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ABSTRACT

The Calderdn problem has played a central role in the study of inverse problems and
partial differential equations (PDEs) since its introduction by Alberto P. Calderén in 1980.
Sylvester and Uhlmann made a major breakthrough in this direction for dimensions greater
than or equal to three. They introduced the concept of complex geometrical optics (CGO)
solutions in their work, which motivated more researchers to explore this area in higher
dimensions. Since this inverse problem is mostly ill-posed, a better understanding of the
stability becomes very important. However, the optimal stability estimates are of logarith-
mic type in these settings. This inspired the notion of increasing stability, where it was
explored whether an improvement of the stability to Holder type is possible in the presence
of frequency.

In this thesis, we focus on high-frequency stability estimates for inverse boundary value
problems associated with the Schrédinger equation, the biharmonic operator, and the poly-
harmonic operator with constant attenuation, working in the partial data setting where part
of the boundary is flat. We first explore stability estimates for the linearized inverse prob-
lems related to the Schrodinger and biharmonic operators with constant attenuation for po-
tentials in C'*. We then consider the more general polyharmonic case and derive stability
estimates for less regular potentials in H® with 0 < s < % This result also generalizes the
results obtained in the earlier cases, where C'! regularity was assumed for the potentials.

Next, we focus on stability estimates for the corresponding nonlinear inverse problems
under the same low-regularity assumptions on the potential. While in the linearized prob-
lems our stability estimates exhibit a polynomial dependence on the frequency in all cases,
for the nonlinear problems we are able to establish such polynomial dependence only for the
Schrodinger equation. For the biharmonic and polyharmonic operators, the dependence is

exponential, which is consistent with the work of Liu (2020) in the absence of attenuation.
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Summary

In the history of inverse problems and partial differential equations (PDEs), the Calderon
problem plays an important role. Calderdn first explored it in 1980, where he considered a
linearized form of the inverse conductivity problem. Sylvester and Uhlmann (1987) proved
the uniqueness result for the nonlinear inverse conductivity problem by reducing it to the
Schrodinger formulation for sufficiently smooth conductivities. This work gave a signifi-
cant impetus to future works in this direction.

Since these inverse problems are mostly ill-posed, the study of stability is essential. In
this context, the first stability result was accomplished by Alessandrini (1988), who proved
a logarithmic-type stability estimate. This estimate implies an amplification of errors in the
reconstruction of potentials and later motivated the concept of increasing stability, in which
the improvement of stability from the logarithmic type to the Holder type is explored with
increasing frequency.

In this direction, Isakov and Wang (2014) explored the stability problem with constant
attenuation. Isakov, Lai and Wang (2016) extended these results to the case of non-constant
attenuation. The linearized inverse problem, where the Dirichlet-to-Neumann map is lin-
earized near the zero potential, was analyzed by Isakov, Zou and Lu (2020). In all these
works, it was assumed that the data and measurements are available on the full boundary.
Zou, Lu and Xu (2022) studied the stability problem for the linearized case (without atten-
uation) with the assumption of partial boundary data and measurements where a part of the
boundary is flat.

In this thesis, our primary focus is to establish the high-frequency stability for the in-
verse boundary value problem corresponding to the Schrodinger equation, the biharmonic
operator and the polyharmonic operator with constant attenuation under partial boundary
measurements where part of the boundary is flat.

We start with the linearized stability problem for the Schrodinger equation with constant
attenuation, assuming that the regularity of the potential is C'. In this analysis, we employ

the linearization technique used in [25] and the reflection argument for the partial bound-

1



Summary

ary. In this case, the stability estimate exhibits a polynomial dependence on the frequency,
which helps us to understand the improvement in stability better. Also, we study the lin-
earized stability problem for the biharmonic operator with constant attenuation, assuming
the same regularity for the potential as in the linearized inverse Schrédinger case. The re-
sulting stability estimate mirrors that of the linearized inverse Schrodinger problem, with
the estimate again exhibiting a polynomial dependence on the frequency in the Lipschitz
part of the estimate.

Next, we explore the linearized stability problem for the polyharmonic operator with
constant attenuation, assuming lower regularity for the potential (that of H°,0 < s < %).
In this work, we generalize the linearization used in [38] to the polyharmonic operator.
To tackle the issue of partial boundary measurements, we employ the reflection argument
and the quantitative version of the Riemann-Lebesgue lemma used in [33]. This stability
result generalizes the results for the Schrodinger and the biharmonic case under a lower
regularity assumption on the potential. As in the previous two cases, we have a polynomial
dependence on the frequency in the Lipschitz part of the estimate, while the logarithmic
part decays with increasing frequency.

Further, we study the nonlinear inverse problem for the Schrodinger equation and the
biharmonic operator in the same setup as in the linearized problem, assuming low regular-
ity for the potential as in the linearized inverse polyharmonic case. Since both problems
are nonlinear, we employ complex geometrical optics (CGO) type solutions following the
slightly different approach used in [26], and to tackle the issue with partial boundary mea-
surements, we use the same process as in the case of the linearized inverse problem for the
polyharmonic operator. The resulting stability estimate, again, exhibits a polynomial de-
pendence on the frequency for the Schrodinger case. For the biharmonic case, the stability
result is weaker, since it has an exponential dependence on the frequency in the Lipschitz
part. Thus, the stability result is better in the linearized case compared to the nonlinear
setup.

Finally, we discuss the nonlinear inverse problem for the polyharmonic operator under
the same conditions as in the linearized case. The stability result, in this case, is similar to
that obtained in the case of the nonlinear inverse problem for the biharmonic operator but

weaker than the linearized case.






Chapter 1

Introduction

A large class of inverse problems in the context of partial differential equations (PDEs)
involves determining the coefficients of the underlying equations from certain information
about the solution. The Calderén problem, proposed by Alberto P. Calderén in 1980, is a
fundamental question in this direction that involves determining the coefficients of the PDEs
from boundary measurements of the solution. This is widely regarded as the mathematical
foundation of Electrical Impedance Tomography (EIT), a non-invasive imaging technique
used in medicine, geophysics, material sciences, engineering for detecting anomalous struc-

tures or identifying inhomogeneities in materials.

1.1 The Calderon problem

The original motivation for the Calderon problem came from geophysical prospecting. In
his seminal work, Calderén proposed the following problem:

Let 2 C R" be a bounded region that represents a physical object which has an electrical
conductivity distribution y(z) > 0 inside 2. When an electric voltage is applied to the

boundary 02, the resulting voltage u(x) within the body satisfies the conductivity equation

{V-Mw)w(m)] =0 in €, (1.1.1)

u = f in 9Q,

where the conductivity - is a positive function and f (a voltage distribution) is a known input
data along the boundary. The measurement data is the corresponding current flux across the

boundary, which is given by the normal derivative of u(z) weighted by the conductivity.

4



§1.1. The Calderon problem

This relationship between the voltage distribution f and the current flux % lao along the

boundary is encoded in the Dirichlet-to-Neumann (D-N) map A, given by

ou
szfr—Wy% ) (1.1.2)
P

Q

The Calderén problem is to recover y(z) from the knowledge of A,. In other words, it

explores the injectivity of the map
v A A, (1.1.3)

The following one-dimensional version of the problem helps us understand the context
better. We start with a resistor made of metal wire stretched along the interval 0 < x <[
and a voltage source attached to the ends of the wire at x = 0 and = = [. If the voltage at
a point x on the wire is denoted by u(x) and the resistance density o at each point on the

wire is continuous, then by Ohm’s law, the current [ is given by

I(z) = —y(2)u'(x), (1.1.4)

where v = % is the conductivity of the resistor. Since there are no sources inside the wire,

the current / is constant along the wire. Hence, we have

[y(z)u/(z)] = 0.

Suppose we don’t know the conductivity (z) inside the wire, but we can only measure
the applied voltage and the resulting current at the boundary (at the ends of the wire), that
is, we only have the knowledge of u(0), u(l), v(0)u'(0) and v (!)u'(I). Then the question
becomes whether we can determine the conductivity v everywhere in the wire.

Unfortunately, the answer is no. From the equation, we can only infer

dx

u(l) — u(0) = 1(0)(0) / et



§1.2. The uniqueness problem

and therefore, the boundary measurements only recover the total resistance of the wire, not
the pointwise conductivity. For two and higher dimensions, the determination is indeed

possible, although the mathematical techniques used are quite different.

1.2 The uniqueness problem

The fundamental question in uniqueness is whether two conductivities giving rise to same
boundary measurements are necessarily equal. A.P. Calderon proved the uniqueness re-
sult in [6] for the linearized inverse problem. For the nonlinear case, this question was
answered in [35] by Sylvester and Uhlmann for dimension n > 3, assuming the conductiv-
ities to be sufficiently smooth. They reduced the study from the conductivity equation to
the Schrodinger equation as follows:
Ay 12, ) .. . .
Letq = 7 Then v~ "/“u is the solution for the conductivity equation, where u is the
Y

solution for the Schrodinger equation. That is,
—V V(v Pu) = 4 (A + g)u.

Here ¢ is an unknown potential and we have the Dirichlet-to-Neumann map A, defined as

follows:
ou
Ay f>—| . 1.2.1
q f 81/ ( )
o9
Then the question of uniqueness can be reformulated as the question of injectivity of the
map ¢ LN Aq.
Compared to the conductivity equation, the Schrédinger equation turns out to be eas-
ier to handle for analysis. It inspired more researchers to explore the Calderon problem
and its Schrodinger formulation. Bukhgeim and Uhlmann established the uniqueness result

in [5] for the case of partial boundary measurements. This was a major breakthrough com-

pared to the earlier results that required measurements on a large portion of the boundary.

6



§1.3. The question of stability

Isakov proved a uniqueness result in [21] for the inverse conductivity problem using partial

boundary measurements, where the part of the boundary is flat or a sphere.

Later researchers also extended the study of the uniqueness problem to perturbations of
the biharmonic and the polyharmonic operators. Krupchyk, Lassas, and Uhlmann studied
the uniqueness problem for the biharmonic operator with a first-order perturbation in [28],
aiming to recover the lower-order coefficients from partial boundary measurements. They
also proved the uniqueness problem for polyharmonic operators with lower-order perturba-
tions in [29]. Yang studied the uniqueness problem of recovering the first-order perturbation
of the biharmonic operator on both bounded and unbounded domains in [37] using partial

boundary measurements.

1.3 The question of stability

In practical applications of the Calderén problem such as EIT and imaging, the boundary
measurements usually are noisy, discrete and incomplete. Consequently, the uniqueness
question is insufficient; we must also understand how errors in boundary measurements
impact the reconstruction of the unknown. This brings us to the question of stability, that
1s, we want to understand the following:

If two different conductivities yield nearly identical boundary measurements, are the con-
ductivities themselves close?

In other words, we want to study the continuous dependence of conductivity v on A,.

In the Schrodinger case, this can be mathematically described in the following manner.
Does there exist a constant C' > 0 and a suitable modulus of continuity w, that is, a con-

tinuous function w defined in [0, co) with w(¢) — 0 as ¢ — 0 such that for all potentials

qi1, q2,

a1 — @2lli < Cw(||[Ag, — Mg, l|2), (1.3.1)

7



§1.4. Developments in Stability Estimates

where || - ||; (j = 1,2) denote appropriate norms. The modulus of continuity determines
the stability of the problem. A Lipschitz or Holder continuous function as the modulus of
continuity is the ideal stability one seeks for. However, for the Calderén problem, the best
possible global stability estimate is of logarithmic type, that is, w(t) = C|log(t)|~* for

a € (0,1). In other words,

lgr = galls < Cllog([[Ag, = Agill2)| (1.3.2)

This implies that small errors in the known boundary data and measurements can cause

comparatively large errors in the reconstructed unknown.

1.4 Developments in Stability Estimates

The first logarithmic stability estimate for the Schrodinger formulation under full boundary
measurements was established by Alessandrini in [2], and later Mandache, in [34], proved
that this estimate is optimal. Heck and Wang established the double logarithmic stability
in [16] corresponding to the uniqueness result in [5]. The dominating part of the stability

estimate, in this case, is of the form
log[|log(|| - |)|~%] for « € (0,1). (1.4.1)

Choudhury and Krishnan, in [10], obtained the stability estimates for the biharmonic op-
erator with bounded potentials from boundary measurements made on the whole boundary
and slightly more than half of the boundary. In the case of partial boundary measurements,
when a part of the boundary is inaccessible and flat, Heck and Wang proved in [17] that
logarithmic type stability is optimal following the uniqueness result in [21]. It is also appli-
cable to the case when an inaccessible part of the boundary is part of a sphere. Choudhury
and Heck, in [8], studied the inverse boundary value problem for the biharmonic operator
in the same setup (under the flatness assumption) and established logarithmic type stability

estimates for the recovery of the potential.



§1.4. Developments in Stability Estimates

Since logarithmic type estimates amplify the errors, similar inverse problems, in the
presence of a frequency term, were studied to see if the stability estimate can be improved
to a Lipschitz/Holder type with increasing frequency. In [22], Isakov investigated the in-
verse problem of recovering the potential in the Schrodinger case and established a stability

estimate of the form

1

Ol(k) HA1_A1||Q+ y
T 0y(k) + |log (| Ay — Ay [12)])”

(1.4.2)

where o € (0,1], 5 € (0,1) and O;(k) is an increasing function of k for j = 1,2. As the
frequency k increases, the logarithmic part becomes very small and the first (Holder) part
becomes dominant. In other words, the stability improves to a Lipschitz or Holder type as
the frequency increases, thereby increasing the overall stability of the problem. This was
referred to as the increasing stability phenomenon and garnered massive attention. Liang,
in [32], studied the stability in the recovery of the potential from partial Cauchy data in the
Schrodinger case. In [9], Choudhury and Heck studied the same problem but with lower
regularity assumption on the potentials. For the same partial measurement case, Liu studied
the stability result for the biharmonic operator in [33].

In the presence of an attenuation, Isakov and Wang studied the stability problem for the
Schrédinger equation with constant attenuation in [26] for the full boundary case. For the
non-constant attenuation, Isakov, Lai, and Wang investigated the stability estimate in [23]
for the Schrodinger equation with full boundary measurements.

Recently, the linearized inverse problem for the Schrodinger equation was also analyzed
by Isakov, Lu, and Xu in [25] for the case of full boundary measurements. Following that,
Zou, Lu, and Xu studied the linearized inverse problem for the Schrodinger equation with
partial boundary measurements in [39]. Zhao and Yuan established the stability estimate
for linearized inverse problem for the biharmonic operator with constant attenuation in [38]

under the assumption of full boundary measurements.






Chapter 2

Preliminaries

In this chapter, we introduce some notations and discuss some preliminaries that will be

used throughout the subsequent chapters.

2.1 Domains satisfying a flatness condition

The problems that we consider in this thesis are posed in a specific type of domain €2 de-
scribed below. Such domains were introduced, in the context of inverse problems, by Isakov
in [21].

Let 2 C R", (n > 3) be a bounded open set with a smooth boundary, satisfying the

following conditions:
1. Qc{x:= (2" 2,) €eR” : z, <0},

2. Iy:=00n{x = (2 x,) € R" : x, =0} is a non-empty subset of J2 (boundary
of ),

3. I':= 00 \ I'y which contains the support of the boundary data.

The flatness condition, stated above, will henceforth be referred to as the condition (A).

The flat part I'j is assumed to be inaccessible, and both I" and I'y have non-empty interiors.

11



§2.3. Some preliminary results

2.2 The Sobolev spaces

Since we shall be working with data and measurements only on a part I' of the boundary
012, we shall work with the Sobolev spaces defined as follows:
H3(T) = {ue H*(09Q): supp(u) CT}, H):={u=vlp: ve H(ON)}, s >0,

with the corresponding norms

r = inf ||U
veEHS(09Q)
vlr=u

|l Hs(T ms(oe) and Hs(69)-

Here @ denotes the extension of u from I to OS2 by 0.

The dual of H*(T") is denoted by H*(I') and is equipped with the norm

—s = i f \I] —s
|l s () \PGH_S(gng)7\P|F:u|| | -5 (o02)

Let £(Hz2(I'), H~2(T')) denote the space of bounded linear operators between H 2 (I') and
H~2(I). We shall denote the norm in £(H2 ('), H=2(I')) as || - ||...
On the product spaces []7", H%~3(T") and 1 H 272 (") (which we shall denote as

Hevm (1) and H*m (T") respectively), for m > 2, we shall consider the norms

m
1w, ua, M gzo.-. am(T) * = Z ”uJ”HO‘ ()
j=1
m
||(U1,U2, "'7um)||H‘11 ..... am (I) = Z ”u]”H i

We shall denote the space of bounded linear operators between the product spaces H;"Zl H%
and [ 72, L H%t3(T) by £ <H;":1 H%=3(), | L 2its (F)) and the corresponding norm

by [| - .
2.3 Some preliminary results

In this section, we recall some auxiliary results that will be used in the thesis.

First, recall that a function /' : X — X defined on a Banach space X is called non-

12
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§2.3. Some preliminary results

expansive if

1F(x) = F)ll < llz—yll, z,y € X.

For such mappings, we have the following fixed-point theorem due to Browder (see [4]).

Theorem 2.3.1. (Browder fixed-point theorem) Let G be a nonempty convex closed bounded
set in a uniformly convex Banach space. Then, any non-expansive function ' : G — G has

a fixed point. O

Consider a constant coefficient linear differential operator P in R". We denote the
symbol of P by P(¢) and let P(€) be defined by P(¢) = (Z\a|zo |agP(g)\2> " Note
that, here, @« = (ay,...,a,) is a multi-index with non-negative components and |«o| =
ap+ -+ .

The following result (see [20,32]) will be used in the construction of the CGO solutions.

Theorem 2.3.2. Let P be a linear differential operator of order m in R™ with constant

coefficients and let () be a bounded open set in R". Then there is a bounded linear operator
E on L*(QY) such that
PEf=f forall f € L*(9),

and for any differential operator () with constant coefficients, we have

Q&)
|QEflz2 ) < Co sup | ===/ [[fl[r2(@),
where the positive constant Cy depends only on m, n and (). ]

We shall also use the following interior elliptic regularity estimate (see Theorem 11.1,

Chapter 5, [36]) in an open, bounded subset M of R™.

Theorem 2.3.3. Let P be an elliptic linear differential operator of order m and u € D'(M)
satisfies Pu = f € H*(M) for some s € R. Then u € H; ™ (M), and, for each U CC

loc

13



§2.3. Some preliminary results

V CC M, 0 < s+ m, the following estimate holds:

|w|| s +my < C||Pul

[

The following quantitative version of the Riemann-Lebesgue lemma, which generalizes

the one in [8], [9], [17], was proved in [33].

Lemma 2.3.4. Let f € H*(R"), 0 < s < 1, be compactly supported. Then there exists a
constant C' > 0 and for any N € N, there exists a constant C'y > 0 such that for all ¢ € R"

and T € (0,1), we have

C S
T Ml +C7 e

Here F|f] denotes the Fourier transform of f.

IFLAE] <

Before we can discuss the proof of the above lemma, we need an auxiliary result that

we describe next. Let {¥, },~( denote the standard family of mollifiers defined by
U, () =7V (E> , T >0,
T

where ¥ € C°(R"), 0 < U <1, and [, ¥(x)dx = 1.
The following approximation result was established in Proposition B.1 of [30]. Here,

we rewrite the estimate to emphasise the appearance of the term || f || s (rn).

Lemma 2.3.5. Let f € H*(R"), 0 < s < 1. Then f, := fx V¥, € (H*°NC*) (R") and

If = frllez@ny < CT°| fl 5@y

Proof. We note that F[W,|(&) = F[V](7¢), and therefore F[f, (&) = F[f](€) - F[V](€).

Using this, and Parseval’s identity, we see that

NS = Fellan = 720 [ 1= FOGEPIFSOF de
R (2.3.2)
= [ trolePIFnO R ds.

14



§2.3. Some preliminary results

where g(n) = (QW)‘"%, n # 0. As F[¥](0) = 1, we see that F[V](n) =
14+ O(|n]), and therefore, for 0 < s < 1, we have g(0) = 0. Also, as ¥ € C'°(R"), we see
that ¢ is continuous and bounded.

Therefore, from (2.3.2), we have

TN = felllaey < C | 1EPIFIAIEN dE

R

< c/Rn (1+ €)1 FLAE) P de = C| £

2
Hs(R™)»

and hence

If = frll2@ny < COT°|| f]

Hs (R”) .

]

Using the previous lemma and following [33], we now discuss the proof of the quanti-

tative Riemann-Lebesgue lemma (Lemma 2.3.4).

Proof. (of Lemma 2.3.4)

We note that
[FUION < [FLUHO+ [FLHIE) = FLAG]

and recall the identity F[f.](§) = F[f](§) - F[¥](7€). Since f is compactly supported, it

follows that f € L'(R™). Therefore, we have

I FLUAON < N llr@m | FIVI(rE)] < Cllf s ey | FTY](7E)]

Using the fact that F[¥] € S(R"), we get

Cn

FlU|(T —_—
FIEOI<

forall ¢ € R", 7 > 0,and N € N. Here, the constant C'y depends on N. Therefore, we

see that

Cn
Wﬂf“m(w)

15
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§2.3. Some preliminary results

forall¢ € R", 7 > 0,and N € N.

Next, using Young’s inequality, we note that

£ = Flle@ny < 201Nl 2@n) for 7 € (0, 00).

Using this, together with the previous lemma and the fact that f is compactly supported,

we see that forall 0 < 7 < 1,

IFUHE) = FUNOI < W fr = fllw@ny < Clfr = fllz@n < C7°|f]

Hs (Rn) .

Note that the condition 0 < 7 < 1 ensures that f, — f is uniformly compactly supported
and hence, the constant C' appearing in the second inequality above is independent of 7.

Therefore, forall 0 < 7 < 1,
\FLAOL < [FLHO] + [FLHE) = FLAE)]

Cy
< WM

s rny + CT%|| f]

Hs (R") .

16






Chapter 3

Linearized inverse Schrodinger problem
with attenuation

In this chapter, based on the work [31], we study the high-frequency stability estimates for
the recovery of the potential function in the linearized inverse Schrodinger problem with
constant attenuation from partial data. We assume that part of the boundary is inaccessible
and flat. Our estimates suggest an improvement of stability from logarithmic to Lipschitz

as the frequency increases.

3.1 Introduction
Let us consider the Schrodinger equation with attenuation

{—Au — (2 —ikbu + qu =0 inQ, G

u = f on 01},

posed in a bounded domain 2 C R™ (n > 3), where b, the attenuation, is a positive real num-
ber, ¢ € C*(Q) is a real valued function such that supp(q) C 2 and lqllc1 @) < M for some
M > 0. We shall assume that the frequency k£ > 1 and the boundary data f € H 2 (092).
The attenuation model arises in the modelling of time harmonic wave phenomenon in acous-
tics (see [27]), particularly in a /ossy media and accounts for the dissipation of the acoustic
energy.

In this work, we assume that  C {z € R" : z, < 0} satisfies the flatness condition
(A) (see section 2.1) and that f is supported in T'. Note that (k? — ikb) is not a part of the

Dirichlet spectrum of —A + ¢ (since its imaginary part is non-zero) in the domain {2, and

18



$3.1. Introduction

therefore, we have a unique solution to the problem (3.1.1).
In order to work with the partial Dirichlet-to-Neumann map, we use the notion of Sobolev
spaces defined on a part of the boundary as follows (see section 2.2).

For s > 0, we consider the Sobolev spaces (see [18], [39])

H3(D) = {u e H*(09) : supp(u) C T} and H*(T) = {u‘ ue HS(aQ)},
I
with the norms defined by
[wll gsry = Null = (o0) and [|ullmsry = inf £ 2200

feHs(09), flr=u

respectively, where w is extension of u by zero to 0f2.

The dual of H $(T") is denoted by H —*(I") and is equipped with the norm

—s frg 1 f \I[ —s .
lellzr=ey =, inf ¥l

We denote the space of bounded linear operators between A2 (I') and H~2(I') as

L(Hz2(I'), H2(T")). Recall that the operator norm of 7" is defined as follows:

HT”L(?I%(F),H_%(F)) = H@” Sll’lp _ ||T(SO)||H—%(F)
H2(T)

The partial Dirichlet-to-Neumann (D-N) map is defined as

NS D H:() — H 3(I') suchthat N5(f) = du - (3.1.2)

where v is the unit outer normal vector to J€2 and u is the unique solution to the problem

—Au — (K* —ikb)u + qu =0 nQ,
u =f onT, (3.1.3)

U =0 onl.
Our aim is to obtain stability estimates for a linearized version of the inverse Schrodinger
potential problem, as discussed in [25]. The study of the inverse Schrédinger potential prob-

lem dates back to the seminal work [6]. The stability for the inverse Schrédinger potential

19



§3.1. Introduction

problem in the full data case when k£ = 0 was shown to be logarithmic in [2], correspond-
ing to the uniqueness result in [35]. Later, in work [34], it was shown that this logarithmic
estimate is optimal. In the partial data case, with £ = 0, a double logarithmic type sta-
bility estimate was obtained in [16], corresponding to the uniqueness result in [5]. Also,
corresponding to the uniqueness result in [21], logarithmic stability was obtained in [17]
for the partial data problem (with £ = 0) posed in domains where a part of the boundary is
inaccessible and is either flat or part of a sphere.

Recently, in order to improve the stability estimates (analytically and numerically) from
the logarithmic type stability estimates, the inverse problems with k£ # 0 started getting
attention. In view of the improvement in the stability estimates when the frequency k is
increasing, this phenomenon is also termed as increasing stability. We refer to the works
[7,9,22-26,32] and [39] for some studies in this direction. In particular, the works [23]
and [26] studied the increasing stability for the Schrédinger equation with attenuation in
the full data case. In the work [26], the case with constant attenuation coefficient was
studied, while in [23], increasing stability with non-constant attenuation was dealt with.
The work [25] studied the increasing stability for the linearized inverse problem for the
Schrodinger equation with constant attenuation in the full data case. The work [39] studied
the linearized problem in the absence of attenuation for the partial data case for domains
similar to that being considered here.

The D-N map is non-linear and poses considerable difficulties, both analytically and
from the perspective of numerical reconstructions. The standard approach in dealing with
the D-N map for Calderdn type inverse problems is to use Complex Geometrical Optics
(CGO) solutions. In comparison, the linearized D-N map can be handled using complex
exponential solutions which are easier to handle. The numerical solution of the linearized
problem is usually faster and more reliable (as observed in [25]).

In this work, we investigate the increasing stability phenomenon for the linearized in-
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§3.2. Linearized inverse Schrodinger problem

verse problem for the Schrodinger equation with attenuation in the partial data case when
the domain (2 is as described before. The stability estimate that we obtain clearly suggests
the improvement of the estimate with growing frequency.

The plan of the chapter is as follows. In Section 3.2, we introduce the linearized partial
D-N map for the Schrodinger equation with attenuation and state our main result on the
stability estimate. The construction of the complex exponential solutions and the derivation
of the stability estimate are described in Section 3.3, and the justification of the linearization

is discussed in Section 3.4.

3.2 Linearized inverse Schrodinger problem

Let us consider the following sub-problems of the original problem (3.1.3), as in [25],
—AUQ — (]CQ — Zkb)UQ =0 in Q,

" —f onT, (3.2.1)
and
—Auy — (K*—ikb)u; = —quo in$, (3.2.2)
Uy =0 onJf2.

Let uo and u; denote the solutions to these sub-problems. Note that (k? — ikb) is not a part
of the Dirichlet spectrum of —A in the domain €2 since its imaginary part is non-zero and
therefore, we have a unique solution to the above sub-problems.

We define the linearized partial D-N map N7, of N as
NS, H3(D) = H™3(I') suchthat N5, (f) := d,u R (3.2.3)

Let

Q :={¢ € L>(Q) : 0is not a Dirichlet eigenvalue of — A + ¢’ in Q}.
Now, let us consider the nonlinear operator N : Q — L’(I? 2(I"), H~2(T")), defined by
Nr () == N’i, such that/c/:f(f) = Oyuy|r, for f € ﬁ%(F),
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§3.2. Linearized inverse Schrodinger problem

where u is the weak solution of

—Aus+qu; =0 inQ,
ug =f onl, (3.2.4)
Uy =0 onl.
Note that for ¢ = —(k? — ikb) + g, we have /\N/qS = N7, where NV is the original partial
D-N map defined in (3.1.2).
Further, we define the operator Nt : Q — L(Hz(T"), H~2(T")) as follows:

Nll(q) = Af(fLﬂ

which maps the potential ¢ to the linearized partial D-N map q*? ;, defined in (3.2.3). Note
that A% is a linear operator.

Forall ¢ € Q, we define the operator P : Hz(T') — HY(Q) such that

Py | = uy,
where u; is the solution of the problem (3.2.4). Note that with ¢ = —(k? — ikb) and
¢ = —(k* — ikb) + q, we get P, f = ug and Py f = u, where ug and u are the solutions to

the equations (3.2.1) and (3.1.3) respectively.

Further, we also define the operator G, : L*(Q2) — Hj(2) by
QQ’(F> = UF,

where v 1s the solution to the problem

—Avp +q¢vp =—F inQQ,
VR =0 on .

Now, for ¢ € L>°(£2), using the above notations, we rewrite the original partial D-N map

defined in (3.1.2) as

-/V’F(—(lf2 - ikb) + Q)(f) = -/\/:;S(f) = aV(P(—(kQ—ikb)-l-q)f)lF'
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§3.2. Linearized inverse Schrodinger problem

Similarly, we rewrite the linearized partial D-N map defined in (3.2.3) as

NE(@(f) = NEL(F) = 0,(G—2—intyy MaP—e2—irnp f)Ir

where M, to be the multiplication operator by g and G (x2—ikp)) M P (k2—ikp)) [ = U1,
which is the solution to the equation (3.2.2).
The following theorem, which can be proved following [39], establishes the relationship

between Nt and NV under the assumption that ¢ is sufficiently small.

Theorem 3.2.1. Let k > 1 and b be a positive real number. Further, let ¢ € L*>°(Q) satisfy

the condition ||q|| 1) < %Hg(_(kz_ikb))||;(1L2(Q)7H1(Q)). Then

G (—(K? = k) + g) = N (= (K = i80)) = N3O Lo it oy - oy < Cllaleie

(H

where C only depends onn, ), T, b and k.

Note that the condition ||q||r=() < %||Q(,(k2,ikb))||z(1L2(Q) 111 () guarantees the fact

that
|G k2—ikby Mall ez, m1(0)) < 1,

and hence the series Zj‘;o(g(_(kz_ikb))/\/lq)j converges. Using this, given f € H %(F), the
solution u € H'(Q) of the equation (3.1.3) can be expressed as
u =P ge-imyraf = Y (G- M) P2t |
=0
This gives an expansion of u. In particular, the terms correspondingto j = 0O and 7 = 1
are ug and uq, respectively. As observed in the theorem above, the higher order terms
(corresponding to 7 > 2), can be neglected provided ¢ is sufficiently small.
Then, our main result is the following stability estimate for the recovery of the potential

q from the linearized partial D-N map N q“? 1. (3.2.3) defined above.

23



§3.3. Complex exponential solutions and the stability estimates

Theorem 3.2.2. Let ) be a bounded domain in R" (n > 3) with a smooth boundary
as described above and let k > 1. Assume that the potential function ¢ € C*(Q) with
supp(q) C Qand ||q| o1 @) < M for some M > 0, bis a positive constant and Q2 C B(0, R)
for some R > 1. Then, the following estimate

€4Rb

lallzz@) < C | (k+ VED) N, |1, + — (3.2.5)
(k2 N <|1n<|N5L|*>>2) B
IR

holds true for the linearized case for ||./\qu Ll < SQLR Here, the constant C' depends only on

n,Q, M.

Remark 3.2.3. As the frequency k increases, the logarithmic term in the stability estimate

above decays, thus exhibiting improvement in the stability estimate.

3.3 Complex exponential solutions and the stability esti-
mates

In this section, we construct appropriate complex exponential solutions to —Au — (k? —
ikb)u = 0 and, using them, derive the stability estimates. First, we introduce a change of
coordinates as follows.

We denote € := (£,&,) € R™ (n > 3), where & := (&,...,&,_1) # 0 in R""!. Define
e = (%, 0), e, = (0,...,0,1) and choose e, ..., e,_; € R™ such that the n'* component
ein = 0fori = 2,..,n—1and the set ¢ := {ej, o, ..., €, } forms an orthonormal basis
for R™. The coordinate representation of the vector £ is & = (|¢|, 0, ..., 0, &, ) With respect
to this basis. For any two vectors «, B € R™ and their representations &, Be in the basis

{e1,...,e,}, we have

Q- B = de : 667 &n = de,n and /Bn = ﬁe,n'
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§3.3. Complex exponential solutions and the stability estimates

Let us choose unit vectors «, 5 € R™ such that o, . have the representations

e = (0,1,0,..,0), B = <_% 0. 0%)

Then {&, «, §} forms an orthogonal set. To see this, we note that

la] = |ae| =1(0,1,0,...,0)] =1,

_|( & M) (ﬁ |5'|2)2
|ﬂ’ ‘ﬂe| ‘( |€| ,0,...,0, ’§| e‘ |§|2 +0+4+...+0+ ‘§|2
_ (§%+...+§3> <|§|2)2 _q
€17 §1° 7
04'6:046'55:(0,170,---,())6'( |§| %)
Oéﬁ—%; ge_(777 ) (|£|O Oé_ne
gn |£/|) /

. = Pe e = ——,0,...,0,_ ‘ 707-”707 nje

Bre=ponte= (— 008 ) (1006

&le &le
— O+ ...4+0 = 0.
g U g

Thus,we get o] =1, |f|=1landa-f=a-{=5-&£=0.
Next, let us assume that 7 > 1 satisfies |¢[> < 3(k? + 72), and denote the principal

% — z'k‘b) by X + Y where X > 0. Now, let us choose

square root of (k;? 4+ 72—
¢ e Cm, j=1,2,as follows:
(= —g + X8 +i(YB+ Ta),
(3.3.1)

G = —§—Xﬁ—i(Yﬁ+Ta).

2
Note that by squaring X + Y, we get X2 — Y2 +i2XY = k? + 72 |§‘ — ikb and by
comparing the real and the imaginary parts, we get
(3.3.2)

2
X2—Y2:k2+72—% and 2XY = —kb.

Now (; + (o = —¢ and the product

2)-(-5) + (55) oo+ (=5) - @or+ (-5) )

aa=(-5)(-5)+ (-5
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#(X8)- (=5) + C09) - (X9 + (X8) - (¥5) + (X7 - ira)
#@Y9)- (~5) + (Y8)- (X8) + (¥ B)- (V) + (YD) (i

+ (ita) - (—g) + (ita) - (XB) + (ita) - (1Y B) + (iTav) - (i)

- % + (X2 =Y + 2iXY |5 — 7°la® (sincea-f=a-E=0-£=0)

’5‘2 kQ 2 ’€|2 kb 2 : _ —
+ — oy tkb—7 (since |a| = || = 1 and by (3.3.2))

= k* — ikb.

Similarly, we get (5 - (o = k? — ikb.

From (3.3.1), we also have |(;|* = % + X2 4Y?2+72forj = 1,2, where
2

2
X24Y2=|X +iY]P = ‘( - |5| kb) kb

2
= k2 2_ﬁ
+7 1

2\ 2
< 2 %) 4 k262>

Using the inequality (¢® + d?)2 < (¢ +d) for ¢, d > 0, with ¢ = k? 4 72 Ifl and

=

d = kb, we get

2 2
1G1? < ’§| + k2 + 77— |€| +kb+ 7% = k> + kb+ 277 < 2(k* + kb + 7°)

< 2((l<:2 + kb)? +7)2.
Next, for later use, we find a bound for Im ({;) when |£]* < 3(k? + 72). Recall that

m(<1> = Yﬁ + T, Im (CQ) = _Yﬁ - TQ,

which gives [Im (¢;)[* = Y2 + 72, j = 1, 2. Now, using (3.3.2), it follows that

kb kb
2X \/5\/X2—Y2—|—\/(X2—Y2)2—|—4X2Y2
kb

Y] =

2 2 2
ﬁ\/k2+r2—'%+\/(k2+72—'%> + k20
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< kb
\/5\/}1(1@2 +72) + 4/ (1 (K + 72))?

= ro _ kb kB Rk
VISi ) e k) VR R ey VR AT T

Hence,

Im ()2 < 0>+ 72 < (b+7)> forj=1,2.
Now, we use a reflection argument (see [21,25]) to construct complex exponential solutions.

We denote Q := QU Q*, where Q" := {(/,z,) € R" : (2/,—z,) € Q} is the reflection

of Q by {z,, = 0} and ¢, defined by

2 xy,) if (2, x,) € Q,
oy~ Jor ) wEmyeo,
Q(x ) _xn) if (I axn) €

is the extension of ¢ to Q2 by reflection of ¢ by {,, = 0}.
Let g. denote the extension of ¢. to R™ by zero. Then, it is easy to see that
fio(7) = ' and  O(x) = "
are solutions to the problems
—Aiig — (K* — ikb)ig =0 in Q, (3.3.3)

and

~AD — (k* —ikb)o =0 in €, (3.3.4)
respectively. Now, we define
up(x) = ' @en) _ i@ =m) and g(z) = ¥ (@Tn) _ il (@ man) (3.3.5)

It is easy to check that these are solutions to the problems

—Aug — (k2 —ikb)ug =0 in(, ond —Av — (k* —ikb)v =0 in{,
U =0 01'11—‘07 v =0 Ol’lFO

(3.3.6)
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respectively. These are the complex exponential solutions that we shall use to derive the

stability estimates.

3.3.1 Derivation of the stability estimates.

Now we derive the stability estimate (3.2.5). To do so, we first need an appropriate Green’s

identity. Let u; be the solution to the problem,

{—Aul — (K —ikb)ur = —quo inQ, (3.3.7)

Uy =0 on S},

where ug is the complex exponential solution defined in (3.3.5). Multiplying the equation

(3.3.7) by v (defined in (3.3.5)) and integrating, we have

— Auyv — (k* — ikb)uiv = —quov in €,
and / quovdr = / Auyvdx + /(k2 — ikb)uyvde.
Q Q 0

By Green’s formula

/ulAvdx—/Aulvdx:/ ula,,vdS—/ v0,u1dS,
Q Q a0 P

and using the fact that u; = 0 on 92 and v = 0 on I'y, we have

/quovdx:/ulAvd:v+/v@,,uld5+/(k2 — ikb)ujvdx
Q Q r Q
= —/ul(—Av— (k? —ikb)v)daz—f—/ﬁyulvdS: /&,ulvdS,
Q r r

which gives us the required integral identity

/quovdx:/&,ulvdS. (3.3.8)
Q r

Inserting uy and v in the left hand side of the integral identity (3.3.8), we have

/q’LLOUde' — / q <ei<1‘(x/,$n) _ eiC1~(gc”_a:n)> <6’L‘C2~(x/7xn) i eicg-(l’/’_in)) dr
Q Q
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:/qei(<1+<2)'(x/7xn)d$+/qei(<1+<2)'(xlv_x")dx
Q Q

_ / gel an) o )] g / geil @)+ )] g
Q )
From (3.3.1), we have

(@’ ) + G- (2, =)
' S

— (_5 + XB +iY B +itd, — 2” + X By + 1Y B, + zmn> (2 @)

+ (—%’ — XB Z'YBI — iTCV’, —% — X3, —1iY B, — Z.T@n) ) (xlv —I'n)
= (=€, 2(X +3Y)By + 2ir0y) - (2, )

€] €]

( ¢ 2(X +14Y) |§|> (2, x,)  (since S, = Al and «a, =0)
=&, -x, wheref&, = ( & 2(X +1Y) ||§||>

Similarly, ¢; - (2/, —x,) + (2 - (2/, 2,) = £~ - 2, where {_ := (—5'7 —2(X + ’iy)%)

Using these and the fact (; + (> = —& gives

/ quovdr = / q (e_ig'(m/’x") + e_ig'(““"/’_‘r")) dx — / q (e’f“” + e’f‘“) dr. (3.3.9)
Q Q Q
Now, the first term in the right-hand side of the equation (3.3.9)
/ q [ —ig(@hn) 4 k(@ m”)] dr = / q(z', 2p)e” " da +/ q(z', —z,)e " dr
Q Q .
= /~qe(x)ei§'mdx = / Ge(r)e % dr = F[q.](€).
Q n

Using this and (3.3.9) in the integral identity (3.3.8), we have

/c%ulvdS‘ + /qe’f*'xdx + /qelf"zdx .
r Q Q

Next, we choose R > 1 such that Q@ C Br := B(0, R). Note that, due to the symmetry,

| Flae] (O] < (3.3.10)

Q C Bg.

We rewrite & as follows:

_ !§’|> ( |€'\) < \f’!) ( !5’\)
= 2X 0,2Y —2X 0,—-2Y
“ ( &2 g ) S-Sy €
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§3.3. Complex exponential solutions and the stability estimates

Then, we have |Im (£4)| = 2|V |1 < 2b whenever |¢[? < 3(k2 + 72), and

§

. 2X|»:|) < 2X|§’\) (0 2Y|€’\) <0 2Y|§'r>
et = (eaxfg) (eaxig) + (0 g
— ’51‘2 —|—4X2ﬁ —|—4Y2‘§/|2 — |€/’2 —|—4(X2 +Y2)ﬁ

€17 €17 €17

. RN ) e
—|§|+4<<k +T—T> +k:b> E

2 /2 2
> |§/|2+4(/{32—|—T2— |€’ > ’5‘ |£ |2+4(/€2 )|£| |§ |2

G €17
A+ )’é‘t > (k2 + )%.
Similarly, |£_|? > (k* + T )‘éNQ.

Using the facts that {1 | # 0, supp(q) C 2 and integration by parts, we have

e
:ﬁ</Q($)V(zfix >

Q
1
l|§i|2< /Q ()

This implies, using Cauchy-Schwarz inequality and the fact that ||q||c1 @) < M,

[ a@essan) <o (- [ Vo) etan g

1 / , 1
< Vq(z) e %de| |64 < — / Vq(z = dr
6 |y Vi) = ) |
eR‘Im('gi)‘ || || d
e P o ([ 02
(k2 +72)2 1 0
2Rb
< Ce—ll,
(k2 +72)2 54
where C' depends on €2, M. Using this in equation (3.3.10), we have
IF[3()] < /a dS‘+C R (3.3.11)
de > ULV PP 3.
0 (k2 + r2)5 €]
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§3.3. Complex exponential solutions and the stability estimates

Next, using the trace theorem and the linearized partial D-N map (3.2.3), we have

s < ClING L (o)

H*%(F)”v‘ H2() — ”H*%(DHUHH%(BQ)

/ 8,,ulvd5‘ < 0]
N
< CUNEL I Tl gy [0l = CINEL - ol 5y 0l

< CINZ LI Muoll @ loll ey
(3.3.12)

where o o
||u0||H1(Q) < HezCl'(x ’xn)HHl(Q) + ||61C1'($ ,fxn)”Hl(Q) and
. ‘ (3.3.13)
||U||H1(Q) < HezCz’(w ’m)HHl(Q) 4+ ||€ng~(3: 7—$n)||H1(Q).

Now suppose w is a function of the form w = €*® with |z| < R. Then we have Vw =
iCe’* = iCw and ||w||%2(ﬂ) = fQ ‘e’iC'm|2dx < e2Bm Q) (fQ dac) — |Q|62R\Im(()|, which

implies
: :
[l ) = <I|w||i2(9) + ||Vw||%2(m> < (|Q|€21‘7‘“m(0| + ||z'§w||§2(m>
3 1
= (I21e2fm N 1 |22y ) * < (11O 4 |¢J2|Q)e2im 1)

= [z OI(1 4 |¢[?)2.

Using this for ug and v defined in (3.3.5) (and using the observation (3.3.13)), and the facts
that |¢;|> < 2((k% + kb)z +7)2, [Im (¢;)| < b+7forj = 1,2and 1 < 2((k* + kb)= +7)2,

we have

ol 10y < CeRCF (k2 + kb)2 + 7)
< Ce(k + VEb)e + Ce™(k + VEb)re®  (since k > 1)
< Ce™(k + VEb)e* ™ + Cel™ (k + VEb)e*™™ (since R > 1, gives 7 < ef'")

S C€Rb(k+ \/%)GQRT7
and
[olli1@) < CeP(k + VED)E".
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§3.3. Complex exponential solutions and the stability estimates

Using these estimates in (3.3.11) and (3.3.12), we get

2Rb
|]:'[Z]“€]<£)’ < CeZRb(k + \/E)2@4RT”_/\/’£L”* + Cm%, (3314)

for0 < [€] < 3(k*+72) with |¢'| > 0. Also, note that the set {& = (£',&,) € R" : |[¢'] = 0}
has measure zero. So, the assumption |£’| > 0 will not affect the derivations that will follow.

Let p > 1 (which we will choose later) and define
Z,={(2',z,) eR" : 0< 2| <pand|z,| <p}.
Then, we can write

n@ﬁlwya/(rwwrﬁﬂgawﬁ+4; (1+1€) " |Fla)©)] de.

Zp "\Z,
(3.3.15)
By Parseval’s identity, we have
[ vy raleras [ T L rger
R™\Z, 1€1>p ’gl R»

g%/meWZTﬁmmﬁm
Uﬁ B+ [ e~ |m]

Applying the transformation (2, z,,) — (z’, —,,) to the second term in the right-hand side,

and using the fact that |det(.J)| = 1 (where J denotes the Jacobian of the transformation),

we get
/\(HMWI|M]|%<—¢/M MM+/mrd4
R\ Z
° 3.3.16
2/ M2 (3.3.16)
- Zlaliee < 2 _;

Let us assume that the inequality (3.3.14) holds true if £ € Z,. Then, since 1 + |§|> > 1,

we can write

[ a+len) Fmier e < [

C€2Rb(]€ + %)2641%7-”/\@5"[/”*
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§3.3. Complex exponential solutions and the stability estimates

eZRb |§| 2
— ¢ By
el el
- 64Rb §/2+ 5712
< cem (e VRSN ([ de )+ o [ EET R
Z, +7° Jz, €|

Using the inequality ¢ + d* < (¢ + d)? = 4cd + (¢ — d)? < 4ed + 2 for ¢, d > 0, with
c = |¢'| and d = |,,|, we further have

/Z (1+1€2) ™ |FIRI(E)P de
< O (k4 VED) TN, |2 / / de'de,
fp '(0,p)

Yellenl + I,
C dg'dg,
i f L, e

( where B'(O p) C R* 1
< Ce*fb(k + @)468RTHA/£L” P/ / "2drdf
9\ 1

4
e T / / ( o —) r=2drdo
k:2+7'2 2 0| 1

CE (k4 V/RB) SIS, 12 /| o

d@

—1

4,07"" 3402 drdf
k2 + 72 /0| 1 / )
< Ce*P(k + \/%)468R7]]/\/(1‘3:L||3p” (/ d9>

10]=1

€4Rb pn—2 pn—l
C—— 4 do
e fo, (= )

4Rb
< Ce*(k + VED) S ||N SlZem + C’e—p(5p”_1) (/ d9> .
|

(k2 4 72)2 o|=1
That is
L ) oARD
/ (L4 1€1) " |FI@) () dg < Ce*™(k + VEb) S T ING |20 + C———p",
Z, (kQ + 7'2)5

where the constant C' depends on n, €2 and M. Using this and (3.3.16) in (3.3.15), we have

" 1
1Gell71@ny < Ce™™ | (k+ VEb) N |120" + i— i _] ,
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§3.3. Complex exponential solutions and the stability estimates

where we have also used the fact that 1 < e*%,

Now, we choose p in such a way that the last two terms in the above estimate becomes

comparable. This leads us to the choice p = (k* + 7%) 273 > 1. Then for 7 > 1, we have

1Ge I gy < Ce™™ | (k + VEDY ST N2 (K? + 72) 0

(k2 + 72)20 . 1
(k2 +72)2 (k24 72)nes

< C | (k + VD) ST INEL |2 (K22 + k1)

1 1
_|_ 1 n + 1
(k2 4 72)2720052) (k2 + 72)n+2 ]

[ 1 1
= Ce*™ | V2(k + VED) SN |[2kT + —+ ;
I ’ (k2 + TZ)TH (k2 4 72)732
S 064Rb Q(k—f— \/%)568RTH./\/(17 HZ R’T ) ]
< Ce*™ | (k+ \/%>5||'/\/;]SL||369RT ]
- 7 + 7-2

Let us choose 7 = &5 (E = | In(||NV7,||.)]). Then for H NZplls < =, we have 7 > 1 and

1Gell2- 1y < C'™ | (k + VED)PINS, | 29T 57 + —
B+ (3)") "
1
= Ce'™ | (k+ VA [N |[Ze” —

1
= Ce"™ | (k + VKD NG|l + - |

which implies

D=

|Gell -1y < C | (k + VED) e INZ ||, + =1 . (3.3.17)
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§3.4. Appendix

Note that for { € Z,,, thatis, 0 < |¢'] < p, [£,] < p, and —5 < 1, we have

N ] s e i 1 -
3(k2+72) ~ 3(k2+72) 3 (kK2+7%) 3 (k2 + 72) "2 ’

Hence |£]? < 3(k* + 72), and thus the estimate (3.3.14) is valid for our choice of p.

Therefore, from (3.3.17), we have the estimate

€4Rb

(B + (&))"

Next, by using the estimate (3.3.18) and the interpolation theorem, we are able to estimate

lall -1y < C | (k + VED) PN | +

(3.3.18)

the L? norm for ¢ as follows.
For given [y, l5, [ such thatl; < lyand [ = (1—s)l; + sls, where 0 < s < 1, by interpolation

theorem, we have
lallzr < llall s Nalline-
Choosing I; = —1, 1, = 1 and [ = 0, we can write [ = (1 — s)l; + sly for s = % Now,
using the interpolation theorem, we have
15 3 3 2y1
lallzz@) = lallmow) < llally-2 o) llall oy < lallf-1 ) (212M7)5,

which implies, using (3.3.18), that

=

€4Rb

lallz < C | (k+ VIR EPINGL | + -
(k2 + (£)°)"

This gives us the estimate (3.2.5), and the proof is complete.

3.4 Appendix
Proof of the Theorem 3.2.1

Proof. Let f € H3 (I"), and from problems (3.1.1) and (3.2.1), we see that
0= (=A = (k* = ikb) + Q)P _re—irty4q) ] — (=2 — (K = ikb))P_k2—in)) f

= (=& — (K — ik)) (P2 —irty1a).f — Piowz—in)) ) + MeP 2 —intyrq) f-
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$3.4. Appendix

It gives,

(A = (K = kb)) (P -irvy 1) f = Pew-imn)f) = —MgP2-inty1q) f I,
P g2—irv)y+a) S — P—2—irv)) S =0  on O

Using the uniqueness of the problem (3.2.2), we have

P z—iwb)y+q) S — Pgz—irw)) S = G2 —irb)) MqP—r2—ikp)+q) ) m . (3.4.1)

Now, we have

[Nr(=(k* = ikb) + q) — N (—(k* — ikb)) — N (q)] (f)
=8, (Ptw—imnyra) ] = Pte—iwnn S — G- ez—imn) MoP— 2 —innp f) |1
= 0y (G- ikt MyP—w2—ikvy+a) S — G—k2—inr) Mo P—2—iron f) |,

=, (G- 2o M(P 2 —intyra) f — Pewz—imn ) | = dwlr,

where w = g(-(k;Likb))Mq(P(—(k2—ikb)+q)f - P(—(k2—ikb))f)-

Note that w satisfies the equation
(—A — (K* —ikb))w = —q(P_g2—irvy+q)f — P—@z—irpyf) 1n Q.
Forany ¢ € Hz ('), by trace theorem, there exists a ® € H'(Q) such that
O, =¢ and [y < ol 74 (3.4.2)

Applying the function ¢ to 0, w (weak sense), we obtain

/ DwedS = / Vw - Vodz — / (k* — ikb)w®dx
+/q(P(—(kz—z’kb)+q)f—P(_(m_ikb))f)q)dx.
Q
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Taking the absolute value of both sides of the equation above and using the Cauchy-Schwarz

inequality, we obtain

+

/ ayw(de‘ <
r

/ Vw - Vodx
Q

/(k2 — ikb)wddz
0

_|_

/Q AP t—ikt)+q)f — P—2—irv)) [ ) Pdx

< IVwll 2o [Vl 2y + K — ikdl|[w]l 120 | Pl 2o

+ |l oo @) [P = k2—itby+q) f — Pi—r2—ikw)) [l L2 | @ ]| L2 ()
< [l @ 1@ + (B + &6 2 w2 1 o)

+ g/l oo @) | P=k2=ikvy+a) f — P=2—irn)) fll 2@ | P || 1 ()
< (L4 (K + B0°)2) w110 |l s o

+ llgll @ P me—irry+a) f = Piewz—inn fll 2@ |2l 111

< (Cllwlla gy + lall e @) P=gz—iny+a)f — Pi—ez—in [l 22)) 1@ (-
(3.4.3)

Let us assume that
1 1
]l 2o (o) < §||g(*(k2*ikb))HL(L?(Q),Hl(Q))

then we have

1
G~ r2—inny Mall ez, man < llallz= @G-l e2@.men < 5 <1,

which implies that I — G_2_ix)) M, is invertible. Also, from the following equation
(I = G- r2—inr) M) (P k2 —ikv)+a) f — P(—w2—irv)) f)
= P 2—ikb)+q)S — Petr—ikn)) f — G—r2—inv)) Mo P (w2 —ikb)+q) ]
+ G(— (k2 —ikt)) M P (k2—irn)) S
= G (2—ikp)MqP -y f  (by (3.4.1)),
we get
P ez—iktyra)f — Perz—imn) S = (I = G rz—inny M) " (G2 =ity Mo P k2—inny) f)-
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Now, we calculate that

||P(—(/f2—ikb)+q)f - P(—(kz—ik:b))f”L?(Q)

< U = G- pr—inny M) ez, 2@ 192ty Mo P 2—iney) fl| 1112
1
1= G- @2—invyy Ml c(r20), 11 2)

Hg(—(k2—ikb))”L(LZ(Q)’Hl(Q))||Mq7)(_(k2—ikb))fHL2(Q)
< 2[|G—we—iwwyll ecz2 @), @) 1l 2o @) P- e —ikey) [l a0
< 2/|G 2wy ez, el oo @ 1 P-w-won o 78 oy 1 o 1 73 1y

< C||Q||L°°(Q)||f||g%(r)'
(3.4.4)

Using the above estimate, we get

lwll @) = N9 w2 —ikep Mo (P2 —ikty+9) S = P2 —iken) )l
< NG w2 —imopll ez mr@llall =@ P2 ke 1) f = P —imy fll 2@

< C'||CZHQL°<>(Q)||fHﬁ%(r)’
(3.4.5)

where C' depends on n, €2, I', k and b.

Inserting the estimates (3.4.2), (3.4.4) and (3.4.5) to estimate (3.4.3), we have

Aaﬂ@wﬁs<0mmmmmﬂgam+cww%mﬂvmﬁwﬂﬂwbam

< Cligllze@ N1 0 16 78 -

It gives,

10wl -3 .
1=

H2 (D)

Awmwk¢ﬁm Cllal o1l 73

= sup

O ey =1
H2 (T

= CHC]H%OO(Q)HfHﬁ%(F)‘
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Now, the norm

IND(= (B = ikd) + ) — No(=(K* = ikb)) = N ()l .,

A% (D),H™ 2 (D)

|(Nr (= (k* = ikb) + q) — Nr(—(k* — ikb)) — Ny (0))(f)

- ”H’%(F)
iy, 11 73
Hf\lﬁ%(r);éo S
19l 2
- sup W - sup CHQHLOO(Q)
Hf“ﬁ%@ﬁéo A2 () IIfHﬁ%(F);éo
— Ol

Hence proved.
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Chapter 4

Linearized inverse biharmonic problem with
attenuation

In this chapter, based on the work [12], high-frequency stability estimates are explored for
the determination of the zeroth-order perturbation of the biharmonic operator with constant
attenuation from the linearized partial Dirichlet-to-Neumann map when part of the boundary
is inaccessible and flat. The results obtained suggest improvement of the stability with an

appropriate choice of frequency.

4.1 Introduction

Let us consider the following boundary-value problem for the biharmonic operator with

constant attenuation posed in a bounded domain {2 C R"™, n > 3 with a smooth boundary

1,95
A%y — (k* —ikb)*u + qu =0 inQ,
u = f on 09, (4.1.1)
Au = g on 0f).
Here b > 0 is the constant attenuation and q is a real valued function such that ¢ € C'*(Q)
with supp(q) C Q2 and [|¢||c1 @) < M for some M > 0. We shall assume that the frequency
k > 1 and the boundary data f € H%(99Q) and g € H?(8<2). The boundary conditions that
we consider in (4.1.1) are known as the Navier boundary conditions (see [15]).
We further assume that the bounded domain €2 satisfies the condition (\A) (see section

2.1). We also assume that the supports of f and g are contained in I" := 99 \ 'y (note that
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§4.1. Introduction

[" is an open subset of the boundary 0(?) and the boundary measurements 0, u and 0, (Au)
are available on I' only, and thus, the flat part I'j is assumed to be inaccessible.

As in the previous chapter, we work with the Sobolev spaces H *(I') and H*(I"), s > 0.
Note that the imaginary part of (k* — ikb)? is non-zero and hence, it is not a part of the
spectrum of A2 + ¢. Therefore, there exists a unique solution to (4.1.1) when (f,g) €
H: (D) x H2(T).

In this case, the partial Dirichlet-to-Neumann (D-N) map is defined as

[[eS]

NE . HI(D) x H3(T) — H3(D) x HE(T) suchthat (f,g) — (3,,u

r’aV(Aw)r) '

Here v denotes the exterior unit normal vector to 0€2 and w is the solution to the problem

A%y — (k* —ikb)*u + qu =0 inQ,
U =f onT, (4.1.2)
Au =g onl.

On the spaces H*(I") x H?(I') and H*(I") x H?(T') (which we shall denote as H*#(I")

and H*?(T") respectively), we consider the norms

I D gosry = Wl oy + M9l geqy, 10U D lmeswy == 1 laew + lgllas @),

and define

||/\/'qB||* = sup{||Nf(f, g)HHg,%(F) IS, g)“g%,%(r) =1}

Our aim here is to address the question of stability of the recovery of the potential ¢ from
the knowledge of a linearized partial D-N map that we shall describe in the next section
(also see [25,38,39]) and to study the dependence of the stability estimate on the frequency
k.

For works related to the uniqueness question of determination of the potential from the

Dirichlet-to-Neumann map for the biharmonic operator, we refer to the works [19,28,29,37]
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$4.2. Linearization and the main result

and for stability results, in the case when &k = 0, b = 0, we refer to the works [8,10]. In[10],
stability estimates were studied in the case of boundary measurements on the whole bound-
ary and slightly more than half of the boundary. In [8], stability estimates were studied for
domains satisfying condition (.4). In the case b = 0, the work [33] studies the biharmonic
problem from the perspective of increasing stability in domains satisfying the assumption
(A).
In the presence of constant attenuation, the work [38] studied the linearized inverse prob-
lem for the biharmonic operator with constant attenuation in the full data case. In this
work, we study the linearized inverse problem for the biharmonic operator with constant
attenuation in domains satisfying the assumption (A). The results obtained here suggest the
improvement of the stability in the recovery of the potential ¢ with an appropriate choice
of frequency.

In Section 4.2, we introduce the linearization for the biharmonic operator with attenua-
tion and state our main result on stability. The construction of appropriate complex expo-

nential solutions and the proof of the stability estimate are discussed in Section 4.3.

4.2 Linearization and the main result

We consider the linearization of (4.1.1) around a zero potential function (see [25,38,39]).
Such a linearization can be justified when the potential ¢ is small compared to the frequency

k.

In this direction, we consider the equations

A%y — (k* —ikb)>u =0 in(,
v =f onl, (4.2.1)
Au =g onl,

and

2, (12 _ i1\2,  — .
{A u — (k* —ikb)*u quo in €2, 422)

u=Au =0 ondf),
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where w1 denotes the solution to (4.2.1). Now, if we denote the solution to (4.2.2) by u;,

then the solution u to (4.1.1) can be written as
u = ug + uyp + higher order terms.

Note that the imaginary part of (k* — ikb)? is non-zero and hence, it is not a part of the
spectrum of A?. Therefore, there exist unique solutions to (4.2.1) and (4.2.2) when (f, g) €
H3(T') x H2 (D).

Using this, we define the linearized partial D-N map N/ fL as

N

NE . H%(F) < H (T) — H%(F) X H%(F) such that (f,g) — <8,,u1’F,8V(AU1)‘F> :

Let us denote E := [log([|N.”[|.)]. Then we have the following stability result for the

recovery of the potential ¢ from N7 .

Theorem 4.2.1. Let ) be a bounded domain in R™,n > 3 satisfying the assumption (A)
described above and Q) C B(0, R) for some R > 1. Let b be a non-negative constant and
the frequency k > 1. Further, suppose that the potential ¢ € C*(Q) with supp(q) C Q and
lgllcr@y < M for some M > 0. Then there exists a constant C > 0, depending only on

n, Q and M such that

PN

64Rb

(k2 + (5)") ™

gl 2@ < C | (K + kb)°e*™|NZ | + (4.2.3)

Remark 4.2.2. The estimate (4.2.3) suggests an improvement of stability if an appropriate
choice of the frequency is made. To see this, let us consider the case when b < 1. The case
when b > 1 can be dealt similarly.

Let us denote € := [|N7, |l.. Then, since b < 1, we have e < e*¥, kb < k? and using
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this in the estimate (4.2.3), we obtain

=

€4R

2,1
(¥ + (317) )]
< CeF [k n L] y

[ =

To make the discussion simpler, let us also choose R = 2 and n = 3. Then given ¢ < 1,

lqllz2) < C | (K* + k*)?e* e +

depending on the frequency k used, the possible error in estimating ¢ can be as large as

1

1 4

b b F__2 .7 __nt2 5
Now, let us choose k such that k'8¢ = k™ »+2, thatis, k = ¢ 1n+35 = ¢ 92,

Ce?

Note that since ¢ < 1, we have k = ¢ s > 1 and with this choice of frequency k, the
maximum possible error in estimating ¢ is
lall oy < COe? (e ) ™
< Cezem — Celes,
For small ¢, this error (corresponding to the choice k) can be seen to be less than that in
(4.2.4) for other choices of the frequency k. Thus, this choice of the frequency minimises

the error in the estimation of ¢.

4.3 Complex exponential solutions and the stability esti-
mate

In this section, we give a proof for the stability estimate (4.2.3). In order to do so, we
first construct appropriate complex exponential solutions and then use them and an integral

identity to prove Theorem 4.2.1.

4.3.1 Complex exponential solutions

Given a point x = (z1,...,2,) € R", we write x = (2/, z,,), where 2’ = (21,...,2,1) €

R L,
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For a given £ = (¢,¢,) € R™, where ¢ # 0, we choose unit vectors « and /3 in an
appropriate way and use these vectors to construct the complex exponential solutions.

To begin with, we define an orthonormal basis of R" in the following manner: Let e; =
(é—%, 0)ande, = (0,...,0,1). Letey, ..., ,_1 € R™ be such that the n*" component e;,, = 0
fori = 2,...,n — 1 and the set {ey, €9, ..., €, } forms an orthonormal basis of R™.

The coordinate representation of the vector ¢ with respect to this basis is

§-¢ )
e — 707"'707 n .
: ( €] ¢ c

Let us choose unit vectors «, 5 € R™ in such a way that with respect to this new basis, «

and [ have the representations

p = (0’ 170, .“,0)6, ﬁe = (_ %70; ...,07 %)@.

Then it is easy to see that {£, a, §} forms an orthogonal set. Also, since this coordinate

change preserves the scalar product and the n-th coordinate, it follows that

(o 5 = O - 567 Qpn = Qe n and Bn = Bev”'

Using these vectors, let us define

2 1
G Z—g—k <k2+72—%—ikb>2ﬁ+i7a,
(4.3.1)
2 1
C2=—g— (k’2+72—%—ikzb>26—i7a,
where k£ > 1 and 7 > 1. Then
GAG=—¢ G-¢G=k —ikb i=12 (4.3.2)

Next we assume that |£|> < 3(k? 4 72), and denote the principal square root of

k2472 — EE kb by
2 3
X +4Y = (k2+72—%—ikb) ,
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where X > 0. Using this notation, we rewrite (; and (, as

(1= —g+Xﬁ—|—i(Yﬂ+7a), Co = —%—Xﬁ—i(YﬁnLTa).

Therefore,
2 ‘£|2 2 2 2 -
I¢)" = T+X +Y*+71% =12,
where
2 3
2
X24+Vi=|X+iYP= <<k2 + 72— %) + k2b2> . (4.3.3)
Then
G2 < K2+ kb + 27% < 2((K? + kb)? + 7)2, (4.3.4)

where we have used the inequality (¢ + d2)z < (c+d), ¢,d > 0 with ¢ = k% + 72 — %
and d = kb.
Also, following [31], we can show that [Im (¢;)|> = Y? + 72, j = 1,2, and |Y'| < b (this is

where the condition |¢]? < 3(k? + 72) is used and also to show that X > 0), which gives us
Im ()P <+ < (b+7)° forj=1,2. (4.3.5)

Next, we construct the complex exponential solutions following a reflection argument, as

in [21].

Let us denote  := Q U Q*, where Q0 := {(z/,z,) € R" : (', —x,,) € Q} is the reflection

of Q by {z,, = 0}. Also, let g, denote the extension of ¢ to Q by reflection by {z,, = 0},

that s,

2 x,), if (', x,) € Q,
iy = [aEm, @
q(z’, —x,), if (¢/, x,) € Q.

We further extend ¢, to R” by defining it to be zero outside Q and denote this extension by
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Further, we choose R > 1 such that Q@ C By := B(0, R) (by the symmetry of the domain,

this also implies that QcB r). Now we consider the equations
A2ty — (K* — ikb)?ig =0 in Q, (4.3.6)
and
A*D — (k* —ikb)*0 =0 in Q, (4.3.7)
and observe that
fop(x) = "  and  O(z) = 27

are (complex exponential) solutions to (4.3.6) and (4.3.7) respectively. Using these, we

define
u0<$) — €i<1'(1’/71’ﬂ) _ eigl'(ml7—$n) and U(a«:) — ei€2'(mlvmn) —_ eiCQ'(lU/,—.T}n)7 (4.3.8)

which are solutions to

A?ug — (k* —ikb)*ug =0 inQ, and A%y — (k* —ikb)>v =0 inQ,
v=Av =0 onl
(4.3.9)

UO:AUQ =0 Onro

respectively. Next, we will use these complex exponential solutions to derive the stability

estimate (4.2.3).
4.3.2 Derivation of the stability estimate.
In order to derive the stability estimate, we will need the following integral identity.

Lemma 4.3.1. Let ug and v be functions satisfying (4.3.9) and u, be the solution to (4.2.2)

corresponding to uy. Then the following integral identity holds true:

/ quov dxr = — / Oyuy (Av) dS — / Oy (Auy)v dS. (4.3.10)
Q r r
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§4.3. Complex exponential solutions and the stability estimate

Proof. From (4.2.2), multiplying by v and integrating, we have

/ quov dr = —/ A’uyv dr + /(k’2 — ikb)*ujv dz.
Q Q Q

Using the Green’s formula for the biharmonic operator

/Q(A2u1)v dr — / uy (A*) dox = Oyuy (Av) dS — / (Auy)0,v dS

Q [219] o0

+ Oy (Auq)v dS —/ u10,(Av) dS,

[2}9] [2/9)

and the facts that u; = 0 = Auy on 92 and v = 0 = Av on [y, we get
/ quov dr = — / u1 (A*v) dx + /(l{:2 — ikb)*usv d — / Oyuy (Av) dS
Q Q 0 r
- / 0y (Auqp)v dS
r
= — / uy (A% — (K — ikb)*v) dz — / Oyuy (Av) dS — / 0y (Auqp)v dS
Q r r

— —/aVU1<AU> dS_/ay(Aul)U dS7
r T

and hence (4.3.10) follows. O

Now, using (4.3.8) in the left hand side of the integral identity (4.3.10), we have

/ quov dr = / q (eiCl'(m/,xn) _ 6i€1~(m/7,xn)) (eiCz'(ﬂﬁl,xn) B ei@-(x',*:rn)) dx
Q Q

:/qei(<1+<2)'$ dm+/qei(@+@)'(‘z/’”””) dx (4.3.11)
Q Q
_ / el (@ el o] gy / gl e+ )] gy
Q Q

Recall, from (4.3.1) and (4.3.2), that (; + (s = —&. Also
Cl ' (xlvxn) + C2 : (xla _xn) = €+ © I,

Cl : (ZE/, _xn) + CZ : <:le> xn) - é.— - T,

where N
€+ = <—£,,2(l€2 + T2 — T — Zkb) E) s
B ) s o €PNz E
£ = (—g,—z(k 47 —T—zkzb> m).
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§4.3. Complex exponential solutions and the stability estimate

Using these notations, we rewrite (4.3.11) as

/ quou dx = / q (e_’f'(””/’x") + e_ig'(x/’_$”)> dr — / q (eif“C + eif‘“) dr. (4.3.12)
Q Q Q
Note that
[aleetm e a = Fig)(e),
Q

Using this and (4.3.12) in the integral identity (4.3.10), we have

/ qe' s+ do| +
Q
To estimate the last two terms above, we proceed as follows. We write
€'l €'l
£ = ( ¢axsl 0,2y >
" €] €]
€'l €'l
£ ( ¢ —2x>t 0, -2y >
€ §

where X +:Y = <k:2 + 72 |§| zkzb) (as discussed in subsection 3.1). Then, using the

[Flae] ()] <

/&,ul(Av) as + / Oy (Auq)v dS" +
r r

/ qe' =" dx| .
Q

(4.3.13)

fact that |Y| < b, we see that

Im (64)] = 2IY '|£|‘ <o,

for ¢ € R™ such that 0 < |£*> < 3(k* + 7%). Also for such &, using (4.3.3), we have

(see [31]) the following lower bound for |£|:

1€
5

Using these estimates and integration by parts, we have

[ s = ([ e ar) (L)

— 1 _ €t
RTE < /QVq(:z:) e dw,§i>,
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§4.3. Complex exponential solutions and the stability estimate

and further using Cauchy-Schwarz inequality, this gives

/q( Je Eew gyl < /Vq Zgi“’”da;
Q

|fi|2
eRlIm (£2)]

<C 2 Qllé’\gc 2 oL g’
(l{/’ +T>2W (]f +T)2T|

where the constant C' depends on €2 and M. Using this in (4.3.13), we get

|€:|:| < ‘g ’/|vq ||€Z€iw|

6

gl

(k2 + 72)2 &1
Next, we estimate the first term in the right hand side of (4.3.14) as follows. Using Cauchy-

| Flge](§)] < (4.3.14)

/Gyul(Av) ds + / Oy (Auy)v dS‘ +C
r r

Schwarz inequality, we see that

< Ovur || L2y [|AV] L2y + (|0, (Aun) || 20y 0] 22y

/8,,u1(Av)dS+/8y(Au1)vdS
r r

and therefore

/3,,u1(Av)dS+/8V(Au1)vdS
T r

< 0vun || 2yl Av]| 2(a0) + 1100 (Aur) || 2y l|v || 206
(H@ || 2y ||AU||H7 (69)

< C (Bl + 10 (Aud)lzzey) (Il dhon)

Using the trace theorem and the linearized partial D-N map, we further observe that

+ H@u(Aul)HL?(F)HUHH%(@Q))

yhon + 1801

/3l,u1(AU)dS+/8,,(Au1)vdS
r r

< C (100l 3.0y + 10803 0y ) (1003 oy + 180013 )
— CINEL (ol s Aol ) 5.3 gy (101113 oy + 120113 )

< CINZL Nl Aol ) 7.8y (10073 gy + 18018 )

< CINZI (Ioll 7,0y + 1A%l 53 0y ) (10073 00 + 180014 )

= CINE e (10l 15 oy + 182013 ) (190103 0 T 1421115 50 )

l[uoll i) + 1 Auol|20)) (1A ]|z @) + 0]l mie)) -
(4.3.15)

2l
< CIINGLIls
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§4.3. Complex exponential solutions and the stability estimate

Now to estimate the terms in the right hand side of (4.3.15), we first make the following
observation.

Let ( € C" and
w(z) =" e
Then,

Vo = i(e = iCw, Aw=—(C- () = (¢ (u

| | (4.3.16)
V(Aw) = —i(¢- ¢)¢e ™ = —i(¢ - ()¢w,  Aw = ((- ()% = (¢ ()*w
and
> lotw]? —Zlaxlw\ —ZIZCzw! —ZK! jw]? =[] wl?,
|a]=1
> lorwf = Z 0, O] = Z —Glwl* = Z |GG Pl = (¢,
|ar]=2 l,s=1 l,s=1 l,s=1
Z ’aaw‘2: Z ‘a-rtaa7saxlw|2: Z ’_iCleth‘Q (4317)
|o]=3 l,s,t=1 lst=1
= ) GPICPIG P w]* = [¢]w]?,
l,s,t=1
Yoot wf =Y 100,00, 00. 00w = Y GGG = ¢ wl
|or|=4 l,s,t,r=1 l,s,t,r=1

Using (4.3.16) and (4.3.17) together with the fact that {2 C Bpg, we observe the following
estimates for the function w:

liollizoy < Q2O ullim ) < Q2™ O (14 ()2,
|Aw]| 1) < |9Q]2eMm O ¢)(1 +[¢]?)3,

1 (4.3.18)
|Aw| 2y < Q2™ Ol¢ . ¢|(1+ ¢+ [¢]Y)z,

l\‘)\»—t

lwllacay < 1902 OL 4162+ ¢ + [¢1° + [¢]*) 2.
Now using the above observation for the functions 1y and v and the inequalities (4.3.2),
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(4.3.4), (4.3.5), we get the estimates
| Aug || 2y < CeOT (K2 + kb)? + 1),

ol ragy < CeOT (K2 + kb)? + 74),
(4.3.19)
0]y < CeBOT (K + kb)? + 1),
where we also use the fact that 2((k + kb)z + 7)2 > 1 and the inequality (c + d)? <
2(c? + d?), fore,d € R,
With the estimates (4.3.19) at our disposal, from (4.3.15) and the fact that £ > 1, we infer

that

/F&,ul(Av) s + /Fé?,,(Aul)v dS‘
< CINGLILe RO (k2 + kb)* + 7%)
< CePP (K2 + k) N1 + Ce ™ (k2 + k) |N | roe
< CERR(2 4 kb)Y | NE, e 1R,

where we again use the inequality (¢ + d)? < 2(c? + d?), for ¢, d € R.

Then from the inequality (4.3.14), we have
il
for £ € R satisfying the conditions || > 0 and 0 < |¢] < 3(k?* + 72).

FLa©)] < Ce e + kb I loe' " + C (3320

Next we estimate ||¢||;-1(q). Let p > 1 be a real number to be chosen later and consider

the set

Z,={(¢,&) eR": 0<|{| <pand (] <p}.
Then, using Parseval’s identity, we have the estimate

1Gel1Z—1 2y = / (1+[¢) " |Fla)()) de + / (1+1eP) " [Flal©)) de

Zp Rn\zp

< [ Qi) IFmIOr e + o

P

(4.3.21)
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where the constant C' depends on €2 and M.
Assume that for { € Z,, the inequality (4.3.20) holds. Then the first term in the right hand

side of the above inequality satisfies

/ (L+1€1%) ™ 1F gl () de
C 2Rb k,? kb4 10RT B . C _ 5L
< [ Joemoe e - 0t

< C€4Rb(l{72 4 ]{?b)8620RTHNB HQ / d£ + C 64Rb / |€/|2 + |§n|2d£
=~ Ll )
q, z, k2 _|_7-2 z, |§/|2

where we have used the fact that 1 + |£]? > 1. Note that the set {£ € R : |¢'| = 0} is of

gl

n-dimensional Lebesgue measure zero and therefore, we can ignore it while estimating the
integral over Z,,.
Now using the inequality ¢? + d* < (¢ + d)? = 4cd + (¢ — d)? < 4ed + ¢ for ¢, d > 0,

with ¢ = |¢’| and d = |,,|, we obtain the estimate

[ i)™ 1A P

Zp

< C€4Rb(/€2 +kb)8€20RT|| LH pn +O

A N&n| + 1€ .
d§ d&y,
/ /’ (0,p) |§/|2
4
< Ce™ (K + kb3 IND 20" + C—————p / / ( g ) " 2drdf
’ (k2 —l—T )z Jjg=1
< Ce™(k? + kb)* e IIND 120" + C—— p/ / (4pr™ =2 +1"7?) drdf
(k2 —I—T )2 Jig)=1
< C€4Rb k'2+/{7b 8620RT NB 3 nC 6 . 7
< COM 1 RPN + O
where B'(0, p) := {y € R"! : |y| < p}. Using this in (4.3.21), and the fact that 1 < e*#,

we have

" 1
1Gel -2y < Ce™ | (K + kb)S 2P |INE 20" + ——— 4+ =

— 4.3.22
(k24725 P (3322

Next, we choose p = (k* + 72) 27777, Then p > 1 and for £ € Z,, we have
2 2t 2(R4ry)mE 2 1
3(k24+72) ~ 3(k2+72) 3 (kK2+72) 3 (k2 + 72)1—7#2

<1,
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where we also use the fact that n+r2 < 1. Hence |£]* < 3(k* + 72) and so, the estimate

(4.3.20) 1s valid for this choice of p. Using this in (4.3.22), we get the estimate

i B 2
1Gel 371y < CE™™ | (K2 + kb)Se™F|NE2(k? + 72) 0 4 —————
(k2 + 72)n+2

i 1 2
S 064Rb (kQ + ]{b)8€20RT”NfL”3(1€2T2 i ]{272)5 4 .
! (k2 + 72)7

_ C€4Rb \/§<k,2 +kb)8€20RT”NfLI|ikT+

2

(2 + 72)7s2

[ 9
< Ce 12K 4 kb)* ™R INE, (122 + kb)eT + —————
_ (k2 + 72)77

< CeM | (K + k)N |2 +

1
(k2 4 72)7i2

Now choosing 7 = 51, we see that
1
ARD 2
1Gellzr-1mmy < C | (k* + Kb)° ™ INZ || + 2 ] : (4.3.23)
(K + (305) )™

Recall that we need 7 > 1 and therefore, this choice of 7 imposes the condition that

INP || < —tw. This immediately implies that

lallzz-10) < C | (K + k)" N7 ]I, +

N
(k* + (2i7) )”“]
for [N,||. < zr=. The case when ||N7, ||, > —ix easily follows from the following fact:

CM

1 CM
a1 < Cllgllre@) < 51 02 <
2

53

1
VG2

4Rb 2

(k2 + (%Wz] ’

where we denote § := —t and the constant C' in the last inequality depends only on 7,
€

<C

(k? + k0) e ™ NG || +

and M.

Now we use the interpolation theorem to estimate the L? norm of ¢q. Recall that given
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l1,l5,0 € Rsuchthatly < lyand! = (1 — s)l; + sls, where 0 < s < 1, the interpolation
theorem gives

gl < Il llallzne

Choosing l; = —1,1ls = 1 and [ = 0, we have

1—1 1 1
lall 2 = llall oy < llallyy 2o lallZn g < Cllallz o

which implies

1
64Rb

lall2) < C | (K + kb)°e* ™| N2 . + 5T
(k;Q + (%) )n+2

Y

where the constant C' depends only on n, {2 and M. Thus, we have the stability estimate

(4.2.3).
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Chapter 5

Linearized inverse polyharmonic problem
with attenuation

In this chapter, which is based on [13], we explore high-frequency stability estimates for the
determination of the zeroth-order perturbation of the polyharmonic operator with constant
attenuation from the linearized partial Dirichlet-to-Neumann map in domains satisfying the
flatness condition (A). Our result suggests improvement of the stability when the frequency
is appropriately chosen. This work extends the results of [25], [39], [31], [12] and [38]
to the case of polyharmonic operator with constant attenuation and with lower regularity

assumption on the potentials.

5.1 Introduction

Let us consider the inverse boundary-value problem for the determination of the zeroth-
order perturbation of the polyharmonic operator with constant attenuation posed in a bounded

domain €2 C R"™, n > 3 with a smooth boundary 0f2:

{(—A)mu — (k2 = ikb)™u + qu i? in Q, (5.1.1)

(u, Au, ..., A" 1) 1s f2y ooy frn) 0N OL2.
Here m is a positive integer greater than or equal to 3, b > 0 is the constant attenuation and
the potential ¢ is assumed to be real-valued and
1
qge L®(Q)NH(Q),0<s< 3"
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We shall assume that the frequency £ > 1 and the Navier boundary data

(fi, farooes i) € HP™2(09) x HP5(9Q) x -+ x H2(99) = [ [ H¥72(9).

j=1
We further assume that the bounded domain 2 satisfies the flatness condition (.4). We also
assume that the supports of f; (1 < j < m) are contained in the open subset I' := 9Q \ Iy
of the boundary and the boundary measurements 9, (A7w), 0 < j < m — 1 (here v denotes
the exterior unit normal vector to 02) are available on I" only, and thus, the flat part I',
is also assumed to be inaccessible. Note that the imaginary part of (k* — ikb)™ is non-
zero and hence, it is not a part of the spectrum of (—A)™ + ¢. Therefore, there exists a
unique solution to (5.1.1) when (f1, f2, ..., fm) € TT}%, H2=2(T"). In this case, the partial

Dirichlet-to-Neumann (D-N) map is defined as

m m—1
NF T HEY =) — [ H¥*=(T) such that (5.1.2)
j=1 =0
m—1
(f1s for oo S} = (O] 0,80 (a7 )| ).

We define

Our aim, in this work, is to explore the stability of the recovery of the potential g from the
knowledge of a linearized version of the partial D-N map (5.1.2) (which we shall describe
in detail in the next section) and to study the explicit dependence of the estimate on the
frequency k. Using a quantitative Riemann-Lebesgue lemma proved in [33] (see Lemma
2.3.4), we have been able to derive the stability estimate with considerably weaker condition
on the potentials (the potential ¢ is assumed to be only in L>(Q2) N H*(Q), 0 < s < 1) as

compared to the earlier works. Also, we do not need the potential to be compactly supported

59



$35.2. Linearization and the main result

inside the domain €2. Our result also suggests improvement in stability in the recovery of
the potential ¢ with an appropriate choice of the frequency k.

The plan of the chapter is as follows. In Section 5.2, we discuss the linearization of
the D-N map and our main result on the stability estimate. The construction of appropriate
complex exponential type solutions and the derivation of the stability estimate is discussed
in Section 5.3. In the appendix, we discuss some auxiliary results that are used in Section

5.3.

5.2 Linearization and the main result

In this section, following the works [25], [39], [31], [12], [38], we discuss the linearization
of the partial D-N map and state our main result. Such a linearization can be justified when
the potential ¢ is sufficiently small (as we shall see shortly).

In this direction, for (f1, fa, ..., fm) € [[=, H?~3(T"), we consider the equations

(=A)"u — (K* —ikb)™u =0 in{, 52.1)
(u, Ay ooy A™ M) = (f1, fo, -rs frn) 0N O, o
and
_ m _ 2 _ m —_ _ :
(—A)™u — (k* —ikb)™u quo in €, (522)
(u,Au,...,A™ y) =0 on0dRQ,

where 1 denotes the solution to (5.2.1). We denote the solution to (5.2.2) by u;. Note that

m

since the imaginary part of (k?—ikb)™ is non-zero, it is not a part of the spectrum of (—A)™,
and therefore, there exist unique solutions to (5.2.1) and (5.2.2) when (fi, fo, ..., fm) €

| H%~3(T"). Using this, we define the linearized partial D-N map N 1, as follows:

m m—1
Ny Hf]Qj_%(F) — H H%*2(T) such that
j:l 5 (5.2.3)
s O (A M)

T

(fis Foseoes ) = (Do

F) 8V<Aul>

)
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Let us denote £ := |log(||NV; 1|l)|. Then, we have the following stability result for the

recovery of the potential ¢ from the linearized partial D-N map /\fqﬂf -

Theorem 5.2.1. Let 2 be a bounded domain in R",n > 3 satisfying the assumption (A)
described before and Q) CC B(0, R) for some R > 1. Let b be a positive constant and

suppose that the frequency k > 1. Further, suppose that the potential ¢ € L*(2) N
H*(Q), 0 < s < % be such that

lall o) + Nl me @) < M,

for some M > 0. Then there exists a constant C' > 0, depending only on n, s,) and M

such that

NI

lall -1y < Ce™ | (K + kb)"™ M IN, LIl + (5.2.4)

(]

where o 1= ( 2s(n-1) %

n+2)(2s+n—1)

Remark 5.2.2. In case the potentials have more regularity, we can use (5.2.4) combined

with an interpolation argument to derive the stability estimate in the stronger L? norm.

Remark 5.2.3. The estimate (5.2.4) implies an improvement in the stability with an appro-

priate choice of the frequency k. This can be observed by following the arguments in [12].

Remark 5.2.4. Using similar arguments as in the proof of theorem 5.2.1, we can prove
stability estimates for the Schrodinger and the biharmonic cases (discussed in the previous
two chapters) under the considerably weaker regularity condition on the potentials as in this

theorem.
In the rest of this section, we will elaborate on the relation between the D-N map (5.1.2)
and the linearized D-N map (5.2.3). Let
Q :={q¢ € L*(R2) : 0is not a Dirichlet eigenvalue of (—A)™ + ¢’ in Q}.
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Now, let us consider the nonlinear operator

Fr:QL (ﬁ ﬁ[?f‘%m,nﬁ H2j+%(r)> ,

j=1 =0
defined by

Fr(d) : = Ngf, such that

NE(fr. for oo fn) = (01

A
F’ay( u)

F,...,(‘?,,(Amlu)‘r),

for f := (f1. farooer fun) € [[ H¥ 2 (D),
j=1
where vy 1s the weak solution of

5.2.5
(Uf,AUf,...,Am_IUf> :f on 0f). ( )

{ (—A)™uy + q'us =0 in(,

Note that for ¢/ = —(k* — ikb)™ + ¢, we have N o =N, where N} is the original partial
D-N map defined in (5.1.2).

Further, we define the operator 7 : Q — L <HT:1 H%=3(), H;”;(f HQH%(F)) as

follows:
‘FIl‘(q) = Nglﬂ

which maps the potential ¢ to the linearized partial D-N map N, gf ;, defined in (5.2.3). Note
that 77 is a linear operator.

Forall ¢ € Q, we define the operator Py : [}, H%~3(I') — H2™(Q) such that

Py | = uy,
where u; is the solution of the problem (5.2.5). Note that with ¢ = —(k* — ikb)™ and
¢ = —(k* — ikb)™ + q, we get P, f = up and P, f = u, where ug and u are the solutions

to (5.2.1) and (5.1.1) respectively.

Further, we also define the operator G, : L*(Q) — H3™(Q2) by

gq’(F) = UF,
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where v is the solution to the problem

(—A)mUF + ¢'vp =—F in(),
(UF,AUF,...,Am_lvp) =0 onJf2.

Now, for ¢ € L>°(€2), using the above notations, we rewrite the partial D-N map (5.1.2) as
Fr(=(k* = ikb)™ + q)(f) = Ny (f)
= (a/ (P —irpymtq) f) . Oy (A [Pg2—irpymiq) f])
O (A" [PCgaamsaf]) | )

Similarly, we rewrite the linearized partial D-N map (5.2.3) as

Fr(@)(f) = Ny, (f)
= <au (G- 2—inpymy M P 2—itym) [ ) .
B (A [G(-t—mym MyP——innym f1) |

s O (A" G (2 —irym) MG P (r2—inym) £ 1) ‘F)

)
r

where M, denotes the multiplication operator by q and
G(— k2 —ikbym) M P~ (12 —ikpym)f = u1, which is the solution to the equation (5.2.2).

The following result, expressed in terms of the operators Fr and JFi, establishes the
relationship between N f and ./\/quL under the assumption that ¢ is sufficiently small. The

proof follows by using arguments similar to that in [39].

Theorem 5.2.5. Let k > 1 and b be a positive real number. Further, let us assume that the

potential g € L*°(Q) satisfies the condition

1 -1
||Q||L°°(Q) < 5 ||g(—(k2—ikb)m) ||£(L2(Q)7H2m(ﬂ))-

Then
| Fr(=(k* — ikb)™ + q)

~Fr (= = k0)™) = PRl g, 590y o)

< CHQH%OO(Q)a
where the constant C' depends only on n, ), I, b and k.
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Proof. Let f := (f1, fa, ..., fm) € [1}, H¥~2(T). From (5.1.1) and (5.2.1), we see that

0= ((=A)" — (k* = ikD)™ + q) [P(— (2 —iktym+q) f ]
— (=A™ = (K — ikb)™) [Py f]
= ((=A)™ = (K* = ikb)™) [P —irpym o) f
—Pe—iwwym ] + MoP-iktymso) f-

It gives,
(=a)" - (k2 — ikb)™) [P(—(k:?—ik:b)mrq)f - P(—(kQ—ikb)m)f]
= —M P 2—ikbymiq)f 0L,
7D( (k2*1kb)m+q)f P —(k2—ikb)m f =0 on 0.

Using uniqueness of the problem (5.2.2), we have
P rz—irvymntq) S — P—2—ikvym) | = G—2—ikrymn)M¢P—r2—irpym1q)f 10 . (5.2.6)

Now, using (5.2.6), we have
[Fr(=(K* = ikb)™ + q) — Fr(=(k* — ikb)™) — Fr(q)] (f)
= (3u (P te—imymra)f = Pegz—awvym) f = G pz—innymy Mg P g—intym) f) |1
A (P ge—impymiaq)f — Pewz—iwtymy | — G(—k2—ikymy Mo P2 —itvymy ) | 1
oy Oy AT (P(—(k2—ikb)m+q)f — P 2—ikbym) |
=G k2—irpymy Mo P h2—itpym) f) |r>

= (3 (G te—iktymy M Pz —ikbymra)f — Gl h2—ibym) MgP—ez—inym) ) | 1
A (G k2—ikbymy MGP—e2—itym ) | — G 2—itbym) Mo P2 —ikty) [ ) |
oy O AT (G 2 —itym) M P2 —ikym.9) |
~G =iy Mo P r2—itpym) f) |r>
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= (8,, (G——intymy Mo (P ez—iwpymra) f — P—wz—imnym f)) |
Oy A (G~ (k2 —irtym) Mg (P2 —irtym o) f = P—grz—intym) ) |1
., 0,A™ 1 (g —tk2—ikby) Mg (P w2 —ikbym4q) f — P(—(kQ—ikb)m)f)) |p>
m—1
(5 w’ Aw)’r, O (A w)’r> ,

where w := g(—(kz—ikb)m)Mq(P(—(kQ—ikb)m—l-q)f - P(—(kQ—z‘kb)m)f)-

Note that w satisfies the equation

(=A™ — (K — ikb)™w = —q(P_ge—itpymsa)f — Pego—igpymyf) in Q. (5.2.7)

Let us assume that

1 —1
||Q||L°°(Q) < 5 ||g(—(k2—ikb)m) ||£(L2(Q),H2m(ﬂ)) . (528)

Then, we have

G (—k2—ikpym) Mall (22 (), 52m ()
< NG —g2—iwny=) | 22 (@), 12 ) (Mgl 222 02), 22 (02))

1
< gl @G- w2 —iwnymll ez, mzm) < 5 < 1,

which implies that I — G(_ 2 _ixp)m) M, is invertible. Also, from the following identity

(I = G2 =ity ) M) (P— k2 —iktym+q) f — P—(k2—ikpym) f)

= P——itbym+q) f — P—r—irbymyf — G—2—ikpym)y MgP— (k2 —ikpym+q).f
+ G 2 —irb)ym) MgP k2 —irnym) f

= G(—(2—ikymy M P2 —ikpym) [ (by (5.2.6)),

we get

P z—ikbymtq) f — P—rz—iwpym) S
= (I = G—2—inym)Mg) (G (= k2 —intym) M P(—r2—ikpym) [ )-

(5.2.9)
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Now, we see that

I P—k2—ikvym+q) f — P—r2—irvym) f | L2()

< (T = G- pe—itrymy M)l aem(@),z2@)

G (= (k2 —ikbym) Mg P2 —iktym) [ || 2 ()

1
1 Hg(—(kQ—ikb)m)MqHﬁ(L2(Q)7H2m(Q))

1G (k2 —invym) || L2 (), 2m () MG P k2 ity £ | 2 ()

(5.2.10)
< 201G w2—iknym) || L2, 12 @) |2 Lo () [ Pi= k2= itny=y f || 20
< 2(|G 2 —innym |2 (), m2m @) @l oo () | Pk —intymy £ || 2 2)

< 201G =iyl 22 @) m2m @) 1| oo (02)

Using the above estimate, we get

lw|| g2m ) = |G 2—ikym)yMa(P—k2—iktym+q) f — Pr—rz—ikpym) ) || rr2m ()

< NG r2—ikym) |l 2 ). m2m @) |2l Lo @) | P (k2 —itym 190

(5.2.11)
— P—z—irvym) [l 22

< C”QH%C’O(Q)”ngQm—%

where the constant C' depends only on n, €2, I', k£ and b.

Next, by trace theorem, we have

10, (A" W) | agig gy < Cllwllazm) for j=0,1,...;m = 1. (5.2.12)
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§3.3. Complex exponential solutions and the stability estimate

From the estimates (5.2.11) and (5.2.12) we get,
m—1

| (90, 0u(Aw), o0, B (A" ) (| ot iy = D NOAA™ 0] oy

7=0

(5.2.13)

Therefore,

1P (K2 — ikb)™ + q) — Fo(—(k* — z'kb)m)_]-“Fl(q)||£<n;n:1 -3 (0 [Tt 2 ()

b
= sup
1#0 1A o33
m—1
| (O,w, D, (Aw), ..., 0, (A™ tw)) ||H2 T )
= Sup ||f” ) < C||Q“L°°(Q)7
f#0 F2m—gen %(F)
which is the estimate we wanted to prove. ]

Note that the condition [|q||z() < 311G~ @2—imvym) | 7(12() om0y, Guarantees the fact
that
1G k2 —ivnym) Mol e22 (@), (@) < 1,
and hence the series Z;‘;O(Q(_(kz_ikb)m)./\/lq)j converges. Using this, from (5.2.9), we see
that given f € [/, H?~3(T"), the solution u € H*™(Q) of (5.1.1) can be expressed as

u=Plpeimyra ] = D_(Gta—mym Ma) Pty

=0
In the above expansion of u, the terms corresponding to j = 0 and j = 1 are u and uy,

respectively. As observed in the theorem above, the higher order terms (corresponding to

J > 2), can be neglected provided q is sufficiently small.

5.3 Complex exponential solutions and the stability esti-
mate

In this section, we give a proof of our main result on the stability estimate (5.2.4). In order to

do so, we first construct appropriate complex exponential solutions and then use an integral
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§3.3. Complex exponential solutions and the stability estimate

identity. This leads us to the estimation of the Fourier transform of ¢; — ¢, part of which

is handled using the quantitative Riemann-Lebesgue lemma.

5.3.1 Complex exponential solutions

We write © = (z1,...,1,) € R"asx = (2/,z,,), where 2’ := (z1,..., 2, 1) € R" .

Foragiven¢ = (¢,&,) € R", with & # 0, we choose unit vectors a and [ appropriately
to construct the complex exponential solutions.

To do so, following [21], we define an orthonormal basis of R™ as described below:
Let ¢ := (é—:|,0) and e, := (0,...,0,1). We choose ey, ...,e,_1 € R” such that the set
{ey, €3, ..., e, } forms an orthonormal basis of R” and the n'" component ein = 0fori =
2

sy — L.

Then, the coordinate representation of ¢ with respect to this basis is given by

§-¢ )
e — —707"'707 n .
o (r0060),

We choose unit vectors o, 5 € R™ such that with respect to this new basis, a and 3 have

the representations

S, ., 0,
€] €l

Then {¢, a, §} forms an orthogonal set and it follows that

e = (0,1,0,..,0), B, = (— n ’5")6.

a-fB=ac B, ap= Qe n and 3, = 56771'

Using these vectors, let us define (see [31], [12])

2 1
1 :_§+ <k2+a2—%_ikb>2ﬁ+iaa,
(5.3.1)
2 1
g2:—§— <k2+a2—%—ikzb>2/@—iaa,
where k > 1 and a > 1. Then
G+ CG=-& (-¢G=k —ikb i=1,2. (5.3.2)
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§3.3. Complex exponential solutions and the stability estimate

Next assume that |£|* < 3(k?+a?). We denote the principal square root of k?+a? — % —1kb
by
[{PAY
X 4+1iY = <k2+a zkb) ,

where X > 0 (the condition ||* < 3(k? + a?) guarantees this). Note that

(= s+ XB Yt aa), =~ — X5 —i(Yf +an),
and therefore,
2
|<=]|2 |§| +X2+Y2+CL ]‘:1’27
where
2\ 2 %
X2 4+Y?=|X +iY]* = <(k2 +a® — %) + k:2b2> : (5.3.3)

Also (see [31]) [Im ((;)]* = Y? 4+ a?, j =1,2,and |Y] < b, and hence
Im ()P < +a* < (b+a)® forj=1,2 (5.3.4)

Next, following [21] (see also [12,31,39]), we construct the complex exponential solutions
using a reflection argument.

Let Q" := {(«/,z,) € R" : (2/, —x,,) € Q} be the reflection of 2 by {z,, = 0} and let
Q:=QuUQ.

Further, let ¢g. denote the extension of ¢ to Q by reflection by {x,, = 0}, that s,

q(2'; ), if (', z,) € Q,
q(z’, —x,), if (2/, x,) € Q.

qe(r) =

Also, we choose R > 1 such that 2 CC B(0, R) =: Bg (note that, by the symmetry of the

domain, this also implies that QccB r). Now we consider the equations
(=A™ — (k* — ikb)™ Uy = 0 in Bg, (5.3.95)
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§3.3. Complex exponential solutions and the stability estimate

and

(=A)™7 — (k* —ikb)™0 =0 in Bp, (5.3.6)
and observe that

Uo(z) = e and 3(x) = piCew

are (complex exponential) solutions to (5.3.5) and (5.3.6) respectively. Using these, we

define
u0<aj) — eiCI'(Ilvxn) _ eigl'(ml’fxn) and U(x) — eiCQ'(II’In) _ 67;42'(I,,*mn)’ (5’3.7)

which are solutions to

(=A)mug — (K2 — ikb)™uo =0 in ©,
(ug, Aug, ..., A" tug)  =0onTy
and (5.3.8)
(—A)™y — (k* —ikb)™» =0 in¢,
(v, Av,...,A™ ) =0 onTy

respectively. Next, we will use these complex exponential solutions to derive the stability

estimate (5.2.4).

5.3.2 Derivation of the stability estimate.

The following integral identity will be used to derive the stability estimate.

Lemma 5.3.1. Let ug and v be functions satisfying (5.3.8) and u, be the solution to (5.2.2)

corresponding to uy. Then, the following integral identity holds true:

/Qquov dx = Z/F [0,((—A) up)] [(=A)"v] dS. (5.3.9)
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§3.3. Complex exponential solutions and the stability estimate

Proof. Multiplying (5.2.2) by v and integrating, we have

- / quov dr = /(—A)mulv dx — /(k’2 — ikb)"uyv dx.
0 0 Q

By repeatedly applying the Green’s formula

/ulAvd:B—/Aulvda::/ w1 0,0dS — v0,u1dS,
Q Q a0 a0

and the facts that A’u; =0 (0<j<m—1)ondQand Alv =0 (0 < j <m—1)onT,

we get

- [auavds = [ Ay tu-sodo— [ a2 tuas

— /(k2 — ikb)"uyv dx
Q
—/ —A)m2 v dx —/8 ™ 2) (= Av) dS
/3 )" g o dS—/(k — ikb)"uyv dx
Q

= /Q(—Aul)(—A)m v dx—/ﬂ(k:2 — ikb)"uyv dx
- mz [y ds
_ /Q g (=A™ da — /Q (k2 — ikb)™ugw da
—/8Vu1(— )" v dS — Z/ AYu)][(=A)"1y] dS

:_Z/ AV up)|[(—A)™ 0] dS

and hence (5.3.9) follows. []
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§3.3. Complex exponential solutions and the stability estimate

Now, using (5.3.7) in the left hand side of the integral identity (5.3.9), we have

/ quov dr = / q (6i<l'(xl’x") — e’fl'(x'v—xn)> <6icz~(x’,xn) _ ezcz.(x/,—xn)> I
Q2 Q
:/qei@l+<2).z dl’+/q€i(<1+<2)'(x/7_xn) du
Q

Q (5.3.10)
- / qeiKl‘(Ilaxn)"‘@‘(x/’_xn)] dl’ —
Q

= / q (e*iw + e*if'(l"”“’”")) dr +
Q

¢ = (2l o= (200 g ).

For the first term in (5.3.10), we have

/ q (e*ig'm + eﬂf'(f’*m”» dr = / q(2', x,)e % da + / q(2', —xz,)e " dx
Q Q .

= z)e T dr = Ge(z)e % dx = Flq,
[at@e s = [ g s = 7o)

qel[gl (I/,—In)+€2(l’,,l’n)] d:c

q (e*’f*‘x + eﬂf"z) dz,

S— S

where

where ¢, is the extension of ¢, from Q to R" by zero.
€'l €'l €'l
&y (§ 2(X +Y &2X=> 0,2Y =
g ) = ) )

e = (e 2exmi) = (¢ ‘2X€?) “\< _2Y||§1’>

- S

Note that

x p?
and
€|

< 2b.
i

[T (€4)] = 2|V

Using the lower bound for X, we see that

ap 2 12 12
&P = ¢/ +4x? ||i,||2 > ¢ +4 (k2 +a® - %) ||5§||2 =4 (k* +a?) ||i,||2 . (5.3.11)

Also,
. . ke €' .
/C_I(SL’)G_Z&“I dx:/q(x)eﬁh_ -l’e—lﬁi .z dl':/CI(fL')GZY Tl a:ne_zgi .z d{l?,
Q Q Q
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and

. m . Re B @x R
/ q(x)e—zf_w dr = / Q(.@)egl_ .IG_%E T dr = / q<l’>€ 2y €] ne—lfli T
Q Q

Q

Consider the functions g;, g :  x R\ {0} — R defined by
9+(z,m) = e e ner \ {0},
g_(z,n) = 6_2Y‘|L’7/\|x", z e, neR"\ {0}
Note that Vnp € R™ \ {0}, g+(-,1),9-(-,n) € H*(2) N L>*(2) (see Appendix 5.4) and

||9+<'>77)||HS(Q) < 064va ||g+<'>77)||L°°(Q) < €2bR7

lg—Comll) < Ce®, lg-(m) =) < ™.

It is important to note that the bounds above are independent of 7.

Next, let us consider the function ¢+ : 2 x R" \ {0} — R defined by
g (2,m) = q(x)g=(z,n), v € Q, n € R*\ {0},
Then ¢+ (-,n) € H*(2), Vn € R™ \ {0} (see Appendix 5.4) and
lqs ()| sy < Ce™F, Wy e R™\ {0}.

Let (q+(+,n)). denote the zero extensions of g4 (-, ) from Q2 to R™. Since ¢ (-,n) € H*(Q)
and 0 < s < %, it follows from Corollary 5.5 in Chapter 4 of [36] (see also [1]) that the

zero extension belongs to H*(R") and

(g (-sm)) 2| sy < Cllqe (-, )| sy < Cet, (5.3.12)

Also, Vnp € R™ \ {0}, the supports of (¢+(+,7n)). are contained inside €2 (and therefore,
inside the compact set B). By the quantitative Riemann-Lebesgue lemma (Lemma 2.3.4),
there exists a constant C' > 0 and for any N € N, there exists a constant C'y; > 0 such that

Vp € R"and 7 € (0, 1), we have

C S
2@ Com))all sy + Ol (@ (o))l .

| Fl(g=(,m)):1(p)| < Tt oo™

(5.3.13)
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Using (5.3.12) in (5.3.13), we see that Vi € R™ \ {0} and Vp € R",

4bR
Ce 4bR_s

[ Fllqx(-m):](p)| < R + Ce*lirs, (5.3.14)

where the constant C' depends only on NV, s, {2 and M.

Note that the second term in (5.3.10) can be written as

Lot een o= [ @lon@e s [ 060

= F (a4 ()] (€5°) + F [(g-(-, €)= (€2°).
Consequently, from (5.3.10), we get

/ quov dx
Q

For the second and third terms of the right-hand side of the estimate (5.3.15), using (5.3.14)

[Flgel ()] < + [ F (g (€))L G+ 1F [(a-(, )] (E59)] - (5.3.15)

with n = £ and p = &8¢, we obtain

Fllge(- )] (€%) <« — 9y cemn
Fllge(+,8)):) (£55)] < + Ol
T (e

Now, using (5.3.11), we see that
C€4bR

+ CetoBrs

[F [(q=(-,€)):] (€5°)] < — N
(14 27(k2 + a2

where the constant C' depends only on NV, s, €2 and M.

For the first term in the right-hand side of the estimate (5.3.15), from (5.3.9), using Cauchy-

Schwarz inequality, we see that

/ quov dx
Q

> [ [(Capw) (o] as

< Z_()/F|8l,((—A)ju1)| [(—A)y"1-9y| ds

m—1

< 10, (A u) | 2oy |A™ 0] L2y
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and therefore

/quov dz| <
Q

3

-1 m—1
H@,,(Aﬂul || L2 1“)) <Z HAmljU||L2(F)>

Jj=0 0
m—1 m—1

< ||8V(NU1)||L2(F)> ( ||Am_1_]U||L2(aQ)>
=0 =0

—

m—1
< ||ay(Am_1_Ju1)||H2j+%(1—\)> (Z ”A]U“H%(QQ)> .
=0

J=0

3

Using the trace theorem and the linearized partial D-N map, we further observe that

m—1
<C (Z 18, (A™ T un) || oy F)> (Z 1A70|[ 1 m)

7=0

< O (Dyrir, Dy (Aur), oory By (A 1)) || oo by ol )

= CH L(flaf?? . 7fm)HH2m77 2(F HUHH2m Q)

quov dx

.....

< ClINgLllll (o] s Auio] s ooy A" ato| )| g3 gy [0l 112002

< NGl { D ||Am—juouﬁ2j;(r)> o] sr2m e

j=1

= CINEL (D ||Am—fuo||H2j_%m)> lollny

J=1

< CIING LIl Z ||Amjuo||H2j(Q)> ]| z2m (@)
j=1

< CING Ll luoll mzm@y 0] r2m(q).
(5.3.16)

Here, we also used the facts that
||A]U||H1(Q) < HU”HQ’"(Q)a v] =0,...,m—1,
||Am7jU0||H2j(Q) S Hu0||H2m(Q); VJ = 1, e, m.

Now to estimate the terms in the right hand side of (5.3.16), we first make the following

observation. We recall from (5.3.5) and (5.3.6) that u, and v satisfy the PDEs

Pug =gy and Pv = g in Bg, respectively,
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where

P=(—A)" and gy = (k* — ikb)™ o, g = (k* — ikb)™.

Therefore, using the interior regularity for elliptic operators (see Theorem 2.3.3) in By, we
can conclude that
a0l g2 @y < Cllgollz2vy + Clltiol 2(v)
and [|0]| g2y < Cllgllr2evy + Cll0][ L2y,
for any V' such that QCCcV ccC B Using the above estimates, we further observe that
[0l r2m @y < Cllgollz2(sr) + ClltollL2(sx)
(5.3.17)
and [|v]| jom () < Cllgllr2(8r) + Cllvllz2(8r),
for some constant C' that depends on M and ().

Now, we will bound the terms ||go| z2(5,) and ||g|| .2(Bx) bY |||l L2(Br) and |[0]| L2(5,)

respectively. For gy, we have

lgollz2(sy < 1K — ikb)™ o]l 25y < |K* — ib|™ [0 ]| L2(5)

) (5.3.18)
< (K + B20°) 2 [[Uo |l 2y < (K + k)™ ([0 225,
where we have also used the inequality (¢2 + d?)z < ¢+d, ¢,d > 0.
Similarly, we have
HgHL2(BR) < (k2 + kb)m”5’|L2(BR). (5319)
Next, using (5.3.4), we see that
[l = [ FoPdo= [ | ao< [ em@lilg
Br Br Br (5.3.20)
< 62(b—i—a)R/ dr = 62(b+a)R|BR| < 062(b+a)R.
Br
Similarly, we have
01|72, < CeHIE. (5.3.21)
Now, observe that
[wol[mr2m () < 2[[Uol| yom @y and vl a2mq) < 2[0]] om g (5.3.22)
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Combining these estimates with those in (5.3.17), (5.3.18), (5.3.19) and the fact that &£ > 1,

we get
o || r2m )y < C(K* + kb)™e® R and  |[|v]| gr2m gy < C(k* + kb)™ePT9E, (5.3.23)
Consequently, from the estimate (5.3.16), we have

/ quov dx
Q

Then, from the inequality (5.3.15), we have

< O(K* + kb)* ™ |NG || €T, (5.3.24)

~ m a C€4bR .
[ FLG)(€)] < Ok + kb)>™ NG [l — + Ce'irs,

(1 +27(k? + a2)5%>

(5.3.25)
for 0 < |¢|? < 3(k? + a®) with [¢'| > 0, s € (0,3),7 € (0,1) and N € N.
Next, we estimate the H ' norm of ¢, using (5.3.25). First, for p > 1 (to be chosen

later), we define

Ko ={(,&) eR" : 0<[] <pand|] <p}.

Then, for £ € K, using the estimate (5.3.25), we have

C 64bR

[FIG](€)] < CING LI (? + kb)* ettt 4 — + Ceir,
(1+ 502+ a®)be)
(5.3.26)
since [£] < (p* + pQ)% =/2p < 2p.
Now
- Fla)©)” / Fla)©)l”
el 57-1(pny = ————d¢ + ——==dE. (5.3.27)
oo = [T o TR
By applying Parseval’s identity, the second integral above can be estimated as follows:
~ 2
rve, 1+ I[¢] p
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where C' depends on M and §2. For the first integral in (5.3.27), we have

/ GO i - [ 7o e
Kp

It e .
R 2
:/ C||/\/:][P:L||*(k}2 +kb)2m€2(b+a)R+Ce4bRTs + 1 _ dé'
N (1+502+a2)3el)
< CINZ L2 + kbt (/ d5>
Ko
d
L CeBbR 2 (/ d§> +O€8bR/ 3 _
o Ko <1 + Z(k* + a2)§|§/|>
(5.3.29)
We next estimate the integrals in the above estimate. We note that
/ ds < Cp". (5.3.30)
ICP

L N2N L \N
Now, using the fact that (1 + 2 (k% + a2)§|§’|> > <1 + 2 (k% + a2)§|§’|) for N € N,

the second integral can be estimated as follows:

d¢ dg
/'C" (1202 4 a)tle)” ) /'C (1450 +ater)”
r"=2dr

)
: Cp/o (1 +Z(k2 + a2)§r)N.

Choosing N > n — 1 > 1, we see that

/p r"=2dr < Cpnt
N — _ n=1-
0 (1+§(k2+a2)%r> T (k2 + a?) "

Therefore
/ dg < Cp"
. 1 2N = _p-1(p2 2\ 25 (5.3.31)
K, <1+;(k2+a2)2|§’|> -1(k2 + a?)
Using the estimates (5.3.30) and (5.3.31) in (5.3.29), we obtain
‘-7:[5@](5)’2 P (12(1.2 4m _4(b Ce™ipr
TSI dE < NG LR + kb) et TR g CeP R 4 -
[ o e < ciaioe + v " R e
(5.3.32)
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Now, using (5.3.28), (5.3.32) and the fact that e > 1 in (5.3.27), we get
||qu||§{*1(]Rin) < CINGLIER + fb)tmetbraR pn o C8Rbr2s o
Cetfpr  Cet (5.3.33)
T=1(k2 + a2)nT_1 2

n—1

Next, we choose 7 € (0,1) and p > 0 appropriately. First, we choose 72 = (k?+a?)” z+n-1,
Then, given that k£, a > 1, we find that

1

7€(0,1) and 7* = —.
k2 +a?) 7

With this choice, we can combine the second and third terms in the right-hand side of

(5.3.33) into
eSRbpn
s(n—1) °

(kQ —|— a2) 2s+n—1

Finally, we choose p = (k? +a?)@#2@+=1 > 1. With these choices, the estimate (5.3.33)
can be rewritten as

1Ge 17+ gy

_ stn=Un___ Ce8hb 3.
< CINEL 2GR + kbt trar (2 4 2y w4 e

(k2 +a2)m+§>@m.

Note that we have derived this estimate under the assumption that if { € KC,, then the
condition |£[* < 3(k? + a?) is satisfied. It is easy to check that with our choice of p, this is

. Using the fact that 3"~ L ajong

indeed true. Let us denote o := ——=s—U 72) s +n=T)

T (n+2)(2s+n—1)
with the fact k£, a > 1, we obtain

C'eSRb
(k%2 + a?)°

CeSRY
(k% 4+ a?)°

1Ge |31 gy < CINE |2 (K2 + Kby et CHOR (2 4 0?)z +

< CINELIP (R + kb)metCH R (1262 4 k2a?)s +

P 12/7.2 4m _4(b+a)R Cedr
g O”N%LH*(]C + k’b) me (b+a) k’CL + m (5335)
P 12/1.2 4m _A(b+a)R (1.2 R Cedr
< CING L2 (K + Kby e TR (k2 4 kb)ef + CEEG
1

_ 8Rb 2 4m—+1 P 112 _5Ra
= Ce (k* + kb) ”Nq,LH*e + (k2 +a2)7 |’
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where the second last line follows from the facts that k& < k2 + kb and a < e’
Next, we choose a > 1 suitably to obtain the stability estimate.

Leta = %. Then the previous estimate becomes

[SIE

1Gell -1 (rmy < Ce™™ | (K + kD)™ N, Ll + ————— (5.3.36)
(K + (5%)°)°

However, we need to ensure that with our choice of a, the condition @ > 1 is satisfied. This

leads to the following condition on ||, [|.. Let

1
|M@ﬂh<5ﬁzg§. (5.3.37)

Then

5R

1 E
Pl —— — = S5R<log(|N5LIF)=FE <= 1< — =ua. 5.3.38
INEL 3R (339

Hence, our choice of a satisfies the required condition.

From (5.3.36), we obtain the estimate

NI

(K% + kb NG L]+

lall g1 < NGell -1 @ny < Ce* e
@ @) T (E))

(5.3.39)

The case when ||\ || > =z easily follows from the following fact:

CM . CM 1
lallz-1@) < Cllall=o < 5762 < = IINGLIIF

2

Y

S C@4Rb (k2+kb)4m+1||A/:][P”L”* +

e
(k2 + (&)°)

where the constant C' depends only on s, n, 2 and M. Thus, the stability estimate (5.2.4)

follows.
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5.4 Appendix

In this appendix, we analyse the properties of the functions g, and ¢g_ used in section 5.3.

Consider the functions g4, g : Bg X R" \ {0} — R defined by

i,
g4 (x,n) = €™ W™z € By, n e R"\ {0},
oy ln'l, "
g_(z,n) = ey e Br neR \ {0}.
In section 5.3, we work with these functions restricted to the smaller domain  x R™\ {0}.

We note that

4
lgs(w,m)| < I < 0, vy € R {0},
and therefore V) € R™ \ {0}, we have
g (ol < llge(omllzesa) < €7,

and .
g (o) oy = ( / g (2, m)[? d:c) < Qe

Also, since % < 1, we have
/
IV g (-, )| Lo (r) < 2|Y|%62|B”“” < 20e? < 2R < MR vp e R™\ {0).

Now, since By is bounded and n 4 2s — 2 < n, we see that, Vi € R™ \ {0},

g+ (x,n) — g+ (y,n)| 19+ (z,n) — g+ (y,n)?
[ ) e e < oy
Br Y Br
< _y|2 P TIN g
||vgi ||LC>O BR n+2s ray
Bgr BR |

1
— Vg ()2 / / S
H gi( n)HL (Br) 5 J i |l’—y|n+2s_2 Y

< Cvai(?n)H%M(BR) < C@SbR.

(Here we work with the larger domain B owing to the fact that By is convex but {2 need

not be. The convexity of By allows us to apply the mean value theorem).
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Therefore, Vi € R™ \ {0}, we have

1
g9+ (z,n) — g<(y,n)|? 2
Hs(Q) = Hgﬂ:( HL2(Q (/ / \x — y|”+25 dxdy

1
< |Q’§62bR + C€4bR < C€4bR,

Hg:i:('777)|

where the constant C' depends only on n, s and (2. Note that the constant C' depends on Bp

as well but By, in turn depends only on (2.

Next, let us consider the function g4 : 2 x R™\ {0} — R defined by

qx(z,m) == q()g+(x,n), v € Q, n € R"\ {0}.
We observe that ¢ (-, ) € H*(2), ¥ € R™\ {0}. To see this, we note that
g (z,m) — g+ (y,n)|?
dxd
// |x g ray
() g+ (2, 1) — g+ (y, n)| 9= (v, n)PPla(x) — q(y)?
=¢ (/ / 7=yl iy o ooy

<C (HQHLOO(Q)eSbR + M2||9i('ﬂ7)||%oo(sz)) < O (M7 4 M2etT)

< Ce®f, v e R™\ {0},

where the constant C' depends only on n, s, M and €). Therefore,
1
_ 2 2
/ / IQi q:l:(y 77)| d.fE'dy S 064bR.
’.Z’ _ |n+25

lg= (s mllz2@) < llallze@llgs(m)llza@) < Ce®™.

Also,

Therefore,

HQ:I:('vn)'

mo) < Ce?l 4 Cet < Ce, vy e R\ {0}

Let (¢+(+,7n)). denote the zero extensions of ¢4 (-, n) from €2 to R”™. Then, Vn € R\ {0},

we have
(g Com):ll2@ny = gz ()l 2 ) < Ce™F,
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and

(g (o m)):llars ey < Cllae (M lms) < Ce™,

where the generic constant C' depends only on n, s, M and ).
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Chapter 6

Inverse Schrodinger and biharmonic prob-
lem with attenuation

In this chapter, following [14], we explore high-frequency stability estimates for the deter-
mination of the zeroth-order perturbation of the Schrodinger and the biharmonic operators
with constant attenuation from the partial Dirichlet-to-Neumann map in domains satisfying
the flatness condition (A). The results are derived under mild regularity assumptions on
the potential and extend the results of [26] and [33] in the presence of attenuation in such

domains.

6.1 Introduction

Let us consider the following boundary-value problems for the Schrodinger equation:

—Au — (K* —ikb)u + qu =0 inQ, 6.1.1)
u = f on 01},
and the perturbed biharmonic operator:
A%y — (K* —ikb)*u + qu =0 inQ,
u = f on 01, (6.1.2)

Au =g on 0f),

posed in a bounded domain 2 C R, n > 3, with a smooth boundary 0f).
Here b > 0 is the constant attenuation and the potential ¢ is real valued and has suitable
Sobolev regularity (to be described in due course). We shall assume that the frequency

k > 1. For (6.1.1), we consider the Dirichlet boundary condition and for (6.1.2), we con-

85



§6.1. Introduction

sider the Navier boundary conditions (see [15]) respectively. The regularities of the bound-
ary conditions will be specified in due course.

The attenuation models arise in the modelling of time harmonic wave phenomenon in acous-
tics (see [27]), particularly while dealing with lossy media. The presence of attenuation
accounts for the dissipation of the acoustic energy.

In this work, we shall assume that the bounded domain €2 satisfies the flatness condition
(A). We also assume that the supports of the boundary data are contained in I := 9Q \ T'y.
The boundary measurements are assumed to be available on I' only, and thus, the flat part
I'y 1s assumed to be inaccessible.

For the Schrodinger case, we shall assume that f & H: (I"). Note that the imaginary part
of (k* — ikb) is non-zero and hence, it is not a part of the spectrum of —A + ¢. Therefore,
there exists a unique solution to (6.1.1) when f € Hz2 ().

The corresponding partial Dirichlet-to-Neumann (D-N) map is defined as

NS . Hi(L) — H72(I') suchthat N5(f):=dul

a r

where v is the unit outer normal vector to 02 and w is the unique solution to (6.1.1) with
boundary data f. The operator norm ||N;’[|, of N is defined accordingly. Note that the
above definition of /\/'qS is not rigorous and it has to be suitably interpreted in a weak sense.
For the biharmonic case, we assume that the boundary data (f, g) € Hz(I') x H2(I'). Since
the imaginary part of (k? — ikb)? is non-zero, it is not a part of the spectrum of A? + ¢ and
therefore, there exists a unique solution to (6.1.2) when (f, g) € Hs () x H: ().

In this case, the partial Dirichlet-to-Neumann (D-N) map is defined as

N

NE . HI(D) x H3(T) — H3(I) x HE(T) suchthat (f,g) — <3,,u

F,(i,(Au)L) ’
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where w is the solution to the problem (6.1.2) with boundary data (f, g).

We define

INE L = sup {INECF 0y + 1059380 = 1}

We have assumed more regularity on the boundary data in the biharmonic case, compared
to that in the Schrodinger case, to make the calculations simpler.

Our aim, in this chapter, is to address the question of stability of the recovery of the
potential ¢ from the knowledge of the partial D-N map and to study the dependence of
the stability estimate on the frequency k. As in [33], we only assume that the potential
qgeL*(Q)NH(Q),0<s< 3.

The study of inverse boundary value problems of this kind has received vigorous atten-
tion following the pioneering work by Calderén on the conductivity equation [6] and the
work by Sylvester and Uhlmann [35] on the conductivity and the Schrédinger equations.
The stability of the recovery of the potential ¢ in the case of the Schrodinger equation was
first considered in [2], wherein logarithmic type stability estimates were obtained for the
case k = 0,b = 0 with measurements available on the full boundary. The optimality of
these logarithmic type estimates was later studied in [34]. In the case of partial boundary
measurements, in the case k£ = 0,b = 0, corresponding to the identification result in [5],
log-log type stability estimates were derived in [16]. For partial boundary measurements
in the case of domains € satisfying the assumption (A) or when the inaccessible part of
the boundary is part of a sphere, the identification result (when £ = 0,b = 0) was proved
in [21], following which the work [17] showed that the optimal stability is of logarithmic
type in this case.

For related works on the question of uniqueness in determination of the potential from the
Dirichlet-to-Neumann map for the biharmonic operator (when £ = 0,b = 0), we refer to

the works [19,28,29,37]. Stability results, for the full boundary measurements, measure-
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ments on more than half the boundary and for domains (.A), were proved in [8, 10] in the
case when k = 0,b = 0.

Given the fact that logarithmic type stability estimates lead to poor results in reconstruc-
tion, the possibility of improving the stability estimate to a Lipschitz type (the increasing
stability phenomenon) in the presence of a frequency k started getting attention in the recent
years. This phenomenon has been termed as the increasing stability phenomenon in the lit-
erature. In particular, the works [9,22,32] derive frequency-dependent stability estimates,
exhibiting improvements in stability in the case of the Schrodinger equation (in the case
b = 0) and the work [33] studies the biharmonic case in domains satisfying the assumption
(A) and derives similar stability estimates.

In the presence of an attenuation coefficient, the work [26] studied the increasing sta-

bility property for full boundary measurements for the Schrodinger equation with constant
attenuation. The results were extended to the case of non-constant attenuation in [23].
For related results in the context of inverse source problems, we would like to refer the
work [24].
The stability of recovery of the potential from the linearized D-N map was recently studied
in [25] for the Schrodinger case with full boundary measurements. This work was fol-
lowed by [39] (for the case b = 0 and the domain satisfying the assumption (.A)) and the
work [31] (which deals with constant attenuation, with the domain satisfying the assump-
tion (A)). For the biharmonic case, the work [38] proved similar estimates in the presence
of constant attenuation from full boundary measurements, and [12] dealt with the case of
constant attenuation in domains satisfying the condition (.A).

In this work, we extend the results for the Schrédinger case in [26] to domains of type
(A) and potentials ¢ satisfying a considerably lower regularity. As in [33], we only assume

that the potentials ¢ € L>(2) N H*(2), 0 < s < 5. Our result for the biharmonic case

N[

extends the results in [33] to the case of constant attenuation. The main difficulty, in this
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direction, was to prove the existence of complex geometric optics (CGO) type solutions
with such low regularity on the potential. The Schauder fixed point argument in [26] didn’t
seem to be directly applicable in this case, due to the lower regularity assumptions. Also,
due to the presence of the attenuation, the approach taken in [33] to prove the existence of
CGO solutions was not directly applicable either. In order to handle this, we used an ap-
proach similar to [26] but used Browder fixed point theorem instead to prove the existence
of CGO type distributional solutions in a suitably large open ball containing 2. The re-
quired regularity of the solutions could then be inferred from the interior elliptic regularity
estimates.

The plan of the chapter is as follows. In Section 6.2, we discuss our main results on the
stability estimates. In Section 6.3, some preliminary results are discussed. The construction
of appropriate complex geometric optics (CGO) type solutions are discussed in Section 6.4.
The stability results for the Schrodinger case and the biharmonic case are derived in Sections
6.5 and 6.6 respectively. In appendix I, we recall some results from [31] that are used in
this chapter and in appendix II, we discuss some results related to the construction of CGO

type solutions for the biharmonic case.

6.2 Main result and related remarks

In this section, we describe our main results for the Schrodinger equation and the perturbed

biharmonic operator.

6.2.1 The Schrodinger case

Let us denote £ := |log(||NV; — N3 |l.)|. Then we have the following stability result for

the recovery of the potential from the D-N map in the Schrodinger case.

Theorem 6.2.1. Let §2 be a bounded domain in R"™,n > 3 satisfying the assumption (A)

89



§6.2. Main result and related remarks

described above and Q0 CC B(0, R) for some R > 1. Let b be a positive constant and

suppose that the frequency k > 1. Further, suppose that the potentials ¢, qo € L>(2) N
H*(2), 0 < s < 1 be such that

;]| ooy + gl =@y < M, j=1,2,

for some M > 0. Then there exists a constant C > 0, depending only on n, s, () and M

such that

=

lgr — qall sy < Ce™™ | (B + Eb)ING — Nl + o (62.1)

(k2 + (£)°)

where o = —230=0___

1
 (n+2)(2s+n—1) 2

Remark 6.2.2. Using a standard interpolation argument (see [12]) we can estimate the L?

norm of ¢; — ¢» from the H~! estimate above. Also, in case the potentials have more

regularity, we can use (6.2.1) and interpolation argument to derive the stability estimates.

Remark 6.2.3. The fact that (6.2.1) implies improvement in stability with an appropriate

choice of the frequency k can be observed as in [12].

6.2.2 The Biharmonic case

Let us denote £ := |[log(|N.” — NZ|.)|. Then, in the biharmonic case, we have the

following stability result for the recovery of the potential from the D-N map.

Theorem 6.2.4. Let §) be a bounded domain in R",n > 3 satisfying the assumption (A)
described above and Q0 CC B(0, R) for some R > 1. Let b be a positive constant and

suppose that the frequency k > 1. Further, suppose that the potentials q,,qo € L>(2) N
H*(Q), 0 < s < 1 be such that

g5l Loe ) + g5l o) < M, j=1,2,
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for some M > 0. Then there exists a constant C > 0, depending only on n, s, ) and M

such that

NI

_
(2 + ()]

I — @llr-10) < Ce™ | e“FINED — NE|. + (6.2.2)

where o = ( 2s(n=1)

1
n+2)(2s+n—1) 2

Remark 6.2.5. The stability estimate (6.2.2) is weaker than in (6.2.1) due the presence of
the exponential factor in k. Though this estimate is consistent with the stability estimate
n [33], but for the linearized case, it was observed in [12] that a polynomial factor in the
frequency £ appears. This difference arises in the construction of the CGO solutions as we
shall observe shortly (see Remark 6.4.3). A refined construction will possibly help improve

this to a polynomial factor.

6.3 Some preliminary results

In this section, we discuss some results that will be used in the construction of the CGO
type solutions and the derivations of the stability estimates. We start with the following
observations regarding suitable integral identities for the Schrodinger and the biharmonic
operator.

Forj = 1,2, letu; € H'(£2) denote the solutions to the boundary value problems

(6.3.1)

—AU]‘ — (/{2 —zkb)u] + q]'Uj =0 in Q,
u; = f on 012,

for potentials ¢; as in Theorem 6.2.1 and f € H %(F). Then, u := u; — usy is the unique

solution to the problem

(6.3.2)

—Au — (K> —ikb)u + qu = —(q1 — g2)uzy InQ,
u =0 on Jf).
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Letv € H'(Q) be such that

—Av — (k> +ikb)v + ¢v =0 in, (6.3.3)
v = O on FO

Then, from (6.3.2) and Green’s formula, proceeding similarly as in [2], we have the follow-

ing integral identity.
Lemma 6.3.1. Let u,v € H'(Q) be as described above (see (6.3.2) and (6.3.3)). Then

/(Ch — @2)usl dx = /@Vu v dS. (6.3.4)
Q r
]

Similarly, as in the case of the Schrodinger equation, for j = 1,2, let u; € H*(Q)

denote the solutions to the boundary value problems
A2Uj — (k’2 — Zk’b)ZUJ + qju; = 0 in Q,
U = f on 01,
Au; = g on 012,

where the potentials g; are as described in Theorem 6.2.4 and (f, g) € H:(T) x H2(T).

Then, u := u; — us is the unique solution to the boundary value problem

A?u — (k* —ikb)*u + qru = —(q1 — q@2)uz inQ,
U =0 on 09, (6.3.5)
Au =0 on 0f).

Letv € H*(Q) be such that

A%y — (k* 4 ikb)*v + v =0 in,
v =0 onl, (6.3.6)
Av =0 onl.

Then, from (6.3.5) and Green’s formula, we have the following integral identity (that can

be proved using arguments similar to that in [8]).

Lemma 6.3.2. Let u,v € H*(Q) be as described above (see (6.3.5) and (6.3.6)). Then
/(q2 — q1)ugU dx = /8V (Au)v dS + / o, u (M) ds. (6.3.7)
) r r
]
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6.4 Construction of CGO type solutions

6.4.1 The Schrodinger case

In this section, we construct appropriate CGO solutions to the problems

—Auy — (K* —ikb)uz + qus =0 inQ, (6.4.1)
Us =0 onI,
and
—Av — (K> +ikb)v + v =0 inQ, (6.4.2)
v = 0 on FO,

for g; € L>(Q) N H*(Q), 0 < s < 5 with [|g;||zo@) + g5l me0) < M, j =1,2.

In this direction, following [21] (see also [8]), we introduce the following change of
coordinates.

Leté = (¢,&,) €R" (n > 3)with = (&,...,& 1) #0inR™ L, Let {ey, €9, ...,€,}

be an orthonormal basis of R" satisfying the following conditions:

¢ 0 ‘
elz(E,O , en=1(0,...,0,1) and e; € R" (withe;,, =0) forj=2,...,n— L.

Note that, with respect to this basis, the coordinate representation for £ is

fe = (|€,’707 R 075”)@ :

Next, we choose unit vectors «, 3 in R such that {£, «, 5} forms an orthogonal set and the

coordinate representation for § and « with respect to {ey, eo, ..., ¢, } are

‘. |5'|>
P d a,=(0,1,0,...,0)..
A (m g), M=l )

Also, we have

Op = Qe n, /Bn = /Be,na a - 6 = Q¢ * 65-
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Now, for £ > 1and a > 1, let us denote the principal square root of the complex number

<k2 +a? — % - ikb) by A + iB. We shall further assume that
€17 < 3(k* +a?),

which guaranties that A > 0 (see [31]). We shall, henceforth, refer to this condition as the
condition (Y).

Note that the relations A% — B? = k? +a? — % and 2AB = —kb follow by squaring A +iB

and comparing the square with (/{:2 +a? — % — z'kb) :

Next, we choose n; € C", j = 1,2, as follows:

m = g — AB + (B + aa),
¢ (6.4.3)
Mo = 5 ApB —i(BS + ax).
Then, 7o — 71 = —&, m - m = k* + ikb, 02 - o = k* — ik, and
2 |€|2 2 2 2 .
mj1 :T+A + B +4a” forj=1,2, (6.4.4)

1
2 3
where A% + B? = <<k2 +a? — %) + k:2b2) . Also, we have the following estimates

(see Appendix I, also [31]):
;> < 2((K* + kb)? + a)?, |B| <b and [Im(n;)> < (b+a)? forj=1,2. (64.5)

Note that the condition (Y") is used to bound B in the calculation.

Let us denote € := Q U Q*, where Q" := {(2/,z,) € R" : (¢/, —x,) € Q} is the reflection
of Q by {x,, = 0}. Let ¢. ; denote the extension of ¢; to R™ by zero. Since s < 3 (see [1]),
we have ¢, ; € H*(R").

Next, let g, ; denote the reflection of ¢, ; by the plane z,, = 0, that is,

Grej (@ 20) = q. (2, —2,) for (2 x,) € R™
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Then, owing to the fact that ¢, ; € H*(R"), we see that ¢,.; € H*(R"). Also,

@25l s ny < Cllgsllzrs@) S CM and || Grejl|l s mny < Cll gzl s @ny < CM;

1@z,5ll Lo @ny = llajllLoei) < M and  [|grel| @) = l|¢z5ll oo @ny < M.
Note that the constant C' appears due to the boundedness of the extension and the reflection
operators (see [1]).

Now, let ¢. ; := q.; + qre,j. Then q.; € H*(R") and

Ge,ll s @ny < MGz jllms@ny + | Gre,jll s @y < CM

and || Ge,j

ro®n) < |zl @n) + 1 gre,jllzoo@ny < CM.

Let us denote the restriction of ¢, ; to the domain Q by g.,;, and note that

Q‘(ﬂf/,l’n> lf (x/axn> € Q7
Qe j(2) = ’ , e §
qj(z', —x,) if (2, 2,) € Q.

This restriction ¢, ; also belongs to H°(2) for s < %
Let R > 1 be such that Q CC By := B(0, R), hence q. |, € H*(Bg) for s < % Now,
observe that

1ge,ill oo @) < Mo NGejllzoesr) < NGejllLoe@ny < CM,

1Ge.ll i@y < NGejll s @ny < CM, (6.4.6)

1Ge jll 1= (Br) < l1Gejll sy < CM.
Let us denote ¢ := ¢1 — @2, G- '= 2,1 — @22, Ge = Ge1 — Ge,2 A0A G := Ge,1 — Qe 2. Then we
have,

lgll o) < OM, [lg:[| oo ny < OM, lge]| oo @) < CM, [ dellzoosr) < CM,

(6.4.7)
lallmrs) < OM, ||g:|[s@ny < OM, |gell o) < OM, [|@ell = (5r) < CM,
where C' > 0 is a generic constant.
Next, we consider the problems
—A/’L\L/g — (k2 — zkb)’flg + (};’2’1’22 =0 in BR, (648)
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and
—AD — (K* 4+ ikb)0 + .10 = 0 in Bp, (6.4.9)
and construct CGO solutions of (6.4.8) and (6.4.9) of the form
Uy(z) = e™*(1 +7y(x)) and v(z) = ™" (1471 (x)) (6.4.10)

respectively. To do so, we first observe that u, and v as in (6.4.10) are distributional so-
lutions to (6.4.8) and (6.4.9) respectively if and only if for j = 1,2, ; is a distributional

solution of
—Ar; —2in; - Vr; = —¢.;(1+7;) in Bg. (6.4.11)
Consider the linear differential operator
P, =-A—-2in; -V,
and the corresponding symbol
Pi€) =€ +2m;- &, € eR™

Then (see [26])

2 3

() zanp = (o (0 ) ) v
(6.4.12)

>4(@+k2+a2—@> _4(/€2+a2)>4

o 4 4 = .

Then, by Theorem 2.3.2, there is a bounded linear operator E; on L?(Bp) such that
P,E;f = f, forall f € L*(Bg), (6.4.13)

and for any linear partial differential operator () with constant coefficients, we have

Q")

Py(&7)
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1QE; 9l L2 () < Co sup 191l 22(8r)» 9 € L*(Br). (6.4.14)
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Here the positive constant C; depends only on n, Br and the order of P; (which is two
here).

The following lemma, whose proof is an application of the Browder fixed-point theorem,

gives us the existence of CGO type solutions to (6.4.8) and (6.4.9).
Lemma 6.4.1. Let a > 1 be such that
CoM < (K + d?)2. (6.4.15)
Then, the functions
Uy(7) = ™% (1 +7o(x)) and V(x) = ™" (147 (7)), (6.4.16)

are distributional solutions to (6.4.8) and (6.4.9) respectively with

CoM |Bg|

. j=12 6.4.17
2+ a?) J ( )

WI= o

175l 2(Br) <

Proof. Note that, using (6.4.13), we can reformulate the problem of existence of a distribu-

tional solution of (6.4.11) into the following fixed-point problem:

T = Ej(_ae,j(l + ﬁ)) on BR. (6418)

We shall now use the Browder fixed-point theorem to prove the existence of a fixed point

of (6.4.18). In this direction, we define the operator
Fy: L*(Br) = L*(Bg) by h = Ej(=G.;(1+h)).

We recall that L?(Bg) is a uniformly convex Banach space.
Next, we will show that '} is non-expansive on a suitable nonempty convex closed bounded

subset G. Applying (6.4.14) with Q = 1, we observe that for all g € L*(Bg),

Co
159l z2(8r) < mHQHL?(BR) = 0ll9llz2(g), Where & :=

Y
2(k? + a2)z
(6.4.19)
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§6.4. Construction of CGO type solutions

Let hy, hy € L?(Bg). Then using the previous estimate, we have

| F5(hy) = Fi(ho)|l 2By = | Ej(=Ge,j (1 + h1)) — Ej(—=Ge (1 + h2))ll22(Bg)
= | Ej(—Gei (1 + 1) + Gej (1 + h2)) || 22(8R)
= | Ej(—Ge,j(h1 — h2))ll22(Br)

< O\ qe,j(hy — ho) ||l 28Ry < OM||hy — Ral|L2(BR)-

Now, we choose G := B(0, po) = {h € L2(Bg) : ||h|| < po}, where py := 2|Bg|26M.
Then, for every h € GG, we have
15 (M) |23y < SMI| (14 B) [l22(5,) < |Br|20M + 5M ||| 125,
< |Bg|26M + 6Mp,
Po CoM

<24

—Po0 < po,
2 2 (k2 +a2)%

where we have used (6.4.15) to get the last inequality. Hence, F; maps G into itself.

Further, using (6.4.15), we see that for any hy, hy € G,
1
[ F5(h1) = Fj(ho)|lr2(Br) < OM|[h1 — hollr2(Br) < §||h1 — hallr2(Br) < ([ — hallL2(By).

and thus, F};| is non-expansive. Hence, by Browder fixed-point theorem (note that G is a

nonempty convex closed bounded subset), the map
Fi:G—=G

has a fixed point, which we call 7;. As discussed before, 7; is a distributional solution of
(6.4.11).
Now, from the fact that 7; € G, we have the bound

CoM|Bg|?

Il < = Gt
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§6.4. Construction of CGO type solutions

Remark 6.4.2. From (6.4.17), using (6.4.15), we also observe that

M|Bg|z ,
M < |Bg|>. (6.4.20)

T; <
H ]HL2(BR) — (k2+a2)§

Using the CGO solutions (6.4.10), following the reflection technique in [21], we now
define the following CGO type solutions:
Uy (2, 2y) = e @) (1 4 75 (2! ) — €@ m20)(1 4 75 (2, — ),

v(a', x,) = M @) (1 4 7 (2! 1)) — €M) (147 (2, ), (2, 20) € Q.
(6.4.21)

It is easy to check that uy and v are distributional solutions to the problems (6.4.1) and

(6.4.2) respectively. Now, let us denote

rji=T5lq and r}(2),x,) =752, —xy), (27, 2,) € Q.

Observe that,

I7illze) < I75lle2Br) and |7}l 22 < (175l 22(8R)-

Using (6.4.17) and (6.4.20), we get the bounds

CoM|Bg| CoM|Bg|

(k2 + a2)2 (k2 + a?)
1 * 1

I75lle2) < [Brl> and [|7[l12) < [Bgl?.

[oN

an )

WI= | o

751l 22y < I75]22(0) <

(6.4.22)

We shall use both these estimates in the calculations that follow.

Next, we recall from (6.4.8) and (6.4.9) that w5 and v satisfy the PDEs
Puy, = f; and Pv = fy in By, respectively,
where

P=—A and fi = (k*—ikb)us — Geoliz, fo = (k* + ikb)V — G.10.
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§6.4. Construction of CGO type solutions

Therefore, using the interior regularity for elliptic operators (see Theorem 2.3.3) in By, we

can conclude that
[l oy < Cllfillrzy + Clltal 2y and [[0]] oy < Cll follz20r) + Cll0l[ 220y,

for any V' such that QccVccB r. Using the above estimates with the fact that

| ey < |- |l g2y We obtain
(©) ()

[l @) = Cllfillzzsa + Clltallz sy and ([0l g g < Cllfollzzsr + Cllolz g

(6.4.23)
Now, we will bound the terms || f1[|22(5,) and || f2| 2(8,) by [|U2||r2(B,) and ||7]|12(8,)
respectively.

For f;, we have

1fill 2y < N1 — ikb)is|| 2 (5,) + |1Ge2tial| L2(51)
< |k? — kb |l 2By + NGe2ll LB U2l L2(5r)
< (k* + K26%)2 [ @allc2(mpy + M sl 25y (6.4.24)
< (K + K202 [ 2y + (K + K26)2 M 2] 123,

< (14 M)(K* + kb) ||zl 255,
where we have also used the inequality (a2 + b2)2 < a + b, a,b > 0.
Similarly, using the fact that |k* — ikb| = |k* + ikb| for f,, we have

1f2llz2(Br) < C(k* + kb)[[2]| 28, (6.4.25)

for some constant C' that depends on M and ().
Also, from the above discussion, note that us; and v defined in (6.4.21) are elements of

H2(9).
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6.4.2 The Biharmonic case

Next, we describe the construction of appropriate CGO type solutions to the problems

AQUQ — (k‘Q — Zkb)QUQ + Qaue = 0 in Q,
Us —0 on T, (6.4.26)
Auy =0 on I,

and

A%y — (k* 4+ ikb)*v + v =0 inQ,
v =0 onl, (6.4.27)
Av =0 onl,

for g; € L>(Q) N H*(Q), 0 < s < 5 with ||¢;|| () + gl a0y < M, j =1,2.

We use the same change of coordinates and define 7; by (6.4.3), as in the case of the
Schrodinger equation. Also, we extend the potentials ¢; to R™ as described in the Schrodinger
case and denote this extension by ¢. ;. Hence, the estimates (6.4.6) and (6.4.7) hold true.

Next, we consider the problems
A%ty — (K* — ikb)*Ty + Guoliy = 0 in Bg, (6.4.28)
and
A*D — (K* 4 ikb)*0 + §.10 = 0 in Bp, (6.4.29)
and construct CGO solutions of (6.4.28) and (6.4.29) of the form
Uy(z) = €™*(1+75(z)) and v(x) = ™ *(1 47 (2)) (6.4.30)

respectively. We note that (see Appendix II) %5 and © are distributional solutions to (6.4.28)

and (6.4.29) respectively if and only if for j = 1, 2, r; is a distributional solution of
(A +2in; - V)* = 2(n; - m;) (A + 2, - V)] 7 = —Go;(1 +7;) in Bg. (6.4.31)
Now, we consider the linear differential operator
Py = (A +2in; - V)* = 2(n; - m) (A + 2, - V)
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§6.4. Construction of CGO type solutions

and the corresponding symbol
Pi(€") = (1€ +20n; - €))" + 20m; - my) (1€ + 2015 €7)) , € € R™
Then, as discussed in Appendix II, we see that
Py(") = 2|Im ()] > 2a > 1. (6.4.32)
Therefore, by Theorem 2.3.2, there is a bounded linear operator E; on L*(Bp) such that
P,E;f = f, forall f € L*(Bg),
and for any linear partial differential operator () with constant coefficients, we have
Q)

Py(&7)

where the positive constant Cj depends only on n, Br and the order of P; (which is four

|QE;9llr2(8r) < Co sup 91l z2(8r), 9 € L*(Br), (6.4.33)

é* E]Rn

here).
Remark 6.4.3. We note that in contrast to the estimate for the symbol in (6.4.12), we have a
weaker estimate in (6.4.32) with 7); replaced by Im (7;). This weaker estimate, ultimately,
leads to the exponential factor in & appearing in (6.2.2) instead of the polynomial factor that
appears in (6.2.1).

Using the Browder fixed-point theorem, we can now prove the existence of CGO type

solutions to (6.4.28) and (6.4.29), as in the Schrodinger case.
Lemma 6.4.4. Let a > 1 be such that
CoM < a. (6.4.34)
Then, the functions
Uy(z) = e™*(1 +7o(x)) and (x) =™ *(1 + 7 (7)),
are distributional solutions to (6.4.28) and (6.4.29) respectively with
CoM|Bg|?

H?J'HLZ(BR) S Ta j = 172 (6435)
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Proof. As in the Schrodinger case, we reformulate the problem of existence of a distribu-

tional solution of (6.4.31) into the fixed-point problem
7 = Ej(=qe;(1+75)) on Bg, (6.4.36)

and use the Browder fixed-point theorem to prove the existence of a fixed point of (6.4.36).

To do so, we define the operator
Fj: L*(Bg) — L*(Bg) by h Ej(=G.;(1+h)),

and show that F; is non-expansive on a suitable nonempty convex closed bounded subset

G. Applying (6.4.33) with Q = 1, we observe that for all g € L?(Bg),

Co

Co
1 E;9llc2(8r) < 2—aHg||L2(BR) = 0lgllr2(Br), whered := o0

Let hy, ho € L?(Bg). Then using the previous estimate, we have

1£5(h1) = E(ho)ll z2(8a) = [1Ej(=Ge (1 + M) = Ej(=Ge,(1 + h2))ll2(8x)

<0 Gej(h1 — ho)llz2(Br) < OM Py — ha|lL2(Bg)-

Now, we choose G := B(0,po) = {h € L*(Bg) : ||hll < po}, where py =
2|BR|%5M. Then, for every h € GG, we have
IEy ()| c2(mry < OM| (1 + B) |25y < [Br|26M + M |[h| 25y,
< | Br|20M + 6Mpy
po  CoM

< =
_2+ 2a

Po S Po,

where we have used (6.4.34) to get the last inequality. Hence, F; maps G into itself.

Further, using (6.4.34), we observe that for any hq, hy € G,

1
[ (h1) — Fj(ha)|lL2sry < OM|[hy — hall2(Bg) < éth — hallz2Br) < 1M1 — hallz2(BR),
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and thus, F}|¢ is non-expansive. Hence, by Browder fixed-point theorem, the map
F;:G—=G

has a fixed point, which we call 7;. Now, from the fact that 7; € G, we have the bound

~ CoM|Bg|2
175l 28Ry < po = —————.
a
]
Remark 6.4.5. From (6.4.35), using (6.4.34), we also observe that
. CoM|Bg|2 A
1751 22(Br) < % < |Bglz. (6.4.37)

Using the CGO solutions (6.4.30), we now define the following CGO type solutions:
Uy (2, ) = €@ (1 4 T2 ) — ™ @) (1 4 7 (2, — 1)),

v(a!, z,) = M@ (1 4 7 () 1,)) — €M) (147 (2f, ), (2, 20) € Q.
(6.4.38)

It is easy to check that uy and v are distributional solutions to the problems (6.4.26) and

(6.4.27) respectively. Now, we define

rji=Tjlq and 32, x,) =752, —an), (2, 1,) € Q,

and, as in the Schrodinger case, observe that
CoM|Bg|?

and r; 2@ <

CoM|Bg|2
1751l z2(0) < — .

1 1
I7jll2) < |Brl> and |[rjl[L20) < |Bg[>.

Next, we recall from (6.4.28) and (6.4.29) that u, and v satisfy the PDEs
Pu, = f; and Pv = fy in By, respectively,
where
P=A? and f; = (k* —ikb)* Uy — Geolia, fo = (k* + ikb)*V — G..10.
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Then, using the interior regularity for elliptic operators (see Theorem 2.3.3) in Br, we can

conclude that
[l oy < Cllfillezvy + Clltal 2y and [[0]] oy < Cll follz2vr) + Cll0l 22y,
for any V' such that QccVccB r. From the above estimates, we obtain

[l oy < Cllfillezsr) + Clltal 2y and [[0] ga@) < Cllfallz2sa) + Cllvl 25y

(6.4.39)
Now, for f; and fs, as in the Schrodinger case, we have the bounds
1 fillz2 () < C(K* + kb)* [Tl L2 (55), (6.4.40)
and
I follr2ar) < C(K + k)20l 128y (6.4.41)

for some constant C' that depends on M and ().
Also, from the above discussion, we note that u, and v defined in (6.4.38) are elements of

HY(Q).
6.5 Stability estimate for the Schrodinger case

Proof of theorem 6.2.1

Letu; € H'(2) be a solution to the problem

—Aul — (k2 —zkb)u1 + qiuy = 0 in Q,
U1 = Ug ON 39,

where u; is as defined in (6.4.21). Then u := u; — uy € H* () satisfies

—Au — (K* —ikb)u + qru = —(q1 — @2)uy In Q,
u =0 on 0.
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Using the function u defined above and v as defined in (6.4.21) in the integral identity

(6.3.4), we get

/ quat dx = /ayu vdS = /(N;; — N2)(f) v dS, (6.5.1)
Q r r

where u; = uy = f on I' and the last equality follows from the definition of the Dirichlet-
to-Neumann map N, qS . Now, taking the absolute value of both sides and using the trace

theorem, we obtain:

(IUQ'U dz ‘/ (f)vdS
< IV, NS)( )HH*f F)HUH )
< anS S0 0 013 (632)
< CING = Nzl 3 o 10l @)
< CIINE = NSl @ vl g

Now, observe that
[uall (o) < 2||U2||H1(Q) and ||v][g1 o) < 2||U||H1(Q :

Combining these estimates with those in (6.4.23), (6.4.24), (6.4.25) and the fact that £ > 1,

we get
ua |l g1y < C(k* + kb)||ws| 2By and  [|v|| g < C(k* + kb)||V] 22(Bry-  (6.5.3)

Next, we estimate the bounds for ||| 12(,,) using the bounds in (6.4.5) and (6.4.20) as

follows:

~ ~ mo-x ~ 2 m x ~
HUQH%Q(BR):/ |U2|2dl':/ |€772 (1—|—T‘2($))‘ dIS/ 2[tm (n2)]] ||1+T2(I)|2d$
Br Bgr Br
§262(b+a)R/ (1+|772|2>dx:262(b+a)R<|BR|+H?QH%Q(BR))
Br
< 262(b+a)R(|BR| + |BR|) < CGQ(IH_G)R.
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Similarly, for ||v]| ;2(p,), we have
o172 () < C*OHOR
The estimates above, when combined with those in (6.5.3), lead to
Jus () < C(K* + kb)e®F and ||v| gy < C(k* + kb)eToE
Consequently, the estimate (6.5.2) becomes

quat dz| < CINE = NS || (K> + kb)?e TR, (6.5.4)

Next, by substituting the CGO type solutions w5y and v defined in (6.4.21) into the left-hand

side of the integral identity (6.5.1), we get

/‘1“277 dr = / g (™7 (14 1) — ™ (14713))
Q 9)
(7 (L4 77) — ¢ (1477)) da
= /Q ¢ (€T (L4 o) (14 77) + B (14 43) (14 7)) dr
- / g (TN o) (14 7]) + 12 (1 ) (14 77) ) d
Q
— / q( 1(772 771)93 + e (772 771 )dl’ _ / q (ei[nzm—nil.x ] + e [ 2-x* =11+ x]) dl'
@ Q
+/qg(x,7'1,7”2,7“f,r;)dx7
Q
where z* := (2, —z,,) and
g(l.a 1,72, ,r)lk? T;) = ei(ﬂ2—7771)~x(,,,2 +71+ r2ﬁ> + ei(m—ﬁ)-x* (T; + T_ik + ’I";T’_T)

) . —_7 - * Y Y ) . *_7. — —_—
— 61[772 T—ni-x ](?“2 + TT + TQTT) _ 61[772 ¥ =1 x](T; + 7+ 7”;7’1)

= Wy + Wo + W3 + Wy.
(6.5.5)
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Now, we will calculate the terms 7y - © — 7y - x* and 1y - 2* — 71 - « for x € €.

For the first term, we obtain

M2 T —1Th -
= (-5 - A B8 + 0~ — 48, — (5, +a0) ) - ()

— (5/ AB" —i(BB" + ad), 5" — AB, — (BB, + aan)) (2, —xy)

= (=&, —2AB, — 2iBS, — 2iax,) - (x ,Tn)

( ¢, —2(A+iB) |§/|> (2 xp) (since B = 1€ and o, = 0)

N €]
_ €'l
=—¢ -z, where&, = (¢, 2(A+iB)— €
(6.5.6)
Similarly, for the second term, we have
€]

N -x*—m-x=—-& -z, whereé = (& —2(A+iB)— €] (6.5.7)

These two terms, along with 7, — 77y = —¢&, gives
/ quoT dr = / q (e + e ) do — / q (e e ") dr
@ @ @ (6.5.8)

+ / qg(l’, 1,72, TL T;)d$
Q

Next, we will calculate the first two terms on the right-hand side of the above equation in
terms of the Fourier transform.

For the first term, we have

/ q(e* " +e ) dr = / q(z', z,)e " dx + / q(z', —x,)e " dx
Q Q .
N /~qe<w>e"’“dﬁf - / Qo(w)e™ dw = FI7)(€).
(9] n

= (g vim) - \(5 M'é\‘) <0 2 F&ID

g glm

Note that
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5545”“+EEU\G*MED @—wEW

£ gln

and

Im (£.)] = 2| B| H < 2. (6.5.9)

Using the lower bound for A (see Appendix I), we see that

12 2 12 12
e =l el > pepea (e - L) T age vy EL 50

Also,

Q Q Q

and

| o e
Jatwe s do = [ g ze @ do = [ gl e g
Q Q Q

As in the previous chapter, consider the functions g, ,g_ : Q@ x R™ \ {0} — R defined by

In']|
g () =70 w € Q, e R\ {0},
In'|
g-(z,n) = e PW™, z e Q, neR"\ {0},
We note that Vip € R™ \ {0}, g+(-, 1), g—(-,n) € H*(2) N L>(2) (see Appendix 5.4) and

g+ Com ) < Ce®, lga(mllpe ) < €5,

lg— ()]

where the bounds are independent of 7.

o) < Ce g (o m) [l (o) < €,

The choice of the special coordinates (discussed in Section 6.4) helps us in getting rid of the
parameter a from the imaginary parts of ... Otherwise, we would have the above bounds
multiplied by a term of the form ¢“?, which would have significantly hampered the decay

estimates that we obtain below.
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Next, as in the previous chapter, we consider the functions ¢4 : 2 x R" \ {0} — R defined
by
g (2,n) = q()g=(z,n), v € Q, n e R"\ {0},
Then, as observed in Appendix 5.4, ¢ (-, ) € H*(Q2), ¥n € R™\ {0} and
law(om) =) < Ce®™, ¥ e R™\ {0}

Let (g4 (-,n)). denote the zero extensions of ¢, (-,n) from €2 to R". Then

(o) < Ce'. (6.5.11)

(g 1))l sy < Cllga -5 m)]

By Lemma 2.3.4, there exists a constant C' > (0 and for any NV € N, there exists a constant

Cy > O such that Vp € R™ and 7 € (0, 1), we have

C
Flge (o)) < ——— (e (m): ey + CT (e (-, m)) i @n)-
(1+7lpl)
(6.5.12)
Using (6.5.11) in (6.5.12), we observe that Vi € R" \ {0} and Vp € R",
Ce'ft 4bR_s
[ Fl(g=(sm)Ap)] € ———5 + Ce™ 7 (6.5.13)
(1+7lpl)

Note that the constant C' depends only on N, s, €2 and M.

The second term in (6.5.8) can be written as

/Q q (e e ) do = / (g4 ©)s(@)e " "o + / (4-(-))=(w)e ™ “da

n

= F (g (€)1 (€57) + Fl(a-(,):] (62°).

Therefore, from (6.5.8), we have

/ qua¥ dx
Q

[ Flael(é)] < + 17 [(g4( €)= (€5 + 1 F [(a- (-, €)):] (€29

(6.5.14)
+

/ qg(x, 1, T2, TT? T;)dl’
Q

Next, we will calculate the bounds for the last three terms on the right-hand side of the

above estimate, as we already have the bound for the first term above from (6.5.4).
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For the second and third terms of the right-hand side of the estimate (6.5.14), using (6.5.13)

with = £ and p = €8¢, we obtain

Ce4bR
F SO (ER) < 2 1 OB,
0 1€ € e+ O

Now, using (6.5.10), we see that

C 64bR

|*F[<Q:t(7§)>z]( ie)l <

~ + Cetlirs,
(1 + 27 (k2 + a%é%)

where the constant C' depends only on V, s, €2 and M.

For the last term of the right-hand side of the estimate (6.5.14), using (6.5.5), (6.5.6),
(6.5.7), (6.5.9) and the relation 7, — 1y = —&, we have

|G (z, 71,79, 77,73)| < Jwi| + |we| + |ws| + |wal, (6.5.15)

where
| < ‘G_iér’ ro + 71 + rort| < o] 4 |r1| + |ro|[r1],

Jwa| < €77 |rg 7] + r3rf] < [rs] + [ril + I3l ],

| - (6.5.16)
ws] < [e7 | ry + 1] + rary| < e (|ra| + |r5] + |r2||r5)),

wal < [e7 ] |ry + 71+ r37] < (3] + [ra] + |r3][ro).
Integrating both sides in (6.5.16) and applying the Cauchy-Schwarz inequality along with

the bounds from (6.4.22), we get

1 CoM|Bgl? \ CyM|Bg|2 1 CoM|Bg|?
/|wj Vdz < Q]2 0 | R| |Q|§%+|BR| M

(k2 + a?) (k* + a?)2 (k* +a?)2
1OOM|BR|% _ 3OOM|BR|

< 3|Bg|2 - forj =1,2,
(7 +a)T (Rt )}
M|B
and / |wj(z)|de < e 2Rb300—’R| for j = 3,4.
Q (k2 + a2)2
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Thus, using the fact that e?*% > 1, the last term of the right-hand side of (6.5.14) becomes

/ qg<$v 1,72, rTa T;)dflf
Q

< / 011G, 770,77 75 e
Q

< llall o / (lwn] + [ws] + fws] + [wa])de
Q

6ZRb

21y 3CoM | Bg|
(k2 + a2)2’

< 4M 1
(k% 4+ a?)2

(&

where the constant C' depends only on C, M and 2 (note that the constant C' depends on
Bpg as well but Bp, in turn depends on {2 only).

Consequently, by applying these bounds to estimate (6.5.14) along with the bound in (6.5.4),

we obtain
C€4bR
. S S b+a)R
| Fl3.](9)] < CH/\/’q1 —Nq2H*(lf2 _|_kb)2@2( +ta)R o N
(1+ 27k + 22 ) (6.5.17)
+ Oe4bRTS + Ce—m}
(k2 + a?)3’

for 0 < [¢]* < 3(k* + o) with |¢| > 0,5 € (0,3), 7 € (0,1) and N € N. Here the
constant C' depends only on 'y (which depends only on n and €2), M, s and §2.

Next, we estimate the /! norm of ¢, using (6.5.17). First, for p > 1, we define
Kp={(,&) €R" : 0 <[] <pand [§a] < p}.

Then, for £ € K, using the estimate (6.5.17), we have
C €4bR

| Flge)(§)] < C’||J\/:£ —j\/’qSQ”*(kZ + kb)2e2CaR | : N
(1+ 502+ a2)be)

C€2Rb

F O
(k% +a?)2

Y

since [£] < (p* + p2)% =/2p < 2p.
Now, we can express the H ! norm of ¢, as follows:

- Fla)©)? Flg)©))
il = [ DG [ &L sy

P
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§6.5. Stability estimate for the Schréodinger case

By applying Parseval’s identity, the second integral above can be estimated as follows:

| Flg) ()] | Flae)(6)]? | Flae)(6)]?
M8l 'S g I 4eRS)T 1481
/Rn\zc 1+ [ = Rk, €7 = én\fcp o (6.5.19)
H]:[Qe]”LZ(Rn) C
< T < Pk

where C' depends on M and €. For the first integral in (6.5.18), we have

| Fg.](£) /
d Flqe d
;cpl+|€|2£ I Flg](©)] dé
C€2Rb
:/ CHNqSl‘_Nqi||*(k2+kb)262(b+a)1%+—1
Ko (k:2—|—a2)§
2
4bR
+ CePire 4 ce | de
(1+ 52+ a)len)

S S112(7.2 4 _A(b+a)R Ce'f
< CINS — NE2(? + k)t /d G /d
< CIWG ~ NI + ko)'e [ de) s | )
+ CGSbRTZS (/ df) + C@SbR/ d£ ~
K S (12 (k2 + a2)2(¢))

(6.5.20)

We next estimate the integrals in the above estimate. For the first integral, we note that

p p pn—l
/ d¢ :/ / de'de, = 2,0/ / - - g < Cp™.
Ky —p JIe'l<p 0o Jii=1 n—1Jjg=1

(6.5.21)

2N N
Now, using the fact that (1 + %(k’2 + a2)%|§’|) > (1 + %(kQ + a2)%|§’|) for N € N,

the second integral can be estimated as follows:

de dg
/’C” (14202 + a)ile)” ) /’“ (14202 +aniiel)”
_ /p/ dg'dg,
—p JIgI<p (1 + L(k? + a2)5|€’|>N
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§6.5. Stability estimate for the Schrédinger case

r"=2d0dr
_ 20 =
et (15 2002+ a7t
n—2
py </ dQ)/ r4dr _
16|=1 0 ( (k2—|—a2)% )

r"=2dr

<cp [ _
p/0< + 2(k + a2)br)

Denote y := Z(k* + a®)zr and choose N > n — 1 > 1. Then, we have

p =2 o n2 n—2
/0 ( (k2 +a2)ir )N = /0 <1y+ y)N <T(k:2—pka2)§> (ﬁ) d

pn—l 00 yn—Q Cpn 1
= n—1 —Ndy S n—17
(k2 +a2)* 7 Jo (1+y) (k% +a?)

where
o0 yn 2 y yn 2
—dy—/ dy+/ —— —dy (forsomed >0
/0 (1+y)N o (L+y)¥N d (1+y)N ( )
n—2
/ dy +/ S N—n+2 n+2
Therefore
/ d¢ < Cp"
- 1 2N = _p-1(g2 2\ 251 (6.5.22)
Ko (1 +T(k? +a2)2\5/y> 71 (K2 + a?)
Using the estimates (6.5.21) and (6.5.22) in (6.5.20), we obtain
~ 2
. C 4Rb
/ |‘F[q ](5)' df < CH/\/’qsl’ _Mi||z(k2 + ]{?b)464(b+a)an + € pn
K, 1+IE7 (k* + a?)
g (6.5.23)
CeSban
4 C€8bR7_2$pn + m—
Tnfl(k»Z + (]JQ)T
Now, using (6.5.19), (6.5.23) and the fact that 3% > 1 in (6.5.18), we get
N R CeSRbgn
||Qe||H LRn) = CH /\/;,b;||3(k2 + kb)4€4(b+ )RP + m
(6.5.24)

C€8Rbpn C€8Rb
+ .

4 CeSRbTQSpn + — 5
(k2 4 a?) P
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§6.5. Stability estimate for the Schréodinger case

Next, we choose 7 € (0, 1) and p > 0 in such a way that the last four terms in the right-hand
side of the above estimate can be combined together.
First, we choose 72 = (k? + a2)_25111 . Then, given that k, a > 1, we find that

1
T

7€(0,1) and 7* =
Tnfl(kQ_i_aZ) 5

Consequently, we obtain

8Rb n 8Rb
(& P e 1%
€8Rb7_2$ n )

'

s(n—1) °

(k2 4 a2)" T (k% + a?)z+n1

Now, observe the fact that

s(n—1) s(n—1) 1
< =s< =
2s+n—1 n—1 2

Using this, along with the fact that k? 4+ a? > 1, we have

eSRb n 2€8Rb n e8Rb n

n 8Rb ,n 8Rb
p p e”p 2¢"p
+ s(n—1 S 3 s(n—1) °

+ s(n—1 — 1
(k2_|_a2) (k2+a2)ﬁ (kQ—{—a?)? (k2—|—a2)28+7n*)1 (k2—|—a2)m

So far, we have combined the three terms into

Oe8Rbpn
s(n—1) °

(k2 + a2) B

s(n—1)
Finally, we choose p = (k* + a?) @@+, Then, we get

& 1
p>1 and P = —

s(n—1)

(k2 + a2)mit PP

using the facts that k£, a > 1. With these choices, the estimate (6.5.24) can be rewritten as

~ __stn=Ln
1Gell7-1 gy < CINNG = N IZ(E? + k)OO (k2 4 o) =D
C€8Rb
+ s(n—1) .

2s(n
( k2 + a2) mr2)(2stn-1)
Note that we have derived this estimate under the assumption that if { € K,, then the

condition |£]* < 3(k?* + a?) is satisfied. Next we check that this is indeed true. To see this,
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§6.5. Stability estimate for the Schrédinger case

observe that

s(n—1)n s(n—1)n 1
< =s< =
(n+2)2s+n—-1) = n(n—1) 2 (6.5.25)
2s(n — 1) 2s(n — 1) 1 o
and < =5 < —.
(n+2)(2s+n—1) = 2(n—1) 2
Now, suppose that £ € K, that is, 0 < [¢'| < p, |€,] < p. Then
. 2 (K + o) @G 9 1 )
= = 5 =3 s(n— < )
3(k%+a?) — 3(k2+a?) 3 (k%2 4+ a?) 3 (k2 + a2>1,m

for s € (0,1) and n > 3. Hence, we have |£|* < 3(k* + a?).

2s(n—1) ;- Using (6.5.25) along with the fact k, a > 1, we obtain

Let us denote o := F D) @stn=1)

N . L C8FY
1Gell -1 gny < CIING = NplI2(K? + kb)*e* @R (1 + 6*)2 + P+ ay
S S 12/ 1.2 4 _4(b+a)R(1.2,,2 2 21 Cedt
< CIN,, — N IIL(K° + kb)*e (k*a +ka)2+(k:2+a2)°
S S 112/ 1.2 4 _A(b+a)R Cer®
< CIN,, — N IIL(k° + kb)*e ka+—(k2+a2)"
S S2(1.2 4 _A(b+a)R /7.2 R Cer®
< O”qu _jqun*(k + kb)"e (b+a) (K° + kb)e™ + (k% + a?)°
1
8Rb | (1.2 51 A/S S12.5Ra
< O (8 4+ RPING — NI + o

where the second last line follows from the facts that k& < k% + kb and a < efi®.
Next, we choose a > 1 suitably to obtain the stability estimate.

Leta = %. Then the previous estimate becomes

NI

[Gellir-semy < Cet™ | (R + RO NG, — NG [7e”om +

1
2
R+ (35) )7
1 12
=C =" (B2 + k)| NS — NS |2e” + (6.5.26)
o K4 (7))
1 2
= Ce'™ | (K + kb)°| NG — Nog s +

2 E\?
(K + (37) )
However, we need to ensure that with our choice of a, the conditions @ > 1 and (k2 +a2)% >

CoM for all k > 1 are satisfied. This leads to the following condition on N> — N ||..
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§6.6. Stability estimate for the biharmonic case

Let
NS N[l < 6= — where ¢ =1+ CoM
” o q2||*< '_@7 where ¢ =1+ ColM.
Then
1
BR(HCOM) = s 5R(14+ CoM) < log(|IN° = NS|I2H = E
€ ||'/\/’qs1_NqS2||* ( o M) og(|l o qQH*)
E
= 14+ CoM < — =a < (K +d?)2, Vk > 1.

oR

Hence, our choice of a satisfies both the required conditions.

From (6.5.26), we obtain the estimate

=

lall 1) < NGellz-1@mny < Cetftt

1
k2 4+ Eb)S|IND = N2 ||, + ——————
( ) || q1 q2|| (k’2+ (%)2>0_]

The case when [N — N3 ||, > - easily follows from the following fact:

CM 1 CM %

lallaz—1@) < Cllg|lre@) < 5 62 < 5 ||'/\/;151' —A@i||*
1 2
§064Rb (k2+kb)5|’A/;5£_A/:]SQ|‘*+—)2)] ,

E
(k2 + (3%
where we denote § := e% and the constant C' in the last inequality depends only on n, s,

2 and M. Thus the stability estimate (6.2.1) follows.

6.6 Stability estimate for the biharmonic case
Proof of theorem 6.2.4

Let u; be a solution to the problem

A2’LL1 — (k,2 —zkb)2u1 -+ qgluy = 0 in Q,
(Ul, Aul) = (UQ, AUQ) on 89,

where u5 is the CGO type solution defined in (6.4.38). Thenu := u; —uy € H*(Q) satisfies

A%y — (k* —ikb)*u + quu = —(q1 — g2)us in €,
(u,Au) =0 on 0.
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§6.6. Stability estimate for the biharmonic case

Denote ¢ = ¢ — ¢;. Then, using the function u defined above and the function v defined

in (6.4.38) in the integral identity (6.3.7), we obtain

/quzﬂ de| = /8,, (Au)@d5+/8,,u (A_U) dS‘
Q r r

< 10, (Auy — A102)||L2(F)||U||L2(aﬂ) + 1|0, (ur — U2)||L2(F)||AU||L2(69)

<C (||3VU1 s L2y [|AV]] 1 oo+ (10, (Aur) — O, (Aug) || L2y V]| ;2

HZ (Q) o3 aa))

<C (H@,,ul — Oyug|[ L2y + (|0, (Auy) — aV(AUQ)HLQ(F))

(1013 + 1800113 )

where in the first inequality we have used the fact that v = 0 = Av on ['y. By applying the

trace theorem and the definition of the Dirichlet-to-Neumann map N, qB , it follows that

qua¥ dx

< C (110t = Byiall g ) + 110u(Aur) = 0 (Aua)]] 1 )
(Ivllz o) + [1AV]| 1))

< CIING, = NI, Q)HH%,%(F)HUHH‘*(Q)

< Clle — NI, D1 PP L PR

< CINE = NEN (lleall 3, + 180211 5 ) ol

= C|ING = Nyl (luall, 1

(6.6.1)

whom T 1813 00 o le)
< CINE = N2 1 (luzll sy + 1Aus ey ol
< CINE = NE | lluall oo 10l .

where (uy, Auy) = (ug, Aug) = (f, g) on I'. Now, observe that
[uzll a0y < 22l ey and [|vllas@) < 2[0l 44 q)-

These estimates, combined with those in (6.4.39), (6.4.40), (6.4.41) and the fact that &k > 1,

we get

||U2HH4(Q) S C(]{I2 + kb)2||ﬂ2HLQ(BR) and H"UHHAL(Q) S C(k’2 + kb>2H6”L2(BR) (662)
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§6.6. Stability estimate for the biharmonic case

Next, using (6.4.37), we observe that
[Gal[72(py < CXOTIE, 0] 72y < CCHOR.
The estimates above, when combined with those in (6.6.2), lead to
sl ) < C(kQ + kb)Qe(b+a)R and ||v]| 1) < C(kQ + kb)Qe(b’L“)R,
Consequently, the estimate (6.6.1) becomes

/ quo dx
Q

Now, by substituting u5 and v and proceeding as in the Schrodinger case, we observe that

/ quav dr = / q (e*i‘g'm + e*ig'm*) dx — / g (€7 4 e ) dy
Q 0 Q

+ / qg(x, 1,72, TT; T;)dl‘,
Q

< CINE = NE| (K + kb)*e* TR, (6.6.3)

(6.6.4)

where G is as defined in (6.5.5). Recall that the first two terms in the right-hand side of the

previous identity can be written as
[t ey do = Pl
and
/Qq (7 + e ") do = F[(g+( €)):] (€5°) + F [(g-(-,€)):] (€2).
Consequently, from (6.6.4), we have

[Flgel ()] < ‘/Qquzﬂ dz| + |7 [(q+( €):] (€5 + [F [(a-(,©)=] (€%°)]

(6.6.5)
+

/ qG(xz, 11,790,777, 75)dx| .

Q

Next, we will calculate the bounds for the last three terms on the right-hand side of the
above estimate, as we already have the bound for the first term in (6.6.3).

Recall that
Sl

m(€4)] <20, [€5°)° = 4 (K +a?) €2

(6.6.6)
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§6.6. Stability estimate for the biharmonic case

Proceeding as in the Schrodinger case, and applying the quantitative version of the Riemann-
Lebesgue lemma together with the estimates in (6.6.6), we obtain

C e4bR

<1 + 27 (k2 + a2)5f—'>N

T [(g=(,€)).] (€8%¢)] < + e, (6.6.7)

where the constant C' depends only on N, s, €2 and M.
For the fourth term of the right-hand side of the estimate (6.6.5), we again proceed as in the
Schrodinger case. Recall that G can be estimated as in (6.5.15)-(6.5.16), and then proceed-

ing exactly as in that case, we get

2]

CoM|Br|z
: (LR| T | Br|

1 CoM|Bgl2 1 CoM|Bgl2
2 - _|_ 9 - @ -
a a

/Q jwj(2)|de < |9}

M\|B
SM for j = 1,2,

a
»3CoM | Bg|
a

and / lw;(z)|dz < e for j = 3,4.
0

Using this and the fact that e2b® > 1 we note that the fourth term of the right-hand side of

(6.6.5) can be estimated as

/ qg(sc, 1, T2, TT? T;)dl‘
Q

< / g1 1@, 71, 72, 7 73)|da
(9]
< el / (i) + lws] + fws] + |ws))de  (6.68)
Q

2Rb
S AM |:€2Rb300M’BR’] S 06_7

a a

where the constant C' depends only on Cy, M and 2.

Let us further assume that @ > k. Then

V2a > (K +d?)7 = L il
a (k4 a?)2

Using this in (6.6.8), we see that

62Rb

G(x,r,r9, 7, r3)dr| < C——.
a8t riae| < €5

(6.6.9)
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§6.6. Stability estimate for the biharmonic case

Using (6.6.3), (6.6.7) and (6.6.9) in (6.6.5), we obtain

R Cr 4bR
I FIG)(6)] < CINE — NEB||.(K* + kb)te2C+oR ; NN
(1 +27(k* +a )2E> (6.6.10)
+ C€4bR7_S _|_ Ce—m)
(K +a2)2

for 0 < |¢|? < 3(k? + a®) with [¢'| > 0, s € (0,3),7 € (0,1) and N € N.
Next, we find suitable bounds for the H~! norm of ¢, using the previous estimate. The
steps are similar to the Schrodinger case.

For p > 1, we consider the set
Kp={(¢,&) eR" + 0<[¢| <pand|§a] <p}.

Then, for £ € K,, using the estimate (6.6.10) and the fact that || < 2p, we see that
C 64bR

(14202 4 a)tlel)”

| Flge)(§)] < C||N£ —/\/£||*(k2 + kb)leHaR |

+Oe4bRTs+Ce—2m}_
(k:2+a2)%
Now
. Fl7.))) / IF@©P / ¢
qe 1 n = —d + _|__
ey = [ e [ G ae< [ FHO

(6.6. 11)
For the first integral on the right-hand side of (6.6.11), we observe that

|F[§e](£)l2 B A/B(2(1.2 8 _4(b+a)R Cett®
/;cp—1+|§|2 dE < CINE — NEIE( + kb)Pe /’deg e /’deg
+ CeSbRT25 (/ d§> + Ce8bR/ d§ -
2 S (14 30k + a2) g1

Proceeding as in the Schrodinger case, choosing N > n — 1, we obtain

Fla. 2 (' eARb
/ | [q ](5)’ df < CHA[qu} _quHz(kZ + k‘b)8€4(b+a)an + € n
Kp

L+ € 2 +a2)”
C€8ban
(k2 + CLZ)%

(6.6.12)

+ C€8bRT25pn +
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§6.6. Stability estimate for the biharmonic case

Using (6.6.12) and the fact that €3 > 1in (6.6.11), we get

CGSRbpn
(k2 + a2)
CeSRbpn CGSRb

n—1(1.2 2"—*1—1— 2
(k2 + a?) 2 P

Hae“%—l(ﬂgn) S CH,/\/’q]f —qu”z(k2 + kb)864(b+a)an +
(6.6.13)

+ OeSRbT2spn T

Next, as in the Schrédinger case, we choose 7 such that 72 = (k2 + a2)” # i1 and
9 9 s(n—1)
p — (k _|_ a )(n+2)(25+n71) .
The suitability of these choices follows exactly as in the Schrodinger case. Using these

choices in (6.6.13), we see that

s(n—1)n

171y < CINE — NZ2(K + kb)Pe* TR (k2 4 ?) mrziEenD

CeSRb
+ 2s(n—1)
(k2 4 a2) D@D
Leto := % Then using (6.5.25) and the fact that k£, a > 1, we obtain
N Ce8Rb
1oy < CING = NENRS (k06 7 02} 4
(6.6.14)
1
12Rb | 17RE|| A/B B||2,5Ra
S O@ € ||NQ1 _'/\/'QQ ||*e + (k.? + 0,2)0

Next, we choose a = k + CoMk + %. Note that this choice of a fulfills the required
conditions a > k > 1and a > CyM forall k£ > 1.

Using this choice of @ in (6.6.14), we see that for [N} — N7 < 4, where § := 1,

Ge |l -1 ()

D=

< bR el?Rk”Nqu’ _/V:gHzesR(kJrCoMm%) n 1 —
(k2 + (k + CoMk + £)7)°

1

2

— (CeSRD el?RkHNB _NBHiGE)Rk(l—&-CoM)eE n 1

(k2 + (£)°)

< C€6Rb eCRk”NqB _NEH* i

i)
_ T W+ (&)
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and hence

6Rb

! 3
6CRk||/\/:1113 —,/\/£||* + T (£>2)U] )
5R

The case when ||V} — NJ||. > 0 can be easily derived as follows:

lallg-1) < Ce

CM 1
lall 1) < Cllgllz=e) <5—5 <—||NB Noall?
1 2
SC@GRb GCRkH-/\/;f_-/\[qE;H* 5 ] ,
(K + (5p) )7

where the constant C' depends only on n, s, 2 and M. Thus the stability estimate (6.2.2)

follows.

6.7 Appendix
Appendix I

In this appendix, we recall, from [31], a few results related to 7;, 7 = 1,2, that we have
used in the calculations.
First, for 1;, we have
M-
(5)-(3%(?) (= 40) + () (1B9) + (5) - (a0)
(=49)-(5) + (- a9) - (- 48) + (- 49) - (iB8) + (- 49) - (jae)
#(189) - (5) + (89) - (- 48) + (189) - (i85) + (189) - (1aa)
+ (iaa) . (g) + (iaa) . (— Aﬁ) + (iaa) . (zBﬁ) + (zaa> . (zaoz)
|£|2 + (A% — BY)|B)? — 2iAB|3* — a*|af? (sincea-f=a-£=0-£=0)
|§|2 +k*+a? — |€|2 + ikb — a* (since |a| = |B] = 1)
= l<:2 + 1kb,
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where we have used the facts that A2 — B%2 = k2 + a? — % and 2AB = —kb, which can

=(-3) ()= (-3) (-9 (=) (=m9) + (= 5) - (~imo)
#(=49) - (=5) + (- 49) - (- 29)
+<—A,8>~<—z’Bﬁ>+(—Aﬁ>~<—z’aa>
+(—m9) - (=3)+ (~89) - (- 49)
+(—iBB>-(—iBﬁ)Jr(—iBB)-(—iaa)
+(—iaa>-(—g)—l—(—iaa)-(—/lﬁ)
—I—(—iaa>-(—iBﬁ>+(—iaa>-<—iaoz>

|§|2 + (A% — BY))|B)? + 2iAB|B|* — d*|a* (sincea-f=a-£=F-£=0)
‘5’2 LR 4 - |5|2 _ikb—a  (since o] = 3] = 1)
_ k2 — ik,

Also, forj =1,2,

2 = |§!2 |€|2

+A2’6‘2+BZ‘6’2_’_Q2’@‘2 —|—A2—|—BQ+

m;

where

2

!5\2 |£|2

A2+ B =|A+iB|* = = |k* +a* — =~ —ikb

(k‘2+a

2\ 2 %
:(@m_%) o)

Next, we observe the following bound for Im (;) when |£]? < 3(k? + a?).

zkzb)

Recall that
Im (1) = BB + aa, and Im (12) = —BS — aa,
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and hence |Im (n;)|> = B* + o, j = 1,2. Additionally, using the facts that A > 0, and
A2 - B2 = k? + o — L 24B = —kb, we obtain
kb kb

Bl = 55
2A \/Q\/AQ_B2+\/(A2_BQ>2+4A2B2

kb
\/5\//@2+a2—ﬁ+\/(k2+a2—%)2+k2b2

f\/;i k2 4 a2) + /(L (k2 + a2))?

kb
ﬂﬁ<k2+a2>+;t<k2+a2> V2, /A(k? + a?)
VT kT

where we have used the fact that |£]* < 3(k*+a?) in the second line of the above calculation.
Hence, we have

Im (n;)]* < b* +a® < (b+a)?,

and therefore,

Im(n;)| <b+a, j=1,2.

Also,

=

1 [{% ¢
A2_5 <(k2+a2—7> +k2b2> <k2+a 4)
-2<k2+a2—¥>:(k2+a2—¥).

>

N | —

Appendix IT

In this appendix, we derive the equation satisfied by the remainder term in the CGO solution

for the biharmonic problem. We note that w(x) = ¢”*(1 + 7(z)) satisfies

A*w — (n-n)*w+qw =0 in By
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if and only if 7 satisfies
e (A% — (n-1)* + @) (e (1+7)) =0 in Bg.
Now
e~ MEA (e (1 4- 7))
= e A (A (14 7))
— e TN (A(EMT)(1+T) + 2V(e77) - V(1 +7) + € A(1 4 7))
= e A ( (n-n)e™ (1 +7) + 2i(n - VF)e™ 4 e wAr)
=7 (=(n AT (1 +T)) + 20A((n - VT)e) + A(eTTAR))
= =" m) (=(n - m)e™ (L4 F) + 2i(n - VF)e + T AT)
+ 25~ (—(77 -n)(n - V7" + 2in - V(n-Vr)e + A(n - V?}ei"'m)
+ e i (—(77 )M TAT 4 2ie™* (n - V(AT)) + ei”"”AQ’F)
= (n-n)*(L+7) = 2i(n-n)(n- V) = (- 0)AF = 2i(n - n)(n - V7)
—4n -V (n-V7) +2i(n- V(AT)) — (n-n)AF + 2i(n - V(ATF)) + A*F
= A% —di(n - n)(n - V7) = 2(n - n)AF — 4 - V(n - VT)

+4i(n - V(AF) + (n-n)*(1 +7).

Therefore, 7 satisfies
0=e A" (1+ 7)) — (n-m)*(1L+7) +q(L+7)
= A% —di(n-n)(n - V7) = 2(n - n)AT —4n - V(n - VF) + 4i(n - V(A7) + ¢(1 +7),
and hence
NPT —di(n-n)(n - VT) = 2(n - n)AT —4n - V(5 - VF) + 4i(n - V(AT))
—q(1+7) in Bg.

We can rewrite this as

(A +2in- V)* = 2(n- 1) (A +2in- V)| 7= —q(1 +7) in Bg.

126



§6.7. Appendix

Consider the linear differential operator
P=(A+2in-V)>=2(n-n)(A+2ip-V)

and the corresponding symbol

PE) = (I +2m-€))  +20n-0) (|E +2(n - €)), € € R™

Recall the notation

P(g) = (Z 32‘P(€*)|2) , & ER™

|| >0

Next, we note that
P(E) = (I€F +2m-€))2+2n-n) (1€ +2(n-€))
= (1€ +2(n- &) +2(n-n) (& +2(n - €)),
T2 ) = 20+ 200-€))(285 +205) +200-m) 2 + 2n)
=4I +2(n - &) + (- 0)(& +ny),
%@*) — 4028+ 20)(E + )+ AETE 200 €) + (- ) ()
= 8(& +m)” +4(IE P+ 2(n-€) + (n-n)),
%(g*) = 16(&; +m;) (1) + 4(2&] + 21;) = 24(&5 + n;).
Using these, we see that

() = Y wEperr =y

la|>0

PP
8_53(5*)

= 242 &5+l
=243 ((& +Re (1)) + (Im (1;))?)

> 24 Z(Im (n;))* > 4Im ()],

and hence

P(e*) > 2|Im ()].
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Chapter 7

Inverse polyharmonic problem with atten-
uation

In this chapter, based on the work [11], we study high-frequency stability estimates for the
determination of the zeroth order perturbation of the polyharmonic operator with constant
attenuation from the partial Dirichlet-to-Neumann map in domains satisfying the flatness
condition (.4). Our results extend the results obtained in the previous chapter (see also [14])

for the Schrodinger equation and the biharmonic operator to the polyharmonic case.

7.1 Introduction

Let us consider the following boundary value problem for the polyharmonic operator posed

in a bounded domain 2 C R", n > 3:

{(—A)mu — (k* —ikb)™u + qu i(() in €, (7.1.1)

(u, Au, ..., AT 1y 1, f2y oy fn) ON OSL.
Here m is a positive integer greater than or equal to 3, the attenuation b is assumed to be
a positive constant. The potential ¢ is assumed to be real-valued and belongs to the space
L>=(Q) N H*(2), 0 < s < L. The constant k denotes the frequency and is assumed to be
greater than or equal to 1. The Navier boundary data (f1, fo, ..., fn) is assumed to be in the

space
m
1

H™5(09) x H™3(09) x - x HE(00) = [] H¥3(09).

J=1

We assume that the domain §? satisfies the flatness condition (A). The supports of the

boundary data f; (1 < j < m) are assumed to be contained in the open subset I := 02\ I'y
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§7.2. Statement of the main result

of the boundary and the boundary measurements OV(Aj u), 0 < j < m — 1 are available
on I" only. The flat part Iy is, therefore, assumed to be inaccessible in this setup.
In this chapter, we address the question of stability of the recovery of the potential (zeroth
order perturbation) g from the knowledge of the boundary data and boundary measurements
(encoded in the partial Dirichlet-to-Neumann map) on I'. We study the dependence of the
stability estimate on the frequency k. Following the works [13,14,33], we only assume that
the potential ¢ € L>(Q) N H*(2), 0 < s < 3. To the best of our knowledge, the work [3]
is the only one, prior to our work in this chapter, that discusses stability estimates for the
polyharmonic case. Our strategy closely follows that in the previous chapter (see also [14]).
The major difficulty in this direction was in proving the existence of the complex geometric
optics (CGO) type solutions for the polyharmonic case.

The plan of the chapter is as follows. In Section 7.2, we discuss our main result on
the stability estimate. In Section 7.3, we discuss the construction of complex geometric
optics (CGO) type solutions and the derivation of the stability estimate. In the appendix,

we discuss some auxiliary results related to the construction of the CGO type solutions.

7.2 Statement of the main result

As in the previous chapters, we work with the Sobolev spaces H *(I') and H*(I").

Owing to the fact that the imaginary part of (k* — ikb)™ is non-zero (and hence, not a part
of the spectrum of (—A)™ + g), it follows that there exists a unique solution to (7.1.1) when
the boundary condition (f1, f2, ..., fm) € [[/~; H%=3(T).

The corresponding partial Dirichlet-to-Neumann (D-N) map is defined as

m m—1
NF - T H#3(T) — J] H¥*5(T) such that (7.2.1)
Jj=1 j=0
(Fis fos s f) = (D] L0 (B0)]| e (87 )| ).
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§7.3. CGO type solutions and the stability estimate

For the partial D-N map N, f , we consider the operator norm defined by

IVE = Sup (AT (o oo ol g gy NG Foro Bl ot gy = 1

The following is our stability result for the recovery of the potential ¢ from the partial D-N

map N .

Theorem 7.2.1. Let ) be a bounded domain in R™,n > 3 satisfying the flatness condition
(A) described earlier and Q) CC B(0, R) for some R > 1. Let b be a positive constant and

suppose that the frequency k > 1. Further, suppose that the potentials ¢, qo € L>*(2) N
H*(2), 0 < s < § satisfy

gjllzeo@) + gl ) < M, §=1,2,

for some M > 0. Then there exists a constant C' > 0, depending only on n, s, ) and M

such that

N[

g1 — ol r-1(0) < Ce*MHIR 1 SRR INT — N7 ||, + (7.2.2)

I
(k2 + (£))]

2s(n—1
where o 1= m < %andE = |10g||~/\[qpi _'/\/:]E;H*|'

Remark 7.2.2. The stability estimate (7.2.2) tends to suggest an improvement in stability
with growing frequency but a qualitative justification of the fact seems to be difficult due

to the presence of the exponentially growing factor e“#* in the Lipschitz part.

7.3 CGO type solutions and the stability estimate

In this section, we discuss a proof of our main result Theorem 7.2.1. As a first step, we
construct appropriate CGO type solutions which together with the quantitative Riemann-

Lebesgue lemma help us in the estimation of the Fourier transform of ¢; — ¢».
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§7.3. CGO type solutions and the stability estimate

7.3.1 CGO type solutions

We denote z = (z1,...,7,) € R"asz = (2/,z,), where 2’ := (xq,..., 2, 1) € R"L
Now, for a given £ = (¢/,¢,,) € R”, with £’ # 0, we choose unit vectors « and /3 as in the
previous chapter.

Let a > 1 be a parameter to be chosen later. For £ € R™ satisfying |£|> < 3(k? + a?), we

denote the principal square root of k% + a? ‘€| — 1kb by
. o L :
X +iY = [ k* + d? —1kb | .

The condition |£|> < 3(k? + a?) guarantees that X > 0. Using the vectors «, 3, we define

G :zg—Xﬂﬂ(Yﬁﬂa), (o= —g—Xﬁ—z’(Yﬁ+aa).
Then
Go—C=—& GG =k +ikb, G- (o= k? — ik, (7.3.1)
2 |€|2 9 | 12 o
IGl" = +X*+Y" + j=1,2.
Note that
Hi% :
X2+ Y?=|X +iY]? = <k2+a2—7) + k0| (7.3.2)

IIm ()2 = Y2+ a2 j=1,2,and |Y| < b (see [14], [31]). Therefore
Im (¢))? <> +a? < (b+a)?* forj=1,2. (7.3.3)

Next, we extend the potentials ¢;, j = 1,2 from 2 to R" by using a suitable reflection
across I'y as follows.
Let Q := QU Q*, where Q* := {(«/,2,) € R : («/,—x,) € Q} is the reflection of {2 by

{z,, = 0} and let g, ; denote the extension of ¢; to R™ by zero. Since s < % (see [1]), the
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§7.3. CGO type solutions and the stability estimate

zero extension ¢, ; € H*(R").

Next, let us denote the reflection of ¢, ; by the plane z,, = 0 by g, ;. In other words,
Grej (2 20) = q. (2, —x,)  for (2 x,) € R™

Then g,.; € H*(R") and
g3l ze @y < Cligillas@) < CM, - lgre,jll @y < Cllgzjllms @y < CM,
e sllzmn) = lasllemi < M, dregllzmn) = el < M.
The constant C' above appears due to the boundedness of the reflection and the extension
operators (see [1]). In what follows, C' will denote a generic constant.
Let ¢.; := q.; + qre,j- Then, we have ¢, ; € H*(R") and

1Ge.jllms®ny < N1Gzsllms@®ny + | @rejllms@ny < CM,

1Ge.j [z ny < Nz glloe @y + [l drejllpoe ny < CM.
Let g, ; denote the restriction of ¢ ; to the domain Q). Then, for j = 1,2, Qej €H 5(?2) and

satisfy

Q'(I,7.I'n> if (Ilaxn> S Q,
Qe,j(x> =9 , . , .
qj(z', —x,) if (2, 2,) € Q.
Next, we choose R > 1 such that Q cC Bp := B(0, R). Then the restriction g, ;|5, €

H#*(Bgr). Also

1@eillpoe@y < M el Br) < Ndejll@y < CM,
(7.3.4)
HQe,j”HS(ﬁ) <CM, an,j

HS(BR) S OM

Denoting ¢ := q1 — G2, G- *= Gz1 — @22, e = Ge;1 — Ge,2 a0 Ge := qe;1 — e 2, WE see that

lallzooi) < OM, [|g:||lzeo@ny < OM, ||@ell ooy < CM, [[Gellzoo(r) < CM,

(7.3.5)
lall =) < CM, lg:l[ma@ny < CM, ||gell oy < CM, [|ells(r) < CM.
Next, let us consider the equations
(—A)mag — (k’Q — Zkb)mﬂg + Z]}gﬂg =0 in BR7 (736)
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and
(=A)™5 — (k* +ikb)™0 + G.10 = 0 in Bp. (7.3.7)
We observe (see Appendix 7.4) that the CGO solutions
Uy (1) = €2 %(1 +To(x)) and v(x) = (1 +71(x))

are distributional solutions to (7.3.6) and (7.3.7) respectively if and only if the remainder

term r;, j = 1,2, satisfy

m—1

S (=0 A+ 2i¢ - V)™ = e (14 7). (7.3.8)
=0

The corresponding linear differential operators

m—1
Pr=) ()" OG- )N A A+ 2i¢ - V) =12,
=0

with the symbols
m—1
P€) =D "G GNP +2¢ - €)mT € ERY
1=0
satisfy the estimates

Pi(") > 2|im ()] > 2a > 1. (7.3.9)

By Theorem 2.3.2, there exists a bounded linear operator F; on L?(Bp) such that
PE;f = f, Vfe L*(Bg). (7.3.10)

Additionally, for any linear partial differential operator () with constant coefficients, we
have

Q)
P;(€7)

The positive constant Cy above depends only on n, Br and the order of P; (which is 2m

1QE; 9|28 < Co gsuﬂg 9/l22(Br): Y9 € L*(Brg). (7.3.11)
* RN

here).
The existence of CGO solutions to (7.3.6) and (7.3.7) follows, as discussed below, as

an application of the Browder fixed-point theorem (Theorem 2.3.1).
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§7.3. CGO type solutions and the stability estimate

Lemma 7.3.1. Let a > 1 be such that
CoM < a.
Then, the functions
Uy (z) = e™*(1 +7y(x)) and V(x) = ™*(1+71(x))
are distributional solutions to (7.3.6) and (7.3.7) respectively with

_ CoM|Bglz
sl <SPGy g

(7.3.12)

(7.3.13)

]

The proof of the lemma closely follows the argument in the previous chapter and we

therefore omit the details. From (7.3.12) and (7.3.13), we see that 7; additionally satisfies

the estimate
~ 1
1751l 22(Br) < |Br|2.

Now, the functions u, and v satisfy the PDEs
P’EQ :f1 and Pv = fg il’lBR,

where

P=(=A)" and fi = (k* —ikb)™ Uy — Qeollz, f2 = (k> + ikb)™ 0 — G.10.

From the interior regularity of P (see Theorem 2.3.3) in By, we infer that
@]l gzm @y < Cllfillezry + Cllual 2,
101 gom @) < Cllfollr2vy + CllVl 220v),

for any V' such that QccVccB r, and hence

@2l grom @y < Cllfille2sr) + Clltzllziry, 10l gen@y < Clifollrzsr + Cllolli2(sg)-
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The L? norms of f; and f, satisfy the estimates (see [14])

[ f1llz2(Br) < C(k* + Eb)™ (||| 2(Br)

1f2llz2iny < OB + kb)™ [0l 2 ()-

Therefore, using the fact that k% + kb > 1, we see that

el rom gy < CK* + k)™ [l 205y, [0l pram gy < CB* + k0)™ [0l r2(i)- (7.3.14)

The constant C' above depends only on M and (2. The restrictions r; and 7} of 7; to {2 and

¥, defined by

/

rji=T1ilq and 32, x,) =752, —xn), (2, 1,) € Q,

satisfy the estimates

CoM|Bg|?
Irylzzgey < SA0BALE

1
751 z2(2) < [Brl?,

We now define

Ug (', ) = @2 (1 o (a! 2,)) —

v(a', xy) = @)1 4o (2 2,)) —

It is easy to see that uy, v € H*™(2) satisfy

{(—A)mu2 — (k2 — ikb)™u3 + gous

(Ug, AUQ,

and

(=A)™ — (k? + ikb)™v + quv
(v, Av, ..., A" 1p)

CoM|Bg|?

a (7.3.15)

175 22 (0) < |Bg|z.

1751 22(0) <

I (14 13 ),

€i<1'(wl7_x")(1 + rI((E/, mn))v (QL‘/, :E") € Q.

(7.3.16)
=0 in{,
A ) =0on [,
(7.3.17)
=0 in¢),
=0 onl,

respectively. We shall henceforth refer to them as CGO type solutions.
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§7.3. CGO type solutions and the stability estimate

7.3.2 Integral identity

We next discuss an integral identity that will be used in the derivation of the stability esti-

mate.

Lemma 7.3.2. Let uy,v € H*™(Q) be solutions of (7.3.17) and suppose that u, satisfy

(—A)"uy — (K* — ikb)™uy + qruy =0 in Q,
(uy, Auy, ..., A™ ) = (uz, Aug, ..., A™ 1uy) on O0.

Then, we have the integral identity

/Q (1 — q2)uz0 da = Z /F [0, (=AY w)] [(—A)™ 5] ds, (7.3.18)

where u 1= uy — uy is the unique solution to the problem

{(—A)mu — (K* —ikb)™u + quu = —(q1 — @)us in Q, (7.3.19)

(u, Au, ..., A™ ) =0 on 09).

Proof. From (7.3.19), we see that

— / (1 — q2)ugv dx = /(—A)mu vdr — /(/CQ —ikb)"u v dx + / qruv dx.
Q Q Q Q

Using Green’s identity and the boundary conditions satisfied by « and v, we get

—/(fh — q2)us¥ dx
Q

_ /Q (=AY Lu(—Av) dr — /F 0, (=AY 'u)5 dS

—/(k — ikb)™ uvdx+/q1uvdx
—/( A)™ vdx—/@ u)(—Av) dS

/8 )" tu)o dS — /(k — ikb)™uv dm—i—/qluv dx
Q Q
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_ /Q (—Au) (~A)™ 15 dx — / (k? — ikb)™ut da

Q

+ [awode =Y [ou(-apwli-aytias

= / u(—A)"v dx — /(k2 — ikb)"uv dx + / quv dz
Q Q

- /F 0,u(—A)"" 15 dS — i /F 19, (=AY )] [(—~A)™195] dS.

The identity (7.3.18) follows from the identity above by using the fact that v satisfies
(7.3.17). [

7.3.3 Derivation of the stability estimate.

Next, we discuss the derivation of the stability estimate. Using (7.3.16) in the left hand side

of the integral identity (7.3.18), we have

/ qua¥ da = / q (ei(@_a)'”” + ei(@_a)m*> dx — / q (ei[@'m_a"‘*} + e"[@'m*_aml) dx
Q Q Q

+ / qg(% r1, T2, TT) T;)d$7
Q
(7.3.20)

where 2* := (2/, —x,,) and
G(x,r1,79,7],75) = ei(CQ_a)'x(rg + 71 +7romy) + eilC—G)a’ (ry + 77 +71377)
— e iy 7 rr) — O 7 ),
Let us denote the four terms in the right-hand side above by wy, ws, w3 and wy. It is easy to

see that for z € (),

G-x—C -2t ==& -x, whereé&, = (5/72()( + zY)%’) , and (7.3.21)
G-a"—C-x=—€ -z, whereé = (5/, —2(X + iY)%) . (7.3.22)

138



§7.3. CGO type solutions and the stability estimate

Using (7.3.21) and (7.3.22) in (7.3.20), along with the fact that (, — (; = —¢, we get

/ qua¥ dr = / q (e—iﬁ'm + e—ié'ﬂf*) dr — / q (e—i£+~m + e—ig,m) do

" ’ . (7.3.23)

‘|’/qg($77"1,7‘2,7“f,7‘§)da:.
Q

Note that

/ g (e—@f“ + e‘ié(m’v—xn)) dr = F[3.](€). (7.3.24)
Q

To estimate the terms involving &, and £_, we proceed as in chapters 5 and 6. We note that

the real part £&¢ and the imaginary part ™ of & are given by

Re s Im €]
= 572){—), :(0,2Y— .
i ( € i €]
Similarly, the real and the imaginary part of £ are given by

Re = ’—2)(@) Im:(o —zyﬂ).
“ o (o) e (0o

Also (see [14]),

€%

(&) <2 P > 4 )

> 0. (7.3.25)
Let us consider the functions g4 : Q x R™\ {0} — R defined by
s(,m) = qla)e™? I, 2 e Qe R {0},

Proceeding as in chapter 5, we see that ¢.(-,n) € H*(f2), Vn € R* \ {0} and

o) < Ce'™ v e R\ {0}.

(5 m)

Since s < 1, the zero extension (¢+(+,7)). of ¢+ (-, n) from © to R" belongs to H*(R") and

(g (-, m)): ]l oqrny < Ce*™. (7.3.26)
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Using Lemma 2.3.4 (the quantitative Riemann-Lebesgue lemma) and (7.3.26), we see that
there exists a constant C' > 0 and for every N € N, there exists a constant C'y > 0 such
that Vp € R" and 7 € (0, 1), we have

C 4Rb
IF [(g=(-,m)-) ()] < W + CetRbrs. (7.3.27)

where the constant C' depends only on [V, s, {2 and M. Note that
] 1& ‘xn —igRe p €
/Qq@c)e—w dv = / a(@)e™ e do = F((q,(,6): (€1°),
] - ‘Ef/lmn —1 Re’i‘ e
/Qq<fv>e—’” do = /Q g(x)e”™ T do = Fl(q-(-,€)):] (€%).

Therefore, from (7.3.25) and (7.3.27), we have

C 4Rb
| F [(q= (- €)):] (€8] < c < + Ce*fPre, (7.3.28)

(1 + 27 (k2 + aQ)%%>

where the constant C' depends only on N, s, and M. The last term in (7.3.23) can be

estimated (following [14]) using (7.3.15) and (7.3.25) to obtain

CeQRb

a

(7.3.29)

/ qg(x, 1,72, r>1ka T;)dl’ S
Q

Additionally, let us assume that the parameter a is chosen so that a > k. Then using the

fact that v/2a > (k% + a2)2, from (7.3.29), we have

62Rb

<o—%
(k%2 4 a?)2

/qg(a:,rl,rg,ri‘,r;‘)daz
Q

To estimate the first term in the identity (7.3.23), we proceed as follows. Using Cauchy-

Schwarz inequality, from (7.3.18), we observe that

’/ quov dx

m—1

< Z 100 (A u) || 2y |A™ 0| 21y

—1
( 10, (A7) 2 r>> (Z |am=t= ]vllmaﬂ))

=0

—1
( [0 A™ )|y ><Z||Nvumm>.
j=
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§7.3. CGO type solutions and the stability estimate

From this, using the trace theorem and the definition of the partial D-N map, we have the

/ quo¥ dx
Q

The H?™ norms of u, and v can be estimated from (7.3.14) by noting the following bounds

estimate

< CIING, = N llslluall 2@y 0] mr2m ) - (7.3.30)

for 1, and v:
||ﬂ2||2L2(BR) < / ez‘lm(@)“mlﬂ + 7o (2) [Pdx < Ce2bral
Br

[0l172(5,) < Ce* IR (follows similarly as that in the case of u).

Using these, we obtain
[us || rom(y < C(k* + kb)™e® ™ and  ||v]|gamqy < C(k* + kb)meToE,
Therefore, from (7.3.30), we see that

/ quo dx
Q

Using (7.3.24), (7.3.28) and (7.3.31) in (7.3.23), we have

< Ok + kb)*™|Ny — N ||, (7.3.31)

C €4Rb

(1 For(k? + a2)b

Flg](©)] < C||/\/:E - /\@HZ I (k2 4 kb)?me2bral 4

N
€] ) (7.3.32)

CeQRb
(k2 + a2)2
for 0 < [¢|? < 3(k? + a®) with [¢'| > 0, s € (0,3), 7 € (0,1) and N € N.

+ Ce*fhrs

Y

We can now estimate the // ~! norm of ¢, by proceeding in the following manner. For p > 1

(which we will choose later), we consider the subset C, of R" defined by
K, ={(.&) eR" : 0<|{| <pand|(,] < p}.

Later, we shall choose p so that ¢ € K, implies that |£|* < 3(k* 4 a?). We note that if

¢ € KC,, then (since |£| < 2p) from (7.3.32), we have

C €4Rb

(14202 4 a)lel)”

| Flge) ()] < C’||./\/:1]P1) —_/\/'i”*(k? + kb)2m€2(b+Q)R+

(7.3.33)
C€2Rb

+ Cetfibrs 4 _
(k2 +a?)2
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Using Parseval’s identity, we see that

[ FEEF Fla)e HENOE e, C.
I8y = | T+ 2 d“/w\,cp 1+|5|2 “de < / |£|2 “

' . 5 34)

To estimate the integral over K, in (7.3.34), we use (7.3.33) and the fact that |, K, as < Cp"

to obtain
‘qu m a 7
[ P de < [ 1710 de < I AT + e,
C 4Rb d€
C 8Rb_2s n n C 8Rb/
+Ce™"1%p +—(k2+a2)p + Ce ;

(15 el

Choosing N > n — 1 > 1, we see that (see [14])

d& Cp"
< p
1 2N — n— n—1
Ko (1+§(k2+a2)5|€’!> T (k? 4 a?) 2
Therefore

‘Fa;i S ? m a n s N
/’C | 1[+]|(§|Z| d§ < C”Ng || <k2+kb)4 4(b+ )R +C€8Rb 2 P

C 4Rb CeSRbpn

+ + ~
(k% + az)p =1(k2 4 a2)"T

Y

and hence, using the fact that e > 1, we have

1Gel 71y < ClING, = N 2k + k) metrofpr 4 Cetfor?s pr
CeSRbpn CeSRbpn C’eSRb (7.3_35)
+ k2 2 _|_ n—1 2 2 n—1 _|— 2 :
(K +a?) © 7o-1(k2 + a2)" p

n— s(n—1)
Next, we choose 7 such that 72 = (k2 + a2) "%+ and p = (k? + a®) "G +-D . Then,
proceeding as in [14], from (7.3.35), we see that

s(n—1)n

1GelFrr gy < ClING, = NGIE(R® + k)t CHOR (k2 4 ) mreesse

Ce 8Rb
+ s(n—1)

(k2 + ﬂ)W
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s(n—1)n

Leto := (n+2)(2s+n-1)

2s5(n—1) ;- Then, using the fact that

e 1 .
(n+2)(2s+n—1 < 5, we obtain

CeSRb
<k2 +CL2>U
1
(k%2 4 a?)°

1Ge -1 gy < CIINE — NE |2k + kb) et Ol (k2 4 a?)2 +
< Ce(4m+4)Rb le(8m+1)Rk”A/:1]P1> —N;‘;Hie"’R“ +

Finally, we choose a = k + CoMk + £ and observe that for [N} — N ||, < 6, where
§ =1

~ £
||Qe||H—1(R") < Ce?(m+l)Rb [€(8m+l)Rk||N]P’ . N]P ||365R(k+CoMk+5R)

[NIES

1
(k2 + (k+ CoMk + £))°

- 1
2
_ 062(m+1)Rb e(8m+1)Rk||NIP . N]P’ ||365Rk(1+COM)6E + 1 )2) ]

< Oe2(m+1)Rb eC’Rk:HN]P’ _NIP;”* +

T
I q1 q (k2 + (%)2)5

Therefore

(SIS

1
lolla-scy < CEXm 0™ [ GCRENE T4 —
(k2 + (55))°

The case when [N — N || > ¢ follows from the observation that

cM
)

5%SC’M
)

1
lgllz-10) < Cllgllz=@) < NG — NG lIZ

1
2

N|=

1
2

@
(k2 + (%))

< 062(m+1)Rb

CTHINE — N +

where the constant C' depends only on n, s, {2 and M.

7.4 Appendix

In this appendix, we provide derivation of the equation (7.3.8) satisfied by the remainder

term 7 of a CGO solution of the form u(z) = €**(1+ r(z)) and also discuss a proof of the
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estimate (7.3.9). To begin with, we note that

_A[ei4~x<1 + 7«)] — —A(eic"‘) <1 + 7“) _ Qv(ei(m) . V(l + 7”) _ ei(-mA(l + 7”)
(7.4.1)
= [—(A+2iC- V)r + (¢ - Q) (1 + 7)™

(—A)2[eic-:r(1 +7r)]=-A ([—(A +2iC-V)r+(C- O + r)]eig-x)

= A[(A +2i¢ - V)r]e“™ + 2V (e“™) - V[(A + 2i¢ - V)7]
+ A€ [(A+2i¢C- V)r] + (C-¢) (A (1 + 7))
= [(A* 4 2i¢ - V(A) +2(i¢) - V(A) + 2(i€) - V(2i¢ - V)
= (- O(A +2i¢ - V))rfere

+(C QA +2iC- V)r +(C- QL +7)]e’” (7.42)
= [(A% + 4iC- V(A) = 4(C- V)?)r]e’™ = (C- O[2(A + 2iC - V)r]e”

+(C- QP (1 r)et
= [((A+2i¢C- V) =2(C- QA +2iC- V) + (¢ (L + 1)
= [i( D*72C¢ - O (A +2i¢ - V)* r] e+ (- QP (L +r)ee.

=0

In general, we have

m—1
- m z(a: m lm - m—l i(-x
(=A)" LE_O Ci(¢-O(A+2i¢- V) 7‘]6 (7.4.3)
+(C- O+ 7).

To see this, we use mathematical induction as follows. For m = 1 and m = 2, that the
above statement is true follows from (7.4.1) and (7.4.2).

Now, assume that the statement (7.4.3) is true for m < n. Then, for m = n, we have

(=AY (4] = | 3o (=D O A + 2i¢ - V) |
(¢ Q"L+ r)ere.
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Using this, we see that
(=A)" e (1 +1)]

= (—A) ( z_:(_l)n—l "Cy(¢ - C)Z(A 1 2iC - V)n_lr] e’("”>
+ (=A) [(C- O (L +7)e ]

n—1
Z n+1 lnC C C) [((A + 22( . V)n—l,'d)ei{-x}
=0

— (¢ O"[(A+2iC-V)r = (- Q)1+ 7)€’

1
=) (=) (¢ OM(AA +2i¢ - V)" 4 2i¢ - V(A + 2i¢ - V)"

3
|

o~

¢ O(A+2i¢- V)" )]’ — (¢ Q)" [(A+2i¢ - V)r — (¢ Q)L+ 1) e

I
—~ O

i
L

(=)D Cy (¢ OM([A + 4i¢ - V(A) — 4(¢ - V)(A + 2i¢ - V) (D

M

~

C-O(A+2iC- V)" )] = (C- Q)" [(A+2i¢ - V)r — (C- O (L +7)] e

|
~—~ O

i
X

(=D GUC- O [((A + 2i¢ - V)P (A + 2i¢ - V) r]etes

M

3 o
I

1

=S ENETGC QG QA+ 2i¢ - V)] e

=

O

—(C-O"[(A+2i¢-V)r—(¢-O)(1+71)] i

n—1

( 1) (n+1)—1 ”C’ (< O [(A + 21{ . v)(n+1)flr} eicx

M

l

3 4

2

( 1>(n+1)fl nCl(C . C)lJrl [(A + QZC . v)nflr} eig.x

M

l

0

(— 1)2 "Cra (¢ C)n((A + 2i( - V)T) e
—(C-O)"[(A+2i¢C-V)r—(¢-O)(1+1)] il
= (- )n+1 "Co(¢ - ¢)° [(A + 2i( - v)nﬂr} GiC

+Z )EDTENC(C - O [(A + 20¢ - W)t
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_ ( 1)n+1 n+lC (C C)O [(A T 2Z-C . V)n—HT} eig.x
+ Z DTG4 "G (- O [(A + 20C - ) s

= (0 DO ((A+2iC V)t + (¢ O L r)es
= (- 1)”+1 n+100<< . C)O [(A 1 2iC - V)(”H)’Or} i

n—

+ ( 1)(n+1)—l n-l-lCl(C . C)l [(A + QZC . V)(H—H)_IT} ei(.az
l
+ (_1>(n+1)fn n+1c«n<< . C)n [(A + 2Z< . v)(n+1)fnr} ei(-:r + (C . C)n+1(1 + r)é’(-:r

_ Z(_l)(n+1)—l n—HCl(C . <)l [(A + 2i( - V)(n_'_l)_l?“} RIS + (C . C)n+1<1 + T)eicw

1=0
and hence, (7.4.3) holds true for m = n + 1.

Now, using (7.4.3), we see that
0= (=A)"[e*" (L +1)] = (- Q)" +7) +q(l+7)

[Z )" O ONA 20 V)| (G- O™ (L)

=0

—(C-Q"(A+r)+q(l+7)

-1
= D> ()" G(CONA +2i¢C- V) 4 g1+ 1),
1

3

Il
o

and therefore r satisfies the equation
m—1
[D—l)m-l mOUC - OHA + 2iC vW] r=—q(l+7),
1=0
which proves (7.3.8).

Next, we consider the linear differential operator

3

P (=" "¢ O (A + 2i¢ - V)™

l

Il
o

and the corresponding symbol

m—1
PE)=> "C(¢-OMEP+2¢- 6 ¢ e R

=0
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We recall that

P(g) = (Z a?P(&*)P) , & ER™

|| >0

To derive the estimate (7.3.9), we will only use the derivatives of P order 2m — 1. For

& € R”, we see that

) mz 0 Sl + 2097 e)
_ ey (¢ o) 85"; eP +2¢ - m)e”)
8;;_11[<|5|2+2< Om(€).
Using binomial expansion, we have
gz;%@*) . %[w FaC-6m(E)
S e o) (6
0T |

82m—1
= W[’”Cm!ﬂm(% 6+ M Cr [P T(2¢ - €)1(E)
an—l om 2m—1 o2
= ggnt (S (€ + Impamm 160 91 (€,
Next, using the general Leibniz rule, we see that
a?m—lp
W(f*)
’ H2m—1 2m—1 H2m—1-t
= pen [1E1P™] (€%) + 2m Z Qm_lctw [l€1P™2] (¢ *)8§t [¢-&](£)
J t=0 J
a2m—1 2m * 2m—1 a2m—1 2m—2 * *
=WU§\ ] (€7 +2m COW [lef 2] (€7) (¢ - €7)
2m—1 an_2 2m—2 *
R L o 5, [ 4©)
a?m 1 2m—2
~ gt [1€P™] (€7) +2m (0) (¢ - €) + 2m(2m — Vg (1P (€7 ¢
= s [P €) + 2m(om — 16, 2 (167 (€
- agimfl Ja§2m 2 :
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Again, using binomial expansion, we observe that

aZm—Q
P [1€17™72] (£7)
j
a2m—2 2 2\m—1 *
= gg2 [+ .. +&)m (&)
H2m—2 (-1 < zn: 52) m—1—q e e
(%sz_z | a=0 \i=1, i#;j l !
i 0
82m72 n 82m72
= ~ms ff) EM2(E) = s [£777] ()
(‘3{? ’ _(zl i#] } 8512 ’
= (2m —2)!.
Therefore
a?m—lp an—l .
W(f*) = e [EP™] (€7) + 2m(2m — 1)(2m — 2)! ¢;
a2m 1

Using this, for m > 2, we see that

(Pe)) = Y 1o PP > z
la[=0

—Z

- Z [( 9rm—1 [1£17™] (€7) + (2m)! Re (Q)) + ((2m)! Im (Cj))2]

2
an IP

8§2m 1

2
aZm 1

ang 1 ‘5’2771} ( *) (Zm)' Cj

a£2m 1
> Z<<2m>! Im (¢;))* > 4]Im (¢

whence (7.3.9) follows.
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Conclusion

In this thesis, we have studied high-frequency stability estimates for the recovery of the ze-
roth order perturbation of the Schrodinger equation, the biharmonic operator, and the poly-
harmonic operator with constant attenuation, from the linearized and the nonlinear partial
Dirichlet-to-Neumann (D-N) map in domains satisfying the condition (A).

For the Schrodinger case, in both the linearized and the nonlinear problems, the stability
estimates we obtained exhibit a polynomial dependence on the frequency in the Lipschitz
part. In this scenario, we observe an improvement in the stability estimate from logarithmic
type to Holder type with an appropriate choice of the frequency k.

For the biharmonic and polyharmonic cases, polynomial dependence on the frequency is
obtained only in the linearized problem. In the nonlinear problem, this dependence becomes
exponential. The following table summarizes the resulting frequency dependence in all the

cases considered here.

Stability estimate

Operator linearized DN map DN map

Schrodinger || Polynomial growth in £ | Polynomial growth in &

Biharmonic || Polynomial growth in k& | Exponential growth in k

Polyharmonic || Polynomial growth in k£ | Exponential growth in k

Here, we analyzed the question of stability for the above operators in the presence of
constant attenuation. It will be interesting to examine similar questions for non-constant
attenuation, under similar assumptions on the domain. It will also be worthwhile to see if

similar stability estimates can be derived in the case of more general partial data problems.
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