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Abstract

Low-dimensional quantum materials provide an excellent platform for studying a wide range of
field-driven linear and nonlinear transport phenomena in the presence of spin-orbit coupling (SOC).
Additionally, the geometric properties of electronic bands can strongly modify transport behavior in
these systems and give rise to a plethora of anomalous linear and nonlinear responses. This thesis
addresses various transport phenomena involving spin-orbit coupling and geometric properties of
the electronic wavefunction. Specifically, we investigate electrically induced spin polarization and
nonlinear Hall effects in nonmagnetic, time-reversal symmetric systems, with a particular focus
on how crystal symmetry, momentum-dependent SOC, and band topology govern these transport
phenomena.

In the first part, we study the current-induced spin polarization in noncentrosymmetric materials,
where Rashba SOC gives rise to the Edelstein effect. We demonstrate that the nature of the
induced spin polarization is strongly governed by the underlying point-group symmetries of the
system, specifically C,, and C,,,. These symmetries restrict the allowed forms of SOC Hamiltonians,
permitting both linear and higher-order (cubic-in-k) Rashba and Dresselhaus terms. We show
that surfaces with C,, symmetry can host both orthogonal and non-orthogonal spin polarizations
relative to an applied electric field. In contrast, systems with C,, symmetry exhibit exclusively
transverse spin polarization, independent of higher-order SOC contributions. Furthermore, we
uncover qualitatively distinct energy-dependent spin-polarization behavior arising from cubic-in-k
SOC compared to linear SOC, which can be tuned, for example, via chemical doping.

Interestingly, the Rashba—Dresselhaus system under C,, symmetry exhibits a symmetry-protected

persistent spin texture (PST) at equal SOC strengths, resulting in the suppression of field-induced
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spin polarization. In the second part, we therefore study the non-linear Hall response in this system.
Exactly at the PST point, we find that both the linear and nonlinear Hall responses vanish. However,
a small deviation from the PST regime leads to a pronounced enhancement of the nonlinear Hall
response. This behavior originates from the evolution of the electronic structure, which develops
a nearly degenerate band structure with a single node for the near PST point and strongly modifies
geometric quantities such as the Berry curvature, Berry curvature dipole, and Berry connection
polarizability. This interplay between nodal band geometry and the nonlinear Hall response extends
beyond Rashba—Dresselhaus systems to a broader class of materials with tunable band crossings.

In the last part, we explore nonlinear Hall transport in tunable two-dimensional Dirac semimetals
that preserve time-reversal symmetry and can host single-node, double-node, or nodal-ring band
structures depending on model parameters. We analyze second and third-order Hall responses
driven by the quantum geometry of the electronic wavefunction. The second-order Hall effect,
governed by the Berry curvature dipole, is found to be strongly enhanced in the inversion symmetry
broken single-node phase, while it vanishes in the nodal-ring phase where inversion symmetry is
retained. In contrast, the third-order Hall response, arising from the Berry connection polarizability,
is maximized in the nodal-ring phase, particularly when the Fermi energy is tuned close to the band
edge. This contrasting behavior is attributed to the distinct momentum-space distributions of the
underlying quantum-geometric quantities.

In summary, this thesis establishes crystal symmetry and band topology as central principles
for understanding and controlling electrically driven spin polarization and higher-order transport
phenomena in low-dimensional quantum materials, offering new routes for designing spintronic and

nonlinear electronic properties.
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Third-order transverse Hall conductivity in different regimes of the Rashba-Dresselhaus

system as a function of the electric field orientation 6 relative to the x-axis. Black
dotted vertical lines present the field directions at which the response vanishes due
to symmetry constraints. The parameters are the same as used in Fig. 5.1, while

the case (@ < () is obtained by interchanging the values used for (@ > ). The

conductivity is evaluated at a constant energy g = 0.2 €V and temperature T = 50 K. 77
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and A’ respectively. . . . . ... oL



List of Figures / xxiii

6.3 Density plots of the BCP tensor components G . (left column), Gy, (middle column)
and G,(middle column) for all three phases, obtained from equation 6.4. The top
row (a—c), middle row (d—f), and bottom row (g—i) correspond to the SN, DN, and
NR phases, respectively. The plots are shown only for the conduction band. Here
weconsiderthe gap A=0.1eV. . . ... ... . o 86
6.4 The transverse third-order Hall (TOH) conductivity for different nodal phases. (a-c)
shows the variation of the transverse TOH response y, as a function of the applied
electric field direction 6 for different Fermi energies Er in the SN, DN and NR
phase respectively. (d) presents the maximum transverse TOH responses together in

different phases near the band edge at Ef = 0.11 eV. We take temperature 7=50K. 88



List of acronyms

SOC spin-orbit coupling

2DEG two-dimensional electron gas
RSOC Rashba spin-orbit coupling
DSOC Dresselhaus spin—orbit coupling
REE Rashba Edelstein effect

SIA structure-inversion asymmetry
BIA bulk-inversion asymmetry

PST persistent spin texture

ST spin texture

FC Fermi contour

GMR giant magnetoresistance

TRS time-reversal symmetry

IS inversion symmetry

BC Berry curvature

BCD Berry curvature dipole

BCP Berry connection polarizability
BCQ Berry curvature quadrupole
AHE anomalous Hall effect

XXiv



List of acronyms / xxv

QAHE
SOH
TOH
DSM
NRSM
WSM
SN
DN
NR
BCQ
QMD

QMQ

quantum anomalous Hall effect
second-order Hall
third-order Hall

Dirac semimetal

nodal-ring semimetal

Weyl semimetal

single node

double node

nodal ring

Berry curvature quadrupole
quantum metric dipole

quantum metric quadrupole



Chapter 1

Introduction

Low-dimensional quantum materials exhibit rich physical properties, such as Edelstein effect, non-
linear Hall effect, spin Hall effect, Kondo effect, magnetoresistance, photogalvanic effect and many
more. These properties continue to shape both fundamental research and technological innovation.
Many of these properties emerge from subtle features of electronic structure, symmetry, and reduced
dimensionality. Their understanding has become increasingly important for the development of
modern electronic, magnetic, and spin-based technologies. Probing such properties requires experi-
mental and theoretical tools. Techniques such as spectroscopic techniques, scanning probe methods,
optical measurements, and transport studies provide sensitive means to capture how a system re-
sponds to external perturbations. Among these techniques, transport measurements constitute one of
the most powerful probes, as they directly connect microscopic properties of a material to experimen-
tally observable quantities and offer deep insight into their underlying physical mechanisms [3-5].
Transport phenomena describe how charge, spin, heat, and energy flow through a material when it
is driven out of equilibrium by external fields or temperature gradients. Charge transport describes
how electrical carriers move through a material and reflects the underlying electronic band structure,
scattering processes, and crystal symmetry, which collectively determine transport properties such
as electrical conductivity [6, 7], anomalous Hall conductivity [8, 9], and thermoelectric coefficients
(e.g., the Seebeck and Nernst effects) [10-12]. Spin transport describes the flow of spin angular

momentum in a material and is influenced by the interplay between crystal symmetry and spin—orbit
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interaction, which together lead to spin-dependent transport phenomena such as the spin Hall effect
and current-induced spin polarization under nonequilibrium conditions [13, 14]. Heat and energy
transport offer complementary insight, especially in systems where electronic, phononic, and mag-
netic degrees of freedom are strongly coupled, leading to phenomena such as the magnon Hall effect,
phonon Hall effect, and spin Seebeck effect.

Among these different transport channels, spin transport continues to emerge as a particularly
important direction, both from a fundamental perspective and for technological applications. Modern
electronic devices based on semiconductors primarily operate by controlling the flow of electric
charge. While this approach has enabled remarkable technological progress, further improvements
in device speed and efficiency are increasingly limited by power consumption and signal processing
constraints. These challenges have motivated the search for alternative ways to process information.
A potential direction is to utilize the intrinsic spin of electrons, in addition to their charge, giving rise
to the field known as spintronics [15, 16]. Spintronic devices make use of spin-polarized currents in
metals and semiconductors, offering new opportunities for faster and more energy-efficient devices
beyond conventional charge-based electronics. An important development in spintronics is the giant
magnetoresistance (GMR) effect, discovered by Albert Fert and Peter Griinberg in 1988 [17, 18].
This is widely regarded as the foundation of spin-based electronic technologies and was recognized
with the Nobel Prize in Physics in 2007. The GMR effect arises in layered systems consisting
of alternating ferromagnetic and nonmagnetic materials, where the electrical resistance changes
significantly depending on how the magnetizations of neighboring magnetic layers are aligned.
When the magnetization is aligned parallel, electrons experience less scattering, thereby reducing
the resistance. In contrast, an antiparallel alignment leads to enhanced spin-dependent scattering,
resulting in a significant increase in resistance. This strong dependence of resistance on spin
configuration enables efficient detection and manipulation of spin states, forming the basis for
modern magnetic sensors and high-density data storage technologies like hard disk drives [19].

In spintronics, the main goal is to utilize spin and spin-polarized currents alongside conventional
charge currents. This requires efficient methods for generating and controlling spin polarization

and spin currents. Ferromagnetic materials naturally produce spin-polarized currents due to the
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exchange interaction, which induces a preferred alignment of electron spins. However, transferring
these spin-polarized carriers from ferromagnets into nonmagnetic semiconductors is often ineffi-
cient and experimentally challenging [20, 21]. As a result, considerable effort has been directed
toward generating spin polarization and spin currents directly in nonmagnetic materials, offering

a more practical route for integrating spintronic concepts into semiconductor-based technologies.

A prominent mechanism for generating spin

polarization in nonmagnetic materials is the
A A A

Edelstein effect, independently proposed by

Aronov and Lyanda-Geller [22] in 1989 and

by Edelstein [23] in 1990. This phenomenon
originates from spin-orbit coupling (SOC) in

systems with broken inversion symmetry and Fjgyre 1.1: Schematic diagram of the Edelstein
effect at a surface in a spin-orbit coupled nonmag-
netic system. Here (S) presents the finite spin

spin polarization. As shown schematically in magnetisation.

enables the conversion of charge currents into

Fig. 1.1, applying a current can induce a finite

spin accumulation at the surface of a nonmagnetic material in the presence of strong SOC. In the
commonly studied two-dimensional Rashba model, the induced spin polarization remains in-plane
and is oriented transverse to the direction of the applied electric field. The electrically generated spin
accumulation can exert a spin—orbit torque on a neighboring ferromagnetic layer, potentially leading
to domain-wall motion or magnetization switching [24, 25]. These features have made the Edelstein
effect a promising approach for electrically controlling magnetization in spintronic devices.

In addition to spin transport, charge transport also exhibits rich nonequilibrium phenomena that
extend beyond the conventional linear response regime. In particular, recent studies have revealed
that quantum geometric properties of electronic bands can give rise to novel nonlinear Hall effects,
establishing an important emerging direction in condensed matter physics, which we discuss briefly
in the following.

To understand the origin and significance of these nonlinear responses, it is useful to first recall
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the conventional Hall effect, a fundamental charge transport phenomenon discovered by Edwin
Hall in 1879 [26]. When an electric current flows through a conductor in the presence of an
external magnetic field, the Lorentz force deflects charge carriers, leading to a transverse voltage
perpendicular to both the current and the magnetic field. Beyond its fundamental importance,
the Hall effect has found widespread applications in modern electronics, such as in magnetic field
sensing and current detection [27, 28].

Subsequent studies revealed that ferromagnetic materials can exhibit a transverse voltage even
without applying an external magnetic field [29]. This phenomenon is known as the anomalous
Hall effect (AHE). Unlike the ordinary Hall effect, the AHE could not be explained within the
classical Lorentz force framework and lacked a comprehensive theoretical understanding for several
decades. A key reason is that the AHE is connected to geometric and topological concepts, which
were developed and understood in more recent years. The first microscopic explanation of the AHE
was proposed by Karplus and Luttinger in 1954 [30]. They demonstrated that the application of
an external electric field to a ferromagnetic system leads to an extra contribution to the electron
group velocity, known as the anomalous velocity. This anomalous velocity is a geometric effect
arising from the Berry curvature of Bloch states. This geometric interpretation became clear in
1984 when Michael Berry introduced the concept of the Berry phase [31]. In crystalline solids,
quantum states acquire an extra phase that depends on the geometry of their path in momentum space.
The corresponding geometric quantity, the Berry curvature, acts as an effective magnetic field in
momentum space and modifies the semiclassical motion of electrons, giving rise to an anomalous
velocity [8, 32].

In addition to the intrinsic Berry curvature contribution, the AHE can also arise from extrinsic
skew scattering and side-jump mechanisms in disordered systems [8].

In insulating systems, extrinsic scattering mechanisms are suppressed, and the Hall response
is determined entirely by the Berry curvature of the occupied bands. In such cases, the Hall
conductance becomes quantized and is characterized by an integer topological invariant known as
the Chern number [33]. This quantized Hall response is referred to as the quantum anomalous Hall

effect (QAHE) [34]. In a QAH state, the bulk of the material is insulating, while dissipationless
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chiral edge states carry the Hall current. This effect was first realized experimentally in topological

insulators [35] and has more recently been observed in 2D ferromagnets and moiré materials [36—38].

The transverse Hall current discussed above

appears at linear order in the applied fields and

requires breaking of the time-reversal symme- /|:>

EO e:'.wt
try (TRS), either through an external magnetic Ay
| »
field or intrinsic magnetization. However, it is TL’ V4

Z

possible to generate a transverse nonlinear Hall Figure 1.2: Schematic diagram of the nonlinear

response even in the presence of TRS. The Hall effect in a time-reversal symmetric system.
A time-dependent electric field Ege'’ is applied

corresponding schematic diagram is shown in along the sample with frequency w. This drives
a nonlinear transverse Hall current J(nw), where

Fig- 1.2 In 2015, Sodemann and Fu showed the integer n represents the order of the response

that a transverse Hall current can emerge at sec- o the electric field.

ond order in the applied electric field even in

systems that preserve TRS, provided inversion symmetry (IS) is broken [39]. They explained that
this nonlinear Hall effect arises from the first-order moment of the Berry curvature in momentum
space, called the Berry curvature dipole (BCD). In subsequent years, this effect was observed ex-
perimentally in layered transition metal dichalcogenides such as bilayer WTe; [40] and WSe; [41],
confirming the role of the BCD in generating the nonlinear Hall response. It can also serve as a
useful probe of valley-Chern type topological phase transitions [42, 43].

However, in systems where both TRS and IS are present, the Berry curvature vanishes in the
Brillouin zone because the combined symmetries force it to cancel exactly. As a result, both
the linear AHE and the BCD induced second-order Hall effect are absent. Interestingly, it has
been demonstrated by H. Liu ef al. that a higher-order transverse response can arise even in such
symmetric systems [44]. In particular, a third-order Hall effect can arise from another geometric
quantity called the Berry connection polarizability (BCP). This quantity originates from the electric
field-induced first-order correction of the Berry connection. Although the Berry connection itself

is gauge dependent, the derivative of its first-order correction with respect to the electric field,
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referred to as the BCP is gauge invariant. In analogy with electric polarizability in classical
electrodynamics, the BCP describes how Bloch electrons experience a field-induced positional shift
in momentum space [45]. In recent times, the third-order Hall effect has been theoretically studied
in two-dimensional Dirac models [44] and the hexagonally warped surface states of topological
insulators [46, 47] and has been experimentally observed in the Weyl semimetal TalrTe, [48] and
bulk T, ;-MoTe, [49].

In light of the above developments, it is essential to develop a unified understanding of how
symmetry, spin—orbit coupling, and the quantum geometric properties of electronic bands collectively
govern nonequilibrium transport phenomena in realistic systems. While linear SOC has been
extensively studied in the context of current-induced spin polarization, such as the Edelstein effect,
the role of more general symmetry-allowed SOC terms, particularly those involving higher-order
momentum dependence, remains comparatively unexplored. Such terms can modify the current-
induced spin polarisation in nontrivial ways, leading to qualitatively distinct behavior that is strongly
dependent on the underlying symmetries of the system, making their systematic understanding an
emerging challenge in the field of spintronics.

At the same time, modifications of the band structure induced by SOC are not merely quantitative,
but can also reshape the underlying geometric properties of Bloch states in momentum space, thereby
influencing the corresponding nonlinear responses.

Motivated by these considerations, the first part of this thesis investigates how linear and cubic
momentum-dependent SOC terms affect current-induced spin polarization. We identify a special
symmetry-protected regime in Rashba—Dresselhaus systems, known as the persistent spin texture
(PST) [50], where both field-induced spin polarization and charge transport, including Hall re-
sponses, are strongly suppressed. Interestingly, small deviations from this regime give rise to a
qualitatively different response, with a strong enhancement of nonlinear Hall effects. This behavior
is associated with the evolution of the electronic structure, which develops a characteristic nodal
band geometry near the PST point and consequently modifies the geometric properties of Bloch
electrons, such as the Berry curvature, BCD, and BCP. Importantly, this connection between nodal

band geometry and nonlinear Hall response is not limited to Rashba—Dresselhaus systems, but ex-
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tends more broadly to other classes of systems exhibiting tunable band crossings. In this context,
the final part of this thesis investigates nonlinear Hall effects in a nodal Dirac semimetal, where
tuning the parameters of the underlying Hamiltonian enables a systematic realization and control
of different nodal band structures. This provides a unified perspective on how tunable nodal fea-
tures govern quantum geometric quantities and, consequently, the resulting nonlinear Hall responses

across different physical platforms.

1.1 Outline of the thesis

We have organized this thesis into two parts: the first part of the thesis (chapter 2 to 3) is focused on
current-induced spin polarization in SOC systems, while the second part (chapter 4 to 6) is devoted
to nonlinear Hall effects in SOC and tunable nodal Dirac systems.

In chapter 2, we present the theoretical framework for spin—orbit—driven phenomena by intro-
ducing electron dynamics in electromagnetic fields, deriving spin—orbit coupling, and discussing the
spin—orbit field that determines spin textures. We further introduce the two-dimensional electron
gas as a prototypical system and discuss Rashba and Dresselhaus spin—orbit interactions. Finally,
the mechanism of generating current-induced spin polarization is described within the framework
of linear response theory.

Building on this foundation, chapter 3 investigates current-induced spin polarization in Rashba-
Dresselhaus systems, including both linear and higher-order SOC terms, and demonstrates how
crystal symmetry influences the nature of the induced spin response, including its direction and
magnitude.

While the first part of the thesis focuses on spin responses induced by electric fields in time-
reversal symmetric systems, such systems can also exhibit nonlinear Hall effects that originate
from the quantum geometry of their electronic bands. In chapter 4, a theoretical framework for
understanding these effects is developed through the introduction of the key quantum geometric
quantities involved.

Based on this framework, chapter 5 investigates nonlinear Hall effects in Rashba—Dresselhaus
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systems, emphasizing the PST regime. In the vicinity of PST, the electronic structure develops
characteristic nodal features, which play a crucial role in enhancing nonlinear Hall responses. To
further elucidate the role of nodal band geometry, chapter 6 examines nonlinear Hall responses in a
tunable nodal Dirac semimetal with distinct nodal phases, demonstrating how different nodal band
structures influence the underlying quantum geometric quantities and lead to distinct higher-order
Hall responses.

Finally, in chapter 7, we summarize the main findings of the thesis and discuss their broader

implications.



Chapter 2

Theoretical framework for spin—orbit driven

phenomena

In solids, spin-orbit coupling (SOC) plays a central role in shaping the electronic band structure
and gives rise to a variety of spin-dependent phenomena. Arising from relativistic corrections,
SOC links the electron’s spin to its orbital motion and constitutes the fundamental mechanism
behind the Edelstein effect. Furthermore, SOC is essential for phenomena such as the spin Hall
effect [51, 52], where a longitudinal charge current generates a transverse spin current due to spin-
dependent deflection of carriers. Motivated by these considerations, we now develop the theoretical
framework for understanding spin—orbit—driven spin polarization in the following sections. We
begin by describing the dynamics of electrons in external electromagnetic fields, which establishes
how electric and magnetic fields couple to electronic motion through minimal coupling. With this
understanding, we derive spin—orbit coupling as a relativistic correction to electron dynamics and
show how it can be incorporated into an effective nonrelativistic Hamiltonian. Next, we introduce the
concept of the spin—orbit field, which provides an intuitive description of how spin—orbit coupling
lifts spin degeneracy and generates momentum-dependent spin textures in solids.

To illustrate these concepts, we focus on the two-dimensional electron gas as a simple and widely
used platform, and examine the Rashba and Dresselhaus mechanisms of spin splitting that arise from

different types of inversion asymmetry. Subsequently, we discuss the physical mechanism of how
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an external electric field can generate a finite spin polarization in these systems. Finally, we present
the Kubo linear response formalism, which provides a microscopic and quantitative framework for

calculating the electrically induced spin polarization discussed in this thesis.

2.1 Dynamics of electrons in external electromagnetic fields

External electromagnetic fields affect the motion of electrons through the Lorentz force. For an

electron with charge —e, the equation of motion is
mi = —e[E(r, £+ xB(r,0)|, @.1)

where m is the electron mass, r denotes the electron position vector; E(r, t) and B(r, 7) represent the
electric and magnetic fields, respectively. The electric and magnetic fields are related by Maxwell’s
equations and can be conveniently expressed in terms of scalar (®(r, 7)) and vector (A(r,¢?))
potentials. In particular, Gauss’s law for magnetism, V - B = 0, ensures that the magnetic field can
be written as B = V X A(r,7). Using this relation in Faraday’s law, V X E = —(9B/dt), leads to
V x (E + %—‘?) = 0, which implies that the quantity in brackets is a gradient field. Introducing the
scalar potential ®(r, 7), the electric field become
O0A(r,1)

E=-V,0(r.0) - — . 2.2)

To describe electron dynamics, we construct a Lagrangian whose Euler-Lagrange equations
reproduce the Lorentz force. In the absence of electromagnetic fields, the electron is described by

the free-particle Lagrangian Ly = %mi‘z. When fields are present, the resulting Lagrangian is

1
L= Emi‘z +ef-A(r,t) — e ®d(r,1). (2.3)
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Substituting this expression into the Euler-Lagrange equations,

EE - E = 0, (24)

we can directly recover the Lorentz force, confirming that this Lagrangian correctly describes an
electron in electromagnetic fields. The canonical momentum conjugate to r follows from the
Lagrangian as

oL

p=—-= mr + eA(r, ). (2.5)

This shows that the canonical momentum differs from the physical momentum by the vector potential.

The Hamiltonian is obtained through the Legendre transformation, which yields
1 2
H = > [p—eA(r,1)]” + ed(r,1). (2.6)
m

To describe the system quantum mechanically, the classical momentum and position are replaced by
their operator counterparts as, p — p = —ihV, and r — £. The quantum dynamics is governed by

the time-dependent Schrodinger equation,
0 A
thoi(r.1) = Hy(r.1), 2.7

where (1, t) denotes the electron wave function at position r and time 7. The Hamiltonian operator
is given by

H= 1 [P — eA(r, t)]2 +e®(r,1). (2.8)
2m

More generally, if the field-free system is described by a Hamiltonian Ho(p), coupling to external

electromagnetic fields is introduced through the replacement

p— P +eA(r,1), (2.9)
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together with the scalar potential term, leading to
H=Ho(p + eA(r,1)) — ed(r,1). (2.10)

This prescription is known as the Peierls or minimal-coupling substitution [53, 54]. It reflects that
electromagnetic fields modify quantum electron dynamics by shifting the canonical momentum and
adding the electrostatic energy, providing the fundamental starting point for transport and response
theories in condensed-matter systems.

When the system is driven solely by a spatially uniform electric field, it is convenient to choose
a gauge in which the scalar potential vanishes, ®(r,7) = 0, and the electric field is incorporated
entirely through a time-dependent vector potential, A(r,¢) = —E ¢. In this case, the Hamiltonian

remains translationally invariant and takes the form
H(t) = Ho(p + eA(1)). Q.11)

Having established the quantum description of electrons in electromagnetic fields, we now derive

spin—orbit coupling as a relativistic correction in the following section.

2.2 Spin-orbit coupling

Spin—orbit coupling arises from relativistic corrections to electron dynamics and provides a mi-
croscopic link between the spin and orbital degrees of freedom. It can be incorporated into a
non-relativistic Hamiltonian as an effective correction term.

In the non-relativistic regime, free electron dynamics is described by the time-dependent
Schrodinger equation as described in Eq. 2.7 with A = p?/2m. However, the Schrodinger equation
does not treat time and space on equal footing. It involves a first-order derivative in time and second-
order derivatives in spatial coordinates, for which it is not Lorentz invariant. A relativistically

consistent description is provided by the Dirac equation [55],
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0 A
iha W(r.0) = [cd - p+m B ¥(r.o). (2.12)

where W is a four-component spinor, c is the speed of light. &, and 8 are Dirac matrices, which are
given by

A
A

& = 0y ® 7, Bi = 0, ® bv. (2.13)

Here &7 are Pauli matrices with (i = x,y,z) and &9 is the 2 X 2 unity matrix. The above Dirac

2

equation yields the relativistic energy—momentum relation €> = ¢2p? + m>c*. Following the Peierls

substitution in Eq. 2.10, the Dirac equation in the presence of electromagnetic fields takes the form
. a A A 2 A
zhE‘P(r, t) = [ca (P +eA) +mce S — ed)] Y(r,1). (2.14)

We now analyze this Dirac equation in the non-relativistic limit, assuming a time-independent

electric field and vanishing magnetic field. The spinor is expressed using the ansatz

(//1([', t)

¥(r,1) = e /h :
Yo (r, 1)

(2.15)

where ¢ and Y, are two-component spinors. Substituting this form into the Dirac equation in

Eq. 2.14 yields two coupled equations,

(€ +e®—mey = c (o - P)yo,

(e +e®+mc? )y =c (o -P) . (2.16)

For positive-energy solutions corresponding to electrons, ¢, is much smaller than ;. Therefore,

one may approximate

1. (2.17)

Substituting this expression for ¢, back into the first coupled equation yields an effective equation

for the large component ;. Expanding systematically in powers of 1/c¢ and retaining terms up
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to order 1/c¢2, the resulting equation can be interpreted as a Schrodinger equation with relativistic

corrections
.0 A
i % = e 1. (2.18)
The effective Hamiltonian becomes
~AD A4 2
N p p h R h 2
Hpg=—+V - + VVXPp) o+ VeV, 2.19
ot om 8m3c? 4m2c2( p)-o 8m?2c2 2.19)

where V = —e®. The third term represents the relativistic correction to kinetic energy, the last term
is the Darwin term, and the fourth term corresponds to spin—orbit coupling [56],

Hsoc = (VV xP)-o. (2.20)

4m?c?

It explicitly couples the electron spin, described by the Pauli matrices o, to its orbital motion
through the gradient of the electric potential. For a spherically symmetric potential V(r), the
dv

gradient simplifies to VV = <= t. Using this expression, the SOC Hamiltonian reduces to the

familiar form
1 dVv . .
VL-

Asoc = —— 21,8, 221
SOC = Sm2c2r dr 2.21)

where I = r x p is the orbital angular momentum and S= %0’ is the spin operator.

Although SOC originates from relativistic physics, it can therefore be incorporated into a non-
relativistic framework through the derived effective Hamiltonian. In crystalline solids, the presence
of electric field gradients arising from the lattice potential and, in particular, from broken inversion
symmetry, leads to modified forms of spin—orbit interaction. Notable examples include Rashba and
Dresselhaus spin—orbit couplings, which play a central role in current-induced spin polarization

phenomena.
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2.3 Spin-orbit field

While SOC originates from relativistic corrections to single-particle dynamics, the effects of this in
crystalline solids can be understood using the concept of spin—orbit fields. This picture illustrates
how SOC lifts band degeneracies and gives rise to characteristic spin textures in momentum space.
Moreover, inspecting the structure of this field at an early stage already provides intuitive insight
into current-induced spin polarization, even before detailed calculations are carried out, which we
have discussed in detail in Sec. 3.2 of chapter 3.

Starting from the general SOC Hamiltonian derived above in Eq. 2.20, one may rewrite it in the
compact form

Hsoc = Beg.0, (2.22)

where B.g is a momentum-dependent vector that plays the role of an effective magnetic field in spin
space, commonly referred to as the spin-orbit field.

In the presence of SOC, the minimal description of an electronic system involves two bands,
reflecting the two spin degrees of freedom represented by the Pauli matrices. In a translationally
invariant crystal, electronic states are labeled by the crystal momentum k, and the generic two-band

Hamiltonian can be written in the Pauli-matrix basis as
H(k) = do(k) + d(k).o, (2.23)

where dy(k) describes the spin-independent dispersion and d(k) = (dy, d,, d;) contains all spin-
dependent contributions. Comparing this expression with the SOC Hamiltonian introduced in

Eq.2.22, d(k) can be identified as the spin-orbit field. The corresponding energy eigenvalues are
e+(k) = do(k) + |d(k)], (2.24)

showing that SOC lifts the spin degeneracy and splits the spectrum into two branches separated by
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an energy 2|d(k)|. The corresponding normalized eigenstates become

(di(k) —idy(k))

e [0 () (20T F ik
1 (k)>—\/ 21400 ld( )|1+ (k) . (2.25)

Using these expressions, the spin expectation values can be evaluated as

+ __ + +\ _ + d(k)
(o (k)™ =Yoo ly™) = k)| (2.26)

indicating that electron spins align parallel or antiparallel to the spin—orbit field. Consequently,
the direction of d(k) defines the spin texture in momentum space, while its magnitude controls the
energy splitting between the two bands. In Chapter 3, we have explicitly studied band splittings and
spin textures for different SOC terms under different point group symmetries by using the spin-orbit
field.

In the following sections, we apply this general framework to concrete realizations of SOC
in crystalline systems. In particular, we discuss the Rashba and Dresselhaus effects, which arise
from different types of inversion asymmetry and represent two fundamental mechanisms of spin
splitting in solids. Both interactions are most commonly realized in quantum-well structures, where
electronic motion is confined, and a two-dimensional electron gas is formed. We therefore begin
by introducing the two-dimensional electron gas as a prototypical platform for studying inversion-
asymmetry-driven spin splitting. This approach makes it easier to understand how the spin—orbit field

depends on momentum, giving rise to spin-split bands and electrically induced spin polarization.

2.4 'Two-dimensional electron gas

A two-dimensional electron gas (2DEG) is generally formed at the interface between two semi-
conductor materials with different band gaps [3]. For instance, we have shown for GaAs/AlGaAs
heterostructure in Fig. 2.1. When such materials are brought together, their conduction bands and

valence bands do not align to each other, and the Fermi energy EF. is also not same (see Fig. 2.1 (a)).
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Therefore, electrons move toward the side with lower energy and accumulate near the interface.

+E (@) +E (b) 2DEG
B———
S — E,
F
E E,
V- AlGaAs GaAs Z Z

Figure 2.1: Schematic band alignment of an AlGaAs/GaAs heterojunction [1]. (a) Before contact,
the conduction-band (Ec) and valence-band (Ey) edges are shown separately for AlGaAs and GaAs.
(b) Band bending at an AlGaAs/GaAs interface leading to the formation of a two-dimensional
electron gas.

This accumulation of electrons creates a local charge imbalance, which generates an internal
electric field. As a result, the conduction band near the interface bends downward in energy. This
spatial variation of the band edge produces a confining potential along the growth direction (taken as
the z-axis), often referred to as band bending. The resulting potential has the form of a narrow well
that traps electrons close to the interface, as shown in Fig. 2.1 (b). While electrons remain free to
move parallel to the interface, their motion perpendicular to the plane is restricted by this confining
potential. Because of this confinement, the allowed energies along the z-direction become discrete.
In contrast, motion in the plane remains continuous. The system therefore behaves as an effectively
two-dimensional electronic gas.

An important characteristic of these heterostructures is the built-in electric field perpendicular to
the interface, originating from the band bending that forms the confining potential. While spin—orbit
coupling is fundamentally a relativistic effect arising from electric field gradients, the breaking of
inversion symmetry due to this built-in field lifts spin degeneracy and leads to momentum-dependent
spin splitting. This provides the microscopic origin of the Rashba effect discussed in the following

section.
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2.5 Rashba effect

An important manifestation of SOC in low-dimensional systems is the Rashba effect, which arises
from structural inversion asymmetry and leads to momentum-dependent spin splitting of electronic
bands. This phenomenon is named after Emmanuel Rashba, who first identified it in 1959 [57], and
was later formulated for two-dimensional systems by Rashba in collaboration with Yurii A. Bychkov
in 1984 [58]. At a crystal surface or at the interface of heterostructures, inversion symmetry is
broken because the two sides of the surface or interface are inequivalent. This structural asymmetry
gives rise to an electric potential gradient along the direction normal to the surface, denoted by
0V /on, where #1 is the unit vector normal to the surface. Electrons moving in this field experience
an effective magnetic field in their rest frame, which gives rise to SOC. Following Eq. 2.22, this
leads to the SOC Hamiltonian

H30C = “—hR(ﬁ x k)., (2.27)

known as Rashba spin—orbit coupling (RSOC). The Rashba parameter ar determines the strength

of SOC and depends on the electric potential gradient at the interface as follows [59]

2
g h /d3r|d>(ﬁ)|a

%4
© 4m2c2 on’

(2.28)

where ®(i1) is the wavefunction component varying along surface normal 72. This parameter is
material specific and generally ranges from 0.01 to 4 eV.A [60, 61]. At surfaces and interfaces of
materials such as Au(111) [62], Bi/Ag(111) [63], and BixPb;_x/Ag(111) [64], electronic states can
be effectively described by a two-dimensional free-electron model with RSOC. The corresponding
Hamiltonian for a 2DEG in the presence of RSOC is given by

h2k?

H = o + ar(kyoy — kyoy). (2.29)
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(2) (b)

2DEG 2DEG +RSOC

Figure 2.2: Schematic illustration of band splitting in a 2DEG in the presence of Rashba spin—orbit
coupling. (a) Parabolic band dispersion of a 2DEG without RSOC. (b) Band splitting induced by
RSOC, resulting in two spin-split bands. The inset shows the corresponding Fermi contours at a
constant energy £r,, along with the associated spin textures (arrows). Blue (red) denotes the inner
(outer) band.

Here we consider the surface normal 7 is along the z direction. The corresponding energy dispersion
becomes

e(k) = % + agr|K]|. (2.30)

Figures 2.2 (a) and (b) illustrate the band structure of a 2DEG in the absence and presence of

RSOC, respectively. In the absence of RSOC, the electronic bands are spin-degenerate, whereas its

inclusion lifts this degeneracy, resulting in two spin-split branches, as shown in Fig. 2.2 (b). The

resulting energy splitting depends linearly on the Rashba parameter and is given by Er = 2agr|kK|.

In addition to band splitting, the electron spins form two oppositely oriented textures, as illustrated

in the inset of Fig. 2.2 (b). In a Rashba system, electrons experience an effective spin—orbit field
Ber = ar(—ky, ky), (2.31)

which constrains the spin to align perpendicular to the electron momentum. Consequently, the spin
direction becomes locked to the particle’s motion, giving rise to a characteristic helical spin texture
in momentum space. This phenomenon is known as spin—momentum locking and has been discussed
explicity for different SOC terms in chapter 3.

Although Rashba spin—orbit coupling is often attributed to the electric field associated with

structural inversion asymmetry, the large Rashba splitting observed in realistic materials primarily
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originates from atomic spin—orbit coupling near the nuclei. Inversion symmetry breaking modifies
the orbital character of Bloch states and generates a momentum-dependent orbital angular momen-
tum through orbital hybridization. The atomic spin—orbit interaction couples this orbital angular
momentum to the electron spin, leading to the Rashba spin splitting [65]. Therefore, the Rashba cou-
pling strength depends on the interplay between atomic spin—orbit coupling, orbital hybridization,

and inversion asymmetry.

2.6 Dresselhaus effect

Another important manifestation of SOC in low-dimensional systems is the Dresselhaus effect, first
proposed by G. Dresselhaus [66]. In contrast to the Rashba effect, the Dresselhaus effect arises
from bulk-inversion asymmetry (BIA) inherent to certain crystal lattices, most notably zinc-blende
semiconductors such as GaAs and InAs. In these materials, the lack of inversion symmetry in the
bulk crystal potential gives rise to an effective momentum-dependent magnetic field or the spin-orbit
field that couples to the electron spin.Microscopically, Dresselhaus spin splitting originates from the
combined effect of atomic spin—orbit coupling and bulk inversion asymmetry. Within multiband
k - p theory, interband coupling between the s-like conduction band and p-like valence bands,
together with remote-band contributions, generates an effective momentum-dependent spin splitting
of the conduction-band states. Consequently, the Dresselhaus coupling strength is governed by band-
structure parameters such as the band gap, spin—orbit splitting, and interband coupling strengths [67].
For three-dimensional bulk systems, this interaction leads to a Dresselhaus spin—orbit coupling

(DSOC) Hamiltonian that is cubic in momentum and can be written as
H3CC = yp [ky(k} = kD)o + ky (k7 = k) oy + ko (k3 — k})o] (2.32)

where yp denotes the bulk Dresselhaus coupling parameter. This parameter is also material-specific,
and for GaAs, it generally ranges from 6.5 to 30 eV.A [68]. When a two-dimensional electronic

systemis formed at a surface or interface, the bulk Dresselhaus interaction is effectively projected onto
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the corresponding confinement plane. This dimensional reduction suppresses the cubic momentum
terms and yields a dominant linear contribution whose explicit form depends on the crystallographic
orientation of the surface (such as [001], [110], or [111]) [67]. For a 2DEG confined along the z
direction, corresponding to a [001] growth axis, the effective DSOC Hamiltonian reduces to

HPYS = Blkyor = kyory), (2.33)
where 3 represents the effective linear Dresselhaus coupling strength. We referred to this term

as Hp-) (DSOC(-)) beacuse depending on the choice of in-plane coordinate axes, this linear

Dresselhaus Hamiltonian may also be written in another equivalent form,

HES = Blko + kyory), (2.34)

which can be obtained from the standard [001] expression through a rotation of the coordinate system

and denoted as Hp(4) (DSOC(+)). Both terms arise from the same BIA and lead to an identical

(a) (b)
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Figure 2.3: Spin textures of a 2DEG with Dresselhaus spin—orbit coupling: (a) and (b) correspond
to the two forms of Dresselhaus coupling, DSOC(-) and DSOC(+), respectively. The arrows denote

the spin orientation, revealing contrasting spin arrangements in the two cases, while the inner (blue)
and outer (red) contours represent the spin-split bands.

energy dispersion in a 2DEG,

h2 k2
e:(k) = Ty + plK|, (2.35)
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demonstrating that both Hamiltonians lead to the same band splitting structure with an energy
separation Ep = 26|k|. However, the corresponding effective spin—orbit fields differ. For the

conventional Dresselhaus (DSOC(-)) Hamiltonian,

B = Blky, —ky), (2.36)
whereas for the rotated form (DSOC(+)), the effective field becomes

B = Bk, ky). (2.37)

As a consequence, (DSOC(-)) and (DSOC(+)) Hamiltonians produce different spin textures and
spin—momentum locking patterns in momentum space, as we have shown in Fig. 2.3 (a) and (b),
respectively. In the first case, the spin orientation changes sign between the k, and k, directions,
while in the second case, the spins align parallel or antiparallel to the in-plane momentum.

At surfaces and interfaces, Rashba and Dresselhaus SOC often coexist. Their interplay gives rise
to complex spin textures and strongly influences current-induced spin polarization, as discussed in
Sec. 3.3.1 of Chapter 3. This interaction also affects spin relaxation and can lead to the emergence

of a PST, which we have analysed in detail in Sec. 5.2 of chapter 5.

2.7 Generation of spin polarization

In this section, we discuss how an applied electric field induces spin polarization in a 2DEG in
the presence of SOC. To illustrate this mechanism, we consider a 2DEG with Rashba SOC. In
equilibrium, the electronic structure consists of two spin-split bands with opposite spin orientations.
For every electronic state with momentum K, there is a corresponding time-reversed state at —k with
the opposite spin direction, as we have already seen in Sec. 2.5. Because of this symmetry, the spin
distribution in momentum space is perfectly balanced, and the total spin polarization become zero.
This is illustrated in Fig. 2.4 (a), where two concentric Fermi contours appear, with spins winding

in opposite directions on the inner and outer bands, leading to complete cancellation ({S) = 0).
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Figure 2.4: Spin distribution of a 2DEG with Rashba SOC [2]. (a) In equilibrium, the spin
distribution on the two Fermi contours is balanced and oppositely oriented, leading to zero net spin
polarization ((S) = 0). (b) Under an applied electric field E = (E, 0), the Fermi contours shift in
momentum space, breaking this balance and giving rise to a finite spin polarization ((S) # 0).

When an external electric field E is applied , the system is driven out of equilibrium. The field
shifts the Fermi contours in momentum space in the direction opposite to E . However, the outer
contour experiences a slightly larger shift than the inner one, because electrons in the outer band
acquire a higher drift velocity. Since spins are locked to momentum in a Rashba system, this shift
immediately produces an imbalance in the spin distribution. States that were previously canceled
by their time-reversed partners are no longer equally occupied. Consequently, spins pointing in one
direction become slightly more populated than those pointing in the other direction. This imbalance
gives rise to a finite net spin polarization ((S) # 0), which we have shown in Fig. 2.4(b).

To place the above physical picture on a quantitative footing, a microscopic theoretical description
of electric-field-induced spin polarization is required. Several approaches have been developed for
this purpose, including Boltzmann transport theory [2, 69], Landau—Zener theory [70], and Kubo
linear response theory [71]. In this work, we adopt the Kubo formalism to provide a comprehensive
description of current-induced spin polarization. In the next section, we discuss the formulation of

the Kubo formula for calculating spin polarization.
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2.8 Kubo linear response theory

This theoretical approach provides a systematic framework to determine how a quantum system
responds to a weak time-dependent perturbation by relating the induced change in an observable
to equilibrium correlation functions of the unperturbed system. Although our primary interest is
in electrically induced spin polarization, here we present the derivation in a general form for an
arbitrary operator Q. We will later apply the result of this general framework to obtain the spin
polarization in chapter 1.

We consider a system described by a time-dependent Hamiltonian
H(t) = Hy + H' (1), (2.38)

where H is the equilibrium Hamiltonian and H’(7) represents a weak external perturbation switched
on at time #o. Within linear response theory, the deviation of the expectation value of an arbitrary

operator Q from its equilibrium value can be written as [72, 73]

(o8]

5Q(0) = (W) - @ = [ drChy(n.0) (2.39)

to

where (..)o denotes the equilibrium thermal average taken with respect to the unperturbed Hamilto-

nian Hy. The retarded (R) correlation function is defined as

Cou (1,1) = Chpp (1 =1') = =i6(t = )([Q(1), H'(1")])o, (2.40)

where the Heaviside function 6(z — t’) ensures causality, i.e., the system responds only after the
perturbation is applied. For a time-dependent perturbation, it is convenient to work in the frequency

(w) domain. The Fourier transform of the retarded correlation function is given by

(o)

5(Qu) = Chy(w) = / dt " e Copr (1), 2.41)

—00

where 7 is a positive infinitesimal or the broadening parameter introduced to ensure convergence.
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Here, we have applied an external electric field E(r, ¢) as a perturbation, which can be written in
terms of a vector (A(r, ¢)) and scalar (®(r, 7)) potential (see Eq. 2.2). For a spatially uniform electric
field, we only consider the vector potential, as discussed in Sec. 2.1 and it can be expressed in the

frequency domain as

e . 1 [ . 1 [ : 1o :

A(w) = / dt A(t) €' = .—/ de'"A(t) = —.—/ dA(t)e'" = —,—/ dt 0;,A(t)e'"

—o0 lw ,J_x w J_co 1w J_
E(w)

[109]

. (2.42)

In the presence of this vector field, the wave vector becomes k — k — ¢A /h by Peierls substitution
from Sec. 2.1. Therefore to the first order of the electric field, the perturbation Hamiltonian H’(t)
can be written as,

H'(t) = —eA(t) - v, (2.43)

where the velocity operator v reads

1
v = +ViHo. (2.44)

To evaluate 6(Q), we compute the retarded correlation function (Eq. 2.40) between the operator Q
and the perturbation H’. Direct evaluation of the real-time correlation function at finite temperature
is technically complicated. Therefore, it is convenient to first calculate the corresponding correlation
function in imaginary time using the Matsubara Green’s function formalism, and then obtain the
physical response by analytic continuation.

We define the Matsubara correlation function as [Eq. (11.20) in the Ref. [72]]

Con (1 =7') = (T [Q(0)H'(T))]), (2.45)

where T; is the imaginary-time ordering operator. This formulation is particularly useful because
thermal expectation values can be evaluated systematically using Green’s function techniques.
To evaluate the Matsubara correlation function explicitly, we express the operators in second-

quantized form. For a translationally invariant system, an arbitrary one-body operator can be written
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as
Q = Z cl—ZaQaﬁCkﬁa
k,a,B
_ T
H' =) cf H,gcxp, (2.46)
k,a,(
where Cle and ck, are fermionic creation and annihilation operators, and «, 8 label internal degrees of

freedom such as spin, orbital, etc. Substituting these expressions into the imaginary-time correlation
function in Eq. 2.45 leads to a thermal expectation value involving four fermionic operators. Using
Wick’s theorem, this four-operator term can be decomposed into products of two Green’s functions.

Keeping only the lowest-order contribution shown in Fig. 2.5, we obtain

Com (T =7)= D" > Qup(r)Grppy (7 = TV H} 5 (1) G a7 = 7), (2.47)
k afyo
where
Grap(t =) = = (Teera(Defy (7)) (2.48)

is the Matsubara Green’s function. The above expression can be written compactly using matrix

notation as

Com (t=7) = Y Tr[Q(1)Gi(r - ) H'(t)Gi(t' - 7)], (2.49)
k

where the trace is taken over the internal indices. Because the correlation function depends only on

the time difference 8 = v — 7/, therefore, we introduce the Fourier transformation as

B
Com (iwp) = / do e Cop (6), (2.50)
0

where w,, = 2mn /B are the discrete frequencies compatible with the periodicity of the correlation
function in imaginary time. Here 8 = 1/KpT with Kp the Boltzmann constant and 7" the temperature.
To evaluate this Fourier transformation, the Green’s functions appearing in Cpp/(6) must also

be expressed in frequency space. The single-particle Green’s function satisfies the antiperiodic
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boundary condition Gk (6 + 8) = —Gx(6), and therefore admits the expansion

G (0) = }3 Z e Gy (isy), (2.51)

n

where &, = (2n + 1)/ are the corresponding discrete frequencies. Substituting this expansion for

both Green’s functions in Eq. 2.49 and performing the integration over 6, we finally obtain
. 1 . . Iy .
Conr(iwn) = 5 ) | Tr [QGw(ies + o) H (o) Gulien)]. (2.52)
k,n
This correlation can be rewritten as

Con (iwy) = é Z Tr [H (iwy,)Gk(ie,) QG (ig, + iwny)] . (2.53)
k,n

The expression inside the summation contains
a product of two single-particle Green’s functions,
which can be evaluated using the standard contour
integration method. This procedure converts the dis-
crete Matsubara sum into an integral over real energy
weighted by the Fermi distribution function ng(g).

Figure 2.5: Lowest order Feynman diagram

After performing the summation and analytic contin- f Eq. 2.45

uation according to iw,, — w + in, the correlation function can be rewritten using retarded and

advanced Green’s functions defined on the real-frequency axis. We obtain from Eq. 2.53

Com(w +in) = - / ;—;nF(s) > Tr[H’(w +in) G (e - hw)Q(Gf (¢) - G?(s))
—o0 X
+ H (0 +in) (ij(g) - G;j(e))Qij(g + hw)]. (2.54)

If the applied electric field is along the spatial direction j, the explicit form of the perturbation from
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Eq. 2.42 and 2.43 can be written as
’ Ej.
H'(w) = —e—v;. (2.55)
iw

Using this relation, the final expression of the correlation or the 6{Q(w)) reads

E;, re
5w == [ Fnee) Y e]Gl e - hor0(Gh(e) - GL(e))
. k

+v j(G;j(g) - G;‘(g))QG;j(g + hw)]. (2.56)

Finally, the expression for the spin polarization will be as follows [71]:

E.: 00
(Si(w)) = — % ;l—inp(s) D Tr[v G (e - ﬁw)s,-((;;f(g) - G;‘(g))
- 4

+v J-(Gf (¢) - G;‘(g))s,-G;j(g + hw)]. (2.57)



Chapter 3

Current-induced spin polarization in

Rashba—-Dresselhaus systems

In the previous chapter, we have seen how spin—orbit coupling enables the generation of spin
polarization in response to an external electric field. We now turn to its realization in specific
low-dimensional systems where the underlying symmetry and the structure of spin—orbit interaction
play a crucial role in determining the resulting behavior. In this chapter, we demonstrate that
electrically induced spin polarization in non-magnetic materials can be significantly influenced
by the system’s point-group symmetries, such as C, and C,,, particularly in low-dimensional
systems such as quantum-well structures. These symmetries allow various linear and higher-order
momentum, k—varying SOC Hamiltonian. Specifically, we show that surfaces having C, point-
group symmetry, which permits specific linear and cubic Rashba and Dresselhaus SOC terms, can
lead to both orthogonal and non-orthogonal spin polarizations with respect to the applied field. In
contrast, surfaces with C,, symmetry exhibit only transverse spin polarization, regardless of the
linear and cubic SOC terms. We further find that the spin polarization of cubic-in-k SOC contrasts
with that of linear-in-k SOC as the energy is varied, for example, through doping. Additionally,
we show that the surfaces with C,, symmetry may exhibit persistent spin current, depending on the
relative strength between different momentum-dependent SOC terms. Our findings emphasize the

significance of crystal symmetry in understanding and manipulating induced spin polarization in

29
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noncentrosymmetric materials, especially in surface/interface systems.

3.1 Introduction

Creating dissipationless transport is a central goal in modern quantum transport phenomena, par-
ticularly in generating and tunneling of pure spins using electrical currents within quantum de-
vices [74-76]. The key quantity that controls such spin generation and/or transport in materials
with broken inversion symmetry is the spin-orbit coupling [58], which has been introduced earlier
in Sec. 2.2. This SOC term that linearly depends on momentum in the presence of structure-
inversion asymmetry (SIA) gives rise to an isotropic splitting of electronic bands—the linear Rashba
effect [57, 77-80](see Sec. 2.5). The splitting of these bands can range from giant to colossal,
depending on the intricate band structure, which involves orbital mixing and the interplay between
spin-orbit coupling energy and inversion-breaking crystal field energy[65, 81]. Additionally, orthog-
onal orbital interactions in certain material systems are shown to induce colossal Rashba coupling
[82]. An analogous band splitting in the presence of bulk-inversion asymmetry (BIA) also occurs
due to the Dresselhaus spin-orbit coupling (DSOC) [66], which we have earlier discussed in Sec. 2.6.
The utilization of such SOC terms in non-centrosymmetric materials has led to numerous nontrivial
quantum states, transport phenomena, and interaction effects, promising for potential applications
in devices [83—86]. The Rashba Edelstein effect (REE) is one of such phenomena where a non-
equilibrium spin polarization is induced by an electrical current due to the presence of Rashba
spin-orbit coupling (RSOC) [22, 23, 70, 87-89] whose underlying physical mechanism has been dis-
cussed in Sec. 2.7 of previous chapter. Since its first prediction, a great volume of work has focused
on studying the REE in semiconductors, metallic surfaces, and later extending it to the topological
materials [81, 90-97]. Similarly, a related phenomenon, namely orbital Edelstein effect as predicted
in bulk antiferromagnets [98] has attracted considerable interest in recent times. Nonetheless, the
REE can also lead to spin-orbit torques, which emerge as a promising candidate for the electrical
manipulation of magnetic order [99, 100].

In non-centrosymmetric systems, the RSOC for degenerate atomic orbitals such as p, d, and
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f orbitals induces a momentum-dependent spin splitting. This splitting can extend beyond the
linear regime, giving rise to more complex physical phenomena. Often, these systems exhibit a
cubic dependence of band splitting on momentum (k) [101-106]. Unlike the linear-in-k SOC that
induces uniform splitting in Rashba bands, the cubic counterpart creates a directionally dependent
energy separation that varies with momentum. Moreover, due to the presence of specific cubic
terms allowed by the crystalline symmetry, materials with C3,, or Cy, point group symmetry exhibit
anisotropic spin splitting [107-112]. Various electron and hole systems have been experimentally
found to exhibit spin-splitting anisotropic in k [113-115]. For example, SrTiO3 surface [102],
SrTiO3-based asymmetric oxide heterostructures [116], Ge/SiGe quantum well [104], antiferromag-
net TbRh,Si, [117] are known to show non-linear spin splitting in their surface/interface electronic
structures. Additionally, recent research in bulk insulators has revealed materials exhibiting purely
nonlinear RSOC where various ST govern controlled manipulation of dissipationless transport. In
Ref. [2], current-induced spin polarization has been studied in C», surface with only mass anisotropy
and in C3, surfaces with out-of-plane cubic term in addition to the in-plane RSOC. Similar cubic
RSOC has been used in Ref. [118] and in Ref. [119] to discuss spin polarization and conductivity.
Despite the intriguing physics observed in higher-order momentum terms under various point group
symmetries, a comprehensive understanding of their influence on induced spin in the presence of
electric fields remains elusive. Notably, a systematic investigation is lacking that explores this effect
across both symmetry-preserved and symmetry-broken materials. This is expected to be of relevance
for the interpretation of possible spin-polarization measurements detecting the Rashba spin splitting
beyond the linear limit.

In view of the above, we provide a detailed and comprehensive study of current-induced spin
polarization in a two-dimensional electron gas (2DEG) under different point group symmetries,
particularly C3/3, and Cy4/4, symmetries. We note that semiconductor quantum well structures
and two-dimensional nanostructures with carefully chosen growth geometries can host 2DEG with
such symmetries. By employing the Kubo formalism, we show that under C3 or C4 symmetry, a
combination of standard RSOC and a symmetry-allowed linear term (dubbed as DSOC(+)) leads

to isotropic spin polarization, independent of their relative strengths. This is in contrast to the
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case where both Rashba and standard DSOC, namely DSOC(-), together lead to anisotropic spin
polarizations [50, 120—123]. We further supplement these findings by solving the time-dependent
Schrodinger equation, particularly showcasing the evolution of spin polarization under the influence
of an in-plane electric field applied in any direction. Remarkably, we find that the components of
spin-polarization switches sign along the orthogonal directions of the applied field for DSOC(+)
in contrast to the DSOC(—) where no such sign change is found (Sec. 3.3.1). Moreover, we find a
special situation where the collinear alignment of Rashba and DSOC(-) leads to the persistent spin
texture (PST). This, in turn, gives rise to zero spin polarization in the presence of the applied field.

Similar to the linear term, purely cubic RSOC and DSOC terms together under C3 or Cy4 point
group symmetry can host both orthogonal and non-orthogonal spin polarization in the presence of
an electric field. However, the magnitude of the spin polarization increases with the Fermi energy as
opposed to the linear case where it reduces with the Fermi energy due to the partial compensation of
spin polarization from carriers of opposite chirality (Sec. 3.3.2). Interestingly, in symmetry-enriched
electronic systems characterized by C3, or Cy4, symmetries, we find only transverse polarization even
in the presence of cubic RSOC. However, the magnitude of spin polarization under Cy4, surfaces
substantially differ from that of systems with C3, symmetry (Sec. 3.3.2.1). Specifically, we find that
the anisotropy of the FC overall reduces the magnitude of spin polarization in Cy, and it strongly
depends on the orientation of the applied field. Additionally, the C4, symmetry allowed mixed
cubic RSOC leading to net zero polarization due to the deformed nature of the FCs (Sec. 3.3.2.2),
regardless of the direction of the applied field. This effect is also manifested in the total spin
polarization as we vary the Fermi energy. We finally conclude with a discussion on how the spin
polarization as a function of the direction of the electric field can assist in identifying the symmetry

properties of the materials.
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3.2 Theoretical background

We begin by reviewing the REE within a 2DEG model system [57]. The corresponding Hamiltonian
with the linear-in-k RSOC term is
S

Hy = o +a(kyoy — kyoy), (3.1

where k € (ky, k) represents the 2D crystal momentum, o denotes the Pauli matrices, and @
corresponds to the linear Rashba coupling parameter. This linear coupling induces a spin-splitting
in the energy bands that scales linearly with the crystal momentum as shown in Fig. 3.1(a). This is
typically termed as the linear Rashba splitting. In standard Rashba Hamiltonian, « is given by the
ratio @ = 2ER/kgr between the spin splitting energy Er and the momentum offset kg [124, 125].
Insets of Fig. 3.1(a) shows the spin helicities on the inner and outer FCs at zero field at two different
energies £ > gq (left) and € < g¢ (right), where gy = 0 refers to the band crossing point at zero
momentum. Clearly, the spins are perpendicular to the motion of electrons, indicating the spin-
momentum locking of the system. Moreover, for £ > &, spins in the inner and outer FCs are found
to align antiparallel to each other as opposed to the case for € < £y9. We note that the magnitudes of
spins in each FC depend on &g, which in turn modify the induced (S and (S°“) in the presence
of electric field as will be discussed shortly. Using the Kubo formalism, we first compute the spin
polarization in the presence of an external static electric field E. Following Eq. 2.57, the spin

polarization in the frequency domain and linear response regime, can be expressed as [71-73],

Ei [d )
(Si(w)) = — 67’ / ﬁf(s) Zk: Tr [9,Ga(e — hw, K)S:
[Gr(e,k) = Ga(e,K)] +9;[Gr(e, k) —Gale,K)]

SiGr(e + hw,K)], (3.2)

where (i, j) € (x,y,2), e is the electron’s charge and f(g) is the Fermi distribution function. ¥

and § are the velocity operator and the spin operator, respectively. G and G 4 are the retarded and
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Figure 3.1: (a) The schematic of a 2DEG setup under a static electric field E. With the linear RSOC,
a free electron state splits into two subbands with opposite spin textures (red and blue) that intersect
at the band crossing point. The corresponding energy is defined as €9 = 0. The left inset shows
spin orientation along FCs for € > g, and the right inset shows the same for € < g at zero electric
field. (b) Snapshot of spin polarization at a particular instant of time (¢ = 2.6 fs) for the electric field
along y, obtained by solving the time-dependent Schrodinger equation. Evidently, the FCs move in
the opposite to the applied field. (c-d) Time evolution of momentum-averaged (over both the FCs at
er = 0.63 eV) spin polarization (S,) and (S,) per unit area for the field along x and y, respectively.
(e) Time and momentum-averaged spin polarization as a function applied field along x. For weak
fields, it varies linearly and exhibits the same symmetry-allowed spin-polarization direction as the
Kubo result ((S,)Lr) for the outer FC. Thus, the real-time calculation serves as a complementary
dynamical study of the Kubo result. Here, we take @ = 1 eV.A. Also, throughout the text, we use
h?/2m =1.66 eV.A%, E =0.25 V/A, the unit of time is 0.66 fs, and k, and k, in units of A~!; the
color bar shows the magnitude of each spin polarization.

advanced Green functions, respectively. Gl_el(a), K) (G;Xl(a), K),.) is defined as (hw — H + in)
((hw — H — in)), where the broadening parameter 7 represents the inverse of the relaxation time 7
and takes into account the finite lifetime of electron states with n, n’ as their band indices. At zero
temperature, ith of component of the induced spin polarization can be written as (restricting to the

linear expansion in w of the Green’s function)

E; X
(Si(@)) =52 D Tr[9;Ga(@)SiGr(@)] (3.3)
k
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In case of an applied electric field along x, i.e. E = (E,,0,0), a straightforward calculation

(Appendix A) leads to

eE,er

(Sy) = (Sx) =(S2) =0, (3.4)

2ran’

where er is the Fermi energy. Thus, we obtain S = (0, Sy, 0), indicating a transverse spin polarization,
and we recover the conventional REE. This can also be understood from Eq. (3.1) itself, where one
can rewrite the Rashba term as Hr = Beg- 00 with Ber = a(—k,, ky). The static electric field along £
couples to the y component of B.g via Peierls substitution k, — k, + Ay, A, being the x-component
of the gauge potential due to the field. This, in turn, leads to the spin polarization along y.

This outcome can be further validated by studying the temporal evolution of the induced spin po-
larization under the applied electric field E(#). This involves solving the time-dependent Schrodinger
equation i0;H|y) = |y) with the gauge potential 9;A(t) = —eE(¢) - F, where 7 is the position op-
erator. Notably, the gauge potential is introduced in the Hamiltonian through the momentum term
by means of momentum translation, e.g., k, — k, + A,(¢) for a static field along y. This led us to
find evolved wave functions, which are used to compute expectations of different spin operators at
an instant of time and for a finite er. Figures 3.1(b) depict the shifts of FCs under the applied static
field along y, while the snapshots of spins at an instant of time capture the spin polarization on the
contours. It is evident that the FCs move oppositely away from the direction of the applied field.
Furthermore, in comparison to the spin-momentum locking in Fig. 3.1(a)(inset), the time-dependent
spins (i.e., (| o |¢);) in the k. -k, plane on both the FCs orient at arbitrary directions during the
short-time evolution. Consequently, the magnitudes of resultant induced polarization involving both
inner and outer FCs, (Sy(y)) = (Sx(y))in + (Sx(y))out> Oscillate initially and then gradually saturates
(reaches to a nearly constant value) over time. The converged final value is smaller than the ac-
tual value of the outer FC since the spin polarizations of the inner FC are opposite and smaller in
magnitude. Figures 3.1(c) and (d) illustrate these features, showing the variation of saturated spin
polarization (S, (y)) as a function of time for the field applied along x(y). In this approach, it is

evident that the magnitudes of both the spin components, (Sy) and (S,) eventually saturate in the



Chapter 3. Current-induced spin polarization in Rashba-Dresselhaus systems / 36

_§ 0.5} (a) " , 0.8f~(b) |
8 \ | <sz>/;\
s 0 0 /
g ~ |
= <S>
S 0s 0.8
v /2 T 372 2 0 72 T 3r2 2«
0 0
|
=
c d
£0d© @
8 / \
= 04 <S> E,o - A 0.5
o~ N \ /
g 0 - ) 4
i~ 0
L) /2 T 3n2 2n -04 -02 0 02 04
0 E,
iE———4-N\G E#0
© —— 29| S —s<s>
£op —— E . TS
o >
ky — faé—o.s
ERF < > =
N g=0 05 1 15 2
ke gr (eV)

Figure 3.2: (a-b) x and y components of spin polarization per unit area as a function of the direction
of the applied field for inner (1) and outer (2) FCs at ep = 0.63 eV, (c) Total time-averaged and
momentum averaged (over both the FCs at £f) spin polarization as a function of the direction of the
applied field, (d) Resultant time and momentum averaged spin polarization as a function of electric
field in the E-Ey plane. (f) Fermi energy dependence of different spin components and total spin
polarization for the electric field along x. The vertical line represents er = &¢. (e) illustrates FCs as
a function of energy and the color code refers to the relative orientation of the spin in both the FCs.

long-time limit. In Fig. 3.1 (f), we have computed the time-averaged saturation value of (Sy) as a
function of the applied field, E = (E\,0,0). Note that the spin polarization is linear in the weak
field limitand exhibits the same symmetry-allowed response predicted by the Kubo formalism in
Eq. (3.4). However, its field-dependent behavior exhibits a maximum at a certain field, undergoing
significant changes for stronger fields. For simplicity and without loss of generality, we restrict to
the linear regime (Fig. 3.1 (f)) for the rest of this article. Since the real-time evolution does not

include relaxation processes, the Fermi contour continues to drift under the applied electric field,
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and the dynamics need not remain within the strict linear-response regime. Therefore, the real-time
calculations should be viewed as a complementary dynamical analysis rather than a direct verifi-
cation of the Kubo-response results. A more direct comparison with the Kubo formalism would
require approaches that incorporate finite relaxation processes, such as Boltzmann transport the-
ory [2], whereas the real-time dynamics may alternatively be interpreted in terms of Landau—Zener
tunneling [70].

The concentric isotropic FCs, characteristic of the linear Rashba effect, are then manipulated
by an applied electric field E = (E cos 6, E sin 6, 0), confining within the plane of a 2DEG. Here,
6 denotes the angle of the static field defined with respect to the 2DEG coordinates, as indicated
schematically in Fig. 3.1(a). We note that similar concentric FCs had also been demonstrated at the
surface of SrTiOs [126]. Figures 3.2 (a) and (b) demonstrate the saturated polarization of (S,) and
(Sy) as a function of ¢ for the inner (1) and outer (2) FCs, respectively. The magnitude of both

(Sx) and (S,) for both the FCs oscillates with 8. However, the total spin polarization, defined as

(S) = \/((Si") + (S2U1))2 + (Si') + (S9))2, remains constant, independent of 6. Here in and out
refer to the inner and outer FCs, respectively. The corresponding plot is shown in Fig. 3.2(c). In
Fig. 3.2(d), we illustrate the direction of spin polarization with E in the E-E plane. The polarization
turns out to be transverse to the direction of the applied field, corroborating the results of standard
linear REE. For a field along any arbitrary 6 value, both the spin components may exist; however,
the total induced spin polarization remains constant in magnitude. Unless explicitly mentioned
otherwise, the induced spin polarizations are discussed at their saturation values (long-time limit) in
the remaining sections of the article.

An important characteristic of the RSOC is its controllability through an external gate voltage
applied to the 2DEG [14, 127]. The Rashba parameter is directly influenced by the surface/interfacial
potential drop, and adjusting the electron occupation can be achieved by applying a gate voltage [128],
light [126] etc. It is also evident from the Fig. 3.2(e), the size of these two concentric FCs can be
controlled by varying the energy through doping. The energy at the zero-momentum point, where
the two Rashba bands intersect, is set to €9 = 0. The point is represented as the band crossing point.

We, therefore, focus on exploring how spin polarization varies with e for a given electric field along
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X. At ep = &, the induced polarization originates exclusively from the outermost FC since there is
no inner FC. This closely resembles the FC on the surface state of topological insulators above the
Dirac point, such as the elemental topological insulator @-Sn [129]. The resulting spin polarization
(S) as a function of &f is shown in Fig. 3.2(f). Unlike a topological insulator, as ef increases (> 0)
away from the band crossing point, the spin polarization (S) gradually diminishes to zero. This
reduction is attributed to the partial compensation of spin polarization from carriers with opposite
spin chirality in the inner and outer FCs above the band crossing point. Conversely, a decrease in
ep(< 0) for carriers with energy below the band crossing point leads to an enhancement of (S) due

to the cooperative contributions of the identical spin helicities from the outer bands.

3.3 Spin polarization in surfaces with linear and non-linear
terms under different symmetries

The splitting of energy bands induced by SOC and the associated spin-momentum locking, origi-
nating from the effective magnetic field within a Rashba Hamiltonian (cf. Eq. 3.1), often deviate in
systems with bulk-inversion asymmetry. In a typical linear SOC limit with BIA, DSOC emerges, and
the interplay between these two SOC contributions is observed in a wide class of noncentrosymmet-
ric materials [130—132]. This leads to anisotropic FCs where the spin-momentum locking may no
longer remain orthogonal [133, 134]. Moving into the nonlinear k-dependent spin splitting, notable
examples such as semiconductor quantum wells [104, 135], oxide surfaces, and interfaces [136, 137]
exhibit the presence of cubic Rashba terms, which manifest in various forms within the Hamiltonian.
Remarkably, the effective momentum-dependent magnetic field discussed before takes a distinct
form in the presence of cubic SOC terms than its linear counterpart. This enables the k-dependent
pseudospin in those systems to undergo faster rotation around the FCs and the pseudospin vector is no
longer orthogonal to k everywhere [117, 136, 138]. The presence of these terms in the Hamiltonian
can result in diverse and unconventional field-induced spin polarizations. Surprisingly, despite their
potential applications in spintronics and valleytronics, the comprehensive understanding of how the

various linear and non-linear-in-k SOC, including DSOC, determine the spin polarization pattern
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has been largely overlooked. Therefore, in the next, we focus on the theoretical investigations of the
Hamiltonian in Eq. 3.1 in the presence of linear-in-k dependent DSOC terms allowed by various
symmetries such as Csz, C4, C3,, and Cy4,, symmetries [101]. Thereafter, we investigate Eq. 3.1 in the
presence of higher-order SOC terms, particularly the symmetry-allowed cubic RSOC and DSOC

terms. We note that these SOC terms in the Hamiltonian are primarily adopted from Ref. [101].

3.3.1 Interplay between RSOC and DSOC within generalized linear regime

We now construct quantum well models in the presence of SIA, BIA, or a combination of both, aiming
to investigate current-induced spin polarization in 2DEG. The model is built upon a symmetry-
adapted linear-in-k approximation for the SOC effect. The simultaneous presence of SIA and BIA
occurs in lower point-group symmetries, allowing linear terms such as B(k o + kyoy), B(koy —
kyoy), etc. [101] in the Hamiltonian. The first term is referred to as DSOC(+), while the second is
labeled DSOC(—) and is commonly known as the standard Dresselhaus term. Note that each of the
individual linear terms considered (without RSOC) exhibits distinct ST on the FCs (see Sec. 2.6),
and subsequently, they show longitudinal spin polarization feature with respect to the applied field
with an opposite sign (see Appendix A). This occurs because, even though the eigenvalues of
both Hamiltonians are identical, the wavefunctions differ only by phase. Consequently, we observe
distinct behavior in the spin polarization phenomena in the linear regime due to the interplay between

the RSOC parameter @ and DSOC parameter S.

3.3.1.1 RSOC + DSOC(+)

We first focus on the DSOC(+) without and with the RSOC term within the linear-in-k SOC limit.

The full Hamiltonian reads of

hk?
H = =+ a(keoy = kyo) + Blkeo + kyory). (3.5

The Hamiltonian in Eq. 3.5 characterizes a 2DEG without mirror symmetry under point group C3

or C4 [101]. For simplicity, we relate the coefficients @ and 8 by defining an angle ® = tan™'(5/a),



Chapter 3. Current-induced spin polarization in Rashba-Dresselhaus systems / 40

(a) 1 —>\\ =0 Il (b)—7 ‘ \ ny¢0 |l (0)025 /—V—‘\—"\ ll (d) ! EXY#:O
. 7 el \\ ‘ 2 i =i \ N a a g \{ * \\\\‘ <S>
< L AT A os| < -8 > N los| =@ % o5 L TS T
a > ﬁ t \\(’ [ \ \ ‘\ X . *\\ ’4/ s <S> <S,>
(@ =/6) -1 -~ o baX 025 < '
I 0 el -9 -8 -7 | 025 0 025 |, 1 3 5
ky ky Ex e (eV)
1 1
© | X \E:Ol (H I Fy#0 " (g%).25 }‘\\/ I (h())s\ Exy#0
o N f Y | - ; e
\;x /I ’/ *,1 ’/ 05 \;‘—8 f /‘-L i 05 Lu»\ 0 /, / 05 0 --.<<<,_5>
(6] ﬂ ’ N L . ' \ / X \ 5 f\ [ o <S>
@=r/4)| _| Nx—>< I 025 Ve :
10 A -9 -8 -7 |, 025 0 025 |, i 3 5
ke key E, er (eV)
) =" |0) Eo70|' | (K) IO
I x :‘ iF;/ | = ) p+-5% 025 S\ fy | 0.5, F??
><¥ . ~f ; - \ ~ S
Sl kP f" ““los| <-81 ( R Flos | = 0 =t——+|os e
(® =n/3) -1 XX o gt 0.25 X ‘
-0 L -9 -8 -7 025 0 025 | 1 3 5
kx k.\‘ Ex Er (eV)

Figure 3.3: Spin orientations of the 2DEG together with RSOC and DSOC(+) for their different
relative strengths @ > 8, @ = 8, and @ < B, respectively (considering &> + 82 = 1). (a, e, i) Plot
of zero field STs. The variation of STs from Rashba-like to radial Weyl-like is evident. (b, f, j)
Snapshot of spin orientation for the field along xy at constant energy surface ep = 0.63 eV and at
a particular instant of time (¢ = 29.7 fs). (c,g,k) The resultant time and momentum averaged spin
polarization in the E, — E plane for both FCs at &g = 0.63 €V. (d,h,]) Variation of spin polarization
per unit area with the Fermi energy.

while maintaining o> + 8 = 1. In standard Rashba-Dresselhaus systems, the STs varies depending
on the value of ®; ® = 0 and 7/2 represent pure Rashba and Dresselhaus systems, respectively.
For the later case, diagonalizing only the DSOC(+) term yields radial STs, where the spin is
always aligned parallel to the wave vector k = (ky, ky, 0), historically referred to as the Weyl-type
STs [123, 139-141]. This type of ST has recently been realized in chiral bulk crystals, where both
mirror and inversion symmetries are absent [142, 143]. When subjected to an applied electric field,
this term generates spin polarization parallel to the direction of the electric field, contrasting sharply
with the pure Rashba systems (associated with C3z, or Cy, point group), where the induced spin
polarization is perpendicular to the field. The ability to tune the @ and g parameters is therefore
expected to manifest in a controlled ST within the FCs, thereby influencing the spin polarization

induced by an electric field. As before, using the Kubo formalism, the induced spin polarization
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components for E = (0, Ey, 0) are found to be (see Appendix A for detailed derivation)

eEyacep _

_327r77(a2 + 52’
eEyBer
32nn(a? + 2)’

(S;) =0. (3.6)

(Sx) ~

<Sy> ~

Clearly, upon looking at each spin polarization component, it is evident that the transverse component
(Sy) varies with a, while the longitudinal component (S,) varies with § but with an opposite sign.
In contrast, for the field E = (E,,0,0), we find that both (Sy) and (S,) have the same sign, as

expressed by:

N eE per ‘

- 32mn(a? + 2)°
eE aep

Sy) = ;

5y) 32rn(a? + 2)

(Sx)

(S;)=0. (3.7)

Such contrasting behavior of (Sy) and (S,) for the fields along £ and § directions can be understood
by the effective momentum-dependent magnetic field Beg(k) = (Bk, — aky, ak, + Bk,) acting on
spin 0. The sign of k, in the x and y components of Bg differs. Accordingly, the external field along
9 couples to both k, via Peierls substitution, resulting in spin polarization along X and J directions
with a different sign. However, the field along & produces the same sign of (S) and (S,) since the
sign of k, is the same in both the components of B.g. Note that this is one of the crucial results
which has been overlooked in the existing literature [121, 144]. The orientation of spins around the
FCs is influenced by the sign change in (Sy) and (S,), as will be detailed shortly.

To corroborate the result of Kubo formalism, we solve the time-dependent Schrodinger equation
using the Hamiltonian in Eq. (3.5) and subsequently, we compute the spin polarization after the time
evolution. The STs for different values of ® (= /6, 7/4, and 7/3) is shown in Fig. 3.3(a),(e) and

(1) at zero electric field. The FCs remain isotropic and circular regardless of the values of @ and .
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However, it is evident that the ST around both FCs varies, ranging from the conventional tangential
Rashba STs (8 = 0 case) to radial Weyl-type STs (@ = 0 case). This interplay, which governs
controlled STs, could provide a productive foundation for designing compounds with specific target
STs, consequently allowing precise control over the induced spin polarization vector. For example,
both the spin polarization (Sy) and (S,) are finite for finite @ and S, regardless of the direction
of the applied field. Accordingly, in response to an electric field perturbation (e.g., Ey, # 0), the
orientation of spins in the ST starts to adjust, deviating from their initial direction as observed in
the ky -k, plane, see FCs in Figs. 3.3(b), (f) and (j). After a sufficiently long time, the momentum-
dependent pseudospins lead to an induced moment, and the orientation of its vector varies with
the change in the direction of the applied electric field. This is illustrated in Figs. 3.3(c), (g),
and (k), which show the induced in-plane spin moment vector S = (S,)X + (S,)? as a function
of the direction of an in-plane E. We observe orthogonal Rashba-like and radial Weyl-like ST in
the induced polarization concerning the direction of E, corresponding to @ values of 0 and 7/2,
respectively (not shown here). The orientation of the spin moment, given by ((Sy), (S,), 0), varies
with the direction of E in the xy-plane, aligns with the analytical predictions derived from the Kubo
formula. Regardless of the direction of the field, we consistently observe the rotation of induced
moment while its magnitude remains constant, as indicated by different ® values. This directly
demonstrates that the electrically induced polarization depends on the underlying spin texture itself.
In Fig 3.3(d),(h),(1), we illustrate how the induced polarization changes as the Fermi level varies. As

discussed earlier, the magnitude of the spin polarization gradually diminishes.

3.3.1.2 RSOC + DSOC(-)

In the linear-in-k SOC Hamiltonian (see Eq. 3.5), it is worth noting that the Dresselhaus term does
not have a unique expression. The derivation of k-dependent SOC terms typically arises from zone-
center solutions of the k.p theory [145]. The Hamiltonian incorporating the standard Dresselhaus
term is expressed as:

h2k?

H = B + CV(kxo-y - kyo-x) + B(kyoy — kyO'y). (3-8)
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Figure 3.4: Same as Fig. 3.3 for the 2DEG together with RSOC and DSOC(-). Note that the
spin polarization here differs significantly from the DSOC(+) case, as elaborated in the main text.
Additionally, the @ = B case is even more interesting as it shows persistent ST. Consequently, the
net-induced spin polarization becomes zero.

Such a Hamiltonian can describe the interfacial SOC effect in III-V semiconductor quantum
wells [146]. Diagonalizing standard Dresselhaus term, denoted as DSOC(—), we obtain tangential-
radial spin orientation on FCs, commonly known as the Dresselhaus STs. Surprisingly, the findings
outlined in the preceding section exhibit substantial distinctions from the outcomes obtained by
analyzing the electric field response for the Hamiltonian in Eq. 3.8. Results are summarized in
Fig. 3.4. Such contrasting results, even within the linear-in-k SOC limit, arise from the specific
design of the 2DEG interface systems. In this scenario, the FC no longer remain circular; instead,
there is a lateral shift along the diagonal of k,-k, plane. We note here that the anisotropic spectrum
in the ST complicates the derivation of simple expressions for (S,) and (Sy). However, the sign of
(S,) and (S,) can be determined using the effective magnetic field Beg = (Bk, — ak,, ak, — Bk,).
Since both the components of B are having a similar sign with k, and k, the sign of (S,) and (S,)
are expected to be same.

The induced spin polarization shown in Fig. 3.4 for ® = 7/6 and 7/3, respectively (Fig. 3.4
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¢ and k), varies in magnitude depending on the direction of the electric field. Evidently, the ST
on the FCs differs substantially from those discussed in the previous DSOC(+) case. Additionally,
the asymmetric nature of the FCs leads to a more rapid decay of spin polarization to zero with
increasing ep shift compared to the DSOC(+) case (see Fig. 3.4(d) and (1)). In the present case, a
special situation arises when the Rashba and Dresselhaus parameters in the Hamiltonian are of equal
magnitude at ® = 7 (@ = ). The ST remains invariant with momentum as the effective magnetic
field Begr = ((ky — ky), a(ky — ky)) becomes a constant vector, leading to a persistent spin texture
with unidirectional spin alignment [147]. This is evident from the time evolution of pseudospins on
FCs, compare STs in Figs. 3.4(e) and (f). Consequently, the system does not respond to the applied
field, resulting in zero spin polarization as shown in 3.4(h).

An earlier study demonstrated anisotropic transport in semiconductor quantum wells that confine
electron gas under the influence of both the RSOC and DSOC(—) term. This anisotropy is determined
by the interplay between the @ and S parameters [144]. We highlight that the spin polarization
obtained within the REE framework, considering the presence of RSOC and standard DSOC(-),
exhibits anisotropy in induced polarization. The contrasting behavior of the DSOC(+) and DSOC(-)
terms in response to an electric field is illustrated in Fig. 3.5, as a function of ®. For a given applied
field along 6 = 0 and 7/2, the magnitude of induced polarization (|S|) remains almost constant with
@ in the case of DSOC(+), while it gradually decreases to zero for DSOC(—) at ® = /4, 1. e., at the
regime of PST. Although the PST has been acknowledged for its vital role in establishing an infinite
spin lifetime [122], it is worth noting that the induced spin polarization vanishes in the presence of

the electric field.

3.3.2 Non-linear regime: the symmetry allowed cubic order effect

The orientation of spins with momentum in a more complex ST, governed by higher-order SOC
terms, enables the emergence of exotic current responses in non-centrosymmetric materials. For
example, cubic-in-k> Rashba terms can substantially change the spin polarization in heavy hole
quantum well than the linear-in-k Rashba SOC [104, 148]. Although the cubic term, in general,

accompanies the linear-in-k term, some experiments reported purely cubic-in-k Rashba SOC in sur-
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Figure 3.5: Induced spin polarization (at &g = 0.63 eV) as a function of ® = tan~!(8/a). (a,b) and
(c,d) illustrate the interplay between the relative strengths of the DSOC(+) and DSOC(-) terms with
respect to the RSOC term, respectively.

faces/interfaces of materials such as the surface of SrTiO3(001) [148], Ge/SiGe quantum well [104],
asymmetric oxide heterostructures like LaAlO3/SrTiO3/LaAlO3 [116], and surfaces of antiferromag-
net TbRh,Si, [117]. Bulk materials, particularly with 6 and 6m2 point groups [149], are also found
to exhibit purely cubic SOC term. The cubic spin—orbit coupling terms considered in this section are
adopted from Ref. [101], where symmetry-allowed spin—orbit terms up to third order in momentum
were systematically identified using k - p perturbation theory and group-theoretical analysis. Since
our primary focus is on their influence on current-induced spin polarization, we do not reproduce

the symmetry-based derivation here and refer the reader to Ref. [101] for details.

3.3.2.1 Cubic terms associated with Cs, and C; symmetries

The two-band Hamiltonian with cubic Rashba terms associated with C3, point group symmetry [101]

is given by

Rk 3 2 2 3
H = —— + {1 ((ky + kyky)oy — (kiky + k3) o),

o (3.9)
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where (; is the strength of the cubic SOC. This higher-order RSOC usually manifests in [111]-
oriented diamond and zinc-blende quantum wells, as well as in their surface states [145]. The
eigenvalues of Eq. (3.9) can be easily obtained as E.=h?k?/2m + £1k> and they are plotted in
Fig. 3.6(a) over the range of +|k| in the (k,, ky) plane. To explore the Edelstein phenomena
in this 2DEG setup, we ensure that the kinetic energy consistently dominates over the energy
associated with the SOC term. Considering the concepts of the effective magnetic field discussed
before, the presence of field E = (E, 0, 0) is expected to induce polarization in both the transverse
and longitudinal directions of the applied field as both the Pauli matrices involves k, and k, in
the Hamiltonian. Remarkably, Fig. 3.6(b) shows that the pure cubic RSOC results in transverse
polarization, akin to the behavior exhibited by linear RSOC coupling in Fig. 3.2(d). This is because
the effective magnetic field can be expressed as Beg(k) = £1k°(=sind, cos &) which resembles the
effective magnetic field for the linear-in-k case, Beg(k) = ak(—sind, cosd), where ¢ is the polar
angle. The associated spin splitting turns out to be proportional to k* and isotropic (independent of
0), yielding concentric rings in the constant energy cut. The STs shown in the inset of Fig. 3.6(a)
for energy € # 0 also closely resembles that of the linear-in-k SOC Hamiltonian. In Figure 3.6(d),
we depict the dependence of the net spin polarization (S) alongside its in-plane components, (S,)
and (Sy), with respect to the tunable Fermi energy, ep. Contrary to the behavior in the case of
linear-in-k Rashba SOC (see Fig. 3.2(f)), the magnitude of spin polarization (S) increases with
the increase in gp. This is attributed to the chiral spin texture in a single FC for eg > 0.68 eV
(Fig. 3.6(c)). This strikingly resembles the phenomena arising from a single chiral surface state loop
in a topological insulator [150]. Thus, in a more general context, the higher-order term acts as a
tool to counteract the cancellation of current-induced spin density observed in standard linear REE.
When mirror symmetry is broken, such as in the C3 point group, a cubic-in-k Dresselhaus term,
OH((k3 + kxki)O'x + (k)zcky + ki)ay), combines with the Hamiltonian in Eq. 3.9. Then the current
induced spin phenomena is found to depend on the relative values of {; and {,. Consequently, the
orientation of the induced spin polarization rotates for a specific applied field direction, similar to
the case of the linear-in-k Rashba-Dresselhaus Hamiltonian. The orientation of the induced spin

polarization vector is illustrated in Fig. 3.6(e) for a constant electric field direction E = (Ej, 0, 0).
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Figure 3.6: (a) Low-energy band spectrum of Eq. (3.9). The insets show spin orientations along the
FCs at two different energies ep = 1.0 €V and 0.5 €V, respectively. (b) Spin polarization per unit area
in the E,-E, plane. Clearly, it is transverse to the applied field similar to standard REE. (c¢) and (d)
Variation in the shape of FCs and spin polarization with ef, respectively. Evidently, the polarization
enhances with the Fermi energy as opposed to standard RSOC term. (e) The orientation of induced
spin polarization as a function of relative strength between cubic RSOC and cubic DSOC under C;3

symmetry.

It varies depending on their relative strengths defined by tan~'({>/¢1). The induced polarization
vector continues to rotate from Rashba-type (L E) to Dresselhaus-type (|| E), reflecting the interplay

between RSOC and DSOC.
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Figure 3.7: (a) The energy dispersion and spin orientations along the FCs of constant energy
er = 0.5 and 1.0 eV, respectively (in the inset) for pure-k* RSOC term under Cy4, symmetry. (b)
Snapshot of orientations of spins when electric field applied along xy-direction. (c) Resultant time
and momentum averaged spin polarization as a function of electric field in the E,-E, plane for both
the FCs at eg = 0.5 eV. (d, e) Spin polarization as a function of ef for the electric field along xy- and
x-direction, respectively. The vertical line refers to the (¢g = 0.685 €V) at which we see two FCs to
a single FC transition.

3.3.2.2 Cubic terms associated with C,, and C, symmetries

We next move to another class of point groups, i.e., Cs, and C4, considering a quantum well
geometry of 2DEG. For Cy,, only the Rashba splitting is expected, with the allowed cubic-in-k
RSOC terms being A1 (k3 oy — kiax) and y (k%kycrx - kxkiay), representing pure-k> and mixed-k>

terms, respectively [101]. This higher-order RSOC often characterizes the Hamiltonian of surface
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states in diamond and zinc-blende quantum wells oriented along the [001] direction [145]. The
eigenvalues corresponding to the pure-k> and mixed-k> SOC are given by Ei=@2—r’;2 + A14[kS + kg
and £ i=% +y1kkyky, respectively. Fig. 3.7(a) and Fig. 3.8(a) show the respective energy dispersion
and k-dependent pseudospins on FCs (in the insets) at zero electric fields. The fourfold warping of
FCs at low energy is evident in both cases. As before, the non-linear SOC terms involving A and y;
result in in-plane effective magnetic fields Beg given by A1 (k3/4) (=3 sin § +sin 38, 3 cos & +cos 36)
and y; (k3/4)(sin 6 +sin 38, — cos § +cos 38), respectively. Concomitantly, the spin splittings exhibit
a dependence on ¢, resulting in anisotropic spin orientation along the FCs as evident from the insets
of Fig. 3.7(a) and Fig. 3.8(a). This is in contrast to the C3, case. Accordingly, the response to the
electric field in a 2DEG with Cy4, symmetry shows contrasting effects. Fig. 3.7(c) depicts the induced
spin polarization which exhibits anisotropic behavior, with the maximum value occurring along the
longitudinal direction of the applied field. In Fig. 3.7(d), for the in-plane electric field along xy
direction, we observe that the polarization appears to be zero below € = 0.685 eV due to cancellation
from contributions of the two constant energy cuts. Above that energy value, a single FC exists, and
it governs a finite net polarization as shown on the right side of the vertical dashed line in Fig. 3.7(d).
For an electric field along x, the polarization gradually increases until £ ~ 0.685 €V, and a sudden
jump in its magnitude at this point can be attributed to the single FC. Following the increase in
&r, the polarization magnitude grows gradually. The difference in direction-dependent induced spin
polarization behavior is the consequence of the deformed nature of the FCs; accordingly, the spins
oriented perpendicular to the applied field are more responsive than the spins aligned in any other
direction. Interestingly, the mixed-k> term does not exhibit any generation of spin polarization even
with varying er (see Fig. 3.8(d) and (e)). This absence of induced polarization retains regardless of
the direction of the applied electric field (Fig. 3.8(c)).

The DSOC terms for C4 point group, /lz(kﬁ oy + kgay) and yz(kxkgax + k%kydy) [101], maintain
the warping effect, while the ST changes based on the relative strengths of the 4, and y, parameters.
The induced spin polarization in these cases also rotates depending on the direction of the applied
field, which is influenced by the ratio between the RSOC and DSOC parameters. Particularly,

these terms correspond to DSOC(+), and similarly, one can identify associated DSOC(-) terms,
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Figure 3.8: (a) The energy dispersion and spin orientations along the FCs of constant energy
er = 0.6 eV (inset) for the allowed mixed-k> RSOC term, yl(kfkyax - kxkgcry), under Cy,
symmetry. b) The snapshot of the spin polarization in the k.-k, plane when the electric field
is applied diagonally, the xy-direction. c¢) The electric field direction dependency of the spin
polarization in Ey-Ey plane (at constant energy er = 0.63 €V). (d, e) Spin polarization with &g for
the field applied diagonally along xy- and x-direction, respectively.

analogous to the linear-in-k scenario. It is worth noting that in the pure cubic case, equal strengths
of RSOC and DSOC(-) indeed result in PST generation. This is attributed to the wavefunctions
becoming independent of momentum, leading to the pseudospin orientations in STs no longer being
dependent on the momentum vector. Therefore, this PST phenomenon is once again observed to be
unaffected by the applied field in the time-dependent dynamics, resulting in a net zero-induced spin

magnetization. Moreover, similar to the Hamiltonian in Eq. 3.8, the precise tuning of RSOC and
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DSOC(-) parameters dictates the overall magnitude of the spin polarization.

3.4 Summary and outlook

We have investigated current-induced spin polarization, namely the REE effect in 2DEG setup
of quantum well geometry, considering all possible linear and nonlinear k-dependent Rashba and
Dresselhaus SOC terms under various point group symmetries: Cs, C3,, Cy4, Cy4,. Possible practical
realization can be obtained in non-magnetic noncentrosymmetric bulk and surface/interface mate-
rials. Our findings can be summarised as follows: (i) While linear RSOC under C3, or Cy, leads
to standard REE, the presence of additional linear DSOC due to BIA under C3 or C4 symmetry
leads to distinct features in spin polarization. In particular, we identify that two symmetry-allowed
linear DSOC terms, DSOC(+) and DSOC(-), have adverse effects on the ST of FCs due to the phase
difference in their wavefunctions. These features of STs are manifested in the spin polarization
in the presence of an external field when they are considered individually with the linear RSOC.
While RSOC and DSOC(+) lead to finite spin polarization irrespective of the relative strengths
between them, the spin polarization for RSOC and DSOC(-) together vanishes when they are equal
in strength, leading to persistent spin texture. Additionally, for DSOC(+) together with RSOC, the
spin polarization remains constant, irrespective of the field direction. In contrast, for the case of
DSOC(-), the magnitude of spin polarization varies with the field direction. In all these cases, we
find the spin polarization to reduce as we increase eg. (ii) For nonlinear case, both C3,, and Cy, allows
purely cubic RSOC. Accordingly, we obtain transverse spin polarization similar to standard REE.
However, the magnitude of spin polarization turns out to vary with the direction of the applied field
for Cy4, in contrast to the C3, case. This fact can be used as a diagnostic measure of the underlying
symmetry of metallic surfaces of 2DEG. Additionally, we find that the Cy4, allows mixed-cubic
RSOC, but the spin polarization, in this case, turns out to be negligibly small due to the deformed
FCs. (iii) We further find notable distinctions between linear and cubic RSOC in their spin polar-
ization. While the spin polarization reduces as we increase € for linear RSOC, the cubic RSOC

does the opposite due to the presence of a single FC at higher energies. We note that many of these
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interesting current-induced spin polarization phenomena between linear and nonlinear RSOC and
DSOC have been previously overlooked. Our detailed analyses highlight the intricate and tunable
nature of spin polarization in systems with combined RSOC and DSOC, offering new insights into
spintronic applications.

The idea developed here can be useful for current-induced orbital polarization, namely the or-
bital Edelstein effect. Generally, orbital polarization is subdominant than the spin polarization [151].
However, different Rashba and Dresselhaus parameters can enhance orbital polarization. In partic-
ular, for mixed-k> Rashba, the system may exhibit only orbital polarization as the spin polarization
is negligibly small. Further, the interplay between Rashba and Dresselhaus is expected to behave

differently depending on the orbital coupling.



Chapter 4

Theoretical aspects of nonlinear Hall effects

In the previous chapters, we have focused on electrically driven spin responses, particularly the
current-induced spin polarization in nonmagnetic systems with spin—orbit coupling. Beyond spin
transport, electrically driven charge transport in such time-reversal symmetric systems also exhibits
rich nonequilibrium phenomena that extend beyond the conventional linear response regime. In this
context, recent developments have highlighted the important role of quantum geometric properties of
electronic bands in governing nonlinear transport phenomena. Among these, nonlinear Hall effects
have emerged as an important direction in which a transverse current arises at higher orders in the
applied electric field.

In the linear response regime, the transverse Hall response is governed by the Berry curvature,
which contributes an anomalous velocity to the semiclassical dynamics of electrons. However, in
time-reversal symmetric systems, the net Berry curvature vanishes, thereby suppressing the linear
anomalous Hall response. In such cases, a Hall response can still arise at higher orders in the applied
electric field, originating from higher-order moments and field-induced corrections of geometric
quantities, providing a fundamentally new mechanism for charge transport.

Motivated by these considerations, in this chapter, we develop a systematic theoretical framework
to describe such quantum-geometric quantities and their associated nonlinear Hall responses. We
begin by introducing the concept of adiabatic evolution and the Berry phase, emphasizing its

geometric origin in parameter space. Building on this, we define the Berry curvature and discuss its

53
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role in modifying the semiclassical dynamics of Bloch electrons, leading to the notion of anomalous
velocity and the intrinsic anomalous Hall effect (AHE).

Next, we extend the discussion beyond linear response and introduce the nonlinear Hall effect
within the semiclassical Boltzmann transport framework. In this context, we show how the second-
order Hall response arises from the Berry curvature dipole (BCD), defined as the first-order moment
of the Berry curvature in momentum space in systems with broken inversion symmetry. Furthermore,
we discuss how even in systems preserving both time-reversal and inversion symmetries, higher-order
responses can arise through another quantum geometric quantity known as the Berry connection
polarizability (BCP), giving rise to a third-order Hall effect.

Through this framework, we establish a unified theoretical description that connects symmetry
and quantum geometry to nonlinear charge transport. This provides the essential foundation for
analyzing the nonlinear Hall responses in various systems discussed in the subsequent chapters of

this thesis.

4.0.1 Adiabatic evolution and Berry phase

In acyclic adiabatic evolution, the Hamiltonian depends on slowly varying parameters, and the system
returns to its initial state if there is no energy degeneracy. However, the wavefunction acquires a
phase during this evolution. One part of this phase is the dynamical phase, which depends on the
time integral of the energy, and another part is known as the Berry phase. The Berry phase is also
known as the geometric phase, as it arises from the geometry of the parameter space [31, 32, 152].
To elucidate the origin of the Berry phase, we consider a quantum system characterized by a
Hamiltonian H(R) that depends on a set of external parameters R = (R, Ry, ...). We consider the
adiabatic evolution of the system in which the parameters R(7) vary slowly and follow a path C in
the parameter space. To describe this evolution at each point along this path, it is convenient to use

the instantaneous eigenstates of the Hamiltonian H (R), which form an orthonormal basis and satisfy

H(R) [n(R)) = &,(R) [n(R)) . (4.1)
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Assume that the system is initially in a state |[n(R(0))). According to the adiabatic theorem, if the
parameters change slowly enough, the system remains in the corresponding instantaneous eigenstate
during the evolution. However, the wavefunction can acquire a phase factor. Therefore, the state of

the system can be written as

(1)) = eV n(R(1))) . (4.2)

The phase 6(¢) can be determined from the time-dependent Schrédinger equation

HR(O) (1) = i 19 (D) @3)

Substituting Eq. 4.2 in the above expression and solving it, the total phase accumulated during the

evolution is obtained as

t t d
o) = [ e RN =i [ RO R r. @4

Here the first term represents the dynamical phase, which depends on the energy. The second term

corresponds to the Berry phase

v=i | RN L R ) dr (45)

This phase appears because the eigenstates at time ¢ and 7+dt are not identical. It is often convenient

to express the Berry phase in terms of the parameters R and can be rewritten as

Yo = f dR - A,(R), 4.6)
C

where the Berry connection A,,(R) is defined as
An(R) =i(n(R)| Vg |n(R)). 4.7)

Note that the Berry phase vy, is gauge independent and a real phase, even though it has an imaginary
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sign in front of it, because (n(R)| Vg [n(R)) is itself imaginary. The Berry connection A, (R) is

gauge-dependent quantity. Under a gauge transformation,
n(R)) — <" n(R)), (4.8)
where (R) is a smooth and single-valued function, the Berry connection transforms as,
0
Ap(R) — An(R) - —{(R). (4.9)
OR
Then the Berry phase vy,, will be changed by,

0
- fc S L(R).dR = ((R(0)) - {(R(T)) (4.10)

where T is the time after which the path C has been completed. For a closed path in parameter space,
the system returns to the same physical configuration, i.e., R(0) = R(T). Since the eigenstate must
remain single-valued, when we return to the original parameter configuration, the state must be the

same: |[n(R(T))) = |[n(R(0))). Hence, the Berry phase can change only by
J(R(T)) —L(R(0)) =2 X integer. 4.11)

Therefore, the Berry phase depends only on the geometry of the path in parameter space and cannot

be removed completely. Hence, it is called a geometric phase.

4.0.2 Berry curvature

The Berry phase introduced in the previous section is defined for a closed path in parameter space.
However, it is often useful to describe this geometric phase in terms of a local quantity defined at
each point of the parameter space. This quantity is known as the Berry curvature.

Starting from the expression of the Berry phase in Eq. 4.6 accumulated along a closed loop C in

parameter space, Stokes’ theorem allows the line integral to be rewritten as a surface integral over a
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surface S bounded by C,

Yn = }idR -An(R)
= /dS - (Vg x A, (R))
S

= i/ dS - ({(Vn(R)| x |Vn(R))) . (4.12)
S
The quantity inside the surface integral defines the Berry curvature,
Q,(R) = Vg X Ay(R) =i (Vrn(R)| X |[Vgn(R)) . (4.13)

Thus, the Berry phase can be interpreted as the flux of the Berry curvature through the surface
S,

Yn = /dS - Q,(R). (4.14)
S
In analogy with electrodynamics, it can be written as a gauge field tensor as,

JAL(R) OAL(R)

(R = = OR”
I,0n(R) on(R)
= i[(Gp | = (v = ) @15)

which is an antisymmetric tensor under the exchange of the indices u and v. To obtain a more
practical expression for the Berry curvature, we use the completeness relation of the eigenstates,

>om Im){m| = 1. This allows the Berry curvature to be written as

QI =i €&iVnlm)(m|Vin). (4.16)

m#n

The derivatives acting on the eigenstates can be further eliminated by differentiating the eigenvalue

equation H|n) = g,|n). Taking the gradient and projecting onto another eigenstate (m| gives

(&n — &m)(m|Vn) = (m|(VH)|n). (4.17)



Chapter 4. Theoretical aspects of nonlinear Hall effects / 58

Since (m|n) = 0 for m # n, we obtain

_ (m|(VH)In)

n— Em

(m|Vn) (4.18)

Substituting this relation into the previous expression 4.16 yields a useful formula for the Berry

curvature,

Q,(R) = iz (n|VgH|m) x (m|VrH]|n)

(&n — 3m)2

(4.19)

m#n

This representation is particularly convenient because it does not involve derivatives of the wave
functions explicitly and is therefore independent of the gauge choice of the eigenstates. This form
shows that the Berry curvature arises from coupling between different energy bands and provides a
local description of the geometric properties of the parameter space.

In the above discussion, we have discussed the basic concepts of the Berry phase and Berry
curvature in a general system described by a parameter-dependent Hamiltonian H(R). In crystalline
solids, the parameters are replaced by the crystal momentum k. The eigenstates of the Hamiltonian
become Bloch states |u, (k)), which depend on the momentum in the Brillouin zone. Therefore, the

Berry connection for the nth band in momentum space is given by
Ay (k) =i (un(k)| Vi |un(k)) , (4.20)
and the corresponding Berry curvature is

Q, (k) = Vi x Ay (K). 4.21)

4.0.3 Semiclassical dynamics of Bloch electrons and anomalous velocity

The Berry curvature discussed in the previous section has important consequences for the semiclassi-
cal motion of electrons in crystals. To understand its physical implications, it is necessary to examine
how the Bloch states and the corresponding group velocity of electrons are influenced during an

adiabatic evolution. We consider a Bloch electron subjected to a slowly varying perturbation, which
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makes the Hamiltonian time dependent H (K, 7). In this adiabatic limit, the first-order correction to

the instantaneous eigenstate become

un(k)latum (k’ t)>
Em — En ’

(K, 1)) = [ ()} — i1 3 LN

n+m

(4.22)

where |u,,(K)) = |u,(k,0)) and (m,n) are band indices. With this corrected eigenstate, we can
now determine how the electron velocity is modified during the adiabatic evolution. Taking the
expectation value of the velocity operator v(K) = 0 H/d(hk) with this eigenstate, leads to a modified

expression for the electron velocity (see the appendix B for detailed calculation) as
1 :
Vin(K) = = Vicem (K) =i [(Victtm |Oyttm) = (Ortarm|Victtm)] - (4.23)

The first term corresponds to the usual band velocity obtained from the dispersion relation, while
the second term originates from the geometric structure of the Bloch wave functions. The second
term can be identified as the Berry curvature component defined (following Eq. 4.15) in an extended
parameter space consisting of the momentum and time variables. Therefore, the Eq. 4.23 can be
written as

Vi (k) = %ngm(k) -Q" (4.24)

This result shows that the semiclassical dynamics of electrons are influenced not only by the band
energy but also by the Berry curvature associated with the Bloch states.

To determine the explicit form of this correction in the presence of an weak electric field,
it is convenient to introduce a time-dependent vector potential A(¢) such that the electric field
E(t) = —0A(r)/0t. Using the minimal coupling prescription described in Eq. 2.9, the crystal

momentum is shifted as k — k + £A(#). Taking the time derivative of this relation gives

k=—-—E. 4.25
- (4.25)

Substituting this relation into 9/9t = k,0/dk, = —($)Eq(0/0k,), the velocity expression in
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Eq. 4.24 becomes

Vi (K) = 1ngm(k) - —E x @, (K), (4.26)

where Q,, (k) is the Berry curvature of the m-th band. The second term in the above equation
represents an additional contribution to the electron velocity known as the anomalous velocity,

which originates entirely from the geometric properties of the Bloch wave functions.

4.0.4 Anomalous Hall effect

The anomalous velocity obtained in the previous section leads to a transverse charge current in
the presence of an electric field. Since the anomalous velocity term is perpendicular to the applied
electric field, it causes electrons to acquire a sideways motion in momentum space. Upon integrating
the contributions from all occupied states over the Brillouin zone, the resulting transverse motion
gives rise to a Hall current without requiring any external magnetic field. This effect is referred to
as the intrinsic anomalous Hall effect.

Within the semiclassical framework, the electric current density is obtained by summing the

velocity of all occupied Bloch states,

d
Z / (‘21 ')‘d Fuk) Vi (K), (4.27)

where f,(k) is the Fermi—Dirac distribution function, n is the band index, and d presents the
dimensionality of the system. Substituting the velocity derived in Eq. 4.26, the current density

becomes

j=—ﬁ; / e Vien(k) + Z / 2 )dfn<k)Exﬂn<k>. (4.28)

The first term corresponds to the conventional band current density, which vanishes in equilibrium
and contributes to the longitudinal drift current under an applied electric field. The second term arises

from the anomalous velocity associated with the Berry curvature, which is oriented perpendicular
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to the applied electric field. Consequently, it leads to the intrinsic anomalous Hall current density,

. e? d9k
e = & Z / Sy B0 EX 20, (4.29)

Here, the Berry curvature of the Bloch bands acts as an effective magnetic field that deflects
the motion of electrons and produces this transverse current. The above expression shows that the
anomalous velocity generates a current proportional to the applied electric field and can be expressed
as j = oE, where the coefficient relating the current to the electric field defines the anomalous Hall

conductivity and can be written in component form as

: d'k
o= =5 2 [ S5 095K e 4.30)

where €, is the Levi—Civita tensor and (a, b, ¢) = (x, v, 2).

An important situation arises in insulating systems where the Fermi level lies within an energy
gap, and the Hall conductivity is determined entirely by the Berry curvature of the occupied bands.
For instance, in two-dimensional systems, the electronic motion is confined to the xy plane, and
only the out-of-plane component of the Berry curvature (Q%) contributes to the Hall response. The

corresponding Hall conductivity becomes

e’ i
Tay =~ Zn: /BZ o Q% (K). 4.31)

The integral of the Berry curvature over the Brillouin zone is quantized and defines an integer

topological invariant known as the Chern number,

_ i 2 z
C=5 Zﬂ:/}azd k Q% (k). (4.32)

This quantized Hall response reflects the topological nature of the electronic band structure and
leads to the quantum anomalous Hall effect.

The existence of a finite anomalous Hall response is strongly constrained by symmetry. Under
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time-reversal symmetry, the Berry curvature satisfies ,(k) = —Q,(—k), whereas under spatial
inversion symmetry, it transforms as Q, (k) = Q,(—k). Therefore, in the presence of time reversal
symmetry, the integration of Berry curvature weighted by the equilibrium Fermi distribution function
is forced to vanish in the Brillouin zone. Hence, a nonzero intrinsic anomalous Hall effect requires

the breaking of time-reversal symmetry, which commonly occurs in ferromagnetic systems.

4.0.5 Nonlinear Hall effect

Interestingly, even in systems that preserve time-reversal symmetry, a transverse Hall response can
still arise when the electron distribution is driven out of equilibrium by an external electric field. In
this case, the electric field correction to the distribution function contributes to the Berry-curvature
integral and produces a Hall current beyond the linear response regime. To describe this effect, it is
necessary to consider the semiclassical Boltzmann transport theory. In the next section, we discuss
this framework and show how it leads to the nonlinear Hall response in time-reversal symmetric

systems.

4.0.5.1 Boltzmann transport theory

In this theoretical framework, the electronic system can be described by a distribution function
fx(r, 1), which characterizes the evolution of electrons in phase space and specifies the particle
distribution within an infinitesimal volume element dr dk around the point (r, K) at a given time.
After a small time interval dt, the electrons evolve to a different region of phase space dr’ dk’,
centered at the point (r’,K’). If dissipative processes are neglected, the total number of particles

must remain unchanged during this evolution. This requirement can be written as

filr, ) drdk = fio (¥, t + dt) dr’ dK. (4.33)

Liouville’s theorem states that the phase-space volume is conserved during the time evolution of the

system. Therefore the phase-space elements satisfy dr dk = dr’ dk’, which implies that the value
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of the distribution function remains constant along the trajectory of a particle in phase space,
Jfi(r,t) = fie (Y, + dt). (4.34)

Taking the time derivative of this condition leads to the continuity equation in phase space,

dfi(r,t) _ 0fi(r,t) . Ofi(r,t) . 0f(r,t)
R L Y "

0. (4.35)

When the system is in thermal equilibrium, the carrier distribution is determined by the Fermi—Dirac

function,
1
elex—)/ksT 4 1°

Si(r,t)eq = (4.36)

However, in realistic materials, electrons undergo scattering processes due to impurities, phonons,
or other interactions. These processes modify the distribution function and introduce an additional

time dependence. Thus the rate of change of the distribution caused by scattering can be written as

(4.37)

dfic(r,1) _ (9 fx(r,1)
dl - 6t scatt .

By combining the phase-space continuity equation with the scattering term, we obtain the Boltzmann

transport equation [7, 153],

(4.38)

8fk(r’t) . afk(r’t) : 8fk(r,f)_ 8fk(r’t)
o T T ar TR Tk ‘( ot )scan'

4.0.5.2 Berry curvature dipole and second-order Hall effect

Using the semiclassical Boltzmann framework discussed in the previous section, we now describe
how a nonlinear Hall response can arise in systems that preserve time-reversal symmetry. For

simplicity, we consider a single band and set 2 = 1. With these assumptions, the expression for the
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electric current density given in Eq. 4.27 can be written as

Ja=—e / F(K)vg, (4.39)
k

where fk = dk/(27)® and the velocity component v, is given by anomalous velocity in eq. 4.26.
Under the influence of an oscillating electric field E () = Re{Ee'“’ } with frequency w, the momentum
shift become k = —¢E(¢) and the resulting change in the electron distribution can be described using
the semiclassical Boltzmann equation. Since the characteristic length scale of the system is much
larger than the average distance between scattering centers, the system can be treated as spatially
uniform (0 fx(r, ) /0r = 0). Furthermore, in the relaxation time approximation, which assumes that
scattering drives the system toward the equilibrium distribution f,,, the scattering term in Eq. 4.38

takes the form [7]

a —
(_f) = _M, (4.40)
Ot | sean T
where 7 is the relaxation time. Therefore, the Boltzmann equation in Eq. 4.38 reduces to
—eTEO0uf +70if = feq — [, (4.41)

where d, = 0/0k, and 9, = 0/0t. To solve this equation and obtain the nonlinear response, we
expand the distribution function up to second order in the electric field, f = Re(feq + f1 + f2).
Substituting this function into Eq. 4.41, we find a recursive structure as follows (see appendix C for

detaild derivation) [39]

_ pw iwt W _ eTEaaafe‘I
fi=grer, = l+iwt
2 *
0, 2w liot o (eT) E EpOap feq
= + =
L=+ 5 T tion) (4.42)
2w _ (eT)zEZE;;aabfeq

2 2(1 + 2iwt) (1 + iwT)”
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Using these expressions, the current density can be written asj, = Re ( JO 4 jRrwelivt ), with

2
. e *
]2: ?/Eachbchfu_e/fzoaaE(k)’
k k
2

(4.43)
) e
]azw: ?/kfachbchlw_e‘/kfzzwaaE(k)-

The first term in each expression originates from the anomalous velocity induced by the Berry
curvature, whereas the second term arises from the conventional band velocity. For a constant
relaxation time, the latter contributions vanish due to TRS. The remaining terms therefore describe
a second-order Hall current governed by the Berry curvature. Therefore, the current density can be

written in terms of a second-order Hall conductivity tensor {5 as
o= lacEvEL ¥ = LapcEbEe, (4.44)

where

- T /(a Q 4.45
§abc—€abcm . bfeq) d - (4.45)

Here the factor dy f., ensures that only electronic states near the Fermi surface contribute at low

temperature. Furthermore, by integrating by parts, the conductivity can be rewritten as

Labe = abcm/feq(abgd) (4.46)

This relation indicates that the second-order Hall conductivity is governed by the dipole moment
of the Berry curvature in momentum space. This quantity is commonly known as the Berry curvature

dipole and is defined as
0
Dgp :/feq(aagb) = _/a_eqvagb- (4.47)
k k 0€

Therefore, even when the Berry curvature itself integrates to zero due to time-reversal symmetry,

its first order moment can remain finite in systems without inversion symmetry.
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4.0.5.3 Berry connection polarizability and third-order Hall effect

In addition to the mechanisms discussed above, nonlinear Hall transport can also originate from
other intrinsic geometric quantities. In this context, we introduce the Berry connection polarizability
(BCP), a distinct geometric quantity that gives rise to a third-order Hall response. Notably, unlike
the responses arising from the Berry curvature and the BCD, this BCP induced third-order Hall
response is not constrained by either inversion or time-reversal symmetry.

Under the influence of an oscillating electric field, the perturbation to the system is described
by H' = ¢E.r, which induces a position shift in the wave packet [45]. In the preceding discussion,
only the field-induced correction to the distribution function was taken into account. Here, we
additionally incorporate the field-induced modifications to both the band energy and the Berry
curvature. Consequently, the semiclassical equations of motion (Eq. 4.26) can be written as (setting
e =nh=1)[154].

r(k) = Vke(k) — E x Q°(k), (4.48)

where £ and Q¢ are the higher-order corrections to band energy and Berry curvature, respectively.

They can be expressed as

2

1
(k) = Z eD(k), Q°(K) = VX Z AD(k), (4.49)
i=0 i=0
where A is the i—th order correction to the Berry connection. For the zeroth-order correction in

energy and Berry curvature, the Hall current density derived from Eq. 4.39 is given by [155, 156]
Ja = O-a'ﬁEﬁ + gaﬁyEﬁEy» 4.50)

where (a, B,7y,0) € (x,y, z) are applied field directions, and the linear order (o) and the second
order ({qp,) Hall conductivity are already derived in Eq. 4.30 and 4.46 respectively.

To capture the third-order Hall effect, we include the second-order correction to the band energy
because the first-order term is gauge-dependent and vanishes in the wave packet picture [45, 46]. We

also incorporate the first-order correction to the Berry curvature. In the presence of the perturbation
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H’, the first-order correction to the Bloch wavefunction is

W s N BAD (K) [ (K))
July (k))—;n D0 o0y (4.51)

where A,(Z(,),z (k) = (u(o) (K)| iV |u§lo) (Kk)) is the zeroth-order interband Berry connection and m, n are
the band indices. Then the first order correction in Berry curvature is Q) (k) = Vi x A(D(K),

where the corresponding correction to the Berry connection A" can be expressed as

(0) (k)A(O) (k)
AY (k) =2 Re Z (0) ”’”f
nFm (k) - & (k)

Here, we have introduced the second-rank tensor

Ep = GmapEp. (4.52)

(0) (k)A(O) (K)
Gmap =2 Re Z D (4.53)

) (0) ’

n#m €m (k) En (k)
referred to as the Berry connection polarizability tensor, also known as the band-normalised quantum
metric. Moreover, the second-order correction to the band energy can be expressed in terms of this

BCP tensor as follows:

(0) 71,0 2
D= Y L WG L, st

n+m 81(110) (k) - 820) (k) 2

Next, we proceed to determine the non-equilibrium distribution function by solving the semiclassical

Boltzmann equation in a steady state situation under relaxation time approximation [7], which yields

feq(k) f (k)

kK.Vkf(k) = (4.55)
For the solution of equation (4.55), we consider the following ansatz:
F&) = " (TE.Vi)' feg (° (K)). (4.56)
i=0

By substituting Eqs. (4.48) and (4.56) into the current density expression in Eq. (4.39), we obtain
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the third-order current density as [44, 46, 157]

j& = /k (Ex QO (k)e? (k) f/, (k) - 7 /k Ve (k) (E.Vi) e (k) £/, (k)
-7 /k Vie? (k) (E. V) foq (K) + T /k (E x Q1 (K))(E. Vi) foq (K)

+ 77 /k (E x Q9(K))(E.Vy)?f,, (k) — 7° /k Vie'? (k) (E.Vy)? £, (K). (4.57)

Since both the 7-independent and 72 terms in the right-hand side of equation 4.57 are odd under
time-reversal symmetry, neither contributes to the current density. Therefore, only the T and 73 terms
contribute to the third-order current, with each term having a distinct physical origin. Specifically,
the second term arises due to the second-order correction to the energy entering the distribution
function. The third term is associated with the modification of the band velocity at second order in
the applied field. The fourth contribution is linked to the anomalous velocity generated by the first-
order field-induced correction to the Berry curvature. Finally, the term proportional to 73 originates
from the combined effect of the band velocity and the gradient of the distribution function. Since
we are interested in the Berry connection polarizability induced TOH current, we will only consider
the terms proportional to 7. Finally, we can write the TOH current density as j((f) = XapysEpEyEs,

where the third-order Hall conductivity linear in 7 upon simplification is given by

T 4
ot = 7 [ 01, 4yGs = 30,00, Gy + 90y 01,Go) oK) = 5. [ 00 K00 00G117,00.

(4.58)

Note that, the BCP tensor G,g(K) is an even function in momentum under both time-reversal and
inversion symmetries. As a result, unlike the Berry curvature and the BCD, it is not constrained by
these symmetries and can yield a finite third-order Hall response even in systems that preserve both

inversion and time-reversal symmetry.



Chapter 5

Persistent spin texture and nonlinear Hall

responscs

Following the theoretical framework for quantum-geometry-induced nonlinear Hall effects discussed
in the previous chapter, we now investigate these phenomena in the Rashba—Dresselhaus system,
particularly in the persistent spin texture (PST) regime introduced in chapter 3. In this regime, the
system realizes special spin—orbit—coupled states in which the Bloch spinors become independent of
momentum, resulting in a unidirectional spin configuration and a complete suppression of conven-
tional field-induced spin responses. This motivates an examination of how charge transport behaves
in this regime.

We begin by analyzing the Rashba—Dresselhaus system in detail, with particular emphasis on
the PST regime, and discuss how the underlying symmetry constraints influence the electronic
properties in this regime. We then introduce the relevant quantum geometric quantities and identify
the Berry connection polarizability as the only non-vanishing conventional geometric quantity in
this context, and examine its behavior both at the PST condition and in its vicinity. At the PST point,
symmetry enforces its exact cancellation, resulting in the absence of the corresponding nonlinear
Hall response. However, when the system is tuned close to this regime, the response becomes
significantly enhanced. We show that this behavior is closely connected to the evolution of the

band structure near the PST point, where nearly degenerate region appear and strongly influence the
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nonlinear Hall response.

5.1 Introduction

The Rashba—Dresselhaus system has been widely studied as a prototypical platform for exploring
spin—orbit—driven transport phenomena [121, 144, 158]. In chapter 3, we have shown that the
interplay between these two linear in momentum SOC leads to rich spin textures and tunable spin
dynamics in momentum space. Since the relative strengths of the Rashba and Dresselhaus interac-
tions can be controlled experimentally through various techniques such as strain engineering [159],
electrically controlled gate voltages [160], and asymmetric doping in quantum wells [161], this
system provides an ideal platform for investigating electrically driven spin and charge transport
phenomena.

A particularly intriguing regime emerges when the Rashba and Dresselhaus SOC strengths
become equal. In this limit, the system hosts a special spin configuration known as the persistent
spin texture [121, 122], which we have introduced in Sec. 3.3.1.2 of chapter 3. At this point, the
system exhibits an emergent SU(2) symmetry, which renders the spinor part of the Bloch states
independent of momentum and results in a unidirectional spin alignment in momentum space. As a
consequence, spin relaxation is strongly suppressed, giving rise to long-lived spin states. Owing to
these unusual properties, the PST regime has attracted considerable interest for potential spintronic
applications [74, 162, 163].

While most of the previous studies on the Rashba—Dresselhaus system have focused on spin-
related transport properties, much less attention has been paid to how the electronic band geometry
in this system influences nonlinear charge transport. This aspect becomes particularly interesting in
light of the complete suppression of current-induced spin polarization in the PST regime. In recent
years, nonlinear electrical responses have become an important tool for probing the geometric prop-
erties of electronic bands in quantum materials. Particularly, the nonlinear Hall effect has attracted
considerable interest because it can appear even in time-reversal-symmetric systems without requir-

ing an external magnetic field. For instance, it has been theoretically shown that the second-order
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nonlinear Hall response originates from the Berry curvature dipole (BCD) of Bloch electrons [164]
in time-reversal-symmetric systems with broken IS. This prediction has been confirmed experimen-
tally in several noncentrosymmetric materials such as WTe, [165, 166], demonstrating the important
role of band geometry in nonlinear transport. Beyond the BCD mechanism, nonlinear responses
can also arise from another important quantum-geometric quantity, known as the band-normalized
quantum metric or Berry connection polarizability (BCP) [167]. Recent theoretical studies have
shown that BCP can generate a third-order Hall response even in systems where the Berry curvature
vanishes and it is not constrained by TRS and IS [44, 157, 168]. Such effects have also been
experimentally observed in materials like the Weyl semimetal TalrTe4 [48].

Motivated by these developments, in this chapter we study the quantum-geometry-induced
nonlinear Hall response in the Rashba—Dresselhaus system. By analyzing the band structure across
different regimes of spin—orbit coupling strengths, we demonstrate that tuning the Rashba and
Dresselhaus parameters modifies the nodal geometry of the bands, which in turn leads to qualitatively
different momentum-space distributions of quantum geometric quantities. In particular, as the
system approaches the PST regime, a nearly degenerate region with a single node emerges in the
band structure, and at the exact PST point, it becomes a nodal line.

In the absence of an out-of-plane spin component (i.e., without a o, term), the electronic states
remain confined to the plane, which leads to a vanishing Berry curvature and, consequently, a zero
BCD. As aresult, lower-order Hall responses are suppressed, and the BCP becomes the leading non-
vanishing geometric contribution. Correspondingly, the nearly degenerate band structure strongly
influences the distribution of the BCP tensor and results in a pronounced enhancement of the
transverse third-order Hall conductivity near the PST regime, even though the response vanishes
exactly at the PST point itself. Our results thus reveal a connection between nodal band geometry
and nonlinear transport responses. Although a similar study was reported in Ref. [157], the origin
of the differences in the geometric quantities and their connection to the underlying nodal band
structure were not clearly addressed.

The rest of the chapter is organised as follows: In Sec. 5.2, we begin by introducing the

Rashba—Dresselhaus system and discuss the emergence of the PST regime. In particular, we analyze
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how varying the relative strengths of the Rashba and Dresselhaus SOC modifies the band structure
and leads to distinct nodal geometries in momentum space. Building on this understanding, in
Sec. 5.3 we evaluate the relevant quantum geometric quantities and compute the corresponding
nonlinear Hall conductivity, highlighting how the evolution of the band structure influences the

transport response. Finally, we summarize the main findings of this chapter in Sec. 5.4.

5.2 Rashba-Dresselhaus system and persistent spin texture

In this section, we present a detailed analysis of the linear Rashba -Dresselhaus system, especially
the PST. The Hamiltonian of a two-dimensional electron gas with linear-in-momentum Rashba and
Dresselhaus SOC can be written as

H=——+d.o, (5.1)
2m

where the d vector components are given by (dy, dy, d;) = (Bky—aky, ak, —pky,0), and o denotes
the Pauli spin matrices. Here, @ and 8 represent the strengths of the Rashba and Dresselhaus SOC,
respectively. The system preserves TRS (77), while IS (#) is broken. In this system, the effective
spin-orbit field can be written as Beg = [Bky — aky, ak, — Bk,] that depends on the direction of the
momentum. This in turn produces anisotropic spin textures on the Fermi contours as depicted in the

previous chapter in Sec. 3.3.1.2. The corresponding energy dispersion becomes

k2
o= o (B k)2 + (ak, — k2, 52)

where + denotes the band indices. However, a completely different regime emerges when the Rashba
and Dresselhaus SOC coupling strengths are equal in magnitude. While a generic spin—orbit—coupled
system exhibits only a global U (1) spin-rotation symmetry, at the PST point (& = 8) an exact SU(2)
symmetry emerges [121, 169]. This symmetry involves spin components at a finite wave vector and

is fundamentally distinct from the conventional U (1) symmetry of generic SOC systems [121, 170].
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Figure 5.1: Energy dispersion of Rashba—Dresselhaus system for different SOC strengths. (a) to (c)
presents the dispersion for the non-PST (@ > ), near PST (@ = 8), and exact PST (a = () situation,
respectively. Here, the red dots denote the number of band touching points for three situations,
which depict their corresponding nodal geometry. Note that in the near-PST case (b), the two bands
are nearly degenerate over a region of momentum space. The parameters used are (a) @ = 1.0 eV.A,
B=05eV.A (b)a=10eV.A B=098¢eV.A and (c) @ = 8 = 1.0 eV.A. Momentum k., k, are

) ) o —1
in units of A .

At this point, the SOC term simplifies to
Hsoc (k) = V2a(k, - k))Z, (5.3)

where £ = (o + 0y)/ V2. Since ¥ satisfies [H(k), 2] = 0, the Hamiltonian is diagonal in the
eigenbasis of X [169]. Defining the eigenstates of X by X |x;) = {|x,), with { = +1, the Bloch

eigenstates can be chosen to have a spinor part given by |u§1

) = lx¢), independent of k. The

corresponding eigenvalues are

k2
E(k) = —+ V2aslky - k). (5.4)

Consequently, the spin orientation on the Fermi contours becomes unidirectional, forming a PST.
In addition to exhibiting distinct spin textures, the system also displays interesting band ge-

ometries as the SOC parameters are tuned. In Fig. 5.1, we show the energy dispersion of the
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Rashba—Dresselhaus system for three different parameter regimes following Eq. 5.2. In the non-PST
regime (@ > 3), the bands are touching at a single nodal point (marked by the red dot in Fig. 5.1 (a))
with a non-degenerate band structure. As the two coupling strengths approach each other (o = (),
nearly degenerate region appear (see Fig. 5.1 (b)). At the exact PST condition (@ = (), the bands
become degenerate and makes a continuous nodal line along the symmetry direction k, = k,, as
shown in Fig. 5.1 (¢). This demonstrates that the Rashba—Dresselhaus system provides a versatile

platform in which distinct nodal band geometries can be realized by tuning the SOC parameters.

5.3 Quantum geometric quantities and nonlinear Hall response

In this section, we evaluate the quantum geometric quantities of the Rashba—Dresselhaus system
and analyze how they evolve across different regimes obtained by tuning the SOC parameters,
which consequently modify the underlying nodal band geometry. Although the system exhibits a
momentum-dependent winding of the in-plane spin—orbit field, the Berry curvature and BCD vanish
identically in the absence of an out-of-plane (0;) component. In contrast, the in-plane spin—orbit
field gives rise to a finite band-normalized quantum metric, also known as the Berry connection
polarizability. Following Eq. 4.53 of the previous chapter, the BCP tensor for this system can be

written as (see Eq. D.14 in the appendix D for detailed derivation)

1
b T 4d(K)|

H
Il
H+

9 d(K) - dpd(K),

)

2_ g2 —k2  kyk
(=) Sﬁ) v (5.5)
4A kykx _k2

X

Il
H

Where (a, b) = (x,y) are spatial directions and A = /(Bky — aky)? + (ak, — Bky)?. In Fig. 5.2,
we present density plots of the BCP tensor components. For non-PST (« > ) regime, the diagonal
components G, and G, exhibit a characteristic dumbbell-like pattern, as shown in Fig. 5.2(a) and
(b), respectively. In contrast, the off-diagonal component G, displays a quadrupole-like structure,

as illustrated in Fig. 5.2(c). However, near the PST condition (@ = ), the BCP components develop
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a pronounced ridge along the symmetry line k, = k,, accompanied by an enhancement in their mag-
nitude. This behavior reflects the evolution of the underlying band geometry. As the system evolves
from a single-node non-degenerate structure in the non-PST regime to a nearly degenerate region
for the near PST condition, the quantum geometric response becomes increasingly concentrated
near the symmetry line where the band separation becomes small, leading to a suppression of the
denominator in Eq. 5.5. Although the numerator also decreases as @ — S, the stronger suppression
of the denominator results in a pronounced enhancement of the BCP components. However, at the
exact PST point (@ = ), the numerator in Eq. 5.5 vanishes identically, causing all BCP components

to disappear despite the presence of a nodal line.
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Figure 5.2: Distribution of BCP components G, (left column), Gy, (middle column), and G,,
(right column) in momentum space, obtained from the Eq. 5.5. The top row (a-c) corresponds to the
non-PST regime (o > (), while the bottom row (d—f) shows the nearly PST regime (o ~ 8). As we
move from a non-PST regime to a nearly PST regime, a pronounced singular ridge develops along
the symmetry line k, = k,, leading to a strong enhancement of the BCP components.

Since the system preserves TRS and the Berry curvature vanishes identically, the linear-order
anomalous Hall response becomes suppressed. Moreover, because of the absence of Berry curvature,

the BCD becomes zero, and the corresponding second-order Hall conductivity is also suppressed
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in this system. Using the obtained BCP tensor components, we now numerically compute the

corresponding third-order Hall conductivity tensor as defined in equation 4.58 of chapter 4. In

nonlinear Hall experiments, one measures the transverse current response using an in-plane electric

field E = (E cos 6, E sin 6) oriented at an angle 6 to the x-axis. Focusing on the transverse third-
.(3)

order Hall conductivity y, (6) = j}”’/E?, we derive its explicit dependence on the applied electric

field direction 8 and obtain

x1(0) = (Bx21 — x11) sin @ cos> 6 + 3(x31 — x13) sin” 6 cos’ 6 + (x22 = 3x12) sin> 6 cos 6

- X14 sin* 0 + X41 cos* 0, (5.6)

where x11 = Xxcon Y12 = (Xexyy + Xooyxy + Xayye) /35 X13 = (Xxexy + Xxyr + Xyar) /35 X14 = Xxyyys
X22 = Xyyyys X41 = Xyxxes X31 = (Xyyyx + Xyyxy + Xyayy) /35 and x21 = (Obyyax + Xyxyxe + Xyxey) /3.
In Fig. 5.3, we plot the transverse Hall conductivity for both the non-PST and nearly PST
regimes. Since the system possesses a symmetry line along k, = ky, the transverse conductivity
vanishes when the electric field is oriented along or perpendicular to this symmetry line, i.e., when
0 = (n/4,3n/4,57/4,7n/4), independent of the choice of system parameters. We also observe
from Fig. 5.3 that the transverse third-order Hall conductivity becomes significantly enhanced as
the system approaches the nearly PST regime compared to the non-PST regime. In particular, the
conductivity increases by approximately a factor of four when the system evolves from a single-
node non-degenerate structure to the nearly degenerate structure near the PST condition. This
enhancement is a direct consequence of the larger BCP tensor components in the nearly PST regime,
as discussed earlier. Although the precise enhancement factor varies with the specific choice of
system parameters, the overall trend remains the same. To further illustrate this behavior, we have
also plotted the conductivity for another non-PST regime (@ < ), which confirms that the enhanced
response occurs only near the PST regime where nearly degenrate region appear in the energy

dispersion.
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Figure 5.3: Third-order transverse Hall conductivity in different regimes of the Rashba-Dresselhaus
system as a function of the electric field orientation 6 relative to the x-axis. Black dotted vertical
lines present the field directions at which the response vanishes due to symmetry constraints. The
parameters are the same as used in Fig. 5.1, while the case (@ < ) is obtained by interchanging
the values used for (@ > B). The conductivity is evaluated at a constant energy g = 0.2 eV and
temperature T = 50 K.

5.4 Summary

In this chapter, we have investigated the nonlinear Hall response in the Rashba—Dresselhaus system
from the perspective of quantum geometry. Motivated by the suppression of current-induced spin
polarization at the PST point, we have examined how charge transport responds to an external electric
field in this system. Due to the presence of TRS and the purely in-plane nature of the spin—orbit
field, both the Berry curvature and the BCD vanish, eliminating the linear and second-order Hall
responses.

We have shown that the Berry connection polarizability is the only conventional geometric
quantity contributing to the nonlinear Hall response in this system. By tuning the Rashba and
Dresselhaus SOC parameters, the system exhibits different nodal band geometries, evolving from a
single-node non-degenerate structure in the non-PST regime to a nearly degenerate structure for the
near PST condition and eventually forming a nodal line at the exact PST point.

Our analysis reveals that the nonlinear Hall response is strongly influenced by this underlying

nodal band geometry. In particular, when the system is tuned close to the PST regime, the BCP tensor
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becomes enhanced, leading to a pronounced increase in the transverse third-order Hall conductivity.
However, at the exact PST point (e = 8), the BCP vanishes identically, resulting in the disappearance
of the nonlinear Hall response. In principle, a finite response can be obtained even at the PST point
by introducing a small gap through an additional term Ao, in the Hamiltonian, which can produce
a nonzero third-order Hall response with maximum enhancement. However, such a term breaks the
TRS of the system. This naturally raises the question of whether a large nonlinear Hall response can
be achieved by tuning the nodal geometry of the band structure while preserving the symmetries of
the system. In the next chapter, we address this question by exploring a semimetallic system where

the nonlinear response is governed by the underlying band geometry.



Chapter 6

Nonlinear Hall responses in tunable nodal

Dirac semimetals

In this chapter, we investigate how tuning the nodal geometry of the band structure enables a large
nonlinear Hall response while preserving time-reversal symmetry. We analyze quantum geometry-
driven second and third-order nonlinear Hall responses in a time-reversal symmetric two-dimensional
Dirac semimetallic system that can host single, double, and nodal-ring band crossings by tuning
the model parameters. We find that the second-order Hall (SOH) response, which originates from
the Berry curvature dipole, is enhanced in the single-node semimetallic phase as compared to the
double-node case when inversion symmetry is broken. In contrast, the SOH effect vanishes in the
nodal-ring phase as the inversion symmetry is retained. Notably, the TOH response arises from
Berry connection polarizability, becomes much larger in the nodal-ring phase than in the single and
double-node phases, especially when the Fermi energy lies near the band edge. This contrasting
behavior is attributed to the distinct distribution of the Berry connection polarizability in the Brillouin

zone.
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6.1 Introduction

In recent years, the geometry of quantum states has become crucial for understanding various
unconventional electronic and optical phenomena such as photogalvanic effect, nonlinear magneto-
optical responses, nonlinear Nernst effect, nonlinear Hall effect, and many more [171-176]. The
Berry curvature (BC), introduced in Sec. 4.0.2, is a key quantity that captures the geometry of
quantum states and is known to drive the anomalous Hall effect in systems that break time-reversal
symmetry [32, 177]. Moreover, the higher-order moments of the BC, namely the Berry curvature
dipole (BCD) and quadrupole [156, 171, 178-180] can generate nonlinear Hall effects under different
symmetry conditions. Very recently, new geometric contributions to nonlinear transport have
been identified, particularly those arising from interband coherence and higher-order geometric
corrections. One such quantity is the Berry connection polarizability (BCP) [44, 167], which we
have introduced in Sec. 4.0.5.3. The BCP measures how the interband Berry connection responds
to changes in energy within the band structure, providing an intrinsic mechanism for nonlinear Hall
effects beyond the conventional dipole picture [44, 45, 181]. In addition, BCP is shown to serve as
a probe of the Néel vector orientation [181, 182] even in PT-symmetric antiferromagnetic systems.

Dirac semimetal (DSM) with symmetry-protected band crossings provide an excellent platform
to study the effect of quantum geometry on various physical properties. Based on the dimensionality
and nature of the band crossings, semimetals can be classified as Dirac [183-186], Weyl [187-191],
and nodal-ring semimetal (NRSM) [192-199]. While DSM and Weyl semimetal (WSM) feature
discrete band-touching points, NRSM exhibit one-dimensional crossings that form continuous loops
in momentum space [200, 201]. Breaking certain symmetries can induce transitions between these
phases. For example, a DSM can transform into a WSM when either time-reversal or inversion
symmetry is broken [202, 203]. In some ferromagnetic materials such as HgCr,Sey4, CoTiX (X =
Si, Ge, Sn), and Feo,MnX (X = P, As, Sb), tuning material parameters enables transitions between
NRSM and WSM phases [203-206]. Beyond 3D systems, two-dimensional analogs of Dirac,
Weyl, and nodal-ring semimetals have been realized in transition-metal dichalcogenides, graphene

heterostructures, and mixed honeycomb—kagomé lattices [183, 207-209].
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The presence of distinct nodal structures in materials is found to host distinct physical properties
such as optical response[210, 211], magneto-optical transition[212], chiral anomaly induced negative
magnetoresistance[213, 214], drumhead surface states, and unique electromagnetic responses[215].
Motivated by the distinct properties of distinct nodal structures, we aim to understand how the
geometric quantities change across these nodal points and subsequently affect the nonlinear transport
properties of nodal materials. To address this, we consider a low-energy model Hamiltonian of a
Dirac semimetal that hosts distinct nodal structures depending on the model parameters. We then
investigate how quantum geometric quantities evolve across distinct nodal phases. A family of
two-dimensional semimetals, MX with M = Pd, Pt, and X =S, Se, Te [216, 217], provides a
promising platform to explore these effects. We find that BCD is significantly enhanced in the
gapped single-node phase as compared to the double-node phase. This behavior arises due to the
distinct distribution of the Berry curvatures near the nodal structure. As a result, the second-order
Hall (SOH) response is larger in the single-node phase than in the double-node phase. In contrast,
the SOH response vanishes in the nodal-ring phase because the Berry curvature is identically zero.
However, all three phases exhibit a non-zero third-order Hall (TOH) response due to the presence
of a nonzero BCP. Interestingly, the nodal-ring phase shows a much stronger BCP along the ring
compared to the other two phases. Consequently, we observe an enhanced TOH response near the
band edge in the nodal-ring phase, compared to the band structures with single or double nodes.
This behavior can be traced back to the way BCP tensors are distributed in the Brillouin zone for the
different nodal configurations. Overall, these findings provide a useful pathway to identify materials
with enhanced nonlinear responses among nodal systems.

The following sections are organised as follows: In Sec. 6.2, we introduce the model Hamiltonian
and the underlying symmetries. By following the expressions for the electrically driven higher-order
Hall conductivities in terms of quantum geometric quantities, which we have discussed in chapter 4,
we present numerical results showing the evolution of second-order and third-order Hall responses
across various nodal phases in Sec. 6.3.1 and 6.3.2. Finally, in Sec. 6.4, we summarize our main

findings and discuss the future outlook.
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6.2 Model Hamiltonian

We consider a low-energy model Hamiltonian for a two-dimensional semi-metallic system[215, 216,
218, 219] as
H =d(k).o, (6.1)

where o = (07, 07y, 0;) are the Pauli matrices acting in the pseudospin space, d(k) = (dy, dy,d;) =
(A(k? - k(z)), Yky,0) with k = (k,, k,), denoting the crystal momentum. Here, A represents the
inverse of the band mass, y characterizes the Fermi velocity along the y direction and kg is the
parameter that determines the position of the nodal points. The corresponding energy dispersion is

given by

€2 = +\(A(k2 = KD + (vky)?, (6.2)

where + denote the conduction and valence bands, respectively. By tuning the parameters y and kg
with A fixed, the system can be continuously driven through distinct gapless semimetallic phases,

as illustrated in Fig. 6.1. For kg = 0 and y # 0, the two energy bands touch at a single point at

Figure 6.1: Energy spectrum of Eq. 6.1 for different values of parameters y and kg, keeping A fixed.
(a) SN phase with single nodal point at k = 0 for kg = 0 and y = 1.0 eV-A, (b) DN phase with two
nodal points located at k = (+kg,0) for kg = 1.0 A1 and y=1 eV-A, and (c) NR phase with a
nodal ring of radius ko = 1.0 A-!and v = 0. Here we take 4 = 1.0 eV-A? and momentum ki, ky

. ) o —1
are in units of A .
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k = 0, corresponding to a single node (SN) semimetallic phase. For both ky # 0 and y # 0, the
node splits into two distinct band-touching points at k = (xk¢, 0), leading to a double node (DN)
phase. Conversely, when y = 0 and ko # 0, the discrete nodes expand into a continuous closed loop
in momentum space, forming a nodal ring (NR) semimetal with a ring radius equal to ko. When a
finite gap parameter A is introduced (d; = A), the system no longer exhibits semimetallic behavior.
Nevertheless, for small values of A, the energy dispersion continues to reflect the underlying nodal
character, with the energy bands extrema occurring near k = 0 and k = k¢ [217]. Note that for SN
and DN phases, the system is invariant under mirror symmetry M, and the discrete nodal points
are located on the mirror line along x direction. In contrast, in the NR phase, the system possesses
rotational symmetry. Note that TRS with ® = K, where K denotes the complex conjugation
operator, is preserved in all three cases. However, the IS is broken only in SN and DN phases but
remains preserved in NR phase.

Although Eq. 6.1 is introduced as a minimal effective model, its different nodal phases are relevant
to several experimentally studied systems. The nodal-ring phase is closely related to two-dimensional
nodal-line semimetals proposed in the MX family (M = Pd, Pt and X = S, Se, Te), while the single-
node phase resembles the semi-Dirac dispersion reported in VO,/TiO, heterostructures [220] and
Si,0 [221]. Furthermore, transitions between the SN, DN, and NR phases may be realized by tuning
parameters experimentally through various techniques such as strain [159], electrically controlled

gate voltages [160], pressure, and chemical composition [222, 223].

6.3 Results

The transition between the gapped nodal phases leads to changes in the underlying geometric
quantities, including the BC, BCD, and BCP. These changes directly influence the resulting
nonlinear Hall responses. To illustrate these connections, we begin by analyzing the BCD and its
role in the second-order Hall effect, followed by a discussion of the BCP and the resulting third-order

Hall response.
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6.3.1 BCD induced second order Hall effect

The generic form of the Hamiltonian in equation 6.1 allows us to easily evaluate the Berry curvature

as (see Eq. D.9 in the appendix D for detailed derivation)

d(k) - (akxd(k) X akyd(k))

2|d(k)[?

Ay A
_— 24 (6.3)

(k2 = k222 + k22 + A2

Q

Evidently, Q. is an odd function of k.. Consequently, following Eq. 4.30 of chapter 4, the total BC
integrated over the Brillouin zone vanishes, ensuring that the linear Hall conductivity is zero in this
time-reversal-invariant system. We therefore compute the second-order conductivity arising from
the BCD.

The velocity components vi = 2k,d, /€. and v;—' = ky(2d, + ¥?) /€, both are odd function in k,
and k, respectively. Thus following Eq. 4.47 of chapter 4, the integrand v,£2, for the x component
of BCD becomes an even function under momentum inversion and contributes a finite value of D,..
In contrast, for the y component, the integrand v, becomes an odd function that integrates to zero,
thereby suppressing the D,.. This is consistent with the underlying mirror symmetry M,, which
forbids any BCD response along y-direction [156, 224]. Importantly, this finite BCD emerges even
without any explicit #i/¢ in the band structure. It arises inherently from the distribution of the Berry
curvature in momentum space combined with the velocity anisotropy, demonstrating that nonlinear
Hall responses can exist in untilted systems when the underlying band geometry lacks complete
inversion symmetry in momentum space. The magnitude and profile of this response further depend
on the nodal configuration of the system as will be discussed next.

For the NR phase with y = 0, the BC vanishes, and therefore this phase possesses no second-
order response. We therefore focus only on the finite responses that arise in the SN and DN phases.
In the SN phase, Fig. 6.2(a) shows the density plot of the integrand v,€,. Clearly, this quantity is
strongly concentrated near the origin and displays two symmetric positive regions due to k2 term in

the numerator, leading to a large net dipole, as seen in Fig. 6.2c. In contrast, in the DN phase, the
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Figure 6.2: (a,b) Density plots showing the Berry curvature (€2,) multiplied by the velocity compo-
nent for the single-node and double-node phases, respectively. (c) Plot of the Berry curvature dipole
D, for both these phases. Here, we take the gap parameter A = 0.1 eV. (d) Density plot of Berry
curvature along the energy spectrum in the k, = 0 plane for both the SN and DN phases. Here Q,

. . 22 23 .
and D, are in units of A~ and A™ respectively.

integrand shown in Fig. (6.2(b)) is concentrated around k, = +k, forming a dipole-like structure
with opposite signs. As a result, the net dipole contribution is significantly reduced as illustrated in
Fig. 6.2(c). In both cases, the response vanishes in the gap region as the BCD is a Fermi surface
property. Also, the response reaches to its maximum value near the band edge as BC becomes
maximum at the band edges (see Fig. 6.2(d)). Note that as the Hamiltonian is TRS invariant, the

BCP induced intrinsic second-order Hall response is absent [225] in all these cases.
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Figure 6.3: Density plots of the BCP tensor components G, (left column), G, (middle column) and
G y(middle column) for all three phases, obtained from equation 6.4. The top row (a—c), middle
row (d-f), and bottom row (g—i) correspond to the SN, DN, and NR phases, respectively. The plots
are shown only for the conduction band. Here we consider the gap A = 0.1 eV.

6.3.2 BCP induced third order Hall effect

Since the third-order Hall response is not restricted by TRS and IS [44, 46], we observe a finite BCP-

induced TOH response in all three phases. Using Eq. D.14 in the appendix D, different components
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of the BCP tensor for the Hamiltonian in equation 6.1 are found to be

2 2.2 2 2
kx(kyy +A)/l

Gxix =z 5/2’

[(k? = k2)22% + k3y* + A?]

2

Y2(A? + (kg e k§) ) + 42N

G =+ ,
Y 4[(k2 = k2222 + K2y + A2]
kxky((kg e kg) v £ 2A) 22

G, =Gi =+ - (6.4)

2[ (K2 = k2)?A% + k3y? + A?]

In Fig. 6.3, we have shown the density plots of these BCP tensor components across different
nodal phases. Each phase develops its own characteristic BCP structure, and these differences
strongly influence the corresponding third-order Hall responses. In the SN phase, one might expect
a monopole-like structure near k = 0 for the diagonal components, similar to that of a single Dirac-
point system [44]. However, in the present model, the G,, component of the BCP displays two
symmetric lobes along the k,-axis, as shown in Fig. 6.3(a). As before, this feature originates from
the k2 factor appearing in the numerator of G, in equation 6.4. This in turn forces the contribution
to vanish exactly at the origin. However, in the immediate vicinity of the origin, the denominator
becomes small, enhancing the response, leading to two symmetric maxima near k,=0. In contrast,
the G, and G, exhibit a monopole and a quadrupole-like structure as illustrated in Fig. 6.3(b) and
6.3(c) respectively, similar to a single Dirac-point system. Note that G, is significantly larger than
both G, and G, due to a constant numerator at the origin.

In the DN phase, both the diagonal components G, Gy, exhibit two localized monopoles, as
shown in Fig. 6.3(d) and 6.3(e) respectively. The off-diagonal term G, shows two quadrupole-like
patterns located at k, = +ko, as illustrated in Fig. 6.3(f). Notably, following equation 6.4, the G,
and G, components exhibit stronger peak intensities as compared to the SN phase. This is attributed
to a finite numerator at nodes k, = +k( as compared to the SN case with k = 0. In contrast, the
G,y component shows identical peak intensity proportional to y?/4A> near (ky =0, ky = ko) and
(k ~ 0) for DN and SN phase respectively.

In contrast to both the SN and DN phases, the NR phase shows a ring-like BCP pattern, reflecting
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the underlying nodal ring geometry, as shown in Fig 6.3(g-1). The G, and G, components contain
k% and k§ in the numerator, which results in maximum density along k, and k, direction and
forms two circular ridges following the ring, as illustrated in Fig 6.3(g) and Fig 6.3(h) respectively.
Conversely, the G, component is proportional to k.ky, which leads to alternating density extrema
in adjacent quadrants and vanishes along k, = 0, k, = 0 direction, shown in Fig 6.3(i). The overall
magnitude of all components is larger in the NR phase because of the absence of yk, o, term in the
denominator, which effectively amplifies their intensity. For the Gy, component in both NR and DN
phases, the dominant contribution arises near k, =~ 0, and k, = £k, where the peak magnitude is
proportional to ké /A3. Hence, the G, component exhibits nearly identical peak intensities in both

the NR and DN phases, even though the underlying geometric structures are different.
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Figure 6.4: The transverse TOH conductivity for different nodal phases. (a-c) shows the variation
of the transverse TOH response y, as a function of the applied electric field direction 6 for different
Fermi energies Er in the SN, DN and NR phase respectively. (d) presents the maximum transverse
TOH responses together in different phases near the band edge at Er = 0.11 eV. We take temperature
T=50K.

Next, we evaluate the transverse third-order Hall conductivity using the obtained BCP tensor
components for the present system as we have done earlier for the Rahba Dresselhaus system in

Sec. 5.3. For an in-plane electric field E = (E cos#, E sin ) applied at an angle 6 with respect
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to the x-axis, the transverse third-order Hall conductivity y, (6) = jf) /E3 is given by Eq. (5.6).
Using this equation, we have computed and plotted y, (6) in Fig. 6.4 for all three nodal phases of
the system.

Note that the SN and DN phases preserve the M, mirror symmetry. This symmetry ensures that
the tensor components involving an odd number of x and y in the index (like Yyyyy, Xyxxx) must
vanish [44, 46]. As a result, following Eq. (5.6), the transverse TOH conductivity y, vanishes when
6 becomes integer multiples of /2, i.e., along and perpendicular to the mirror line in Fig. 6.4(a) and
Fig. 6.4(b), respectively. For both SN and DN phases, the BCP components have maximum density
concentrated near the gapped nodal points. Also, there is an anisotropy in the dispersion present
through yk, o, term which leads to a nonzero transverse TOH response [44, 46, 157]. As seen in
Fig 6.3, the BCP components in DN phase are larger in magnitude than SN phase. Consequently, the
TOH response becomes higher in DN phase at every value of the Fermi energy than the SN phase,
as shown in Fig 6.4(a) and Fig 6.4 (b).

In the NR phase, the Fermi surface appears to be isotropic when y = 0. But the system still
shows the largest third-order transverse Hall response near the band edge, as illustrated in Fig. 6.4(d).
This occurs because the BCP components in the NR phase contain strongly momentum-dependent

anisotropic terms such as k2

, k%, and kyk, in the numerator, while the denominator has a ring-like
factor ((k% - k%)z/l2 + A?)>2 which peaks sharply near k ~ ko. As a result, the BCP distribution in
momentum space becomes highly localized and anisotropic around the nodal ring. Accordingly, the
individual y,g,s components in the transverse conductivity y, do not cancel each other and give
a nonzero response. Also, in this phase, the system has rotational symmetry and ensures that the
tensor components involving odd indices must vanish. As a result, the transverse TOH conductivity
vanishes when the electric field is applied along the directions 6 = nxr/2, where n is an integer. The
finite TOH response at other field orientations remains physically allowed. The additional zeros
appearing in the angular dependence for the NR phase (see Fig. 6.4 (c)) are not symmetry-enforced
but arise from cancellations among different tensor components contributing to y, . We also observe

that as we move the Fermi energy far away from the band edge, the TOH responses in every phase

start diminishing as the BCP tensor is concentrated near the nodal points. For the NR phase, the
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BCP components are sharply localized along the nodal ring only, whereas for SN and DN phases, the
BCP components are broadly localized near the nodal points. This explains why the TOH response
sharply diminishes for NR phase than the other two phases if we move away from the band edges.

In experiments, the TOH signal may also receive contributions from Berry curvature quadrupole
(BCQ) [180, 226], disorder, quantum metric dipole (QMD) [227], and quantum metric quadrupole
(QMQ) [228] along with the BCP. Since our system is TRS invariant, BCQ, QMD, and the side-jump
contributions are forbidden under symmetry consideration [180, 229]. However, skew-scattering
can still generate a third-order Hall signal. This extrinsic mechanism shows a characteristic sin 26
angular dependency that differs from the BCP-induced transverse response [229]. Moreover, the
QMQ produces only a longitudinal third-order signal and no transverse component, so it does not
overlap with the BCP-induced transverse TOH response.

Here, we discuss a possible experimental prediction of the magnitudes of both SOH and TOH
responses across different phases. To obtain realistic predictions, we consider experimentally relevant
parameters for two-dimensional nodal Dirac semimetals with a thickness of # ~ 1 nm configured in
the conventional Hall bar geometry with size [ X w ~ 100 x 20 um? [46]. Considering a scattering
time of 7 ~ 1 X 1072 s and a resistivity of p ~ 2 uQ m, a driving current of magnitude /o = 0.5 mA
can generate an electric field of approximately E = 500 V/cm. Using the BCD component D,
values obtained from Fig. 6.2, at Er = 0.14 eV the estimated SOH conductivities are found to
be 3N = 1.748x 107" Am V™2 and DY = 5.06x 107 Am V™2, yielding SOH voltages
(V) « ¢ E?) of approximately VSN ~ 174.8 uV and VPPN ~ 50.6 4V for the SN and DN
phases, respectively. Similarly, when the field angle is around 6 = 7 /6 (see Fig. 6.4 (d)), the estimated
TOH conductivities are found to be YR = 6.9 x 1071 Am?/V3, yPN =2.46x1071° Am?/V?, and
XN = =3.18 x 1072° Am?/V?3, corresponding to TOH voltages (Vg ) o . E?) of approximately
3.45 uV, 1.23 uV, and —0.16 pV for the NR, DN, and SN phases, respectively. Although based on
a minimal low-energy model with representative parameters, the qualitative features are expected to
persist in realistic nodal semimetals. Material-specific predictions for the MX (M = Pd, Pt; X = S,

Se, Te) family require effective model parameters obtained from first-principles calculations.
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6.4 Summary

We have studied the nonlinear Hall response in tunable nodal semimetals. By tuning the band
parameters, we have traced the transition between single-node, double-node, and nodal-ring phases.
Each phase shows a different pattern of quantum geometric quantities and a different hierarchy of
nonlinear responses. As the system is TRS invariant and inversion asymmetric, both SN and DN
phases exhibit the BCD-induced extrinsic second-order Hall responses. This response in the SN
phase turns out to be larger than the DN phase as a manifestation of the distinct distribution of
the Berry curvature in the DN phase. For the NR phase, this quantity vanishes as the inversion
symmetry is restored. We further find that the BCP becomes finite for all these cases and contributes
to a nonzero third-order Hall response. We find that in the NR phase, the BCP components have a
larger magnitude and are sharply confined near the band edge along the nodal ring. This leads to
an enhanced TOH response however it falls quickly as the Fermi level moves away from the band
edge. It is worth pointing out that the system shows these nonlinear Hall responses inherently in all
nodal phases without any tilt or warping of the Fermi surface [230]. In sum, our study highlights 2D
semimetallic systems with tunable nodal phases that can be used to control quantum geometry-driven

transport phenomena.



Chapter 7

Summary and discussion

In this thesis, we have investigated electric field-driven transport phenomena in low-dimensional time
reversal symmetric systems, focusing on two important aspects: current-induced spin polarization
and nonlinear Hall responses. Particular emphasis is placed on understanding how crystal symmetry,
momentum-dependent spin—orbit coupling, nodal band geometry, and quantum geometric properties
of electronic bands influence these transport phenomena.

In the first part of the thesis, we have studied current-induced spin polarization in two-dimensional
electron gases with Rashba and Dresselhaus spin—orbit interactions. We have demonstrated that
the nature of the induced spin polarization is strongly determined by the underlying point-group
symmetry of the system. Surfaces with C,, symmetry can support both transverse and longitudinal
spin polarization relative to the applied electric field, while systems possessing mirror symmetry
(Cyy) allow only transverse spin polarization. We have further shown that higher-order SOC terms,
particularly cubic in momentum terms, lead to qualitatively new spin-response behavior beyond
the conventional linear Rashba—Dresselhaus model. In contrast to the linear case, the cubic terms
introduce a strong Fermi-energy dependence, enhance the spin polarization at higher energies, and
modify both the Fermi contours and spin textures. These effects result in the anisotropic spin
polarization with tunable magnitude and orientation.

In this context, an interesting situation arises when the strengths of the Rashba and Dresselhaus

couplings become equal. In this regime, the system can host a persistent spin texture. We find that
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under the exact PST condition, the electrically induced spin polarization vanishes due to the emer-
gent SU(2) symmetry of the Hamiltonian, which renders the eigenstates momentum-independent.
Although the spin polarization is suppressed in this regime, the electronic band structure develops
a distinctive nodal band geometry, which plays an important role in determining other transport
responses, especially the nonlinear Hall response.

In view of this, in the second part of the thesis, we have discussed the nonlinear Hall transport
arising from quantum geometric properties. In particular, we have examined two different quantities
responsible for the nonlinear Hall response: the Berry curvature dipole and the Berry connection
polarizability. These quantities originate from the geometric structure of the Bloch wave functions
and can generate a nonlinear Hall response even in time-reversal symmetric systems.

Building on this framework, we have analyzed nonlinear Hall response in the Rashba—Dresselhaus
system. In this system, the combined presence of time-reversal symmetry and the purely in-plane
nature of the spin—orbit field ensures that both the Berry curvature and the Berry curvature dipole
vanish identically. As a result, neither the linear anomalous Hall effect nor the second-order Hall
response can arise. In this situation, nonlinear transport is governed entirely by the Berry connection
polarizability, which provides the leading-order contribution, i.e., the third-order Hall response.

One of the central results of this part of the thesis is that the underlying nodal structure of the
band dispersion strongly controls the nonlinear Hall response. By tuning the relative strengths of
the Rashba and Dresselhaus couplings, the system undergoes a continuous evolution of its band
geometry, ranging from a single nodal point non-degenerate band structure in the non-PST regime
to multiple nodes a single nodal point nearly degenerate band structure for near the PST condition,
and finally forming a nodal line at the exact PST point. This evolution has a direct impact on
the distribution of quantum geometric quantities in momentum space. In particular, as the system
approaches the PST regime, the Berry connection polarizability becomes significantly enhanced,
leading to a strong increase in the transverse third-order Hall response. In contrast, at the exact PST
point, the Berry connection polarizability vanishes identically, resulting in the complete suppression
of the nonlinear Hall response.

However, a finite and enhanced nonlinear Hall response can still be realized at the PST point
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through the introduction of a gap term, which necessarily breaks time-reversal symmetry. To avoid
this, we extend our analysis to tunable nodal Dirac semimetals, where different nodal phases can be
realized by varying the model parameters, and the nonlinear Hall response can be explored within
symmetry-preserving conditions. In this system, we have systematically investigated the nonlinear
Hall response across single-node, double-node, and nodal-ring phases. Owing to the presence of
time-reversal symmetry and the absence of inversion symmetry, the single-node and double-node
phases exhibit a finite Berry curvature dipole, giving rise to a second-order Hall response. We find
that this response is stronger in the single-node phase, reflecting the more localized and asymmetric
distribution of Berry curvature in momentum space. In contrast, in the nodal-ring phase, inversion
symmetry is effectively restored, leading to a complete suppression of the Berry curvature dipole
and hence the second-order Hall response.

At the same time, the Berry connection polarizability remains finite in all three nodal phases
and generates a third-order Hall response. A particularly important finding is that the nodal-ring
phase exhibits a strong enhancement of the Berry connection polarizability near the band edge,
where it becomes sharply concentrated along the nodal ring. This leads to a pronounced third-order
Hall response, which is maximized when the Fermi energy lies close to the band edge. Unlike
many previously studied systems, these nonlinear responses arise in this tunable Dirac semimetal
intrinsically from the band geometry and do not rely on additional mechanisms such as tilt or warping

of the Fermi surface.

7.1 Future outlook

The results of this thesis suggest several promising directions for future research. One natural
extension is to study the role of disorder and scattering mechanisms in transport phenomena [229,
231]. Inrealistic materials, impurity scattering and finite relaxation times can significantly influence
the magnitude and behavior of electrically driven responses. A systematic understanding of these
effects can help to bridge the gap between ideal theoretical predictions and experimental observations.

Another important direction is to explore how temperature affects electric-field-driven transport
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phenomena [232, 233]. Thermal effects modify the distribution of carriers near the Fermi surface and
can strongly affect the underlying quantum geometric quantities. Exploring this aspect may provide
deeper insight into how thermal fluctuations interplay with band geometry in shaping nonlinear
transport.

Furthermore, it would be interesting to explore these phenomena in more complex material
platforms, including systems with strong correlations or multi-orbital character, where additional
quantum geometric features may emerge. Advances in material engineering and device fabrication
may also enable the realization of tunable systems with controllable spin—orbit coupling and nodal
band structures. Such systems would allow direct experimental verification of the theoretical
predictions presented in this thesis and could open pathways toward novel spintronic and nonlinear
electronic applications. In addition, it would be interesting to explore current-induced orbital
polarization (orbital Edelstein effect) [89, 151, 233], where orbital responses may become significant
or even dominate over spin polarization, particularly in systems with higher-order or mixed spin—orbit
coupling.

In summary, the interplay between symmetry, spin—orbit coupling, nodal band geometry, and
quantum geometric properties provides a rich landscape of transport phenomena. The results
presented in this thesis contribute to this broader understanding and offer useful guidance for future
theoretical and experimental studies for designing next-generation spintronic and nonlinear electronic

systems.
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Appendix A

Calculation of spin polarization

This appendix provides a detailed calculation of the different components of spin polarization
(Eq. 3.4, 3.6 and 3.7 in chapter 3), resulting from applying an electric field in various directions
using the Kubo linear response theory.

We begin with the Hamiltonian for a system that includes a linear k-dependent RSOC and
a DSOC(+) term (for simplicity, we neglect the kinetic energy term, as it does not change the

eigenfunctions):
H = a(kyoy, — kyoy) + B(kyoy + kyory), (A.1)

where (k,, k,) represents the 2D crystal momentum, (o7, oy) denotes the Pauli matrices, and a,
corresponds to the Rashba and Dresselhaus coupling parameters, respectively. The energy dispersion

becomes,

ey = |k|Va? + B2. (A.2)
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A.0.1 Electric field applied along y direction

For the electric field along y, i. e., E = (0, E,, 0), the x component of the spin polarization (from

Eq. 3.3 of chapter 3) can be expressed as,

59 =B [ Bk . GaenSiG A3
(5= 52 [ ST A Gaer)SiGater), (A3)

where the y component of the velocity operator v is given by

0 —a —if

vy = (A4)

—a+if 0

Here G and G 4 are the retarded and advanced Green’s functions, respectively. They are expressed

as

1 —(ep £ in) (a + iﬁ)(ky +iky)
(@ BV = (er £\ (i) (ky - k) —(op = i)

Gria = : (A.5)

where e is Fermi energy and the broadening parameter 7 represents the inverse of the relaxation

time 7. Finally, the (S,) component in Eq. A.3 become

(Sx)

_ @ /SF/ Va2+p2 Lk /27r " kZ(a,Z +,82)(a cos 26 +,8sin 29) _ a,({_:% + 772)
B Jo 0 e+ 2807 = (@24 PR + (K2 (a2 + B7) + )
@ e [N
=- X (tan™" [ D '
16m2ep(a? + B%)n 2ern 0

eEya/(glzp +1?%)

(A.6)

Similarly, the y and z components of spin polarization (using Eq. 3.3 of chapter 3) are found to

be
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eE, [er/Ne?+p? 2 k2(a? + ) (—Beos20 + asin26) + B(e% +n?)
=— / kdk / do
0
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For n <« 2¢eg, the simplified form can be expressed as,
eE,aep
<SX> = yz 2 s
32r(a? + B%)n
eE,Ber
(Sy) ~ I
2r(a* + B*)n
(S;) =0. (A.9)

Thus, we derive the Eq. (3.6) of chapter 3, and the difference in the sign between x and y components

is evident. Next, we discuss the effect of the different relative strengths of RSOC and DSOC(+) on

spin polarization.

A.0.1.1 Case: a=p

When the strengths of RSOC and DSOC(+) are equal, the components of the spin polarization

become,

eEyer eEyer

— (S, ~
64man Sy 64man

(Sx) = —

(S.) = 0. (A.10)
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A.0.1.2 Case: a #0,8=0

For only RSOC to be present in the system, the components of spin polarization are obtained to be,
eEyer
(Sx) ® =753 (§,) =0; (S2) =0. (A.11)
32nran
This corroborates the standard REE effect.

A.0.1.3 Case: a=0,8#0

In the presence of only DSOC(+), the components of spin polarization can be written as,

eEyep

(Sx) =0; <Sy> ~ %§

(S;) =0. (A.12)

A.0.2 Electric field applied along x direction

As discussed in the chapter 3, the sign of the spin components of the spin polarization depends on
the direction of the applied field. To see, we now apply field along x, i. e., E = (E,, 0,0). With this,

the components of the spin polarization are given by

eEx 817/ \/a2+,82

2
Sy)=—= kdk do

k*(a? + B*)(Bcos20 — asin20) + B(e% + n?)
&} +263L07 = (@7 + I + (K2 (a2 + ) + 1P
eEf(e} +17°) P er (o + K (er/Va?+p2)

X (tan™" [ 1) , (A.13)
1672 (a® + ) 2o :
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eE, [erINa’+B 2n k?(a? + %) (a cos 260 + Bsin 26) + a(slzp +1%)
/ kdk / do
0

Sy =—=
< y> 873 8;‘, + 28%(7]2 — (CYZ +52)k2) + (k2(a,2 +ﬁ2) + 772)2
eExa(S% + 772) » ,72 — 8% + (az +,82)k2 (er/\a?2+B?)
B x (tan”7] 1) : (A.14)
l6m2ern(a® + %) 2ner .
ek, er/Va2+p2 27 kn(az N ,32) <in g
(o) =~ / kdk / do
83 0 8;1: + 23%(772 — (@2 + B2)k?)) + (k2(a? + B2) + i?)?
=0 (A.15)

And for n < 2¢p, the components can be simplified as,

eE,Ber
327 (a? + 52)°

eE,.acep
32nn(a? + B2)°

(Sx) =

<Sy> ~

(S.) = 0. (A.16)

Thus recover the Eq. (3.7) of the chapter 3. Evidently, both the spin components have the same
sign as opposed to the case discussed in the preceding section. For different respective strengths of
RSOC and DSOC(+), the spin polarization can be obtained very easily as before. In the presence of

only RSOC term (e # 0, g = 0) Eq. A.16 become

eE eg

(Sy) = (Sx) = (S2) =0,

2ran’

which is shown in Eq. 3.4 of chapter 3.

A.0.3 2DEG with only Dresselhaus terms

We now compute the spin polarization components for systems that feature only BIA, or in other
words, systems with only linear DSOC terms in a 2DEG. We particularly focus on the DSOC(-)

term and then compare it with the DSOC(+) term discussed in the preceding paragraph. As before,
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neglecting the kinetic energy term, the Hamiltonian for DSOC(-) is

H_ = p(kyoy — kyoy). (A.17)
Then we find
eE er
Sy)o = -,
5y) 32n8n
(8x)- = (82)- =0, (A.18)
for the field along the y direction. Here ““ — ” refers to the contribution from the DSOC(-). Clearly,

we see longitudinal spin polarization with respect to the applied field similar to the DSOC(+) case

(cf. Eq. (A.12)) but with an opposite sign.



Appendix B

Derivation of the modified velocity

expression

In this appendix, we outline the intermediate steps leading from the corrected Bloch eigenstate to
the modified expression for the electron velocity given in Eq 4.23 of the introduction chapter.
In the adiabatic limit, the instantaneous Bloch eigenstate acquires a correction due to coupling

with other bands. Up to first order in the rate of change of the Hamiltonian, the eigenstate can be

written as
) u, (K)) u, (K)|0u,y, (K,
(K, 1) = () — i 5" L8 n OVt (k. 1), B.1)
n#m Em = &n
The velocity operator in momentum space is defined as
1 0H
(k) = ——. B.2
Pk = - o (B.2)

To obtain the electron velocity, we evaluate the expectation value of this operator with the
corrected eigenstate in Eq. (B.1). Keeping terms up to first order in the time variation of the

Hamiltonian yields

<um|aa_il|un><un|atum>
—C.C.| .

Em — &n

1
Vin(K) = 7 Vi (k) = i > (B.3)

n¥m
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To simplify this expression, we use the identity

0H ou,y,
<um|£|un> = (8m - gn) <(9_k

un> , (B.4)

which follows from differentiating the eigenvalue equation H (K)|u,, (K)) = &,(K)|u, (K)) with respect
to k and projecting onto (u,, (k)| for m # n.

Substituting Eq. (B.4) into Eq. (B.3) and using the completeness relation

D Iyl = 1= ], (B.5)
nm
we obtain
Vi (K) = %ngm(k) — i [(Vium|Oum) = (Vttm|tty) (Um|Oium) —c.c.]. (B.6)

The second term inside the brackets can be simplified using the normalization condition of the
Bloch states, (u,, (K, 1)|u;, (K, 1)) = 1. Taking the derivative with respect to k and time t respectively

gives

<Vkum|um> + <umlvkum> =0

(O |um) + (um|Osup) = 0. (B.7)

These relations imply that the quantities (Viu,, |u,,) and {(u,,|0;u,,) are purely imaginary. Therefore
their product is real. Since the velocity expression contains the difference between this term and its

complex conjugate, the contribution cancels out. As a result, the velocity reduces to

1
Vm(k) = ﬁvkgm(k) — i [{Vttm|Otm) — {Osth |Victt)] . (B.3)



Appendix C

Derivation of the non-equilibrium

distribution function

In this appendix, we present a detailed derivation of the non-equilibrium distribution function up to
second order in the applied electric field within the semiclassical Boltzmann formalism, which we
have shown in Eq. 4.42 of section 4.0.5.2.
We begin with the Boltzmann equation in the relaxation-time approximation as earlier mentioned
in Eq. 4.41:
(1+70)f = feqg +etEy(t) Ouf. (C.1)

To solve this equation, we expand the distribution function in powers of the electric field as

f=tfegt it 2+, (C.2)

where f; and f, are the first- and second-order corrections, respectively. Substituting this expansion
into the Boltzmann equation and collecting terms order by order, we first consider the zeroth-order
term, which gives

(1 + Tat)feq = feq' (C.3)

This implies d; f,; = 0, confirming that the equilibrium distribution is time independent. At first
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order in the electric field, we obtain

(1 +70,)f1 = eTEy(1) 6afeq-

We consider the oscillating applied electric field with driving frequency w of the form

i 1 . _
Eq(t) = Re{Eae’w’} = E(Eaelwt + E;:e—lwt)’

(C4)

(C.5)

and look for a solution of the form f;(z) = f” €' (considering only positive frequency), where i

is time independent. Substituting into the left-hand side of Eq. C.4, we evaluate

. 9 .
(1+70) fi(r) = f{?e'" + T (f{re')

= l‘”ei“” +7 (iw l‘"ei‘”’)

=(1+ ia)‘r)fl“’ei‘”’.
The right-hand side of Eq. C.4 becomes

eTE (1) Oufoq = €TE,0ufoq €.

Equating both sides of Eq. C.4 and canceling the common factor ¢“’, we obtain

(1 +iwt)f{’ = eTE,04feq,

which gives the first-order correction

etE,0, feq
| +iwt

W

=

(C.6)

(C.7)

(C.8)

(C.9)

(C.10)

(C.11)

We now proceed to the second-order correction. At order E2, the Boltzmann equation in Eq. C.1

gives

(1 + Tat)fZ = eTEa(t) 6af1-

(C.12)
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Using fi (1) = f}” ¢! and the expression of /1’ the right-hand side of the above equation become

1 . . etE o, fog -
etE (1) 0,f1 = et=(Eg e + Ele™"") - C1mbTableq bJ 1 glt (C.13)
2 1+iwt
2
_ (eT) EgEbaabfeq (eT) E Ebaabfeq elet (C14)

+
2(1 +iwT) 2(1 +iwT)

Since the right-hand side contains products of oscillating terms of the form E(z) f(¢), which
generate contributions at both zero frequency (dc) and at 2w. Therefore, the second-order correction

in the distribution function contains two parts, which can be written as

H(0) = f)+ fFoeH. (C.15)

Hence, the left-hand side of the Eq. C.12 becomes

(l +T6;)f2(t) —f2 + Zw 21wt+2lef2w 2iwt

= f)+ (1 + 2iwT) 0", (C.16)

Equating both sides of the Eq. C.12, we can write

fO _ (eT)zEZEbaabfeq
2 2(1 +iwT)
2w (eT)zEaEbaabfeq
2 21 +iwt)(1 +2iwT)’

(C.17)

Finally, the distribution function up to second order can be written as

f feq +fa) iwt + (fZO +f22we2iwt)' (C18)



Appendix D

Berry curvature and Berry connection

polarizability for two-band Hamiltonian

In this appendix, we derive the Berry curvature and the Berry connection polarizability for a generic
two-band Hamiltonian in terms of the d(k) vector, which we have used in chapter 5 and chapter 6.

We consider a generic two-band Hamiltonian of the form
H(K) = do(k) + d(K) - o, (D.1)
where d(k) = (dy, dy, d;) and o are the Pauli matrices. The corresponding eigenvalues are
e+(k) = do(k) + [d(Kk)|. (D.2)

Following the expression in Eq. 4.19, the Berry curvature for a two-band system with band indices

n = + can be written as

L i(ilaaH|¢><¢lﬁﬁHli> — (@ < p)
af —

(€x — €5)? ’ (B

where («, 8) = (x, y, z) are spatial directions, d, = d/0dk, and (€. — €x) = +2|d|. The derivative of
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the Hamiltonian is given by

0o H = (aadO) + (6adi)0-i~ (D4)

The scalar term does not contribute between different bands due to orthogonality, so
(£]0.H|F) = (0o di) (£]07|F). (D.5)
Substituting this into the Berry curvature, we obtain

Qyp = ﬁ(aadi)(aﬁdj) [(£loy|F)(F|oj|£) — (@ & B)] . (D.6)

Using the identity 00 = 6;; +i€;jx 0, and the expectation value (+|o|+) = +di/|d|, we can write

. d
(tlorlF) (Floy 1) = 83 % e (ﬁ)

did;

- W (D.7)

Upon substitution, the symmetric terms vanish under antisymmetrization in @, £, and only the

antisymmetric contribution survives. This yields

. 1
Q&ﬁ = iWZQJ‘k d,' (6adj) (dik). (D.8)

Finally, we can write the Berry curvature for two-band systems in terms of d vector as

d(k) - (8,d(K) X 9pd(K))

1
Pap(k) = £ FITE

(D.9)

Similarly, we derive the expression of the Berry connection polarisability, which is expressed in

Eq. 4.53 as

Amn,a/ Anm,,B

Gmap =2Re ). (D.10)

n¥m €m ~ €n

where the Berry connection, A, o = i{m|d,n). Using the identity (m|0,n) = (m|0,H|n)/(€, — €n)
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for (m # n), we can write the Eq. D.10 for two-band Hamiltonian as

Gt _2Re[<i|5aH|¢><¢|5ﬁHli>]
af '

(€x— €¢)3

This expression can be rewritten by using Eq. D.5 as

G, = 2Re [((9adi)(5ﬂdj)<i|0i|¢><¢lffj|i>] '

8|dJ?

Substituting the matrix elements given in Eq. D.7 and taking the real part, we obtain

1
G, =+—— |(0,d;)(0pd;) —
= [( ) (3pd)

didj(aadi)(aﬂdj)]
|d|> .

(D.11)

(D.12)

(D.13)

Finally, the Berry connection polarisability for a generic two-band system in terms of d vector can

be written as

1
G, =+——|(0,d) - (0pd) —
5 +4|d|3[< ) - (9pd)
1

(d- 9,d)(d - 9pd)
|d|? ]

(D.14)
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