calculation. All the stud-
ies of heavy quarkonium using potential models have been done within the perturbative
resummation framework. In recent times, open quantum systems method [187-191] is
drawing more attention to the study of the quarkonium suppression in QGP matter. This
method has also been applied to the framework of potential non-relativistic QCD, i.e., pN-
RQCD [173, 179, 192].

In the study of hot QCD matter, there are three scales of the system: hard scale, i.e.,
temperature (7'), (chromo) electric g7, and (chromo)magnetic scale (g?T'), where g is
the QCD coupling. Hard thermal loop (HTL) resummed perturbation theory deals with
the hard scale 7" and the soft scale g7 but breaks down at magnetic scale (¢*T'), known
as Linde problem [68, 193]. The physics in the magnetic scale is related to the nonper-
turbative nature. LQCD is appropriate to probe the nonperturbative behavior of QCD.
Due to the difficulties in the computation of dynamical quantities with LQCD, it is useful
to have an alternate technique to incorporate nonperturbative effects, which can be de-
rived in a more analytical way, as in resummed perturbation theory. A formalism has been
developed to incorporate the nonperturbative magnetic screening scale by employing the
Gribov-Zwanziger (GZ) action [61, 62] and it regulates the magnetic IR behavior of QCD.
As discussed in ref. [194], the Gribov parameter is nonzero in the deconfined phase and
GZ action relavant in deconfined phase of nuclear matter. Since the gluon propagator with
the GZ action is IR improved, this imitates confinement, causing the calculations to be

more consistent with the results of functional methods and LQCD. Equation of state of
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gluon plasma, thermodynamics and kinetic theories are well studied within GZ framework
at finite temperature [194, 195]. Heavy quark diffusion coefficients [124], quark number
susceptibility and dilepton rate [196], quark dispersion relations [197], quark-antiquark po-
tential [198], correlation length of mesons [199] have been investigated using GZ action.
Recent progress can be found in Refs. [200-207].

In this chapter, we study the heavy quarkonium potential at finite temperatures within
a non-perturbative resummation considering Gribov-Zwanziger action, which reflects the
confining properties. In this direction, the heavy quark-antiquark potential has been studied
at zero temperature in recent times [208, 209]. We extend the zero temperature calculation
to finite temperatures. This is performed from the Fourier transform of the effective gluon
propagator in the static limit. In the current article, we have used the Landau gauge and we
consider the contribution from the Gribov-modified gluon loop, Faddeev-Popov ghost loop
and quark loop in the gluon propagator. Additionally, the contribution from auxiliary fields
to the potential is discussed as a possibile source of the linear term in the potential. The
article is organized as follows: The general structure of the gauge-boson propagator within
the Gribov prescription has been constructed in Sec. 3.2. The effective gluon propagator is
calculated from the one-loop gluon self-energy in Sec. 3.3. In the presence of GZ action, we
consider the effect of the Gribov parameter on the gluon and the ghost loop. We compute
the real part of potential due to color screening and the imaginary part arising from the
Landau damping in Sec. 3.4. We have also evaluated thermal width for J/¢) and Y. In
Sec. 3.5, we discuss the medium effect on a local version of the Gribov action where the
new set of auxiliary fields is introduced. In the present study, we have incorporated all

those effects. Finally, in Sec. 5.6, we summarize our work.
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3.2 Resummed gluon propagator with Gribov parameter

The form of Gribov’s gluon propagator in Landau gauge in Euclidean spacetime is

given by [61, 62]

2
P#P,,> P 3.1)

88,(P) = (0 = T2 ) s
where 7 is the Gribov parameter and d,, = (1, 1,1, 1). The appearance of the parameter
¢ in the denominator shifts the pole of the gluon to the unphysical poles i.e. P? = +ivZ.
This unphysical excitation using the Gribov parameter indicates the effective confinement
of gluons. More detailed discussions about Gribov prescription can be found in review
papers [200-203].

The Gribov mass parameter can be obtained from the following gap equation at one-

loop order, as [201],

;2 (d—1)N, I 1 " 32)

A 4Pk
I

where N, is the number of colors, d is the space-time dimensionand } p =T7'> [ d*p/(2m)>.
The temporal component of the Euclidean four-momentum possesses discrete bosonic Mat-
subara frequencies. At asymptotically high temperatures, the form of the Gribov parameter

simplifies as [123],

d—1 N,

= — 0 ) 3.3
Ya i 4\/§7T9 (3.3)

In addition to the Gribov parameter, the QCD strong coupling is also needed and we use
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one-loop running as follows:

2472 1

HT) = dra, =
g (1) = 4me = NN, m(2n T A)

where the scale Ayg = 0.176GeV [50] for Ny = 3 QCD.

The ghost propagator in the Landau gauge with no-pole condition reads

yab 1

Dc{P)Zﬁl—O’(P)’

where, (1 — o(P))~! = Z is the ghost dressing function with

PP, 1 K?
P) = ¢’N. - o —
7P = o N IK‘*H?;(K—P)Z(

K

Equation (3.5) in the infrared limit reduces to [201]

1287292, 1

D (K?) =16
( ) g2Nc K47

indicating that ghost propagator is enhanced for K — 0.
In the vacuum, the gluon self energy can be written as

prp
P2

I — H(PQ)(W . ) — TI(P2)V*,

KrKY
K2

)

(34)

(3.5)

(3.6)

(3.7)

(3.8)

where P* = (py, p) is the gluon four momentum and IT( P?) is the Lorentz invariant quan-

tity depending upon P2,

In a thermal medium, the general structure of gluon self-energy, satisfying tranversality
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condition p,II*” = 0, can be written in terms of two independent symmetric tensors, as
" =1y A" + 11, B*, (3.9)

where the forms of tensors are B* = “4= with u* = V*u, and A® = V" — B"_ We
choose the rest frame of the heat bath i.e., u* = (1,0,0,0). The form factors I1; and I
are functions of two Lorentz scalars py and p = |p|.

The effective gluon propagator can be written using Dyson-Schwinger equation as

1

A = (AL) + 1. (3.10)

Here we would use the form of the gluon propagator,

P,P, P? P,P,
& ) = (3.11)

0 —
A;,LV(P) - (5MV - P2 P4 +’Yév +£ J2X )
where ¢ is the gauge parameter. This form is useful to invert the propagator. In the final
expression of the effective gluon propagator, we put £ = 0 (Landau gauge). The form of

the inverse gluon propagator from Eq. (4.6) reads as

. PPN\ Pt 44 1
(An,) " = (%— 5 > PQVG + g Pl (3.12)

Putting the form of (Agy) “in eq. (4.5), one gets the expression of inverse effective gluon

propagator

1 Pt 442 Pt 4 A4
A = By + (TVG + HT> A + (T% + HL) Bu.  (3.13)
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To find the effective gluon propagator, one can write the general structure of gluon prop-
agator in the tensor basis as, A, = aP, P, + A, + 7B, where we need to find the

coefficients «, /3,y. Then we use the relation 07 = A" (A Ma)_1 to obtaine the coefficients

a, B, as
p?
5 4 4 2 !
P4+ ~4 + Py
r* §
= ) 3.14
v P4 ’Vé‘ PQHL’ a P4 ( )

So, in-medium gluon propagator with Gribov term can be written as

§P,P, P%4,, P?B,,
Ap = T pigAd . T pi A2 2
P P4+~ + P2IDy - P+ + P20
PP,
5;4 + DrAu, + DBy, (3.15)

One can recover the usual Euclidean Matsubara gluon propagator (without Gribov term)

by putting v = 0, such that

AT ZSPMPV_’_ Aw + B,
pv

. .16
pt P2+1lp  P?2+10, (5-16)

From the pole of the propagator dispersion relation of gluons can be obtained. In the next

section we would find IT;, and I from one loop gluon self-energy.

3.3 One-loop gluon self-energy

In this section, we discuss the one-loop gluon self-energy in Quark-Gluon Plasma in
the Gribov quantization scheme at finite temperatures. We can obtain Debye screening

mass from the static limit of the polarization tensor. There are four contributions to the
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gluon self-energy: the tadpole diagram (I1'®), gluon loop (II®?)), quark loop (I1‘?), and
ghost loop (I1®)) as shown in fig. 3.1. We note that the quark loop is unaffected by the
Gribov parameter.

First, we write down the expression of gluon self-energy from the tadpole diagram

K
- K
P Z
P
(@) P-K (b)

K

P 27N P {
/ \
—_— \ —
\
/
\
N
~ - Tox

P-K (d)

()

Figure 3.1: Feynman diagrams for gluon self-energy.

d*'K

a _ 2 _ 2
1@ (P) = 3Cag 5W/(27)4A(K) = 3Cag*0,J1, (3.17)
with A(K) = Kfr:é . Hfﬁ,) is independent of external momentum (P) and C'y = 3. The

expression of J; are derived in appendix B. The gluon loop contribution in the Landau

gauge reads as
1 1
¢ = —69°Cal,, — §g20A5WJ1 + §g2C’A(5WJ2, (3.18)
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The total contribution from the tadpole and gluon loop can be obtained by adding Eq. (3.17)
and Eq. (3.18) as

7 13
Hgg—b<p07 p) _ ngA( — 5(]1 -+ ?JQQ?(), p) + 6J3(p0, p)), (3.19)

where the detailed expressions of J’s and /,,,,, are evaluated in appendix B.

The contribution of the ghost loop to the gluon self-energy can be computed as

'K
npy = ¢ 2/—KKZ,DCKDCP—K
;w( ) A9 (271')4 2] ( ) ( )
128~272\ ?
= Cag® (NLQGQ) 150 (po, P) (3.20)

The form of [§, can be found in appendix B.

Quarks are not affected by the Gribov condition as the path integral over the gauge
fields are constrained within the Gribov region. So, the quark-loop contribution to gluon
self-energy is the same as of the usual HTL case. In our present case, we only need the

temporal component of self-energy. So for Ny number of flavors, we have

*T°N +
155 (o, p) = 5~ (1 —glo L]j — D , (3.21)

and in the static limit

2T2
19 (py — 0,p) = 2 : (1 - p—“z‘w) . (3.22)

Finally, we need to add up all the contributions to get the total self-energy, i.e., Hfﬁfbﬂw) (P).

In a thermal medium, the Debye screening mass (mp) is an important quantity as this

determines how the heavy quarkonium potential gets screened with inter-quark distance.
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Debye mass mp is defined by taking the static limit of ‘00’ component of the gluon self-
energy as m2, = I1%(py = 0,p — 0). Within the one-loop order, the Debye screening

mass squared can be computed in thermal medium as [42]

Ny

(mp) = (Ne+ )

g2T2

3 (3.23)

The gluon and ghost loop of the gluon self-energy gets modified in the presence of the
Gribov medium. By taking the static limit of H(()%+b+c+d)(P), we get the Debye mass in
thermal Gribov plasma. We have compared the Debye masses for perturbative and Gribov

cases in fig. 3.2.
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Figure 3.2: Debye mass scaled with temperature is plotted with temperature.

3.4 Heavy quark-antiquark potential

The physics of quarkonium state at zero temperature can be explained in terms of non-
relativistic potential models, where the masses of heavy quark (mg) are much higher than

QCD scale (Agcp), and velocity of the quarks in the bound state is small, v < 1[171, 210].
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Therefore, to realise the binding effects in quarkonia, one generally uses the non-relativistic
potential models [211]. In the following subsections, we investigate the effect of the Gribov

parameter at finite temperature in the heavy quark-antiquark potential.

3.4.1 Real part of potential
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Figure 3.3: Variation of real part of quarkonium potential with distance for fixed tempera-
ture 7' = 0.2 GeV.

The real part of the HQ potential gives rise to the Debye screening, and in the non-

relativistic limit, it can be determined from the Fourier transform of static gluon Matsubara

propagator as

d? ,
V(r)=g°Cp / —i Ago(po = 0,p) e®™. (3.24)
(27)
For the free case we can write, A (po = 0,p) = —p?/(p* + 7&) and after the Fourier

transform leads to the expression

Vo(r) = —ij exp [_’YGT/\/i} cos (’VGT/\/§> : (3.25)
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To investigate the static potential at finite temperature, we can consider a medium effect to
this potential due to thermal bath. In a thermal medium, the effective gluon propagator is

given by,

p2

s+ pPTL(po = 0,p)

A00(100 = 07p> = (3.26)

In this case, the heavy quarkonium potential in coordinate space can be written as

d3p ] p2
Vv - _ 2C ip-r
(r) g F/ (2m)3 ¢ pt+ 4+ pPm3

_ ¢Cp / 47p3 dp sin(pr)
@m)* ) pt+ag+pPmh v
ngF 1
S mp — 49

+ <m§) +y/md, — 4%) e V3 m%wm%—%} , (3.27)

where mp is the Debye mass. The last line simplification is done by contour integral

X

where mp > v/27¢. When the Gribov parameter v = 0, from Eq. (3.27) we get back the
isotropic potential
dp 1 g*C

— P = L L exp[-r/mE], (3.28
(2m)3 ¢ p? + (mh)? Anr exp[ T/mD}’ (3.28)

V(T, G = 0) = _QQCF/

where m% is the Debye mass for HTL case without Gribov. For the r — 0 limit, the

denominator will be dominated by p? as p — oo and we recover vacuum Coulomb potential

dBp .1 ¢°Cp

pr

(2m)3 ‘ p2  dmr

V(r—0)=—¢*Cr / (3.29)
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The real part of the potential is shown in fig. 3.3. We compare the Gribov-modified
potential with the usual HTL case. The blue line shows the Gribov result using Gribov
parameter of Eq. (3.3) and green line shows the quarkonium potential obtained from the
usual HTL calculation. In the presence of the Gribov parameter, the potential value is
less negative than the HTL case at fixed r, indicating more screening. This happens be-

cause the Debye mass of Gribov plasma is higher than the perturbative medium at a fixed

temperature.

3.4.2 Imaginary part of potential
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Figure 3.4: The imaginary part of the quarkonium potential as a function of distance for
temperature 7' = 0.2 GeV.

The heavy quarkonium is dissociated at finite temperature by color screening and Lan-
dau damping. The Landau damping part is related to the imaginary part of the gluon self-
energy as initially suggested in Ref. [177]. The imaginary part of the in-medium heavy
quark-antiquark potential related to the gluon propagator is written as,

3
ImV(r) = /(;iTp;g(eip-r —-1) Ll()ir_}nolm AOO(P)} ) (3.30)
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Here one should note that, the Matsubara propagator can be expressed in terms of spectral

function as,

o0 d / 5 / , F)i,ul/
A (po, p) = / b it P (3.31)
—oo 4T Po — Po
From which one can express the spectral function as,
Im A"(P) = p; P!, (3.32)
where for Gribov-Zwanziger scheme,
ImII;
p; = P* - (3.33)

(P*+ 7% + P2Rell;)? + PH(Im L)%

Hence, the imaginary part of the effective gauge boson propagator can be written as,

Pt ImTI,
m2 phv (3.34)

Im A™(P) = -
m ()(m+%+Wmmﬂuwmm2“

for: =T, L. From Eq. (4.10), Pﬁy are the projection operators.

The spectral representation of a quark propagator in GZ scheme within HTL resumma-
tion was discussed in [196, 197]. It was shown in [197] that if the Gribov gluon propagator
is used to study quark collective behavior, a new space-like mode appears in addition to the
two existing HTL modes and sprectral representation is well defined with this new disper-
sion mode. We believe one can show similar spectral representation for gluon propagator
as well.

The imaginary parts are coming from the Landau damping. The contributions appear-
ing from the self-energy diagrams are finally calculated numerically. In the following

subsection, calculations of decay width related to the imaginary part of the potential are
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presented. The variation of the imaginary part of the potential with separation distance r is
shown in fig. 3.4. The Gribov part is shown with a blue line, whereas the green line denotes
the perturbative part. It can be found from the graph that the magnitude of the imaginary
part of potential in Gribov is more significant than in the perturbative case at fixed tempera-
ture 7'. This behavior indicates more contribution to the Landau damping-induced thermal

width in Gribov plasma obtained from the imaginary part of the potential.

3.4.3 Decay Width

In the previous subsection, we obtained the imaginary part of the HQ potential by cal-
culating the imaginary part of gluon self-energy. The imaginary part arises due to the
interaction occurs between the heavy quarks and particles of momenta ~ 7', with the ex-
change of soft space-like gluons, namely, Landau damping. The physics of the finite width
emerges from this Landau damping. The imaginary part of the HQ potential plays a crucial
role in the dissociation of the HQ-bound state. The formula which gives a good approxi-

mation of the decay width (I') of QQ) states is written as [212],
IN(T) = — / ()P ImV (v, T) d’r. (3.35)

Here we have used the Coulombic wave function for the ground state of hydrogen like atom

_ L
1/7Tb8

quarkonium system and m,, is the mass of the heavy quark and antiquark. We determine

e~/ where by = m;as is the Bohr radius of the heavy

which is given by (r) =

the decay width by substituting the imaginary part of the potential for a given temperature.
We evaluate the decay width of the following quarkonia states, .J/1 (the ground state of
charmonium, ¢¢ ) and Y (bottomonium, bb).

Fig. 3.5 displays the variation of decay width with temperature 7". In this calculation,
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we have taken the masses of charmonium (m,.) and bottomonium (m;) as m, = 1.275
GeV and my;, = 4.66 GeV, respectively. The decay width for the charm (left panel) and the
bottom (right panel) are shown. As the magnitude of the imaginary part of the potential
in Gribov is larger than usual HTL case, we are getting larger decay width for the case of
Gribov plasma. For both the bottom and charm, the decay width is increased in the case of
Gribov plasma. The thermal width for Y is lesser than the .J/ ¥, as the bottomonium states

are smaller in size with larger masses than the charmonium states.
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Figure 3.5: The temperature variation of decay for a charmonium (left) and bottomonium
(right).

3.5 Effect of Auxilliary fields

In this section, we extend the discussion of heavy quarkonium potential in presence of
a localized action and it’s medium effect on the potential to check whether the localized
action can contribute a linear term in the quarkonium potential. The restriction of the
integration domain in the functional integral is realized by adding a non-local horizon term
to the Faddeev-Popov action [213, 214]. The localization of the horizon non-locality was

introduced in Refs. [62, 213, 215] by introducing Zwanziger ghost fields, { Zb, gEZb} a pair
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of commuting fields and {w,‘jb, @/‘jb}, a pair of anti-commuting fields. The Lagrangian is

1
I = L _ aauDabe+ Xabal/( % )ab+ Xabau( Vfu)ab_§€zbau(DVXu)ab

+ _gzbal/(Dyé-,u)ab o @Zbal/(Dywu)ab . _gfabcaua}ze(Dyc)bXec,u . i,yéfabcAa,u,é;Zc

V2

1
o abc QU —ae D ecn _ _— AN 4
\/_ f 8 ( C) g 292 7 )

where ¢7" = \/Li( X4 +i€%"). The authors of Ref. [208] have calculated the static potential
and discussed the nature of the potential with separation distance. The ghost fields are
treated as internal lines in Feynman diagrams. Tree level and one-loop corrections are
considered to calculate the static potential. In this work, we have investigated the potential

behavior in the presence of a thermal bath. The one loop potential in the Landau gauge is

given by (see Ref. [208])

o= o)
(33w () im() )
9

+
2w C322, 79 P Cavd\ 1315\
A G Zlog | 5= ) + =log ) Ci
C

—_

P2 12 8
1/40 8 P? Ve % \]9 "
+5(5 50 () ) 9] G o) | o) - eso

At non-zero temperature, we use an ansatz that the thermal-medium effect enters through

the dielectric permittivity e(p) such as [216,217] V(p) = V (p)/e(k).

The dielectric permittivity, related to the static limit of II(py = 0,p) = m3, is given
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by €(p) = (1 +m%/p?). So, the in-medium quarkonium potential in real space becomes

I’p V(p)
4 — ipr .2
0= [ G
. OF92 2 1 2 1 szT
= — A |:47T + %(31014 - 2ONfo)g ; + 9
. g2asCF

72r

(11014 - 4Nfo) [6[2’7E + 210g(AT)]

+ 3r®m}[—3 + 275 + 2log(Ar) + 2r®mi, log (%> ]

2
oSy [QQm%(—?)C’i/QCF +7rmp) — 87TCACF7W7%}

12m3
CaCrgasyir? 2 2 Cavg
19201315C% +81C% 1
T 128my ATelCalos | T
. OACFg2as'Yé

288m3,r

[(64 — 79C%)r°m}, + 384 sinh(mpr)] log (m}/A%),  (3.37)

where v = 0.57721566... is the Euler—Mascheroni constant. Equation (3.37) is the
medium-modified potential of Gribov plasma with auxiliary fields. It is apparent from
Eq. (3.37) that the linearly rising term (~ (+ve)r) in the potential does not emerge with
considering auxiliary fields at one loop order even after considering the medium effect.Instead
of taking the given intuitive form of the dielectric permittivity, one can systematically cal-
culate the thermal medium effect for these auxilliary fields, but the nature will remain same.

One may also consider higher loop contributions to the HQ potential for improved results.

3.6 Discussion

The quarkonium potential and decay width are modified within Gribov scenario. It is
clear from Eq. (3.27) that the confining property is still absent in the quarkonium potential.
It is evident from the fig. 3.3 that at a fixed temperature, the heavy quarkonium static po-

tential is marginally more screened than that obtained from pure HTL perturbation theory.
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In the temperature range we are interested in, the medium is non-perturbative and HTL
result may not be appropriate to use. The Gribov parameter increases the debye mass and
the potential becomes more screened as the debye radius is inversely proportional to the

debye mass.

3.7 Summary and outlook

In the present theoretical study, the real and imaginary parts of heavy quarkonium
complex potential have been computed considering both the perturbative resummation us-
ing HTLpt and non-perturbative resummation using the Gribov-modified gluon and ghost
propagators. We first obtained an effective gluon propagator in the presence of the Gribov
parameter. The longitudinal and transverse part (II;, I11) of the effective propagator is then
obtained from the one-loop gluon self-energy. The gluon self-energy gets the contribution
from quark, gluon, and ghost loops. The dependence on the Gribov parameter comes from
the gluon and ghost loops. Then we plotted the Debye mass. In our work, an asymptoti-
cally high-temperature form of the Gribov parameter () has been considered. The real
part of the potential is obtained from the Fourier transform of the static gluon propagator.
The QQ is more screened in the presence of the Gribov parameter. The imaginary part of
the potential and the decay width are evaluated in Gribov plasma. The magnitude of the
imaginary part of the potential increases with distance. Accordingly, the width increases
with temperature. We have also discussed the medium effect on the HQ potential in the
presence of auxiliary fields at one loop order. As also discussed in Ref. [208], the linearly
increasing potential in coordinate space is missing even with the additional auxiliary fields.
The confining term in the quarkonium potential with Gribov action may appear beyond the

leading order in the QCD weak-coupling expansion.
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eeesesssssmmmmmn $ CHAPTER 4 S

ENERGY LOSS OF A FAST MOVING
PARTON IN GRIBOV-ZWANZIGER

PLASMA

In this chapter heavy quark energy loss in a thermal medium within the Gribov-Zwanziger
prescription discussed in Chapter 4. This chapter is based on the work presented in the
following paper: Energy loss of a fast moving parton in Gribov-Zwanziger plasma

Manas Debnath, Ritesh Ghosh, Mohammad Yousuf Jamal, Manu Kurian, Jai Prakash

Phys.Rev.D 109 (2024) 1,L011503, [arXiv:2311.16005].

4.1 Introduction

In chapter 1, we discussed that the properties of the QGP can be probed through several
direct and indirect observables. Among them, the energy loss of high-momentum partons

that originate from the initial hard scatterings of the nuclei serve as hard probes and play
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an efficient role in unraveling the properties of the QGP. They traverse through the QGP
while interacting with the medium constituents and leave behind imprints of the QGP on
its experimental observables [218-223].

Efforts have been made to study the complex dynamics of pre-equilibrium, unstable,
expanding, magnetized, and chiral media by investigating the energy loss of partons within
their respective environments [224-235]. The moving parton undergoes interactions with
both hard components, arising from elastic collisions with the medium constituents carry-
ing momenta on the order of 7' (the temperature scale), and soft modes, which encompass
the gauge fields within the medium carrying momenta around g7, where g represents the
coupling constant. The impact of the soft modes has received comparatively less atten-
tion in the literature, which may be due to the fact that the energy loss caused by the hard
components is typically more significant. Nevertheless, it is essential to consider that the
soft modes, represented by the gauge fields in the medium, play a non-negligible role in
the interaction dynamics with the test parton. This is due to the high occupation number of
these soft modes within the plasma [236], which leads to a non-trivial interaction frequency
between the parton and the classical fields.

A semi-classical approach is employed to analyze the soft contribution of energy loss
experienced by an energetic parton that takes into account its interaction with the chro-
modynamic fields by quantifying the polarization effects of the QCD medium due to the
passage of the parton. It is important to highlight that there exists a substantial disparity
between the resummed perturbative results and the lattice-based estimations. For instance,
a notable discrepancy has been observed in the estimation of the charm quark diffusion
coefficient when comparing results from pQCD analysis with the lattice data [237]. In a
very recent study [124], the authors have shown a remarkable improvement over the pQCD

estimate of diffusion coefficient with the implementation of the Gribov-Zwanziger(GZ)
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prescription [61, 62] in the analysis. Chapter 3 discusses about the Gribov-Zwanziger(GZ)
prescription in detail. Recent progress on the Gribov-Zwanziger approach and its ap-
plication in various processes in QCD can be found in Refs. [64, 123, 196-199, 201—
206, 209, 238].

In this chapter, utilizing the Gribov-Zwanziger prescription for the first time in the
analysis of the passage of a fast moving parton, we show that the energy loss is highly
influenced by the non-perturbative effects and has an important role in the phenomenolog-
ical implication within the context of heavy-ion collision. However, one should note that,
in general, the medium induced radiation has significant contribution in energy loss phe-
nomena, which has not been addressed in the current thesis. First, We construct the gluon
self-energy for the Gribov plasma and determine the effective gluon propagator to quantify
the induced current generated by the moving parton in the medium. Further, we formulated
the energy loss of parton with the Gribov-Zwanziger approach and studied the momentum

evolution and nuclear suppression factor of the test parton in Gribov plasma.

4.2 Energy loss in Gribov plasma

As a high-energy test parton moves through the plasma, it is subject to energy loss
stemming from interactions with the color fields. To comprehensively describe the dynam-
ics of a test parton in the presence of these chromodynamic fields, the Wong equations

offer a valuable and Lorentz covariant framework as follows [239],

dX;r(T) = Vi), 4.1)
dQ;T(T) — g (r) P (X (1)V, (), (4.2)
déi;f) = —gf*V, (1) AL (X (1))d.(T), 4.3)
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in which 7, X#(1), Q"(7), and V*(7) correspond to the proper time, position, momentum
and velocity of the test parton, respectively with a color charge ¢,. Here, F'*¥ denotes
the chromodynamic field tensor, A* represents the gauge potential, % is the structure
constant of the SU(N,) group, and a serves as the color index, where a = 1,2,..., N2 —1.
These equations provide a formalism for understanding how the test parton behaves within
the intricate interplay of forces and fields, shedding light on the energy loss phenomenon
in this context. This energy loss is quantified by examining the work done by retarding
forces acting on the parton within the medium. These forces arise from the induction
of a chromo-electric field due to the parton’s motion. By adopting the well-established
formalism described in Refs. [225, 233], Wong equations, along with the linearized Yang-

Mills equation, provide the parton energy loss in the Gribov plasma as,

dE. 1 o, .. [ &p .
Wi L P A 44
dw e /(zﬂ)gw ; (4.4)

with Cr as the Casimir invariant of SU(N,), w = p - v where v = - and AV is the IR
improved gluon propagator with the Gribov-Zwanziger approach. The properties of Gribov
plasma are captured in A¥ and can be represented by employing the Dyson-Schwinger

equation as,
1 0 \—1
A, = (AW) — 1. 4.5)
The gluon propagator with Gribov term can be described as [197],

(4.6)

P,P, P?
28,P) = (- 1= 9T ) .
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where P* = (py = w, p),  denotes the gauge parameter and 6,,, = diag(1,1, 1, 1). Here,
v represents the Gribov parameter. Its temperature dependence can be extracted within
the framework of finite-temperature Yang-Mills theory by solving the gap equation. The
presence of the parameter v in the denominator has the effect of shifting the pole of the
gluon to an unphysical position, specifically P? = +iv2%. These unphysical excitations,
which emerge when incorporating the Gribov parameter, signify the effective confinement
of gluons [201-203]. The gluon self-energy is characterized by two independent symmetric

tensors, which can be expressed in terms of form factors I1; and II; as,

" =1 A" + 11, B*". 4.7)

Here, B" = ““ where u* = G"u, with G* = §" — 2= and A" = G — B,

Employing Eq. (4.6) and Eq. (4.7) in Eq. (4.5), the inverse effective gluon propagator can

be expressed as,

Aﬁz—?%&%+(;;mjfﬁ—HOAw+(éjmjfm—HOBw

(4.8)

The general structure of the gluon propagator can be decomposed in the tensor basis as,
A, =aP,P,+ BA,, + 7B, 4.9)
where the coefficients «, 3,y can be determined from the relation §;, = A*” (AW)_I. We

obtain the gluon propagator in Gribov plasma as,

_ &P.P, P24, P?B,,

, = . 4.10
W TP AL T Pk — P | P4 — PO (10
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Figure 4.1: Gribov-modified energy loss of massless and massive parton and its comparison
with that from the pQCD calculations.

The modified dispersion relation of gluons with the Gribov term can be extracted from the
pole of the propagator. It is important to emphasize that in the case 75 = 0, Eq. (4.10)
reduce back to the form of thermal gluon propagator. The form factors I, and Il can be

obtained from one loop gluon self-energy as,

w? — p?
I (w,p) = — 7 Moo (w, p), (4.11)

mmmzﬁmww—m@@y 4.12)

One needs to estimate the quark, gluon, and ghost loops contributions to the gluon self-
energy. It is important to emphasize that the gluon and ghost loops will be affected by the
Gribov-Zwanziger approach. The Gribov constraint does not affect the quark sector, as it
only affects the gauge sector of the QCD. We focus on the estimation of 11, and 11y, from
each sector to obtain Gribov parameter dependence of 111 and II;.

The contribution of the tadpole diagram and gluon loop to the gluon self-energy can be
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P-K

(a) Tadpole diagram (b) Gluon loop
described as,

13 13
14 (po, p) = —792@4% + 39°CaJu(po, P) + 392014]2(]907 p) + 69°CaJs(po, P),
4.13)
1 )—§20(5 —1N*+1205 Jo(po, p) — 64°Ca( Jy — Jo(po, P)
i Po,P) = 29 A\Y%up 1 29 AQupuJ2\Po, P g LalJi 2{Po,P) |-

(4.14)

It is important to note that the T (P) is independent of external momentum. A detailed
derivation of Eq. (4.13) and Eq. (4.14) along with the functional forms of J;(i = 1, ..,4) is

discussed in Section A of the supplementary material.

—

P-K

(c) Ghost loop

In the Landau gauge, the ghost propagator in the infrared limit reads as [201],

1287292 1
1)1}(2)_.-—55523}32. (4.15)

Employing the form of the ghost propagator, we can define the ghost loop contribution to
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HMM and HOO as,

. 1287292\ % . . 1287292\ % .
Huu:( 392 Lo Mo = 392 Ioo, (4.16)

where the functional form of I}, and If, take the forms as follows,

1 7¢(3) [1 v Po Po+D
) — - _ e (L TF 4.1

e 472 82T [4+{p3—p2 2 S \po—p ’ @17
1 7¢(3) 1 v

16 = —
00 812 8m2T2  (2m)2 (p? — p2)?
2 7¢3) [ g Po po+p
— ——1 . 4.18
(27)2 821> {pg —-p2  2p o8 Po— P ( )

The derivation of Eq. (4.17) and Eq. (4.18) is presented in Section B of the supplementary

Bl

——

P-K

material.

(d) Quark loop

Quark loop contribution to the gluon self-energy HZV remains the same as it is in the

usual perturbative case. Similar to the thermal case, we have

272 ds) W oA A
¢ - I N /— 5,000 + — KK,
uu(p(bp) 6 f An ( #0900 + P K m )

with Ny as the number of flavors. Hence, we can define

2T2
22 22
d _gT @ 9T
HMH(P) =75 Nf/ i (1) = 5 Ny, (4.20)
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with Ry(po,p) = In| ot | — 26(p® — pp). Gribov parameter-dependent form factors can
be obtained by summing up all the contributions from different sectors, and this can be
used in the analysis of energy loss formalism as described in Eq. (4.4). For the quantitative

estimation of the energy loss of parton in the Gribov plasma, we consider the temperature

dependence of the - that can be described from the gap equation as [124],

d—1 N,

4T e e 421
Ya p 4\/§7T9 4.21)

Details of the temperature behavior of v are discussed in the supplementary material

(Section C).

4.3 Results and discussions

We start with the discussion of momentum dependence of Gribov-modified parton en-
ergy loss in the QGP medium. We performed the numerical integration of the integral de-
scribed in Eq. (4.4) by employing the effective gluon propagator for the Gribov-Zwanziger
plasma. The gluon and ghost loops contribution to the gluon self-energy is modified with
the Gribov-Zwanziger framework and is reflected in the energy loss of the test parton in the
medium. In Fig. 4.1, energy loss experienced by the moving massless and massive parton
in the medium is plotted as a function of its momentum at a finite temperature. For the mas-
sive case, we chose M=1.25 GeV. The estimations from the Gribov-Zwanziger approach
are compared with those from the perturbative calculations in the thermal medium. It is
seen that non-perturbative effects incorporated through the Gribov-Zwanziger framework
significantly enhance the leading order pQCD estimation of the energy loss pattern of the
moving parton. The analysis holds true for both massless and massive cases. This obser-

vation is consistent with the result of the heavy quark diffusion coefficient 27 DT based on
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Figure 4.2: Momentum evolution of the massless parton in Gribov plasma with different
choices of initial momentum.

the transport theory framework in the Gribov and quasiparticle approaches [124, 240] as
2n DT —dE;/dz' Notably, the pQCD estimation of energy loss of massless and massive
parton converges at a higher momentum regime. However, in Gribov plasma, where the
analysis incorporates a temperature-dependent Gribov mass parameter along with the par-
ton mass, we observe that the mass of the parton exerts a more substantial impact on the
energy loss even at higher momentum scales.

The impact of the Gribov parameter on the momentum evolution of the massless parton
is depicted in Fig.4.2. The proper time evolution of the parton momentum is obtained by
solving Langevin equations. Langevin equation [241-243] requires the knowledge of the
stochastic force and dissipative force experienced by the energetic parton in the medium.
The latter is estimated from the Gribov-modified energy loss, and the random kicks are
described by a Gaussian noise with the width related to the momentum diffusion coeffi-
cient. We use the fluctuation-dissipation theorem to determine the momentum diffusion
in the analysis [244, 245]. We observe that the parton loses a higher fraction of its ini-
tial momentum while propagating through the Gribov medium due to the soft interactions

in comparison with that in a thermal pQCD medium. Notably, the proper time evolution
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of the momentum is sensitive to the value of the initial momentum of the parton and the
temperature of the medium.

We have considered the static thermal medium by fixing a constant temperature profile.
This choice is justified as the focus of the current study is to analyze the non-perturbative
effect of the QCD medium by comparing estimations from the Gribov-Zwanziger frame-
work and pQCD results. Importantly, we find that the non-equilibrium corrections to parton
energy loss arising due to the medium evolution are negligible when compared to the im-

pact of non-perturbative effects. The gluon self-energy of anisotropic non-equilibrium can

i~j .. . . s
¥, 79 = pal + pla

be decomposed as 1TV = a A" + BBY + Y + 67" where YV = &
with a’ = A"a; (a is the direction of anisotropy). The structure functions «, /3, v, d for the
anisotropic QCD medium are discussed in detail in Refs. [246, 247]. Employing the form

of IT¥, parton energy loss in an evolving anisotropic medium can be defined as,

dee. 1, i g d*p ij ij
o= z|v|g Cpo'v /(27T)3w Aj(w)(AY = YY)

+ Ay (w) ((w2 —|p|* = a—7)BY + (w? — )YV + 522‘]‘)] : (4.22)

with A; = w? — |p|?* —aand Ay = (w? — B)(w? — |p|*> — a — ) — |p|?0% a®>. We have
verified that these non-equilibrium corrections to the energy loss due to the anisotropy of
the evolving medium are marginal in comparison with the non-perturbative effect of the
QCD medium. This conclusion aligns with the findings of the recent study [248], where
it was shown that non-equilibrium corrections play a negligible role in the momentum
evolution of charm quarks within a 1 + 3-dimensional evolving QGP medium.

To quantify the phenomenological implication of the Gribov-modified energy loss of

parton in the context of heavy-ion collision experiments, we study the nuclear suppression
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Figure 4.3: R 44 in the static Gribov-Zwanziger plasma as a function of transverse momen-
tum.

factor R44(qr) in a static medium that can be described as [241],

fo (QT)
fTo (qT) 7

Raa(qr) = (4.23)

where f;(qr) and f;,(gr) represent the initial and final momentum distribution of the
parton in the medium at the time evolution period. Here, we consider the case of charm
quark with M=1.25 GeV and 74=5 fm/c. The initial momentum spectra and f;,, have
been taken from fixed order + next-to-leading log (FONLL) calculations, as described in
Refs. [249, 250]. Final spectra and f;, are obtained by solving the stochastic Langevin
dynamics with the Gribov-modified transport coefficients in the medium as an essential
input parameter to the simulation. We observe a stronger suppression (smaller R 44) upon
the inclusion of non-perturbative effects as depicted in Fig. 4.3, and the impact is more
pronounced in the higher momentum regimes. This finding is a consequence of the fact
that Gribov plasma imposes a greater hindrance for the energetic parton as it traverses

through the medium.
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4.4 Summary and Outlook

In this work, we studied the energy loss of a test parton, considering the non-perturbative
resummation using the Gribov-Zwanziger prescription for the first time. We utilized Wong’s
equations along with linearized Yang-Mills equations to quantify the back-reaction exerted
on the parton. This analysis involves examining the polarization effects of the medium,
thereby determining the parton’s energy loss as it traverses through the medium. As a first
step, we estimated the gluon, quark, and ghost loop contributions to the Gribov-modified
gluon self-energy. Notably, gluon and ghost loops are modified with the inclusion of the
Gribov parameter, and their effects are reflected in the energy loss pattern of the energetic
parton in the medium. We conducted a systematic analysis of the momentum evolution
of the massless fast-moving parton by solving the Langevin dynamics. We observe that
the Gribov-modified estimation of the energy loss pattern and momentum evolution sig-
nificantly improves the leading order pQCD results. Moreover, the incorporation of non-
perturbative effects is essential for ensuring consistency in the theoretical description of
parton energy loss within a realistic QGP medium. Further, we explored the nuclear sup-
pression factor for the charm quark to analyze the phenomenological implication of the
present study. It is seen that R4, is highly sensitive to the non-perturbative effects, ev-
idenced by a stronger suppression in the Gribov plasma in comparison with that of the
leading order pQCD estimation.

Looking ahead, it will be interesting to extend the energy loss formalism to an evolving
medium within the Gribov approach which requires the knowledge of the medium evolu-
tion of the Gribov plasma. The thermodynamics and temperature dependence of transport
coefficients of the Gribov plasma have recently studied in Ref. [126]. The challenging task

ahead lies in obtaining second-order viscous hydrodynamics within the Gribov-Zwanziger
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framework, which is essential for describing the medium evolution and exploring energy

loss phenomena in an expanding medium.
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CHAPTER 5 S

COMPLEX HEAVY QUARKONIUM
POTENTIAL IN AN ANISOTROPIC

COLLISIONAL QUARK-GLUON PLASMA

In this chapter heavy quark cornell potential in a anisotropic thermal medium with collision
present in the system. This chapter is based on the work presented in the following pa-
per: Complex Heavy Quarkonium Potential in an Anisotropic Collisional Quark-Gluon
Plasma

Manas Debnath, Lata Thakur, Najmul Haque [arXiv:2504.02802].

5.1 Introduction

Heavy quarkonium suppression is a well-established probe of QGP formation [28]. In
a vacuum, quarkonium states are well characterized by non-relativistic potential models,

which exhibit a Coulomb-like behavior at short distances and a linear confining potential
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at larger distances [171, 211, 251-254]. In a thermal medium, color screening modifies
this potential and can dissociate bound states once the temperature exceeds the crossover
scale. Because different states possess different binding energies, their dissociation occurs
sequentially [255], a pattern observed experimentally at RHIC and the LHC [256, 257].

While earlier studies of heavy quarkonium in QGP assume an isotropic medium [216],
the early stages of heavy-ion collisions introduce momentum-space anisotropies caused by
the rapid expansion of the plasma [246, 258, 259]. Non-central collisions, in particular,
generate an anisotropic momentum distribution, leading to differential pressures in longi-
tudinal and transverse directions, resulting in a momentum space anisotropy, and it causes
a kinetic instability [260]. The instability has a significant effect on the system’s evolution,
leading to faster isotropization [260, 261]. This anisotropy influences collective gluon
modes [246, 262, 263], which in turn modify the heavy-quark potential [262, 264-270]. In
addition to the momentum anisotropy, the collisions among plasma constituents are usu-
ally ignored at high temperatures as the hard collision (large momentum exchange) time
scale is much longer than the time scale for the soft momentum exchange [271]. When the
temperature of the system decreases, it becomes necessary to consider both hard and soft
collisions.

The gluon collective modes in an isotropic thermal QGP with collisional effects have
been studied using a Bhatnagar-Gross-Krook (BGK) collisional kernel [272], and this for-
malism has been extended to anisotropic plasmas [273] in which the authors have con-
sidered only those modes which are propagating parallel to the anisotropy vector. In
Ref. [273], the authors found a single unstable mode and a few other stable modes. Later,
in Ref. [274], the authors considered the modes that can propagate in all possible directions
with respect to the (small) anisotropy vector, where they considered the interacting medium

in terms of the effective quasiparticle model. Recently, in Ref. [271], the authors extended
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the existing results for the collective modes by incorporating the full angular dependence
of gluon propagation while considering general anisotropy strength.

Previous studies have explored quarkonium properties in an anisotropic QGP under col-
lisionless scenarios [262, 264, 267, 275-277], while Ref. [271] examined collective modes
with collisions. In a momentum-anisotropic QGP, we extend these efforts by systemat-
ically deriving the complex heavy-quark potential with finite collisional effects. Using
the collective modes of Ref. [271], for the first time, we compute the real and imaginary
components of the potential, incorporating both general anisotropy and the BGK colli-
sion kernel. However, one has to be careful in evaluating the imaginary part of the heavy
quarkonium potential in a general anisotropic case in collisional plasma. For collisionless
plasma with small anisotropy (§), one can expand the imaginary part of the potential at
small &, and it can be calculated at first order of £ (see [275]). But for general anisotropy
strength in collisionless plasma, this is not possible due to the presence of the Pinch sin-
gularity, known as Weibel instability as discussed in [276]. However, we show the region,
for finite collisional effects, where the imaginary potential is free from such singularities.
Our studies reveal how these effects influence quarkonium thermal widths and dissociation
rates in a nonequilibrium QGP, providing valuable insights into quarkonium suppression in
relativistic heavy-ion collisions.

In addition to the quarkonium potential in an anisotropy system, the quarkonium prop-
erties are also studied in various non-trivial situations relevant to HIC. As a strong magnetic
field appears in non-central HIC, the heavy quarkonium properties are studied in the pres-
ence of an external magnetic field [278, 279]. Additionally, the quarkonium properties are
also studied when there is relative motion between the medium and quarkonium [212, 280],
in a bulk viscous medium [217, 281, 282] and with the Gribov—Zwanziger action [64].

This chapter is structured as follows: Section 5.2 discusses the gluon propagator in a
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collisional anisotropic QGP medium. In Section 5.3, we discuss the dielectric permittivity
of the collisional anisotropic QGP medium. In section 5.4, we present the derivation of
the complex heavy-quark potential and examine the impact of collisions and momentum-
anisotropy on the real and imaginary components of the complex static potential. In Sec-
tion 5.5, we study the thermal width of the ground state of charmonium. Finally, we sum-

marize our results and discuss their implications in Section 5.6.

5.2 Gluon propagator in a collisional anisotropic medium

In this section, we discuss the gluon self-energy and propagator in the presence of
a collisional anisotropic QGP medium, which affect the permittivity of the medium and
eventually use that to determine the in-medium heavy quark-antiquark potential.

The momentum-space anisotropic correction is introduced by deforming the distri-
bution functions of constituent particles [246]. The deformed distribution function is

parametrized in the following spheroidal form

f(k f< \/k2 +£k2) f( k? 4+ ¢(k - n)) (5.1)

where f(k) is derived from f;s,(k) by filtering out particles with a large momentum com-
ponent along the anisotropic direction, n [246]. Here, kr is transverse and k&, is longitu-
dinal components of momentum to a given anisotropy axis n with k = |k| = m
Here, in Eq. (5.1), the parameter £ quantitatively measures the strength of momentum-
space anisotropy. The quantity A serves as a typical characteristic momentum scale of
plasma particles. Here, it is relevant as the temperature is only in thermal equilibrium.
Considering a spheroidal distortion, only one anisotropy axis is being considered. As a re-

sult, the modes of the gluon polarization tensor depend on the propagation angle relative to
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n. We first calculate the gluon self-energy and propagators in a collisional anisotropic QGP
medium. Subsequently, we determine the inverse dielectric permittivity of the anisotropic
medium with collision, which will be used to compute the real and imaginary parts of the

quarkonium static potential.

5.2.1 Gluon self-energy and resummed propagator

In the collisionless case, the gluon self-energy is typically obtained by the hard ther-
mal loop (HTL) resummation technique from the Feynman diagrams. However, for the
collisional QGP, the gluon self-energy is usually obtained using the Kinetic theory [271—
273]. In the kinetic theory prescription, the phase-space distribution of partons (viz. glu-
ons, quarks, and antiquarks) in the QCD plasma is characterized using gauge-covariant
Wigner functions, W*(k, X) with i € {g,q,q} and k and X denote the three momen-
tum and four position respectively. These particles are considered massless and follow the
mass-shell constraint. To obtain the linearized transport equation, we expand W*(k, X) =
Wi(k)+6Wi(k, X). After applying a gauge-covariant gradient expansion, the generalized

Boltzmann equation governing quarks and gluons takes the form
V- Ox0fy(k, X) + g0: V. F O f1(k) = Cy(k, X), (5.2)

where V' = (1,v) withv = k/kand §, = 6, = 1,0; = —1. In Eq. (5.2), the weak-
coupling limit is taken, and higher order terms of coupling g are neglected. So the field
tensor becomes F"* = 0, A, — 0,A, + O(g). In this limit, the theory becomes effectively
Abelian, and one may consider there is no coupling between different color channels. The

distribution function f*(k) and its color fluctuations § f(k, X) are related via the Wigner
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function as

1

(k) = LTI WA X)), () = < Tr[WE(K, X)),

N, N2 -1

C

and

_ _ 1
SfY(k, X) = 2Tr[t, OWYa(k, X)],  6f9(k,X) = N—Tr[Ta dWe(k, X)],

(5.3)

(5.4

where t, is the SU(IN,) group generators in the fundamental representation and 7}, is

the corresponding adjoint representations. Now, for the collisionless case, the right-hand

side of Eq. (5.2) is simply zero, that is, Cé(k, X) = 0. But when we include collision,

C!(k, X) can be given by a BGK-type collision kernel,

i i Ny(X) i
Ca(k’X) = v fa(k7X) - Ni eq(k) ’
eq

with fi(k, X) = fi(k) + 6fi(k, X), and

i) = [ e, = [ 1w,

(5.5)

(5.6)

The BGK-type collision term in Eq. (5.5) characterizes the equilibration of the system

through collisions, occurring over a timescale inversely proportional to v. In this work,

the collision parameter, v, is taken to be a free parameter, with no dependence on particle

momentum and particle species. The advantage of the BGK kernel is that the particle

number conservation is instantaneously followed; that is,

/kc;(k,X) = 0.
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In Ref. [273], it is estimated that v lies in the range v ~ 0.1mp — 0.2mp, but it is possible
that the collision rate could even be larger than this. However, in this article, we have

assumed a small v !. The induced current for each color channel is given by,

=g / VI{N, 659k, X) + N5 £2(k, X) — 6 7(k, X)]}. 5.8)

The gluon self-energy for the collisional case can be obtained following the Ref. [271, 273]

as

5" (P)
1" (P o ind,a
ab( ) 5AS(P)

W(o—p-v)— PV iy Ve
_ 2(5a /Vuak k:g (W b ’U) 25a N Gac
T Vet T | e ot
lv(» -~ / DLy v
&) gy 9@ =P -V) =PV 5

where fk = [ d®k/(2m)*. For convenience, we define the dimensionless collision rate
D =uv/p. P=(&,p) withd = w/pand p = p/p. The function W(, ») is defined as
N 1 N ~ N
d 1
W@, p)=1—2 [ W Wyt (5.10)
2 Jw—y+iw 2 wHw-—-1
In Eq. (5.9), f(k) = N;[f%(k)+ fi(k)] + N.f?(k), where the distribution function of par-
tons is anisotropic as defined in eq. (5.1). The gluon self-energy still satisfies the transver-

sality condition even after introducing the collisional term. The spatial component of gluon

!For the imaginary part of the potential calculation, we take only v = 0.3mp, 0.4mp where imaginary
part of the potential is well defined because there is a region of singularity for up to v ~ 0.24mp at around
& ~ 10. See Fig. 5.2
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self-energy can be obtained after substituting the Eq. (5.1) into Eq. (5.9) as

} dQ o'+ E(v-n)n! (6 — p-v) + asy
m9(P) = mp [ —v' v 2/
( ) D/47TU (1_|_£(vn)2)2 (2}—]3 ’U+iA +ZVmD A7
o o [T SO B
O—p-v+iv) dr(1+&v-n)?)? O—-—p-v+iv
(5.11)
where
2 o0
2 g Qdfiso<k)
=2 dk k*——~. 12
m 27r2/0 o (5.12)

The gluon self-energy given in Eq. (5.11) is asymmetric in the Lorentz indices due to the
presence of a collision term of BGK-type. This asymmetry is also seen in magnetized
plasma because of the lack of time-reversal symmetry [283]. Therefore, the symmetric
tensor basis for anisotropic systems in the collisionless limit is unsuitable for the decom-
position in Eq. (5.11). Instead, we adopt a more general tensor basis with five structure

functions to decompose the gluon self-energy.

[1Y(P) = aAY + BBY + C% + 6D + pEY, (5.13)

with the tensor basis defined as

. B o » o . Rind
Al = 51 — gl B =i o= L

)
nQ

DY =qplp/, EY =#/pt (5.14)

Here, 7' = A%n/, which is orthogonal to p'. Note that the basis functions follow the

following orthonormal conditions:

AYAY = 2 BYBY =1, CYCY =1, DYDY =0, EYEY =0, (5.15a)
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PpAY = 0, p'BY =p, p'CY =0, p'DY =0, p'EY = i/, (5.15b)

RAY = @l @tBY =0, n'CY =7/, 7'DY =2y, At EY = 0.  (5.15¢)

Using the orthonormal properties of the tensor basis, the five structure functions can be

determined from Eq. (5.13) based on the following contraction as

P = B, (5.16a)
A7) = i? (o + ), (5.16b)
AT = R0, (5.16¢)
PR = 7?p, (5.16d)

TrllY = 2a + B + 7. (5.16¢)

By utilizing gluon self-energy, the inverse of the resummed gluon propagator A¥(P) can

be computed in temporal axial gauge using the Dyson-Schwinger equation as

(ATH(P) = (0" —w*+a)A + (B —w)BY +9C7 + 0DV + pEY. (5.17)

Upon inversion, the resummed gluon propagator becomes

A9(P) = Ap[AY — CY) + Ag[(p? — w* + a+7)BY + (B — w?)C¥ — DY — pEY),

(5.18)
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with

1
Ay = —— (5.192)
w2 —p?—«
1
Ay = . 5.19b
¢ T PEowErat)(B-wh) - ©-199)

The dispersion relation can be determined by finding the poles of the propagator A% (P),

namely,

A;‘l = W —p’—a=0,

A = (P~ +at+9)(B-w’) —i?p = (W - Q)W ~ Q%) =0, (5.20)

where

202 = 0 £ /01 — df(a + 5 + p?)5 — 725, (5.21)

with Q2 = a+ 3+~ +p?. Using Eq. (5.16), we can get the following forms of the structure

functions ( [271]),

2
a(§7 dja t’ ﬁ) % |:(:)Zf0(§) - €t2f1(§) + (':)(1 - t2 - Z2>I[0] (57 (Du t7 ﬁ)
H{E(1 — 1) + 2(20 — €2) YT (¢, @, 8, D) — (@ — 242)TP(&, v, t, D)
—&tZBl(E, W, t, ﬁ)} : (5.22a)
A2, 2
BE @ t,0) = —% [fo(g) — IO @, ) — TV ot a)}, (5.22b)
2
W60 69) = S [60+ A - 020+ 2)f€) o {(1=£) = 201 +))

xIONE @, t,0) — t {ddz — 2627 + E(1 — £2) (1 + d2) } TM(¢, @, 8, D)

— {4g— 20— €(1— )@ +32)} TH(E 0,1, 0) + 251&2[31] , (5.22¢)
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2

5(6.0,t,0) = % [t21o(€) = 12270 (€, @,1, ) + 2(1 = )TV (¢, 0, 1, 9)
+eIP(¢ @ ¢, 19)] : (5.22d)
om?
0t D) = : C ot IO ot b
pEo1D) = St |t fol€) - 0206, 2,1, )
{00+ - €2} TU(E 6, 1,0) + T 6, 10) |, (5.220)

where z = & + i0. The master integral, ZI"l(¢, &, ¢, ) has the form

1 n 2
o) = [ay o [
o I+ )y 2rwo—prvtw

= / gy Y sign(Re[w] — p.y)
1 n . R
= d Y sign(Re[w] — ty) |
/—1 Y (1—}—§y2)2 \/(C:J—ty—l-iﬁ)Q— (1—t2)<1—y2)’(5 23)

where n = 0,1,2,3 and ¢ = cos #, with 0 being the angle between p and . It is assumed
that p lies in the y-z plane, while n is parallel to the z-axis. The w generally has a complex
value, and the integration variable y represents the cosine of the polar angle between k and

n. The functions fy(§) and f;(€) are defined as

_ [ 2 1 arctan /&
fo(&) = /0 Wdy “1r¢ + e (5.24a)
b2 B 1 arctan /€
S1(€) /O mdy = et e (5.24b)

Note that, in the collisionless limit, that is, when the collision parameter v = 0, W(w,0) =

1 and z = @ only. Then,

p(&,w,t,0) =0(&,w,t,0), (5.25)
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The above relation implies that in the collisionless limit, we have only four structure func-

tions, and the self-energy is symmetric, i.e., II¥ = I17%,

As the medium’s dielectric permittivity is defined in the static limit (w — 0), we can

define various mass scales corresponding to the structure functions as

m? = lim a,
w—0
2 g
mg = — lim —,
w—0 (JJ2
2 .
mZ = lim
v w—>0’7’

2 _ 1.1
m, = }Jl_% @Im[p].

After taking the static limit, the master integral Z [l (£,0,t,0), reduces to

(et ) =

with

\/s(y,t,f/) +y2—02412-1

1
_ I ST S P
/0 dy <1+£yQ)Qf (y,t,0)

Iy, t,0) =

V25o i) y", n is odd

20t t.,0 .
V20/s(y.t.0) y"*1. miseven

Vst o) +y? =2 +2—1

(5.26a)
(5.26b)
(5.26¢)
(5.264)

(5.26¢)

(5.27)

where s(y,t,7) = \/(y2 — 2412 — 1)2 + 4y20%t2. So the mass scales become [271]

mt = oM [ie) - (1 -

g L@ — w1t

D) I (¢, t,v) — 2i0tIP(¢ 1,

D) - gti[l](€7tv ﬁ)]?
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Em? oy N . R
m3=5@1%5k1+ﬂﬂwa—iﬂ—w”+mﬂlm@¢»0—u4r+&%fm@¢w>
+2tTB(g 1, ﬁ)} , (5.28¢)
2_ _Mp [ _ 2ol 5(1 — e2)71 ) _ e 5
mg 2m[m‘f0(£) WHIUNE ) + 0(1 = §°)IV(E ¢, D) —iltIP(E L, D) |,
(5.28d)
m? = — i [@im (&,t,0) 4+ ictT? (& t, D) (5.28¢)
7 oW(0,0)V1 -2 Y o '

where the factor W(0, ) = (1 — © arccot 1) is real-valued, and hence, all mass scales are
real-valued. It is worth mentioning that the master integrals can be evaluated analytically

in the collision-less limit, and the mass scales at ¥ = 0 become

m2t? 1 £t?
Mes = T {fo(ﬁ) T (1 +€(1 —tZ))}  ©29)
2~ b 3 & }
Mpo = 5 [fo(§)+ (Hg(l_ﬁ))zfo (1+€(1_t2)) : (5.29b)
B m? 2(1 —t?)

1 t? &t?
* <3‘1+5<1—t2>)1+£<1—t2>f°(1+5<1—t2>)]’ (25
s o m mhitV1I—#
A e — 2P

(5.29d)

Mso = 0,0 —

5.3 Dielectric Permittivity

In this section, we deduce the complex color dielectric permittivity in a collisional
anisotropic QGP medium, which is later used to determine the in-medium heavy quarko-

nium potential. In the temporal axial gauge, this permittivity can be computed from the
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gluon propagator in the static limit as [267]

E

- oD :
€ 1(]7) = —ilg%]wz 7 Ajj(w,p) = limw

(5.30)

The dielectric permittivity depends on the gluon propagator, which has both the real and
imaginary parts. Hence, it is a complex quantity with both real and imaginary parts, which

can be written as

Ree l(p) = i (w,p). (5.31)

w—0 p

In the static limit, the real part of the dielectric permittivity can be written in terms of the

mass scales as

pP(p* + mZ +m2)

Ree™! = 7
€ (p) (p* + p? (m2 + m? + m?) + m2m3 4+ mzm? — m2m?)

P*(p* +m2 4+ m?)
(p? +m?%)(p* +m2)’

(5.32)

where

2mi = (mi + m% + mi) + \/(mg + m% + m%)2 —4 {m,%,(m?l +m2) — mgm%} .
(5.33)

Now, from Ref. [277], the imaginary part of the propagator can be obtained as

. oo 2 .
ImAij(w,p):—?fo dki ffzi;k) f; Sk ZR Pii (5.34)
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where P9 = A% BY (% DY E% - are the projection operators and

1
Now,
lim (1 + 2fp(p)) sgn(w) 21 1+O(w0) (5.36)
1m sgnlw) ~ - .
w—0 B\P & 1/1_i_€(/v.fnj)2(¢)
and
o 2 Q@ 1
Jo dkk? fr(k) [1 — fr(k)] in (I1€(v-n)?) 2
— =2T——o T (5.37)
fo dkk fr (k) 4r (1+€(v-n)?)
Additionally, the imaginary part of the dielectric permittivity is given by
. B . o p'D
Ime (p) = — }}Eﬁw e ImA;;(w, p). (5.38)

Based on the spectral function approach [284], the imaginary part of the gluon propagator

can be expressed as
ImAY = —7(1 4+ ¢ ™) Y "R, Py, (5.39)
where PY = A% B%Y (% DY E% - are the projection operators and

1 e

o — 4
R = — 1 m(w.1), (5.40)
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where non-vanishing contribution comes from,

pm(w, p) = lim Im[(p® — w? + a + 7)Ag]. (5.41)

w—0

In the static limit which implies w — 0 limit, the imaginary part of the dielectric permit-

tivity given in Eq. (5.38)) reduces to

Ime! = —1im€6w+1w21m powtaty
w—0 ePw — 1 (w? — Q%) (w? —Q2)
) 2wT
lim

w=0 (Re2)? (w? — Re2)’

Q

X {(102 —i—mi+m3) {Re®} ImQ? —Im Q% (v’ —ReQ?)}

+ (Ima + Im~) Re Q3 (wQ—ReQZ_)l
_ 2T 2 2 2
- (Re 2 )2 <1R692)2l(p et
+

2 2 2
< {ReQi Im Q? B Im Q2 (1 B ReQ_)}

w3 w w?
I I Re 2
+(ma+m7>ReQi(1— 62):|' (5.42)
w w W

To determine Ime ™!, we need to evaluate the following quantities in the static limit as

113%Re93 ~ (pPP+mi+m)+0(w),
2 2m?*m?
imReQ? ~ — |—m}+—— Dt |+ 0w,
w—0 p? p*+mZ +m?2
lii%Iin ~ (Ima+Im7y)+ 0O (%),
mImQ? ~ Imf+0 (). (5.43)
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Using the static limit from Eq. (5.43) in Eq. (5.42), we get

21m B p*T (p? + m2 + m? 2
Ime '(p,&,v,t) = lim br (p < 7)

2
w=0 (3 (p4 + p? (ma + m% + m%) + mam% + m%mg — mgm/%)

WmfﬁpT (p2 + mi + mg)2

(p4+p2 (mi%—m%—i—m?y)+m§m%+m%m$—m§m%)2’
mmZ pT (p? + m2 + m2)’

_ ;ﬁp (2P2 — 272). (5.44)
(p? +m3)" (p* +m?2)

In Eq. (5.44), we introduce a new mass scale m;g as

2 R T P
miﬁ N W})IL% w3 Imﬁ
2 1% m2 ( -~
W (0,0) T {J(ﬁ,tw)—ﬂ[‘”(&t,v)}] (5.45)

where

1

gt - [

(0 +itx) (iv + Etx) sgn(tx)

1 (1 + §$2)2 [(tl‘ _ 219)2 _ (1 _ t2>(1 B IQ)]3/2 dz. (5.46)

In the collision-less medium (v = 0), the new mass scale m;3 becomes

mi, = ;g%m?[z% 7) = J(E10)]
A+ +E(1 -1 (1 —2t%)
2 14 (1 —12)¢

mD

el

1+ (5.47)

With the analytic form of mass scales in Eq. (5.29) and (5.47), one can express the Ime ™! (v =
0) in the analytic form using Eq. (5.44). In the earlier literature, the analytic form of
Ime~!(v = 0) was never obtained for a collisionless anisotropic medium, in our knowl-

edge.
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In the isotropic limit, i.e., £ = 0, the dielectric permittivity in the collisional medium
matches with the result obtained in Ref. [272]. Lastly, in the limit £ = v = 0, all the mass

scales becomes

2 _ o2 _ .2 _ 2 _ 2 _
m, = m;,=ms=m,=m_ =0,
m% = mfﬂ =m3 =mj,. (5.48)

The dielectric permittivity will be used to compute the in-medium heavy quark-antiquark

potential.

5.4 In-medium heavy quark-antiquark potential

In this section, we investigate the effect of a collisional anisotropic medium on the in-
medium heavy quark potential. We compute the in-medium heavy quark-antiquark poten-
tial by correcting the Cornell potential in momentum space using the dielectric permittivity
(5.30), which accounts for the effects of the collisional anisotropic thermal medium [212,
216, 275]

d*p

_ 5.49
() 49

where Vo(p) = —+/(2/7)(a/p* + 20 /p*) [216] is the Fourier transform of the vacuum
Cornell potential V(r) = —a/r + o r. Here a = Cr as with Cp = 4/3 being the Casimir

fundamental and o being the strong coupling constant [50]

127
(11N - 2Np)In (=)
MS

a,(A2) = (5.50)
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In Eq. (5.50), N, = 3 and Ayg = 0.176 GeV for Ny = 3 and A = 277". Here the string
tension, o, is taken as (0.44)2 GeV?. After substituting Eq. 5.30 into Eq. 5.49, we obtain

the medium-modified complex heavy-quark potential in an anisotropic medium, whose real

part reads
d3p ipeT —1
RGV(’I",g,V,T) = (27T)3/2 (6 - ]-) VC(p)ReE (p,f,l/)
1 , (p* + m2 +m?) ( 20)
=—— [ &p (P -1 = 1 +— ] (5.51
el )(p2+m2+)(p2 Ty \ @ ) O

For general direction of » with the anisotropy direction, 7, we will have,
p -7 =rplsinfsin © cos(¢p — P) + cos f cos O,

where 0(©) and ¢(®) are the polar and the azimuthal angles in momentum (coordinate)
space with the anisotropy direction, respectively, since we take nn = 2. After an integration

over the azimuthal angle of the (exp{(ip - )} — 1), Eq. (5.51) becomes

1 [ [T .

ReV(r,&,v,T) = ——/ / p? dp sin 6dé [e”m” COSQCOS@JO(pr sinfsin ©) — 1}
T Jp=0 Jo=0

P A 4 m) ( 20)
(P +m3)(p? +m2) )’
2 [ [l .
= ——/ / p* dp dt [e”’”COS@JO(pTMSin 0) — 1}

T Jp=0Jt=0

y (p* +m2 +m?) ( zg)
67 5 )
(p? 4+ m32)(p? + m?2) p?

(5.52)
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where .Jj is the Bessel’s function of the first kind. Now, in the Coulomb part of the potential,

Eq. (5.52) has a zero-temperature UV divergence, and that is set to zero, giving us

2 [ ,
ReV(r,§,v,T) = —;/ / p* dp dt [ezz’TtCOS@Jo(pr\/l —t2sin0O) — 1
p=0 Jt=0

(p* +m2 +m?)

CR w2 Fm?) (O‘

2 2 [
+ —Z) - —/ dpa.  (5.53)
b ™ p=0

Note that for a collisionless, isotropy plasma, the real part of the quarkonium potential is

RGVHTL(T,T) = —Qamp (1+

e

—mpr

mpr

)+

mp mpr

20 (1+:). (5.54)

In Fig. 5.1, we plot the real part of the potential (Eq. (5.53)) as a function of the separation
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Figure 5.1: Real part of the heavy-quark potential at 7' = 0.2 GeV plotted against the
quark-antiquark seperation 7. The left panel corresponds to the pair oriented along the
anisotropy direction (© = 0), while the right panel shows the transverse configuration
(© = 7/2). The HTL limit is included for comparison.

distance (r) at temperature 7' = 0.2 GeV. The left panel illustrates the results for various

values of the collision parameter, v, and anisotropy parameter, ¢ when the Q(Q dipole axis

is aligned parallel to the anisotropy axis, while the right panel shows the results when the
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dipole is aligned transverse to the anisotropy axis. Here, the solid black line shows the
real part of the potential for the isotropic collisionless plasma (Eq. (5.54)) when £ = 0 and
v = 0, while various colors denote the various values of the collision parameter, . We
find that the real component of the potential has nominal effects with increasing collisional
parameter v. Notably, the impact of v on the real part of the potential remains nearly
consistent for both parallel and transverse alignments.

The imaginary part of the potential is written as

3
ImV(r,&,v,T) = /(Qi)zﬂ(eip'r—l)VC(p)Ime_l(p,ﬁ,y)

1 00 T ) ) ]
= = / / p?dp sinf d [e’pr CObGCOb@Jg(pr sin fsin ©) — 1}
T Jp=0 Jo=0

1 ( N 20) —mmig pT (p2+mi+m3)2
X —|a+ = 5 5
p’ p*)  (p*+mi)” (p? +m?)

1 (o] 1
= - / / p?dp dt [cos (prtcos®) Jo(prv1l —t2sin©) — 1]
T Jp=0 Ji=0

2 ( +20) —mmdy T (p? + m + m2)’
X — |« —
PR P md) (2 m?)

, (5.55)

where ¢t = cos 6. Note that for the isotropy case in the absence of the collisional term, the

imaginary potential reduces to

d 2 i
Im Vi (r, T) = —szﬁj/&2 (a+—‘2’) (1 - Smpr). (5.56)
(p% 4+ m3) p pr

In Eq. (5.55) the integral has a pinch singularity. This singularity arises from the term
(p* 4+ m?)? in the denominator of the integrand, which makes the imaginary component of
the potential ill-defined. The (p® + m?) term also appears in the integral of real potential

in Eq. (5.51), where it is a simple pole and can be integrated using the Principle part pre-
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scription. But for the imaginary potential, (p*> + m? )? appears as a double pole, hence it
cannot be integrated out using Principle value method. The issue of the pinch singularity
was previously discussed in [276] in the collisionless case that is when v = 0. In Fig. 5.2,
we illustrate the region where this singularity occurs for finite collisional effect, which cer-
tainly includes the v = 0 axis as mentioned in [276] for collision-less case. In this way,
we identify the region of anisotropic collisional plasma, where the imaginary potential is
calculable and the Weibel instability is gone. In our numerical observation, we found that
the region of singularity is extending approximately from v = 0 up to v ~ 0.24mp for
anisotropy parameter £ ~ 10. In this article, we are showing the imaginary part of poten-
tial only for the region where the Weibel instability is absent, i.e., for the white colored
region in Fig. 5.2. In Fig. 5.2, the right edge can be obtained by reaching closer to p — 0
and ¢ — 1. With increasing p-value and decreasing t-value the singularity move towards

v — 0 and finally all singularities accumulate at v = 0 axis. In Fig. 5.3, we plot the

10

8,

6 (Region of Singularity
W (Tl1-defined for
4+ TImaginary potential)

0.1 0.2 0.3 0.4 0.5

v/mp

Figure 5.2: Region in anisotropy vs collision parameter plot where integral of Eq. (5.55)
has the singularity.

imaginary part of the potential (5.55) as a function of separation distance 7 at temperature
T = 0.2 GeV when the dipole axis QQ is aligned parallel to the direction of anisotropy.

The left panel shows the results for various values of v while keeping & = 1. We find
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Figure 5.3: The imaginary part of the potential as a function of separation distance r for
different values of v (left) and & (right) at 7' = 0.2 GeV and © = 0.

that the imaginary part of the potential increases in magnitude as v increases. The right
panel presents the results for the different values of £. The dash-dotted lines correspond
to v = 0.4mp. In this case, the imaginary component of the potential shows a increase in

magnitude with the increase in £. The solid black line shows the imaginary component of

the potential for the isotropic collisionless plasma (5.56).
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Figure 5.4: The imaginary part of the potential as a function of r for different values of v
(top) and ¢ (bottom) at 7" = 0.2 GeV and © = 7/2.

Fig. 5.4 shows a similar plot of the imaginary component of the potential for the per-
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pendicular orientation of the Q() dipole axis relative to the direction of anisotropy. The
effect of v on the imaginary part of the potential is similar for both - the parallel and per-
pendicular orientations. Notably, the impact of v is more pronounced on the imaginary part

of the potential compared to the real part, where its effect is minimal.

5.5 Decay Width

In this section, we determine the decay width of quarkonium states based on the imagi-
nary part of the potential obtained earlier. Treating this imaginary component as a perturba-
tion to the vacuum potential allows us to estimate the thermal width, I', of the quarkonium

states as

L v, T) = —/|¢(r, T ImV (v, &,v,T)

= —27r/ drr? / dO sin(0) [(r, T)*ImV (r,0,&,v,T)
r=0 =0

2 o0 ™
=—— drr® / dO sin(0) e /M mV (r,0,¢,v,T)
ay Jr=0 ©=0
4 00 s 00 1 2)
=— drr? / dO sin(©) e~/ / / dp dt <a + —Z)
Ty Jr=0 ©=0 p=0 Jt=0 P
X [cos (prtcos®O) Jo(prvV1—1t2sin©) — 1} Ime ' (p, &, v, T), (5.57)

where we have used the Coulombic ground state wave function

1 2
_ —r/ao(T) —
W(r,T) = waO(T)?)e , and qo(T) = (T (5.58)

is the Bohr radius of the heavy quarkonium system, and the charm (corresponding to .J/1))
mass is taken as my = 1.275 GeV. The primary contribution to the imaginary potential for

a deeply bound state involving heavy quarks is Coulombic in nature. This supports the use
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of Coulomb wave functions for calculating the decay width.

The r-integration in Eq. (5.57) can be computed using the integral

0o 2 2 _ 2
/ P2 Jo(er)dr = —— . (5.59)
0 (a% + c2)
The integral relation in Eq. (5.59) can be used for the following integration as
] 1 2 b 2 _ 2 2 — b 2 _ 2
/ r2e” cos(br)Jo(cr)dr = = (a +ib) 05/2 + (a = ib) 65/2 . (5.60)
0 2| ((a+1ib)?2 + c?) ((a —ib)2 + ¢2)
In Eq. (5.57),
2
a = —, (5.61a)
ap
b = prtcos©O, (5.61b)
c = prv1—1t?sinO. (5.61c¢)

So, Eq. (5.57) becomes

4sin © a —iptcos©) — 1p* (1 —t?)sin*©
D(T.6v) = /// o )
0

P20 120 ©=0 —iptcos@) +p2 (1 —12)sin®*©

<a—0 + ipt cos @) —1p? (1 — %) sin®© a3
4

20
5 (04 + ) Ime 'dp dt d©
(l + ipt cos @) +p? (1 —12)sin? © p?

oo 1
2
/ { 1] (a—l— —Z) Ime ' (p, &, v, t)dp dt. (5.62)
70 (a2p? —|—4 p

p=0t%

2o

For an isotropic, collisionless medium, the decay width of quarkonium can be obtained
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Figure 5.5: Temperature variation of decay width for the ground state of charmonium.

analytically as

FHTL

In Fig.(5.5), we plot the decay width of the ground state of charmonium (.J/v)) as a func-
tion of temperature 7' for the region where the imaginary potential is free from Weibel
instabilities. The solid black line represents the decay width calculated for the isotropic,
collisionless medium (eq. (5.63)). In the left panel,the dash-dotted lines correspond to the
collisional case with v = 0.4mp. The different colors represent various values of £. In the
right panel, the different colored dash-dotted lines indicate various values of v for £ = 1.
We observe that the decay width increases with both temperature and the collisional pa-

rameter. In the collisional case as well, the enhancement of £ also increases the magnitude
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of the decay width. This behavior is related to the characteristics of the imaginary part

discussed in the previous section.

5.6 Summary and discussions

In this article, we studied the complex heavy quarkonium potential in a QGP medium in
the presence of a momentum-space anisotropy, considering the effect of collisions among
the plasma constituents. The anisotropic correction in momentum space is applied by con-
sidering the Romatschke-Strickland anisotropy distribution function of the thermal par-
tons. Consequently, the gluon self-energy is rederived by solving kinetic equations of the
Boltzmann-Vlasov type in its linearized approximation, incorporating the BGK collision
kernel. We further computed the resummed gluon propagator, based on which we calcu-
lated the real and imaginary parts of the dielectric permittivity of the medium in the static
limit. Using this dielectric permittivity, we derived the complex potential for heavy quarko-
nia and analyzed how this potential is affected in the presence of a collisional anisotropic
medium. We observed that the momentum-space anisotropic correction, parameterized by
&, reduces the screening effect. The anisotropy in momentum space makes the potential
anisotropic that depends on the angle © between the Q@ dipole axis and the direction of
anisotropy. Though the momentum-space anisotropy reduces the screening, the effect of
the collision in the real part of the potential is nominal. We observe that in an anisotropic
medium, for a finite range of the collision parameter, the imaginary part of the complex
potential is ill-defined due to the presence of a pinch-singularity. The magnitude of the
imaginary part of the potential is enhanced with the collisional parameter v. Further, we
calculated the decay width of J/v. Our qualitative study of decay width with coulom-
bic wave function shows that the decay width increases with the increase of anisotropy

in the presence of the collision among the plasma constituents. So, the charmonium dis-
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sociates faster in a collisional plasma.One can try to solve the Schrodinger equation with
the complex HQ potential to obtain the wave function and get a more quantitatively ac-
curate decay width. Additionally, further research is needed to determine the appropriate
non-equilibrium anisotropic distribution functions and real and imaginary dielectric per-

mittivity.
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meaesesssssmmmmmn $ CHAPTER 6 S

CONCLUSIONS

In this thesis, I have primarily focused on various non-perturbative aspects of Quark-gluon
plasma (QGP) medium. The usual perturbative approach of QCD at finite temperature
and density to study QGP has serious limitations in the low temperature and low baryon
chemical potential, since that region is highly non-perturbative in nature. The coupling
constant o 1s large in this region, so we cannot perform the perturbative expansion. To
study this non-perturbative region, I have employed the Hard Thermal Loop resummation
technique for the Gribov-Zwanziger prescription, which introduces a lower cut off mass
scale, ~ ¢* T, which reaches a lower mass scale than the usual HTL perturbation theory,
which has a cut off mass scale ~ ¢ 7. Using this treatment, this thesis shows in in chap-
ter 3, that real part of the static coulomb potential between two heavy quarks becomes
more suppressed due to medium effect than the HTL calculation shows but the imaginary
potential shows significant increase implying much faster decay of Quarkonium state. In
chapter 4, I also showed that when passing through the Gribov plasma, a parton losses

more energy.
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In chapter 2, where I considered a far more lower temperature- near the deconfinement
temperature, T, , I used an effective field theory - effective matrix model, which considers
a background field which is characterized by the order parameter of the confinement decon-
finement phase transition, the Polyakov loop. Taking the background field charactised by
the Polyakov loop was not enough to give correct equation of state for the gluonic plasma.
To reproduce the correct EoS, we needed to consider a ghost field ("Teen") , which is two
dimensional in nature, that means its momentum is suppressed in two transverse direction,
so we are left with one longitudinal direction and one temporal direction. With the consid-
eration of teen field, I calculated the shear and bulk viscosity for the pure gluonic plasma.
One of the major findings from this study is that, our prediction for bulk viscosity is much
higher at the deconfinement temperature than the other non-perturbative studies.

In chapter 5, I considered the system to be in anisotropic in momentum space with colli-
sions present in the system. Such a configuration characterizes a non-equilibrium state of
the quark—gluon plasma. In this chapter, I have shown that, real part of the static Quarko-
nium potential has no effect due to collision present in the system, however, collision
significantly affect the imaginary potential, which eventually causes the decay width of
quarkonium as well.

Overall, the studies presented in this thesis form a cohesive understanding of the QGP that
discusses its non-perturbative equilibrium properties and its non-equilibrium properties as
well. This thesis highlights the confinement deconfinement phase transition and motivates
to my future work to explore the semi-QGP region extensively.

As a future prospect of this current thesis work, I want to extend the matrix model with the
adding the quark in the system. Since, in the quark present in the system, the Polyakov loop
behavior changes, it no longer shows any first order phase transition, there is a crossover

from QGP phase to hadronic phase. We expect that effect will show in the shear and bulk
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viscosity as well. Future work can also extend towards finite chemical potential near the
crossover region. One should explore the real time method to study heavy quarkonium

potential for non-equilibrium plasma, manifested through the anisotropic plasma.
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I A PPENDIX A s

IMPORTANT NOTES FOR CALCULATIONS

IN MATRIX MODEL

A.1 Sign in the Boltzmann equation with teen ghosts

The sign of the Boltzmann equation with teen ghosts is a bit non-trivial. Here we ex-
plain how to obtain the sign in Egs. (2.90) and (2.91). The point is that the teen ghost
is equivalent to a fermion with periodic boundary conditions. In other words, it is equiv-
alent to a fermion with an imaginary chemical potential 77", which corresponds to the
replacement of the fermion distribution function f; with —f,. This correspondence is

more obvious in the case of equilibrium systems:

1 1
0B i@ —QrD)/T 41 oB—iQ—Q))/T _ 1|

= —fab - (A.1)

From this correspondence, the sign of the left-hand side of the Boltzmann equation in

Eq. (2.90) should be obvious. Let us see what happens to the sign of the collision term.
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In gluon-fermion scattering, we have a combination of distribution functions, f, fs(1

fe)(L— fr) — (L4 fo)(1 — ff) fofs. This turns to

fgff(l + fg)<1 - ff) - (1 + fg)(l - ff)fgff
= () fefoll+ SO+ o) = (14 f) U+ fo) fule (A2)

in the gluon-teen scattering. We obtain the negative overall sign (—). Similarly, for teen-

teen scattering, we have

Frfy(L=f) Q= fr) = A= fr )X = o) fr Sy
= ()| Fufo(L+ F) A+ fo) = (14 f )L+ Fo)fuf) (A3)

The sign is positive. These considerations show that the sign is determined by the evenness

of the incoming ghost number, which corresponds to S Sy in Eq. (2.91).

A.2 Energy and pressure for teen particles

In kinetic theory, the energy-momentum tensor for teen ghost is given by

p“p 1
. A4
/ / p GBEP —1 ( )

Now,

700 _ dgppp 1
E, efBr — 17

dp mdm 1
(gakt ~ _2/ ||/ | H| mp‘ ,
0 ePPIl — 1
7272
= — 24d. (A.5)
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Take n = Zz and p; ~ Ty < p. The longitudinal pressure along the z-direction is

T3 — _ Pp pp? 1
(2m)3 E, efFr — 1
~ —9 dpn Ldm 1
~ - P1l g
0 e”PIl — 1
T277?
P = 5 4d. (A.6)

The perpendicular pressure is

T 22 _/@/ d3pp_i 1
47 ) (27)3 E, efEr — 17
P~ 0. (A7)

The difficulty is that in Eq. (A.6), one should average over the direction of the teen field,
which gives 22Xt = —T2T?/72, so that in kinetic theory, the teen field looks three dimen-
sional, with &' = 3.22%'_ If we compute directly from thermodynamics, though, we obtain
P = &N = _T2T72 /24, as expected for a two dimensional field.

Thus, as noted in Sec. (2.6), kinetic theory gives the wrong pressure for a teen field.
In computing the bulk viscosity, we avoided this by taking Av? from thermodynamics. In
turn this is fit to the lattice results, through the functions d4(7") and dg(T'), Eq. 2.28.

We next discuss how to obtain a kinetic theory for teen particles which is consistent
with a direct computation in thermodynamics. This considers the analogy to a magnetic
field, where there is a difference between computing at constant magnetic field or constant

flux.
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We start with the energy density and pressure, defined from the partition function Z, as

1 dlogZ T dlogZ

- vayn JovhiTar (&.8)

where L; is the length of the system along i-th direction. The energy density in Eq. (A.8)

becomes

d 2
E = (2—1)T/dQ” ] dpL In (1_6*5|PH|>
27)?

Am 2T (
1 Ty 0
= /Tngt/) dprLL/‘ deh1(1__e—ﬁbM>
7 Jo -
1 2
= et A.
2474 (A.9)

Note that the energy density is the same, whether computed in kinetic theory, or from the
partition function.
For the pressure #7;, one can calculate the derivatives of the partition function in in two

ways:
1. Keeping the energy density & constant, analogous to constant magnetic field B.

2. Keeping the longitudinal energy density & L, L,, constant, which is analogous to con-

stant magnetic flux ®.
In the first case, at constant &, the pressure is

T Olog Z 1
pth = — = _——T27?, A.10
! V dlog L; 2474 ( )

The second case, with constant longitudinal energy density, corresponds to the conven-

tional energy momentum tensor, in which the pressure is given by Egs. (A.6) and (A.7). To
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see this, note that

Pt _ Zalog2+zalog2 o0&
" VologL; V. 0&  0OlogLi|,
_ gpmy TOlsz | 08 (A.11)

© TV 98 dlogLs

kt

Since & decreases with L, and L,,

Pr = ph = —2—14T2Td2 and
Kt w, 07" o\ _ ogpth o opthy _ gpth _ opth
DI o= P+ By (=&)=2"+()(-2") =27 - 2" =0.

Thus, the results from 7" and thermodynamics are consistent with each other, whether

one computes at constant longitudinal energy density, or at constant energy density.

A.3 Zero mode

The analysis of the collision kernel for the bulk viscosity, Eq. (2.191), involves zero
modes that do not arrive for the shear viscosity. Since only 2 <+ 2 scattering processes are
considered, there are zero modes for the conservation of particle number. There are also
zero modes for energy conservation. Because of this, finding the inverse of the £ matrix is
ill-defined.

If only gluons scatter, in Eq. (2.191) only the term ~ Y2 contributes, and has zero
modes. Reference [100] adds a term to lift this degeneracy and computes the inverse of £,
proportional to a parameter A. They then check, numerically, that the result is independent
of \.

Adding teen fields complicates the analysis, as teens contribute to a variety of pro-

cesses. The scattering of gluons into themselves, gg — gg, gives a term ~ T9Y 8. that

mn?
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from teens with themselves, 9o — wvo, gives a term TC‘}TszLﬁ. These contributions have
zero modes.

However, there are additional scattering from glue teen scattering, g — og. For the
glue-glue term in the upper left hand corner of Eq. (2.191), the total is 7° Y28 47 Tg?ifn.
Similarly, for the teen-teen term in the lower right hand corner, the total is T} T2Y,2° +
T Tj?fni. Because of the additional contributions, these terms no longer have zero modes.

However, there are also off-diagonal terms in Eq. (2.191). These are T*T2Y;%, and

T4T§Y,2§, and each has zero modes. By trial and error, we find that a term which lifts the

degeneracy of the scattering kernel in Eq. (2.191) is

_ - AgiN? K
AQ,W AQ,W 1— 63,”7 J e

&Pp 00, Pk, 005,,
(/ en’ op )(/ ST ) (A12)

We checked numerically that for any positive X\, ') 2> s (Z‘l‘/): is independent

of A. In Fig. A.1 we illustrate the convergence of bulk viscosity versus K, the dimension

0.5

w=0.5, k=64

04}
— T =1.51T}

03

0.2

0.1

5 10 15 20 25 30
K

Figure A.1: Variation of bulk viscosity with increasing basis number at 7'/T; = 1.51, with
w = 0.5and kK = 64.
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of the basis functions, for one typical value of the temperature and other parameters. The
convergence for other values was consistently similar. While K is in principle infinite,
in Ref. [100] they found good convergence for small values of X' < 5. In contrast, we

uniformly found convergence by values of K ~ 20 — 30, and we computed using K = 30.
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s A PPENDIX B

IMPORTANT CALCULATIONS FOR GZ

PRESCRIPTION

B.1 Tadpole and gluon loop contribution II,, and Iy,

The Contribution of the tadpole diagram and gluon loop to the gluon self-energy can

be respectively described as,

d*K K,K
a _ 2 o ptyy
112, (P) = 3Cag / e (@W e )A(K), (B.1)
1 1
I, (P) = =69°Caly, = 59°Caduy + 56°Cadyu o, (B.2)

with Cy = N, = 3. In Euclidean space K* = w2 + k?. The expression of 1, J; and J,
can be defined as [64],

I, (P)= / (CZ;T[;KMKVA(K)A(P — K), (B.3)
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d*K 1 < k2dk
- [ Gt = / ). (B.4)

d*K a 1
==¢ ’Z / (2m)* w2 + B2 (k)] [(w — wa)® + EZ(Ip — K|)]

g [ &Pk, np(Ea(k)) + np(Es(k)) 2
- & —k Z a Ea(k’> Eb(k> (_Ea(k> + Eb<k))

. i dk 2 Z anB(Ea(k]i)E:(Z;a(Eb(k))% [Qo(iwr, p) — Qo(iwa, p)]

a,b==1

% dk 12 Z anB(Eb(k))(l+nB<Eb(k)))2[Q1(iw1,p)+Q1(iw2,p)]a

16T | (27)? et Eo(k)Ey(k)

(B.5)

with E, (k) = \/k? + iav%. The net contribution from the tadpole and gluon loop for the

longitudinal and transverse parts can be expressed as,

13 13
1154 (po, p) = _?gchjl +3¢°CaJu(po, p) + 792CAJ2(p0, p) + 69>°CaJs(po, P),

(B.6)
5 1
I (o, P) = 59°CalOus = D1 + 59°Cadya(po, ) = 69°Caly, (po, p), - (BT
where [,ZH = Jl — J2 and [go = Jl — J2 — Jg.
The term .J;3 and J4 can be defined as,
d*K
_ L[k, 3 ng(Ea(k)) +np(Ey(k)) [ 2
16 (271')3 o Ea(]{?) Eb<k) Ea<l€) + Eb(k)
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. (jf)2k4 > nalB) —(Zf@b(k)) % Ontionp) - Oulion)
b==+1 a
1 k4 np(Ey(k))(1+np(Ey(k))) . ,
16—T/ (27)? bz::ﬂ Eu(k) Ey(k) 2[Q1(iwr, p) + Qi (iws, )],
(B.9)
. d*K 9 1 B 1 00 k4nB(Ea(k'))
Jilpo.p) = I(Qw)‘lk ;K2(K2+z’a7§;) i ;;1 /0 ) —ainzy B0

After analytic continuation and taking the static limit i.e. iw — py = 0 limit, we get,

o 1 /dkk4 3 np(Bp (k)L +np(By(R)] g )

Im[J3(po, p)] = —im D 8T (2n)? = E,(k)Ey(k)

Similarly for J5(po, p),

i )= P [ g 3 BB

B.2  Ghost loop contribution of // and j,

C
We can express qu as,

o Id% K?
Hpe (27r)4 K4(P _ K)4
0 3k 1 1 1
=—| [ ————(1=np(E) —nyE -
aa{/ (27r)34E1E2( ny(Er) = ny( 2)) (iw—El — B iw+E1+E2)}

ol [ &k 1 1 |
_ = ED — ne(E _
8@{/ (2r)3 4E, E, (”f( 1) =y 2)) (iw+E1 — B iw—El—l—Eg)}’

(B.13)

with By =k, o = /(p— k)2 +a~Vk*+a— \/%. Here, ns(E)) = ﬁ and em-

ploying the definition of E», we can express n¢(Es) = ns(Vk? + a) —p-R%nf(\/ k2 +a).
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We have,

I, =+ . (B.14)

Employing the definition of E;, Ey, ny(E,), and ns(E,) we have,

ar [ &Pk 1 | 1
N'= 5 [/ or A E, ) - ”f(EQ))<zw —E, - E, iwt B+ Ez)]

0 [/dk Ark? 1 2(ng(k) + np(Vk? —i—a))}

" da (27)3 4kVE2 + @ k+vVk2+a
1 /Tl + 3T (1 + /T
T 4m? A(1 + eR/T)3E3T
1 [Lé’nf(k:) _ 3ny(k)
Ar? 1k> Ok 4k3
1 7¢(3)
1672 82T’ ®.15)

o dk 1 ! !
\72:_%[/Wm(nf(El)_nf(E2>)<iw+E1—E2 _Z'W_El"’_EQ)}

0 2mk? 1 > on(Vk* + a)
= 8a/dk( 7 d(cos&)m<nf(k)—nf(vk +a)+pcos€fT>

1 1
X _
<iw—|—k’ \/kQ—i—a—f-kaOSG iw—k+vVk:+a— pkcos")

Vk2+a Vk2+a
0 [dkdcosfk? 1
. k) — np (V2
5o | e =) g (VP )
" \/k2—|—a< 1 B 1 )
k Y Gy + | — k2 +a) + peos  YEE(jw — |+ /K2 +a) — peost
0 /dkdcos@k2 1 8nf(\/k:2—i—a)\/k:2—|—a

~ da er? svizra’ ' k

1 1
X s

<\/I€12€T —aiw—i—k—\/kz—*—a)ﬂLpCOSQ (i — K+ VR2 £ a) - pCOSQ)
__ﬁ[ dk k? nf(k:)—nf(\/k:2+a)< 1 B 1 )}

dcos@
da (2m)? €08 4(k?) iw! +pcos®  iw? — pcosh
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s, [/dkdcosﬁ k? 8nf(\/k27—i—a)< 1 1 )}

= 0 _
da (2m)?  4(k?) peos Ok iwt +pcosf  iw? —pcosb

N_g[/dcosedk ek/Tq ( 1 B 1 ﬂ
~ T oa (2m)2 SK3T(1+ e¥/T)2 \py + pcosf  po — pcosf

0 [dkdcosfk* 1 o a

o0 | T (o2 - 1—

da / amr 4PV gp\ns ( s (k) = S () ”f(k))>

><< 1 B 1 —l—a[ — Do k + po ])
po+pcost  py— pcosh 2k2(po + pcosf)?  2k2(py — pcosh)?

~0- %[/ (2d:)2k2%< B 132 8ak< L )(;k;nf(k))>>d(cose) <p0 —i—]l)COS@ o —;COSQ)]

0 dk k? a 8nf(k) kE — po k + po
0d 0 )

"~ da </ (2 )QpCOS (cos) 72 4k% Ok [2]62(;00 +pcosh)?  2k%(py — pcos 9)2D

(B.16)
Hence, we obtain
1 7¢(3) ¢ p Po po+p

= — - =1 . B.17
2 472 8217 (pg —p*  2p ©8 <p0 - p>) ( )

Utilizing Eq. (B.15) and Eq. (B.17) in Eq. (B.14), we obtain

1 7¢(3 1 7¢(3 2
PO 5 N U CT N S YW G S
HH 1672 87212 4n2 8m2T? \ps —p> 2p Po— P

Now, we compute the ghost loop contribution of /y,. We have,

. [ dK k2
loo = /(27r)4(K2+a)2((P—K)2+b)2

= lim > < ko )
ab—0 adb \ (k2 + k2 + a)((po — ko)2 + (p — k)2 + 1)

Cm 0? ( 1 B k*+a >
a.b—0 0adb \ (P — K)2+b (ki + k> +a)((po — ko)?> + (p — k)2 + D)

00 [ &K K +a 1 !
= li - — (1 - Ea - E < - )
020 9a Ob (27)3 E,E, (1= ny(Ea) = (E0)) w—FE,—E, w+FE,+ E,
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| 1
—(ns(E,) — ny(E ( —- )
(ns(Ea) = BN B =R, " W B 1 B

= Ti+Ts. (B.19)

Employing the forms E, = Vk?> + a, E, = \/(p — k)2 +b~ V2 £ b— pkcos0 . T; and

T2 can be further simplified as,

82 d3k’ kQ +a Q(Hf(Ea) + nf(Eb))
T, = lim
a,b—0 Jadb (271')3 EaEb Ea + Eb
. 02 /47Tk2dk; \/k;2+a2nf(\/k2+a)—i—nf(\/kQ—I—b)
= lim
a,b—0 Jadb (27T)3 VEk2+b \/kZ +a+ \/k2 +b
k/T _ o _ k)T o0
L [T T T ik o)
72 8(1+4 eM/T)2k5T o m28k3 ok
1 7¢(3)

82 8272’

(B.20)

T, = — lim o /d% K +a ( F(VE2 +a) —np (VK2 +b)
2T T %00a0b ) CrP VR ravER £ b !

Ong(Vk? +b)
p—r 7
+p cos o >
X ( 1 _ 1 )
ZOJ—F\/k?Z—i-a—\/k?—{—b—l—]z/k%’ iw—VEEfa+VEZ+b— pk‘coiz
= Ta + Ta, (B.21)
where

0? >k k2 +a e >
T = ali—>0 0adb / (2m)3 V2 + avVk2 + b <nf( k2 +a) —np(VE + b)>

1 1
X . kcos kcos@)
<2w+\/k2—|—a—\//€2+b+f/k2—+b iw—VE?+a+ VE?+b— P

1 1
_ - B.22
(2m)% p§ — p?*’ ®.22)
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and

. 0P d3k k*+a ong(VE> +)
Toe = — lim pcosf)————=
ap—0 0adb | (27)3 k2 + av/k2 + b ok
y 1 - 1
iw+ VR +a—VEZ+b+ 820w — VEZ 4 a+ VR b - B0
1 p? 2 7B [ p Po po+p
- — Bpg (212 ) B.23
P (P =g PSP \R—p 2 o \po—p -2

The real part contributes to the Debye mass. We also get the imaginary part from the

Landau damping part,
Jim Im[Z5o(po, p)] = iﬂi : /O ) (Qdf)Q nzgk)
_ 7%90 ;g;z . (B.24)
Hence, from Eq. (3.20) imaginary part of the self-energy from ghost loop looks like
lim Im[I1 (po, p)] = i L2 128%75 7¢(3). (B.25)

Po—0 p  32N242T2

B.3 Extracting the Gribov parameter

The Gribov-modified parton energy loss in the medium has a dependence on the tem-
perature behaviour of the Gribov parameter. The Gribov approach modifies the partion

function and thereby improves the Faddeev-Popov quantization procedure as,

z = / DADEDedet~ - A]8(0- A) V(Q)

X exp [ — Sym — /d4x Ea(:c)(?uDzbcb(x) , (B.26)
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where ¢ and ¢ represent the ghost and anti-ghost fields, respectively. Here, Dl‘jb is the
covariant derivative and Syy; denotes the Yang-Mills action. The no pole condition which
prohibits the path integral over field configurations from extending beyond the Gribov hori-
zonQQ={A:0-A=0,—-0-D > 0} is enforced with the inclusion of the step function

V' (£2) with the form as follows [123, 201],

+i0o+€ 6s(lfa'[O})

V(Q) = 0l —o(P =0)] = / s, (B.27)

Cicote  2mis

Introducing the mass parameter v that minimizes the exponent of the integral Eq. (B.26)
at specific value of s, one can obtain gap equation at finite temperature for Gribov mass

parameter as [201],

,(d—1)N, I 1
=1 B.28
P

with d as the space-time dimension and Euclidean four-momentum P temporal compo-
nent exhibits discrete bosonic Matsubara frequencies. In the asymptotic limit (7" — o0),

temperature dependence of the 7y can be described from the gap equation as [124],

i—1 N, ,
= — T.
Ya d 4\/§7Tg

(B.29)

It is important to emphasize that the temperature behaviour of the Gribov parameter is

critically depending on the running coupling constant. The running coupling is taken as,

4872 1

2
T ==
g (1) 1IN, — 2Ny In(A2/AZ)’

(B.30)
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where Ay is extracted from the lattice estimation as(A = 1.5 GeV, Ny = 3) = 0.326 [285].

We consider 7. = 160 MeV for the quantitative estimations in the analysis.
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