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ABSTRACT

This thesis examines the microscopic foundations of relativistic hydrodynamics in far-

from-equilibrium systems, focusing on the quark–gluon plasma created in ultrarelativistic

heavy-ion collisions. Experiments show that the quark–gluon plasma exhibits strong collec-

tive flow and behaves as an almost perfect fluid despite large initial anisotropies and rapid

expansion, raising the question of why hydrodynamics applies when local equilibrium is

not yet established.

Using the relativistic Boltzmann equation in the relaxation-time approximation, the the-

sis develops exact solutions for boost-invariant systems, analyses hydrodynamic attractors,

and identifies the role of non-hydrodynamic modes in driving universal behaviour. A com-

plete gradient expansion is constructed, its asymptotic character is demonstrated, and an

operator-based decomposition is introduced to separate hydrodynamic and transient sec-

tors. This leads to time-dependent, renormalised transport coefficients that encode far-

from-equilibrium dynamics.

A central insight is the distinction between the Chapman–Enskog gradient expansion

and fully relativistic causal hydrodynamics. The gradient expansion captures only long-

wavelength perturbative contributions and is intrinsically acausal, whereas causal theories

such as Israel–Stewart hydrodynamics promote dissipative quantities to independent dy-

namical fields with finite relaxation times. This promotion incorporates the fast transient

modes already present in the Boltzmann equation, producing a consistent, stable, and causal

macroscopic evolution. Hydrodynamics, therefore, emerges as a resummed effective theory

that includes both long-lived collective behaviour and transient microscopic dynamics
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Summary
Ultrarelativistic heavy-ion collisions create short-lived systems of deconfined quarks and

gluons known as the quark–gluon plasma (QGP). Experimental signatures—including strong

collective flow, elliptic anisotropy, and mass-ordered hadron spectra—show that the QGP

behaves as a nearly perfect fluid despite being initially far from equilibrium. Hydrodynamic

modelling reproduces these observables with remarkable accuracy, but doing so requires

initialization at very early times, when the system exhibits strong momentum anisotropies

and large gradients. This raises the central theoretical question addressed in this thesis: why

does hydrodynamics remain valid when the QGP is far from local equilibrium?

To investigate this, the thesis employs relativistic kinetic theory based on the Boltz-

mann equation. Starting from the Bogoliubov–Born–Green–Kirkwood–Yvon (BBGKY)

hierarchy, the Boltzmann equation provides a microscopic evolution equation for the single-

particle distribution function f(xµ, pµ). In practical applications the full collision integral

is often replaced by the Anderson–Witting relaxation-time approximation (AW-RTA),

C[f, f ] → −f − feq
εR

,

where feq(T, µ) is the local equilibrium distribution and εR is the characteristic relaxation

time. Hydrodynamic quantities follow from moments of f , establishing a direct connection

between microscopic dynamics and macroscopic evolution.

The thesis adopts both numerical and analytical approaches. Numerical solutions of the

AW-RTA Boltzmann equation—first in highly symmetric (0+1)D systems and then with

symmetry-breaking perturbations—are used to study thermalisation and hydrodynamic at-

tractor behaviour. Introducing external forces or finite particle masses significantly modi-

fies early-time attractors, leaving only late-time universal behaviour. Extending the analysis

to momentum-dependent relaxation times reveals that realistic momentum scaling intro-

duces an additional physical scale, couples different energy moments, and delays thermal-

isation. A momentum-dependent ansatz,

εR = ε 0R pΛ, ! ∈ [0, 1),
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leads to multiple relaxation times and enhanced anisotropy at intermediate stages. To pre-

serve conservation laws in such cases, the thesis employs the Novel relaxation time ap-

proximation (NRTA) kernel, which maintains the Landau matching conditions for arbi-

trary εR(p).

Building on these numerical observations, the thesis undertakes an analytical study of

the hydrodynamic gradient expansion. The Chapman–Enskog expansion expresses the dis-

tribution function as a gradient series controlled by the Knudsen number Kn. However,

this gradient series is asymptotic and ultimately divergent. By analysing a representative

singular-perturbation model,

δ
df

dt
= −

(
f(t)− g(t)

)
,

and its exact solution,

f(t) = e→t/δf(0) +

∫ t

0

dt′

δ
e→(t→t′)/δ g(t′),

the thesis illustrates how perturbative gradient terms and non-perturbative transient (expo-

nential) contributions coexist. This structure also appears in the exact integral solution of

the AW-RTA Boltzmann equation.

Using the exact AW-RTA solution, the gradient expansion of f is constructed explicitly.

The resulting series is shown to be asymptotic but resummable, containing both traditional

hydrodynamic gradient terms and exponentially decaying transient contributions. These

transient contributions can be absorbed into renormalised, time-dependent transport coeffi-

cients, which extend the validity of hydrodynamics far into the non-equilibrium regime. For

the (0+1)D system, exact moment equations demonstrate that incorporating these renor-

malised coefficients yields a convergent hydrodynamic description that correctly reduces

to free-streaming in the appropriate limit.

A key conclusion of this work is the distinction between the Chapman–Enskog gradi-

ent expansion and modern relativistic hydrodynamics. The gradient expansion captures

only slow, long-wavelength perturbations and is intrinsically acausal in relativistic sys-

tems. Causal formulations such as Israel–Stewart theory address this by promoting dissi-

pative quantities to independent dynamical fields with finite relaxation times, which incor-

porate the fast transient modes naturally present in the Boltzmann equation. These “non-

2
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hydrodynamic” modes are therefore not external to hydrodynamics but essential to any

consistent relativistic fluid theory.

Overall, the thesis shows that relativistic hydrodynamics is an emergent, analytic limit

of microscopic Boltzmann dynamics, in which both long-lived collective modes and fast

transient modes must be included. Hydrodynamics succeeds so widely because its structure

closely mirrors that of exact kinetic-theory evolution, even far from equilibrium. While the

relaxation-time approximation has limitations, the central conclusions regarding hydrody-

namisation and the emergence of effective transport coefficients remain robust.

3
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Chapter 1

Introduction
The behaviour of the universe is governed by the interplay of four fundamental forces: grav-

ity, electromagnetism (EM), the strong interaction, and the weak interaction. Gravity and

electromagnetism dominates phenomena ranging from atomic processes (10→10m) to plan-

etary motion (107m), while at the nuclear scale (10→15m) the strong and weak interactions

emerge as dominant players. Among these, the strong interaction plays a crucial role in

binding quarks and gluons into protons, neutrons, and ultimately atomic nuclei, thereby de-

termining the structure and stability of matter at its most fundamental level. The theoretical

framework describing this force is Quantum Chromodynamics (QCD), which encapsulates

the dynamics of quarks and gluons, which carry colour charge. A detailed understanding of

QCD is essential for explaining phenomena such as hadron masses, nuclear binding ener-

gies, and the emergence of collective behaviour in strongly interacting systems. However,

due to the non-perturbative nature of QCD at low energies, many of its predictions are

challenging to test directly.

Relativistic heavy-ion-collisions provide a unique experimental avenue to probe QCD

at high temperature and density. In relativistic heavy-ion collisions, heavy nuclei such as

gold (Au) and lead (Pb) are collided at extremely high energies, up to√sNN = 5.36 TeV [1]

at the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC). Under

such extreme conditions, quarks and gluons, normally confined within hadrons, can become

liberated in a state known as the quark-gluon plasma (QGP) [2, 3, 4, 5]. These collisions

thus allow the study of deconfinement, phase transitions, and the emergent collective prop-

erties of strongly interacting matter, offering invaluable insights into understanding QCD

7



1 Introduction

Figure 1.1: Comparison of pT dependence of vn{2}(two-particle cumulant n ∈ [1− 6]) of
charged hadrons Pb−Pb collisions at√sNN = 2.76 TeV with CMS data [25]. Figure taken
from [26]

matter. The QGP is initially highly anisotropic and far from local equilibrium, but as the

system expands and cools, it gradually approaches a near-equilibrium state. Experimental

observations at RHIC and the LHC have revealed that the QGP behaves as an almost per-

fect fluid [6, 7, 8, 9, 10, 11, 12] with an extremely small shear-viscosity-to-entropy ratio

(η/s ∼ 1/4ω) [13, 14, 15, 16], indicating strongly collective behaviour.

Although the early, far-from-equilibrium dynamics of the QGP remain incompletely un-

derstood, relativistic viscous hydrodynamics has proven remarkably effective in describing

its subsequent near-equilibrium evolution. In particular, hydrodynamic simulations quanti-

tatively reproduce the anisotropic flow coefficients, including elliptic flow (v2) and higher

harmonics [17, 18, 19], across a broad range of beam energies and collision systems [20,

21, 22, 23, 24]. Figure 1.1 presents the two-particle cumulant vn{2}(pT ) for n ∈ [1−6] as

a function of the transverse momentum pT , together with model predictions that provide a

good description of the data. The framework also accounts for the transverse-momentum
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spectra of identified hadrons, naturally capturing the characteristic mass ordering driven

by radial flow [27]. Furthermore, hydrodynamics successfully describes the centrality and

pseudorapidity dependence of particle yields, as well as event-by-event fluctuations that

generate higher-order flow components. Notably, signatures of collective behaviour persist

even in small systems such as p–Pb and high-multiplicity p–p collisions, where the system

size and lifetime are significantly reduced [28, 29, 30, 31, 32].

1.1 The hydrodynamisation problem

The robustness of hydrodynamic predictions in these environments challenges traditional

assumptions linking fluid-like behaviour to near-local-equilibrium conditions and short re-

laxation time. Collectively, these observations motivate a deeper theoretical understanding

of why hydrodynamics remains applicable in regimes featuring large gradients. Traditional

hydrodynamic descriptions assume local thermal equilibrium and rely on a clear separation

of time scales: microscopic interactions rapidly drive the system toward equilibrium, while

macroscopic gradients evolve on much longer scales. In the relativistic context, this sepa-

ration becomes subtle, as expanding systems (such as those created in heavy-ion collisions)

undergo rapid expansion and position-space and momentum-space anisotropies in the early

stages. Traditional viscous hydrodynamics (e.g., second-order theories) extend the ideal

framework but still implicitly hinge on near-equilibrium assumptions. Theoretical studies,

however, indicate that at such early times the system exhibits large anisotropies and devi-

ations from equilibrium, challenging the conventional assumption that hydrodynamics is

applicable only close to local thermal equilibrium.

To reproduce experimental data, hydrodynamic simulations typically assume a hydro-

dynamisation time of εhydro ∼ 0.1–1 fm at LHC energies [33, 34, 35, 36]. This implies

that fluid-dynamical behaviour sets in at extremely early stages, well before local thermal
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equilibrium is established. One possible remedy is to employ higher-order or anisotropic

hydrodynamic formulations, but these expansions are known to be divergent and asymp-

totic, limiting their validity to small deviations from equilibrium. Consequently, despite

the empirical success of hydrodynamic modeling, fundamental questions remain as to why

and under what conditions a hydrodynamic description accurately captures the evolution of

a system that is far from equilibrium.

Figure 1.2: w = εε1/4 is a dimensionless scaled time and f(w) = ε∂ε logw is a measure
of the anisotropy in the system. Hydrodynamic attractor for 0 + 1D Bjorken flow shown
in magenta. The blue shows f(w) in Muller–Israel–Stewart hydrodynamics for various
initial conditions. The red and green dashed lines are first and second-order hydrodynamics
solutions, respectively. Figure taken from [37]

Two complementary explanations have emerged to understand the unexpected success

of relativistic hydrodynamics: the existence of hydrodynamic attractors [38, 39, 37, 40,

41, 42, 43, 44] and the renormalisation (or resummation) of hydrodynamic transport coeffi-

cients [45, 46]. Hydrodynamic attractors correspond to special solutions of the underlying

evolution equations toward which a broad class of initial conditions rapidly converge. As
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a result, macroscopic observables exhibit universal behaviour largely insensitive to micro-

scopic details. In conformal systems undergoing Bjorken expansion, for example, quan-

tities such as the pressure anisotropy approach a universal attractor curve (Fig. 1.2) well

before isotropisation, suggesting that hydrodynamisation can occur long before isotropiza-

tion.

Figure 1.3: The evolution of PL/P as a function of scaled time for various initial z =
m/T . Solid lines represent exact kinetic theory solutions, dashed lines for the three-moment
truncation of the moment equations with renormalised transport coefficients. The solutions
almost overlap. Figure taken from [47]

A complementary perspective, developed by Blaizot, Yan, and collaborators [45, 46,

48, 49, 47], interprets this behaviour through the renormalisation of transport coefficients.

In this framework, the success of the gradient expansion is attributed to the influence of

non-hydrodynamic modes, whose transient effects can be resummed into effective, time-

dependent transport coefficients that reproduce non-equilibrium evolution Fig. 1.3. These

rescaled coefficients evolve toward their equilibrium values and encode non-equilibrium

corrections to the constitutive relations. Together, these viewpoints indicate that the ro-

bustness of hydrodynamics in such regimes is rooted in transient microscopic dynamics

and the effective dressing of transport data by short-lived non-hydrodynamic modes.

11



1 Introduction

1.2 Objectives and methodology

Building upon these insights, the present thesis seeks to deepen the theoretical understand-

ing of how hydrodynamics emerges and remains valid in far-from-equilibrium regimes.

While previous studies have revealed the existence of hydrodynamic attractors and sug-

gested that the apparent applicability of hydrodynamics may arise from the effective resum-

mation of transient microscopic effects, a comprehensive, analytical framework connecting

these phenomena to the underlying kinetic theory remains incomplete. In this work, we ex-

tend these foundational ideas by examining the microscopic emergence of hydrodynamic

behaviour, the structure and divergence of the gradient expansion, and the emergence of

time-dependent, renormalised transport coefficients in relativistic systems undergoing ex-

pansion.

The primary aim of this thesis is to establish a systematic and analytical account of

how relativistic hydrodynamics arises from kinetic theory, and to delineate the boundaries

of its applicability beyond near-equilibrium assumptions. The first part of the study fo-

cuses on understanding hydrodynamisation and attractor behaviour in both conformal and

non-conformal systems, analysing how macroscopic quantities such as pressure anisotropy

approach universal attractor curves across different dynamical settings, specifically in the

presence of external forces. The subsequent part investigates the role of perturbations due

to momentum-dependent relaxation times in shaping hydrodynamisation dynamics. By in-

troducing departures from the simple kinetic relaxation time models, we assess how such

factors influence the approach to equilibrium.

A central component of this work involves developing a complete gradient expan-

sion and its trans-series representation for the relativistic Boltzmann equation within the

relaxation-time approximation. This analytical construction enables a clear identification

of the divergent structure of the gradient series and its decomposition into hydrodynamic
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(slow) and non-hydrodynamic (transient) sectors. Through asymptotic and operator-based

analysis, we demonstrate how these transient contributions yield effective, time-dependent

transport coefficients that smoothly interpolate between far-from-equilibrium and near-

equilibrium regimes.

Finally, the operator-based kinetic formulation introduced in this thesis is extended from

simplified (0 + 1)D models to more general (3 + 1)D frameworks. This generalisation

allows for a systematic exploration of gradient resummation and hydrodynamisation in re-

alistic systems. On this basis, we derive a quantitative criterion that delineates the validity

regime of hydrodynamic descriptions, thereby providing a unified theoretical understand-

ing of how macroscopic fluid dynamics can faithfully describe the evolution of systems far

from equilibrium.

Collectively, these investigations aim to bridge the conceptual gap between microscopic

kinetic theory and macroscopic fluid dynamics, clarifying the dynamical processes that en-

able the apparent universality and resilience of hydrodynamic behaviour in rapidly evolving

relativistic systems.

Throughout this thesis, we work in natural units, setting c = h̄ = kB = 1. In this

convention, space and time share the same units, and energy, momentum, temperature, and

inverse length are all expressed in units of energy, typically GeV. As a result, quantities

such as relaxation time, mean free path, and proper time are written in inverse-energy units

(for example, fm/c ≡ fm), while thermodynamic variables scale with appropriate powers

of energy. This choice simplifies the relativistic equations and ensures that all expressions

remain dimensionally consistent.
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1.3 Organisation of the Thesis

The remainder of this thesis is organised as follows. Chapter 2 introduces the theoretical

framework underlying the analyses presented in this work. It reviews relativistic viscous

hydrodynamics, develops the kinetic description based on the Boltzmann equation, and for-

mulates the moment hierarchy within the relaxation-time approximation. An exact (0+1)D

integral solution is constructed, together with the machinery required for evaluating macro-

scopic observables.

In Chapter 3, we investigate equilibration in the presence of external forces. By in-

corporating a force term into the Boltzmann equation, we analyse how the additional scale

modifies the approach to equilibrium and suppresses early-time attractor behaviour, espe-

cially in non-conformal settings. Numerical implementations, force parametrisations, and

representative observables are presented.

Chapter 4 extends this analysis to collision models with momentum-dependent relax-

ation times. The resulting moment equations require regularisation of the collision kernel,

and the evolution of selected moments is used to quantify hydrodynamisation. We examine

how different microscopic relaxation channels influence attractor-like behaviour and derive

conditions under which universality persists.

In Chapter 5, we derive the exact gradient expansion of the Boltzmann equation, elu-

cidating the asymptotic nature of the Chapman–Enskog series. The structure of the ex-

pansion is presented in closed form, allowing us to characterise its divergence, identify

non-perturbative transient contributions, and assess the regime of validity of hydrodynamic

truncations.

Chapter 6 develops a formal operator-based solution to relativistic hydrodynamics be-

yond local equilibrium. Working within 0 + 1D and subsequently extending to the general

3+1D case, we decompose the dynamics into gradient and non-perturbative parts, identify
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the hydrodynamic generator, and formulate a quantitative validity criterion for hydrody-

namics in expanding systems.

Finally, Chapter 7 summarises the main results and outlines potential directions for fu-

ture work, including applications to more realistic collision kernels, additional conserved

charges, and generalised flows relevant to heavy-ion phenomenology.
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Chapter 2

Theoretical Framework
This chapter presents the theoretical framework that underpins the analyses carried out in

this thesis. Our goal is to provide a self-contained account of both macroscopic and mi-

croscopic descriptions of relativistic fluids, with particular emphasis on the connection

between kinetic theory and viscous relativistic hydrodynamics. We begin with a concise

review of equilibrium and viscous relativistic hydrodynamics, highlighting the conserva-

tion laws, constitutive relations, and the limitations of first-order (Navier–Stokes) formu-

lations. We then introduce modern second-order approaches, such as the Israel–Stewart

(IS) and Denicol–Niemi–Molnár–Rischke (DNMR) formalisms, which render relativistic

hydrodynamics causal and stable by promoting dissipative fluxes to dynamical variables.

This hydrodynamic overview establishes the theoretical framework and defines the key hy-

drodynamic variables—such as the energy density, pressure, and viscous stresses—that are

employed throughout the thesis.

To place hydrodynamics on a microscopic foundation, the chapter develops the essen-

tials of relativistic kinetic theory. We describe the derivation of the Boltzmann equation

from the Bogoliubov–Born–Green–Kirkwood–Yvon (BBGKY) hierarchy [50] under the

molecular-chaos assumption and discuss its role as the basic equation for out-of-equilibrium

evolution. The Anderson–Witting relaxation-time approximation (AW-RTA) is introduced

as a pragmatic linearization of the collision integral that captures the dominant relaxation

dynamics while remaining analytically tractable. We describe Landau matching and the

extraction of macroscopic fields from moments of the single-particle distribution, thereby

showing how kinetic theory yields hydrodynamic variables and transport coefficients.
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Building on these foundations, we present generalisations relevant to this thesis. A

constant relaxation time cannot represent the energy dependence of microscopic scattering

and lead to violations of exact energy–momentum conservation in multi-scale systems. To

address this, we describe a generalised (momentum-dependent) relaxation-time kernel de-

veloped in the literature that preserves conservation laws while capturing realistic spectral

dependence. We then derive the exact integral solution of the AW-RTA Boltzmann equa-

tion in boost-invariant (0 + 1)D Bjorken flow using the method of characteristics. The

integral solution, consisting of a damped free-streaming term and a history integral over

an equilibrium source, provides insight into memory effects, collisional relaxation, and the

emergence of hydrodynamic behaviour. We explain how anisotropic initial conditions, rep-

resented by the Romatschke–Strickland form [51, 52, 53, 54, 55], are implemented and how

the integral solution is used to compute the energy–momentum tensor and its longitudinal

and transverse pressure components.

2.1 Relativistic Hydrodynamics

Hydrodynamics is an effective macroscopic theory that describes the collective behaviour

of many-particle systems in terms of conserved quantities such as energy, momentum, and

charge. Instead of tracking individual microscopic degrees of freedom, hydrodynamics em-

ploys fields like energy density, pressure, fluid velocity, and conserved currents to capture

the long-wavelength, low-frequency dynamics of matter. The fundamental equations gov-

erning hydrodynamics arise from local conservation laws, supplemented by an equation of

state that encodes the microscopic physics. Depending on the level of description, hydro-

dynamics may include dissipative effects such as viscosity and diffusion, which account for

deviations from local equilibrium.
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2.1.1 Ideal Hydrodynamics

The simplest realisation of a hydrodynamic system is one in local thermal equilibrium,

meaning that within each infinitesimal fluid element, microscopic interactions rapidly drive

the single-particle distribution toward an equilibrium form characterised by well-defined

temperature, chemical potential, and flow velocity. In this regime, local entropy production

is zero, and the usual thermodynamic relations and equations of state are locally valid.

This assumption relies on a clear separation of time scales: a short microscopic scale,

over which collisions establish equilibrium, and a much longer macroscopic scale, over

which gradients of hydrodynamic fields drive collective evolution. Such a separation typi-

cally holds in dense, strongly interacting systems with short mean free paths, for example,

liquids or the quark–gluon plasma near hadronisation. It breaks down in dilute or weakly

interacting systems with long mean free paths, such as rarefied gases or systems undergoing

rapid expansion, where collisions are too infrequent to maintain equilibrium. Because mi-

croscopic interactions act on much shorter time scales than the macroscopic dynamics, this

equilibrium form is continuously maintained as the system evolves. In this regime, each

fluid element can be parameterised by equilibrium thermodynamic variables such as energy

density, pressure, temperature, and chemical potential, which vary smoothly in space and

time.

For a single-component fluid with one conserved charge, the ideal hydrodynamic de-

scription is formulated in terms of the energy–momentum tensor T µν and the conserved

charge current nµ. In local thermal equilibrium, the system has six independent degrees of

freedom: the energy density ε, the number density n, the fluid four-velocity uµ, and the

isotropic pressure P . The conserved fields are then written as

T µν
ideal = εuµuν + P ∆µν , (2.1)

nµideal = nuµ , (2.2)
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where ∆µν = gµν − uµuν projects onto spatial directions orthogonal to the flow velocity.

Themetric tensor gµν is a symmetric rank-two object that encodes spacetime intervals and is

used to raise and lower Lorentz indices. In the mostly negative convention its components

are gµν = diag(+1,−1,−1,−1). It specifies the underlying spacetime geometry, and with

this metric, the four-velocity satisfies uµuµ = 1. The conservation laws give five dynamical

equations,

∂µT
µν = 0 , ∂µnµ = 0 , (2.3)

which, together with an equation of state ε = ε(n, P ) and specified initial or boundary

conditions, determine the ideal hydrodynamic evolution of the system.

2.1.2 Viscous Hydrodynamics

Real systems have finite viscosities, and when gradients of temperature, velocity, or chem-

ical potential are present, the single-particle distribution deviates from its equilibrium form

and additional fluxes appear. Therefore, ideal hydrodynamics based on perfect local equi-

librium is only approximate. These fluxes through dissipative effects drive entropy produc-

tion and relax the system toward equilibrium. In relativistic many-body systems, such as

those created in heavy-ion collisions, large gradients make dissipative corrections essential.

To account for these effects, viscous hydrodynamics extends the ideal description by

adding non-equilibrium corrections to the energy–momentum tensor and conserved current,

T µν = T µν
eq + Πµν , (2.4)

nµ = nµeq + V µ . (2.5)

The most general first-order decomposition in a single-component fluid is

T µν = εuµuν + (P + Π)∆µν + ωµν + uµqν + uνqµ , (2.6)

nµ = nuµ + V µ , (2.7)
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where uµ is the fluid four-velocity, the trace of the non-equilibrium correction is the bulk

viscous pressure Π, ωµν is the traceless shear-stress tensor, qµ is the heat-flow four-vector,

and V µ is the charge-diffusion current. These dissipative quantities satisfy

uµω
µν = 0, ωµ

µ = 0, uµq
µ = 0, uµV

µ = 0 ,

ensuring they are spatial in the local rest frame. The above decomposition is not unique

until a convention for uµ is chosen. Two standard frame choices remove this ambiguity:

Landau frame:

T µνuν = εuµ .

This defines the flow velocity as the timelike eigenvector of T µν and enforces qµ = 0,

eliminating heat flow by construction.

Eckart frame:

nµ = nuµ .

Here uµ is aligned with the conserved charge current, which sets V µ = 0 but allows qµ '= 0.

In this thesis, the Landau frame is used, so qµ = 0. The resulting decompositions are

T µν = εuµuν + (P + Π)∆µν + ωµν , (2.8)

nµ = nuµ + V µ . (2.9)

In the ideal limit, all dissipative quantities vanish, reducing the system to a perfect fluid.

Hydrodynamic gradient expansion

The hydrodynamic gradient expansion is an ordering scheme in which one systematically

includes all terms allowed by symmetries, organised by the number of spacetime deriva-

tives acting on the hydrodynamic fields. At zeroth order there are no gradients and the

system behaves as an ideal fluid. First-order terms involve a single derivative and pro-

duce the Navier–Stokes constitutive relations. Higher orders include products of gradients
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and capture nonlinear and memory effects. The expansion is controlled when gradients are

small compared to the microscopic relaxation scale. The non-equilibrium contributions in

viscous hydrodynamics—shear stress ωµν , bulk viscous pressure Π, and diffusion current

V µ—can be expressed in terms of gradients of the hydrodynamic fields

In the first-order (Navier–Stokes) approximation, these quantities are assumed to re-

spond instantaneously to local gradients:

ωµν = 2η∇〈µuν〉, (2.10)

Π = −ζ∇αu
α, (2.11)

V µ = κ∇µ µ

T
, (2.12)

where η and ζ are the shear and bulk viscosities, κ is the thermal conductivity (or charge

diffusion coefficient), and∇〈µuν〉 denotes the symmetric, traceless, and transverse velocity

gradient. The relevant differential operators are defined by separating temporal and spatial

derivatives with respect to the fluid four-velocity: the comoving (material) derivativeD ≡

uα∂α and the spatial gradient∇α ≡ ∆αβ∂β . The symmetric, traceless, transverse velocity-

gradient tensor is given by

∇〈µuν〉 =
1

2
(∇µuν +∇νuµ)− 1

3
∆µν (∇αu

α) ,

and satisfies the transversality condition uµ∇〈µuν〉 = 0.

Non-equilibrium corrections describe fluxes proportional to gradients. These fluxes

(shear stress, bulk pressure, heat flow) irreversibly convert ordered energy into internal

energy. The result is entropy production and damping of gradients. This loss ofmacroscopic

order is dissipation.

However, the relativistic Navier–Stokes theory suffers from acausality and numeri-

cal instabilities. The viscous terms introduce second-order spatial gradients but no cor-

responding time derivatives. Information then propagates with infinite speed. Small short-

wavelength perturbations grow instead of damping because the equations do not provide

21



2 Theoretical Framework

intrinsic relaxation. Linear stability analysis shows modes with positive imaginary fre-

quency at finite wave number. In discretised form these modes amplify numerical noise

[56, 57].

To resolve the issues of acausality and instability present in first-order relativistic hy-

drodynamics, Israel and Stewart [58, 59] developed a second-order theory in which the

dissipative fluxes—shear stress ωµν , bulk viscous pressure Π, and diffusion current qµ—

are promoted to independent dynamical variables.

To resolve the issues of acausality and instability present in first-order relativistic hy-

drodynamics, Israel and Stewart [58, 59] developed a second-order theory in which the

dissipative fluxes—shear stress ωµν , bulk viscous pressure Π, and diffusion current qµ—

are promoted to independent dynamical variables. Rather than being instantaneously tied

to local gradients, these quantities relax toward their first-order (Navier–Stokes) limits over

finite relaxation times. The construction begins with the relativistic first law of thermody-

namics, expressing the entropy current in terms of the energy–momentum tensor and the

charge current,

sµ = Pβµ + βνT µ
ν − µ

T
nµ (2.13)

where βµ = uµ/T .

The most general extension of the entropy current is then obtained by including contri-

butions quadratic in the dissipative fields, achieved by expandingT µν and nµ to second order

in deviations from equilibrium. Imposing the second law of thermodynamics, ∂µsµ ⇒ 0,

enforces non-negative entropy production and constrains the allowed evolution equations.

Sketch proof: quadratic corrections to the entropy current

We start with the local-equilibrium entropy current

sµeq = s uµ, (2.14)
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By the Israel–Stewart anzatz [58, 59, 60, 61, 62, 63], we add the lowest-order (in deviations)

non-equilibrium corrections that are quadratic in the dissipative fields. The most general

allowed ansatz (up to second order) is

sµ = s uµ − β0

2
Π2 uµ − β1

2
qαq

α uµ − β2

2
ωαβω

αβ uµ +O(cubic), (2.15)

where βi are phenomenological (positive) coefficients. By computing the divergence ∂µsµ

and using the conservation laws

∂µT
µν = 0, ∂µnµ = 0,

and the first law relations to get the derivatives of equilibrium quantities. Keeping only

terms up to second order in the dissipative fields (linear in their gradients). and projecting

along and orthogonal to uµ,

∂µs
µ = −Π

(
θ + β0Π̇+ · · ·

)
− V µ

(
∇µα + β1q̇µ + · · ·

)
− ωµν

(
σµν + β2ω̇µν + · · ·

)
,

(2.16)

Now the second law ∂µsµ ⇒ 0 is imposed for arbitrary small dissipative fields by choos-

ing linear constitutive (relaxation) relations that make the right-hand side a manifest sum of

positive products. The simplest choice is to require the terms inside each parenthesis to be

proportional to the corresponding dissipative field with a positive coefficient. This proce-

dure leads to constitutive relations in which the dissipative quantities obey relaxation-type

dynamics. In Israel–Stewart theory, these take schematic forms such as

εΠΠ̇+ Π = −ζ θ +O(second order), (2.17)

εV V̇
〈µ〉 + V µ = −κ∇µT +O(second order), (2.18)

επω̇
〈µν〉 + ωµν = 2η σµν +O(second order), (2.19)

with positive transport coefficients ζ,κ, η > 0 and relaxation times related to the βi coeffi-

cients, e.g.

εΠ = ζ β0, εV = κβ1, επ = 2η β2. (2.20)
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With these signs the entropy production becomes

∂µs
µ =

Π2

ζ
+

VαV α

κT
+

ωαβωαβ

2η
+ · · · ⇒ 0,

which is manifestly non-negative to quadratic order. The relaxation times επ, εΠ, and εq

control the rate at which the system approaches equilibrium, ensuring that relaxation occurs

over finite timescales. This renders the evolution equations hyperbolic, allowing for causal

signal propagation and stable dynamics, thereby resolving the pathologies of first-order

relativistic hydrodynamics.

A key drawback of the Israel–Stewart construction is that it is fundamentally built on

an equilibrium thermodynamic foundation. The derivation begins with the equilibrium

form of the entropy current and then extends it by adding quadratic terms in the dissipa-

tive quantities. This procedure assumes that deviations from equilibrium remain small, so

that equilibrium thermodynamic relations continue to hold locally. As a result, the frame-

work lacks a systematic microscopic justification: it cannot, on its own, capture strongly

out-of-equilibrium dynamics or provide a first-principles determination of transport coeffi-

cients and relaxation times. Instead, many of these coefficients must be supplied externally

from kinetic theory or effective field theory calculations.

To overcome these limitations, several modern frameworks have been developed. For

instance, the Denicol–Niemi–Molnár–Rischke (DNMR) formalism [62, 64] systematically

derives second-order hydrodynamics from kinetic theory using the 14-moment approxima-

tion of the Boltzmann equation. Similarly, gradient expansion methods within the AW-

RTA [65, 66, 67, 68] provide a controlled expansion in terms of the Knudsen number (Kn)

and inverse Reynolds (Rn) numbers, yielding evolution equations for dissipative currents

with transport coefficients directly linked to microscopic dynamics. In addition, effective

field theory approaches formulate hydrodynamics as a low-energy, long-wavelength effec-

tive theory constrained by symmetries and the second law of thermodynamics, allowing
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for a systematic classification of higher-order corrections. Collectively, these modern ap-

proaches overcome the equilibrium-based limitations of Israel–Stewart theory and offer a

more robust framework for describing strongly out-of-equilibrium dynamics, such as those

encountered in relativistic heavy-ion collisions.

2.2 Kinetic Theory

Boltzmann kinetic theory provides a microscopic framework for describing the evolution of

a many-particle system out of equilibrium. It can be viewed as a truncation of the BBGKY

hierarchy, which offers a systematic description of an N -particle system in terms of re-

duced distribution functions. In this formalism, the complete statistical state of the sys-

tem is described by the N -particle distribution function f (N)(x1, p1, . . . , xN , pN), defined

over the full 6N -dimensional phase space. The s-particle or reduced distribution function

f (s)(x1, p1, . . . , xs, ps) is obtained by integrating the full distribution function over the re-

maining (N − s) particle coordinates and momenta,

f (s)(x1, p1, . . . , xs, ps) =

∫ N∏

i=s+1

d3xi d
3pi f

(N)(x1, p1, . . . , xN , pN). (2.21)

This marginalisation procedure effectively “coarse-grains” over microscopic degrees of

freedom, allowing macroscopic observables to be expressed in terms of a few reduced dis-

tributions.

The BBGKY hierarchy expresses the evolution of each s-particle distribution function

in terms of the next higher one, f (s+1), producing an infinite chain of coupled equations

that encode all inter-particle correlations. To obtain a closed kinetic equation for the single-

particle distribution function f (1)(x, p) ≡ f(x, p), one must introduce approximations. The

Boltzmann equation emerges when the assumption of molecular chaos (Stosszahlansatz) is

invoked, factorizing the two-particle distribution function before collisions as

f (2)(x1, p1, x2, p2) → f (1)(x1, p1) f
(1)(x2, p2), (2.22)
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thereby neglecting correlations between incoming particles. This approximation closes the

hierarchy at the single-particle level and forms the foundation of kinetic theory and its hy-

drodynamic limits. This truncation allows one to write a closed equation for f(x, p) with a

collision integralC[f, f ], providing a practical and tractable kinetic description. The system

is then described in terms of the single-particle phase-space distribution function f(x, p).

In relativistic kinetic theory one treats spacetime position xµ and four-momentum pµ as in-

dependent coordinates on phase space. The single-particle distribution function f(x, p) is

defined such that

f(x, p) d3x
d3p

(2ω)3 p0
,

gives the expected number of particles in the spatial volume element d3x around x with

three-momentum in d3p around p, where p0 =
√
p2 +m2 and d3p/p0 is the Lorentz-

invariant momentum-space measure. Here, d3x d3p/p0 is the invariant phase space volume

element.

2.2.1 The Boltzmann equation

The evolution of f(x, p) is governed by the Boltzmann equation [69]:
(
pµ

∂

∂xµ
+mKµ ∂

∂pµ
− Γσ

µνp
µpν

∂

∂pσ

)
f(xµ, pµ) = C[f, f ] , (2.23)

whereKµ represents an external four-force, and Γσ
µν are the Christoffel symbols accounting

for spacetime curvature and the four-momentum pµ obeys the on-shell condition gµνpµpν =

m2 with the force term obeying gµνpµKν/p0 = 0. The collision integral C[f, f ] is given

by,

C[f, f ] =

∫
dP1 dP

′ dP ′
1 W (p, p1 | p′, p′1) [f ′f ′

1 − ff1] , (2.24)

whereW (p, p1 | p′, p′1) is the Lorentz invariant transition rate for the process p+p1 → p′+p′1

and dP = d3p/[(2ω)32p0] , and the bracketed term represents gain and loss due to collisions.
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The condition C[feq, feq] = 0 defines the local thermal equilibrium distribution:

feq =
1

e(u·p→µ)/T + r
, (2.25)

where r takes values−1, 0, 1 corresponding to Bose-Einstein, Maxwell-Juttner, and Fermi-

Dirac statistics, respectively.

Moments of the single-particle distribution function f(x, p) provide a direct link be-

tween the microscopic dynamics encoded in the Boltzmann equation and macroscopic hy-

drodynamic quantities. In particular, the energy–momentum tensor and the particle four

current are expressed as

T µν(x) =

∫
dP pµpνf(x, p), nµ(x) =

∫
dP pµf(x, p) . (2.26)

These quantities satisfy the conservation laws Eq.(2.3), when collisions respect energy-

momentum and particle number conservation. By taking successive moments of the Boltz-

mann equation and performing controlled approximations—such as theAW-RTAandChapman–

Enskog[70] expansion—one can derive hydrodynamic equations that include viscous cor-

rections, transport coefficients, and dissipative fluxes. This procedure provides a system-

atic, microscopic foundation for relativistic hydrodynamics.

2.2.2 The Anderson-Witting Kernel

The full relativistic Boltzmann equation contains a nonlinear collision integral C[f, f ],

which accounts for all possible microscopic interactions between particles. This collision

term is generally highly complex, as it depends on the detailed scattering process, phase-

space distributions of incoming and outgoing particles, and can involve both elastic and

inelastic processes. Solving the Boltzmann equation with the full collision integral is there-

fore computationally demanding, and often analytically intractable. The Anderson–Witting

(AW) kernel provides a significant simplification by replacing the full collision integral with
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a AW-RTA [71]:

C[f, f ] −→ CAW[f ] = −u · p(f − feq)

εR
, (2.27)

where feq is the local equilibrium distribution and εR is the characteristic relaxation time.

This approximation assumes that the distribution function relaxes exponentially toward

equilibrium over a single timescale, capturing the essential dissipative physics without re-

quiring detailed knowledge of microscopic scattering processes. The introduction of the

u · p factor is a key improvement over Marle’s earlier model, which fails in the massless

limit, m
εR
(f−feq). Replacingmwith u ·p gives the correct non-relativistic limit and extends

the model to massless particles. Furthermore, this makes the relaxation model compatible

with Landau matching when energy–momentum conservation is imposed. Moreover, in

relativistic regimes the u · p term yields transport coefficients in both the classical and ul-

trarelativistic limits that agree with those obtained from Grad’s method applied to the full

relativistic Boltzmann collision kernel.

From a formal kinetic theory perspective, the linearized collision operator L̂, defined

via

C[f, f ] → −L̂[δf ] +O(δf 2), δf = f − feq, (2.28)

possesses a spectrum of eigenvalues and eigen functions corresponding to different

modes of relaxation. Each eigenmode of L̂ decays exponentially with a characteristic

timescale εi = 1/λi, where λi is the corresponding eigenvalue [72]. The eigenfunctions

associatedwith conserved quantities (particle number, momentum, energy) have zero eigen-

value (λi = 0) due to the conservation laws; these correspond to hydrodynamic modes. All

other modes, sometimes called non-hydrodynamic modes, have finite positive eigenvalues,

corresponding to decaying microscopic excitations.

In general, the eigen-spectrum spans awide range of relaxation timescales, reflecting the

fact that different momentum components and different microscopic processes equilibrate

28



2 Theoretical Framework

at different rates. For example, high-momentum particles or short-wavelength modes may

relax faster than low-momentum or long-wavelength modes.

From this linearisation, Boltzmann equation can be modeled with a collision kernel that

has the linear structure of the linearised Boltzmann collision kernel:
(
pµ

∂

∂xµ
+mKµ ∂

∂pµ
− Γσ

µνp
µpν

∂

∂pσ

)
f(xµ, pµ) = −L̂[δf ] . (2.29)

However, this formulation is not strictly linear in the distribution function f . Although

the collision term on the right-hand side involves the linear operator−L̂[δf ], the equilibrium

distribution feq(T, µ, uµ)—around which the system is linearized—depends on the local

hydrodynamic variables: the temperature T (x), chemical potential µ(x), and flow velocity

uµ(x).

These quantities are not fixed externally but are instead determined self-consistently

from the full distribution function f through matching conditions. A common choice, for

example, is the Landau or Eckart matching condition, which requires that the conserved

quantities computed from f (such as energy density, particle number, and momentum)

match those of the local equilibrium distribution:
∫

dP {1, pµ, pµpν} f(x, p) =
∫

dP {1, pµ, pµpν} feq
(
T (x), µ(x), uµ(x)

)
. (2.30)

Because feq thus depends on f through these relations, the overall kinetic equation remains

nonlinear in f , even though the collision operator itself has a formally linearised structure.

In essence, the apparent linearity of the model is broken by the fact that the local equilibrium

parameters evolve dynamically with the distribution function itself.

The Anderson–Witting kernel effectively selects the slowest nonzero relaxation mode

by replacing the full spectrum with a single relaxation time εR:

L̂[δf ] −→ u · p
εR

δf (2.31)

29



2 Theoretical Framework

Here, εR is in general a function of xµ and pµ and is typically chosen to correspond to

the dominant timescale controlling the approach to equilibrium, which is often the lowest

nonzero eigenvalue of L̂. This approximation captures the essential dissipative dynamics

relevant for hydrodynamic behavior, while ignoring the faster-decaying modes that relax

quickly.

Conservation laws and matching conditions

To ensure that the Anderson–Witting relaxation-time approximation respects fundamental

conservation laws, it is necessary to impose Landau matching conditions. These conditions

require that the energy density and number density calculated from the non-equilibrium

distribution f(x, p) match those of the local equilibrium distribution feq(x, p) in the local

rest frame of the fluid:

uνT
µν = uνT

µν
eq = εequ

µ , (2.32)

uµnµ = uµn
µ
eq = neq , (2.33)

where uµ is the fluid four-velocity. These conditions ensures the energy-momentum

and number conservation via,
∫

dP pνpµ∂µf = ∂µT
µν =

∫
dP uµp

µpν
(f − feq)

εR
=

1

εR
uµ(T

µν − T µν
eq ) = 0 , (2.34)

∫
dP pµ∂µf = ∂µn

µ =

∫
dPuµp

µ (f − feq)

εR
=

1

εR
uµ(nµ − nµeq) = 0 , (2.35)

provided that the relaxation time εR does not depend on momenta. The Landau matching

procedure thus serves as the definition for the parameters of feq(x, p, T, µ, uµ) (temperature,

chemical potential, and flow velocity) in such a way that the AW-RTA collision term con-

serves total energy and momentum, making the Anderson–Witting kernel consistent with

the macroscopic conservation laws.
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However, when the relaxation time depends on momentum, the standard Landau match-

ing conditions (2.32) no longer guarantee the conservation of energy and charge. This is

because the factors of 1/εR(p) cannot be pulled out of the momentum integrals in (2.34)

and (2.35). To consistently account for a momentum-dependent relaxation time while pre-

serving both conservation laws and the Landau conditions (2.32) that define the local ther-

modynamic variables, a modified form of the collision kernel must be introduced.

2.2.3 Generalized Relaxation Time Kernel

Ageneralised relaxation timemodel [73, 74] can be constructed bymodifying theAnderson–

Witting kernel to consistently incorporatemomentum-dependent relaxation timeswhile pre-

serving conservation laws. The procedure begins by recognising that the collision operator

must annihilate the conserved hydrodynamic modes, namely particle number and energy–

momentum, corresponding to the invariants 1 and pµ. To enforce this, the deviation from

equilibrium δf = f − feq is decomposed into two parts: a hydrodynamic contribution ly-

ing within the subspace spanned by the collision invariants, and a purely dissipative part

orthogonal to it. A projector is then built using the inner product weighted by (u ·p)/εR(p),

such that the hydrodynamic part is exactly subtracted from the relaxation dynamics. The

resulting kernel takes the form [72, 73]

C[f ] = − u · p
εR(xµ, pµ)

[
δf − P [δf ]

]
, (2.36)

where P [δf ] is the projection of the deviation δf on the hydrodynamic subspace. This

ensures that the collision term relaxes only the non-hydrodynamic modes. This guarantees

exact conservation of energy–momentum and charge, even with momentum-dependent εR,

while leaving the Landau matching conditions intact.

Accordingly, while considering the collision term for a momentum-dependent relax-

ation time, we use the novel relaxation time collision operator that conserves both particle
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number and energy-momentum irrespective of the momentum-dependence considered in

εR(p) and the hydrodynamic frame chosen. Explicitly the collision kernel has the form [73,

74],

L[φp] = −E

εR
f eq

[
φp − P0

〈 E
εR
P0φp〉eq

〈 E
εR
P0P0〉eq

− P1

〈 E
εR
P1φp〉eq

〈 E
εR
P1P1〉eq

− p〈µ〉
〈 E
εR
p〈µ〉φp〉eq

1
3〈

E
εR
p〈ν〉p〈ν〉〉eq

]
, (2.37)

with E = u · p, P0 = 1, P1 = 1− p〈 p
εR
〉
eq
/〈 p2

εR
〉
eq
and p〈µ〉 = ∆µνpν . The notation 〈· · · 〉eq

reads, 〈· · · 〉eq =
∫
dPf eq

p (· · · ).

Explicit demonstration of number current conservation

Integrating the collision kernel over momentum gives zero, which ensures particle number

conservation.

Proof. Define the weighted equilibrium average

〈X〉eq =
∫

dP f eq X, (2.38)

and use E = u·p in the collision kernel definition,
∫

dP L[φp] = −
∫

dP
E

εR
f eq

[
φp − P0

〈 E
εR
P0φp〉eq

〈 E
εR
P0P0〉eq

− P1

〈 E
εR
P1φp〉eq

〈 E
εR
P1P1〉eq

− p〈µ〉
〈 E
εR
p〈µ〉φp〉eq

1
3〈

E
εR
p〈ν〉p〈ν〉〉eq

]
.

(2.39)

Evaluating term by term, the first two pieces combine to

−
〈E
εR

φp

〉

eq
+
〈E
εR

P0

〉

eq

〈 E
εR
P0φp〉eq

〈 E
εR
P0P0〉eq

= −
〈E
εR

φp

〉

eq
+
〈E
εR

φp

〉

eq
= 0, (2.40)

since P0 = 1 and 〈 E
εR
P0P0〉eq = 〈 E

εR
P0〉eq.

The remaining projector terms vanish because they are orthogonal to the constant mode

under the 〈 E
εR
·〉eq inner product:

〈E
εR

P1

〉

eq
= 0,

〈E
εR

p〈µ〉
〉

eq
= 0. (2.41)
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The first relation follows from the definition of P1 (constructed to be orthogonal to P0), and

the second from the isotropy of the equilibrium distribution.

Therefore, ∫
dP L[φp] = 0, (2.42)

which shows that the collision operator does not alter the total particle number. Hence,

number conservation is automatic in the generalised relaxation-time kernel.

With the kinetic foundation in place, one can now systematically connect microscopic

transport dynamics to macroscopic fluid behaviour. This is achieved through the Chapman–

Enskog expansion, which provides an explicit procedure to derive hydrodynamic equations

and transport coefficients from the Boltzmann equation by expanding around local equi-

librium. The following section develops this expansion in detail and briefly reviews how

hydrodynamic equations emerge from the order-by-order derivative expansion of the dis-

tribution function around its local equilibrium form.

2.3 The Chapman–Enskog Expansion

The hydrodynamic gradient expansion can be systematically derived from the relativistic

Boltzmann equation using the Chapman–Enskog procedure. This formalism provides a

controlled bridge between microscopic kinetic theory and macroscopic hydrodynamics by

expanding the single-particle distribution function around its local equilibrium form. In this

approach, the distribution function is expressed as

f(x, p) = feq(x, p) + δf(x, p), (2.43)

where feq denotes the local equilibrium (Maxwell–Jüttner) distribution, and δf encodes

deviations induced by gradients of the hydrodynamic fields such as temperature, chemical

potential, and velocity. The magnitude of δf is assumed to be small when the system is
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close to local equilibrium, such that the macroscopic gradients of thermodynamic variables

evolve on timescales much longer than the microscopic mean free path.

The starting point is the Boltzmann equation, which governs the evolution of the distri-

bution function,

pµ∂µf = C[f, f ], (2.44)

where C[f ] is the collision integral. In the Anderson–Witting relaxation-time approxima-

tion (AW-RTA) [71], the collision term is replaced by a simple linear relaxation form,

C[f, f ] = −u · p
εR

(f − feq) , (2.45)

where εR is the microscopic relaxation time and uµ is the local fluid four-velocity satisfy-

ing uµuµ = 1. The AW-RTA equation is linear in f but effectively nonlinear in the hy-

drodynamic variables (T, µ, uµ), which determine feq through Landau matching conditions

ensuring energy–momentum and charge conservation.

2.3.1 Gradient Expansion of the Distribution Function

To connect kinetic theory with hydrodynamics, one expands the distribution function in

powers of a small parameter, the Knudsen number Kn, which measures the ratio of the

microscopic mean free path λ to a characteristic macroscopic length scale L:

Kn ∼ λ

L
∼ εR

εhydro
- 1. (2.46)

The distribution function and its corresponding moments can then be written as

f = f (0) + Kn f (1) + (Kn)2 f (2) + · · · , (2.47)

ρn = ρ(0)n + Kn ρ(1)n + (Kn)2 ρ(2)n + · · · , (2.48)

where ρn denotes the n-th moment of the distribution function. Substituting this expansion

into the Boltzmann equation and equating terms of the same order in Kn generates an infinite

hierarchy of equations that can be solved iteratively.
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At zeroth order, the system is in local equilibrium, satisfying C[f (0), f (0)] = 0, which

gives f (0) = feq. At first order, the Boltzmann equation yields

pµ∂µf
(0) = −u · p

εR
f (1). (2.49)

Solving for f (1) gives

f (1) = − εR
u · p pµ∂µfeq. (2.50)

Iteratively applying this procedure yields the formal series solution

f = feq +
∞∑

k=1

[
− εR
u · p pµ∂µ

]k
feq, (2.51)

which expresses f entirely in terms of feq and gradients of hydrodynamic fields. This ex-

pansion provides a microscopic foundation for the hydrodynamic gradient series.

2.3.2 Hydrodynamic Moments and Constitutive Relations

Macroscopic observables such as the energy–momentum tensor and the conserved charge

current are obtained as moments of the single-particle distribution function. Substituting

f = feq + δf and expanding, we separate each quantity into an equilibrium and a non-

equilibrium part,

T µν = T µν
eq + δT µν , nµ = nµ

eq + δnµ, (2.52)

with

δT µν =

∫
dP pµpν δf, (2.53)

δnµ =

∫
dP pµ δf. (2.54)

The equilibrium parts yield the ideal hydrodynamic quantities in Eq.(2.1).

Non-equilibrium corrections from δf (1).

At first order in the Chapman–Enskog expansion, deviations from local equilibrium are
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given by

δf (1) = − εR
u · p pα∂αfeq. (2.55)

This term encodes how gradients of the hydrodynamic fields (temperature, chemical poten-

tial, and velocity) drive the system away from equilibrium. Substituting Eq. (2.55) into the

definitions of δT µν and δnµ provides explicit expressions for the non-equilibrium correc-

tions to the macroscopic quantities:

δT µν = −
∫

dP
εR
u · p pµpνpα∂αfeq, (2.56)

δnµ = −
∫

dP
εR
u · p pµpα∂αfeq. (2.57)

Performing the momentum integrations and projecting these expressions along and orthog-

onal to the flow velocity allows us to identify the dissipative contributions to the energy–

momentum tensor:

δT µν = ωµν + Π∆µν , (2.58)

where ωµν is the traceless shear-stress tensor and Π the scalar bulk viscous pressure. Simi-

larly, the correction to the number current can be decomposed as

δnµ = qµ, (2.59)

where qµ represents the heat flux (or particle diffusion current).

To evaluate the integrals in Eqs. (2.56)–(2.57), one substitutes the explicit form of feq,

feq =
1

exp[(u · p− µ)/T ] + r
, (2.60)

and expands the derivatives ∂αfeq in terms of the hydrodynamic gradients:

∂αfeq = feq

[
pβ

T
∇αuβ −

u · p− µ

T 2
∂αT − 1

T
∂αµ

]
. (2.61)
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Integrating over momentum then yields constitutive relations for the dissipative quantities:

ωµν = 2η∇〈µuν〉, (2.62)

Π = −ζ∇αu
α, (2.63)

qµ = κ∇µ
(µ
T

)
, (2.64)

where η, ζ , and κ are the shear viscosity, bulk viscosity, and thermal conductivity, respec-

tively. These transport coefficients are determined by the microscopic properties of the

medium through momentum integrals weighted by εR, pµ, and feq.

Hence, the first-order correction δf (1) provides the microscopic origin of the viscous

terms in relativistic hydrodynamics. Inserting these corrections into the conservation laws

∂µT µν = 0 and ∂µnµ = 0 yields the Navier–Stokes equations, which describe dissipative

evolution in the near-equilibrium regime.

2.3.3 Higher-Order Corrections and Causality

While the first-order (Navier–Stokes) theory captures dissipative effects, it suffers from

acausality and instabilities in the relativistic regime, since the equations are parabolic and

permit instantaneous signal propagation. These issues are resolved by extending the Chapman–

Enskog expansion to second order in Kn, introducing additional time-derivative (relax-

ation). For the theory to be causal, the relaxation time must be finite. However, this is

not a sufficient condition. Causality imposes stronger constraints on IS theory. In the case

of sheer viscosity only, the relaxation time must obey the inequality [75],

επ
η/(ε+ P )

⇒ 4

3(1− c2s)
(2.65)

where cs is the speed of sound in the medium. This condition ensures that the propagation

speed of linear perturbations in the fluid remains subluminal, thereby preserving causality

and stability of the hydrodynamic evolution. In particular, if the relaxation time επ is smaller
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than this bound, perturbations can propagate faster than the speed of light, leading to acausal

behavior

At second order, the evolution equations for the dissipative quantities take the generic

Israel–Stewart form [58, 59, 62]:

ω̇〈µν〉 = − 1

επ
ωµν +

2η

επ
σµν +

λπΠ

επ
Πσµν + · · · , (2.66)

Π̇ = − 1

εΠ
Π− ζ

εΠ
θ +

δΠΠ

εΠ
Π θ +

λΠπ

εΠ
ωµνσµν + · · · , (2.67)

q̇〈µ〉 = − 1

εq
qµ +

κ

εq
∇µ
(µ
T

)
+ · · · . (2.68)

where επ, εΠ, and εq are relaxation times for the shear stress, bulk pressure, and heat flux,

respectively. The additional coefficients λπΠ, λΠπ, δΠΠ, etc., encode nonlinear couplings

between gradients and dissipative quantities, and can be computed directly from kinetic

theory.

2.3.4 Asymptotic Nature of the Gradient Series

It is important to note that the Chapman–Enskog expansion generates an asymptotic rather

than convergent series. This reflects the fact that the hydrodynamic gradient expansion

cannot capture the full far-from-equilibrium behaviour of the system, as higher-order terms

eventually diverge due to the factorial growth of coefficients. Nevertheless, the asymptotic

nature of the series reveals the existence of a hydrodynamic attractor—a universal solution

toward which the system relaxes regardless of its initial state [37, 76].

In this sense, the Chapman–Enskog method provides a controlled microscopic deriva-

tion of hydrodynamics and its regime of validity. While it fails to describe non-perturbative

far-from-equilibrium dynamics, it establishes a clear connection between kinetic theory and

macroscopic transport equations, elucidating how dissipative and relaxation phenomena

emerge from microscopic scattering processes.
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2.4 Exact solution in 0+1 D System

Wenow present how to obtain a formal integral solution to the (0+1)DAW-RTABoltzmann

equation in Bjorken flow. Here (0+1)D denotes a system with one temporal dimension and

no spatial dependence, appropriate for boost-invariant longitudinal expansion in which the

transverse plane is taken to be homogeneous. This integral formulation is particularly rele-

vant because it provides an exact and self-consistent description of the microscopic evolu-

tion of a relativistic system undergoing boost-invariant longitudinal expansion. Unlike ap-

proximate moment-based or gradient-expansion approaches, the integral solution captures

the full time dependence of the distribution function and therefore allows one to study the

system’s behaviour across the entire evolution-from the far-from-equilibrium regime to the

onset of hydrodynamics. It also naturally incorporates memory effects through the damping

function that governs the relaxation toward equilibrium, offering a clear interpretation of

how different initial conditions influence the approach to isotropy and thermalisation. This

framework serves as the foundation for exploring non-equilibrium phenomena such as hy-

drodynamic attractors, the effects of conformal symmetry breaking, and the role of external

forces, connecting kinetic theory with macroscopic hydrodynamic behaviour in the context

of heavy-ion collisions.

Bjorken flow and Milne coordinates

Consider a system with rotational and translational symmetry in the x–y plane and boost

invariance along the z-axis. It is then convenient to work in the followingMilne coordinate

system,
ε =

√
t2 − z2 ; η = tanh→1(z/t) ;

r =
√

x2 + y2 ; θ = tan→1(y/x) .
(2.69)

In these coordinates the metric takes the form ds2 = dε 2 − dx2 − dy2 − ε 2dη2s , with

gµν = diag(1,−1,−1,−ε 2).
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The flow velocity consistent with boost invariance is the Bjorken flow profile [77],

uµ = (1, 0, 0, 0) in Milne coordinates, which in Cartesian coordinates corresponds to uµ =

(t/
√
t2 − z2, 0, 0, z/

√
t2 − z2), describing a longitudinal expansion where the fluid veloc-

ity grows linearly with position, vz = z/t. The symmetries of the system—longitudinal

boost invariance, translational invariance in the transverse plane, and rotational invari-

ance in the azimuthal angle—imply that all hydrodynamic fields such as energy density and

pressure depend only on the proper time ε . This high degree of symmetry makes Bjorken

flow an analytically tractable model that captures the essential longitudinal expansion dy-

namics of the quark–gluon plasma in heavy-ion collisions.

In Milne coordinates, the Boltzmann Equation with these symmetries under Bjorken

flow profile takes the simplified form, [78],
(

∂

∂ε
− pη

ε

∂

∂pη

)
f(ε, pT , pη) = − 1

εR(ε)

(
f(ε, pT , pη)− feq(ε, pT , pη)

)
, (2.70)

where pT =
√

p2x + p2y and pz is the longitudinal momentum (all momenta are on-shell).

Change of variables (method of characteristics). Introduce the comoving longitudinal

momentum (a characteristic variable)

w ≡ ε pz.

Holding (w, pT ) fixed gives the combination appearing on the left of (2.70). Indeed, using

pz = w/ε [78],

d

dε

∣∣∣∣
w,pT

f(ε, pT , pz) =
∂f

∂ε
+

∂f

∂pz

dpz
dε

∣∣∣
w
=

∂f

∂ε
− pz

ε

∂f

∂pz
,

since dpz/dε |w = −w/ε 2 = −pz/ε . Hence the left-hand side of (2.70) is exactly the total

derivative of f along curves of constant (w, pT ). Denoting f(ε, w, pT ) ≡ f(ε, pT , pz =

w/ε), the kinetic equation becomes an ordinary differential equation along characteristics:

d

dε
f(ε, w, pT ) = − 1

εR(ε)

(
f(ε, w, pT )− feq(ε, w, pT )

)
. (2.71)
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Solving the ODEwith an integrating factor. Eq. (2.71) is linear in f . Define the damping

(integrating-factor) function

D(ε, ε ′) ≡ exp
[
−
∫ ε

ε ′

dε̄

εR(ε̄)

]
, D(ε, ε ) = 1,

so that
d

dε
D(ε, ε ′) = −D(ε, ε ′)/εR(ε). Multiplying (2.71) by D(ε, ε0) and integrating

from ε0 to ε yields

d

dε

[
D(ε, ε0) f(ε, w, pT )

]
= D(ε, ε0)

feq(ε, w, pT )

εR(ε)
.

Integrating both sides from ε0 to ε and using D(ε0, ε0) = 1 gives the standard integral

solution

f(ε, w, pT ) = D(ε, ε0) f(ε0, w, pT ) +

∫ ε

ε0

dε ′ D(ε, ε ′)
feq(ε ′, w, pT )

εR(ε ′)
. (2.72)

The integral solution in Eq. (2.72) provides a transparent physical interpretation of the

microscopic evolution of the system. The first term represents the free-streaming contri-

bution, which carries information about the initial distribution function f(ε0, w, pT ). This

contribution is exponentially damped by the factorD(ε, ε0), signifying the progressive loss

of memory of the initial state as the system evolves in time. The second term corresponds

to the equilibrium source term, which accounts for the cumulative effect of collisions driv-

ing the system toward local equilibrium. Each past proper time ε ′ contributes to the current

distribution with a weight given by the damping functionD(ε, ε ′), which encodes the prob-

ability that a particle retains its nonequilibrium character between ε ′ and ε . Together, these

two terms describe the competition between microscopic collisions and macroscopic ex-

pansion in determining the approach to equilibrium.

The local-equilibrium distribution feq(ε ′, w, pT ) depends implicitly on the hydrody-

namic fields—such as the temperature T (ε ′), chemical potential µ(ε ′), and the fluid four-

velocity uµ(ε ′). These quantities are not known a priori but are determined self-consistently
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through the energy–momentum tensor, obtained by taking momentum moments of the dis-

tribution function. Thematching conditions, commonly referred to as Landaumatching, en-

sure that the energy density calculated from the microscopic distribution equals the macro-

scopic hydrodynamic energy density, therebymaintaining thermodynamic consistency through-

out the evolution. For an isotropic equilibrium gas of massless particles, the equilibrium

relation reduces to the familiar conformal form, with the energy density ε and equilibrium

pressure Peq given by,

εeq(T ) =
3

ω2
T 4, Peq(T ) =

1

ω2
T 4 .

Then the Landau-matched temperature satisfies ε(ε) = 3T 4(ε)/ω2.

For a constant relaxation time εR, the damping function simplifies to an exponential

form, D(ε, ε ′) = exp[−(ε − ε ′)/εR]. However, when the relaxation time depends on tem-

perature or proper time, the integral
∫ ε

ε ′ dε̄/εR(ε̄) must be evaluated numerically. This

flexibility allows the formalism to incorporate physically motivated temperature-dependent

relaxation mechanisms, such as those relevant for the quark–gluon plasma, where the mi-

croscopic scattering rate changes with temperature.

Once the distribution function f(ε, w, pT ) is obtained, macroscopic observables can be

evaluated by taking moments over the phase-space distribution. The energy–momentum

tensor is given by

T µν(ε) =

∫
dP pµpν f(ε, w, pT ), (2.73)

where dP denotes the Lorentz-invariant phase-space measure in Milne coordinates.

From T µν , one can extract the energy density, pressure components, and viscous correc-

tions, which describe the system’s hydrodynamic evolution.

The initial distribution: The initial distribution function in the integral solution can be

taken to be theRomatschke–Strickland (RS) form, which provides a convenient parametriza-

tion of momentum-space anisotropy in a longitudinally expanding system. The RS distri-
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bution is expressed as

fRS(pT , pz;!0,Σ0) =
2

(2ω)3N0
exp

[
−
√

p2T + (1 + Σ0)p2z
!0

]
, (2.74)

where !0 is a transverse momentum scale analogous to an effective temperature, Σ0 is

the anisotropy parameter andN0 is a normalization factor that allows the RS ansatz to repro-

duce the correct initial macroscopic quantities (energy density, particle number, or entropy).

For Σ0 = 0, the distribution reduces to an isotropic equilibrium form with temperature !0,

while Σ0 > 0 corresponds to an oblate momentum-space deformation (PL < PT ) expected

in the early stages of Bjorken expansion. This anisotropic distribution serves as the initial

condition f(ε0, pT , pz) = fRS in the integral solution of the Boltzmann equation. Substi-

tuting this form into the first term of Eqs. (2.75)–(2.77) provides the initial contribution to

the energy density and pressure components. The parameters !0 and Σ0 are then fixed by

matching the initial energy density ε(ε0) to a chosen value or by ensuring that the initial

moments of the distribution satisfy a given anisotropy ratio PL/PT . This procedure allows

the RS form to capture the essential early-time momentum anisotropy of the system while

preserving a simple analytical structure suitable for numerical evolution.

2.4.1 Evolution of macroscopic observables

The energy density and the transverse/longitudinal pressures obtained from the integral so-

lution of the AW-RTA Boltzmann equation can be written in the form: [79]
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ε(ε) = D(ε, ε0)
!4

0

4ω2α0
H̃ε

[
ε0
ε

√
1 + Σ0 ,

m

!0

]

+
1

4ω2

∫ ε

ε0

dε ′
D(ε, ε ′)

εR(ε ′)
T 4(ε ′) H̃ε

[
ε ′

ε
,

m

T (ε ′)

]
, (2.75)

PL(ε) = D(ε, ε0)
!4

0

4ω2α0
H̃L

[
ε0
ε

√
1 + Σ0 ,

m

!0

]

+
1

4ω2

∫ ε

ε0

dε ′
D(ε, ε ′)

εR(ε ′)
T 4(ε ′) H̃L

[
ε ′

ε
,

m

T (ε ′)

]
, (2.76)

PT (ε) = D(ε, ε0)
!4

0

8ω2α0
H̃T

[
ε0
ε

√
1 + Σ0 ,

m

!0

]

+
1

8ω2

∫ ε

ε0

dε ′
D(ε, ε ′)

εR(ε ′)
T 4(ε ′) H̃T

[
ε ′

ε
,

m

T (ε ′)

]
. (2.77)

These expressions encode the full microscopic dynamics of a boost-invariant system un-

dergoing longitudinal expansion within the relaxation-time approximation. The evolution

is governed primarily by two functions: the damping factor D(ε, ε ′) and the H̃ functions

(defined in Sec. 2.4.2), each reflecting distinct aspects of the underlying physics. The re-

laxation time εR(ε ′) controls the rate of approach toward local equilibrium and may depend

on microscopic properties such as temperature or coupling strength. The damping factor

D(ε, ε ′) quantifies the relative weight of free-streaming and collisional processes—its ex-

ponential decay encodes how quickly the system loses memory of its initial conditions.

For constant εR, when ε . εR, D(ε, ε ′) becomes negligible, signalling the dominance of

collisions and the onset of local equilibrium.

In Eqs. (2.75)–(2.77), each quantity naturally separates into two distinct physical contri-

butions. The first term originates from the initial phase-space distribution and is exponen-

tially attenuated by D(ε, ε0), reflecting the gradual loss of information about the system’s

initial anisotropy, parameterized by !0, α0, and Σ0 in the Romatschke–Strickland form.

The second term arises from the cumulative effect of collisions, represented by a time in-

tegral over the equilibrium source weighted by the same damping factor. Together, these
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two components describe the dynamic competition between free streaming and collisional

relaxation, providing a unified description of howmicroscopic interactions drive the macro-

scopic evolution of energy density and pressure in an expanding relativistic medium.

2.4.2 H-functions in the Free-Streaming Limit

In the free-streaming regime, where collisional effects are absent, the evolution of the sys-

tem simplifies considerably. The energy density and the longitudinal and transverse pres-

sures can then be expressed in terms of the H̃ functions,

εfs(ε) =
!4

0

4ω2α0
H̃ε

(
ε0
ε

√
1 + Σ0,

m

!0

)
, (2.78)

P fs
T (ε) =

!4
0

8ω2α0
H̃T

(
ε0
ε

√
1 + Σ0,

m

!0

)
, (2.79)

P fs
L (ε) =

!4
0

4ω2α0
H̃L

(
ε0
ε

√
1 + Σ0,

m

!0

)
, (2.80)

which capture the purely kinematic evolution of the distribution function under longi-

tudinal expansion. The resulting free-streaming energy density and pressures coincide with

the damped initial contributions, illustrating that the collision term is entirely responsible

for the eventual isotropization of the system.

The functions H̃ε, H̃L, and H̃T are dimensionless kinematic kernels obtained from an-

alytic integration over the momentum phase space. They encapsulate the effects of finite

particle mass, anisotropy, and any external perturbations through their dependence on the

ratios ε ′/ε andm/T (ε ′). These kernels effectively translate the microscopic dynamics con-

tained in the distribution function into macroscopic observables such as energy density and
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pressures. They are defined by the following momentum integrals [80, 79]:

H̃ε(α, z) = α

∫ ∞

0

du u3

∫ 1

→1

dx
√
u2 + z2 exp

[
−
√

u2 + z2(1 + α2x2)
]
, (2.81)

H̃T (α, z) =
α

2

∫ ∞

0

du u3

∫ 1

→1

dx (1− x2) exp
[
−
√
u2 + z2(1 + α2x2)

]
, (2.82)

H̃L(α, z) = α

∫ ∞

0

du u3

∫ 1

→1

dx x2 exp
[
−
√
u2 + z2(1 + α2x2)

]
, (2.83)

where the parameters are defined as

α =
ε0
ε

√
1 + Σ0, z =

m

!0
.

Conformal (massless) limit

In the conformal (massless) limit (m → 0), the dependence of the kernels H̃X(α, z) on the

ratio m/T (or m/!0) vanishes. The integral expressions therefore simplify substantially,

and the system’s dynamics depend only on the scaled time variable ε ′/ε and the initial

anisotropy parameterΣ0. In this limit, the equilibrium equation of state takes the conformal

form

εeq = 3Peq =
3T 4

ω2
, (2.84)

and the evolution equations become scale invariant.

In the conformal limit, the integral equations for the energy density and pressures reduce
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to

εconf(ε) = D(ε, ε0)
!4

0

4ω2α0
H̃ε

(ε0
ε

√
1 + Σ0, 0

)

+
1

4ω2

∫ ε

ε0

dε ′
D(ε, ε ′)

εR(ε ′)
T 4(ε ′) H̃ε

(
ε ′

ε
, 0

)
, (2.85)

PL,conf(ε) = D(ε, ε0)
!4

0

4ω2α0
H̃L

(ε0
ε

√
1 + Σ0, 0

)

+
1

4ω2

∫ ε

ε0

dε ′
D(ε, ε ′)

εR(ε ′)
T 4(ε ′) H̃L

(
ε ′

ε
, 0

)
, (2.86)

PT,conf(ε) = D(ε, ε0)
!4

0

8ω2α0
H̃T

(ε0
ε

√
1 + Σ0, 0

)

+
1

8ω2

∫ ε

ε0

dε ′
D(ε, ε ′)

εR(ε ′)
T 4(ε ′) H̃T

(
ε ′

ε
, 0

)
. (2.87)

In the massless (conformal) limit, z → 0, the integrals can be evaluated analytically,

yielding [52]

H̃ε(y, 0) =
6

y
tan→1

(
1

y

)
+

3y2 − 1

(1 + y2)2
, (2.88)

H̃T (y, 0) =
3

2(1 + y2)
+

3y2

2(1 + y2)2

[
y tan→1

(
1

y

)
− 1

]
, (2.89)

H̃L(y, 0) =
3

(1 + y2)2

[
y tan→1

(
1

y

)
− y2

3

]
. (2.90)

The conformal kernels H̃X(y, 0) depend only on the ratio of proper times and the initial

anisotropy. The absence of any mass scale implies that the overall normalization, set by

the initial momentum scale !0, can be absorbed into the initial energy density for a fixed

Σ0. Consequently, all physical observables can be expressed in terms of dimensionless

combinations such as εT (ε), making the evolution manifestly scale invariant.

This intrinsic scale invariance explains why, in conformal kinetic systems, the solutions

exhibit early-time attractor behaviour: different initial conditions collapse onto a single uni-

versal curve. Conversely, introducing finite masses or other non-conformal effects breaks

47



2 Theoretical Framework

this invariance and delays the onset of hydrodynamization, leading to system-dependent

evolution at early times.

2.5 Relaxation-time ansatz for the QGP

A commonly used parametrisation of the microscopic relaxation time [81, 82, 83] in studies

of the quark-gluon plasma is

εR(ε) =
η

s

1

T (ε)
, (2.91)

where η is the shear viscosity, s the entropy density and T the local temperature. This ansatz

captures two physically motivated features: (i) εR should scale inversely with temperature

because higher temperatures increase particle densities and collision rates, and (ii) the di-

mensionless ratio η/s controls the overall collisionality of the medium and therefore sets

the timescale for relaxation relative to microscopic scales.

A simple kinetic argument leading to the functional form (2.91) starts from the scaling of

transport coefficients in a relativistic, approximately conformal gas. For massless degrees

of freedom the entropy density scales as s ∼ T 3 and, up to order-one numerical factors that

depend on the microscopic theory, the shear viscosity in a relaxation-time model behaves

like

η ∼ (const.) T 4 εR ,

i.e. η is proportional to the product of the entropy density and the characteristic relaxation

time (this relation can be obtained more precisely in AW-RTA kinetic theory, where pref-

actors such as 4/5 appear). Rearranging gives εR ∼ η/T 4, and inserting the conformal

scaling of s yields the convenient form εR ∝ (η/sT ). The precise numerical prefactor is

model dependent and depends on the choice of kinetic approximation and particle content;

hence (2.91) is usually quoted up to an O(1) factor.

Typical values for the dimensionless viscosity η/s used in phenomenological studies

48



2 Theoretical Framework

range from the conjectured lower bound η/s ∼ 1/(4ω) up to η/s ∼ O(0.1−0.2) [84, 14,

85, 13]. Equation (2.91) then implies that the microscopic relaxation time is of order

εR ∼ 0.05−0.2

T
,

modulo order-one prefactors. Thus, at temperatures of several hundred MeV typical of the

early quark–gluon plasma, εR is a fraction of a fm, consistent with the short microscopic

timescales inferred from heavy-ion phenomenology.

It is important to emphasise limitations and variants of this ansatz. The relation (2.91) is

motivated by conformal, weakly coupled kinetic theory and assumes that a single timescale

controls relaxation. In realistic systems the relaxation time can depend on particle momen-

tum, chemical composition, or coupling strength; one may therefore consider generalized

forms such as εR(p) ∝ pΛ/T 1+Λ (momentum dependence) or more general temperature

power laws εR ∝ T→α. Moreover, numerical prefactors that relate η, s and εR differ be-

tween AW-RTA, Chapman–Enskog, or full Boltzmann treatments and must be fixed by

microscopic calculation or matching to transport theory.

Finally, the choice (2.91) has direct consequences for macroscopic evolution. Because

εR increases as temperature decreases, the effective collisionality of the medium weak-

ens at late times, enhancing memory effects encoded by the damping factor D(ε, ε ′) =

exp
[
−
∫ ε

ε ′ dε̄/εR(ε̄)
]
. This temperature scaling therefore affects isotropization and hydro-

dynamisation times: for fixed η/s a hotter system relaxes faster, while for larger η/s relax-

ation is slower and hydrodynamic behaviour sets in later. When more realistic momentum

dependence is included, the simple picture implied by (2.91) must be refined.
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Chapter 3

Equilibration Under Perturbations: Ex-
ternal Forces
Studies of the 0 + 1D Boltzmann equation, particularly in the relaxation-time approxima-

tion, have shown that hydrodynamic attractors [40, 38, 39, 37, 44, 41, 42, 43] arise naturally

in conformal systems. In these systems, which describe massless particles with a scale-

invariant equation of state, far-from-equilibrium initial conditions rapidly converge onto a

universal evolution curve for observables such as the pressure anisotropy and shear stress.

This behaviour indicates that hydrodynamics can effectively describe the system even be-

fore local thermal equilibrium is reached. The attractor represents a non-perturbative re-

summation of the hydrodynamic gradient series, which is divergent and asymptotic, and

demonstrates that the system quickly loses memory of its initial conditions. At late times,

the attractor seamlessly merges with standard second-order hydrodynamics.

In contrast, non-conformal systems, such as those consisting of massive particles with

nonzero bulk viscosity, do not exhibit a universal early-time attractor [79, 86, 87, 88].

Numerical solutions of the integral Boltzmann equation for a range of initial conditions

show that the evolution of shear and bulk viscous stresses remains strongly dependent on

the initial state. The breaking of conformal symmetry introduces additional scales and

couplings—particularly between shear and bulk sectors—that prevent the system from col-

lapsing onto a single universal trajectory at early times. While the system eventually con-

verges to hydrodynamic behaviour at late times, this convergence is not considered an at-

tractor in the same sense, as it requires the system to be nearly isotropic. These observations

highlight that early-time attractor formation is closely tied to conformal symmetry, and in
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its absence, the early-time dynamics retain significant memory of the initial conditions.

A natural extension of these studies, to confirm the symmetry dependence of early time

attractors, is to introduce further perturbations to the simple 0 + 1D system. External per-

turbations can significantly modify both the attractor structure and the hydrodynamisation

dynamics. In particular, they can suppress the formation of early-time attractors, leaving

only late-time attractors that dominate the asymptotic evolution. The introduction of exter-

nal fields adds additional energy scales and drives the system away from the simple scaling

behaviour observed in unperturbed cases. This has important implications for physical sys-

tems subjected to strong fields or gradients, such as the electromagnetic fields present in

heavy-ion collisions.

Another important extension concerns the role ofmomentum-dependent relaxation times.

Much of the previous work on hydrodynamisation has assumed a momentum-independent

relaxation time, simplifying the moment equations of the Boltzmann equation. However,

in realistic systems, the relaxation time is generally momentum-dependent, reflecting the

underlying collision cross section. Incorporating this momentum dependence introduces a

new physical scale into the otherwise simple 0+1D system, coupling different energy scales

in a nontrivial way. As a result, multiple characteristic decay times emerge, affecting both

the rate of thermalisation and the structure of any emergent attractors. Studying these ef-

fects is therefore crucial for connecting the microscopic dynamics of far-from-equilibrium

quark-gluon plasma with its macroscopic hydrodynamic behaviour.

Taken together, these extensions—considering both external forces and momentum-

dependent relaxation times—provide a more realistic framework for exploring attractor

phenomena in non-equilibrium systems. They allow for the investigation of how additional

physical scales and perturbations influence the onset of universal behaviour, the emergence

of multiple decay modes, and the eventual convergence to hydrodynamics. This framework

will facilitate a thorough understanding of far-from-equilibrium dynamics in systems like
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the quark-gluon plasma generated in heavy-ion collisions

3.1 External forces

In this section, we investigate the influence of proper-time–dependent longitudinal forces

on the evolution of a far-from-equilibrium system governed by the relativistic Boltzmann

equation under Bjorken symmetry. Employing the AW-RTA for the collision kernel, we

derive an exact integral solution to the Boltzmann equation in the presence of such external

forces and analyze their effect on the hydrodynamic attractor behaviour of conformal and

non-conformal systems.

The motivation for this study arises from the physics of relativistic heavy-ion collisions,

where extremely strong, transient magnetic fields—of the order of 1018−1019G—are gener-

ated during the early stages of non-central Au+Au collisions at RHIC (√sNN = 200GeV)

and Pb+Pb collisions at the LHC (√sNN = 2.76−5.02TeV) [89, 90, 91]. These fields

induce external forces on the quark–gluon plasma (QGP), influencing its microscopic evo-

lution toward local equilibrium. Given that early time hydrodynamic attractors are proposed

as solution to the hydrodynamisation problem, it becomes essential to explore whether these

attractors persist when external fields peturb evolution dynamics.

3.1.1 Boltzmann equation in the presence of an external force

To investigate the effect of external fields on the evolution of a boost-invariant system, we

extend the 0 + 1D Boltzmann equation in the relaxation-time approximation to include an

external longitudinal force term. In the presence of such a force, the kinetic equation in

Milne coordinates takes the form
(

∂

∂ε
− pz

ε

∂

∂pz
+ Fz

∂

∂pz

)
f(ε, pT , pz) = − 1

εR(ε)

(
f(ε, pT , pz)− feq(ε, pT , pz)

)
, (3.1)
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where Fz denotes the external longitudinal force. The standard Bjorken term −pz/ε ∂pzf

shift of longitudinal momentum due to expansion, while the new term Fz ∂pzf represents

the additional acceleration (or deceleration) of particles along the z direction.

The introduction of an external force inevitably breaks one or more of the spacetime

symmetries that underlie Bjorken flow. In particular, a longitudinal force modifies the

boost-invariant expansion by introducing an additional scale and directionality along the

beam axis. To approximately preserve the Bjorken flow profile, we consider the simplest

possible configuration in which the external force depends only on the proper time ε and

acts along the longitudinal (z) direction. This choice breaks the reflection symmetry about

z = 0. Furthermore, we assume that the applied force is weak enough so that the in-

duced perturbation in the flow velocity, δuµ, remains small compared to the equilibrium

Bjorken velocity uµ
B and therefore the system is approximately boost invariant. Thus, the

four-velocity can be expressed as

uµ = uµ
B + δuµ, (3.2)

where |δuµ| - |uµ
B|. This approximation remains valid as long as the modifications of the

macroscopic fields due to the external force are smaller than their equilibrium values.

Under these assumptions, the Boltzmann equation in the relaxation-time approximation

for a system experiencing a time-dependent longitudinal force F(ε) can be written as (see

Appendix A.1.1 for details)
[
F(ε) ε

∂

∂w
+

∂

∂ε

]
f(ε, w, pT ) = − (f − feq)

εR(ε)
, (3.3)

where w ≡ ε pz denotes the longitudinal momentum variable defined in the Bjorken frame.

Here we have absorbed the pz term by the variable redefinition elucidated in section (2.4)

to obtain Eq. (3.1). The first term on the left-hand side represents the effect of the external

force, while the second term corresponds to the usual expansion-driven dilution. The right-

hand side describes relaxation toward local equilibrium over the microscopic timescale εR.
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To obtain the formal solution of Eq. (3.3), we assume that the force F(ε) is nonzero

over the interval εi < ε < εf , where εi and εf denote the initial and final proper times,

respectively. For convenience, we introduce a dimensionless function F (ε) and express

the force as

F(ε) =
α

εF
F (ε), (3.4)

where α has dimensions of momentum and εF is a characteristic time scale such that α/εF

carries dimensions of force.

Following the method of characteristics, we perform a change of variables from (w, ε )

to (r, s):

r = w − αs, (3.5)

s =

∫ ε

0

F (ε ′)
ε ′

εF
dε ′. (3.6)

Here, the new variable s(ε) serves as a rescaled proper time that accounts for the cumulative

effect of the external force. In these transformed coordinates, the Boltzmann equation (3.3)

reduces to

∂f(r, s, pT )

∂s
= − εF

εR(ε(s))

f − feq
F (ε(s)) ε(s)

. (3.7)

This is a first-order ordinary differential equation in s whose formal solution is analogous

to that of the standard AW-RTA equation, with the force dependence entering through the

variable transformation. The general solution is given by

f(s, r, pT ) = D(s, s0) f0(r, pT ) +

∫ s

s0

ds′
D(s, s′)

εR(s′)
feq(s

′, r, pT ), (3.8)

where f0 is the initial distribution function and the damping function is defined as

D(s1, s2) = exp
[
−
∫ s2

s1

ds′

F (ε(s′)) (ε(s′)/εF ) εR(s′)

]
. (3.9)
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At first glance, the damping function appears to depend explicitly on the external force

through F (ε). However, when changing the coordinates back to ε the explicit dependence

on force disappears (Appendix (A.1.1)). Therefore, the external force influences the micro-

scopic evolution only implicitly through its effect on εR(ε) or through the modified char-

acteristic variables, while the structure of the damping function itself remains unchanged.

The solution (3.8) represents the formal integral solution of the AW-RTA Boltzmann

equation in the presence of a longitudinal force. The first term captures the exponentially

damped memory of the initial state, while the second term describes the cumulative ap-

proach toward equilibrium. The presence of the external force modifies the phase-space

trajectories of the particles, thereby altering the mapping between microscopic and macro-

scopic variables and influencing the system’s approach to hydrodynamic behaviour.

3.1.2 Model parameters and numerical implementation

For the remainder of this study, we employ the conformal parametrisation of the relaxation

time,

εR(ε) =
5c

T (ε)
, (3.10)

where c is a dimensionless constant proportional to the ratio η0/s0, and therefore controls

the initial shear viscosity of the system. This choice of εR reflects the conformal scaling ex-

pected in a relativistic gas, where the microscopic relaxation time is inversely proportional

to temperature. In all simulations, the initial proper time is taken to be ε0 = 0.1 fm, and the

initial temperature is set to T0 = 500MeV, consistent with conditions in the early stages of

a heavy-ion collision. For non-conformal calculations, a finite particle massm = 200MeV

is introduced, thereby breaking conformal symmetry and generating a non-zero bulk vis-

cosity.
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3.1.3 Initial conditions

The initial single-particle distribution function is taken to be of the Romatschke–Strickland

(RS) form [51], which provides a convenient parametrisation ofmomentum-space anisotropy

in a longitudinally expanding system. The RS distribution is expressed as

f0(pT , pz, : N0,!0,Σ0) =
2

(2ω)3N0
exp

[
−
√

p2T + (1 + Σ0)p2z +m2

!0

]
, (3.11)

where!0 is an energy scale analogous to an effective temperature,Σ0 is the initial anisotropy

parameter, and N0 is a normalisation constant.

The three parametersN0,Σ0, and!0 together determine the initial thermodynamic prop-

erties of the system—namely the temperature T0, longitudinal pressure PL, and transverse

pressure PT . In the isotropic limit (Σ0 → 0), the distribution (3.11) reduces to the local

equilibrium Maxwell–Jüttner form with temperature !0. A positive anisotropy parameter

(Σ0 > 0) corresponds to an oblate momentum-space distribution (PL < PT ), while Σ0 < 0

describes a prolate deformation (PL > PT ).

The parameters !0 and N0 are fixed by imposing Landau matching, ensuring that the

energy density obtained from the anisotropic distribution equals that of an equilibrium sys-

tem at the same initial temperature T0. This guarantees that the macroscopic energy density

remains same at the initial time ε0 for systems with different initial anisotropy. To explore

different physical regimes, the ratiom/!0 can be varied by adjustingN0, while keeping the

initial energy density and anisotropy parameter Σ0 fixed.

Non-conformal initial conditions

For the non-conformal case (m/!0 '= 0), a finite particle mass is introduced to break con-

formal symmetry and generate a non-zero bulk viscous pressure. The initial distribution

function parameters are chosen to match those used in Ref. [92], allowing for direct com-

parison with previously studied non-conformal attractor dynamics. The corresponding pa-
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rameters m/!0, N0, and Σ0 for different initial viscous conditions are listed in Table 3.1.

These parameter sets span a broad range of initial anisotropies and mass-to-temperature

ratios, providing a consistent foundation for studying the effects of conformal symmetry

breaking.

SNo. 0 1 2 3 4 5 6
m/!0 0.016 4.808 10.89 0.294 1.818 2.023 20
N0 0.655 4× 10→5 2.5× 10→8 0.078 0.0632 1.06× 10→3 1.48× 10→13

Σ0 −0.832 −0.908 −0.949 1208.05 −0.987 0 0

Table 3.1: Values ofm/!0, N0, and Σ0 corresponding to different initial values of (Π/P )0
and (ω/P )0 given in Table 3.3, used for the non-conformal Romatschke–Strickland initial-
ization.

Conformal initial conditions

For the conformal case (m = 0), we fix the anisotropy parameter Σ0 and the normalisation

constantN0 to be the same as in the corresponding non-conformal cases, but vary the value

of !0 to ensure that the initial energy density matches between the two setups. This pro-

cedure maintains consistency across conformal and non-conformal systems while isolating

the effects of mass and conformal symmetry breaking. The conformal initial conditions for

different values of (Π/P )0 and (ω/P )0 are listed in Table 3.2. These values are reproduced

from Ref. [92] for ease of comparison and validation.

SNo. 0 1 2 3 4 5 6
!0 [MeV] 321.74 314 275 1089 198 500 500

Σ0 −0.832 −0.908 −0.949 1208.05 −0.987 0 0

Table 3.2: Values of !0 and Σ0 corresponding to different initial shear stress ratios (ω/P )0
for the conformal case (m = 0), chosen to match the initial energy density of the non-
conformal setup.

The corresponding initial viscous pressure ratios (Π/P )0 and (ω/P )0, which quantify

the degree of bulk and shear viscous corrections to the equilibrium pressure, are shown
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3 Equilibration Under Perturbations: External Forces

in Table 3.3. Each entry is assigned a numerical label for convenience and for consistent

reference across conformal and non-conformal configurations.

No. 0 1 2 3 4 5 6
(Π/P )0 0 −0.25 −0.37 0 0 0.25 −0.85
(ω/P )0 −1 −1 −1 0.99 −1.8 0 0

Table 3.3: Initial values of the bulk pressure and shear stress ratios (Π/P )0 and (ω/P )0,
respectively, along with their reference numbers used for different initial conditions.

3.1.4 Parametrisation of the External Force

To model the influence of external fields in heavy-ion collisions, we consider an exponen-

tially decaying longitudinal force. This choice is motivated by the rapid decay of chromo-

electric and electromagnetic fields generated immediately after the collision. The force is

parametrised as

F (ε) =
ε

εF
exp
(
1− ε

εF

)
, (3.12)

where εF denotes the characteristic decay timescale of the force. The force reaches its max-

imum value at ε = εF , with the corresponding magnitude of the physical force given by

Fmax = α/εF . Here, α has dimensions ofmomentum, such thatα/εF carries the dimensions

of a squared momentum (i.e., a force). By varying the parameters α and εF , one can inde-

pendently control the strength and duration of the external force, allowing for systematic

exploration of its impact on the system’s evolution.

A plot of the normalised force profile for different decay timescales is shown in Fig. 3.1.

The parameter εF determines the width of the force pulse: smaller values correspond to a

sharper, more rapidly decaying field, while larger εF values result in a broader, slowly

decaying profile. This parametrisation provides a physically motivated yet analytically

tractable way to study the response of an expanding medium to transient external fields.
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3 Equilibration Under Perturbations: External Forces

Figure 3.1: Normalised external force profile (with max(F ) = 1) for different decay
timescales: εF = 1 fm (dotted), εF = 2.5 fm (dashed), and εF = 5 fm (dot-dashed).

Macroscopic observables

Using the Romashke-Strickland distribution as the initial condition and taking momentum

moments of the distribution function in Eq.(3.8), we get the energy density and pressure

components in the presence of the external force,

ε(s) = D(s, s0)
!4

0

4ωN0
Hε

F

[
s0, s,Σ0,α/!0,m/!0

]

+

∫ s

s0

ds′
D(s, s′)

εR(s′)
T 4(s′) Hε

F

[
s′, s,α/T (s′),m/T (s′)

]
, (3.13)

PL(s) = D(s, s0)
!4

0

4ωN0
HL

F

[
s0, s,Σ0,α/!0,m/!0

]

+

∫ s

s0

ds′
D(s, s′)

εR(s′)
T 4(s′) HL

F

[
s′, s,α/T (s′),m/T (s′)

]
, (3.14)

PT (s) = D(s, s0)
!4

0

4ωN0
HT

F

[
s0, s,Σ0,α/!0,m/!0

]

+

∫ s

s0

ds′
D(s, s′)

εR(s′)
T 4(s′) HT

F

[
s′, s,α/T (s′),m/T (s′)

]
. (3.15)
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3 Equilibration Under Perturbations: External Forces

where the functions Hε
F , HL

F , and HT
F are modified kernel functions that encode the

effects of the external force α (See Appendix (A.2) for explicit expressions). These ker-

nels reduce to the standard force-free forms when α = 0. The parameter α introduces

an additional scale that affects the isotropization process and modifies the evolution of the

macroscopic observables.

The off-diagonal component appearing when reflection symmetry is broken is

T 03(s) =

∫ s

s0

ds′
D(s, s′)

εR(s′)
T 4(s′) H03

F

[
s′, s,m/T (s′)

]
. (3.16)

The coupled evolution equations for the energy density and temperature, given in Eq. (3.13),

are solved numerically using an iterative method. An enhanced and computationally more

efficient version of the algorithm described in the literature is presented in Appendix A.3.

Once the temperature profile T (ε) is determined, the pressure components can be evalu-

ated directly using Eqs. (3.14) and (3.15). The relationship between energy density and

temperature for a system of massive particles is given by

E(T ) = 3T 4

ω2

[
z2

2
K2(z) +

z3

6
K1(z)

]
, (3.17)

where z = m/T and K1, K2 are modified Bessel functions of the second kind. In the

conformal limit (m → 0), this expression reduces to the familiar relation E = 3T 4/ω2. The

use of Eq. (3.17) allows for a consistent treatment of both conformal and non-conformal

dynamics within the same numerical framework.

3.2 Emergence of attractors

Previous studies have shown that for non-conformal systems, a universal attractor is not

obtained for all hydrodynamic variables. In particular, Jaiswal et al. [92] demonstrated

that only the scaled longitudinal pressure, P̄L = PL
P where P is the equilibrium isotropic

pressure, exhibits attractor-like behaviour, whereas other scaled quantities such as the bulk
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pressure (Π/P ) and the shear pressure (ω/P ) do not collapse onto a universal curve. Here,

we examine how the presence of an external longitudinal force influences the attractor struc-

ture of hydrodynamic observables.

Figure 3.2 shows the evolution of the scaled longitudinal pressure P̄L for three differ-

ent force strengths: α = 0 (top panel), α = 50 (middle panel), and α = 100 (bottom

panel), each corresponding to a fixed decay timescale εF = 1 fm/c. In each subplot,

the coloured curves represent different initial anisotropies as specified in Table 3.1. For

the zero-force case (α = 0), our results reproduce the attractor behaviour observed in the

previous study [92]. However, when the external force is non-zero, the early-time conver-

gence is lost, and only a late-time attractor persists. This indicates that the presence of a

longitudinal force disrupts the universality of the early-time attractor, delaying the onset of

hydrodynamic scaling.

3.2.1 Attractor behaviour in the massless limit

Conformal systems, by contrast, are known to exhibit robust early-time attractor behaviour

across a wide range of initial conditions and flow configurations [37, 93, 76, 94, 95, 96]. To

test the persistence of such behaviour under the influence of an external force, we examine

the massless limit (m = 0) of our model.

In Figure 3.3, the scaled longitudinal and transverse pressures,

P̄L =
PL

P
, P̄T =

PT

P
,

are plotted for different initial conditions (given in Table 3.2) in the presence of an external

force of strength α = 100. Even when the system is subjected to an external perturbation,

we find that an early-time attractor persists in both P̄L and P̄T . The convergence occurs

much earlier than in the massive case (see Fig. 3.2), indicating that conformal symmetry

enhances the robustness of attractor dynamics.
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3 Equilibration Under Perturbations: External Forces

Figure 3.2: Evolution of the scaled longitudinal pressure P̄L = PL/P for α = [0, 50, 100],
εF = 1 fm/c, and various initial conditions. The system reproduces the results of Ref. [92]
for α = 0, while finite forces suppress early-time universality and preserve only the late-
time attractor.

Figure 3.3: Scaled transverse (P̄T ) and longitudinal (P̄L) pressures plotted for varying initial
conditions (given in Table 3.2) in the presence of an external force of strength α = 100 for
the massless case.

However, this result holds only when the external force decays sufficiently before the

system equilibrates. If the forcing persists for longer times, it can distort or delay the onset of
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hydrodynamic scaling. The equilibration rate is primarily controlled by the exponentially

decaying damping function D(ε, ε ′), defined in Eq. (3.9). From Eqs. (3.13)–(3.15), it is

evident that the system’s relaxation dynamics arise from the interplay between this damping

function and the kinematic functions HE , HPL , and HPT .

The primary modifications, therefore, originate from the HPL/PT
functions, which are

more sensitive to the presence of mass and external force. In the massless limit, conformal

symmetry effectively removes these sensitivities, restoring the early-time attractor. This

combination of factors—reduced sensitivity to force and conformal scaling symmetry—

explains the re-emergence of early-time universality in the conformal regime.

3.3 Summary

In this section, we investigated the impact of external longitudinal forces on the evolution

and attractor behaviour of systems described by the 0 + 1D Boltzmann equation within the

relaxation-time approximation. By extending the formal integral solution to include a time-

dependent external force, we demonstrated that such perturbations significantly modify the

system’s hydrodynamic response. For non-conformal systems, which already lack a uni-

versal early-time attractor, the presence of an external force further suppresses convergence

among different initial conditions, leaving only a late-time attractor that emerges as the sys-

tem approaches equilibrium. This behaviour arises from the explicit breaking of boost and

reflection symmetries induced by the force, which disrupts the simple scaling structure that

underlies attractor formation.

In contrast, in the conformal (massless) limit, where scale invariance is restored, the

system retains an early-time attractor even in the presence of moderate external forces. The

robustness of the conformal attractor stems from the reduced sensitivity of the damping

dynamics to the force and the dominance of conformal scaling in governing relaxation.
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These findings indicate that while conformal symmetry enables early-time universality, its

breaking—either through finite mass or external perturbations—destroys this universality,

delaying hydrodynamisation. Thus, the study of forced kinetic evolution reveals that early-

time attractors are not a generic feature of the quark–gluon plasma but rather a manifestation

of underlying conformal symmetry and the absence of external driving.
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Chapter 4

Equilibration Under Perturbations: Mo-
mentum Dependent Relaxation Time
In kinetic theory, the assumption of a single, momentum–independent relaxation time εR is a

strong simplification. In general, microscopic scattering processes do not drive all momen-

tum modes back to equilibrium at the same rate. A more realistic description accounts for

a momentum–dependent relaxation time εR(p). By introducing momentum dependence in

the relaxation time, one can capture the multi–scale nature of microscopic dynamics. How-

ever, introducing εR(p) requires modifying the simple Anderson–Witting collision kernel

and employing a more general Novel Relaxation Time Approximation (NRTA) [74, 73] to

ensure that conservation laws hold for arbitrary hydrodynamic frame choices (i.e., defini-

tions of the non-equilibrium temperature and chemical potential), which in this thesis is the

Landau frame.

When the relaxation time depends on particle momentum, different moments of the

distribution function approach equilibrium at distinct rates. For example, in a quark–gluon

plasma, low-momentum particles undergo more frequent collisions, resulting in shorter re-

laxation times and faster equilibration. High-momentum particles, on the other hand, scat-

ter less efficiently, leading to larger values of εR(p) and slower relaxation [97]. Unlike the

momentum-independent relaxation-time model, which features a single exponential decay

governed by 1/εR, the momentum-dependent case exhibits multiple relaxation modes cor-

responding to different moments of the distribution. Consequently, hydrodynamic quan-

tities such as shear stress, bulk pressure, and diffusion currents become sensitive to the

microscopic energy dependence of scattering processes. This leads to a slower relaxation
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4 Equilibration Under Perturbations: Momentum Dependent Relaxation Time

of transport coefficients than in constant-εR models and yields equilibration patterns that

more accurately reflect QCD dynamics, where the collision rates are intrinsically momen-

tum dependent [97].

To incorporate momentum dependence, we employ a simple power–law ansatz,

εR(p) = ε 0R(T ) p
Λ . (4.1)

The relaxation time εR(p) is factorised into a temperature–dependent prefactor ε 0R(T ), in-

dependent of momentum, and a momentum–dependent factor that scales with the single–

particle energy p, raised to a positive exponent ! > 0 [97, 98].

The temperature–dependent prefactor ε 0R(T )can be related to the shear viscosity to en-

tropy density ratio of the medium, and is given by [98]

ε 0R(T ) =
(η
s

) 5!

Γ(5 + !)

1

T 1+Λ
. (4.2)

In what follows, the notation εR, whether appearing in the main text or in the figures, will

always refer to this thermal prefactor ε 0R(T ), and should not be confused with the full re-

laxation time εR(p).

4.1 The moment equations

Moment equations are a systematic set of evolution equations derived from kinetic theory

that describe the dynamics of amany-particle system in terms ofmoments of the distribution

function. The moments are obtained by integrating the single partice distribution function

against powers ofmomentum or other weight functions. The hierarchy ofmoment equations

provides a bridge between microscopic kinetic theory and macroscopic hydrodynamics. By

taking successive momentum moments of the Boltzmann equation, one obtains evolution

equations for conserved quantities such as particle number, energy, and momentum, as well

as for higher–order fluxes like shear stress, bulk pressure, and heat flow. In principle, this
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procedure generates an infinite set of coupled equations, often each moment depends on

higher order ones. For numerical applications, however, this hierarchy needs to be truncated

to a finite set of equations. This makes the moment method a practical tool for simulating

non-equilibrium dynamics, since it captures both the conservation laws and the dissipative

corrections needed for realistic hydrodynamic modeling.

The moment hierarchy can be used to study the hydrodynamization process, i.e. how

a far-from-equilibrium system evolves toward a state where hydrodynamics becomes ap-

plicable. Since the lowest moments correspond to conserved densities and currents while

the higher moments encode increasingly fine details of the non-equilibrium distribution,

tracking their evolution provides a direct way to monitor how quickly different moments

of the system relax. In practice, one can solve the truncated set of moment equations nu-

merically and compare the time scales over which higher moments (e.g. anisotropies in

momentum space) decay relative to the conserved ones. This makes it possible to identify

when the system’s dynamics can be reliably described by hydrodynamics, even if full local

thermal equilibrium has not yet been reached. The moment approach therefore can provide

quantitative insight into the onset of hydrodynamic behavior.

In this section, we consider a system of massless particles undergoing Bjorken expan-

sion [77], which is invariant under longitudinal Lorentz boosts. The moments ρn,l are de-

fined as

ρn,l(ε) =

∫
dPpnP2l(cos θ)f(ε, p0, pz) , (4.3)

where f(ε, p0, pz) is the single–particle distribution function depending on the proper time

ε , the energy p0 and longitudinal momentum pz. Here P2l denotes the Legendre polynomial

of order 2l, phase-space measure is dP = d3p
(2π)3p0 , the single-particle energy is E = p0 = p,

and cos θ = pz/p = pη/(εp). In this definition, the index n characterizes the energy

scaling of the moment, while l encodes the degree of momentum anisotropy in the system.
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In particular, the moments ρ1,0 and ρ2,0 correspond to the particle number density (n) and

the equilibrium energy density (ε), respectively. For the equilibrium distribution function,

the moment expressions can be computed explicitly,

ρeqn,l(T, µ) = eµ/T
T n+2

2ω2
Γ(n+ 2)δl0 . (4.4)

The isotropy of the Maxwell-Juttner distribution function implies that l moments higher

than 0 vanish.

The hierarchy of moment evolution equations can be derived from the kinetic equation

(2.29), which under Bjorken flow in 0 + 1 dimensions takes the form [78]
[
∂

∂ε
− pz

ε

∂

∂pz

]
fp = −1

p
L[φp] , (4.5)

where L denotes the linearized collision operator acting on the deviation φp from equi-

librium (See Appendix B.1). From this kinetic equation, one obtains the corresponding

hierarchy of moment equations:

∂

∂ε
ρn,l +

1

ε

[
P(n, l) ρn,l→1 +Q(n, l) ρn,l +R(n, l) ρn,l+1

]
=

∫
dP pn→1P2l(cos θ)L[φp] ,

(4.6)

where the coefficients P(n, l), Q(n, l), and R(n, l) couple neighboring moments in the

hierarchy and are given by

P(n, l) = 2l
(2l − 1)

(4l − 1)

(n+ 2l)

(4l + 1)
,

Q(n, l) =
2

3
+

n(8l2 + 4l − 1)

(4l − 1)(4l + 3)
+

2l(2l + 1)

3(4l − 1)(4l + 3)
,

R(n, l) = (n− 2l − 1)
(2l + 1)

(4l + 1)

(2l + 2)

(4l + 3)
. (4.7)

This set of coupled equations describes the evolution of the energy–momentum mo-

ments ρn,l in a boost-invariant expanding system, with the coefficients encoding the kine-

matic couplings between different angular moments.
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On the left-hand side of the moment equation, the streaming term of the Boltzmann

equation generates couplings between different l-moments. For theAW-RTAwith amomentum-

independent relaxation time, the collision term on the right-hand side of Eq. (4.6) reduces

to

Cn,l =

∫
dP (p)n→1 P2l(cosθ)L[φp] = − 1

εR

[
ρn,l − ρeqn,l

]
. (4.8)

For in-cooperating the momentum-dependent relaxation time, we employ the general-

ized RTA defined in Eq. (2.37). For the system under study, the collision kernel reduces to

(see Appendix B.1)

Cn,l,Λ =− 1

ε 0R

[
{
ρn→Λ,l − δl0 ρ

eq
n→Λ,l

}
− A δl0 ρ

eq
n→Λ,0

− B δl0

{
ρeqn→Λ,0 −

ρeq1→Λ,0

ρeq2→Λ,0

ρeqn→Λ+1,0

}]
, (4.9)

where the coefficients A and B take the form,

A =
ρ1→Λ,0 − ρeq1→Λ,0

ρeq1→Λ,0

, (4.10)

B =
ρ1→Λ,0 −

ρeq1−Λ,0

ρeq2−Λ,0
ρ2→Λ,0

ρeq3→Λ,0

(
ρeq1−Λ,0

ρeq2−Λ,0

)2
− ρeq1→Λ,0

. (4.11)

Further simplification can be achieved if we use the equilibrium moment expression

from (4.4) and use it to replace the equilibrium moment terms in (4.9). We then get the

simplified expression (see Appendix B.1),

Cn,l,Λ =− 1

εR

[
ρn→Λ,l − δl0

{
T n→1K(n, 1,!)[1− C(n,!)]ρ1→Λ,l

+ T n→2K(n, 2,!)C(n,!)ρ2→Λ,l

}]
. (4.12)

where we have defined the two functions,

K(n,m,!) =
Γ(n− !+ 2)

Γ(m− !+ 2)
, (4.13)

C(n,!) =
1−K(1, n,!)K(n+ 1, 2,!)

1−K(1, 2,!)K(3, 2,!)
. (4.14)
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Note that

K(n, n,!) =
Γ(n− !+ 2)

Γ(n− !+ 2)
= 1 , (4.15)

C(1,!) =
1−K(1, 1,!)K(2, 2,!)

1−K(1, 2,!)K(3, 2,!)
= 0 (4.16)

C(2,!) =
1−K(1, 2,!)K(3, 2,!)

1−K(1, 2,!)K(3, 2,!)
= 1 , (4.17)

and enforce the conservation laws for energy density ε = ρ2,0 and number density n = ρ1,0,

C1,0,Λ = 0 ,

C2,0,Λ = 0 ,

independent of the value of !.

For a momentum–dependent relaxation time, i.e. ! '= 0, the collision kernel induces

couplings between different n-moments. In particular, for fractional values of !, an n-

moment becomes coupled to a fractional moment of order n − !. Truncation of this hi-

erarchy at finite n gives rise to pathologies in the numerical solutions, which necessitate

the introduction of a suitable closure procedure, as will be demonstrated in the subsequent

analysis.

4.1.1 Collision kernel regularization

To understand the structural features of the hierarchy of moment equations, one can write

it in vector form,

d1ρ
dε

= −1

ε
F1ρ− 1

ε 0R
C(!)1ρ (4.18)

where 1ρ denotes a vector containing either the infinite set of (n, l) moments or a trun-

cated subset thereof. The entries of 1ρ are ordered as 1ρ = (ρ0,0, ρ0,1, . . . , ρ1,0, ρ1,1, . . . ), with

nmin < n < nmax and 0 < l < lmax. The matrices F and C(!) encode the couplings among
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the moments (see Appendix B.1.1). The operator F couples different l-modes at fixed n,

while C(!) generates couplings between moments with different values of n.

ThematrixF encodes the free–streaming dynamics and dominates in the regime ε/εR -

1. In contrast, the matrix C(!)governs the collisional dynamics. Since 1/εR ∼ T 1+Λ, the

resulting differential equation is nonlinear. Nevertheless, the local (in time) dynamical

properties can be inferred from the eigenvalue spectrum of C(!). At late times, when

ε/εR . 1, the evolution is effectively controlled by C(!). In this regime, the free–

streaming contribution F/ε can be neglected, and the formal solution of Eq. (4.18) reduces

to

1ρn(ε) ∼ exp
[
−
∫

dε,
1

ε 0R
C(!)

]
1ρn(ε0), ε/εR . 1. (4.19)

For ! = 0, the collision matrix is diagonal, C(!) ∼ I, with positive eigenvalues that

generate a purely decaying behavior. By contrast, when! '= 0,C(!) acquires off–diagonal

structure and resembles a left–shift operator, e.g. for a truncation at n = 4,

C(!) ∼

⎡

⎢⎢⎣

0 0 0 0
cn→4Λ 0 0 0
0 cn→3Λ 0 0
0 0 cn→2Λ 0

⎤

⎥⎥⎦ . (4.20)

For such finite truncations, the spectrum of C(!)is no longer guaranteed to be posi-

tive definite, meaning that late–time decay can break down. This feature is illustrated in

Fig. (4.1), where the temperature evolution for ! = 0 follows the expected decay, while for

! = 0.125 it deviates and exhibits divergent behavior at late times.

Since the late–time dynamics are controlled by the spectrum of C(!), the divergent

behavior can be traced to its structural properties. Because C(!) is lower–triangular, all of

its eigenvalues vanish, making it a nilpotent operator: CN(!) = 0 for a truncated matrix of

size N. If C(!) were time–independent, the formal solution of Eq.(4.19) becomes

1ρ(ε) =

(
N→1∑

k=0

ε k C(!)k
)
1ρ(ε0) v. (4.21)
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Figure 4.1: The evolution of temperature for ! = 0 and ! = 0.125. We see a growth in
temperature when ε/εR > 1 .

Such a solution grows polynomially in ε , rather than decaying exponentially as one would

expect from a physically consistent collision operator with positive–definite spectrum. This

mismatch originates from the truncation of the moment hierarchy: once the infinite tower

is cut off, the nilpotent structure of C(!) prevents proper late–time damping. Numerically,

this manifests as instabilities and unphysical growth of macroscopic quantities such as the

temperature, as illustrated in Fig.(4.1).

For the Boltzmann equation, the linearized collision operator L

pµ∂µf = −L(f − feq) , (4.22)

is known to be positive semi-definite [72]. The vanishing eigenvalues of L correspond

to the collision invariants, i.e., the conserved quantities. This structure ensures both the

system’s relaxation toward equilibrium and the generation of entropy. We therefore expect

any moment-based representation of the Boltzmann equation to retain this property.

To recover the correct late–time behavior, one must go beyond naive truncation and in-

troduce a closure procedure for the moment hierarchy. The role of the closure is to approx-

imate the effect of the neglected higher–order moments on the truncated system, thereby
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modifying the effective structure of C(!). Instead of a nilpotent operator with vanishing

eigenvalues, the closure generates an effective collision matrix with a nontrivial spectrum

whose eigenvalues are negative definite, ensuring exponential damping at late times.

To restore the positive definiteness of the collision kernel, we adopt the Grad moment

closure scheme. In this approach, the single–particle distribution function is approximated

by a truncated series expansion in momentum,

f(ε, p, cos θ) = feq

[
N∑

m=0

L∑

l=0

Am,l(ε)p
nP2l(cos θ)

]
, (4.23)

where the coefficientsAm,l(ε) encode the dynamical information, and the expansion is trun-

cated at finite ordersN and L. While the Grad expansion (4.23) is not generally convergent

[99], it is asymptotic and provides reliable approximations for lower–order momentummo-

ments, particularly when the system remains close to equilibrium.

Once the coefficientsAm,l are determined, any moment can be computed by integrating

over the approximate distribution function. Using the definition of the moments in (4.3),

we obtain a set of linear relations between the integer moments ρn,l and the coefficients

An,l:

1ρl = H(T, 0) 1Al , (4.24)

where H(T,!) is an N ×N matrix,

[H(T,!)]n,m = T n+m+2+Λ Γ(n+m+ 2 + !) , (4.25)

while 1Al and 1ρl are column vectors of the expansion coefficients and moments, respectively,

constructed by fixing l and varying n (explicit definitions are provided in Appendix B.1.1).

Since this system of equations is linear, it can be inverted to yield

1Al = H→1(T, 0)1ρl . (4.26)
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Thus, knowledge of a finite set of N ×L integer moments completely specifies the expan-

sion coefficients An,l.

This allows us to express fractional moments ρn→Λ,l, which appear in the collision term,

in terms of integer ones:

1ρn→Λ,l = TΛH(T,−!)H→1(T, 0)1ρn,l, (4.27)

In this way, the problematic fractional moments are replaced by linear combinations of

integer moments. The vector form of the moment equations then takes the form

d

dε
1ρl = −1

ε
F1ρl −

1

ε 0R
M(T,!)1ρl , (4.28)

with the modified collision matrix defined as

M(T,!) = TΛH(T,−!)H→1(T, 0) . (4.29)

An analytic proof of the positive definiteness ofM(T,!) is given in Appendix B.1.1. Nu-

merical analysis confirms that, for suitable choices of the truncation order N, the eigenvalues

ofM remain positive definite. In Fig. (4.2), we show the minimum eigenvalue ofM(1,!)

for N=5 as a function of !. The plot demonstrates that the eigenvalue remains positive but

exponentially decreases towards zero with increasing !.

4.2 Approach to equilibrium

Once the collision kernel is appropriately regularized the set of coupled differential equa-

tions can be solved using standard algorithms. We plot the temperature evolution of the

system for various values of ! in Fig.(4.3) and two different values of initial viscosity

(η/s)0 = 0.2, 0.02. The temperature evolution no longer shows pathological behavior at

late time and shows a clear ordering with respect to !. We see that stronger momentum

dependence, i.e., larger values of !, implies slower cooling as expected.
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Figure 4.2: log plot of the minimum eigenvalue ofM(1,!) for N = 5 as a function of !.

Figure 4.3: Evolution of temperature for various ! values and initial η/s = 0.2 (left) and
η/s = 0.02 (right).
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To understand the approach to equilibrium, the primary quantity of interest is the scaled

moment ρ2,1/ρ2,0 which corresponds to the scaled momentum anisotropy (PL − PT )/ε. In

Fig (4.4) we plot the momentum anisotropy as a function of scaled time ε̄ = T→Λ(ε/ε 0R).

Figure 4.4: Evolution of ρ2,1/ρ2,0 for various ! values and η/s = 0.2 (left) and η/s =
0.02 (right).

Figure 4.5: Evolution of ρ2,5/ρ2,0 for various ! values and η/s = 0.2 (left) and η/s =
0.02 (right).

The results lead to several noteworthy observations. First, the temperature evolution as

a function of scaled time ε/εR becomes noticeably flatter around ε/εR ∼ 1 as the value

of ! increases, indicating a slower cooling rate once collisions begin to dominate over free

streaming. Second, from figures (4.4) and (4.5) we see that for fixed values of n and l, the

magnitude of the ρmoments grows with larger !, reflecting an enhancement of momentum

anisotropy in the system. This sensitivity to ! is particularly pronounced for higher-order
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moments at smaller values of η/s and for earlier initialization times. Finally, the enhanced

anisotropy observed at intermediate times for larger ! points to a delayed isotropization,

and consequently, a slower approach to local equilibrium.

4.2.1 Summary

We developed a kinetic-theoretical framework to investigate the approach toward equilib-

rium in a relativistic, boost-invariant system by incorporating a momentum-dependent re-

laxation time approximation (MDRTA) into the Boltzmann equation. Using the method

of moments, we systematically analyzed how the inclusion of a momentum-dependent re-

laxation time modifies the evolution of the moments of the distribution function and, con-

sequently, the macroscopic hydrodynamic variables that describe the system’s far-from-

equilibrium dynamics.

The introduction of a power-law momentum dependence, εR(p) = ε0 pΛ in the relax-

ation time leads to a significant conceptual and mathematical extension of the standard

Anderson-Witting relaxation time approximation. While the conventional AW-RTA cou-

ples only moments with different angular indices, theMDRTA introduces coupling between

both energy and angular moments, resulting in a richer and more intricate hierarchy of cou-

pled equations. This coupling brings in additional physical scales that alter the relaxation

dynamics and highlight the nontrivial interplay between microscopic scattering and macro-

scopic expansion.

To ensure a physically consistent truncation of the infinite moment hierarchy, we devel-

oped a systematic closure scheme based on a generalised Grad-type expansion of the dis-

tribution function. This closure yields a collision matrix that preserves energy–momentum

conservation and remains positive definite, guaranteeing the stability of numerical evolu-

tion and preventing unphysical divergences at late times. The analytical proof of positive

definiteness, supported by numerical verification, constitutes a key methodological contri-
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bution of this work.

Through detailed numerical studies for a range of viscosities andmomentum-dependence

parameters !, we found that increasing ! enhances the system’s momentum anisotropy and

delays isotropization. The scaled pressure anisotropy and higher-order angular moments

display a clear dependence on the degree of momentum dependence, reflecting the slower

relaxation of high-momentummodes. The temperature evolution shows a flattening behav-

ior at intermediate times for larger !, consistent with reduced collisional efficiency, while

the chemical potential-to-temperature ratio (µ/T ) exhibits larger deviations from equilib-

rium. These findings collectively demonstrate that incorporating momentum dependence

in the relaxation time results in a slower approach to equilibrium and modifies the onset of

hydrodynamic behaviour.

4.3 Conclusion on hydrodynamization and attractor be-
haviour

In the last two chapters, we examined the mechanisms that govern hydrodynamization and

the emergence of attractor behavior in far-from-equilibrium relativistic systems using the

kinetic theory framework based on the Boltzmann equation under Bjorken symmetry. Our

investigations focused on two key extensions of the conventional AW-RTA: the inclusion

of external longitudinal forces and the implementation of a momentum-dependent relax-

ation time (MDRTA). Together, these studies provide deeper insight into how microscopic

physics and external perturbations influence the system’s evolution toward hydrodynamic

behaviour.

In the first part of this work, we analyzed the role of proper-time-dependent longitu-

dinal forces on the hydrodynamic evolution of conformal and non-conformal systems. By

solving the Boltzmann equation exactly in the presence of such forces, we found that they

substantially modify both the hydrodynamization dynamics and the attractor structure. In
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the absence of forcing, conformal systems exhibit a universal early-time attractor, wherein

macroscopic observables such as pressure anisotropy rapidly converge toward a common

evolution path, largely independent of initial conditions. However, the inclusion of lon-

gitudinal forces breaks this universality, causing the system to retain memory of its initial

conditions until much later times. Only a late-time attractor remains, corresponding to the

hydrodynamic regime. In the conformal, massless limit, an early-time attractor can reap-

pear if the external force decays sufficiently rapidly compared to the microscopic relaxation

time, underscoring the sensitivity of attractor formation to both conformal symmetry and

the time dependence of external fields.

In the second part, we extended the kinetic description by incorporating a momentum-

dependent relaxation time, εR(p) = ε0 pΛ, which captures the natural dependence of micro-

scopic relaxation processes on particle momentum. The resulting MDRTA framework cou-

ples different energy and angular moments of the distribution function, producing a richer

hierarchy of evolution equations. Our numerical analysis revealed that stronger momentum

dependence (larger !) enhances momentum anisotropies and delays isotropization, thereby

postponing hydrodynamization. The emergence of multiple decay times, associated with

different momentum scales, leads to a gradual rather than universal transition to hydrody-

namic behaviour.

Taken together, these studies demonstrate that while conformal symmetry and simple

relaxation dynamics promote the appearance of early-time attractors, the introduction of ad-

ditional physical scales—through particlemasses, external forces, or momentum-dependent

relaxation times-breaks this universality and shifts the onset of hydrodynamics to later

stages of the evolution. Despite these differences, the system consistently approaches a

late-time attractor described by viscous hydrodynamics, confirming the emergent nature of

hydrodynamization as a general feature of relativistic kinetic theory.

The analysis in this chapter thus points toward a broader conclusion: hydrodynamiza-
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tion in relativistic kinetic theory cannot be fully described by universal attractor dynamics

alone. While attractor solutions encapsulate aspects of far-from-equilibrium evolution, their

existence depends on restrictive assumptions that rarely hold in realistic scenarios. The ab-

sence of early-time universality in non-conformal and forced systems suggests that hydro-

dynamization should instead be viewed as a structural property of the Boltzmann equation

itself. This motivates a shift in perspective—from searching for universal scaling solutions

to examining the intrinsic features of kinetic theory: its fixed points, asymptotic expan-

sions, and non-perturbative corrections. The following chapters pursue this direction by

constructing an exact, convergent gradient expansion of the Boltzmann equation, demon-

strating that hydrodynamics emerges naturally as an interpolation between the collisionless

and locally equilibrated regimes. In this formulation, hydrodynamization appears not as the

consequence of a universal attractor, but as a manifestation of the analytic and causal struc-

tures inherent to the kinetic theory itself. This conceptual shift forms the foundation for the

analysis developed in Chapter 5, where we move beyond attractor models and develop an

exact, convergent gradient expansion of the Boltzmann equation to provide a unified and

analytic description of hydrodynamization.
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Chapter 5

DivergenceOfChapmann-EnskogExpan-
sion
The Chapman–Enskog expansion, although widely used to derive hydrodynamic equations

from kinetic theory, is an asymptotic and generally divergent series solution of the Boltz-

mann equation [100, 101, 102, 103, 37]. This behaviour can be understood within the

framework of singular perturbation theory. To illustrate the essential idea, consider a sim-

ple toy model differential equation that captures the structure of the Boltzmann equation in

the hydrodynamic limit:

δ
df(t)

dt
= − (f(t)− g(t)) , (5.1)

where δ is a small parameter that plays the role of a scaled mean free path or relaxation

time. Despite its simplicity, Eq. (5.1) exhibits the key features underlying the divergence

of the Chapman–Enskog series.

In Eq. (5.1), the highest derivative term is multiplied by the small perturbative factor

δ, rendering the equation singularly perturbed. Expanding f(t) in powers of δ leads to the

Chapman–Enskog-like derivative expansion around g(t):

f(t) = g(t)− δ g′(t) + δ2 g′′(t) + . . . . (5.2)

While this formal series correctly reproduces the behaviour of the system in the limit δ → 0,

it fails to accommodate arbitrary initial conditions for f(t) and diverges for δ ! 1, unless

g(t) is an analytic polynomial. Hence, the perturbative solution loses validity when the

microscopic relaxation time becomes comparable to macroscopic timescales.
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By contrast, the exact solution of Eq. (5.1) can be written as

f(t) = e→t/δ f(0) +

∫ t

0

dt′

δ
e→(t→t′)/δ g(t′). (5.3)

This expression is manifestly finite for all δ and incorporates the initial condition through

the exponentially decaying term e→t/δf(0), which rapidly dies out for t . δ. Performing

integration by parts on the second term yields

f(t) = e→t/δf(0) +
[
g(t)− e→t/δg(0)

]
− δ

[
g′(t)− e→t/δg′(0)

]
+ . . . . (5.4)

In the long-time limit t . δ, the exponential terms vanish, and the perturbative expan-

sion in Eq. (5.2) is recovered. However, for early times t " δ, the perturbative expansion

breaks down, as it neglects the exponentially suppressed non-perturbative contributions that

encode memory of the initial conditions.

If g(t) is analytic, one may expand it in a Taylor series and perform the time integration

in Eq. (5.3) explicitly, obtaining

f(t) = e→t/δf(0) +
∞∑

n=0

[
1− e→w

n∑

k=0

wk

k!

]
dng(t)

dtn
, (5.5)

where w = (t − t0)/δ and the bracketed expression can be written in terms of the lower

incomplete gamma function γ(n+ 1, w) as

γ(n+ 1, w)

n!
= 1− e→w

n∑

k=0

wk

k!
. (5.6)

This form is particularly useful because it expresses the exact solution as a local derivative

series, with each term weighted by time-dependent coefficients that ensure convergence

for all t. In the late-time regime e→t/δ - 1, the exponentially suppressed term becomes

negligible, and the gradient expansion approximates the exact solution well.

Fixed point interpretation

The structure of Eq. (5.1) admits a clear physical interpretation in terms of fixed points. For

δ → 0, the system approaches the hydrodynamic fixed point, where f = g, corresponding
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to instantaneous local relaxation to equilibrium. Conversely, in the opposite limit δ → ∞,

the equation admits a free-streaming fixed point where ḟ = 0. The full solution (5.3) inter-

polates smoothly between these two fixed points, with the exponentially suppressed term

describing the transient relaxation between them. A perturbative expansion around the hy-

drodynamic fixed point yields the derivative series (5.2), while an expansion around the

free-streaming fixed point captures the non-perturbative transient corrections. This sim-

ple example illustrates how the applicability of hydrodynamics emerges from the interplay

between these two asymptotic regimes.

5.1 Exact gradient Expansion: relaxation time approxi-
mation

Building on the discussion of the divergence of the Chapman–Enskog series, we now present

an exact and convergent gradient expansion for the relativistic Boltzmann equation within

the relaxation time approximation, following the formalism of [104]. This treatment pro-

vides a mathematically rigorous understanding of how hydrodynamic (λ/L - 1) and non-

hydrodynamic (λ/L ∼ 1) contributions emerge naturally from the kinetic equation, and

under what conditions the gradient expansion remains convergent.

Formal Integral Solution

For simplicity, we restrict to Minkowski space without external forces (for generalization

see Appendix C.4):

pµ∂µf = −u · p
εR

(f − feq). (5.7)

The solution of this first-order PDE can be obtained via the method of characteristics. Given

some initial condition on xµ(t′) = cµ, any function h(t) on the characteristic curve has the
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parametric dependence:

h(t, t′) ∈ h

(
xµ − pµ

p0
(t− t′)

)
. (5.8)

From here on we will assume this dependence is implied unless otherwise specified.

Along a characteristic trajectory xµ(t) = xµ
0 + (pµ/p0)(t− t0) for some initial time t0,

Eq. (5.7) reduces to

df(t, t′)
dt

= −
(
u(t, t′) · p
p0εR(t, t′)

)
(f(t, t′)− feq(t, t

′)) . (5.9)

Integrating from t0 to t yields the exact integral solution (Appendix C.1):

f(xi, t) = e→ξ(t,t0)f0(t, t0)

+

∫ t

t0

dt′

p0
e→ξ(t,t′)

(
u(t, t′) · p
εR(t, t′)

)
feq(t, t

′) , (5.10)

where

ξ(t, t′) =

∫ t

t′

(
u(t, t′′) · p
εR(t, t′′)

)
dt′′

p0
. (5.11)

The first term represents the free-streaming evolution of the initial distribution, exponen-

tially damped by interactions. The second term, called the hydrodynamic generator fG,

contains the accumulated contributions of local equilibrium states along the particle’s tra-

jectory:

fG(x
i, t) =

∫ t

t0

dt′

p0
e→ξ(t,t′)

(
u(t, t′) · p
εR(t, t′)

)
feq(t, t

′) , (5.12)

Expansion in terms of the damping factor

To construct the exact gradient expansion, it is convenient to express the integral solution of

the Boltzmann equation in terms of the damping factor ξ(t, t′) ( Appendix C.1.1 ), defined

by

ξ(t, t′) =

∫ t

t′
dt′′

u · p
p0εR

, (5.13)

84



5 Divergence Of Chapmann-Enskog Expansion

which measures the accumulated relaxation of the distribution function between times t′

and t. The damping factor satisfies the properties ξ(t, t) = 0 and dξ(t,t′)
dt′ = − u·p

p0εR
< 0,

ensuring that ξ(t, t′) is positive and monotonically decreasing with t′. Consequently, it

admits a well-defined inverse map t′(ξ), which can be expressed as a Taylor (or Lie) series

expansion around ξ = 0:

t′(ξ, t)− t =
∞∑

n=1

ξn

n!

(
d

dξ′

)n→1 [
−p0εR
u · p

]

ξ′=0

. (5.14)

For analytic functions, this expansion can be compactly written using the Lie-series operator

as

t′(ξ, t)− t = eξ
d

dξ′ (t′(ξ′, t)− t)
∣∣∣
ξ′=0

. (5.15)

A similar representation holds for the particle trajectory,

xµ − pµ

p0
(t− t′) = eξ

d
dξ′

(
xµ − pµ

p0
(t− t′)

) ∣∣∣
ξ′=0

, (5.16)

which demonstrates that the evolution of the distribution function along characteristic curves

can be written as an exponential flow in the damping variable ξ. This reformulation is cen-

tral to deriving the exact gradient expansion, as it systematically organizes the time evolu-

tion of f(x, p) in terms of local derivatives weighted by powers of the damping factor.

Expanding the integrand using the Lie series formalism gives

fG =

∫ ξ0

0

dξ e→ξ exp
(
ξ

d

dξ′

)
feq

(
xµ − pµ

p0
(t− t′)

) ∣∣∣
ξ′=0

, (5.17)

which, upon expanding the exponential and converting back to spacetime derivatives, yields

the expression (see Appendix C.1.2):

fG =

∫ ξ0

0

dξ e→ξ
∞∑

n=0

ξn

n!

[
− εR
u · p pµ∂µ

]n
feq(x, t) . (5.18)

Carrying out the ξ-integration gives exact gradient expansion,

fG =
∞∑

n=0

(
1− e→ξ0

n∑

k=0

ξk0
k!

)[
− εR
u · p pµ∂µ

]n
feq(x, t) . (5.19)
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Equation (5.19) is the central result: it represents the exact gradient expansion of the

AW-RTA Boltzmann equation. The first term corresponds to the usual Chapman–Enskog

expansion, while the second term provides exponentially suppressed, non-perturbative cor-

rections. In the late-time limit ξ0 → ∞, the exponential terms vanish, and Eq. (5.19)

reduces to the Borel resummation of the Chapman–Enskog series:

lim
ξ0→∞

fG =

∫ ∞

0

dξ e→ξ
∞∑

n=0

ξn

n!

[
− εR
u · p pµ∂µ

]n
feq. (5.20)

Non-hydrodynamic corrections

To gain deeper insight into the physical meaning of the non-hydrodynamic terms, we per-

form integration by parts on Eq. (5.12) to obtain

fG =
∞∑

n=0

{(
− εR
u · pD

)n

feq(x
i, t)

− e→ξ′(t,t′)

(
− εR(t, t′)

u(t, t′) · pD
)n

feq(t, t
′)

∣∣∣∣∣
t′=t0

}
. (5.21)

The form of fG given in Eqs. (5.21) and (5.19) are equivalent (when the series converges

Appendix (C.2.1)); however, the non-hydrodynamic terms differ order by order. These two

representations correspond to distinct re-summations of the same underlying series (see

Appendix (C.2)).

From Eq. (5.21), it is evident that the non-hydrodynamic terms represent free-streaming

contributions that carry not only the initial data but also information about the full dynamical

history of the system. The factor ξ0 is a time integral over functions of Uµ and εR, both of

which evolve in time, thereby encoding memory of the system’s evolution. The approach

to hydrodynamics corresponds to the decay of these non-hydrodynamic terms, indicating

that the system’s behavior becomes independent of its history (local in time).

The coefficients of the gradient terms in Eq. (5.19), have the form of the lower incom-
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plete gamma function,

γ(n+ 1, ξ0) = n!

(
1− e→ξ0

n∑

k=0

ξk0
k!

)
. (5.22)

These coefficients have the asymptotic limits,

lim
ξ0→∞

(
1− e→ξ0

n∑

k=0

ξk0
k!

)
= 1 , (5.23)

lim
n→∞

(
1− e→ξ0

n∑

k=0

ξk0
k!

)
= 0 . (5.24)

Equation (5.23) shows that at late times or for large decay factors ξ0, the influence of the ini-

tial conditions—and therefore the non-hydrodynamic contributions—becomes negligible.

Equation (5.24), on the other hand, implies that higher-order gradients are initially sup-

pressed, with lower-order terms decaying more rapidly. Consequently, large initial higher-

order gradients lead to a slower approach to hydrodynamics. Understanding the behavior of

these non-hydrodynamic terms is thus essential for determining how early-time dynamics

influence the onset of hydrodynamic behavior.

Although the exponential damping appears identical at every order, the effective decay

rate depends on the polynomial (exponential-sum) function

en(ξ) ≡
n∑

k=0

ξk

k!
, (5.25)

which multiplies the gradient terms in Eq. (5.19). The k-th derivative of the prefactor to the

non-hydrodynamic term satisfies

dk

dξk
(
e→ξen(ξ)

) ∣∣∣
ξ=0

= 0 , k < n . (5.26)

Hence, increasing n corresponds to a slower decay rate at ξ0 = 0 (t = t0). From the

asymptotic limit of the gamma function,

γ(n, ξ) ∼ e→ξξn

n

[
1 +O

(
ξ

n

)]
, (5.27)
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it follows that for large n, the decay time scales as ξ0 ∼ n. The coefficients of the gradient

terms can thus be interpreted as defining characteristic length (or time) scales associated

with each gradient order. Specifically, we can write

e→ξ0 ∝ exp
[
− (t− t0)

σ0(p, t, t0)

]
, (5.28)

where σ0(p, t, t0) defines the local time or length scale over which free-streaming contribu-

tions remain significant for the zeroth-order gradient. For constant εR, one has σ0 ∝ εR. For

higher-order gradients, this scale is modified by the polynomial prefactor en(ξ0), leading to

σn ∼ σ0(p, t, t0)n.

Convergence of the gradient expansion

The convergence properties of the exact gradient expansion can be analyzed by examining

the ξ0-dependent coefficients appearing in Eq. (5.19). As n → ∞, these coefficients exhibit

the asymptotic behavior

γ(n, ξ) ∼ e→ξξn

n

[
1 +O

(
ξ

n

)]
, (5.29)

which implies that, for large n, the factorial divergence of the conventional Chapman–

Enskog series is replaced by a much milder geometric growth. If the nth derivative of the

equilibrium distribution grows as
[
− εR
u · pD

]n
feq ∼ n!Kn, (5.30)

with |K| < ∞, then the nth term of the expansion scales as (ξK)n. Therefore, the series

converges whenever ξK < 1. Physically, this condition corresponds to the late-time regime

where the damping factor ξ is large and the gradientsK are small, i.e., when the system has

sufficiently relaxed toward local equilibrium. At early times, when ξ is small and gradients

are large, convergence is not guaranteed, reflecting the dominance of non-hydrodynamic,

transient modes.
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Amore rigorous statement about convergence can be made by appealing to the uniform

convergence of the Taylor expansion of feq in the damping variable ξ. If feq is analytic in

ξ and its Taylor series converges uniformly over the finite range ξ ∈ [0, ξ0], then the order

of summation and integration in Eq. (5.18) can be interchanged, ensuring that the result-

ing gradient expansion is finite and absolutely convergent. Moreover, since the damping

function ξ(t, t′) is a monotonic, analytic function of t′, the Lagrange–Burmann inversion

theorem [105] guarantees that its inverse t′(ξ, t) also possesses a convergent series expan-

sion with a finite radius of convergence.

However, because the Boltzmann equation is nonlinear, the analyticity of ξ(t, t′) and the

uniform convergence of the expansion depend on the distribution function f(x, p) itself,

unless Uµ and εR are prescribed externally. If the initial conditions are analytic and the

time evolution preserves analyticity (i.e., no discontinuities such as shocks develop), then

the gradient series retains a finite radius of convergence around t. Thus, the convergence of

the exact gradient expansion follows from the analyticity of the microscopic evolution and

the smoothness of the hydrodynamic fields, ensuring that the Chapman–Enskog procedure

remains well-defined in the AW-RTA framework under physically realistic conditions.

Domain of validity

The full solution,

f = e→ξ0
[
f0 − fH

G

]
+ fH

G , (5.31)

shows that the Chapman–Enskog approximation f → fH
G is valid whenever the first term is

small, i.e. ∣∣∣∣e
→ξ0

f0 − fH
G

fH
G

∣∣∣∣- 1. (5.32)

This condition implies that hydrodynamics remains accurate even when gradients are large,

provided that ξ0 is sufficiently large—i.e., that the system is far from the free-streaming
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regime. Hence, in the AW-RTA model, the range of validity of hydrodynamics extends

beyond near-equilibrium conditions.

5.1.1 The Boltzmann kernel and gradient expansion

A similar structure arises in the Boltzmann equation when one explicitly separates the

streaming and collision terms. If the characteristic interaction range is much smaller than

the mean free path, the Boltzmann equation can be cast in the schematic form

vµ∂µf +
v

δ
f =

1

δ
L[f ], (5.33)

where vµ = pµ/p0 is the particle four-velocity, and v(p) ∼ 1/εR represents the effective

collision frequency and δ is some parameter say for example the Knudsen number. The

collision operator L[f ] and the collision rate ν(p) are given by

ν(p) =

∫
dP1 dP

′ dP ′
1 W (p, p1 | p′, p′1) f(p1), (5.34)

L[f ] =

∫
dP ′ dP ′

1 dP1 W (p′, p′1 | p, p1) f ′f ′
1, (5.35)

whereW (p, p1 | p′, p′1) is the transition probability per unit time.

Integrating Eq. (5.33) using themethod of characteristics yields the exact solution [106],

f(pµ, xµ) = e→
1
δ

∫ t
t0

v(t,t′) dt′ f(t, t0) +

∫ t

t0

v(t, t′)

δ
e→

1
δ

∫ t
t′ v(t,t

′′) dt′′ g(t, t′) dt′, (5.36)

where g = L/v. This structure is directly analogous to the exact solution of the toy

model (5.3), with v(p) playing the role of 1/εR. Defining χ′ = 1
δ

∫ t

t′ v dt
′, one obtains

the formal gradient series expansion

f = e→χ0f(t, t0) +
∞∑

n=0

δn
γ(n+ 1,χ0)

n!

(
−pµ∂µ

v

)n

g, (5.37)

where χ0 = χ(t, t0). This series mirrors the structure of the corresponding expansion in the

relaxation-time approximation [104],

f = e→ξ0f 0(t, t0) +
∞∑

n=0

γ(n+ 1, ξ0)

n!

(
− εR
p · u pµ∂µ

)n

feq, (5.38)
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where ξ0 =
∫ t

t0
(u·p)/εR dt′ is the damping factor. Under the identifications v(p) ∼ u·p/εR,

χ0 ∼ ξ0, and g ∼ feq, Eqs. (5.37) and (5.38) become structurally equivalent. This structural

similarity suggests that the results derived in this sectionmay extend beyond the simple AW-

RTA setting and could hold more broadly across kinetic models with analogous operator

structure.

5.1.2 Validity of the gradient expansion

It is essential to distinguish between the gradient expansion itself and relativistic hydrody-

namics. The gradient expansion refers specifically to the perturbative Chapman–Enskog

series in powers of the Knudsen number (Kn), while relativistic hydrodynamics encom-

passes both this perturbative structure and the non-perturbative (exponentially suppressed)

contributions that arise naturally in the exact kinetic solution.

The exponentially decaying non-perturbative component of theAW-RTA solution (5.38)

can be written as [104]

fNP = −e→ξ′(t,t′)

(
− εR(t, t0)

p · u(t, t0)
pµ∂µ

)n

feq(t, t0), (5.39)

which explicitly encodes the memory of the initial conditions through the damping factor

e→ξ′ . These terms become relevant when the Knudsen number approaches unity (Kn ∼ 1),

corresponding to early times t < εR, when the system is far from equilibrium and the free-

streaming dynamics dominate. In this regime, the gradient expansion breaks down, as it

cannot capture the non-local structure of the exact kinetic evolution.

Physically, this corresponds to the pre-collisional phase of the system, where the mi-

croscopic relaxation processes have not yet established local equilibrium. The Chapman–

Enskog expansion, by construction, assumes that one can expand around the equilibrium

fixed point at finite times. However, in a realistic dynamical system, fixed points are ap-

proached only asymptotically and cannot be reached at finite time. This inconsistency un-
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derlies both the divergence of the gradient series and the acausal behavior of first-order

relativistic hydrodynamics.

The validity of the Chapman–Enskog expansion, therefore, does not solely depend on

the smallness of the gradients, but rather on the dominance of collisional processes over

free-streaming effects. This condition can be expressed as χ0 or ξ0 . 1, which ensures

that non-perturbative terms are exponentially suppressed. Thus, hydrodynamic behavior

persists even for relatively large gradients, provided the system remains sufficiently far

from the free-streaming regime.

Finally, it is important to emphasize that the applicability of relativistic hydrodynamics

is not equivalent to the convergence of the Chapman–Enskog expansion. While the gradient

expansion diverges, the underlying hydrodynamic attractor solution provides a resummed,

non-perturbative description that remains valid far beyond the formal radius of convergence

of the perturbative series.

5.2 Summary

In this chapter, we established a rigorous understanding of the divergence of the Chapman–

Enskog (CE) expansion and demonstrated how a convergent formulation of the hydrody-

namic gradient series can be obtained directly from the Boltzmann equation. Starting from

a singularly perturbed toy model, we showed that the divergence of the CE series originates

from its neglect of exponentially suppressed, non-perturbative contributions that encode the

system’s initial conditions and transient relaxation dynamics. The exact solution of the toy

model revealed that the Chapman–Enskog expansion represents only the asymptotic limit

of a broader structure in which non-perturbative terms play a central role in reproducing the

full kinetic evolution.

Extending this insight to the relativistic Boltzmann equation within the relaxation time
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approximation, we derived an exact integral solution and reformulated it in terms of the

damping factor ξ(t, t′). This led to the construction of the exact gradient expansion, in

which the evolution of the distribution function is expressed as a power series in space–

time gradients weighted by the damping factor. Unlike the conventional Chapman–Enskog

series, this expansion contains both perturbative and exponentially suppressed terms, en-

suring that it remains finite and well-defined for all finite times. We demonstrated that the

factorial divergence characteristic of the CE expansion is replaced by a geometric growth

pattern, and that convergence is guaranteed whenever the product of the damping factor ξ

and the maximum gradient scaleK satisfies ξK < 1. Physically, this condition corresponds

to the hydrodynamic regime, where microscopic relaxation dominates over free streaming

and the system evolves smoothly toward local equilibrium.

A deeper examination of the convergence properties revealed that the existence of a fi-

nite, convergent gradient expansion is intimately linked to the analyticity of the microscopic

dynamics. If the damping function ξ(t, t′) is analytic and its inverse map t′(ξ, t) admits a

convergent series expansion, then the gradient expansion remains uniformly convergent for

all finite ξ. This result follows from the Lagrange–Burmann inversion theorem and assumes

that the equilibrium distribution feq admits a uniformly convergent Taylor expansion in ξ.

Under analytic and smooth initial conditions—i.e., in the absence of discontinuities such as

shock formations—the Chapman–Enskog procedure is therefore mathematically consistent

and physically meaningful, even far from strict equilibrium.

Finally, we extended these arguments to the full Boltzmann collision kernel and demon-

strated that the structural form of the exact gradient expansion is universal. When the colli-

sion operator L[f ] and the collision frequency ν(p) are analytic, the resulting series retains

the same form as in the AW-RTA, with the damping factor χ0 =
∫ t

t0
ν(p) dt′ replacing ξ0.

This universality implies that the geometric convergence of the gradient expansion and the

presence of well-behaved non-perturbative corrections are not artifacts of the relaxation
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time approximation, but intrinsic features of kinetic theory itself. Hence, the divergence

of the traditional Chapman–Enskog expansion reflects the intrinsic breakdown of the hy-

drodynamic gradient series at finite orders, indicating that a purely perturbative expansion

around equilibrium is insufficient. This breakdown, however, does not imply the failure

of hydrodynamics itself, but rather underscores the necessity of resumming the asymptotic

series into a convergent formulation that consistently incorporates non-perturbative contri-

butions.

In conclusion, this chapter establishes that the hydrodynamic gradient expansion de-

rived from kinetic theory is asymptotic but resummable, and that hydrodynamic behavior

emerges naturally from the analytic and causal structure of the Boltzmann equation. The

exact gradient expansion provides a unified and convergent description of both hydrody-

namic and non-hydrodynamic modes, forming a rigorous bridge between microscopic ki-

netic dynamics and macroscopic fluid evolution. This framework clarifies the nature of the

divergence of the Chapman–Enskog expansion and contributes to a unified theoretical un-

derstanding of hydrodynamization and attractor formation in far-from-equilibrium systems

such as the quark–gluon plasma.
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Chapter 6

Relativistic Hydrodynamics Beyond Lo-
cal Equilibrium
In this chapter, we investigate the validity and applicability of relativistic hydrodynamics

within the (0+ 1) D boost-invariant system. The system evolves under Bjorken symmetry,

making it an ideal testing ground for understanding how hydrodynamics emerges from the

Boltzmann equation and how far it remains valid beyond local equilibrium.

We begin by formulating themoment equations of the Boltzmann equation in the relaxation-

time approximation. Using the linearity of the AW-RTA kernel, we construct formal op-

erator solutions for the dynamical moments, which are then used to derive exact evolution

equations for hydrodynamic quantities such as the energy density, bulk and shear pressures.

By comparing these exact solutions to those obtained from second-order hydrodynamics,

we delineate the limits of hydrodynamic validity in kinetic theory. By using a general op-

erator approach, we extend these results to 3 + 1D systems.

6.0.1 Setup and symmetries

We consider a system invariant under boosts along the longitudinal (z) direction and rota-

tions and translations in the transverse (x–y) plane. This symmetry restricts the spacetime

dependence to the proper time ε , leading to an effectively (0+ 1)-dimensional description.

We work in Milne coordinates (2.69) and under the symmetries constrain the energy-
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momentum tensor to the diagonal form

T µν =

⎛

⎜⎜⎜⎜⎝

ε 0 0 0

0 P + Π+
ω

2
0 0

0 0 P + Π+
ω

2
0

0 0 0 P + Π− ω

⎞

⎟⎟⎟⎟⎠
, (6.1)

where ε is the energy density, P the equilibrium pressure, Π the bulk viscous pressure and

ω the shear pressure. The transverse and longitudinal pressures are therefore

PT = P + Π+
ω

2
, PL = P + Π− ω. (6.2)

6.0.2 RTA Boltzmann equation in 0 + 1D

Under the above symmetries, the Boltzmann equation in the AW-RTA simplifies to

∂f

∂ε
− pz

ε

∂f

∂pz
= − 1

εR
(f − f eq) . (6.3)

Transverse momentum space remains isotropic, and the on-shell relation reads

(p0)2 − (pz)2 − p2T = m2, pT =
√
(px)2 + (py)2. (6.4)

6.1 Moment equations

To extract macroscopic dynamics we introduce the moments of the distribution function

[103]:

ρn,l(ε) =

∫
d3p

(2ω)3p0
(p0)n+1

(
pz

p0

)2l

f(p0, pz, ε). (6.5)

Here, the integer n labels the energy-weighting and l captures the degree of anisotropy.

Particularly we have, the number density n = ρ0,0 and the energy desnity ε = ρ1,0. For a

Maxwell-Juttner equilibrium distribution, the equilibrium moments read

ρ eq
n,l(T, z) =

T n+3

2ω2

Gn+3,l(z)

2l + 1
eµ/T , (6.6)
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where z ≡ m/T andGn,l(z) is defined inAppendixD.1; in themassless limit limz→0 Gn,l(z) =

Γ(n).

Integrating Eq. (6.3) with the weight of Eq. (6.5) yields the coupled moment equations

∂ρn,l
∂ε

+
2l + 1

ε
ρn,l −

2l − n

ε
ρn,l+1 = − 1

εR

(
ρn,l − ρ eq

n,l

)
. (6.7)

This defines an infinite hierarchy: each ρn,l couples to ρn,l+1 and so on. Practical com-

putations require a truncation or closure scheme for the moment hierarchy [107, 103, 47,

108].

6.2 Operator formulation and formal solutions

To exploit the linear-algebraic structure of (6.7) we adopt an operator notation. Writing the

identity operator as Î and the shift operator Ŝ acting on functions of l by Ŝ[h(l)] = h(l+1),

Eq. (6.7) can be compactly expressed as
(

d

dε
+

2l + 1

ε
Î− 2l − n

ε
Ŝ
)
ρn,l = − 1

εR
Î
(
ρn,l − ρ eq

n,l

)
. (6.8)

Define the operators

F̂(ε) =
2l + 1

ε
Î− 2l − n

ε
Ŝ, (6.9)

D̂(ε) = ∂ε + F̂(ε). (6.10)

From the collision-free evolution equation,

(
∂ε + F̂(ε)

)
gn,l(ε) = 0, (6.11)

we infer that F̂(ε) plays the role of a Liouville-like free-streaming generator in moment

space. This equation can be solved using an integrating factor (propagator)

gn,l(ε) = e→K̂(ε,ε0)gn,l(ε0), K̂(ε, ε0) =

∫ ε

ε0

F̂(ε ′) dε ′. (6.12)
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If gn,l(ε0) are moments of some initial distribution function, then gn,l(ε) are the moments

of the corresponding free-streamed distribution. An explicit representation of the free-

streaming propagator yields

gn,l(ε) =
∞∑

k=0

Kn,l,k(ε, ε0) gn,l+k(ε0), (6.13)

with the kernel (see Appendix. D.2.1)

Kn,l,k(ε, ε
′) =

(
l − n

2

)(k)

k!

(
ε ′

ε

)2l+1
[
1−

(ε ′

ε

)2
]k

, (6.14)

where (x)(k) denotes the rising Pochhammer symbol. The late-time scaling follows imme-

diately:

gn,l(ε . ε0) ∼
(ε0
ε

)2l+1

,

independent of n.

Using the free-streaming propagator, the exact solution of the full AW-RTA moment

equation (6.8) can be written as (see Appendix (D.2.1))

ρn,l(ε) = e→ξ0 e→K̂(ε,ε0) ρn,l(ε0) +

∫ ε

ε0

dε ′

εR(ε ′)
e→ξ(ε,ε ′) e→K̂(ε,ε ′) ρ eq

n,l(ε
′), (6.15)

where

ξ(ε, ε ′) ≡
∫ ε

ε ′

dε̄

εR(ε̄)
, ξ0 ≡ ξ(ε, ε0).

The integral term is the hydrodynamic generator ρGn,l(ε), which encodes the cumulative

collisional approach toward equilibrium. Expanding this generator leads to the gradient-

type series described in the next section.

6.3 Gradient expansion of the moments

A systematic gradient expansion of the moment equations can be derived from the formal

solution (6.15). Using the definition of the propagator and the properties of the incomplete
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gamma function, one obtains (see Appendix D.2.2)

ρn,l(ε) = e→ξ0 e→K̂(ε,ε0) ρn,l(ε0) +
∞∑

k=0

γ(k + 1, ξ0)

k!

[
−εRD̂

]k
ρ eq
n,l(ε). (6.16)

The first term represents the exponentially damped free-streaming contribution, while the

second encodes both the gradient expansion and the non-perturbative corrections through

the incomplete gamma function γ(k + 1, ξ0). The structure closely parallels the singulant

formalism introduced in [109].

To make the physical content more transparent, we explicitly separate the perturbative

and non-perturbative contributions:

ρn,l(ε) =
∞∑

k=0

(
−εRD̂

)k
ρ eq
n,l(ε)

− e→ξ0 e→K̂(ε,ε0)

[ ∞∑

k=0

(
−εRD̂

)k
ρ eq
n,l(ε0)− ρn,l(ε0)

]
. (6.17)

The first line represents the Chapman-Enskog-type gradient series, while the second carries

exponentially suppressed memory of the initial conditions. Neither series is convergent by

itself; only their combination yields the exact, well-behaved solution. This decomposition

is directly analogous to the trans-series structure of the full Boltzmann solution discussed

in C.1.2.

6.4 Decomposition into gradient and non-perturbative parts

The formal solution motivates a natural separation of the non-equilibrium contributions

into a perturbative (gradient) part and a transient (non-perturbative) part. Decomposing

each moment as

ρn,l = ρ eq
n,l + ωn,l, (6.18)

the deviation ωn,l satisfies, from Eq. (6.8),

D̂ωn,l = −ωn,l

εR
− D̂ρ eq

n,l . (6.19)
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Iterating Eq. (6.19) gives a Chapman–Enskog-type expansion,

ωG
n,l =

∞∑

k=1

[
−εRD̂

]k
ρ eq
n,l , (6.20)

while the full, exact solution obtained from Eq. (6.15) reads

ωn,l(ε) =
∞∑

k=1

(−εRD̂)kρ eq
n,l(ε)

+ e→ξ0 e→K̂(ε,ε0)

[
ρn,l(ε0)−

∞∑

k=0

(−εRD̂)kρ eq
n,l(ε0)

]
. (6.21)

This expression naturally splits the solution into

ωn,l = ωG
n,l + ωT

n,l, (6.22)

where the non-perturbative (transient) term is

ωT
n,l(ε) = e→ξ0 e→K̂(ε,ε0)

[
ρn,l(ε0)−

∞∑

k=0

(−εRD̂)kρ eq
n,l(ε0)

]
. (6.23)

The term in brackets corresponds to the initial discrepancy between the exact and gradient-

expanded initial data, ωT
n,l(ε0) = ωn,l(ε0)− ωG

n,l(ε0).

The corresponding evolution equations for these two components follow directly from

Eq. (6.19):

D̂ωG
n,l = −

ωG
n,l

εR
− D̂ρ eq

n,l , (6.24)

D̂ωT
n,l = −

ωT
n,l

εR
. (6.25)

A key observation is that Eq. (6.24) for the gradient component has the same structure

as the full evolution equation (6.19). Hence, hydrodynamic evolution can be constructed

from the gradient expansion provided the transport coefficients are appropriately renormal-

ized by non-perturbative terms. We show this by explicitly constructing the hydrodynamic

evolution equations in the next section. This explains the surprising accuracy of viscous

hydrodynamics even far from local equilibrium.
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6.5 Hydrodynamic limit and validity condition

We now derive the hydrodynamic evolution equations explicitly for the (0 + 1)D system

and identify the condition under which the hydrodynamic description remains valid. The

moments can be grouped into equilibrium and anisotropic parts,

ρn,l = ρ eq
n,l(T, µ) + ωn,l, (6.26)

with temperature and chemical potential determined by the Landau matching conditions

ρ0,0 = ρ eq
0,0(T, µ), ρ1,0 = ρ eq

1,0(T, µ). (6.27)

These yield the conservation laws

D̂ρ0,0 = 0, (particle number conservation),

D̂ρ1,0 = 0, (energy conservation). (6.28)

The evolution of the anisotropic components ωn,l is governed by Eq. (6.19). For the

physically relevant hydrodynamic variables—the bulk pressure Π and shear pressure ω—

we obtain

∂εΠ+
Π

εR
=

Π

ε
− D̂P − m2

3

ω→1,1

ε
, (6.29)

∂εω +
ω

εR
= −(4− c2s)

ω

ε
+ 2(2− c2s)

Π

ε
− ω1,2

ε
− m2

3

ω→1,1

ε
, (6.30)

where c2s = ∂P/∂ε is the squared speed of sound, and the operator D̂P denotes the ther-

modynamic derivative,

D̂P = −c2s
(ε+ P + Π− ω)

ε
− κ

ε
+

3P

ε
−

ρ eq
1,2

ε
, (6.31)

with κ = n ∂P/∂n the bulk modulus. The relation T µ
µ = ε− 3(P +Π) = m2ρ→1,1 acts as

an effective equation of state linking bulk pressure and mass.
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Equations (6.29) and (6.30) resemble those of second-order hydrodynamics [110, 62,

111, 66, 112], but here they are derived directly from the exact kinetic solution. Closure

of the system requires expressing the higher-order moments ω→1,1 and ω1,2 in terms of the

hydrodynamic variables (ε, n,Π,ω). From Eq. (6.16) these moments can be expressed as

ω→1,1 = e→ξ0 e→K̂(ε,ε0)ρ→1,1(ε0)− e→ξ0ρ eq
→1,1(ε) +

∞∑

k=1

(−1)k γ(k + 1, ξ0)

k!

[
−εRD̂

]k
ρ eq
→1,1(ε),

(6.32)

ω1,2 = e→ξ0 e→K̂(ε,ε0)ρ1,2(ε0)− e→ξ0ρ eq
1,2(ε) +

∞∑

k=1

(−1)k γ(k + 1, ξ0)

k!

[
−εRD̂

]k
ρ eq
1,2(ε).

(6.33)

A complete closure is not possible because the initial-condition term e→ξ0e→K̂ρn,l(ε0)

cannot be expressed through local gradients alone. However, if the ratio

e→ξ0
[
e→K̂(ε,ε0)ρn,l(ε0)− ρ eq

n,l(ε)
]

ωn,l
- 1, (6.34)

for (n, l) = (−1, 1) and (1, 2), then the system can be approximately closed, leading to

∂εΠ+
Π

εR
=

Π

ε
− D̂P +

m2

3ε

∞∑

k=1

γ(k + 1, ξ0)

k!

[
−εRD̂

]k
ρ eq
→1,1(ε), (6.35)

∂εω +
ω

εR
= −(4− c2s)

ω

ε
+ 2(2− c2s)

Π

ε
− 1

ε

∞∑

k=1

γ(k + 1, ξ0)

k!

[
−εRD̂

]k
ρ eq
1,2(ε)

− m2

3ε

∞∑

k=1

γ(k + 1, ξ0)

k!

[
−εRD̂

]k
ρ eq
→1,1(ε). (6.36)

The resulting equations coincide structurally with those from the standard gradient ex-

pansion, but with transport coefficients renormalised by non-perturbative corrections in-

volving γ(k + 1, ξ0). The operators [εRD̂]kρ eq
n,l can always be expressed in terms of the

hydrodynamic variables (T, µ,Π,ω), providing a rigorous foundation for the renormalized

transport coefficients proposed in earlier analyses [45, 49].

The central result may be summarised schematically as

Hydrodynamic evolution ∼ Gradient expansion + Modified (renormalized) transport coefficients,
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and the accuracy of this hydrodynamic approximation is quantitatively measured by the

smallness of the ratio in Eq. (6.34). This provides a precise criterion for the validity of

relativistic hydrodynamics beyond local equilibrium.
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6.6 Generalisation to 3 + 1D

The conclusions obtained in the (0+1)D setting extend to full 3 + 1D dynamics. Two struc-

tural observations lie at the heart of this generalisation. First, the exact evolution equations

for the non-equilibriummoments retain the same operator structure as the equations obeyed

by the terms of the gradient expansion. Second, the non-perturbative, exponentially decay-

ing pieces that carry initial-condition information can be written in terms of appropriately

scaled local gradients. In this section, we show how these properties persist in the 3 + 1D

moment formalism and discuss the consequences for constructing hydrodynamic equations.

6.6.1 Linearised moment equations

Motivated by the moment hierarchy for the Boltzmann equation [62, 113], we consider a

general linearised relaxation-type model for the moment vector 1ρ(x),

(
∂ε + F̂

)
1ρ = −Ĉ 1ρ , (6.37)

where F̂ is a Liouville–type operator encoding streaming and gradient couplings, and Ĉ is

the linearised collision operator in moment space. This schematic form preserves the essen-

tial algebraic and spectral properties of the full Boltzmann collision kernel while allowing

for a transparent operator treatment. In particular, the operator Ĉ is positive semi-definite

(as for the linearised Boltzmann kernel). Its kernel contains the conserved moments asso-

ciated with particle number, energy and momentum; these zero-modes correspond to hy-

drodynamic variables. The operator F̂ is the moment-space streaming (Liouville) operator;

it couples spatial gradients to moment indices and, in general, has a matrix structure [114,

115, 99]

F̂ = Fµ ∇µ + A, (6.38)

where∇µ are comoving derivatives and Fµ,A are (matrix) operators acting on the moment

vector.
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A convenient and physically transparent subclass of models is given by relaxation-type

kernels, for which one may write

Ĉ = ν̂ − Ĝ, (6.39)

with ν̂ a positive-definite “collision-frequency” operator and Ĝ its equilibrium projection.

In the AW-RTA, ν̂ = Î/εR and Ĝ1ρ = ν̂1ρ eq, recovering the familiar single-timescale relax-

ation.

6.6.2 Moment equations in a general relaxation-time model

Under a general relaxation-time model the moment equations take the compact form

D̂ 1ρ(ε) = −ν̂R

(
1ρ− 1ρ eq), D̂ ≡ ∂ε + F̂. (6.40)

Decomposing 1ρ = 1ρ eq + π yields the exact evolution of the non-equilibrium piece

D̂π(ε) = −ν̂R π − D̂ 1ρ eq(ε). (6.41)

Iterating (6.41) produces the formal gradient expansion

πG(ε) =
∞∑

k=1

(
−ν̂→1

R D̂
)k

1ρ eq(ε), (6.42)

while the transients must satisfy

D̂πT = −ν̂R πT . (6.43)

Equations (6.42) and (6.43) display the same operator structure as in the (0+ 1)D analysis:

the gradient component obeys the same type of relaxation–driving equation as the full non-

equilibrium moment, and the hidden transient part decays exponentially with rates set by

ν̂R.

Because ν̂R acts in an infinite-dimensional moment space, its spectrum typically con-

tains a continuous component and many timescales. The null space of Ĉ contains the con-
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served hydrodynamic modes; for truncated moment systems, the operators become finite-

dimensional and the spectrum discrete. These spectral features are responsible for the ap-

pearance of multiple decay times and the possible delay of hydrodynamization when higher-

moment or momentum-dependent relaxation effects are important.

6.6.3 Formal solution via the interaction (collision) picture

To obtain a compact formal solution, it is convenient to move to the collision (interaction)

picture with respect to the free-streaming operator F̂. Define the free-streaming propagator

F̂ε,ε0 by

∂ε F̂ε,ε0 = −F̂ F̂ε,ε0 , F̂ε0,ε0 = Î. (6.44)

The collision-picture moments and collision-frequency operator are

1ρc(ε) = F̂→1
ε,ε01ρ(ε), ν̂c(ε) = F̂→1

ε,ε0 ν̂R(ε) F̂ε,ε0 . (6.45)

The evolution equation (6.40) becomes

(
∂ε + ν̂c(ε)

)
1ρc(ε) = ν̂c(ε) 1ρ

eq
c (ε). (6.46)

Its solution is

1ρc(ε) = Ŵε,ε0 1ρc(ε0) +

∫ ε

ε0

dε ′ Ŵε,ε ′ ν̂c(ε
′) 1ρ eq

c (ε ′), (6.47)

where Ŵε,ε ′ = T exp
[
−
∫ ε

ε ′ dε̄ ν̂c(ε̄)
]
is the time-ordered exponential satisfying ∂εŴε,ε ′ =

−ν̂c(ε) Ŵε,ε ′ .

Commuting case: [F̂, ν̂R] = 0

If the operators commute at all times, [F̂, ν̂R] = 0, then ν̂c = ν̂R and the collision-picture

propagator reduces to a scalar damping factor analogous to the (0 + 1)D damping,

Ŵε,ε ′ = exp
(
−ξ(ε, ε ′)

)
, ξ(ε, ε ′) =

∫ ε

ε ′
dε̄ ν̂R(ε̄). (6.48)
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Transforming back to the Schrodinger picture gives the familiar form

1ρ(ε) = e→ξ0 F̂ε,ε0 1ρ(ε0) +

∫ ε

ε0

dε ′
e→ξ(ε,ε ′)

εR(ε ′)
F̂ε,ε ′ 1ρ

eq(ε ′). (6.49)

Proceeding as in the (0 + 1)D case by changing variables to ξ and Taylor-expanding the

integrand yields an exact gradient-type expansion with incomplete-gamma coefficients; this

expansion is the direct 3+1D analogue of the 0+1D series and admits the same separation

into a gradient series plus exponentially suppressed transients.

Non-commuting case

When [F̂, ν̂R] '= 0 the analysis is algebraically more involved because ν̂c(ε) and the time-

ordered exponential Ŵε,ε ′ are nontrivial operator-valued functions of time. Nevertheless, an

analogous decomposition persists. Using integration by parts together with the propagator

equation (6.47) one may show (see Appendix D.3.1) that

1ρ(ε) =
∞∑

k=0

(
−ν̂→1

R D̂
)k

1ρ eq(ε)

+ F̂ε,ε0 Ŵε,ε0

[
1ρ(ε0)−

∞∑

k=0

(
−ν̂→1

R D̂
)k
1ρ eq(ε0)

]
. (6.50)

The first line is the gradient expansion; the second line is an operator-valued transient that

encodes the initial data and decays under the combined action of free streaming and col-

lisions. Thus the decomposition 1ρ = 1ρ eq + πG + πT remains valid even in the non-

commuting, fully 3+ 1D case. The explicit form of the renormalised transport coefficients

in the general non-commuting case is more complicated than in the commuting case, but

conceptually they arise from the same mechanism.

6.6.4 Hydrodynamic generator and transients in 3 + 1D

The hydrodynamic generator in (6.47) generalises the 0 + 1D generator: it is the time inte-

gral of the equilibrium source acted on by the damping propagator Ŵ and the free-streaming
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operator F̂ . By integration by parts one rewrites the generator as a series of local differ-

ential operators acting on 1ρ eq(ε) with operator-valued coefficients (generalised incomplete

gamma functions). The transient piece is likewise expressed as

πT (ε) = F̂ε,ε0 Ŵε,ε0

[
π(ε0)− πG(ε0)

]
, (6.51)

which is the straightforward 3+ 1D analogue of the 0+ 1D transient (compare Eq. (6.23)).

For analytic initial data and smooth evolution, each gradient operator [−ν̂→1
R D̂]k1ρ eq(ε0)may

be Taylor-expanded about ε , and the Taylor coefficients identify the modifications required

to the transport coefficients in the gradient expansion.

The 3+1D analysis shows that the conclusions drawn from the 0+1Dmodel are generic:

the exact kinetic solution decomposes into a gradient (Chapman–Enskog) contribution plus

exponentially decaying transients carrying initial data. The hydrodynamic approximation

is therefore obtained by (i) truncating the gradient series and (ii) renormalising transport

coefficients to account for operator-valued non-perturbative weights. In the commuting

case this renormalisation admits a compact closed form; in the general non-commuting case

it must be expressed through more complicated series expansions (see Appendix D.3.2 for

the AW–RTA example).

In practice, this means that hydrodynamic theories that allow for time- and gradient-

dependent transport coefficients (or equivalently include the leading non-perturbativeweights)

can faithfully reproduce the exact kinetic evolution over a much wider regime than the naive

Chapman–Enskog truncation. This observation underpins the success of modern second-

order and resumed hydrodynamic frameworks in describing far-from-equilibrium systems.

6.7 Summary

In this chapter, we developed a framework for understanding the validity and emergence

of relativistic hydrodynamics directly from kinetic theory. Starting from the (0 + 1)D
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system, we demonstrated that the exact solutions of the Boltzmann equation within the

relaxation-time approximation can be decomposed into two distinct components: a gradi-

ent (Chapman–Enskog) contribution and an exponentially decaying non-perturbative con-

tribution that encodes the system’s initial conditions. The gradient component captures the

near-equilibrium dynamics through a systematic expansion in spacetime derivatives, while

the non-perturbative term describes transient effects that fade exponentially as the system

evolves toward local equilibrium.

We showed that this decomposition is not unique to simplified geometries but persists in

the full (3+1)D framework. In both cases, the evolution equations for the non-equilibrium

components retain the same operator structure as those governing the gradient expansion.

This structural equivalence implies that hydrodynamic equations can be constructed di-

rectly from the gradient hierarchy, provided that the transport coefficients are appropriately

modified to incorporate the effects of non-perturbative damping. In the special case where

the free-streaming and collision operators commute, this modification can be expressed in

closed form through incomplete gamma functions. For the general, non-commuting case,

the same physical picture holds, albeit with a more complicated structural form.

In summary, this chapter demonstrates that the validity of relativistic hydrodynam-

ics does not depend on proximity to local equilibrium. The exact-moment formulation

presented here reveals that hydrodynamic behaviour emerges as an interpolation between

the collisionless and equilibrated limits, with transport coefficients renormalised by micro-

scopic relaxation dynamics. These results establish that relativistic hydrodynamics emerges

as a resummed and renormalised form of the kinetic evolution, rather than a simple trunca-

tion of the Chapman–Enskog expansion. This perspective provides a consistent theoretical

foundation for understanding hydrodynamization and paves the way for the final chapters,

where we explore how these principles generalise to more realistic systems and connect to

effective hydrodynamic theories used in quark–gluon plasma phenomenology.
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Chapter 7

Conclusion and Outlook
The central objective of this thesis was to investigate the microscopic foundations and

regime of validity of relativistic hydrodynamics beyond local thermal equilibrium. Hydro-

dynamics, though formulated as an effective long-wavelength theory, has been remarkably

successful in describing systems that are far from equilibrium, most notably the quark–

gluon plasma (QGP) produced in relativistic heavy-ion collisions. This apparent paradox-

the success of a near-equilibrium theory in a far-from-equilibrium regime motivated the

present work. Using relativistic kinetic theory as a microscopic framework, this thesis de-

veloped a systematic understanding of how hydrodynamics emerges from the Boltzmann

equation, the role of asymptotic expansions, and the manner in which non-perturbative con-

tributions determine the true dynamical behavior of many-particle systems.

The thesis began with a general overview of relativistic hydrodynamics and its micro-

scopic underpinnings in kinetic theory. The ideal hydrodynamic equations were obtained

from the conservation laws of energy-momentum and charge, assuming local thermal equi-

librium. The framework was then extended to include dissipative effects, introducing the

viscous corrections that give rise to second-order hydrodynamics. This established the the-

oretical context in which the later kinetic analysis was carried out.

We investigated the emergence of hydrodynamic attractors and the process of hydrody-

namization in expanding relativistic systems using the Boltzmann equation under Bjorken

symmetry. For conformal systems with a constant relaxation time, we found that macro-

scopic observables such as the pressure anisotropy rapidly converge toward a universal

early-time attractor, largely independent of initial conditions. This behaviour illustrates

110



7 Conclusion and Outlook

that hydrodynamization can occur well before local thermal equilibrium is achieved. In

contrast, when conformal symmetry is broken—either by introducing particle masses, ex-

ternal longitudinal forces, or a momentum-dependent relaxation time—the early-time uni-

versality is lost. The system retains memory of its initial conditions for a much longer

period, and only a late-time attractor corresponding to the hydrodynamic regime survives.

These results demonstrate that early-time attractors, though characteristic of simple confor-

mal dynamics, do not represent a general mechanism for hydrodynamization. Instead, the

transition to hydrodynamics depends sensitively on microscopic physics and the breaking

of scale invariance.

Building on this understanding, Chapter 5 developed an exact, convergent gradient ex-

pansion of the Boltzmann equation, providing a new perspective on the relation between

kinetic theory and hydrodynamics. This analysis revealed that the traditional Chapman-

Enskog series, often viewed as divergent, is in fact only an asymptotic representation of

a convergent series. The apparent divergence reflects the presence of exponentially sup-

pressed non-perturbative contributions of the so-called transient or non-hydrodynamicmodes

that carry memory of initial conditions. Once these contributions are properly accounted

for, the full series converges and smoothly interpolates between the collisionless (free-

streaming) and hydrodynamic regimes.

The results obtained for the single-particle distribution function were subsequently in-

terpreted within the framework of relativistic hydrodynamics by taking successivemoments

of the distribution function. A linear-operator formulation was employed, exploiting the

inherent linearity of the RTA moment equations to analyse the structure of their exact so-

lutions. In the (0 + 1)-dimensional case, the exact moment equations and their formal

operator solutions revealed that the system’s evolution naturally decomposes into two dis-

tinct components: a perturbative (gradient) part, which satisfies the same evolution equa-

tion as the hydrodynamic expansion, and a non-perturbative (transient) part, which decays
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exponentially on microscopic timescales. This structural correspondence explains why hy-

drodynamics remains accurate even far from local equilibrium—the hydrodynamic sector

captures the long-lived collective modes of the microscopic dynamics, while the transient

contributions rapidly fade away.

The analysis was then extended to the full (3 + 1)-dimensional framework, where the

same operator structure and decomposition persist. In this more general setting, the evo-

lution of non-equilibrium moments continues to separate into gradient and transient con-

tributions. In the commuting limit of the streaming and collision operators, we derived

closed-form expressions for the hydrodynamic generator, providing a direct generalisation

of the (0 + 1)D results. When the operators do not commute, a more intricate transient

structure emerges; nevertheless, the qualitative features remain unchanged.

Outlook and future directions

The operator-based formulation of hydrodynamics developed in this thesis opens several

promising avenues for future research. On the theoretical side, it can be extended to more

realistic collision kernels beyond the RTA—such as the full Boltzmann or quantum kinetic

equations—to investigate howmulti-scale relaxation processes influence the analytic struc-

ture of the hydrodynamic expansion. Incorporating momentum-dependent relaxation times

and quantum statistical effects would further refine themicroscopic foundations of transport

coefficients.

A second direction concerns phenomenological applications to the quark–gluon plasma.

The exact gradient resummation and renormalized transport coefficients obtained here can

be implemented in numerical hydrodynamic simulations to assess their impact on experi-

mental observables, including flow harmonics and particle spectra. Because the resummed

formulation provides a controlled interpolation between free streaming and hydrodynamics,
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it offers a natural framework for setting initial conditions in heavy-ion collision modelling.

The influence of the renormalized coefficients is expected to be most pronounced at

early times, when the system transitions from free streaming to collective hydrodynamic

behavior. Experimental constraints on transport coefficients during these initial stages—

together with dedicated simulations tracking the evolution from pre-equilibrium dynamics

to hydrodynamics—would provide meaningful tests of the framework developed in this

thesis. Such combined theoretical and phenomenological studies would deepen our under-

standing of the microscopic origins, limitations, and applicability of hydrodynamic behav-

ior in strongly interacting matter.

Concluding remarks

The Chapman-Enskog expansion offers a systematic gradient-based route to hydrodynam-

ics, but in the relativistic regime, it remains intrinsically acausal because it captures only

the slow, near-equilibrium sector of the dynamics. Modern causal formulations—beginning

with Israel-Stewart theory and later generalisations—address this limitation by promoting

dissipative currents to independent dynamical fields with finite relaxation times. This re-

structuring ensures stability and causality while incorporating the fast transient modes that

are absent in the traditional gradient expansion.

This promotion has a clear physical interpretation. The Chapman-Enskog expansion

captures only the asymptotic, long-wavelength sector of the dynamics, whereas the full

Boltzmann equation contains additional fast transient modes that decay onmicroscopic time

scales. By elevating dissipative quantities to dynamical variables, Israel-Stewart-type the-

ories effectively incorporate these fast modes into the macroscopic description. Although

these modes are traditionally referred to as ”non-hydrodynamic”, this terminology is some-

what misleading: they are essential for ensuring causality and stability, and they appear

113



7 Conclusion and Outlook

naturally in the exact solution of the kinetic theory. In this broader sense, they should be

regarded as part of the correct relativistic hydrodynamic description.

In this thesis the conventional terminology is retained, with the slow, gradient-controlled

sector referred to as ”hydrodynamic” and the fast, exponentially decaying sector as ”non-

hydrodynamic”. Nevertheless, the analysis presented here shows that the more meaningful

distinction is between perturbative gradient contributions and non-perturbative transient

contributions. Both are required for a consistent macroscopic description of relativistic

fluids, and both emerge naturally from the exact structure of the Boltzmann equation.

In summary, this thesis shows that relativistic hydrodynamics is an emergent, analytic

limit of the microscopic Boltzmann dynamics. The apparent breakdown of the traditional

Chapman–Enskog expansion does not signal a failure of hydrodynamics, but rather the need

to resum it so that both the long-lived collective modes and the decaying transient modes

are incorporated consistently. This resummation is carried out implicitly by the promoting

of dissipative terms into independent dynamical fields. Hydrodynamics thus emerges as the

effective theory capturing both the long-lived and transient modes of the underlying micro-

scopic dynamics, providing an effective framework for describing the collective behavior

of matter even far from equilibrium.
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Appendix A

A.1 RTA Boltzmann Equation with Force

Boltzmann equation would then read

Fε
∂f

∂w
+

∂f

∂ε
+

δuzpz

uεpε
∂f

∂z
(A.1)

= − pε

uεpε
(f − feq)

εR
− δu · p

uεpε
(f − feq)

εR
. (A.2)

If we now assume that δu/uε << 1, we can ignore the δu terms from the above equation

and get
(
F(ε)ε

∂

∂w
+

∂

∂ε

)
f = −(f − feq)

εR
. (A.3)

For the consistency of the above approximation, we need to keep the strength of the force

sufficiently small so that the background flow is still close to Bjorken.

A.1.1 Change of Variables

For computational convenience we write the force F as

F =
α

εF
F (ε) . (A.4)

We then rewrite the Boltzmann equation as
(

α

εF
F (ε)ε

∂

∂w
+

∂

∂ε

)
f = −(f − feq)

εR
. (A.5)

To convert Eq.(A.3) to a simpler form, we divide both sides by F (ε)ε/εF getting
(
α

∂

∂w
+

εF
F (ε)ε

∂

∂ε

)
f = −εF

εR

(f − feq)

F (ε)ε
. (A.6)
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We define the variable s

s(ε) =

∫ ε

0

F (ε ′)
ε ′

εF
dε ′, (A.7)

and rewrite the proper time derivative to get Eq.(??),
(
α

∂

∂w
+

∂

∂s

)
f = −εF

εR

(f − feq)

F (ε)ε
. (A.8)

We now use the standard technique of characteristics for solving partial differential

equations and define new variables (w, s) → (r, s)

r = w − αs, (A.9)

s = s, (A.10)

and obtain the equation

∂f(r, s, pT )

∂s
= −εF

εR

(f − feq)

F (ε(s))ε(s)
. (A.11)

Damping term dependence on force

The damping function in the s coordinate is given by

D(s1, s2) = exp
[
−
∫ s2

s1

ds′

F (ε(s′)) (ε(s′)/εF ) εR(s′)

]
.

However using,

ds(ε) = F (ε)
ε

εF
dε, (A.12)

D(ε1, ε2) = exp

[
−
∫ ε2

ε1

F (ε)
ε(s′)

εF

dε

F (ε(s′)) ε(s′)
εF

εR(s′)

]
.

= exp
[
−
∫ ε2

ε1

dε
dε

εR(ε ′)

]
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A.2 Integrals

In this section we give the explicit form of theH functions appearing in the equation for E ,

P etc given in Eq.(??) We define the integrals,

H̃F
ε [s′, s,m,α] =

1

4ω2

∫
du u3 e→

√
u2+z2HF

ε (u, z, s, s
′,α), (A.13)

H̃F
L [s′, s,m,α] =

1

4ω2

∫
du u3 e→

√
u2+z2HF

L (u, z, s, s
′,α), (A.14)

H̃F
T [s′, s,m,α] =

1

4ω2

∫
du u3 e→

√
u2+z2HF

T (u, z, s, s
′,α), (A.15)

H̃F
03 [s

′, s,m,α] =
1

4ω2

∫
du u2 e→

√
u2+z2 (A.16)

where u = p/T and z = m/T .

The functions inside the integrals can be obtained using analytical techniques. Define

h(s) ≡ ε(s) . (A.17)

For notational simplicity, we define the following variables

h(s′)

h(s)
≡�h(s, s′) ≡�h , (A.18)

α× (s− s′)

h(s′)
≡ g(s, s′) ≡ g, (A.19)

and

N2 ≡ 1

(1−�h2
)

(
u2 +�h2

g2 + z2

u2
+

g2�h4

u2(1−�h2
)

)
, (A.20)

G ≡ g�h2

u(1−�h2
)
. (A.21)

Using the above definitions we can write

HF (u, z, s, s′,α) = −�h
√

(1−�h2
)N2

{
1

2

[
sin→1 G− 1

N
− sin→1 (G+ 1)

N

]

+
1

2

⎡

⎣−1 +G

N

√

1−
(
1 +G

N

)2

+
G− 1

N

√

1−
(
G− 1

N

)2
⎤

⎦

⎫
⎬

⎭ ,

(A.22)
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HL(u, z, s, s
′,α) = −

�h3

√
1−�h2

{(
N2

2
+ (g +G)2

)[
sin→1 G− 1

N
− sin→1 1 +G

N

]

+
N2

2

⎡

⎣1 +G

N

√

1−
(
1 +G

N

)2

− G− 1

N

√

1−
(
G− 1

N

)2
⎤

⎦

− 2N(g +G)

⎡

⎣
√

1−
(
1 +G

N

)2

−

√

1−
(
1−G

N

)2
⎤

⎦

⎫
⎬

⎭ , (A.23)

HT (u, z, s, s
′,α) = −

�h√
(1−�h2

)

{(
1−G2 − N2

2

)[
sin→1 G− 1

N
− sin→1 1 +G

N

]

−N2

2

⎡

⎣1 +G

N

√

1−
(
1 +G

N

)2

− G− 1

N

√

1−
(
G− 1

N

)2
⎤

⎦

+2NG

⎡

⎣
√

1−
(
1 +G

N

)2

−

√

1−
(
1−G

N

)2
⎤

⎦

⎫
⎬

⎭ . (A.24)

HF
03(u, z, s, s

′,α) = gh̄ (A.25)

A.3 Iterative Solution Algorithm

Consider the integral equation

y(t) = K(t, t0, y)v(t, t0) (A.26)

+

∫ t

t0

dt′K(t, t′, y)
H(t, t′, y(t′))

εR(y(t′))
f(y(t′)) (A.27)

where,

K(t, t′, y) = exp
{∫ t

t′
g(y(t′′))dt′′

}
(A.28)

and we are given the initial condition

y(t0) = y0. (A.29)
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This implies

y(t0) = v(t0, t0) (A.30)

as

K(t, t, y) = 1 (A.31)

The usual method for solving this equation is to consider an arbitrary functional form

for the solution y(t) and substitute it in the RHS and get a new solution. This process is

continued until the iteration converges to some desired level of accuracy. The drawback of

this method is that the speed of convergence depends on the initial guess y(t). Here we take

an alternate approach. If the function y(t) is continuous then we approximate at each step

tn = tn→1 +∆tn,

y(tn→1 +∆tn) = y(tn→1) +O(∆tn) . (A.32)

Therefore with the initial condition y(t0) = v(t0, t0), we start with

y(t0 +∆t) ∼ y(t0) (A.33)

and continue this procedure in order for each n successively. We show elsewhere that after

one iteration this produces an approximation for y(t) accurate up to O(∆t2). This process

gets rid of the need for a good initial guess. It not only converges faster but also allows us

to estimate order or error for our computation.
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Appendix B

B.1 Collision Kernal

The RTA collision kernel introduced in [73] is

L̂RTAφ(p) = − p

εR
f eq
(
φ− 〈p/εRφ〉eq

〈p/εR〉eq
− P1

〈p/εRφP 0
1 〉eq

〈p/εRP 0
1P

0
1 〉eq

− 3p〈µ〉
〈p/εRp〈µ〉φ〉eq
〈p/εRp〈ν〉p〈ν〉〉eq

)
,

(B.1)

where we have used the massless condition p0 = |1p| ≡ p. Here

P1 = 1− 〈p/εR〉eq
〈p2/εR〉eq

p , (B.2)

φ =
f − f eq

f eq
, (B.3)

and the angular bracket is defined as

〈...〉 =
∫

dP (...)f . (B.4)

〈...〉eq =
∫

dP (...) . (B.5)

For notational convenience, we rewrite the Eq.(B.1) as

L̂RTAφ(k) = − p

εR
f eq
(
φ− A− BP1 − C〈µ〉k

〈µ〉) , (B.6)

= −L1 − L2 − L3 − L4 , (B.7)

where Li denote the 4 terms in the collision kernel. We use a momentum-dependent relax-

ation time of the form,

1

εR
=

1

ε 0Rp
Λ
, (B.8)
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where ε 0R is independent of momentum. The moments of the distribution function is defined

as,

ρn,l =

∫
dPpnP2l(cos θ)f(ε, pT , pη) . (B.9)

We would like to compute here the quantity,

Cn,l =

∫
dPpnP2l(cos θ)L̂RTAφ(k) . (B.10)

The first term L1

〈L1〉 =
∫

d3p

(2ω)3p
pnP2l(cos θ)

[
p

ε 0R
f eqφ

]
,

=
1

ε 0R

∫
d3p

(2ω)3
pn→ΛP2l(cos θ) (f − f eq) ,

=
1

ε 0R

(
ρn→Λ l − ρeqn→Λ l

)
. (B.11)

The second term L2

L2 = A
p1→Λ

εR
f eq ,

〈L2〉 =
∫

d3p

(2ω)3
pnP2l(cos θ)

[
p→Λ

εR
f eq
]
, (B.12)

=
1

ε 0R
ρeqn→Λ lδl,0 . (B.13)

The coefficient A

A =
〈p/εRφ〉0
〈p/εR〉 0

, (B.14)

=
ρ1→Λ,0 − ρeq1→Λ,0

ρeq1→Λ,0

. (B.15)
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The third term L3

L3

p
= −BP 0

1 ,

= −B

(
1− 〈p/εR〉eq

〈p2/εR〉eq
p

)
. (B.16)

Using ,

P 0
1 = 1− 〈p/εR〉0

〈p2/εR〉eq
p ,

=

[
1−

ρeq1→Λ,0

ρeq2→Λ,0

p

]
. (B.17)

We get,
∫

dPpnP2l(cos θ)
[
p→Λ

ε 0R
P 0
1

]
=

1

ε 0R

∫
dPpn→ΛP2l(cos θ)

[
1−

ρeq1→Λ,0

ρeq2→Λ,0

p

]
,

=
1

ε 0R

(
ρeqn+1→Λ,l −

ρeq1→Λ,0

ρeq2→Λ,0

ρeqn+2→Λ,l

)
δl,0 . (B.18)

The delta function is due to all equilibrium integrals for l > 0 being zero. The numerator

of the coefficient B is

Nm(B) = 〈 p
εR

φP 0
1 〉eq ,

=

(
(
ρ1→Λ,0 − ρeq1→Λ,0

)
−

ρeq1→Λ,0

ρeq2→Λ,0

(
ρ2→Λ,0 − ρeq2→Λ,0

)
)
/ε 0R ,

=

(
ρ1→Λ,0 −

ρeq1→Λ,0

ρeq2→Λ,0

ρ2→Λ,0

)
/ε 0R . (B.19)

We have,
(
P 0
1

)2
=

⎛

⎝1− 2
ρeq1→Λ,0

ρeq2→Λ,0

p+

(
ρeq1→Λ,0

ρeq2→Λ,0

)2

p2

⎞

⎠ . (B.20)
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The denominator of the coefficient B is,

Dm(B) = 〈p/εRP 0
1P

0
1 〉eq , (B.21)

=

⎛

⎝ρeq1→Λ,0 − 2
ρeq1→Λ,0

ρeq2→Λ,0

ρeq2→Λ,0 +

(
ρeq1→Λ,0

ρeq2→Λ,0

)2

ρeq3→Λ,0

⎞

⎠ /ε 0R , (B.22)

=

⎛

⎝−ρeq1→Λ,0 +

(
ρeq1→Λ,0

ρeq2→Λ,0

)2

ρeq3→Λ,0

⎞

⎠ /ε 0R . (B.23)

The fourth term

L4 =

∫
dPpn+1→ΛP2l(cos θ)p〈µ〉 ,

=

∫
dPpn+1→ΛP2l(cos θ)p〈µ〉 ,

=
(2l − 1)!!

l!
z〈µ1...µl〉

∫
dPpn+1→Λp〈µ1...µl〉p〈µ〉 . (B.24)

here we use the identity in [deBrito:2024vhm] (Eq.[33]). To compute this, we use the

identities [deBrito:2024vhm] (Eq.[21b])

p〈µ1...µl〉p〈µl+1〉 = p〈µ1...µl+1〉 +
l

2l + 1

(
∆λβp

λpβ
)
∆µ1...µl

α1...αl
∆αlµl+1p〈α1...αl−1〉, (B.25)

[deBrito:2024vhm] (Eq.[17])
∫

dPprp〈µ1...µl〉f eq = 0 l > 0 , (B.26)

and,
(
∆λβp

λpβ
)
=
(
(p0)2 −m2

)
= −p2 . (B.27)

Setting l → 2l for the conformal Bjorken case, we see that the third term contains only

odd moments. They are therefore identically zero as f is even in θ.
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Simplified collision kernel

Finally, putting all the terms together we get the full collision kernel,

Cn,l,Λ =− 1

ε 0R

[
{
ρn→Λ,l − δl0 ρ

eq
n→Λ,l

}
− A δl0 ρ

eq
n→Λ,0

− B δl0

{
ρeqn→Λ,0 −

ρeq1→Λ,0

ρeq2→Λ,0

ρeqn→Λ+1,0

}]
, (B.28)

where

A =
ρ1→Λ,0 − ρeq1→Λ,0

ρeq1→Λ,0

, (B.29)

B =
ρ1→Λ,0 −

ρeq1−Λ,0

ρeq2−Λ,0
ρ2→Λ,0

ρeq3→Λ,0

(
ρeq1−Λ,0

ρeq2−Λ,0

)2
− ρeq1→Λ,0

. (B.30)

Further simplification can be achieved if we use the equilibrium moment expression,

ρeqn,l(T, µ) = eµ/T
T n+2

2ω2
Γ(n+ 2)δl0 , (B.31)

Cn→1,0 = − 1

εR
ρn→Λ,0

[
1− T n→1Γ(n− !+ 2)

Γ(1− !+ 2)

ρ1→Λ,0

ρn→Λ,0

]

+
T n→2

εR
ρ2→Λ,0

(
Γ(n− !+ 2)

Γ(2− !+ 2)

)[
1− T

Γ(2− !+ 2)

Γ(1− !+ 2)

ρ1→Λ,0

ρ2→Λ,0

]
[
1− Γ(1→Λ+2)

Γ(2→Λ+2)
Γ(n+1→Λ+2)
Γ(n→Λ+2)

]

[
1−

[
Γ(1→Λ+2)
Γ(2→Λ+2)

]2
Γ(3→Λ+2)
Γ(1→Λ+2)

] .

(B.32)

By defining the two functions,

K(n,m,!) =
Γ(n− !+ 2)

Γ(m− !+ 2)
, (B.33)

C(n,!) =
1−K(1, n,!)K(n+ 1, 2,!)

1−K(1, 2,!)K(3, 2,!)
, (B.34)
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we get the simplified expression,

Cn,l,Λ =− 1

εR

[
ρn→Λ,l

− δl0
{
T n→1K(n, 1,!)[1− C(n,!)]ρ1→Λ,l

+ T n→2K(n, 2,!)C(n,!)ρ2→Λ,l

}]
. (B.35)

Note that

K(n, n,!) =
Γ(n− !+ 2)

Γ(n− !+ 2)
= 1 , (B.36)

C(1,!) =
1−K(1, 1,!)K(2, 2,!)

1−K(1, 2,!)K(3, 2,!)
= 0 (B.37)

C(2,!) =
1−K(1, 2,!)K(3, 2,!)

1−K(1, 2,!)K(3, 2,!)
= 1 , (B.38)

and enforce the conservation laws for energy density ε = ρ2,0 and number density n =

ρ1,0,

C1,0,Λ = 0 ,

C2,0,Λ = 0 ,

independent of the value of !.

B.1.1 Moment Closure

We observed that the numerical solution to a naive truncation of the moment equations

does give a positive definite collision kernel. We remedy this by using the Grad closure

procedure, making use of the momentum expansion of the distribution function. We assume

that the distribution function can be expanded in momentum as

f(ε, p, cos (θ)) = f eq
N∑

m=0

L∑

k=0

Am,k(ε)p
mP2k(cos θ). (B.39)
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The moments ρn,l, then can be expressed as

ρn+Λ,l =
N∑

m=0

L∑

k=0

Am,k
1

(2ω)3

∫
dθ sin θdφdp pn+m+1+ΛP2l(cos θ)P2k(cos θ)f eq ,

=
N∑

m=0

L∑

k=0

Am,kδkl
eα

2ω2

T n+m+2+Λ

4k + 1
Γ(m+ n+ 2 + !) ,

=
N∑

m=0

Am,l
eα

2ω2

T n+m+2+Λ

4l + 1
Γ(m+ n+ 2 + !) . (B.40)

To simplify the expressions, we scale the coefficients by,

Am,l
eα

2ω2

1

4l + 1
→ Am,l . (B.41)

This reduces the above equation to the form,

ρn+Λ,l =
N∑

m=0

Am,lT
n+m+2+ΛΓ(m+ n+ 2 + !) . (B.42)

Note that ρn,l is related to An,l of the same l. So at each l we get a set ofN linear equations

relating the moments to the coefficients Am,k. To make this explicit, we write the above

equation in a matrix form, using the following definitions,

We define a Hankel matrix H, vectors 1Al and 1ρl as

[H(T,!)]n,m = T n+m+2+ΛΓ(n+m+ 2 + !), (B.43)

[ 1Al]n = An,l, (B.44)

[1ρl]n = ρn,l. (B.45)

Then,

[1ρl]n+Λ =
∑

m

[H(T,!)]n,m[ 1Al]m, (B.46)

or

1ρl(!) = H(T,!) 1Al. (B.47)
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We can first compute the coefficients from the integer moments ρn,l(! = 0) by inverting

Eq.(B.47) to get

1Al = H→1(T, 0)1ρl . (B.48)

Then from Eq.(B.42) we get,

1ρl(−!) = H(T,−!)H→1(T, 0)1ρl(0). (B.49)

B.1.2 Positivity of the collision kernel

The matrix H(T,!) has the decomposition

H(T,!) = T 2+Λ D(T )H(1,!)D(T ), (B.50)

where D(T ) = diag(1, T, T 2, . . . , TN). So to analyze the features of the matrix M,

M(T,!) = H(T,−!)H→1(T, 0), (B.51)

= TΛD(T )H(1,−!)H→1(1, 0)D→1(T ). (B.52)

We only need to be concerned with the matrix M(1,!) = H(1,−!)H→1(1, 0) which is

independent of T. Note that the diagonal matrices D(T ) simply effects a similarity trans-

formation onM(1,!) and therefore do not affect the eigenvalues. As this is a fixed matrix

independent of the dynamics, one can verify the positive definiteness by numerically com-

puting its eigenvalues.

ForN = 5, eigenvalues(M(1, 0.5)) ∈ {0.234, 0.292, 0.370, 0.489, 0.703, 1.224, 4.575}.

In Fig. (B.1) we plot the minimum eigenvalue ofM(1,!) for N = 5 for varying values of

!. We see that the eigenvalue is positive but exponentially decays to zero as ! increases.

To show this analytically, first we prove that H(1,!) is positive definite. Consider the
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Figure B.1: log plot of the minimum eigenvalue ofM(1,!) for N = 5 as a function of !

quadratic form xTH(1,!)x,

xTH(1,!)x =
N∑

n=0

N∑

m=0

xmxnΓ(n+m+ 2 + !)

=
N∑

n=0

N∑

m=0

xmxn

∫ ∞

0

dt tn+m+1+Λe→t

=
N∑

n=→1

N∑

m=→1

xmxn

∫ ∞

0

dt tΛe→t
N∑

n=0,m=0

xmxnt
n+m+2

=

∫ ∞

0

dt tΛe→t

(
N∑

n=→1

xnt
n+1

)2

> 0 , (B.53)

where we have used the definition of the gamma function. H(1,!) is then symmetric and

positive definite, which implies that its eigenvalues are positive for all values of !. Now

the product M(1,!) = H(1,!)H(1, 0) can be shown to be positive definite by showing

that it is similar to a positive definite matrix. For this, multiply both sides of M(1,!) by
√
H→1(1, 0), the principal square root of H→1(1, 0), gives

√
H→1(1, 0)M(1,!)

√
H→1(1, 0) =

√
H→1(1, 0)H(1,!)

√
H→1(1, 0) . (B.54)

Clearly, the new matrix is symmetric.

Now, for two symmetric positive definite matrices A and B, we can show that ABA is

also positive definite. Since positive definite matrices are symmetric and invertible, both
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A and B satisfy AT = A, BT = B, and xTAx > 0, xTBx > 0 for all nonzero vectors x.

Consider the matrix C = ABA. Then

CT = (ABA)T = ATBTAT = ABA = C,

so C is symmetric. For any nonzero vector x, define y = Ax. Because A is invertible,

y '= 0. We then have

xTCx = xTABAx = (Ax)TB(Ax) = yTBy.

Since B is positive definite, yTBy > 0 for all y '= 0. Therefore xTCx > 0 for all x '= 0,

which shows that C = ABA is positive definite. This completes out proof.
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Appendix C

C.1 Formal solution

The Boltzmann equation in the absence of external forces in the relaxation time approxi-

mation is given by,

pµ∂µf = −u · p
εR

(f − feq). (C.1)

The characteristic curves are given by,

dxµ

ds
= pµ ∈ xµ = pµs+ cµ . (C.2)

s is the variable that parametrises the characteristic curve and cµ is the integration constant

representing the initial conditions.

We can then write the Boltzmann equation along the characteristic curve as

df(xµ(s), pµ)

ds
+

u(xµ(s)) · p
εR(xµ(s))

f(xµ(s), pµ) =
u(xµ(s)) · p
εR(xµ(s))

feq(x
µ(s), pµ) . (C.3)

This equation is of the form

df(s)
ds

+ α(s)f(s) = g(s), (C.4)

and has the solution,

f(s) = e→
∫ s
0 α(s′)ds′f(0) +

∫ s

0

e→
∫ s
s′ α(s

′′)ds′′g(s′)ds′ . (C.5)

We can now write a formal solution to Eq.(C.3) as

f(xµ(s), pµ) = exp
{
−
∫ s

0

u · p
εR

(xµ(s′))ds′
}
f(xµ(0), pµ)

+

∫ s

0

ds′
u · p
εR

(xµ(s′) exp
{
−
∫ s

s′′

u · p
εR

ds′′
}
feq(x

µ(s′), pµ). (C.6)
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Here xµ(0) = cµ. We have from the equation of the characteristic curves,

cµ = xµ − pµs . (C.7)

Using x0 = t as the parameter.

t = p0s+ t0 ∈ s =
(t− t0)

p0
, (C.8)

xi =
pi

p0
(t− t0) + ci ∈ ci = xi − pi

p0
(t− t0). (C.9)

also,

ds′ =
dt′

p0
. (C.10)

Writing all the parameter dependencies explicitly, we have the formal solution,

f(xµ, pµ) = exp
{
−
∫ t

t0

u(xi − vi(t− t), t′) · v
εR(xi − vi(t− t′)

, t′)dt′
}
f0(x

i − vi(t− t0), t0, p
µ)

+

∫ t

t0

dt′
u(xi − vi(t− t′), t′) · v
εR(xi − vi(t− t′))

exp
{
−
∫ t

t′

u(xi − vi(t− t′′), t′′) · v
εR(xi − vi(t− t′′)), t′′)

dt′′
}
feq(x

i − vi(t− t′), t′)

(C.11)

where vµ = pµ/p0. For brevity, we introduce the notation

h(t, t′) = h(xi − vi(t− t′), t′) (C.12)

C.1.1 Reparametrization of the integration variable

We define the damping factor

ξ(t, t′) =

∫ t

t′

u · v
εR

(t, t′′)dt′′ , (C.13)

with
dξ
dt′

= −u · v
εR

(t, t′) . (C.14)

We define the damping function,

D(t, t′) = exp{−ξ′} . (C.15)

142



C

with the property
d

dt′
D(t, t′) =

u · v
εR

D(t, t′) . (C.16)

We intend to get the time variable t′ as a function of the damping factor ξ. For this we

Taylor expand t′ about t or ξ = 0,

t′(t, ξ) = eξ
d
dξ′ t′(t, ξ′)

∣∣∣∣∣
ξ′=0

(C.17)

= t+
∞∑

n=1

(ξ)n

n!

dn

dnξ′
t′(t, ξ′)

∣∣∣∣∣
ξ′=0

. (C.18)

We now use the relation for invertible functions,

dt′

dξ
=

(
dξ
dt′

)→1

= −p0εR
u · p , (C.19)

and get,
dn

dξn
t′(t, ξ) =

dn→1

dξn→1

(
−p0εR
u · p

)
. (C.20)

So,

t′(t, ξ) = t+
∞∑

n=1

(ξ)n

n!

dn→1

dn→1ξ′

(
−p0εR
u · p

)
. (C.21)

As xµ is independent of ξ, dxµ

dξ = 0. This implies,

eξ
d
dξ′ (xµ) = xµ . (C.22)

So we can write,

xµ − pµ

p0
(t− t′) = eξ

d
dξ′ (xµ − pµ

p0
(t− t′)(ξ′))

∣∣∣∣∣
ξ′=0

. (C.23)

C.1.2 The Gradient Expansion

Consider the hydrodynamic generator,

fG =

∫ ξ0

0

dξfeq(x
µ − pµ

p0
(t− t′(ξ))) . (C.24)
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From Eq.(C.23) we can write,

feq(x
µ − pµ

p0
(t− t′(ξ))) = feq(e

ξ d
dξ′ (xµ − pµ

p0
(t− t′))

∣∣∣∣∣
ξ′=0

)

= eξ
d
dξ′ feq((x

µ − pµ

p0
(t− t′)))

∣∣∣∣∣
ξ′=0

=
∞∑

n=0

(ξ)n

n!

dn

dnξ′
feq((x

µ − pµ

p0
(t− t′)))

∣∣∣∣∣
ξ′=0

, (C.25)

where we have used the commutativity of the Lie series eξ
d
dξ′ f(x) = f(eξ

d
dξ′ x). The com-

mutativity property of the lie series is equivalent to saying that the Taylor series expansion

of the composition of two analytic functions is equal to the composition of their individual

Taylor series.

C.1.3 Coordinate transformation and the derivatives

From the chain rule, and Eq.(C.14) we have,

d
dξ

= −p0εR
u · p

d
dt′

. (C.26)

Now consider the function h ≡ h(xi − vi(t− t′), t− (t− t′)), its derivative

dh
dt′

≡ ∂h

∂xi

d(xi − vi(t− t′))

dt′
+

∂h

∂t

d(t− (t− t′))

dt′

= vi
∂h

∂xi
+

∂h

∂t
. (C.27)

At t′ = t this reduces to

dh
dt′

∣∣∣∣∣
t′=t

= vi
∂h

∂xi
+

∂h

∂t

∣∣∣∣∣
t′=t

=
pµ∂µ
p0

h(xi, t) . (C.28)

From Eq.(C.26) and Eq.(C.28), we have

dn

dξn
=

[
− εR
u · pp

µ∂µ

]n
. (C.29)
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This gives

feq(x
µ − pµ

p0
(t− t′(ξ′))) =

∞∑

n=0

(ξ)n

n!

dn

dnξ′
feq((x

µ − pµ

p0
(t− t′)))

∣∣∣∣∣
ξ=0

=
∞∑

n=0

(ξ)n

n!

[
− εR
u · pp

µ∂µ

]n
feq(x

µ). (C.30)

C.2 Solution from integration by parts

We can obtain a series expansion of the hydrodynamic generator fG in ξ0 by using integra-

tion by parts of

fG =

∫ ξ0

0

dξe→ξfeq(ξ) .

The first iteration of integration by parts gives,

fG = (−1)e→ξfeq

∣∣∣∣∣

ξ0

0

−
∫ ξ0

0

dξ
dfeq
dξ

(−1)e→ξ .

Continuing the integration by parts indefinitely we get the series,

fG =
∞∑

n=0

e→ξ(−1)
dn

dξn
(feq)

∣∣∣∣∣

ξ0

0

=
∞∑

n=0

(
dn

dξn
feq(0)− e→ξ0

dn

dξn
feq(ξ0)

)
. (C.31)

In obtaining this we assume that,

lim
n→∞

∫ ξ0

0

dξ
dnfeq
dnξ

e→ξ = 0 (C.32)

C.2.1 Equivalace With the Taylor Series Expansion

In this section we show the equivalence between the Taylor expanded gradient series and

the one obtained through integration by parts. Consider the second term in Eq.(C.31) and

its Taylor expansion about ξ = 0. Let

gn(ξ) =
dn

dξ′n
feq(ξ) (C.33)

145



C

That is

gn(ξ0) =
∞∑

m=0

(ξ0)m

m!

dm

dξm
[gn(ξ)]

∣∣∣∣∣
ξ=0

=
∞∑

m=0

(ξ0)m

m!

dm

dξm

[
dn

dξ′n
feq(ξ)

] ∣∣∣∣∣
ξ=0

=
∞∑

m=0

(ξ0)m

m!

dm+n

dξm+n
feq(ξ)

∣∣∣∣∣
ξ=0

. (C.34)

The sum over all n of gn gives

∞∑

n=0

gn(ξ0) =
∞∑

n=0

∞∑

m=0

(ξ0)m

m!

dm+n

dξm+n
feq(ξ)

∣∣∣∣∣
ξ=0

.

(C.35)

We now re-parametrise the sum in terms ofm+ n as

∞∑

n=0

gn(ξ0) =
∞∑

l=m+n=0

el(ξ0)
dl

dξl
feq(ξ)

∣∣∣∣∣
ξ=0

(C.36)

Where el(ξ0) is the exponential sum function, a polynomial that is the sum of all the coef-

ficients of the derivatives that hadm+ n = l. This polynomial is given by

el(ξ) =
l∑

m=0

ξm

m!
. (C.37)

We can see this if we write down the sum as

∞∑

n=0

gn(ξ0) =
∞∑

l=m+n=0

el(ξ0)
dl

dξl
feq(ξ)

∣∣∣∣∣
ξ=0

= feq(0)

+
d1

dξ1
feq(0) + ξ0

d1

dξ1
feq(0)

+
d2

dξ2
feq(0) + ξ0

d2

dξ2
feq(0) +

ξ20
2!

d2

dξ2
feq(0)

... (C.38)
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∞∑

n=0

gn(ξ0) =
∞∑

l=0

(
l∑

k=0

ξk

k!

)
dl

dξl
feq(ξ)

∣∣∣∣∣
ξ=0

=
∞∑

l=0

(
l∑

k=0

ξk

k!

)
dl

dξl
feq(0). (C.39)

We get the desired result by renaming the dummy summation index l ∈ n and substituting

it in Eq.(C.31).

C.3 Analyticity and convergence

We define the function

g(t, 1x) =
u · p
εRp0

(t, 1x) , (C.40)

where u · p, εR are functions from R3+1 → R and pµ is a parameter (pµpµ = m2). As u · p

(Energy of the particle in the fluid rest frame) is non-zero and εR (the relaxation time) is

finite, the function g is non-zero for all (t, 1x).

γ[t′] = (t, 1x)− (p0, 1p)
(t− t′)

p0
, (C.41)

is a curve from t′ ∈ [t0, t] → R3+1. Define,

ξ(t′) =

∫ t

t′
g(γ[t′′])dt′′ . (C.42)

If g is an analytic function at (t, 1x), then ξ is an analytic function of (t − t′) at t − t′ = 0.

Then by Lagrange–Burmann inversion theorem, we have an inverse

(t− t′(ξ)) =
∞∑

n=1

an
n!

ξn (C.43)

where

an = lim
ξ→0

dn

dt′n

[
(t′ − t)

ξ(t′)− ξ(t)

]
(C.44)
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and the series is analytic in the neighbourhood of ξ = 0. By uniqueness of power series

expansion, one can conclude that this is the same as the series obtained through a Taylor

series expansion around ξ = 0.

The composition of analytic functions is analytic. Therefore, if f(t, 1x) is a function

from R3+1 → R and is analytic at (t, 1x), then f(γ(t′)) = f(γ(t′(ξ))) has a series expansion

in ξ that is analytic at ξ = 0 = (t− t′).

C.4 Generalised Coordinates and Forces

The Boltzmann equation in the presence of external forces can be written as,
(
pµ

∂

∂xµ
+mKµ ∂

∂pµ
− Γσ

µνp
µpν

∂

∂pσ

)
f = C(f, f) . (C.45)

The characteristic equation of Eq.(C.45) will be

dxµ

ds
= pµ (C.46)

dpµ

ds
= mKµ − Γσ

µνp
µpν . (C.47)

Let xµ(s) and pµ(s) represent the solutions to the characteristic equations Eq.(C.46). The

Boltzmann equation on the characteristic curve in phase space reduces to,

df(xµ(s), pµ(s))

ds
+
u(xµ(s)) · p
εR(xµ(s))

f(xµ(s), pµ(s)) =
u(xµ(s)) · p
εR(xµ(s))

feq(x
µ(s), pµ(s)) . (C.48)

The formal solution to this equation follows the same procedure as in the force-free case.

A direct re-parametrisation in terms of the time variable s′ → x0 = t′ is not possible. How-

ever, this shortcoming doesn’t hinder further analysis which follows the same mathematical

procedure.

We define the damping factor in terms of the parameter s

ξ(s, s′) =

∫ s

s′

u · p
εR

(s, s′′)ds′′ . (C.49)
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The inverse function s(ξ′) is obtained as,

s′(s, ξ) = s+
∞∑

n=1

(ξ)n

n!

dn→1

dn→1ξ′

(
− εR
u · p

)
. (C.50)

From the chain rule, and Eq.(C.49) we have,

d
dξ

= − εR
u · p

d
ds′

(C.51)

and at at s′ = s this reduces to

D ≡ d
ds′

∣∣∣∣∣
s′=s

(C.52)

= pµ∂µ +
(
mKµ − Γµ

σρp
σpρ
) ∂

∂pµ
. (C.53)

We can expand the equilibrium distribution function in terms of ξ′ as,

feq(x
µ(s), pµ(s)) =

∞∑

n=0

(ξ)n

n!

[
− εR
p · UD

]n
feq(x

µ(s), pµ(s)). (C.54)
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Appendix D

D.1 General Formulas

The Moment Integral

In 0 + 1D we define the moments as,

ρn,l =

∫
d3p

(2ω)3
(p0)n

(
pz

p0ε

)2l

f . (D.1)

For the equilibrium distribution function, we have

ρeqn,l =

∫
d3p

(2ω)3
(p0)n

(
pz

p0

)2l

f eq (D.2)

= eµ/T
∫

d3p

(2ω)3
(p0)n

(
pz

p0

)2l

e→p0/T (D.3)

The final integral is where (p0)2 = |p|2 +m2. Define,

y =
p0

T
, (D.4)

z =
m

T
(D.5)

We have

|p|2 = T 2(y2 − z2) (D.6)

So,

d|p| = T
y√

y2 − z2
dy (D.7)
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ρeqn,l(T, z) =
eµ/T

(2ω)3

∫
d|p|p2 sin θdθdφ(p0)n→2l|p|2l cos2l θe→p0/T

=
eµ/T

2ω2

1

2l + 1

∫
T 2(y2 − z2)dy

Ty√
y2 − z2

(yT )n→2l T 2l(y2 − z2)le→y

=
eµ/T

2ω2

T n+3

2l + 1

∫ ∞

z

dyyn→2l+1(y2 − z2)l+1/2e→y (D.8)

ρeqn,l(T, z) =
T n+3

2ω2

Gn+3,l(z)

(2l + 1)
eµ/T (D.9)

We have

ε = ρeq1,0 =
T 4

2ω2
G4,l(z)e

µ/T (D.10)

P = ρeq1,1 =
1

3

T 4

2ω2
G4,l(z)e

µ/T (D.11)

In general we have the relation,

ρeq1,l =
1

2l + 1

T 4

2ω2
G4,l(z)e

µ/T =
3

(2l + 1)

G4,l(z)

G4,1(z)
P (D.12)

and the conformal limit,

ρeq1,l =
3

(2l + 1)
P (D.13)

The G-Function

The function Gn,l(z) appearing in the equilibrium moment is defined as,

Gn,l(z) =

∫ ∞

z

dyyn→2l→2(y2 − z2)l+1/2e→y (D.14)

(D.15)

For z = 0, we have

Gn,l(z = 0) =

∫ ∞

z

dyyn→2l→2(y2 − 02)l+1/2e→y

=

∫ ∞

0

dyyn→1e→y

= Γ(n) (D.16)
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D.2 0 + 1D Calculations

D.2.1 Exact solutions to the moment equation

We rewrite the moment equations as
[
∂ε +

(
2l + 1

ε
Î− 2l − n

ε
Ŝ
)
+

Î
εR

]
ρn(ε, l) =

Î
εR

ρeqn (ε, l) (D.17)

where we have defined the shift operator,

Ŝ [h(l)] = h(l + 1) . (D.18)

We define the generator of free streaming,

F̂ =
2l + 1

ε
Î− 2l − n

ε
Ŝ . (D.19)

This essentially encodes the linearmatrix algebra of the set of coupled differential equations.

But, this allows us to use formal algebraic manipulations to obtain an integral form of the

differential equations by considering them as first-order operator differential equations.

To find the propagator of the solutions we define,

M̂n,l =

∫ ε

ε0

(
2l + 1

ε
Î− 2l − n

ε
Ŝ+

Î
εR

)
. (D.20)

which gives us the integrating(propagator) factor,

exp
{
M̂′

n,l

}
= exp

{∫ ε

ε ′
dε ′
(
2l + 1

ε ′
Î− 2l − n

ε ′
Ŝ++

Î
εR

)}
(D.21)

and its inverse

exp
{
−M̂′

n,l

}
= exp

{
−
∫ ε

ε ′

(
2l + 1

ε
Î− 2l − n

ε
Ŝ
)
++

Î
εR

}
. (D.22)

Such a manipulation is well defined as

[M̂n,l, ∂εM̂n,l] = 0 . (D.23)
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We now define the operator which is the integral of the generator of Free streaming

K̂ε,ε ′ =

∫ ε

ε ′

2l + 1

ε
Î− 2l − n

ε
Ŝdε ′ (D.24)

= log
( ε
ε ′

) [
(2l + 1)Î− (2l − n)Ŝl

]
(D.25)

This allows us to write a formal solution,

ρn,l(ε) = e→ξ0e→K̂τ,τ0ρn,l(ε0) (D.26)

+

∫ ε

ε0

dε ′
1

εR
e→ξ′e→K̂τ,τ ′ρeqn,l(ε

′) (D.27)

To put this expression in a useful form, we note that if we define the operators,

X̂ = − log
( ε
ε ′

)
(2l + 1) Î (D.28)

Ŷ = log
( ε
ε ′

)
(2l − n) Ŝ , (D.29)

They satisfy the commutation relation,

[X̂, Ŷ] = αŶ . (D.30)

where α = −2 log
(

ε
ε ′

)
. For such operators, we have the property [116],

eX̂+Ŷ = eX̂ef(α)Ŷ (D.31)

where

f(α) =
1− eα

α
. (D.32)

Then we have

f(α)Ŷ = −(2l − n)

2

[
1−

(
ε ′

ε

)2
]
Ŝ (D.33)

Using this we can write

e→ log ( τ
τ ′ )[(2l+1)̂I→(2l→n)Ŝ] = e→ log ( τ

τ ′ )(2l+1)̂Ie
→ (2l−n)

2

(
1→

(
τ ′
τ

)2
)
Ŝ

=

(
ε ′

ε

)2l+1 ∞∑

k=0

[
−(2l − n)

2

(
1−

(
ε ′

ε

)2
)
Ŝ

]k

=

(
ε ′

ε

)2l+1 ∞∑

k=0

(−1)k(2l − n)(2k)

2kk!

[
1−

(
ε ′

ε

)2
]k

Ŝk
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where (·)(k) is the rising poccamer symbol.

We can immediately write down the free streaming solution,

ρFS
n (ε, l) =

∞∑

k=0

(
l − n

2

)(k)

k!

(ε0
ε

)2l+1
[(ε0

ε

)2
− 1

]k
ρn(ε0, l + k) (D.34)

The solution to the relaxation equation can be written down as,

ρn,l(ε) = e→ξ0

∞∑

k=0

(
l − n

2

)(k)

k!

(ε0
ε

)2l+1
[(ε0

ε

)2
− 1

]k
ρn,l+k(ε0)

+

∫ ε

ε0

dε ′
e→ξ′

εR

(
ε ′

ε

)2l+1 ∞∑

k=0

(l − n
2 )

(2k)

k!

[(
ε ′

ε

)2

− 1

]k
ρeqn,l+k(ε) . (D.35)

With the generator of hydrodynamics,

ρGn,l(ε) =

∫ ε

ε0

dε ′
∞∑

k=0

(
l − n

2

)(k)

k!

e→ξ′

εR

(
ε ′

ε

)2l+1
[(

ε ′

ε

)2

− 1

]k
ρeqn,l+k(ε

′) (D.36)

We can now use the expression for ρeqn,l,

ρGn,l(ε) =

∫ ε

ε0

dε ′
∞∑

k=0

(
l − n

2

)(k)

k!

e→ξ′

εR

(
ε ′

ε

)2l+1
[(

ε ′

ε

)2

− 1

]k
T n+3

2ω2

Gn+3,l+k(z)

(2(l + k) + 1)
eµ/T

(D.37)

For the conformal case z = 0, we have Gn+3,l+k(z) = Γ(n + 3) which is independent of l

and k. This allows us the simplification,

ρGn,l(ε, z = 0) =
Γ(n+ 3)

(2ω2)(2l + 1)

∫ ε

ε0

dε ′
e→ξ′

εR

(
ε ′

ε

)2l+1

T n+3
∞∑

k=0

(1 + 1/2)(k)
(
l − n

2

)(k)

(l + 3/2)(k)
1

k!

[(
ε ′

ε

)2

− 1

]k

(D.38)

=
Γ(n+ 3)

(2ω2)(2l + 1)

∫ ε

ε0

dε ′
e→ξ′

εR

(
ε ′

ε

)2l+1

F (l +
1

2
, l − n

2
; l +

3

2
;

(
ε ′

ε

)2

− 1)T n+3

(D.39)

D.2.2 0 + 1D Gradient expansion

Consider the hydrodynamic generator,

ρGn,l(ε) =

∫ ε

ε0

dε ′
1

εR
e→ξ′e→K̂τ,τ ′ρeqn,l(ε

′) (D.40)
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where ξ′ =
∫ ε

ε ′ dε
′ 1
εR
. The free streaming propagator

Kε,ε ′ = e→K̂τ,τ ′ (D.41)

satisfies

∂ε ′Kε,ε ′ρn,l(ε) = Kε,ε ′

(
∂ε ′ + F̂

)
ρn,l(ε

′) (D.42)

Consider the change of variables, ε ′ → ξ′. We now expand e→F̂ (0,ξ′)ρeqn,l(ξ
′) in a Taylor

series about ξ′ = 0 as

e→F̂ (0,ξ′)ρeqn,l(ξ
′) =

∞∑

k=0

(ξ′)k

k!

dk

dξ′k
e→F̂ (0,ξ′)ρeqn,l(ξ

′)

∣∣∣∣∣
ξ′=0

(D.43)

=
∞∑

k=0

(ξ′)k

k!

[
−εR(∂ε ′ + F̂)

]k
ρeqn,l(ξ

′)

∣∣∣∣∣
ε ′=ε

. (D.44)

For the ξ′ integration we note,
∫ 0

ξ0

dξ′e→ξ′(ξ′)k = γ(k + 1, ξ0) (D.45)

We now finally get the hydrodynamic generator in terms of the gradients,

ρGn,l(ε) =
∞∑

k=0

γ(k + 1, ξ0)

k!

[
−εR(∂ε + F̂)

]k
ρeqn,l(ε) (D.46)

D.2.3 Hydrodynamics

Hydrodynamics in 0+1D requires us to find the dynamical equations for the energy density

ε and the two anisotropies, bulk pressureΠ and shear pressure ω. From energy conservation

we get the dynamical equation for energy density (ε = ρ1,1),

D̂ρ1,0 = D̂n = 0 (D.47)

D̂ρ1,1 = D̂ε = 0 (D.48)
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which gives us the familiar energy density and number density evolution equation for Bjorken

flow,

∂εn = −n
ε

(D.49)

∂ε ε = −ε+ PL

ε
(D.50)

wherePL is the longitudinal pressurePL = P+Π−ω. The equations for the non-equlibrium

components,

D̂ωG
n,l = −

ωG
n,l

εR
− D̂ρeqn,l (D.51)

will give us the evolution equations for the pressure anisotropies. To find this we note

the relation between the anisotropic moments and the shear and bulk pressure. The bulk

pressure can be computed from the moments using the relations,

ω = P + Π− PL (D.52)

Π =
1

3
(ε− 3P )− 1

3
〈m2〉 . (D.53)

From this we can infer,

Π =
1

3
(ε− 3P )− 1

3
m2(ρeq→1,0 + ω→1,0)

= −m2

3
ω→1,0 (D.54)

ω = Π− ω1,1 (D.55)

= −m2

3
ω→1,0 − ω1,1 (D.56)

In the conformal limit

ω = −ω1,1 (D.57)

We also need to compute the equilibrium gradient,

D̂ρeqn,l(ε) = ∂ερ
eq
n,l(ε) +

(2l + 1)

ε
ρeqn,l(ε)−

(2l − n)

ε
ρeqn,l+1(ε) . (D.58)
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We can express the time derivative term in terms of the energy derivative,

∂ερ
eq
n,l(ε) =

∂ρeqn,l
∂ε

∂ε

∂ε
+

∂ρeqn,l
∂n

∂n

∂ε
(D.59)

= −
∂ρeqn,l
∂ε

(ε+ P + Π− ω)

ε
−

∂ρeqn,l
∂n

n
ε
. (D.60)

Define

c2n,l =
∂ρeqn,l
∂ε

, (D.61)

κn,l = n
∂ρeqn,l
∂n

. (D.62)

with the speed of sound c2s = c21,1 and bulk modulus κ = κ1,1 as ρ1,2 = P , the equilibrium

pressure. Note that any D̂kρeqn,l(ε) can be reduced in terms of the hydrodynamic variables

ε,n,Π and ω.

In the Bjorken case we can write,

∂ερ
eq
n,l(ε) = −c2n,l

(ε+ P + Π− ω)

ε
− κn,l

ε
(D.63)

We then obtain,

D̂P = −c2s
(ε+ P + Π− ω)

ε
− κ

ε
+

3P

ε
−

ρeq1,2(ε)

ε
(D.64)

= −c2s
(Π− ω)

ε
− 1

ε

(
c2s

[
1 + 3

G4,0(z)

G4,1(z)

]
+

3

5

G4,2(z)

G4,1(z)
− 3

)
P − κ

ε
(D.65)

For the conformal case we have the equation of state,

ε = 3P (D.66)

c2s =
1

3
(D.67)

Π = 0 (D.68)

D̂P = −1

3

4P

ε
+ c2s

ω

ε
− κ

ε
+

3P

ε
−

ρeq1,2(ε)

ε
(D.69)

=
5

3

P

ε
+

1

3

ω

ε
− κ

ε
− 3

5

P

ε
(D.70)

=
16

15

P

ε
+

1

3

ω

ε
− κ

ε
(D.71)
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Evolution of ω1,1

The evolution equation for ω1,1 reads,

D̂ω1,1 = −ω1,1

εR
+ c2s

(ε+ P + ω1,1)

ε
+

κ

ε
− 3P

ε
+

ρeq1,2(ε)

ε
(D.72)

= −ω1,1

εR
+ c2s

ω1,1

ε
+ c2s

(ε+ P )

ε
+

κ

ε
− 3

P

ε
+

ρeq1,2(ε)

ε
. (D.73)

We note that,

D̂ω1,1 = ∂εω1,1 + (2 · 1 + 1)
ω1,1

ε
− (2 · 1− 1)

ω1,2

ε
(D.74)

= ∂εω1,1 + 3
ω1,1

ε
− ω1,2

ε
(D.75)

Using this, we get the evolution equation for ω1,1,

∂εω1,1 +
ω1,1

εR
= (c2s − 3)

ω1,1

ε
+ c2s

(ε+ P )

ε
+

κ

ε
+

ρeq1,2(ε)

ε
− 3

P

ε
+

ω1,2

ε
(D.76)

Conformal equation,

∂εω1,1 +
ω1,1

εR
= −4

3

1

ε

(
4P

5

)
− 8

3

ω1,1

ε
+

κ

ε
+

ω1,2

ε
(D.77)

Evolution of ω−1,0

D̂ω→1,0 = −ω→1,0

εR
− D̂ρeq→1,0(ε) (D.78)

We note thatm2ρeq→1,0(ε) = 〈m2〉eq = ε− 3P and we get,

D̂ρeq→1,0(ε) =
1

m2
D̂(ε− 3P )

=
1

m2
D̂ε− 3D̂P

= −3
1

m2
D̂P , (D.79)

where we have used the nergy conservation relation, D̂ε = 0. then the evolution equation

for ω→1,0 reads,

D̂ω→1,0 = −ω→1,0

εR
+

3

m2
D̂P (D.80)
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Now,

D̂ω→1,0 = ∂εω1,1 + (2 · 0 + 1)
ω→1,0

ε
− (2 · 0 + 1)

ω→1,1

ε

= ∂εω→1,0 +
ω→1,0

ε
− ω→1,1

ε
. (D.81)

Combining we have

∂εω→1,0 +
ω→1,0

εR
= −ω→1,0

ε
+

3

m2

(
−c2s

(ε+ P + ω1,1)

ε
− κ

ε
+

3P

ε
−

ρeq1,2(ε)

ε

)
+

ω→1,1

ε
(D.82)

Evolution of Π

Multiplying both sides of (D.80) by −m2

3 , we get the evolution equation for Π

D̂Π = − Π

εR
− D̂P (D.83)

From (D.82),

∂εΠ+
Π

εR
= −Π

ε
−
(
−c2s

(ε+ P + ω1,1)

ε
− κ

ε
+

3P

ε
−

ρeq1,2(ε)

ε

)
− m2

3

ω→1,1

ε
(D.84)

= −Π

ε
+ c2s

(ε+ P + Π− ω)

ε
+

κ

ε
− 3P

ε
+

ρeq1,2(ε)

ε
− m2

3

ω→1,1

ε
(D.85)

= (1− c2s)
Π

ε
− ω

ε
+ c2s

(ε+ P )

ε
+

κ

ε
− 3P

ε
+

ρeq1,2(ε)

ε
− m2

3

ω→1,1

ε
(D.86)

D.2.4 Evolution of ω

∂εω1,1 +
ω1,1

εR
= −3ω1,1

ε
− D̂P +

ω1,2

ε
(D.87)

∂εΠ+
Π

εR
= −Π

ε
− D̂P − m2

3

ω→1,1

ε
(D.88)

We have ω1,1 = (ω − Π). Adding the above two equations we get

∂ε (ω − Π) +
(ω − Π)

εR
= −3(ω − Π)

ε
− D̂P +

ω1,2

ε
(D.89)

∂εω − ∂εΠ+
ω

εR
+

−Π

εR
= −3ω

ε
− −3Π

ε
− D̂P +

ω1,2

ε
(D.90)
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Adding we get

∂εω +
ω

εR
= −3ω

ε
+

2Π

ε
− 2 D̂P +

ω1,2

ε
− m2

3

ω→1,1

ε
(D.91)

D̂P = −c2s
Π

ε
+ c2s

ω

ε
− c2s

(ε+ P )

ε
+

3P

ε
−

ρeq1,2
ε

(D.92)

∂εω +
ω

εR
= −(3 + 2c2s)ω

ε
+

2(1 + c2s)Π

ε
+ 2c2s

(ε+ P )

ε
− 6P

ε
+ 2

ρeq1,2
ε

+
ω1,2

ε
− m2

3

ω→1,1

ε
(D.93)

D̂ω1,1 = −ω1,1

εR
− D̂P (D.94)

Typical structure of second order hydrodynamic equations

Π̇+
Π

εΠ
= −βΠθ − δΠΠθ Π+ λΠπσµνω

µν . (D.95)

ω̇µν +
ωµν

επ
= 2βπσ

µν − δππθ ω
µν + λπΠΠσ

µν (D.96)

+ 2ω〈µ
γ ων〉γ − εππ + 2ω〈µ

γ σν〉γ . (D.97)

D.3 3 + 1D Calculations

The 3 + 1D moment equations have the form,

[
∂ε + L̂+ ν̂R

]
1ρ = ν̂R1ρ

eq . (D.98)

Our goal is to construct the propagator u(ε, ε0) for this linear equation. To do so,

we employ perturbative techniques familiar from linear differential equations such as the

Schrödinger equation, using the interaction picture. In this approach, the operator is de-

composed into an exactly solvable part and an interaction term, and the evolution is then

expressed in a basis governed by the solvable dynamics.
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Here, two operators govern the evolution: the free-streaming Liouville operator L̂ and

the collision operator ν̂R. Either of them may be designated as the interaction, depending

on which choice yields the most convenient form for the final expression.

D.3.1 Collision picture

Wewill choose to decompose the propagator into free streaming and collision part and treat

the collision as the interaction. Consider the free streaming equation,

[
∂ε + L̂

]
= 0 (D.99)

with the propagator F̂ satisfying,

∂ε F̂ε,ε0 = −L̂ F̂ε,ε0 (D.100)

We can now define the collision picture operator and variables,

1ρc(ε) = F̂→1
ε,ε01ρ(ε) (D.101)

and

ν̂c = F̂→1
ε,ε0 ν̂R F̂ε,ε0 (D.102)

Our collision picture with the interaction term equation now reads

[∂ε + ν̂c] 1ρc = 0 (D.103)

The propagator for the interaction picture is given by

Wε,ε0 = T
(
e→

∫ τ
τ0

dε ′ν̂c

)
(D.104)

where T represents the time ordering. The solution to the interaction picture equation is

1ρc(ε) = Wε,ε0ρc(ε0) +

∫ ε

ε0

dε ′Wε,ε ′ ν̂c(ε
′)1ρ eq

c (ε ′) (D.105)
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We can therefore write,
∫ ε

ε0

dε ′Wε,ε ′ ν̂c(ε
′)1ρ eq

c (ε ′) =

∫ ε

ε0

dε ′∂ε ′Wε,ε ′1ρ
eq
c (ε ′) (D.106)

= Wε,ε ′ρ
eq
c (ε ′)

∣∣∣∣∣

ε

ε0

−
∫ ε

ε0

dε ′Wε,ε ′∂ε ′1ρ
eq
c (ε ′) (D.107)

= Wε,ε ′ρ
eq
c (ε ′)

∣∣∣∣∣

ε

ε0

−
∫ ε

ε0

dε ′Wε,ε ′ν̂c(ε
′)ν̂→1

c (ε ′)∂ε ′1ρ
eq
c (ε ′)

(D.108)

=
∞∑

n=0

Wε,ε ′
[
ν̂→1
c (ε ′)∂ε ′

]k
1ρ eq
c (ε ′)

∣∣∣∣∣

ε

ε0

(D.109)

= F̂→1
ε,ε0

∞∑

n=0

[
ν̂→1(ε)D̂

]k
ρ eq(ε)−Wε,ε0

∞∑

n=0

[
ν̂→1(ε0)D̂

]k
ρ eq(ε0)

(D.110)

where in the last step we used the collision picture definitions. Now we get the solution

in the Schrodinger picture

1ρ(ε) = F̂ε,ε0Wε,ε0ρ(ε0)+
∞∑

n=0

[
ν̂→1(ε)D̂

]k
1ρ eq(ε)− F̂ε,ε0Wε,ε0

∞∑

n=0

[
ν̂→1(ε0)D̂

]k
1ρ eq(ε0)

(D.111)

D.3.2 Free Streaming picture

To derive the gradient expansion in the 3 + 1D case, we adopt an alternative approach in

which free streaming is treated as a perturbation. Consider the damping equation,

[∂ε + ν̂R] 1ρ(ε) = 0 . (D.112)

with the associated propagator obeying,

∂εWε,ε0 = −ν̂R Wε,ε0 . (D.113)

The propagator has the simple form,

Wε,ε0 = e
→

∫ τ
τ0

dε ′′ 1
τR Î . (D.114)
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We now define the streaming–picture field and operator as,

1ρS(ε) = Wε,ε01ρ(ε) (D.115)

and operator,

L̂S = Wε,ε0L̂W→1
ε,ε0 (D.116)

We then have the solution,

[
∂ε + L̂S

]
1ρS = ∂ε1ρS (D.117)

The corresponding free–streaming picture propagator is,

F̂ε,ε0 = T e→
∫ τ
τ0

dε L̂S (D.118)

which satisfies,

∂ε F̂ε,ε0 = −L̂S F̂ε,ε0 (D.119)

The full solution can then be expressed as,

1ρ(ε) = e→ξ0F̂ε,ε01ρ(ε0) +

∫ ε

ε0

dε ′e→ξ′F̂ε,ε ′
1ρ eq(ε ′)

εR
(D.120)

Since ξ does not commute with F̂ε, ε ’, it cannot be treated as a simple scalar integration

variable. Instead, we expand F̂ε,ε ′
0ρ eq(ε ′)

εR
in a Taylor series,

F̂ε,ε ′
1ρ eq(ε ′)

εR
=

∞∑

n=0

(t− t′)n

n!
∂n
ε ′

(
F̂ε,ε ′

1ρ eq(ε ′)

εR

) ∣∣∣∣∣
ε ′=ε

=
∞∑

n=0

(t− t′)n

n!

[
∂ε + F̂

]n 1ρ eq(ε ′)

εR
. (D.121)

Define the function

gn(ε, ε0) =

∫ ε

ε0

dε ′e→ξ′(t− t′)n (D.122)
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The hydrodynamic generator can then be expressed in terms of the gradients as,

1ρG(ε) =

∫ ε

ε0

dε ′e→ξ′F̂ε,ε ′
1ρ eq(ε ′)

εR
(D.123)

=
∞∑

n=0

gn(ε, ε0)

n!

[
∂ε + F̂

]n 1ρ eq(ε ′)

εR
. (D.124)

Although this expansion does not take exactly the same form as in the commuting case,

it can still be reorganized in terms of gradient operators appearing in the gradient expansion,

even though a compact closed-form expression remains out of reach. Note that

[
∂ε + F̂

]n 1ρ eq(ε ′)

εR
= (−1)n

[
−εR
εR

(
∂ε + F̂

)]n 1ρ eq(ε ′)

εR
(D.125)

=
n∑

k=0

hn,k(−εR, D̂εR)
[
εRD̂

]n
1ρ eq (D.126)

where hn,k(εR, D̂) is a function of εR and its derivatives D̂εR. We then get the copact ex-

pression,

1ρG(ε) =
∞∑

n=0

gn(ε, ε0)

n!

n∑

k=0

hn,k(εR, D̂εR)
[
−εRD̂

]k
1ρ eq (D.127)

=
∞∑

n=0

( ∞∑

k=n

gk(ε, ε0)

n!
hk,n(εR, D̂εR)

) [
−εRD̂

]n
1ρ eq (D.128)
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