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ABSTRACT

The success of the AAS/CFT correspondence has motivated efforts to extend the holo-
graphic principle to more realistic spacetimes, particularly those that are asymptotically
flat. Celestial holography has emerged as a leading framework in this pursuit. It aims to
recast the S-matrix elements of gravity and gauge theories in (3 4 1)-dimensional asymp-
totically flat spacetimes as correlation functions of a two-dimensional celestial conformal

field theory (CCFT) living on the celestial sphere at null infinity.

Most progress in celestial holography has focused on the scattering of massless parti-
cles, where celestial amplitudes are obtained by Mellin transforming momentum-space
S-matrix elements. These amplitudes transform covariantly under global conformal trans-
formations, yet they differ in key ways from conventional 2D CFT correlators. Notably,
CCFTs feature infinite-dimensional current algebra symmetries, which are directly con-
nected to the soft factorization properties of the S-matrix in gauge theory and gravity.
These symmetries have no counterpart in standard 2D CFTs and impose strong constraints

on celestial amplitudes.

A striking manifestation of these constraints is the emergence of null decoupling equa-
tions for celestial MHV (Maximally Helicity Violating) amplitudes in trivial backgrounds.
While these equations have been solved in some specific cases, this thesis demonstrates
that they do not have unique solutions. In particular, we show that pure Yang-Mills theory
chirally coupled to a massive scalar background also satisfies the same set of null decou-

pling equations.

XVvil



Recent advances have revealed that gluon scattering amplitudes are governed by the S
algebra, while graviton amplitudes are controlled by the wedge subalgebra of w; ., both
generated by positive helicity soft particles. This thesis extends the study of the .S algebra
by deriving the general structure of S-invariant operator product expansions (OPEs) up
to O(1) and identifying Knizhnik-Zamolodchikov (KZ)-type null states associated with
these symmetries. Our results point to the existence of infinitely many unexplored sectors
of pure Yang-Mills theory in flat space, with MHV and self-dual Yang-Mills (SDYM)

being the only currently known examples.

Furthermore, this thesis addresses a gap in the literature by identifying KZ-type null states

for negative helicity gluons and gravitons in celestial MHV amplitudes.

In a recent development, it was proposed that celestial amplitudes in Klein space can be
decomposed into more fundamental building blocks known as celestial leaf amplitudes,
which are smooth functions on the celestial sphere. The full distributional nature of celes-
tial amplitudes is then recovered by summing over timelike and spacelike leaf amplitudes.
We extend this line of inquiry by investigating the singularity structure of four-point ce-

lestial leaf amplitudes for both MHV gluons and massless scalars.
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Chapter 1

Introduction

Einstein’s general theory of relativity, formulated as a classical field theory, provides an
outstanding description of gravity in terms of spacetime geometry. However, develop-
ing a consistent theory that incorporates gravity within a quantum framework remains a
long-standing challenge in theoretical physics. Various approaches have been explored,
with string theory being a leading candidate for achieving a unified framework that en-
compasses quantum gravity along with the other fundamental forces. An alternative and
conceptually rich approach is provided by the holographic principle, originally proposed
by Gerard 't Hooft [1] and further developed by Leonard Susskind [2]. This principle was
motivated by the observation that Bekenstein-Hawking entropy of black holes scales as
area of the black hole horizon rather than volume. The holographic principle proposes an
equivalence between a quantum theory of gravity in a higher-dimensional bulk spacetime
and a lower-dimensional, non-gravitational quantum field theory living on the boundary of
the spacetime. The precise nature of the boundary theory depends on asymptotic structure
of the spacetime under consideration. For example, if the spacetime is the anti-de Sitter
(AdS) then the boundary is timelike, whereas if the spacetime is asymptotically flat then
the boundary is a null hypersurface. The best-established realization of this principle is

the AdS/CFT correspondence [3], which establishes a duality between type IIB string



theory on AdSs x S° and NV = 4 super Yang-Mills (SYM) theory on the four dimen-
sional boundary. The remarkable success of AdS/CFT has motivated efforts to explore
whether holographic principles can be extended beyond anti-de Sitter space, particularly to
asymptotically flat spacetimes (AFS), which are more relevant to our universe. Asymptot-
ically flat spacetime provides a very good model for a wide range of phenomena, from the
collider physics (via the S-matrix) to large-scale astrophysical phenomena well below cos-
mological scales. AFS are particularly interesting due to their rich asymptotic symmetry
structure first uncovered by Bondi, Burg, Metzner, and Sachs [4, 5]. These symmetries are
related to observable effects such as the gravitational memory effect [6]. There has been re-
newed interest in the asymptotic symmetries of AFS following the developments of [7-10],
which conjectured that in a quantum theory of gravity in four-dimensional asymptotically
flat spacetime, the global Lorentz symmetry may be enhanced to an infinite-dimensional
Virasoro algebra. This insight has led to two independent holographic approaches to flat

space quantum gravity: Celestial Holography and Carrollian Holography.

Celestial holography [11-29] proposes a duality between a quantum theory of gravity in
a (d + 2)-dimensional asymptotically flat spacetime and a celestial conformal field theory
(CCFT) living on the d-dimensional celestial sphere at null infinity. Unlike the AdS/CFT
correspondence, the boundary theory in Celestial holography lives on a co-dimension two
surface. This is supported by the fact that the Lorentz group SO(1, d+ 1) acts as the group
of global conformal transformations on the celestial sphere [30]. In this framework, celes-
tial amplitudes, which are obtained by expressing momentum space S matrix elements in
a boost eigenbasis, serve as the fundamental observables. The celestial bases for massless
and massive particles were constructed in [11, 12]. This choice of basis naturally high-
lights the conformal structure of scattering amplitudes [11, 12, 20], while obscuring the
bulk spacetime translation symmetry, which no longer appears explicitly. In the standard
construction, the scaling dimensions of celestial primary operators take continuous values,
A = 1+ 1R, corresponding to the principal series; this follows from the delta-function

normalization of boost eigenstates. More recently, an alternative complete basis for ce-



lestial CFT with discrete integer scaling dimensions was constructed in [29], providing a

complementary perspective on the operator spectrum.

In this thesis, we investigate the scattering of massless particles in (3+1)-dimensional flat
spacetime and its holographic description in terms of dual celestial conformal field theories

(CCFTs) defined on the two-dimensional celestial sphere at null infinity.

Although celestial correlation functions transform covariantly under conformal transfor-
mations, they exhibit several distinctive features. In particular, low-point correlators pos-
sess distributional supports on the celestial sphere, arising from the momentum-conserving
delta functions of the bulk amplitudes [13]. The analytic structure of celestial amplitudes
has been explored in [31]. Symmetries play a central role in celestial holography. This
framework has proven very convenient for analyzing infrared structures of the flat-space
S-matrix by recasting soft factorization theorems in gauge theory and gravity as the Ward

identities of asymptotic symmetries.

In the boost eigenbasis, the conventional notion of an energetically soft limit is obscured.
Nevertheless, soft theorems can be recovered by analytically continuing the conformal
scaling dimension A away from the principal series, a procedure known as the confor-
mally soft limit [32-38] in the celestial dictionary. Conformally soft theorems reformu-
late momentum-space soft theorems as Ward identities of global symmetries in celestial
CFT, leading to infinite-dimensional current algebras that govern the scattering ampli-

tudes. These symmetries have no direct analogue in conventional two-dimensional CFTs.

For example, the symmetry algebra implied by the leading and subleading soft graviton
theorems is the semidirect product of supertranslations and ;\12 current algebra [21]. This
structure was later shown to extend to the wedge subalgebra of wy ., [23, 24], associated
with the infinite tower of tree-level soft factorization theorems [39]. A candidate stress
tensor [40] in celestial CFT was constructed using the shadow transform [41] of the sub-
leading soft graviton operator [42, 43]. Obstructions to constructing the 77" ope from

double soft limit, and possible modifications, were discussed in [44, 45].



Another key factorization property of the flat-space S-matrix is collinear factorization:
when two bulk momenta become parallel, the amplitude factorizes into a lower-point am-
plitude multiplied by a universal splitting function [46]. On the celestial sphere, this cor-
responds to the operator product expansion (OPE) of two celestial primary operators. The
celestial OPE can be derived directly from the collinear limit of celestial amplitudes [34,
47], and its structure can also be fixed using asymptotic symmetries [47]. In particular, the
singular terms in the OPE of conformally soft operators encode the underlying soft sym-
metry algebra. The symmetries generated by these soft operators are genuine symmetries

of the flat-space S-matrix, as they are associated with nontrivial conserved charges.

At tree level, graviton scattering amplitudes are governed by the wedge subalgebra of
W1400, While gluon amplitudes are controlled by an infinite-dimensional S algebra [23,
24]. However, these algebras are generated solely by positive-helicity soft modes. Generic
graviton and gluon amplitudes are therefore expected to exhibit a richer symmetry struc-
ture. Determining the complete nontrivial symmetry algebra of generic tree-level ampli-
tudes remains an open problem, and the symmetry principles governing loop-level ampli-

tudes are even less well understood.

The representation of these symmetry algebras discussed above contains the null states
which play an important role in the study of celestial CFT. These null states have proven
very useful in classifying celestial CFTs [25, 48] and in the computation of specific class of
scattering amplitudes using asymptotic symmetries alone [21, 22, 49, 50]. With this, we
conclude the introductory discussion of celestial holography and now turn to an alternative

approach to flat-space holography.

Carrollian Holography: An alternative approach to flat-space holography in asymptot-
ically flat spacetimes is provided by Carrollian holography. In this framework, gravity in
asymptotically flat spacetimes (AFS), endowed with BMS symmetry, is reformulated in

terms of a Carrollian conformal field theory (¢CFT) living on the null boundary of space-

4



time. Unlike celestial CFTs, where the theory resides on the celestial sphere, the boundary
theory in Carrollian holography is defined on a codimension-one null hypersurface. This
proposal is rooted in the BMS symmetries [4, 5] of the bulk asymptotically flat space-
times (AFS). The BMS algebra, bms,,; of a (d + 1)-dimensional AFS, has been shown
to be isomorphic to the d-dimensional Carrollian conformal algebra (E€arty) [51, 52],
which forms the algebraic backbone of this holographic correspondence. The appearance
of Carrollian symmetries from the Inonii-Wigner contraction of Poincaré algebra was first
demonstrated in [53, 54]. Boundary Carrollian conformal field theories can be obtained
via a Carrollian contraction of relativistic CFTs in the ultra-relativistic limit, where the
speed of light tends to zero, ¢ — 0. This framework has led to several notable results,
particularly in the context of three- dimensional bulk spacetimes with two-dimensional
boundaries, including computations of entanglement entropy [55-57], stress tensors [58],
and entropy matching [59-61]. Beyond holography, Carrollian symmetries have found
applications across diverse areas of physics, ranging from condensed matter systems such
as fractons [62] and flat-band systems [63] to ultra-relativistic hydrodynamics relevant for
the quark-gluon plasma [64, 65]. A comprehensive review of recent developments in car-
rollian holography can be found in [66]. Moreover, a well-established connection between

the carrollian and celestial approaches has been elucidated in [67].

This thesis presents a comprehensive analysis of the soft symmetry structures governing
scattering amplitudes in flat-space gravity and gauge theories within the framework of
celestial holography, with particular emphasis on the role of null states in the associated

symmetry algebras.
The thesis is organized as follows:

Section 1.1 reviews the essential background material. In Section 1.1.1, we begin with
the Penrose diagram of (3 + 1)-dimensional Minkowski spacetime and introduce the no-
tions of null infinity and the celestial sphere. Section 1.1.2 constructs the celestial basis

for scattering processes involving both massless and massive particles. We then review



maximally helicity-violating (MHV) amplitudes in momentum space and their celestial
counterparts in Section 1.1.3, which play a central role throughout this work. In Section
1.1.4, we discuss soft theorems in both the momentum and boost eigenbases, highlighting
their reformulation in terms of asymptotic symmetries in the boost basis. Section 1.1.5
provides a brief discussion of collinear factorization and the celestial operator product ex-
pansion (OPE). A concise introduction to the soft symmetry algebras governing gluon and
graviton amplitudes is presented in Section 1.1.6. In Section 1.1.7, we review an exam-
ple of a two-dimensional CFT endowed with a non-abelian Kac-Moody symmetry and
explain how the Knizhnik-Zamolodchikov (KZ) equations arise in such theories. Finally,
Section 1.1.8 focuses on null states and their crucial role in the computation of celestial

amplitudes, thereby concluding the introductory part of the thesis.

Chapter 2 investigates MHV gluon scattering in the presence of a massive scalar back-
ground and analyzes the corresponding celestial OPE structure. In Chapter 3, we con-
struct all S-invariant OPEs on the celestial sphere. Chapter 4 reviews the construction of
leaf amplitudes and studies the singularity structure of four-point scattering amplitudes for
massless scalars and gluons. Finally, in Chapter 5, we revisit the holographic symmetry
algebra in the MHYV sector for both gluons and gravitons, clarifying its structure and im-

plications.

1.1 Background material

1.1.1 Penrose diagram of Minkowski spacetime

The Penrose-Carter diagram is a useful tool for analyzing the asymptotic structure and
causal properties of spacetimes. In this section, we present the Penrose diagram of (3+1)D

Minkowski spacetime (M, g), this representation allows us to bring infinity to a finite
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distance via a conformal compactification. In this construction, we introduce important
concepts such as null infinity and the celestial sphere, which play a crucial role in the study
of scattering amplitudes of massless particles in the context of flat space holography. We

begin with the metric on (3 + 1)D Minkowski spacetime in spherical polar coordinates,

ds® = —dt?® + dr® + r2dQ? ; r>0 (L.1.1)

where

dQ2 = db? + sin® 0dp*. (1.1.2)

Introduce the null coordinates v and v,

u=t—r
(1.1.3)
v==t+4+Tr
where
(u,v) € (—o0,00) and u < v. (1.1.4)
The metric in (u, v, 0, ¢) coordinates becomes,
2
ds? = —dudv + (“ S “) 402 (1.1.5)

To make the coordinate range finite we do the following coordinate transformations

u=tanU
(1.1.6)
v=tanV
where
(U, V) e (—g, g) and U < V. (1.1.7)



In this coordinate system, the metric reads

1
"~ 4cos2Ucos?V

ds? ( — 4dUdV + sin*(V — U)) dQ;

(1.1.8)
=AU, V) ( — 4dUdV + sin*(V — U)> dQ;

where A? = 4 cos? U cos? V. The above metric diverges as we go towards the boundary of
Minkowski spacetime i.e in the limit U, V' — +7. Now we define a conformally rescaled

metric to bring these points to finite affine parameters
ds* = N*ds’. (1.1.9)

which remains finite at the boundaries and preserves the causal structure of Minkowski
spacetime, though not its distances. This process is known as conformal compactifica-
tion. We can now extend the spacetime by including boundary points at infinity (U, V') =

(£5,%5), subject to U < V. See the figure 1.2.
To see this, it is convenient to introduce new timelike and radial coordinates, 7 and x

defined by

T=U+V € (—mmn)
(1.1.10)

x=V-U €(0,nm)
where y > Osince V' > U.
The Minkowski metric in these coordinates becomes

1

d82 = —T T
4cos?(257) cos?(X57)

( —dr? 4 dy? + sin? XdQ§> =025 (L1.11)

where 2 = (cos T + cos ).



We define a rescaled metric d5? by dropping out the conformal factor
5% = ( — dr? + d? + sin? Xdﬂg). (1.1.12)

The Minkowski metric is conformal to a patch of Einstein static universe, Ry x S% as

shown in figure 1.1.

Figure 1.1: Penrose diagram of Minkowski spacetime as a patch of Einstein static universe.

The boundaries of the Minkowski spacetime (M, g) are at Q2|y5y; = 0. We discuss these

asymptotic regions below:

Timelike infinity (i*): We denote the past timelike infinity by i~ which is located at
(x,7) = (0, —m) and the future timelike infinity is denoted by i located at (x, 7) = (0, 7).
Massive particels with timelike geodesics start at past timelike infinity (i~) and end at

future timelike infinity (i*).

Null infinity (Z*): We denote the past null infinity by Z~ and it is parameterized by
U= —-%andV € (-7, 7). The future null infinity is denoted by Z" parameterized by
V =ZandU € (-3, %). Interms of (7, x) coordinates Z~ is given by R € (0, 7) and

with 7 = —7 + R and Z" is parameterized by 7 = m — R. Massless particles with null

9



geodesics start at past null infinity (Z~) and end up at future null infinity (Z).

Spacelike infinity(:°): All the spacelike geodesics begin and end at spacelike infinity(i°),

parameterized by (x,7) = (7,0).

future timelike infinity

future null infinity

2

N\
\% It =R x S?

10 spacelike infinity

8C0deg;,

//oo I~ >R x $?

timg, like

past null infinity

1
past timelike infinity

Figure 1.2: Penrose diagram of Minkowski spacetime. Timelike geodesics begin at ¢~
and end at 7 and null geodesics start at Z~ and end at Z*. Each point on this diagram

represents a 2-sphere (S?).
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The surfaces Z= are null hypersurfaces with topology R x S2. The 2-sphere at null infinity
is known as the celestial sphere (C'S?), which serves as the stage for celestial conformal

field theories (CCFTs).

1.1.2 Celestial amplitudes
1.1.2.1 Massless particles

In this section, we construct the clestial basis for massless particles and define the celestial

amplitudes for massless scattering processes.

We parameterize the null momentum in (—, +, 4, +) signature as
pg = ekwk(l + Zkzk, Ze + Zk, —i(Zk — Zk), 1- Zkzk), pi = O (1113)

where €, is 41 for outgoing particles and —1 for incoming particles. In momentum space,
one particle states are represented by |w, 0, 2, Z), where o denotes the helicty of the mass-

less particle and a generic n-point S matrix element is given by
(out|Slin) = ({q, @ }icmat, nl SHPY, 5} i1 m) (1.1.14)

where p? s are the momenta of incoming particles and q]” s are the momenta of outgoing

particles and, {«;} collectively denotes other internal quantum numbers.

For massless particles, one particle states in boost eigenbasis [11-13, 20] can be con-

structed via a Mellin trasform of the momentum space state

A, 0,2, Z) :/ dww™ M w, 0, 2, Z) (1.1.15)
0

11



where A = 1 + ¢ with A € R, which ensures the following normalization
<)\1a 01, %1, 21|)\27 02, 22, 22> = 5()\1 - )\2>52(21 - 22)50'1,0'2 (1116)

and o is the helicity of the massless particle.

Celestial amplitude for n-gluon scattering amplitude can be obtained by performing the

Mellin transform of n-particle momentum space S-matrix elements [11, 12],

An ({20, Zi, iy by ai}y) = <H Oy 5. (20, ) = H/ dw; w18, ({wi, 21, 2, 04, 0:})
-1 =170
(1.1.17)

Where a; is the Lie algebra index of the i-th particle and scaling dimensions (h;, h;) are

defined as

hy=—— "' h, = . (1.1.18)

The (3 + 1)D Lorentz group SO(3,1) acts as global conformal group SL(2,C) on the
celestial sphere and the celestial amplitudes .A,, obtained in (1.1.17) transform as the cor-

relation functions of primary operators of conformal weights (h;, Ei) of a2D CFT [11, 12,

20, 28, 29],

- - 1 1 G,Zi—i‘b dgi—i‘l_) -
n 1y 7i7hi7hia 7 = __ NoT n — 79 hi7hi7 % .
An({2, 2 ai}) H (cz; + d)2hi (cz + d)th‘A ({ cz;+d ¢z +d “ })

=1

(1.1.19)

To make the conformal nature of celestial amplitudes manifest, it is useful to write them
as correlation functions of conformal primary operators. We define the gluon conformal
primary operator [22] on the celestial sphere as the Mellin transform of a momentum space

annihilation or creation operator of a gluon with helicity o and Lie algebra index a
OZZ@%Z)ZI/Q dww™ ' A%(ew, 2, 7, 0) (1.1.20)
’ 0
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where € = +. Under global conformal transformations, the operator defined by (1.1.20)

transforms as the primary operator of a 2D CFT with conformal weights (h, h)

e, o\ by T ohmae [@Z b AZ4D
Oh,ﬁ (2,2) = (cz +d)""(cz + d) Oh,i} (m, Z+d (1.1.21)
We can now write the celestial amplitude (1.1.17) as the correlation function of the primary

operators defined in (1.1.20) as
An({zi, Ziy by iy ai}) <H(9 (2, % > (1.1.22)

Although celestial correlators exhibit global conformal symmetry, they differ from tra-
ditional 2D CFT correlators. For instance, lower point correlation functions typically
vanish on the celestial sphere except at specific distributional supports [13], a direct con-
sequence of bulk spacetime translation symmetry of the S-matrix elements. Below we
present schematically how this distributional nature appears in the lower point celestial
amplitudes. For example, let’s consider Mellin transform of the color-stripped 4-point
tree-level gluon amplitude given by the Parke-Taylor formula (boxed term in (1.1.23) be-

low),
A(17273%4%)

o0 <12
/d“’f e (sz)

4 0o
— H/ dwj ijrl]:({wi, Zis 2,})5((4}1 — wf)é(wg — w;)é(wg — w§)5(z12z34213224 — 213224212234)
e

(1.1.23)

._.

HE%

where F is a smooth function of ({w;, z;, Z;}). The momentum conserving delta func-
tion gives four constraints allowing us to solve for maximum three w’s for a four-point
amplitude. After performing Mellin transforms, (219234213224 — 213224Z12234) Temains

which make the amplitude distributional on the celestial sphere. Similarly, the two-point
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and three-point celestial correlation functions are also distributional. Beyond four point
this does not occur because the number external states exceeds the number of constraints.
Moreover, CCFTs are enriched with the various infinite-dimensional current algebra sym-
metries [21-24], which are associated with the soft factorization theorems of the bulk

S-matrix. These additional symmetries do not have any analogs in conventional 2D CFT.

1.1.2.2 Massive particles

In the previous section, we discussed celestial amplitudes for massless scattering pro-
cesses. We now briefly review the construction of celestial amplitudes for massive scat-

tering processes.

On-shell massive momenta are parameterized on the hyperbolic slice H3 of Minkowski
space. For an outgoing massive particle, one may choose the following embedding map
pH : Hy — RY3 describing the upper hyperboloid:

1
]5“:@(1—|—y2—}-z,§7z—|—2,—i(z—2),1—y2—25) (1.1.24)

which satisfies p? = —1, Here (y, z, z) are Poincaré coordinates on Hs, equipped with the

metric,

dy? + dzdz
ds?,, = % 2 > 0. (1.1.25)

The action of SL(2,C) on these coordinates is given by,

. (az +b)(cz +d) + acy?

— —
=T lcz +d|? + |c|?y?
sz o (@20 ez td) +acy’ (1.1.26)
lez +d]? + |c]?y?
Yy — y/ )

- lez + d|? + |c]?y?
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a b
where, € SL(2,C).

c d

The conformal boundary of H3 space is located at y = 0, where the hyperbolic slice

asymptotes to celestial sphere.

Given a momentum-space n-point amplitude M,,(m;p;) involving massive scalars with
momenta pi' = +mp"(y;, z;, Z;), the corresponding celestial amplitude is defined by the

transform [11]

M (A w;, w;)

n (1.1.27)
-1 / E Pt G (s 20072 a0, ) M)
where Ga (P}, (.2, 2); ¢(w, w)) is the scalar bulk-to-boundary propagator given by

A
Al ) S\ Y
Galpy(y,2,2); q(w, w)) = (—y2+|z_w’2) : (1.1.28)

The extension of this construction to massive spinning particles has been discussed in [11,

68-70].

1.1.3 Maximally Helicity Violating (MHYV) amplitude and the dual

celestial correlation function

Scattering amplitudes provide the natural observables of gauge theory and gravity and
form the backbone of flat space holography. However, their computation using traditional
Feynman-diagram techniques is highly inefficient. The number of diagrams grows rapidly
with the number of external particles, and individual diagrams are not gauge invariant,
even though the final amplitude must be. Consequently, the simplicity and hidden struc-

tures of the full result are obscured in a diagrammatic approach.
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A dramatic simplification occurs in four spacetime dimensions, where massless particles
are labeled by definite helicity, positive or negative. At tree level, Yang-Mills amplitudes
display a striking helicity selection structure: many seemingly allowed processes vanish

identically. For example, in the all-outgoing convention,

A, (17273747 ...n%) = 0. (1.1.29)

By crossing symmetry, this process can be written as

1727 = 347 ...n" (1.1.30)

where particles (1,2) are treated as incoming and the rest as outgoing.
Let’s consider the amplitude A, (1727374" - .. n™) in the all-outgoing convention. Cross-
ing symmetry relates it to

1727 =37 47...n" (1.1.31)

Despite being less helicity-violating than the previous configuration, this amplitude also
vanishes at tree level in pure Yang-Mills theory.

A qualitatively different situation arises when two gluons carry negative helicity and the
remaining ones positive helicity. In the all-outgoing convention, the relevant amplitude is

A, (17273747 .- n™), which, by crossing symmetry, corresponds to

1727 =374 ---n". (1.1.32)

Although this configuration maximally violates helicity conservation among nonvanishing
tree amplitudes, it yields a remarkably simple and nontrivial result. Such amplitudes are

known as maximally helicity violating (MHV) amplitudes.

The tree-level color-stripped n-point MHV gluon amplitude is given by the celebrated
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Parke-Taylor formula [71],

(34)*
(12)(23)(34) - - - (n1)

A, (11273747 --.nt) = (1.1.33)
Here the gluon momenta are expressed in spinor-helicity variables (see, for example, [72]
for conventions and a detailed review). The amplitudes with two positive-helicity gluons
and all others negative, A,, (1727374" ... n7) are known as anti-MHV amplitudes and

are obtained from (1.1.33) by replacing angle brackets with square brackets.

The extraordinary simplicity of the Parke-Taylor formula has inspired powerful on-shell
methods for computing amplitudes. In particular, MHV gluon amplitudes can be derived
recursively from three-point amplitudes using the BCFW (Britto-Cachazo-Feng-Witten)
recursion relations [73], which rely solely on on-shell data and bypass the use of a La-

grangian description.

In gravity, the tree-level MHV graviton amplitude admits an equally elegant representa-

tion, given by Hodges’ formula [74],

det(M7¥)

An(17,27,8%, o) = () e e o oy (@)

(1.1.34)

where M7¥ is a (n — 3) x (n — 3) matrix obtained by removing the rows (i, j, k) and

columns (p, ¢, r) from a n x n matrix M, the elements of which are given by,

o if i # j,
M;; = (1.1.35)

_ [ik](zk)(yk) e _
2okti @ ey 0=
with x and y denoting reference spinors.

Tree-level MHV graviton amplitudes can alternatively be obtained by “squaring’’ the cor-
responding gauge-theory amplitudes through the double copy construction, also known as

BCJ duality [75].
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In this thesis, we study the celestial amplitudes associated with MHV gluon and graviton
scattering processes. For example, the three-point MHV gluon amplitude in the celestial
basis takes the form [22],

3 3
~ z
A<1—a1’2+a274—x) ~ fa1a2963;45(214)5(§24) | | @(6i0i71> (1.1.36)

“12%24
where o ; are the functions of coordinates {z;, z; } on the celestial sphere.

MHYV amplitudes provide a powerful testing ground for exploring the structure of celestial
conformal field theory (Celestial CFT), and they play a central role in the developments

presented in this thesis.

1.1.4 Tree level soft theorems and asymptotic symmetries

Soft theorems establish universal relations between a scattering amplitude with an addi-
tional soft gauge boson and the corresponding amplitude without the soft particle. The
associated factorization is universal in the sense that it is independent of the detailed dy-
namics of the hard particles. Instead, the soft factor depends only on the momenta and
charges of the external states, as well as on the species of the soft particle. This univer-
sality strongly suggests the presence of an underlying symmetry principle governing soft

behavior that has indeed been realized.

Recent developments [19, 76—78] have uncovered a remarkable connection between soft
theorems and the asymptotic symmetries of the S-matrix. In particular, soft theorems can
be reinterpreted as Ward identities associated with these symmetries. In this section, we
briefly review tree-level soft theorems in both the momentum and boost bases, and then

discuss their relation to asymptotic symmetries in the boost basis.

18



1.1.4.1 Momentum space soft theorems

In momentum space formulation of quantum field theory, scattering amplitudes of gauge
theory and gravity admit a universal factorization, where amplitudes with an additional
gauge boson factorize into lower-point amplitudes in the limit of soft momentum, i.e.,
when the momentum of that gauge boson approaches zero. These are known as energeti-

cally soft theorems [42, 79-83], illustrated in figure 1.3.

At tree level, soft factorization theorems in momentum space can be expressed as

S ({per 0} 1, wi}) “2° 281 ({pw0u) 16,0}) Sx ({per o))

+SO ({paa Ua}’ {Ehv Q}) SN ({paa Ua}) + O(q)

(1.1.37)

where Sy .1 is an (N + 1)-point amplitude with a soft gauge boson of momenta g* ~ wg"
and polarization €, where h denotes the helicity of soft the particle. Here p, denote
the momenta of the hard particles and o, collectively represent their remaining quantum
numbers and the coefficient S,, is the soft factor at O(w™). At tree level, they depend
only on the polarization of the soft particle and on the momenta and charges of the hard

particles; they are insensitive to the detailed interactions among the hard states.

The leading and subleading soft factors can be extracted using the following projection

operators:

lim w81 ({pa; 0a}s {€", wi}) = S1 ({pa; 0a}i {€", 4}) Sv ({pas0a})  (1.138)

and
L}}L%(l + Waw)SN—H ({pa; O-a}; {Eha Wcj}) - S0 ({p(l7 O-a}; {€h7 qA}) SN ({pau Ua}) .
(1.1.39)

We now present two explicit examples of soft theorems in momentum space: the soft gluon
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theorem and the soft graviton theorem at tree level.

We begin with the tree-level soft gluon theorems [84, 85]. A gluon scattering amplitude

Se. 1(p1,- -+ ,pn; @) with an additional soft gluon (¢ — 0) factorizes into lower-point

amplitudes S, (p1,- -, Pn) as,

n

n w . v
€D 1€,qu T,
Se e Dniq) = BTk pa HAVYkE pa Sn(p1,---  pn) + O(q).
+1(p1 Pniq) <kE:1Q'pk k ];:1 q- P (P Pn) (9)
(1.1.40)

where 7" is the total angular momentum of the &’th particle and T}’s are generators of

the non-abelian gauge group.

)= 0
. - Yhor T + (Zﬁzl e T”) : + 0)

Figure 1.3: Tree level soft factorization of scattering amplitude at leading and subleading
order with an additional soft gluon

Similarly tree level graviton scattering amplitude with an additional soft graviton (¢ — 0)

factorizes into lower point amplitudes as

1
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where ¢* = wg" is the momentum of the soft graviton and the leading [79], subleading[42,

86—88] and sub-subleading[42] soft graviton factors are given by

LI 2 .
g0 _ K 3 € \DPjpPiv f??gpﬂv, (1.1.42)
J

ik = € (DD DT

gy _ st N (1.1.43)
23 P-4
and
K - € 1/ jPMQUjJV
= _ZZ wAL/ e (1.1.44)
J=1

respectively. Where €/ (q) is the polarization tensor of the soft graviton and jj"” is the

total angular momentum of the j-th particle.

An infinite set of soft theorems for tree level soft photon, gluon and graviton amplitudes
was derived in [39]. At loop level, the soft theorems (1.1.37) get replaced by logarithmic
soft theorems [89]. We do not discuss these results in detail in this thesis. Instead, we
briefly comment on recent progress in the symmetry interpretation of logarithmic soft

theorems in Chapter 6.

1.1.4.2 Asymptotic symmetries

Symmetries are central to theoretical physics, and a complete classification of all the true
symmetries of the S-matrix remains an open question. By true symmetries, we refer to
those that act non-trivially on the Hilbert space of physical states. According to Noether’s
theorem, continuous global symmetries give rise to conserved currents and associated
charges. Consider, a continuous symmetries generated by a set of parameters {w, }. Fol-
lowing the Noether’s procedure, one can identify the conserved currents, j*(z) from the

variation of action A,

dA = — / d*z j10,wa(7) (1.1.45)
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and they are conserved classically, on shell:
8Mjg(:v)|0n_she“ = O (1146)
The conserved charges are obtained by the following integral

Qo = /jS(x)d3x. (1.1.47)

We are interested in the conserved charges associated with the gauge invariance !. In gauge
theories, these charges often reduce to boundary terms. For example, in Maxwell theory,
the gauge transformations

A, — A, + d,0(x) (1.1.48)

lead to conserved charges of the form:

Qa:/ a(z)E - dS (1.1.49)

oo

where S2 denotes the 2-sphere at infinity. So there are infinite number of conserved

charges corresponding to the functions a(z).

From 1.1.49, it can be seen that if a(x) has compact support in spacetime (i.e., vanishes at
infinity), the corresponding charge ()., vanishes. These transformations are called small
gauge transformations. In contrast, large gauge transformations are characterized by pa-

rameters that do not vanish at the boundary and therefore lead to non-zero charges.

Asymptotic symmetries are defined as the symmetries generated by the large gauge trans-

formations.

In quantum theory, the charges associated with small gauge transformations act trivially
on physical states:

Q= 0 = Q™ |Phys) = 0 (1.1.50)

I'see Shamik Banerjee’s talk on ‘Asymptotic Symmetries in Gauge theory and Gravity” at IISER Kolkata
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which expresses the redundancy of gauge invariance. Small gauge transformations do not
generate physical symmetries. On the other hand, charges associated with large gauge

transformations act non-trivially:

Qgrge 7& 0 = Ql;lrge ’PhyS) 7& 0. (1151)

and thus correspond to genuine symmetries of the quantum theory.

The quantum statement of charge conservation is captured by the Ward identity:

(f1QaS — SQui) = 0. (1.1.52)

This identity imposes an infinite set of constraints on the S-matrix, corresponding to each

choice of large gauge parameter o ().

1.1.4.3 Conformally soft factorization theorems and Ward identities of asymptotic

symmetries

In this section we discuss the soft factorization theorems for gluons and gravitons in boost
(Mellin) basis. In this basis, external massless particles are labeled not by energy, but by
their boost weight A and helicity o or equivalently by their SL(2, C) conformal weights
(h, h). In this framework, the usual momentum-space energetically soft theorems are re-
placed by conformally soft theorems [24, 32-38]. We begin by introducing soft operators
in the boost eigenbasis and then derive the corresponding soft theorems in this represen-

tation.

1.1.4.3.1 Conformally soft operators in boost eigenbasis: In 1.1.2, we defined ce-
lestial primary operator QX (z, z) for a massless particle as the Mellin transform of the

momentum space creation/annihilation operator a(+w, zZ) w.r.t the energy w of the parti-
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cle which is given by,

(’)X(z,é):/ dww™ta(w, 2, 2) (1.1.53)
0

To extract the soft behavior, consider the regulated Mellin integral

lim (A — k:)/ dww™ a(w, 2, Z) (1.1.54)
A—k 0

Assuming the insertion of a(w, z, Z) inside the scattering amplitude decay sufficiently

rapidly as w — oo, we can expand the operator around w = 0 in the region w < wi;,

a(w, z,2) Zw (z,2) (1.1.55)

The soft factorization theorem (1.1.37) implies that, when inserted into tree-level ampli-

tudes, the sum runs overn = —1,0,1,--- , 00

Substituting (1.1.55) into (1.1.54), we obtain

lim (A — k) / dww® ta(w, 2, 2)
A—k 0

=lim [ dw(A—k) > wATIH (2, 2)

A—k 0
n=-1 (1.1.56)
' o wAtn . -
= ilink nzfl(A k;)A n nH (2, %2)
= H"(2, %)

with kK = —n = 1,0, —1,—2,--- These are known as conformally soft limits [32-38]
of the primary operator in Celestial CFT. As it is seen from (1.1.56), the limit A — k
picks out the coefficient of w” in the expansion (1.1.55). The operators H*(z, z) are called

conformally soft operators, defined as

H*(2,2) = lim (A — K)Ok(z,2), k=1,0,—1,-2,--- (1.1.57)

These are equivalent to the soft operators in momentum basis. Inserting a conformally
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soft operator H*(z, z) inside the celestial amplitude will reproduce O(w") soft theorem
in Mellin basis. We now show explicitly that these limits are equivalent to the standard
momentum-space soft theorems [21]. Let us consider the following limit in the Mellin
transformation of an (N +1)-point momentum space amplitude Sy 1 (w, 2, 2, , 0 = 2; {w;, 2, Zi, 0; })
with a graviton operator parameterized by the momentum (w, z, Z) and helicity, o = 2,

iiinﬂ(A -1) /000 dw WA SN (W, 2,2,,0 = 2; {wi, zi, Zi, 0i})

= iiml(A — 1)/ dw O(w)w™ 2 wSny1 (w, 2,2, ,0 = 2; {w;, 2, Z, 03 })
- —00

= lim (A — 1)/ dw < ow) C) + 1 ow) + - ) wSNt1 (W, 2, Z,,0 = 2, {w;, 2, %, 0:})

A1 . A—1 A "2A+1
(1.1.58)
where we have used the distributional identity,
_ f(w) (w) 1§"(w)
A2 N _ - e 1.1.59
w2 0(w) A1 A +2A+1+ ( )

Since the integrand is supported on §(w), we can expand the amplitude Sy ;1 aroundw = 0

in (1.1.58) using (1.1.41),

A—1

:iigll(A—l)/oodw (i(f)l—élgu)+%i/(+w)1+”'>

lim (A — 1)/ dw WA SN (W, 2,2, 0 = 2; {w;, 2, Zi, 03 })
0

—00

1
Xw (;S_l +Sp +wSy + - ) Sy({wi, 2, Zi, 0:}) (1.1.60)

= S_lsN({Wi) Ziy Zi UZ})

= limwSy.1 (w, 2, 2,,0 = 2; {w;, i, Zi, 03 })
w—0

Hence, the limit A — 1 reproduces the leading soft graviton theorem in momentum space.
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Similarly, if we consider the limit A — 0 we obtain,

()

. A—1 _ . _

ilgl(]A/ dw w SN-i—l (w7za2770:27{wiazivzi70-i})
0

zlimA/mdw (5(“’) 5/<“>+15“(w)+...)

A0 A-1 A "2A+1

1
Xw (;S_l +So +wS; + - ) Sn({wi, ziy Ziy 07 }) (1.1.61)
= SoSn({wi, 2i, Zi, 0 })

= lir%(l +wd,) SN (w, 2,2, ,0 = 2;{w;, 2, Zi, 04 }) -
w—r

which is equivalent to the subleading soft graviton theorems in momentum space.

We therefore conclude that conformally soft limits in the Mellin basis are precisely equiv-
alent to the standard momentum-space soft theorems. In the following, we discuss the
tree-level soft theorems for gluons and gravitons in detail, together with the associated

asymptotic symmetries and their Ward identities.

1.1.4.3.2 Conformally soft gluon theorems: In celestial holography, the conformally

soft [32-38] positive helicity gluon operators [23, 24] are defined as

RM(z,2) = iig}c(A — k)O3 1 (2,2), k=1,0,—-1,-2,-3,-- (1.1.62)

where O | (z, ) denotes a positive helicity gluon conformal primary operator of confor-

mal dimension A on the celestial sphere at the point (z, Z) and a is the color index.

In this setup, soft theorems are recast as Ward identities of the asymptotic symmetries of

celestial amplitudes[21, 22].

The tree-level leading conformally soft gluon theorem for positive helicity gluons takes

the form:
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n n Ta .
<R1“ H (2,2 > — Z_’ka <H01 (z@,zl)> (1.1.63)
=1 k=1

=1

where the leading conformally soft positive helicity gluon operator is defined as,
RY(2) = lim (A — HOR ((2,2) (1.1.64)

A—1

and 7"“s are generators of the non-abelian gauge group, acting on the gluon primary oper-

ators as

TR0, (20, 2) = if* Oy 5 (23, %) i (1.1.65)
The modes R of the above current satisfy the following level zero Kac-Moody algebra

[RLe, RLY) = —if*™ R .. (1.1.66)

Similarly, a subleading conformally soft positive helicity gluon operator is defined as

RY(2,2) = lim AO% ,(z,%) (1.1.67)

and the subleading conformally soft gluon factorization theorem takes the following form

in the celestial basis

. . (1.1.68)
€k a p—1 a;
== Z—Zk(_2hk+ 1+(2_2k)ak)TkPk <Hohz hl(z’uzz)>
k=1 =1
where the operator P, ' acts on the gluon as,
P,;logzﬁi(zi, Z) = OZ;%ﬁii%(zi, %) Ori- (1.1.69)
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Now we expand R%*(z, Z) in powers of Z and define the two currents R)"(z) and R(i"i (2)
2 2

as

R%(z,%2) = Z Rn(2) _ ZR" (2) + RY*(2) (1.1.70)
’ - Zm—1/2 - —% % o
m=—73

Substituting this into (1.1.68), we obtain the Ward identities for these currents

z—2
k=1 k

—
3
o= O
IS}
—
N
~—
=
S
T8
=~
—~
N
s
R
~
~_
I
|
3

(—2hp+1—2,0,)TEP <HO (21, 21)
(1.1.71)

and

0,a - a; — o - €k A ra o—1 & a; _
<R_§(z) H Oy (2, zz-)> == OTP <H o (5, zi)> . (1.172)
We can further mode expand these currents as

0 R 0 Rgval
a _ Oé,§ ,a _ T g
Ry'(:)= )Y o RNGI= Y. ohp (1.1.73)

a€Z—1/2 BEZ—1/2

But the modes {RZ’QL, Rg’a_l} do not form a closed algebra.
3 T2

1.1.4.3.3 Conformally soft graviton theorems: In this section, we discuss tree level
soft graviton theorems and associated underlying symmetry structures in Mellin basis [21].
The tree level positive helicity leading soft graviton theorem [79] in Mellin basis takes the

following form

chh Rz 7)) (1174



where the positive helicity leading conformally soft graviton H'(z, z) is defined as

H'Y(z,2) = lim(A — 1)G}(z,2) (1.1.75)

A—1

and the operator H! (k) acts on a primary operator as

,—

N
[NIES

H

(K)on, 1, (25, %) = _6ik¢hi+%,ﬁi+%(zi> Z;) (1.1.76)

1
2

=

The z expansion of RHS of (1.1.74) leads us to define the following two currents

H'(z,2) = Hi(2) + zHi%(z). (1.1.77)

2

Substituting (1.1.77) into (1.1.74), we can write the Ward identities for currents H1 ()
2

and H!, (2)
2

) [T onn ozt == 3 (25 ) oy

1
2

BT Snops 222y (1.1.78)
=1

and

iy T onaem) = X (22 ) W Tonatm) 1079

R—— =1 \7 Tk i=1
We can further mode expand these currents as
1 m,i*
H,,(2) = > zm+ (1.1.80)
mEZ—%

The modes H; .1 generate supertranslations and commute among themselves
2
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1
(Hom Hia) = 05 myn = 5. (1.1.81)

a,m)

We will now discuss the subleading soft graviton theorem [42] and the associated current
algebra symmetries. The tree level subleading soft graviton theorem in Mellin basis takes

the following form

n

n s _ = 2 2}_11 _ n
(H(z,2) | [ bni (21, 7)) = (ZZ _szk) {_ E _ak] (T onis(z, 7)) (1.1.82)
i=1 =1

k=1

where the positive helicity conformally subleading soft graviton operator H°(z, z) is de-

fined as

H(z,%) = lim AGL (2, 2) (1.1.83)

From the RHS of (1.1.82) we can mode expand the soft graviton operator in Z and define

the following currents

1

0
Hzz2)= Y Hu(2) (1.1.84)

Zn—l

n=-—1

Substituting this into (1.1.82) and comparing the powers of zZ we can obtain the Ward

identities of the currents HY,(z) and H)(z)

— Li(k)

Z — Zk -

(HY(2) ] bnogs (2, 20)) = — JIEFAERY) (1.1.85)
=1 =1

k=1
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<H Oy (262 %)) (1.1.86)

=1 k=1 =1
and
n n E_, k n
(H () [] w20y = =D~ _1(22 (I bni (2 2) (1.1.87)
i=1 k=1 i=1

where the operators, L (k), Lo(k) and L_,(k) are given by

Li(k) = 220k + 2hy 2, (1.1.88)

Lo(k) = 2,0, + hy, (1.1.89)
_ )

Ly (k)= PN (1.1.90)

which generate the anti-holomorphic Lorentz transformations or sl(2, R)p transforma-

tions.

The currents defined in (1.1.84) admit the usual Laurent expansion in z variable

1y,
Hy(2)= >, -5 (1.1.91)

acZ—1

with m = 41,0, —1 The modes H&m generate the sAlg(R) current algebra and with the

following identifications

a a 1 a
Jp=—-Hy,, J§= 3 0o JU=—H)_, (1.1.92)

they satisfy the commutation relations

[J2,J5) = (m —n)Jet (1.1.93)

m’“n m-+n-
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where m,n =0,+1 and a,b € Z.

The complete symmetry algebra implied by leading and subleading soft graviton theorems
is given by the semidirect of (1.1.81) and (1.1.93), which is supertranslations x(;\lg(R).
The global modes of SAZQ(R) currents (1.1.92) generate antiholomorphic Lorentz transfor-
mations. It is important to note that, in Celestial CFT, supertranslations are generated only

by the currents H1(z) and H' , (2).
2 2

These symmetry algebras ((1.1.81) and (1.1.93)) have been used to compute the scattering
amplitudes in a more efficient way. For example, in [21, 22] it was shown that these
symmetries can completely determine the tree level MHV gluon and graviton scattering
amplitudes using the null states of these algebras. In the next section, we introduce the
celestial operator product expansion (OPE), which will be a key tool in finding these null
states. We discuss the role of null states in computing celestial amplitudes in Section
1.1.8. In celestial CFT, the symmetry algebras extracted from infinite tower of tree-level
soft factorization theorems have been shown to close into the wedge subalgebra of w1,

we discuss this in detail in Section 1.1.6.

1.1.5 Collinear factorization and celestial OPE

The operator product expansion (OPE) plays an important role in conformal field theory,
encapsulating the short-distance behavior of local operator insertions. It expresses the
product of two local operators, in the limit where their insertion points approach one an-
other, as a sum over local operators evaluated at a single point. In the celestial formulation
of scattering amplitudes, an important analogue of this structure arises through collinear
factorization. Specifically, the collinear limit—where two massless particles in the bulk
become parallel—maps onto the OPE limit on the celestial sphere, in which the insertion
points of two celestial primary operators approach one another. In this limit, celestial am-

plitudes factorize into lower point amplitudes. This correspondence allows one to extract
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celestial OPE between two hard primary operators on the celestial sphere directly from
the collinear limits of scattering amplitudes, as shown in [34, 47]. As such, collinear fac-
torization provides a powerful bridge between bulk kinematics and the operator algebra of

the celestial CFT.

For example, the four point gluon scattering amplitude factorizes in the following way
[22] when the 3rd and 4th gluon primary operators become collinear to each other i.e

when p3 - ps =0

a3aqx
z34 =0 f

A4(1LK1,77 2222,+7 3%37+7 4%4,7) B(A3 - 17 A4 + 1>A3(1211,*’ 2222,+ 23+A4*17*)

P3 - pa = 0 234
+ subleading in z34 + ...
(1.1.94)

From the above factorization, we extract the leading OPE structure between a positive and

a negative helicity gluon primary operators

as3a4T

OZ?’SHr(Z?” 23) %4,7(247 24) ~ = B(AS - 17 A4 + 1)OZ3+A4—1,7<Z47 24) (1195)

<34
The OPE structure at higher orders can be extracted similarly from the above expansion
(1.1.94).

The OPE between two graviton primaries can be obtained similarly. For example, the
leading OPE structure between two outgoing positive helicity graviton operators has the

following form
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Z
Gzl(zl, Zl)Gzz(ZZg, 22) o~ _Z_HB(AI - 17 AQ - 1)GX1+A2(ZQ, 22) + .- (1196)
12

Moreover, these OPEs are not merely kinematic consequences of collinear limits—they
can also be systematically derived from the underlying symmetry algebra of celestial CFT.
In particular, the infinite-dimensional current algebra symmetries associated with soft the-
orems impose strong constraints on the form of the OPEs [21-23, 47]. This dual per-
spective—deriving OPEs both from collinear factorization and from symmetry princi-
ples—highlights the rich algebraic structure of celestial amplitudes and their deep connec-
tion to the infrared behavior of quantum field theories. For more discussions on celestial

OPE please see [15, 16, 34, 47, 90-93].

1.1.6 Review of holographic symmetry algebras for gluons and gravi-

tons

In this section, we review soft symmetry algebras for tree level gluon and graviton scatter-
ing amplitudes generated by the infinite tower of conformally soft positive helicity gluons

and gravitons.

1.1.6.1 Gluons:

Let us start with the leading OPE between two positive helicity outgoing gluon conformal

primary operators

- rab

a — — [ C C —
OA’;F(Zl,Zl)OZj(ZQ,ZQ) ~ — B(Al — 1, AQ — 1)OA’J1F+A2_1(22,ZQ) (1197)

212
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where 215 = (21 — 23) and B(z,y) = % is the Euler beta function and O% ™ (2, 2) de-
notes a positive helicity outgoing gluon conformal primary operator of dimension A and
adjoint group index « at the point (z, Z) on the celestial sphere. This was computed from
the collinear singularity in [34] and using asymptotic symmetries in [33]. The OPE coeffi-
cient has poles at the conformal weights A = 1,0, —1, —2, —3, - - - With this observations,

we define infinite tower of conformally soft positive helicity gluons as

R (2, 2) :iin}c(A—k:)OZWz,Z), k=1,0,—1,.. (1.1.98)

The singular terms in the OPE between two positive helicity outgoing gluons operators

including the contributions from SL(2, R) descendants were derived in [23],

ab =n
a = z an MNC, =
OA’j_(Zl, Z1)ObA+(2’2, 22) ~ — f E B Al +n—1 AQ ) 1‘282 OA—;_AQ_I(ZQ,ZQ).
n=0 ’

(1.1.99)

The structure of the OPE (1.1.99) allows us to do the following truncated mode expansion

for conformally soft gluons R*?(z, Z) in Z variable

RM (2, %) Z (1.1.100)
g
The holomorphic currents 2%%(z) has usual Laurent expansion in 2
Rk,a
k,a o a,n
RE(z) = ) prvaEsy (1.1.101)
ac —%
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The OPE between two conformally soft positive helicity gluons is given by

ka(, s\plbi. = if™, Zl_k 2=k —=1—=n\Z 50 phti-te/. -
R® (Zl,Zl)R’ (22722) ~ — B 1 I Fa R ’ (22722) (11102)
12 - .
n=0

The modes of R*%(z, z) satisfy the holographic symmetry algebra [23]

n)

L om+ ) (5E+m +n)!
R R = i 2 B e e e
(1.1.103)

Now we define the positive helicity light transformed soft gluon operators as [24]

SLe = (qg—m—1l(qg+m—1)IR] 2 (1.1.104)

325

where p,q = 1,%,2, 5, -- with the following restriction on m

l—=p<m<p-1 (1.1.105)
The algebra of the light transformed positive helicity gluon operators is the the S algebra

[Sha SE0] = —ifeb SEre e (1.1.106)

a,m? cMa+B,m+n’
1.1.6.2 Gravitons:

Now we will briefly review the holographic symmetry algebra for gravitons. We denote a
positive helicity outgoing graviton conformal primary operator of dimension A at (z, )
on the celestial sphere by G (2, z). The singular terms in the celestial OPE between two

positive helicity outgoing gravitons are given by [23]

k1l & zotl

z _
GZI (zla Zl)ng(Z% 22) ~ _52_12 Z B(Al -1+ n, AQ - 1) 173 anGzri-Ag(ZQ? 22)
n=0 ’

(1.1.107)

36



The infinite tower of conformally soft positive helicity graviton operators is defined as

H* (2,2) = lim (A—k)GL(2,2), k=2,1,0,—1,--- (1.1.108)
—
with weights
_ k+2 k—2
(h,h) = (%T) (1.1.109)

and we defined the following truncated mode expansion

2—k
2

k
Hy(2)
H¥(z, %) = n 1.1.110
(2,2) Z v (1.1.110)
n="3
We further expand the holomorphic currents H*(z) in following Laurent expansion

Hy
Hi(z)= ) . (1.1.111)

aezf% o :

The OPE between conformally soft positive helicity gravitons (1.1.108) is given by

P (Z—k—l—n

—n+1
L )ZianH’f“(zz,zz) (1.1.112)

n!

The modes of the conformally soft positive helicity gravitons H*(z, z) satisfy the holo-

graphic symmetry algebra [23]

(S H,] = = 5 02 = k) —m(2 = 1)]

a,m?

2 'Hk+l
a+B,m+n
<% —m !(2_2k2 —m2>! (% +m)!<2771 +n>!

(1.1.113)

The light transformed positive helicity graviton operators are defined as
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1
wh = —(p— L —m)!(p — 1+ m)H " (1.1.114)
K
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where p,q = 1,%,2, 3, --- and the restriction on m becomes

l—-p<m<p-—1 (1.1.115)
In terms of light transformed generators w? , the algebra (1.1.113) becomes

(WP, wl] = [m(q—1) —n(p — D)]wh %> (1.1.116)

m-+n

which is the wedge subalgebra of w; ... The representation of these infinite dimensional
symmetry algebras admit the presence of a class of null states which contain the descen-
dants of L_;. Decoupling of these states from the physical Hilbert space gives rise to a
set of differential equations which are similar to Knizhnik-Zamolodchikov (KZ) type null
states. In Celestial CFT literature, these are known as Banerjee-Ghosh (BG) equations.
Before discussing the null states in Celestial CFT in section 1.1.8, we will first briefly

introduce the KZ-type null states in the next section.

1.1.7 2D conformal field theories with non-abelian Kac-Moody sym-

metries and Knizhnik-Zamolodchikov (KZ) equations

As discussed earlier, celestial CFTs possess not only global conformal symmetry but also
various infinite-dimensional current algebra symmetries. These additional symmetries
originate from the soft factorization of the four-dimensional scattering amplitude. To bet-
ter understand the structure and consequences of such current algebras, it is useful to
review a well-known two-dimensional quantum field theory in which these features are
realized explicitly: the Wess-Zumino-Witten (WZW) model. In particular, we will fo-

cus on its underlying Virasoro and non-abelian Kac-Moody symmetries and the resulting
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Knizhnik-Zamolodchikov (KZ) equations.

The WZW model can be viewed as a two-dimensional non-linear sigma model with an

additional Wess-Zumino term. Its action is given by

1
Ak(g) = W/Tr (0,97 0,9) d*¢ + kT(g) (1.1.117)

where the field g(¢) takes values in a semisimple Lie group G, and ¢* = (£, £?) are
coordinates on the two-dimensional spacetime. The parameters A\? and % are dimensionless

couplings.

The Wess-Zumino term I'(g) is defined by the following integral over three-dimensional
ball with coordinates Y#, the boundary of which is identified with the 2-dimensional space

parameterized by &,

1

I'(g) = Y /d?’Ye’“”’T?" (970,99 0,997 0,9) - (1.1.118)

While the classical theory is well defined for arbitrary £, quantum consistency requires the

path integral weight e ~*+(9) to be single-valued. This condition forces k to be an integer.

For k = 0, the theory reduces to the ordinary sigma model, which is classically conformal
but generally develops a nonvanishing beta function at the quantum level. In contrast, for

integer k£ > 0, the theory flows to an infrared fixed point at

4
A= (1.1.119)
k
At this fixed point, the action takes the form
1
Ai(g) =k (16—7T /TT (0,97 0ug) d*¢ + F(g)) (1.1.120)

which we will refer to as the Wess-Zumino-Witten model.
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At the conformal fixed point, the theory exhibits a rich symmetry structure. Introducing

complex coordinates
z =& +ig?

2251 _Zan

(1.1.121)

it is easy to see that the action (1.1.120) has G x GG symmetry with the following transfor-
mations,

9(2,2) = Qp(2)g(2, 2)Q' (2). (1.1.122)

These symmetries give rise to conserved holomorphic and anti-holomorphic currents,

1
J = J = —Ek:azgg_l,

1 (1.1.123)
J=J%" = —§k’g_102g
where 0, = % and t* are the generators of the Lie group satisfying
L, %] = fobere (1.1.124)

with £ being the structure constants of the Lie algebra. The conservation equations,

0:J =0, 0.J =0, (1.1.125)

imply that the currents are purely chiral,

Jo = Jz), Jo= J32). (1.1.126)

The action (1.1.120) are also invariant under infinite dimensional conformal transforma-
tions as the conformal anomaly vanishes at fixed point. The conformal symmetries are
generated by the holomorphic and anti-holomorphic components of the stress tensor, 7'(z)

and T(Z), respectively.
The operator product expansions (OPEs) in the holomorphic sector of a Wess-Zumino-
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Witten model are given by

2 1
T(2)T(w) = 20 j e + = w)QT(w) + EOT(w) + regular terms,
1 1
T(z)J%(w) = mﬁ(w) + m&]“(w) + regular terms, (1.1.127)
kéab abc
J(2)J(w) = / J(w) + regular terms,

(z—w)? z—w

with the asymptotic conditions on the currents 7'(z) and J*(z) are given by,

T(z) ~ ot JU(z)~—= as z — oo. (1.1.128)

For a primary field ¢;(z, z) of the theory with conformal weights (A;, AA;), the singular

terms in the OPE with currents are given by the following expressions,

T(2)¢i(w,w) = Gowp
(1.1.129)

Ja(z)¢l<w7 U_J) =

where ¢{ is the left representation of generators of the Lie group G for the field ¢;.

The OPEs (1.1.129) imply following standard Ward identities,

O O R e O _A;j)g et 9 L ST T CE)
<Ja(z)¢1(zl721) ¢N ZNaZN Z o ¢1 21721) CbN(ZN,?N))-

(1.1.130)

Using asymptotic conditions (1.1.128) in (1.1.130) one obtains the global Ward identities,
a 0
> (Z?Haz +(n+1)4,z ) ($1(21,21) -+ (2w, 2n)) = 0 (1.1.131)
J

Jj=1

for n = —1,0,1 which are the Ward identities corresponding to the global conformal

41



symmetries and
N

> tdi(z1,7) - on(zn, En)) =0 (1.1.132)

j=1

is the Ward identity corresponding to the global gauge symmetry.

The stress tensor 7'(z) and the left chiral current J%(z) admit the following Laurent ex-

pansion in z,

Ja (1.1.133)
nez
Primary fields of WZW models satisfy the following conditions,
anbl = qubl =0 for n Z 0
(1.1.134)

Loty = Ny, Jgr =t oy

The complete set of local fields {A;} in a WZW theory consists of primary fields ¢; and

their descendants of the form

Lo, LopyLogy - Loy Jo, o JOM JoL o 0 oy (1.1.135)

—mp Y —mi —mnp

with positive integers n, 1, m, m.

From the singular terms in the OPEs (1.1.127), one obtains the commutation relations

C 3

(Lo, Ly = (m —n) Ly + E(m — )8 mn 0 (1.1.136)
(L, 8] = —nJ2 ., (1.1.137)

1
[J2, T2 = forede ., + Eknaab5m+n,o. (1.1.138)

Equation (1.1.136) defines the Virasoro algebra, while (1.1.138) is the affine Kac-Moody

algebra. The full symmetry algebra is their semidirect product. The anti-holomorphic
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modes satisfy analogous relations.
A key assumption of Knizhnik and Zamolodchikov is that the spectrum contains a primary
field g(z, z) with weights A, = A, = A satisfying the quantum relations

k0,9(z, 2) =: J*(2)t"g(z, 2) -,
(1.1.139)

K0z9(2,2) = J"(2)g(z, 2)t"

where x is a numerical factor which will be determined later. The OPE J%(w)t%g(z, 2)

has the following general structure,

c 00
Ja ta 7) — g = o nfltat]a = 1.
(w)t*g(z,2) = —2—g(z,2) +n§_1(w )" (2, 2) (1.1.140)
with
194 = ¢, 1. (1.1.141)

The normal ordered OPE : J%(z)t%g(z, Z) : is defined as,

w—z w—z

. J(2)t%(z, 7) == lim (J“(w)— r )tag(z,z) (1.1.142)

Now using (1.1.139), we see that the O(1) term of (1.1.140) must coincide with k0, g, so

we can write
J(w)tg(z, z) = C—gg(z, Z) + k0,9(2,2) + O(w — z). (1.1.143)
w—z
Now comparing the O(1) term from (1.1.140) and (1.1.143), one obtains

E=(JYt"—KL1)g=0 (1.1.144)

where we have used L_1¢(z, zZ) = 0.¢(z, z). The relation (1.1.144) can also be obtained

by using the Sugawara form of the stree-tensor, discussed in [94].
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The existence of (1.1.144) implies the representation is degenerate and £ is a null vector.
The consistency then requires that the field & will satisfy the conditions of being primary
operator,

Lo§ = (A+1)¢, Jg&=1t%¢ (1.1.145)
L& =J% =0 for n>0. (1.1.146)

One can show that (1.1.146) is satisfied provided

cg + 20K =0,
(1.1.147)
cy + k+ 2k = O,
with
facd fbed — ¢, 59, (1.1.148)

From (1.1.147), one can find the dimension A of the field g and the parameter &,

Cg

cv +k (1.1.149)
1
K= —§(CV + k).

In general conformal field theory, correlation functions of degenerate fields satisfy linear
differential equations known as the BPZ equations, after Belavin, Polyakov, and Zamolod-
chikov [95]. Now let’s look for the correlation function of degenerate fields in WZW

theory and consider the following correlation function,

N a4a
Cq Lt

2=z “—z—z
b g /

ti(J"(2)g(21,21), - - g(2n, 2n)) = < ) (9(z1,21) - - - g(2n, 2N))
(1.1.150)
Using the OPE (1.1.143) in the 1.h.s. of (1.1.150), one obtains the following set of partial

differential equations,

0 o~ tite i .
s _ZZ_Z, (9(z1,21) - g(2n, 2N)) = 0 (1.1.151)
LA Y
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where s = 1,2, --- | N, together with analogous anti-holomorphic equations.

These are the Knizhnik-Zamolodchikov (KZ) equations, first derived by Knizhnik and
Zamolodchikov in [94]. In two-dimensional celestial CFT, analogous relations arise, known

as the Banerjee-Ghosh (BG) equations [22], which will be discussed in the next section.

1.1.8 Null states in Celestial CFT and null decoupling equations

In this section, we briefly review the role of null states in celestial conformal field theories
(CFTs) and their importance in constraining scattering amplitudes within the framework
of flat space holography. As discussed previously, celestial CFTs are enriched by various
infinite-dimensional current algebra symmetries. Null states arise as descendants of these
algebras that also satisfy the conditions of being primary operators. For instance, the
criteria for primaries under the S algebra are outlined in Appendix B.1, and hence null

states associated with this algebra must also satisfy those conditions.

1.1.8.1 Null states of the MHYV gluon sector

Here we discuss null states in the MHV-sector for gluons. These null states can be obtained
as follows [22, 25]. We start with the OPE between two outgoing positive helicity gluon

operators

OZ,+<Z72>OGI (Zla Z1) - _ZB(A - 17 A1 - 1)

aal1x
Ar+ ST L

faalz+ A—1
Z— 21 A+A1—2

A—1 Ap—1
1 <—5a15a1y 4 1—5ay5a1z> RE?{,O OZ+A1—1,+(21’ 21) + ...

A+ A —2 A+A;—2

(1.1.152)

After taking the conformally soft limit A — % in (1.1.152) and comparing O(z°z%) term
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from both sides, we obtain the following expression

(=D)¥F (A —-1)

k—1
k,a a 5\ —
R,(lgik)7(1;2k)0A1,+(21721) - ?'(1 _ ]f)' F(Al 4+ k— 2)

A+ k=2

faale—l

Ay +k—2 Ay +k—2

-1 Ay —1
+i (’“—&waaw o 5@@/5@11) R,

(1.1.153)

where £ = 1,0,—1,-2, ...

Now we use following expression of the null state found in [22] at O(1)

if* L 10X, 1 (21,21) — Rl_’il,loozl—lgr(zlv z) + R(i"ll/271/2(93117+(217 )
—+ (AI — 1)R17’i00211,1,+(217 Zl) = O

(1.1.154)

to replace L_;O% ;_ in (1.1.153).
Now setting k = —j and shifting A; to A; 4+ 7 we can get the following set of null states,

» (-1 T(A 1)
Js ai -

R%’%Omﬂﬁ(zl’ 21) (14+4) T'(A1—2)
(1)U +DTA+j—1)

_ RO,a
(1+5)! DA —1) Y212

R ,OR, (21, 21)

02117+<21, 21) =0

(1.1.155)

with j =1,2,3, -

These null null states imposes powerful constraints on celestial amplitudes. In particular,
Knizhnik—Zamolodchikov (KZ)-type null states, which involve descendants of the holo-
morphic translation generator L_1, play a central role. These null states are derived using

the OPE commutativity and consistency with the OPE between a soft and hard primary
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operators on the celestial sphere. In [22], the authors have found these null states of the

MHYV gluon sector.

For example, the null state at O(1) in the celestial MHV gluon sector obtained in [22], is

£9(A) = C4L_1O%" — (A + )R] (RyeOX™ R“l legoAH (1.1.156)

The existence of KZ-type null states leads to a set of differential equations for celestial

amplitudes, known as the Banerjee-Ghosh (BG) equations [21, 22, 25]

h 5 _ 5.)0
Ca 0 noqere g (-1 (G- 5)E) |
2 9z 3 TiP T H!
A OREA) D e > S— SHL, (1)
Jj=1 7=1
JF#i J#i
<H h Zkazk > = 0
k=1 MHV

(1.1.157)

where ¢ runs over positive helicity gluons only and 7™ is the Lie algebra generator in

adjoint representation and C'4 is the quadratic Casimir. And actions of the operators Pj’1

and H', (i) on gluon primary operator are given by,
20 2
O (ks 2) = Oy g1 (20, 2) 0 (1.1.158)
and
Hiéﬁé(z)(’)f:fﬁi(zi, z) = —aOp 150 (5 7). (1.1.159)

These null decoupling equations (1.1.157) have been successfully solved in a number of
cases to determine celestial amplitudes [21, 22, 49, 50]. In the next section, we will briefly

discuss the MHV null states for gravitons.
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1.1.8.2 Null states of the MHYV graviton sector

The null states of the MHV graviton sector have been discussed in detail in [21, 96]. For

example, the null states at O(z{,2%,) in the MHV graviton sector are given by

)

s 1 |G 1.1.1
K T(A-2) _M]GA_l (1.1.160)

ol

o(8) = | By (—H

B k1 (=DPT(A+k —2)
_ k gl 1 1
UulB) = H’@ﬁ’;( H—%,—%) K T(A-2) H—W( H—%—%>
(—1)’“F(A+k—2) 1
H', |Gt
k! NA—-3) ~—272 Gas
(1.1.161)

These null states have been very useful to explore different sectors of w; ., invariant the-

ories on the celestial sphere [26, 48].

The MHYV graviton sector also admit the presence of Knizhnik—Zamolodchikov (KZ)-type
null states. These null states are obtained from the graviton-graviton OPE and using the

following consistency condition

GZI (2’1, EI)GXQ (ZQ, 22) = GZ2 (2’2, ZQ)GZI (21, 21). (11162)

Now, using the expression of OPE and taking different soft limits one can find the KZ-type
null states that appear at a particular order. In [21], the authors have found KZ-type null

states in the MHV graviton sector.
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The KZ-type null state at O(z°z') obtained from plus-plus OPE is given by

L GL+H)_H"

GA_,+H ,GE+ (A - 1)H£%’7%GX_1 =0.| (1.1.163)

31
22

Inserting these null states inside the correlation function lead to a set of differential equa-

tions for the celestial MHV amplitudes [21].

However, this analysis led to an apparent conceptual puzzle: in the Wess—Zumino—Witten
(WZW) model, an n-point correlation function is subject to n KZ equations. In contrast,
in the celestial MHV sector, only (n — 2) such BG equations were identified. The two
missing constraints could not be recovered solely from the current algebras associated

with the leading and subleading soft gluon (graviton) theorems.

Subsequent work [23, 24] extended the known celestial symmetries: for instance, the sym-
metry algebra generated by conformally soft positive helicity gluons was enhanced to the
S algebra (1.1.103),(1.1.104), while that for positive helicity gravitons was extended to the
infinite-dimensional w, ., algebra (1.1.113),(1.1.116). Despite this progress, the missing
differential constraints remained unresolved. A resolution to this puzzle is presented in

Chapter 5.

While celestial holography has produced numerous interesting results about scattering am-
plitudes in asymptotically flat spacetimes, the field still remains in its early stages. A fun-

damental challenge that persists is the intrinsic construction of the Celestial CFT.
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Chapter 2

MHY Gluon Scattering in the Massive
Scalar Background and Celestial OPE

This chapter is based on [50].

2.1 Introduction

As shown in [13], the Mellin transform of tree level three and four point gluon scattering
amplitudes are distributional in nature due to the momentum conserving delta function and
the conformal invariance of the tree level Yang-Mills theory. The momentum conservation
constraint can be removed by supplying background momentum to the YM theory which
breaks translational invariance explicitly [49]. In [49], this was achieved by coupling the
YM theory to background massless dilaton field. But this does not break the conformal
invariance of the YM theory. Translation invariance breaking solution was also considered

in [97].

A somewhat different set up was considered in [98]. They chirally coupled the Yang-Mills

theory to a massive dilaton background. As a result the space-time translation as well
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as the scale invariance of the tree-level Yang-Mills theory was explicitly broken but the
(Lorentz) 2D conformal invariance was preserved. The interesting fact about this coupled
theory is that, when written in the celestial basis, the 3-point amplitudes take the usual 2D
CFT form. It was shown [98] that the leading soft gluon theorem and the leading OPE
structure remain unchanged for this chirally coupled theory. In this chapter we show that
the subleading soft gluon theorem and subleading OPE structures also remain unchanged,
giving rise to the same null state relation as obtained in [22]. We expect this to be true
as the leading and subleading soft gluon theorems don’t require space-time translation or

scale invariance.

This chapter is organized as follows. In section 2.3, following [98] we briefly review the
Yang-Mills amplitude chirally coupled to a massive dilaton background and Mellin trans-
form it to get the celestial amplitude. OPE factorization of the 4-point celestial amplitude
is given in section 2.4. In section 2.5 we show that the subleading soft gluon theorem re-
mains the same for this coupled theory. By demanding the consistency of the OPE at order
1 with the soft theorem we get the same null state relation under the soft current algebra
as obtained in [22]. We also show that the 3-point amplitude satisfies the BG equation in

section A.2. Finally we end with discussion and future directions in section 2.6.

2.2 Notations and conventions

We will work in (-,+,-,+) signature in four spacetime dimensions. This is also called Klein
space. The geometry of this space has been discussed in great detail in [99]. The scat-
tering amplitudes, written in the boost eigenstates, behave as a correlation functions in a
Lorentzian CFT on the celestial torus [99, 100]. We review some of the elementary equa-

tions of the celestial amplitude for this chapter to be self-contained.
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In Klein space the null momentum (p;) of i-th hard massless particle is parametrized as:

pi = €iwiq(2, %) (2.2.1)

where w; is a real positive number, ¢; = +1(—1) corresponds to an outgoing (incoming)
particle and

z;, Z; are two real independent variables. The map from a creation/annihilation operator

of a massless particle in the bulk to an operator on a celestial torus is given by the Mellin

transformation
G52, 2) = / dww™ A ew, 0,2, %) (2.2.3)
’ 0
where A%(ew, 0, z, Z) is an annihilation (e = 41)/creation (¢ = —1) operator in the adjoint

representation of an SU(N) gauge theory, o is the helicity of the corresponding massless

particle and

p=Bf-c (2.2.4)

h =
2

A+o
2

The momentum space amplitudes for n number of external massless states written in the

celestial conformal primary basis (2.2.3) then takes the form of a 2D conformal correlator

Mn({ai7€i7zi72i7hi7l_li}) - < ¢Zﬂ7§zj(zj7zj)>

For an on-shell massive scalar particle, the conformal primary wavefunction is obtained
through the bulk-to-boundary propagator [11, 12]. For concreteness we take the outgoing
particle with unit mass. In (2,2) signature Klein space, the momentum Q* of a massive

scalar of unit mass satisfying the on-shell condition Q> = —1 can be parameterized using
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the coordinates of AdS3/Z as !

1
Q“:@{l—i—yQ—l—zZ,z—f—Z, (z—2),1—y* — 22} (2.2.7)

The mapping of a massive scalar particle to a conformal primary wavefunction is given

through the bulk-to-boundary propagator
€ = - dy = = —\ ,ieQ*-X
O4 (X, 2,2) = — [ d2dzGa(y, 2, z;w,w) e # (2.2.8)
o Y

where the bulk-to-boundary propagator is given by

A
Ga(y,z,zZ,w,w) = ( i _)) (2.2.9)

2.3 Celestial MHYV amplitudes in the massive scalar back-

ground

An n-point MHV gluon amplitude in a massive complex scalar background was computed
in [98]. The theory considered there was a Yang-Mills theory chirally coupled to a massive
complex scalar. The massive scalar was coupled to the anti-self dual curvature tensor. An
(n 4 1)-point scalar-gluon (one scalar and n gluons) single trace, color-ordered tree-level

amplitude in this set up is given by

€1 €2 €3 €n\ __ <12>4 4 -
Ane1(9,12,22,87, - n) = e v ;piw (2.3.1)

!'The metric on the AdS3/Z is given by

dy? + dzdz
dst, = —p (2.2.6)
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The above amplitude is exactly the same as n-point MHV amplitude except that the scalar
momentum now appears in the momentum conserving delta function. The scalar field can
be treated as a background and the amplitude (2.3.1) is coupled to this background by

integrating over the scalar phase space [98]
AP(19,22,3%, - ng) = /c@g(@)ARHw, 19,2239 ... n7)  (23.2)

where ¢(Q) is the Fourier coefficient of the scalar field ¢(X) and d3Q) is the invariant
measure. This amplitude is called the n-point MHV amplitude in the massive scalar back-
ground and hence is denoted by A® (177 222 3935 ... i) We are interested in
the OPE factorization of this amplitude on the celestial torus. Hence we Mellin trans-
form the amplitude (2.3.2) and get n-point correlators on the celestial torus. To simplify
calculations we will work with the 5-point scalar gluon amplitude, i.e., the 4-point MHV

amplitude in the massive scalar background.

2.4 OPE factorization from the 4-point celestial ampli-

tude

In this section we factorize the 4-point amplitude into 3-point amplitude and determine
the leading and subleading terms in the OPE between two positive helicity outgoing (e3 =
€4 = +1) gluons. We show that the OPE remains the same as the MHV case [22] . Let us

start with the full 5-point scalar-gluon amplitude, given by

A (, 1901, 2022 398 ganeay — L A [19223%94%] ¢r(T T T%T%) 4 perm (234) }
4
x 54 (Z pi + Q) (2.4.1)
=1
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where A4[i§ j 5 kr 1<) are color ordered partial MHV amplitudes given by

05 Vo "op

€5 €5 1.€6TEL] <Zk>4
AT R = TR ) @) (242

After substituting the explicit form of the color ordered amplitude (2.4.2) in (2.4.1) and

using [T%, T°| = i fabeTe, tr(TT?) = 6 we get

ai,e az,€ as,€e a4,€
A5<¢’1_1 172_2 2’3+3 3,4+4 4)

— <12> ( a1a2T frazas 214223 ai1asx xa2a4> 5(4) - )
23) (34) (1) feets — [t ;pz +Q

213724

Substituting this expression in (2.3.2) for the n = 4 and Mellin integrating over the energies
we finally get the 4-point celestial MHV amplitude in the massive scalar background, given
by [98]

AP a1 €1 a2,€2 as,e3 a4,€4
M ( 52 2—73A3+’4A4+>

N4 Z§2

B (27T)4 293234741

(Ay + 1)D(Ag — DI(Ay — 1) /d3 (—a(z1,21) - 2) 2 (—q(z0, 20) - )2

<fa1a2xfm3a4 B 212234fa1agmfxaza4> F(Al + 1)

213724

X (—q(2s, 23) - )72 (—q(24, Z) ':i“)A“l/ dr " Pgp(T) (2 — 1)
0

where 35 = Z;l LA =1, N, = H L (—ie;)2i77%. To clarify the notations let us note

—

that a bulk point X* is parameterized as 72 with 2 = —1. d3% is a measure on the

22 = —1 slice 2. One can also compute the 3-point function in the same way and it is

2For more details please see [98].
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given by

MG (1R, 202 4581) = 12 pereaen) DA + 1)D(Ay + 1T(Ay — 1)
X / Bi(—q(z1, 71) - )2 (=gl ) - )2 N (—qlzg, 2) - &) "2

X / dr T_l_B?’gbB(T) (627”&3 — 1>
0

(2.4.3)
where
. 4 N 4
By= > (8j=1), Ny= [ (—ie)®™ (2.4.4)
J=13#3 j=1,j#3

We now take the OPE limit z3 — 24, Z3 — Z4 in (2.4.3). To do that let us first note that in

the OPE limit we have

(—q(zs, 23) - &)~
o Az —1 o _ _
= (—q(z4, 54) . :L’) Astl 1 + m((z — 2’4)234 + (Z — 24)234 + 234234):| + .-
— <4

(2.4.5)

This will be useful in the next two subsections to extract the OPE from (2.4.3).

2.4.1 Leading order

The leading order OPE between two positive helicity gluons was computed in [98] and
it was shown that the leading term doesn’t get any correction in the massive scalar back-
ground. Here for the sake of completeness we reproduce their results and then we move to

the subleading terms in the next subsection. The leading order term of (2.4.3) in the OPE

57



expansion is

AAD (1a1,€1 oa2,62 a3,€3 4a4,€q
M4 <1A1,—’2A2,—’3A3,+’4A4,+)

3
_ Ny 2 ifﬂla2xfma3a4F(A1 + DAy + DA — DA, — 1)

(27T)4 224741 234

X /%(_Q(Zla 7)) - &) TN (—q(2e, Za) - ) T2 (—q(2a, 24) - @) 7RI T2

X / dr 777 P g (7) (62““34 — 1)
0

Replacing Ay — Az + A4 — 1 in the 3-point amplitude (2.4.3), we get

AAD (1a1,e1 oaz,e2  qa4.€4
M3 (1A1,*’ 2A27*’ 4A3+A4*1,+)

3
_ Ny 223, (i f929) DAy + 1)T(Ay + 1)

X / dr 7' Pigp(T) (627”/34 — 1)
0

(2.4.6)
Hence at leading order we can write
VT a,e as,e as,e a4,e€ 1 . PTA3Aq A A a,e as,e€ T,€
Mf (1A117,1—’ 2A22,i7 3A33,j—’ 4A44,i) = _2234B(A3 - 17 A4 - 1>Zf : 4M§) (1A11 17 2A22 2’4A3:A4—1)
= <(’)le’fi (21, 21)ONS2 (22, 22) OR S (23, Z3) ON S (24, Z1))
1 - frasa. ai,€e = a9 ,€ = a4.,€. —
= —gB(A:a — 1, Ay — 1)ifros <OA11’7i(Z1, zl)Oﬁg’,i(z% ZQ)Oﬁng4_17+(Z47 Z4)>
34
At the level of OPE the above equation reads
a = a = 1 © £A3A4T x =
Oigﬁ(zs, 23)0&’;1(24, Z4) ~ —Z—B(AE} — 1Ay —1)if* OA’:JiA4—1,+(Z47 Zy)
34
(2.4.7)
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2.4.2 Subleading terms: O(1)

In this section we show that the subleading (O(1)) term in the OPE expansion remains
same as the MHV case. As we know from the study of MHV gluon amplitudes [22],
the descendants of the leading soft gluon symmetry algebra appears at O(1) in the OPE
expansion. Here we only write down the action of the relevant operators on the celestial
gluon amplitude. The leading conformally soft gluon operator [23, 24, 32—-36] for positive
helicity is defined as

Ry“(2) = lim (A — 1)04 (2, ) (2.4.8)

A—1

where O} +(#, ) is a positive helicity primary gluon operator with scaling dimension A.
The soft current Ry*(z) is a Kac-Moody current [19, 101-106]. The modes of the current
R(l]’a(z) are denoted by R;;g . For our purpose we only mention the correlation function of
the descendants Ri’;O O4 (2, %), p > 1 with a collection of gluon primaries. These are

given by? [22]

<Rl’§,o O% o(2,2) H OR. 0. (2, 5z’)> =R (2) <ObA,a<Z7 Z) H OR, 0. (%i 2¢)>

i=1 =1

(2.4.9)

where the operator R&Z’O(z) is defined as

. ) n N ) n Ta ) n N )
RS 0(2) <ObA,o(Zv z) H OR, 0. (2i Zz')> = ﬁ <ObA,U(Z> Z) H OR. 0. (%i Zi)>

k=1 ( =1

(2.4.10)

3Here we are using the notation of [24].
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Let us now consider the O(1) term in the OPE expansion of (2.4.3), given by

MG (IR 28,2 3%, 4% oy
-M4 Z§2
2 DA+ DD(Ag + DD(A; — DI(A; — 1)

(27'(')4 2924241

/N |:fa1agmfaca3a4 fagag:rfma4a1
X

43 + + (A5 —1) (2 = 2)

_NT TR fa1G2T fra3aq o — LA —Al—l
214 Zo4 y2—|—|z—z4|2f f ( Q(21;Z1) I)

X (—q(z2, 22) - 55)7&71 (—q(24, Z4) - @)AS’AHQ/ dr 7'717B4¢B(7') (62m54 - 1)
0

With the help of the operator (2.4.10), RHS of the above equation can be written as

(A3 —1)
(Asz+ Ay —2)

— 1
TS (12570 2507 30 4508) oy = B8~ LA = 1) |-

2,—7 Y A3,+ A4,+) ‘O(l) = 9 ifxa3a4£_1(4)

'Vl ai,e az,e z,€ <A4 _ 1) 1,a A a,e as,e a4,€e
XM;}D (1A11 17 2A22 27 4A34:—A4—1) —I— (AS + A4 _ 2) R—I?O(ZJ:)M-;{)) <1A11 17 2A22 274K3ﬁA4—1)
(A3 — 1) 1,a A A ai,e as,e as,e
(A?, + A4 - 2)R_1?0<4>M§> (1A11 1’2A22 27 4A33+4A471)

(2.4.11)
where the argument (4) in the operators £_1, Rl_"iO implies that these modes are acting on

the last particle of the 3-point amplitude. At the level of the OPE we have *

(A3 —1)
(A + Ay —2)

A Z N Z 1 - LTA3a
ORiiv (23, 2) O (20 21) o) ~ 5 B(As = 1, A0 = 1) {— ifreser

)}0(1)

(A4 — 1) asy $a4x (A3 — 1) a4y Sa3T Ly z,+1 >
+ ((A3+A4_2)5 5947 4 (A3+A4_2)5 6" ) RAY 0| O ia 1.4 (24, Z1)

(2.4.12)

One can recognize that this is the O(1) term in the OPE obtained by [22, 107] in the MHV
case. Thus we can see that O(1) OPE also doesn’t change in the presence of the massive

scalar background.

4We would like to emphasize that (3.4.2) does not hold beyond MHYV sector. In the N* M HV sector the
soft symmetry algebra changes because of the existence of the negative helicity soft gluons and as a result
the O(2°2°) term in the OPE has to change. This is also the case for pure YM theory and has nothing to do
with the existence of the massive scalar background.
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2.5 Subleading soft gluon theorem in massive scalar back-

ground

In this section we show that the subleading conformal soft gluon theorem remains same
in a massive scalar background. More precisely, we show that the subleading conformal
soft limit, Ay — 0, of (2.4.3) is equivalent to the action of the subleading soft operator

[32-36] of the 4-th particle, on the 3-pt correlation function (2.4.3).

Hence we start with the 4-point amplitude (2.4.3) and take the conformal soft limit A, — 0

to get

. AP (101,61 oa2,.€2 az,e3  ,4a4,€4
Alir—r}o AaM, (1A17*’ 2A2,f’ 3A3,+7 4A4,+)

3
N3 212 (fa1a2$f$a3a4 . ?12%34 famngxagm;)

(27)* 293234241 213224

x T(A; + DIT(As + DIT(A; — 1) /%(—q(zl, Z1) - &) TN (—q(ze, 7)) - 2) A

= —i
x (—q(z3,25) - &) (—q(2a, 2) - 7) / T drrBagu(r) (8 - 1)
0

The above result can be written as

3
—~ c c c: N; =z

: D rqa1,e az,€e as,e a4,€ 1 2 3 . 3 12
lim Ay MG (13,2087 330 4301) = (— +—+ —) g ——
Ay—0 214 294 234 (27’[‘) 293231

x T(A; + D)I(Ay + DI(A3 — 1) /E??%(—q(zl, z1) - 2) M (—q(ze, 2) - &)

X (—q(zg, 23) .j)—A3+1(_q(z4, 54) . j)/o dr 7—63(;53(7_) (62772‘63 _ 1)

(2.5.1)

Where ¢; = fo020 fHsns ¢y — forres fouest and ¢y = foroas fosase,

We shall now show that the above expression for the conformal soft limit of the celestial
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correlation function is the same as the action of the subleading soft operator on the 3-pt

correlation function. The subleading soft gluon theorem in Mellin space is given by [47],

3

<R0“4 24, Za HO“’“ zz,zl> Z e—k (=2hy + 14 24.0,) TPy <HO“’ zz,zz)>

=1 Ak
(2.5.2)
where R%%(z, z) is the subleading conformally soft gluon operator defined by
RY(z,2) = EE) AOQ 4 (2,2) (2.5.3)

T% is the lie algebra generator in the adjoint representation of the gauge group and P, Lis

a dimension lowering operator acting on the k-th primary field. The action of both is

T OX G (ziy i) = if " ON° (24, Zi) Ok 73,;1(’)2’;;(2“ zi) = OX%) 5. (20, Z) O
(2.5.4)

By repeated use of the following equation,

(—qi- @) = Ak (2.5.5)

and the explicit expression for 3-point function given in (2.4.3) on the RHS of (2.5.2), one

can show that (appendix A.1)

3 3 5

€k A > 9 agp—1 a;,€; - C1 Co C3 . NS 2212
— —(=2hy + 1 + 243,0;) TP O’_’;_ Zi, Zi :(—+—+—)Z g 2
kz:; z4k( wd) TP E Kool ) g Zoa zaa) (2m)* zaszm

F(A1+1)F(A2+1)F(A3—1)/d3 (—q(z1,21) - )27 (=q(20, ) - ) 722!

X (—q(zs, 23) - )72 (—qlz4, 24) - 2) /ZOO dr 7P ¢p(r) (2P — 1)
0

(2.5.6)
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Comparing (2.5.1), (2.5.2) and (2.5.6) we get

3

: A P [101,€1 oa2,€2 a3,€3 4a4,€4\ 0,a4 = Qi,€; Lz,
Alilllo A4M4 (1A1,—’ 2A27—’ 3A37+’ 4A47+) = (24’ 24) H O&ia;i (Z“ Z’)
=1

3
€ - - o _
> (=2hy + 1+ 2y 0) TP ([ OX (202)

3
z
p—1 ~4k i=1

(2.5.7)

N | —

Thus we see that subleading soft gluon theorem for a positive helicity soft gluon does not
change if we couple the Yang-Mills with the massive complex scalar in a chiral way men-

tioned in section 2.3.

2.5.1 BG equations in massive scalar background

A set of differential equations for the gluon MHV amplitudes were obtained in [22] by
demanding the consistency between the subleading soft gluon theorem and OPE factor-
ization at O(1) °. Here we have shown that, even in the case of MHV amplitudes in a
massive scalar background the subleading soft gluon theorem and the OPE factorization
at O(1) do not change. Hence we conclude that the celestial MHV amplitudes coupled to
a massive scalar background also satisfy BG equations. This is not surprising because the
existence of the null state, which gives rise to the differential equations, is guaranteed by
the leading and the subleading soft gluon theorems and S L(2, C') invariance. The presence
of a massive dilaton background breaks the scaling as well as translational invariance but

the soft gluon theorems remain unchanged. So the BG equations should also not change.

3 Although these equations look very similar to the KZ equation which appears in WZW models, they are
qualitatively different. In particular, they cannot be derived by any Sugawara construction on the celestial
sphere. One way to see this is the following. Sugawara construction leads to the quantization of dimensions
of primary operators which we know is not the case in celestial holography.
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2.6 Discussions

In this chapter we extracted the OPE between two positive helicity outgoing gluons from
the Mellin amplitude of the Yang-Mills theory chirally coupled to massive scalar back-
ground. The leading order term was already computed in [98]. Here we have computed
a subleading term. One of our motivation behind this work was to check if the scattering
amplitudes in this theory is also a solution of the BG equations. We have shown in this
chapter that this is indeed the case®. Though the scaling and translation symmetry were
explicitly broken for the theory we considered, the leading and subleading soft theorems
remain unchanged. The OPE factorization at O(1) is completely determined in terms of
the descendants of the SL(2,C') and the leading soft symmetry algebra in the same way
as the MHV amplitudes. On the other hand we have also shown that the subleading soft
gluon theorem does not change in the massive background. Thus by comparing the O(1)
OPE with the subleading soft gluon theorem we get the same BG equations as the MHV
amplitudes. More generally, we can say that the scattering amplitudes of all the theories
which respect the symmetries coming from the leading and subleading soft gluon theorems

should satisfy the BG equations.

However, if one considers the graviton scattering amplitude and breaks some of the sym-
metries considered here, the situation will change completely. This is because of the fact
that the leading soft graviton theorem is a consequence of supertranslation invariance. So
if in a gravitational theory the translation symmetry is broken, the leading soft graviton
theorem would no longer holds. Then one can ask the question that what happens to the

decoupling equations obtained for the MHV graviton scattering amplitudes in [21].

It would also be interesting to check how the analysis of our work would change in the

®This seems to raise a puzzle because we are saying that the MHV amplitudes in pure YM and the YM
coupled to massive dilaton both satisfy the BG equation. The resolution of this is the following: The MHV
amplitudes in pure YM are not only the solutions of BG equations but they also have to satisfy the Ward
identities coming from the space time translation invariance and the scale invariance of the YM theory. But
when coupled to the massive dilaton background both these Ward identities are no longer valid and so we
get a different kind of MHV amplitude by solving the BG equation.
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context of deformed soft algebras for gauge theories recently considered in [108]. We

hope to answer some of these questions in the near future.
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Chapter 3

All OPEs Invariant under the Infinite
Symmetry Algebra for Gluons on the

Celestial Sphere

This chapter is based on the work [25].

3.1 Introduction

Celestial amplitudes are the primary observables in celestial conformal field theory (CCFT).
For massless particles, these amplitudes are obtained by performing Mellin transforms of
momentum-space scattering amplitudes, as discussed in Section 1.1.2. Celestial CFTs dif-
fer significantly from conventional two-dimensional CFTs, most notably in their symmetry
structure. In particular, CCFTs exhibit an extended set of infinite-dimensional current al-
gebra symmetries, which have no direct analog in standard 2D CFTs. These enhanced
asymptotic symmetries [19, 21-24, 40, 43, 45, 7678, 90, 96, 97, 108—123] are intimately

connected to soft factorization theorems in gauge theories and gravity.
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Some of these novel features of CCFT were introduced in Chapter 1. In Section 1.1.6.1,
we explored the so-called S algebra—an infinite-dimensional soft symmetry algebra gen-
erated by conformally soft positive-helicity gluon operators. Additionally, Section 1.1.5
includes a brief discussion on how celestial operator product expansions (OPEs) can be
derived from collinear factorization and asymptotic symmetry considerations. Operator
Product Expansion (OPE) in CCFT correspond to the collinear limit in the bulk and it
plays a very important role in the study of the dual theory [21, 23, 26, 34, 47-50, 92,
96, 100, 107, 115, 117, 124-130]. In a previous work [48], the authors have studied the
W14 Invariant OPEs in theories of gravity. They showed that there are an infinite number
of theories on the celestial sphere which are w4, invariant. By deriving the OPE from
graviton scattering amplitudes they have also shown explicitly in [26] that the self dual

gravity is one example of this infinite family.

In this chapter we perform a similar analysis for gluons. In the case of gluons the infinite
symmetry algebra is know as the S algebra [23, 24]. We write down all possible S in-
variant OPE structures between two positive helicity outgoing gluons. We find that there
is a (discrete) infinite number of such structures and presumably, each one of them corre-
sponds to a S invariant theory of gluons in the bulk. However, a more explicit Lagrangian

description of these theories are not known to us.

There is an important difference between the analyses of w; ., and S-invariant theories,
which we want to point out. S algebra does not contain the Poincare generators. Therefore
the consistent OPEs need not be Poincare invariant. However in this chapter we make sure
that all the OPEs are (conformal) Lorentz invariant and this plays an important role. This

is along the line of [49, 50, 98, 127].

We reviewed the soft gluon symmetry algebra known as the S algebra briefly in section
1.1.6.1. In section 3.2, the general structure of the OPE between two positive helicity
outgoing gluons on the celestial sphere has been discussed. We have argued, how the null

states of the MHV-sector can be used to write down the general OPE. In section 3.3, we
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have written down the null states that appear at O(2°z°) of the gluon-gluon OPE in the
MHV-sector. These are not the complete set of null states that the MHV sector has at
O(2°2°). There are more of them. We talk about them later in section 3.7, where we have
discussed the Knizhnik-Zamolodchikov (KZ)-type null states. Section 3.4 explicitly shows
how to organise the OPE at every order. For simplicity we focus on the O(z°z") terms in
the OPE. We have also discussed the transformation properties of MHV-null states under
the S algebra in this section, which are required to organise the OPE. Section 3.5 shows
the invariance of the O(2°z") OPE under S algebra. In section 3.6, we have argued, how
an infinite number theories can exist on the celestial sphere. We conclude the chapter with

the discussion of the results found in this chapter and some future directions in section 3.9.

3.2 General structure of the OPE between two positive

helicity outgoing gluons

We can write the general structure of the OPE between two positive helicity gluons invari-

ant under the S algebra as

abec
a . _,_ i N
O&j(zl,21>02;r(22722) f ZB Al —1 —|—TL AQ ) 128 OA1+A2 1(22,22)
n=0
+ Z 2122122 AhAz Okpq<A17A27Z27ZQ)

p,q=0

(3.2.1)
where in the second line we have now added the S algebra descendants of a positive helicity
gluon. The sum over & could be finite or infinite depending on the theory. Our goal is to
determine the descendants O,‘jf’p’q and the OPE coeflicients é}iq in a general S-invariant

theory.

In the gravity case [48], it was found that any w-invariant OPE can be written in terms

of the MHV OPE and the MHV null states. We have also checked by detailed calculation
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that this structure holds in the self-dual gravity theory [26] which is w invariant. The same
reasoning also goes through for the S algebra and gluons. We summarize the argument

below.

Since the S algebra is universal, i.e the same ! algebra holds in any S invariant theory, it
is reasonable to assume that there is a Master OPE which holds in all S invariant theories.
Let us now consider the gluon-gluon OPE in the (tree-level) MHV sector of the pure YM
theory. Since the MHV sector is S invariant the Master OPE, when inserted in a MHV
gluon scattering amplitude, should reproduce the known MHYV sector OPE. Therefore one
can write

Master OPE = MHV-sector OPE + R (3.2.2)

where R should vanish inside an MHV scattering amplitude. This is possible only if R
is a linear combination of MHV null states. Now since the MHV-sector OPE already
contains the universal singular terms (1.1.99) of the gluon-gluon OPE, R consists only of

non-singular terms. So we can write,

: b, - b, -
OAJF(Zl?Zl)OA—;(Z?’ 22 ‘AnyTheory - OAl (ZbZl)OA—;(Z?’ ZQ)‘MHV
. (3.2.3)
+ Z Z122122 (A1, Ag) Mkpq(A17A2722722)

,q=0

where M@0

kpq are the MHV null states. So when “Any Theory” is taken to be the MHV

sector, M2

k.p.q vanishes and we get back the MHV sector OPE by construction.

We now describe the MHV null states which are of interest to us. In this chapter we apply

this general procedure to write down the OPE at O(2%,z),).

'For example, this is not true in the conventional 2 — D CFTs because different CFTs have different
Virasoro central charges and so different conformal symmetry algebras.
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3.3 Null states in the MHY sector

The general null state at order 2,2?, is given by 2

(=17 T(A+j—1)

I(j+2) I(A-2)
(-1)) T(A+j-1)

"T(j+1) DA-1)

ab — 7.770' b7+ 1,(1 b7+
\I]j (A) = R%7%0A+j - R—l,OOAfl

(3.3.1)

w0k
272

Here we have ignored the (p, ¢) index and have simply written M2 instead of M ,?7%70 for

the order 29,20, MHV null states.

Now it turns out that the following basis of null states

k

DA+k=1) .,

M (A) = ; NG _12. TTar Y (A) (3.3.2)

is more convenient because they transform nicely under the S-algebra. We will discuss
their transformation law in the next section.

We conclude this section by defining the antisymmetric part of the null states M (A) as

MH(A) = fobeprbe, (3.3.3)

3.4 Organizing the OPE at every order

Since the MHYV sector is S invariant the MHV null states must form a representation of
the S algebra. In other words every generator of the S algebra must map any MHV null
state to another MHV null state. Our analysis shows that this representation is reducible
and different S invariant theories correspond to different irreducible components of this

representation. So our first job is to study the action of the S algebra generators on the

2These null states can be obtained by taking soft limits of the gluon-gluon MHV OPE [22]. The relevant
terms in the gluon-gluon OPE in the MHV sector which gives rise to these null states are given in (3.5.2).
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MHYV null states. This is facilitated by the following observation.

We have discussed in Section 1.1.6.1 that the S algebra is generated by an infinite number
of holomorphic soft currents { R¥(z)} * where k = 1,0, —1,—2, - - - . is the dimension A

of the soft operator and % <p< 1;—’“ For a fixed k, the soft currents Rk{’_“k, S R’&
2 2

transform in a (2 — k) dimensional representation of the sly(R) #. This can be seen from

the following commutation relations:

1 . k-1 .

[Hg,fh Rfﬁ?p] = 5(2]9 + k — B)Rfﬁ,pfl fOI'p > T? |:H(()],717 Rl:r;%} =0

[Hoo, Biy] = =20 Be,
0 k,a 1 k,a k—1 0 k,a

[Hoy, ByS,) = 5(2]7 —k+3)R, forp < Ty [HO,D Rw;’_%} =0
(3.4.1)
Now let us consider the currents Ry®, Ry, Ry, - with the lowest sly(R) weights.

2

Starting from R(l]’a all the currents in this family can be obtained by applying the global

subleading soft gluon operator R‘}’g. This can be seen from the the following commutation
272

relations

Ry R L] = =i 2 = R (342)

212 3 my, 55
Equations (3.4.1) and (3.4.2) show that we can write any generator of the S algebra as a
sum of products of the generators <R,1;7%, RS HY o, HY ﬂ). Therefore in order to study
272

the action of the S algebra generators on the MHV null states we just need to focus on

these finite number of generators.

3Here —p is the antiholomorphic weight of the current.
“Note that we are assuming the theory to be (conformal) Lorentz invariant.
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Figure 3.1: The figure shows the soft gluon currents arranged in representations of sl (R).
The sly(R) generators move the currents horizontally in both directions whereas the global

subleading soft gluon symmetry generator R?’“l moves the currents vertically downward.
g g y Yg 11 y

3.4.1 Transformation properties of the null states under si,(R) alge-

bra

Using the action of different generators of sly(R) algebra on the gluon primary operators

and the commutation relations (3.4.1) it is easy to show that

Hy, U(A) = 0. (3.4.3)

Thus (3.3.2) implies that

HO, ME(A) = 0. (3.4.4)
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Therefore the null states M2 are sly(R) primaries.

3.4.2 Transformation properties of the null states under the leading

soft gluon current algebra

One can easily check that under the leading soft gluon current algebra, the null states

(3.3.2) transform as

Ry My“(A) = —if ™ ME(A) — i f*'ME(A)
(3.4.5)
RygMPe(A) =0, n >0

Therefore the null states M are the leading soft gluon current algebra primaries.

3.4.3 Transformation properties of the null states under subleading

soft gluon operator R‘}i

272
This is perhaps the most important transformation property because it mixes the null states

M with different k values. The action of R on M!(A) is given by,

272

R%’EM,’;C(A) = —(k+2)if" M (A= 1)+ (A+k—2) [if*"MP(A — 1) + i f*" M(A — 1)]

(3.4.6)
We have used (B.2.1) to derive the above equation.
Now let us consider the set of null states:
MX(A), k=1,2,--- ,n. (3.4.7)
From (3.4.6) we can see that if we set
MP® (A)=0,k>n>0. (3.4.8)
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0,a

then the set (3.4.7) is closed under the action of R . Moreover it follows from (3.4.6)

l\)\»—a
l\)\»—a

that the infinite set of equations (3.4.8) is also invariant under the action of R, because
272

the index k& mixes only with k&’ > k. Therefore the truncation (3.4.8) is S algebra invariant

and we can get an .S invariant OPE if we keep only the finite set (3.4.7). Let us emphasize

that the integer n is in no way restricted by the S invariance.

3.5 O(z{,2),) OPE and its invariance under the S algebra

Let us now consider the O(1) terms in the OPE when we keep only the finite set of MHV
null states (3.4.7). In particular, we show that the O(1) terms in the OPE with the following

coefficients are S-invariant:

OX; (2,2)0%;(0,0) |0(1) 0% (2,2)0%;(0,0) |MHVOPEatO(1)

(3.5.1)
+ZB(A1 Ay — 1) MPE(AL + Ay)

k=1

where O (=, z)(’)b (0,0) ‘MHV opE a 0(1) 18 given by [22, 107]

0%+ (2, 2)0%H( B(A, —1,A5 — 1) [Al RY 0% s, 1(0,0)

0,0) |MHVOPEat(’)()
A —1

(3.5.2)

Let us first apply R? 1 on the OPE (3.5.1). After some straightforward algebra we get,

0,z a,+ b,+ 0,z a,+ b,+
R%% (Om (2,2)0%, (0,0 ’0(1)) R%% [Om (2,2)0%, (0,0) ’MHVOPEatO( 1)

n

+3 B(Ay +k, Ay — DM (A + A)

k=1

—_ ifmy(n —|— 2) (Al —|— n, AQ ) n+1(A1 —|— AQ — 1)
(3.5.3)

Now, we have argued in the previous section that if the O(1) OPE of a S invariant theory
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truncates at k = n, then M2, (A) will be a null state of that theory. Thus, we can set the
RHS of (3.5.3) to 0 and hence (3.5.1) is invariant under the action of R(j‘g. Using (3.4.5),
272

one can also verify that, (3.5.1) is invariant under the actions of R,ll’fé.

In [22], it was shown that the OPE in the MHV-sector is invariant under the action of H8,1-
We can also see from (3.4.3) that the null states M{**(A) are annihilated by H&l. Thus,
the OPE (3.5.1) is also invariant under Hgl. Hence we conclude that the truncated OPE

(3.5.1) is invariant under the S algebra.

3.6 Infinite family of S invariant theories

In section (3.4.3) we have shown that the following set of equations
M, =0,k>n>0. (3.6.1)

are S invariant. Thus at O(2°z") we can truncate the OPE (3.2.3) at an arbitrary n in an
S-invariant way. That is to say S-invariance does not fix the value of the integer n. Hence
we can get a discrete infinite family of S-invariant OPEs for different choices of the integer
n. Each of these consistent OPEs correspond to a S invariant theory of gluons. But, at
present we do not know the Lagrangian description of these theories except perhaps the

self-dual Yang-Mills theory.

3.7 Knizhnik-Zamolodchikov type null states

Knizhnik-Zamolodchikov (KZ) type null states contain descendants of the holomorphic
translation generator L._; on the celestial sphere. They can be obtained algebraically by

determining the relevant primary descendant but in our case we can bypass this tedious
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procedure if we use the OPE commutativity

OZ?(Zl, 21)022(22, 22) = OZ;F(ZQ, 22)02?(21, 21) (371)

The reason behind this is that the O(2%,z%,) terms of the OPE, as written in (3.5.1), are not
manifestly symmetric under the exchange (3.7.1). Therefore OPE commutativity imposes
non-trivial constraints on the OPE coeflicients and one such constraint is essentially the KZ
equation. The process can be further simplified if make the operator OZ: (29, Z3) leading

soft by taking the limit A, — 1. Now a straightforward calculation gives the KZ type null

state
K*(A) = €4(A) =i Y Mp(A+1)=0. (3.7.2)
k=1
where
£(A) = CaL 08" — (A + 1R (RigOR™ — R™  RygORT, (3.7.3)

is the KZ type null state in the MHV-sector [22] and M2 (A) is the antisymmetric part of
the null state M?*(A) defined in (3.3.3). We have also used the identity f% f2% = C,§%¥

in deriving the KZ type null state equation (3.7.2).

Another null state equation involving the descendant L_ OZJF can be obtained from (3.7.1)

in a similar way by taking the subleading conformal soft limit A, — 0. It is given by

n

(A= 1E(A) =D (A+E)MHA+1) =0. (3.7.4)

k=1

Now multiplying equation (3.7.2) by (A — 1) and then subtracting it from (3.7.4) we get
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the following (current algebra) null state
Xt (D) = (k+ 1)ME(A) =0 (3.7.5)

k=1

One can continue this procedure and get other current algebra null states by taking confor-
mal soft limits Ay — &, k < —1. We can denote them by {x.(A), x2(A), - - - }. However,

it can be shown that after a finite iteration this procedure stops due to the truncation (3.4.8).

3.7.1 S invariance of the KZ type null state

In this section we show that the KZ type null state (3.7.2) is S-invariant.

First of all, the states M (A), and as a result M#(A) = f®MP(A), are annihilated by
Hy . Therefore the state K“(A) is a primary of sl;(R) because the KZ type null state
(3.7.3) in the MHV-sector is annihilated [22] by H{ .

Similarly, one can show after some algebra that the following relation holds

Y, KO(A) = (A = 2)if™ K*(A = 1) = (n+2) ™ f2 M (A) + [ (A)

3

I | S (ke DM (A) + 2B(A) | + 7 B ()
= (3.7.6)

where

EY(A) = (A — 2)RM 0% + RE% LORT (3.7.7)

(ST

Now we know that, in a theory in which the O(z},z},) OPE truncates at k = n, i.e, (3.4.8)

holds, both M?¢ | (A) and x*(A) are null states. Thus we can set them to 0 and get,

RY, K%(A)
2

3 v

= (A= 2)if " K°(A = 1)+ fP | (k4 D)MPT(A) + 2BY(A) | + £ f" E¥(A)
k=1
(3.7.8)
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We show in Appendix (B.3) that the second and the third terms on the RHS of (3.7.8) are

actually zero. Taking this into account we get
RO K(A) = (A = 2)if " K*(A —1) (3.7.9)
272

Thus we see that R‘}i maps the KZ type null state K“(A) to linear combination of other
272

null states in the theory. Hence, the null state equation
K*(A)=0 (3.7.10)

is .S invariant.

3.8 Example: celestial OPE in self dual Yang Mills

We now consider the example of self-dual Yang Mills (SDYM) theory which is known to
be S invariant. In particular, we write the O(1) terms explicitly and show that it can be
written completely in terms of MHV OPE and MHV null states. The colour-dressed self

dual Yang-Mills (SDYM) amplitude is given by [131, 132],

1 A5 (1)0s(2) " Aa(n 1
Al = Y comre@ e AN (0(1)a(2) -+ o (n) (3.8.1)
O'Gsnfl/R

where the sum is over non-cyclic permutations, modulo reflection of the list o. The cyclic

n-gluon colour factors is given by,
0102 0n fblaleszazbs .. fbnanbl (3.8.2)

and A(SBYM (6(1)o(2) - --o(n)) is the colour ordered amplitudes, given by [131, 132],

1 (i112) [ig13] (igia) [ia71]

1<91<12<i3<i4<n
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where M,, is a numerical normalisation constant. Here we are working in the split sig-
nature (—,+, —,+) and in this signature the null momentum of a massless particle is
parametrized as,

Pi = €W; (1 + ZiEi, Zi 4+ Zl', Zi — 21‘7 1-— ZZZL) (384)

with ¢; = +1(—1) for outgoing (incoming) particles. (z;, Z;) are the coordinates on the

celestial torus. In our notation the angle and square brackets are given by,

(i7) = —2€i€j\/0iw; 25, [i]] = 24/W0i0; % (3.8.5)

Here, we are interested in the 5-point color dressed amplitudes only. For n = 5, the sum

in (3.8.3) will give 20 terms. Let’s start with the following term [133],

512593 + S45S51 + S25S45 + S25S14 + <24> [14] <15> [52]
(12) (23) (34) (45) (51)

Aéls)DYM (12345) = (3.8.6)

where s;; = (p; + p;)?. The Mellin transformation for 5-point colour-ordered amplitudes

is given by,

Misspym(13,,28,,---54,) = (H/ dwy Wit 1) A5S)DYM (12345) 6@ Zpk

k=1

(3.8.7)
We are interested in the OPE limit 4 — 5. For our purpose, the following parametrization

of the 5-point momentum conserving delta function will be convenient [21],

5
5 (Z Eiwiqi>

i=1
1 * * *
= o d(wr — wy)o(wy — w3)d(ws — w3)

P

_ x T B x T B x T
X0l x—7T— tZ45 —_— = — | = tZ45 — — — | + tZ45Z45 - — —
235 225 225 235 235225 225235
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where we have used the parametrisation,

Wy = twy, ws = (1 —t)w, (3.8.8)
and for i = {1, 2, 3} we have
wi = €y (051 +t2u50i0 + 1245003 + t24524500 4) (3.8.9)
The 0,1, x, T are given by
T (3.8.10)
~12713
oy, = A% (3.8.11)
~12723
O30 = — 20 (3.8.12)
223713
T = 212735213225, T = 213225212235 (3.8.13)

Since, we are interested in the (1) term only we will not require the other o; ;’s. However,

one can find their expressions in [26].

Now, we will perform the OPE decomposition of the 5-point amplitude (3.8.7). We apply
the strategy of [26]. First we write Aéls)DYM (12345), given by (3.8.6), in terms of {w;, z;, Z; }
and substitute it in (3.8.7). Next, using (3.8.8), we can easily perform the w;, {i = 1,2,3}
integrals. After expanding around z45 = 245 = 0, one can then perform the w, and ¢
integrals. The leading term is already known in the literature. Here we concentrate on the

O(1) terms. The O(1) terms are given by,

5 2
Misorm(14,, 28,0+ 55|y = 0 (D0 Ai=5) 30 B(A =14k, Ag = 1)
i=1 k=0

X Fi({zia, Ziza, DNizas})
(3.8.14)

where the explicit form of the functions Fy ({24, Ziz4, Ai2s5}) are not required for our
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purpose. For the other 19 terms one can check that the structure of the B-function is
same. Hence including all those terms we write our final colour dressed 5-point celestial

amplitude as,

5
Maso(18,7 2857+ 55 )|y = 0( Do 8= 5) 30 BA — 14k, 85— 1)

2
=1 k=0

Xgé{ai})({zi#’ Zit4, Ai¢4,5})
(3.8.15)

Now, to factorise the above 5-point SDYM amplitude into 4-point amplitude we will adopt
here the same strategy as was done in the case of the self dual gravity in [26]. We do this by
taking different conformally soft limits of the fourth gluon primary and replace the func-
tions Qé{ai})({zi#, Ziza, Aiza5}) by correlation functions of the S algebra descendants
of the fifth gluon® and the first, second and the third gluons. For example, we can make
the fourth gluon leading conformally soft (A, — 1) and use the leading soft factorization
theorem to replace the function Qé{a"}) ({zi, z;, A;}) and by doing that we get

Mysoma(185, 287+ 55 g

— 1,a4 a1+ oa2,+ qaz,+ ras,+
— B<A4 - 17A5 - 1)R71,0M4SDYM(1A1 72A2 73A3 75A4+A5—1>

5 2
+ 5( S oA - 5) S B(As— 1+ kA — )G ({22, A.)).
i=1 k=1
(3.8.16)
We can repeat this procedure to find other two functions G; and G, by taking subleading

(A4 — 0) and sub-subleading (A; — —1) conformally soft limits of the fourth gluon

primary respectively in (3.8.16). Finally we can write the 5-point SDYM amplitude in the

>Note that we are taking the 4 — 5 OPE.
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following factorized form

a1,+ oaz,+ as,+
/\/lssDYM(lA1 a2A2 7"'5A5 )|0(1)

]_ F A + 2 a a a a. a,
— ITR D B, - 1,8 - DR Mo 26735755, )
2 T(Ay)
F(A4 + 2) 0,a a1,+ oaz,+ oa3,+ ras,+
+—F(A4+1)B(A4;A5_ 1)R_%47%M4SDYM(1A11 72A22 ’3A33 ’5A54+A5)
F(A4 + 2) —1,a ai,+ oa2,+ qaz,+ sas,+
F(A4 + 2)B<A4 LA - 1)R0’1 4M4SDYM(1A1 ’2A2 ’3A33 ’5A54+A5+1)'

(3.8.17)

At the OPE level, it can be written as,

a _ a _ SDYM
OX;" (24, 20) OX (25, %) | o
Ay —1

=B(As—1,A5 - 1) A4R1—’C1L?OOZ‘ZIA571 + RCE?%OZZI% (25, 25)

A+ A5 —2 %
+B(Ay+ 1, A5 — )M (A + As)(25, Z5)
= 087 (24, 2) 08 (35, 25) |y + B(As+ 1, A5 — DM (Ay + As) (25, 7)
(3.8.18)
where Mlab is the MHYV null state defined in (3.3.2). Hence, we see that the OPE of two
positive helicity gluon primaries at O(1) in SDYM theory can be written as the MHV OPE

at O(1) plus a MHV null state.

This precisely matches with our result (3.5.1) when it is truncated at n = 1.

3.9 Discussion

In celestial CFT the sector with no negative helicity soft gluon is governed by the infinite

dimensional S algebra. In this chapter we found the most general form of the .S invariant
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OPE of two positive helicity gluons at O(29,2),). It is given by

OZT(Zﬂ 2)021(07 0) |(9(1) - (’)Zj(z, 2)02:(07 0) |MHV OPE at O(1)

n (3.9.1)
+> B(A +k, Ay — DM (A + Ay)
k=1

In this equation M (A) is a MHV null state which transforms in a simple manner under
the S algebra. We have also shown that for n = 1 (3.9.1) gives the correct O(z{,2%,)
term in the gluon-gluon OPE in the self-dual Yang-Mills theory. This is an important

consistency check for the OPE formula.

Although the OPE coefficients and the descendants M*(A) which can appear at O(29,z,)
is fixed by the S invariance, the integer n is not fixed by the symmetry. We saw that for
n = 1 we get the OPE of the self -dual Yang-Mills theory but, the underlying theories
for n = 2 and higher are not known. Presumably they are exactly solvable theories of
gluon which generalize the self-dual Yang-Mills theory. An interesting question for future
research is to find out these theories. We have also found out the KZ type null states for

these (unknown) theories. They may be of some help in the search for these theories.

In an interesting recent work a celestial dual for the MHV gluon scattering amplitudes has
been found in [134]. The theories which underlie the OPE (3.9.1) can be thought of as
deformations of [134] which preserve the S invariance. Our results suggest that there is a
discrete infinite number of such deformations. It will be interesting to see if this picture is

correct.

Another point we would like to emphasize is that for every ‘‘theory’’ there are only a finite
number of descendants which contribute to the subleading OPE. This is somewhat unex-
pected because the spectrum of operator dimensions in celestial CFT is not bounded from
below °. This might point to a reformulation of celestial CFT where operator dimensions

are discrete and bounded from below. Proposals along this line have been made in [28,

6See for example the recent work [135].
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29]. It will be interesting to find out the relation between [28, 29] and our observation in

this chapter.
Let us now discuss some interesting questions whose study we leave to the future.

If there are S-invariant field theories on the celestial sphere that lack bulk-Lorentz invari-
ance, can we provide a physical interpretation for these theories? Additionally, can we find
reasons, such as mathematical consistency, to rule out S-invariant field theories on the ce-
lestial sphere that lack bulk-Lorentz invariance? In this chapter we have assumed bulk
Lorentz invariance from the beginning. However, space-time translational invariance has

not been assumed.

Could S-invariant non-Lorentz-invariant theories on the celestial sphere emerge from a
spontaneous breakdown of Lorentz-invariant theories? Could the Goldstone modes asso-
ciated with the breakdown of Lorentz invariance be analogous to the soft modes respon-
sible for the breakdown of BMS symmetry, as suggested by Hawking-Perry-Strominger

[136] in the context of the black hole information paradox?

Are there constraints on the Lagrangian formulation of these S-invariant theories? Alter-
natively, from the perspective of axiomatic conformal field theory, is it conceivable that
there is no Lagrangian formulation of a CFT, and instead, the focus should be on ver-
ifying whether either w,, or .S invariant celestial CFTs adhere to axioms such as the
Osterwalder-Schrader axioms? The null states found in this chapter and in [48] place tight
constraints on the Lagrangian formulation of the celestial dual theories. One way to see
this is that in celestial CFT the spectrum of operator dimensions is the same for every the-
ory, at least in its current formulation. Therefore, different theories are not distinguished
by their operator spectrum but by their null states. So any Lagrangian formulation has to
produce all the correct null states and this may be useful in constraining the form of the

Lagrangian. We leave these very interesting questions for future study.
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Chapter 4

Singularity Structure of the Four Point

Celestial Leaf Amplitudes

4.1 Introduction

In this chapter we discuss the singularity structure of the four-point celestial leaf ampli-
tudes for massless scalars and gluons. This chapter is based on [137]. It is well known
that celestial amplitudes for massless scattering processes are obtained from the momen-
tum space scattering amplitudes by Mellin integrating the energies of the external massless
particles [12, 20]. These amplitudes transform as 2D conformal correlators under global
(Lorentz) conformal transformations. Thus we can apply the powerful 2D CFT techniques
to constrain the quantum gravity scattering amplitudes. However, one of the caveats about
this approach is that, lower point celestial amplitudes are heavily constrained due to the
spacetime translation symmetries. They take distributional forms which are unfamiliar
from the usual 2D CFT perspective. Several efforts have been made to construct smooth
conformally invariant celestial amplitudes by breaking translational symmetries [49, 50,

97, 98, 120, 121, 134, 138-143].
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Recently, authors in [144], have considered three-point MHV gluon amplitudes in (2, 2)
signature Klein spacetime and showed that the translationally invariant celestial ampli-
tudes can be written as sums of generically smooth amplitudes given by AdS;/Z-Witten
diagrams. These amplitudes are called leaf amplitudes. Klein space can be divided into
timelike (X2 < 0) and spacelike (X? > 0) wedges, each of which is foliated by hy-
perbolic slices. These slices are geometrically AdS;/7Z whose boundaries are Lorentzian
torus. Using the Fourier representation of the momentum-conserving delta function, ce-
lestial amplitudes can be written directly in position space as the weighted integrals of
Witten diagrams on these slices/leaves. These leaf amplitudes enjoy Lorentz/conformal
symmetry but they are not translationally invariant. Thus they take the familiar 2D CFT
form on the Lorentzian torus. For a discussion on 2D CFT correlators on Lorentzian torus

see [145].

Here we study the four-point leaf amplitudes of massless scalar and MHV gluon scattering
!, In general these four-point leaf amplitudes have branch point singularities as a function
of two real independent cross ratios z and z. The total conformal weights of the massless
scalars or gluons are constrained since the bulk theories under consideration are scale
invariant. On the support of these constraints, we compute the discontinuities around the
branch point singularities and show that the four-point leaf amplitudes are non vanishing
everywhere on the cross-ratio space defined by z, z and develop a simple pole singularity
at z = Z. The distributional nature of the four point celestial amplitudes will be recovered

by adding the leaf amplitudes in both timelike and spacelike regions.

Interestingly, similar singularity structure of the four-point boundary correlators have ap-
peared in other studies also [146—149]. Recently, in [146], an interesting approach has
been discussed to study the flat space holography 2. More specifically, by considering the
Euclidean path integral of a quantum field theory (QFT) the authors of [146] have de-

fined boundary correlation functions with Dirichlet boundary conditions. The S-matrix

I'Since two- and three-point functions are completely fixed by symmetries, they don’t provide any infor-
mation about the bulk dynamics.
2See [150] for a connection between their approach and celestial holography.
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of the QFT can be obtained by smearing these boundary correlators with the free particle
wave functions. In the case of massless scalar scattering, after analytically continuing to
Minkowski spacetime they have found that their four-point boundary correlators develop
a simple pole singularity at z = z, where z, z are the conformal cross ratios on the ce-
lestial sphere. In the AdS/CFT context, on the other hand, it was shown that there exists
certain singularity structure for the four-point Lorentzian boundary correlators, known as
the bulk point singularity and this is directly related to the bulk locality in [148, 149]. The
residues of these singularities give the flat space S-matrix elements. However, one needs

to consider certain limits to get the S-matrix elements from the boundary correlators.

In our analysis, we have considered two examples: massless scalar and MHV gluon scat-
tering and, have shown that the four point leaf amplitudes correspond to simple pole sin-
gularity on the support of the delta function constraint involving total conformal weights.
It will be interesting to see if our conclusion holds without this constraint as well. Another
interesting question is to check the singularity structure of the four point leaf amplitudes

corresponding other bulk scattering. We hope to answer some these questions in future.

In this chapter, we also show that the leaf amplitudes satisfy the Banerjee-Ghosh (BG)
equations first derived in [22] for MHV gluon celestial amplitudes. By considering the
ward identities of leading [19, 32-36, 101-106] and subleading [22-24] positive helicity
soft gluon theorems and the OPE between two outgoing positive helicity gluons, the au-
thors in [22], found some null state relation under the leading and subleading soft gluon
algebra. Decoupling of these null states from the MHV gluon celestial amplitudes leads to
differential equations for the latter. Later, this was generalized to the whole S-algebra and
it was found that there exists an (discrete) infinite number of theories invariant under S-
algebra, each having a null state relation [25]. Like celestial MHV gluon amplitudes, leaf
amplitudes are also governed by the same infinite dimensional soft gluon algebra [151],
known as S-algebra. Thus, it is expected that they will satisfy the BG equations. By com-

puting the subleading terms in the OPE between two outgoing positive helicity hard gluon
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primary operators and comparing it to the OPE between a soft and a hard gluon primary

operator, we derive the BG equations for leaf amplitudes.

The rest of the chapter is organized as follows. We summarize our main results in the
next section. In section 4.3, we give a brief review of the geometry of Klein space and the
construction of the leaf amplitudes. Section 4.4 discusses the singular behavior of the four-
point leaf amplitudes in the cross ratio space. We consider two examples: scalar contact
diagram and MHV gluon amplitudes. In section 4.5, by extracting the subleading order
(O(1)) OPE from the four-point MHV gluon leaf amplitudes we show that they satisfy the
BG equations. Appendix C.1 computes the integral appeared in the four-point scalar leaf
amplitude in detail. In Appendix C.2, we discuss some of the properties of /-function
used in the main section. Finally in Appendix C.3 we have computed the tree level celestial
four-point scalar amplitude to match with the results obtained in subsection 4.4.1.1. Let

us now start with the summary of the main results.

4.2 Summary of the main results

We denote the conformally invariant part of the 4-point celestial leaf amplitudes for tree
level massless scalar scattering by Sy(z, Z), where z and Z are two real conformally in-
variant cross ratios. This is the leaf amplitude in the timelike region of the Klein space.
Similarly, for spacelike region we have S,(z, z). The full leaf amplitudes will be obtained
by multiplying the appropriate conformally covariant (non-unique) pre-factor. On the sup-
port of the constraints on the imaginary part /3, of the total conformal weights coming from
the bulk scale invariance, these leaf amplitudes develop a simple pole singularity at z = Z.
We know that the conformal dimension A; of the i-th primary operator on the celestial
torus lies on the principle continuous series, i.e., A; = 1 + ¢); [12]. For simplicity we

take, \; = A, Vi. Then 3 becomes 5 = 4\. Then our main results for 4-point scalar leaf
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amplitudes are given by,

. 2
SNSiz )| = s T AT
Fz 2 Z—z+41¢ 42.1)
—_ it An? (4.2
5()\>84(Z’Z)|z—>2 = —5(A)?m, z>1.

The celestial amplitudes will be obtained by adding the two leaf amplitudes on the support
of 6(\) and we will recover the distributional nature of the celestial amplitudes as explained

in detail in section 4.4.1.

Similarly, for MHV gluon scattering we define G,4(z, z) and G,(z, Z) the two conformally

invariant part of the 4-point leaf amplitudes in timelike and spacelike regions respectively.

We then have,
5(NGa(z,2)| . = ST~ L
W mz 22—12—241i€
| X (4.22)
— Tz 47

5(NGa(z,2)| .= —3(N) 2> 1.

22—1z2—2—1i€

Once again the addition of the above two leaf amplitudes will give the distributional nature
of the conformally invariant part of the 4-point celestial MHV gluon amplitude. For details

see 4.4.2.

4.3 Klein space and Celestial leaf amplitudes

In this section, we will first briefly discuss the geometry of Klein space. A detailed discus-
sion on Klein space can be found in [99, 152]. Then we construct celestial leaf amplitudes

in Klein space following the work [144].
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4.3.1 The Geometry of Klein Space

Klein space (K*?) is a flat space with signature (2, 2) and the metric in Cartesian coordi-

nates is given by

ds® = —(dX°)? — (dX")? + (dX?)* + (dX?)? (43.1)

We want to study the conformal compactification of K*? and the conformal geometry of

null infinity, denoted as Z. We can defne the following polar coordinates,
X0 4iXt =g, X% +iX3 =re® (4.3.2)

the metric now reads

ds® = —dg* — ¢*dy® + dr? + r?d¢? (4.3.3)

Let’s define a new set of coordinates (U, V') which are useful to study the null infinity Z,
q—r=tanU, ¢g+r=tanV (4.3.4)

Since q and r both are radial coordinates, we have 0 < ¢, < 0o, so the coordinate ranges
for (U, V) become -5 < U < 7, |U| <V < Z. In (U,V, 4, ¢) coordinates, the metric

(4.3.3) becomes,

9 1

ds* = ————
cos2U cos?V

1 1
(—dUdv -1 sin?(V + U)dy?* + 1 sin?(V — U)d¢2) (4.3.5)
The timelike infinity (i) can be reached at the limit ¢ — co where (U = 2,V = Z) and
spacelike infinity is reached by taking r — oo, where (U =—-3,V= g) Null infinity is
at V' = 7 and it is parametrized by the null coordinate —3 < U < 7 and the periodic

coordinates (v, ¢). Taking the limit V' — 7 and rescaling the metric (4.3.5) by cos? V,
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we get the conformal metric on Z as given by,

ds® = —di® + d¢?, Y~ Y421, ¢~ @+ 2m (4.3.6)

So in Klein space the geometry of the null infinity is a Lorentzian torus (£72 = S! x S1)
times a null interval. The Penrose diagram of the Klein space is presented in figure 4.1.
We see that it has only one connected component and we can not define incoming and
outgoing particles both, hence we can’t define an S-matrix like in Minkowski spacetime
(M1’3), rather we have an S-vector [153]. The authors in [153] have shown that one can

define S-matrix in M from S-vector in K*? using a suitable analytic continuation.

The lightcone X2 = 0 divides the Klein space into two regions: timelike X2 < 0 and
spacelike X2 > 0 (See figure 4.1). The parameterize the coordinates in timelike and
spacelike wedges as:

Timelike : X" = 73/, 22 = —1

(4.3.7)
Spacelike : X* = 73", 2% = +1.

with 7 € (0, 00). Constant 7 surfaces give the hyperbolic foliations of K*2, similar to the
hyperoblic foliation of Minkowski space discussed in [154]. To study the geometry of the

constant 7 slices or leaves, we will use following parameterization. For timelike leaves

2% = —1 we use the global coordinates

3% +i3l = e coshp, 35 + i3 = €' sinhp (4.3.8)

with 0 < p < oo along each of the constant 7-slices. With these parameterization the

metric (4.3.1) becomes,

ds* = —dr? 4+ 7% (= cosh® pdy)® + sinh® pd¢® + dp?) (4.3.9)
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?:0

Figure 4.1: Penrose diagram of Klein space K?? where the hyperbolic foliation in timelike
and spacelike region is shown. Each point on this diagram denotes a Lorentzian torus.

From (4.3.9), we see that each constant 7 leaf is given geometrically by AdS3/Z with a
periodically identified time coordinate . For the constant 7-slices in spacelike region we

use the following parameterization
% +i3! = e sinhp, 22 433 = e’ coshp (4.3.10)
and the metric in the spacelike region is

ds* = dr* — 7 (— cosh® pd¢* + sinh® p dyp* + dp?) 4.3.11)

One can reach to the conformal boundary of each AdS;/Z leaf (4.3.9) or (4.3.11) by send-
ing p — oo and it is is given by the Lorentzian torus (4.3.6). This Lorentzian torus on Z

is referred as celestial torus C7 2.

Let’s introduce the null coordinates (also called the global coordinates)

v+o - -9
5 0= (4.3.12)

g =
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on CT?2 We first compute the leaf amplitudes in global coordinates and then we can

express the amplitudes in planar coordinates which are defined as

z=tano, Z =tana, z,z€eR (4.3.13)

The action of the Lorentz group (SL(2,R) x SL(2,R)) on the planar coordinates is as

follows
az+b
et (a,b,c,d) € R, ad — bc = 1.
(fz_ig (4.3.14)
az L o
Z = —, (a,b,c,d) € R, ad — be = 1.
cz+d

From (4.3.13) one can see that the planar coordinates (z, z) can cover only half of the
celestial torus. Rather, the coordinates (z, Z) can be understood as the local coordinates
of a two dimensional diamond in (1, 1) signature and the whole celestial torus except the
point 2z = 0 can be covered by two such diamonds. However, it should be noted that the
distinction between two diamonds is just a choice of the coordinate patches, and in the

global coordinates (o, ) we don’t have any such distinction.

4.3.2 Leaf amplitudes

We parameterize a null momentum p} of k-th massless particle, satisfying p = 0, in

(—,—,+, +) signature in planar coordinates as:

Ph = €Wy, qp = (1 — 212k, 2k + 2y L+ 202k, 26 — Zi) - (4.3.15)

where wy, € [0, 00) represents the magnitude of the frequency of the k-th massless particle

and ¢, = = denotes the sign of the frequency. In global coordinates, we parameterize
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momentum (4.3.15) through the relation (4.3.13) and (4.3.12),

S
po o WKk 4316
B | cos o, cos 0| (4.3.16)

where pj, is a null vector parametrized by the points (1, ¢;) on CT? as,
Ph +ipy = e, i, +ipp = €' (4.3.17)

(0] 2
. . + _
and we have identified ¢;, = pngk = sgn(cos o, COS T ).

With the above parameterization, let’s start with an n-point tree level momentum space

amplitude with all the external state particles as massless,

A, (17,2% 0P = A, ({ewigi, U:}) 6 (Z ekwkq;;> (4.3.18)
k=1
where (¥, Y9, - - - ,¥,,) are the helicities of the massless particles. The celestial amplitude

is obtained by doing Mellin transform of (4.3.18) with respect to energies of the external

states,

M., (1(}“’;”), Q(hQ’BQ), . ,n(h"ﬁ")) = H /00 dww® e i A, (1% 2% pn)
j=1"0

(4.3.19)
with e being the UV regulator and A, /_1j are the conformal weights given by,
A: 4+ 9 - A — s
hy = ]—; R (4.3.20)

We will use the following representation of the delta function in (4.3.19) before doing the

Mellin transform

- H d'X 13 p—1 €Wk R X
0D awd | = )i k=1 (4.3.21)
k=1
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Thus we can write the amplitude (4.3.19) as,

Mn (1(}117}31)’ Q(h%%)’ e hn hn H/ dw] -1 e Wi
i (4.3.22)
d*xX P e X
An({EiwiQi779i})/ (271‘)46 2 k=1 €WKk

Now, we first perform the Mellin integral of the plane wave e***+4X which gives the
scalar conformal primary wavefunction ®4, ., (X, ¢x) given by (4.5.5). Then we perform
the integral over Klein space. Dividing the X* integral in (4.3.22) into two parts according

to (4.3.7) and replacing w; — “* we get,

— _ _ 1 o0 n o0
(h‘ 7h ) (h‘ 1h ) (hnvhn) — 3—7’1—6 3 A . A
Mn<1 1 172 22),..,% >_(27T)4/0 T dT[/ij:ldx_FH/o dij]
+ j=1
WA, <{€iwi%,l9i}> eiZZ:1 €RWE LT+ —ewy +/ Bi H/ dw]' ijj—lAn <{€iwiQi>ﬁi})
7 2 =1 i=170 T

. —n N
i €LWEqE T — —ew
X e Zk:1 kWEqK k

[ —

(4.3.23)

where 8 = > 1 (Ar — 1) = >, (2h4 + ¥ — 1). An n-point stripped scattering

amplitude in any scale invariant theory behaves as the following under scaling

A, ({ Eifqi , 0}) S 1AL (Lewrgs 95)) (4.3.24)

which follows from the mass dimension of the n-point amplitude. The mass dimension of
an n-point scalar or gluon amplitudes is [A,] ~ (mass)?~" and hence the scaling behav-
ior is given by (4.3.24) [155]. The 7 integral in (4.3.23) produce §(/3) and the resulting

expression can be written as

M, <1(h1,l_11)’ 2(hz,7L2)7 o 7n(hn,7Ln)> _ 5(/3) I:ﬁ’n(ai) 5'i) + Zn(Uia 5_0] (4.3.25)
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where L, (0;,5;) and L, (0;, ;) are given by

n oo
L(04,0;) = /2 &t H/ dw ijj_lAn ({ewigi, U:}) f i chihtie B
P2 =—1 170
7j=1

&5 =

n o
_ . Aj-1 ;S B
L, (0i,0;) = / >3 | | / dwjw;? An ({€wigi, Ui }) el Lok Rk B —ewy

(4.3.26)

The amplitudes £,, and £, are called n-point celestial leaf amplitudes. We have expressed
them in global coordinates. One can show that the second integral in (4.3.26) can be

obtained from the first one by sending 6; — —0; i.e.,

‘Cn<0-i> (n) = ﬁn(O'i, —6,~) (4327)

In the next section, we will study the 4-point celestial leaf amplitudes for scalars and gluons

and we investigate the singularity structures of these leaf amplitudes on the support of §(/3).

4.4 Singularity structure of the four-point leaf amplitudes

on the support of §(3)

In the previous section, we have discussed how one can construct the leaf amplitudes in
global coordinates from a momentum space amplitude. Now we construct the four-point
leaf amplitudes in planar coordinates for tree level scalar and MHV gluon scattering and
show that each celestial leaf amplitude shows a simple pole type singularity at z = Zz on

the support of 6(53).

98



4.4.1 Scalar contact diagram

In this section, we focus on the tree level scattering amplitude of massless ¢* theory which

is given by the following contact diagram

Ay(p1,p2,p3,p1) = —i(27)* N6 (p1 + s + p3 + pa) (4.4.1)

with the coupling constant . From (4.3.18), we can write the stripped amplitude

Ay ({ewiqi, 9;}) = —i(2m)*A (4.4.2)

Hence, from (4.3.26) the 4-point leaf amplitudes in this case are given by

EZ(Ui, 5’1) = —Z<27T)45\ C4(O'i, 5'1'),

(4.4.3)
E4(0’i, 5’1) = Ej(oi, —5'1) = —Z(27T)4)\ 64(0'1', —5'1)
where C4(0;, 7;) is given by
4 oo . \
Ci(04,5,) = / e | / e R (4.4.4)
i3 =—1 j=170

The superscript s on £, £ denote scalars. Note that for scalars we have v; = 0, Vi,
hence the conformal weights h;, h; are given by h; = % = A — };. However, we

will evaluate the integrals without using any specific values for h;’s as the integral (4.4.4)
will appear for MHV gluon scattering also. Let’s introduce the abbreviation for the torus
separation

Sij = Sin(aij), gij = sin((rij). (445)
where 05 = 07 — 0y, 62’]’ =0; — 5']‘.
The detailed computation of the integral (4.4.4) is in appendix C.1. The final result in
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terms of Sij = Sijgij is

7 - . . . \d- .
C4(0’i, 51') = gl—‘ (h — 1) (813 + ze)d’1 (534 + ZE)d2(524 + ZE)d‘5<523 + Ze)d4H (U+, U+)

_%TF (h— 1) (S13 — €)™ (S34 — €)™ (S — i€)™ (Sa3 — i€) ™ H (u_,v_)
(4.4.6)

where

(4.4.7)

and u., vy are given by

(512512) (534534 £ i€) _ (514514) (523523 E ie)
_ . _ . bl i - — . — .
(813813 :l: ZE)(824524 :l: ZE) (813813 :l: Z€)<824824 :l: ZG)

Uy = (4.4.8)

The H-functions in (4.4.6) has been discussed in [156]. We have also reviewed it in ap-
pendix C.2. We have suppressed their first four arguments for notational convenience.
However, we will write them explicitly whenever it will be required. We want to express
the leaf amplitudes in planar coordinates. The planar coordinates are related to the global

coordinates by the following transformations

Sij = 2;; COS 0;COS 0, §;; = Z;; COS 7; COS 0, €; = SgN(COS 0; COS ;) 4.4.9)

After doing the coordinate transformations and taking care of the Jacobian factor [[;_, | cos o;|2"| cos &;|*"
we obtain the leaf amplitudes in the planar coordinates (z;, Z;). Now in planar coordinates

Cy(z;, z;) reads

(x - . _ .
C4<Zi, Ez) = ?F (h — 1) (6163213213 -+ iE)dl (6364234534 -+ ’lE)d2 (6264224224 + ZE)d3

. T s _ ,
X (€263203 %03 + €)™ H (up,vy) — ?F (h - 1) (e1€3213713 — 7€)

X (6364234234 — i€)d2 (6264224224 — iE)dS (6263223223 — iE)d4H (U,, U,>

(4.4.10)
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where in planar coordinates, v, and v are given by,

(€162212212) (€3€4234 234 £ i) _ (e1€4214714) (€2€3203%03 £ fc)

u:t - — . — . 7/U:|: - — . — .
(61632’132’13 + ZE) (62642’242’24 + ZE) (6163213213 + ZE)(€2€4224224 + ZE)
4.4.11)

In planar coordinates the signs of the frequencies ¢; reappear because the celestial torus
CT? gets divided into two diamonds and the signs ¢; determine the choice of the diamonds.
This is equivalent to the identification of in and out states in Minkowski signature. In global
coordinates there is no distinction between the diamonds that we had in planar coordinates,

they were removed by the relation ¢; = sgn(cos o; cos 7;) .

Now, in planar coordinates, we analyze the singularity structure of the scalar leaf amplitude

(4.4.3) in the cross ratio space given by,

Lo Cl2fEd o F12du (4.4.12)

, —
213724 213724

We will first consider the timelike leaf amplitude. Since £5(z;, Z;) and Cy(z;, Z;) are related

by a constant multiplicative factor, we will concentrate on Cy(z;, Z;) only. Let’s now focus

14i;

on the scalar case, for which B]— = —-.

For the sake of simplicity, we consider the case
where the imaginary parts of the conformal dimensions of all the four external particles
are same, i.e. A\; = Ay = A3 = Ay = A. With this choice, let us write H-function with all

the arguments (see C.2.1),

H(L4 i\ 1+ iA 1+ 20X, 2 4 2i\; uy, vy) (4.4.13)

For all \; = X the constraint on the total conformal weights becomes 6(5) = $6(A). On
the support of this constraint H-function simplifies to H (1,1, 1, 2; u, v). It has been shown
[156] that H-function with these specific arguments can be expressed in terms of log and
Li, functions (See appendix C.2 for details). With the proper care of the monodromies of

these functions, it was shown [146-148] that H (1, 1, 1, 2; u, v) exhibit simple pole singu-
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larity in the limit of z goes to z, where 2z and z are two independent real cross-ratios. We
now present this in detail. For concreteness we choose the following sign assignment for
the frequencies

€] = €9 = —1, €3 = €4 = +1. (4414)

Now using conformal symmetry we can send send three points to 0, 1 and oo

21,21 —> 00,29 = 29 = 1, 2322,53:2,24:24:0. (4415)

We define the following function,

1+1A
+1 V

= . 2h1 =2h = T
Si(z,2) = lm 27" 27"Cu(z, Z), hj=h; =
21,21 —00 2

- %TF (14 2i\) e®™ H (1 +iX, 144014+ 20,2+ 2\ up,vy.)  (44.16)

_ %F (14 2iX) e X H (144X, 1+ A, 1+ 20X, 2 + 2iX\ u_, v_)

and, u+, v4+ become,
uy =22+ (14 22)ie, vy =(1—2)1—2) £ {(1 —2)(1 — 2) — 1}ie. 4.4.17)

We have obtain the above expressions of 4 and vy using (4.4.14), (4.4.15) in (4.4.11),
then expanding the latter around e = 0 and keeping terms only upto O(¢). To analyze the
singularity structure of C4(z;, Z;) as z — Zz, we will work with equation (4.4.16). Since,
Cy(zi, Z;) is obtained from S,(z, Z) by multiplying a conformally covariant prefactor which
does not show any singular behavior as z — Zz, so working with Sy(z, Z) is as good as

Cal2i, %)
We start by writing explicitly the expression of the H-function,

1
-2y —ys

+2{Lis(1 — y+) — Liz(w+)}] + O(N)

H(L+ M 140X 1420\, 2 + 20\ ug, vy) =

log{z (1 — y+)} log ( = )

1—1‘1

(4.4.18)
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and we define ux = x4(1 — y+), v+ = y+(1 — x4). The derivation of (4.4.18) is given
in appendix C.2 for the sake of completeness. As explained in C.2, we can identify z. =
z Fieand 1 — yir = Z * i€ provided that Z > 2 > 1. Hence, we assume z > z > 1 and

write u4 and vy as

ur = (2 Fie)(z tie), vy = (1 — z L ie)(1 — Z Fie). (4.4.19)

Then on the support of §(\) our H-functions in (4.4.16) become

SOVH (14 iM 140\ 1+ 200, 2 + 20w, vs)
= % [{log(z F i€) + log(z + i€) }{log(1 — z F ie) — log(1l — z £ i)}
zZ—z+ie

(4.4.20)

Figure 4.2: Path traversed by z for timelike leaf amplitude.

Note, log(1 — z), Liy(z) and log = have nontrivial monodromies at branch point singular-
ities 1 and oo. We use the branch cut prescription in the complex z, z plane inspired by

[148]. We place a branch cut from 1 to co on the positive real axis in the z plane and
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assume that z moves around the branch cut counterclockwise (see Fig 4.2), whereas there
is no branch cut in the z plane. With this prescription we can take ¢ — 0 limit in all the
log and Li, functions involving z without encountering any discontinuities. On the other

hand for z we have,

log(z + i€) — log(z — i€) = —2mi, log(1l — z + i€) — log(1 — z — i€) = 2mi,

(4.4.21)
Liy(z 4 i€) — Liy(z — i€) = 2mi log(z)
Using the above discontinuities in the first A -function of (4.4.16) we obtain
. am o 0(N) 5 , 21—z _
=——7"— 1|4 2miIn | — 1. 4.4.22
I(AN)S4(z, 2) 22—z+ie{ﬂ+ mn(21_z>},z,z> ( )

Thus we show that on the support of the delta function arising from bulk scale invariance,
timelike leaf amplitude shows a simple pole singularity as = — z. Spacelike leaf amplitude
also exhibit the simple pole type singularity that we will show in the next subsection. We
will also discuss how to get the celestial amplitude by adding the timelike and spacelike

leaf amplitudes.

4.4.1.1 Recovering celestial amplitude from leaf amplitudes

We have computed the timelike leaf amplitude in the previous section. After calculating
the monodromies carefully, we have shown that it exhibits a simple pole singularity at z =
z. Similarly one can calculate the singularity structure of leaf amplitude in the spacelike
wedge. The calculation for the spacelike leaf amplitudes with arbitrary conformal weights
in global coordinates is in appendix C.1 (see (C.1.27)). The procedure is similar to what we
discussed in the previous subsection. We first write the spacelike leaf amplitude in planar

coordinates Cy(2;, z;) from the spacelike leaf amplitude in global coordinates Cy(0;, —5;).
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We define Sy(z, Z) using conformal symmetry. The final expression for Sy(z, 2) is

Si(2,7) = — TD(1 4 200 H(1 4+ 00, 1+, 1+ 200, 2+ 2\ uy, vy)
- 2 (4.4.23)
o (L 200 H (140X 1400, 1+ 200,24 2iXu v

For spacelike case, the choice of paths traversed by z, Z are opposite to the case of time-
like leaf amplitude, i.e., Z moves clockwise around the branch cut placed from 1 to oo in
the complex z plane and there is no branch cut in the z plane. Then calculating the mon-
odromies of the log and Li, functions involving Zz, in the second H-function of (4.4.23),

and expanding around A = 0 we obtain the following result,

— ' 1_ 3
S(\)Sa(z,2) = %% [—47# ~ riln (; - z)} Cnz>1. (4424

According to (4.3.25), celestial amplitude is obtained by adding the two leaf amplitudes

(‘;f)l . Since we are working with the conformally invariant functions

and multiplying it by
Si(z, %) and S4(z, ), by adding them we only obtain the conformally invariant part of
the celestial amplitude. Multiplying this with the conformally covariant prefactor which is
fixed by conformal symmetries gives us the full celestial amplitude. Hence, from (4.4.22)

and (4.4.24), the conformally invariant part of the celestial amplitude is given by,

5(N\) i i
T®<Z -1) -

—~ _ . . 4~
Ma(z,2) = (=(2m)*A) Z—z+ic Z-—z—ie (4.4.25)

- (—(27r)4)\)(5()\)g@(z —1)8(z — 7)
where

Oz—1)=1,2>1 (4.4.26)
= (, otherwise
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Our result (4.4.25) exactly matches with the conformally invariant part of the 4-point tree
level scalar celestial amplitude derived in the appendix C.3 (see equation (C.3.8)). One
can restore the conformally covariant prefactor using the conformal symmetry. We want
to emphasize that there are other choices to calculate the monodromies of the functions
appearing in leaf amplitudes. But not all the choices will lead to the required delta function

of the cross ratios.

4.4.2 MHY gluon scattering

In this section, we investigate the singularity structure of the 4 point clestial leaf amplitudes
for MHV gluon scattering processes. We first consider the MHV gluon leaf amplitudes in
the timelike wedge as the two cross ratios z and z approach each other. The color ordered

4-point MHV gluon amplitude is given by,

(12)°

Ac527 35 4) = 5y

8 (p1 + p2 + ps + pa) (4.4.27)

We first write the timelike leaf amplitude in the global coordinates. In global coordinates

the spinor brackets are given by,

(ij) = J/wiw; sinoy; = /w;w;8;; (4.4.28)

From equation (4.3.18) we get,

3

Ay ({fiwi% 791}) = (4.4.29)

W3Wq 523534541

Substituting (4.4.29) in the first equation of (4.3.26) one can obtain the timelike 4-point

leaf amplitude for MHV gluon scattering as,
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3
£9(0:,5:) = —2 Ci(04,5,) (4.4.30)
523534541

where C4(0;, 0;) is given by (4.4.6) with

h1:1+7, ho=1+ "=, hg=—, hy = —. 4.431)

We now follow the same procedure as discussed in the scalar case in previous subsec-

tions. We first express the amplitude (4.4.30) in the planar coordinates using (4.4.9)

and multiplying by the appropriate Jacobian factor. For the sake of simplicity, we take

A1 = Ay = A3 = Ay = A and use (4.4.14). We similarly define the following function

from the leaf amplitude in planar coordinates £}(z;, z;) in the configuration (4.4.15):
Ga(=,2) = _lim " L (2 2)

52

_ %r (14 2i\) 2 2 CH(2 A2 A 3 200 4+ 20Ny v) (4432)
Z —_

~ )
—%r (1+2i\) e—milﬂ(z FAN 240N, 3 4+ 200 4 + 200 u_, v_)

z —

where u., vy are given by (4.4.19). H-functions appeared in (4.4.32) satisfy the following

two identities [156, 157],

H(a,B,7,0;u,v) = H(a,f,a+5—0+1,a+8—v+1;0,u) (4.4.33)
(0 —a—pB)H(a, B,7,0;u,v) = H(a,B,7,0+Lu,v)—vH(a+1,6+1,7,0+ 1;u,v)

(4.4.34)
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First using the identity (4.4.33), then (4.4.34) and finally (4.4.33) again, we can write

1
H (24002 40A, 34 20\, 4 + 2i\;u, v) = — [H(L 4\, 140X, 1+ 20X, 2 + 20\ u, v)
u

(14 20N H (L + A, 144X, 24 200, 2 4 20\ u, v)]
(4.4.35)

Using (4.4.35), equation (4.4.32) can be rewritten as

Gu(z,2) = Gi"(2,2) + G&(2, 2) (4.4.36)

where

g, ) = %r (1+2i\) eleH(l FN LA T4 2002 4+ 200wy, vy)
Z —

_ %TF (1+2i)) e—m%H(l FN A T+ 20,2 4 20N u, )
Z —

g, 5) = %rr (2 + 2i)) eQmﬁH(l Fad 1A, 24 200, 2 4+ 20Ny, vy

_ %r (2 + 2i\) 6*2“4111(1 FAN LN, 2 4 200, 2 4+ 20\ u_, v_)
Z —_

(4.4.37)

The H-function in the first equation of (4.4.37) is the one that appeared in the scalar case
and we have showed that they contain a simple pole singularity at z = z. As discussed in
[156] (equation C.11), the H-function in the second equation of (4.4.37) does not have any
singularity at z = z. Thus using the same prescription for the paths of z, Z as described in

the paragraph above (4.4.21), we can show that for z > z > 1,

1—-2

i Z d(N)
22—1Z—z+1¢€

d(N)Gu(z,2) =

{4# + 2rilog (g - Z)} + 6(\Reg!. (4.4.38)

where Reg’ is the regular terms as z — 2. Similarly, for Z > z > 1 the spacelike leaf
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amplitude is given by

SNGr(z,7) = T2 O {—4#2—2m'log (21

32—12—24—2'6 21—z

—Z

)} +5(\)Reg’. (4.4.39)

By adding (4.4.38) and (4.4.39) and multiplying #}L, we get

S(N)=6(z — 1)

T
8 z—1

d(z — z) + 0()\) (Regular terms as z — Z) (4.4.40)

The distributional part in the above equation exactly matches with conformally invariant
part of the 4-point celestial MHV gluon amplitudes. This can be seen by applying our
configuration (4.4.14),(4.4.15) to 4-point MHV gluon celestial amplitude computed in [13]
and extracting the conformally invariant part which only depends on the cross ratios z and
Z. We expect that the regular terms will vanish from the final celestial amplitude, i.e. form

(4.4.40). We hope to address this in future.

4.5 BG equations for MHYV gluon leaf amplitudes

MHYV gluon leaf amplitudes can be shown to satisfy BG equations first derived in [22] 3
by considering the subleading (O(1)) terms in the OPE between two positive helicity out-
going gluon operators and soft gluon theorems. In this section we derive the BG equations
for the timelike leaf amplitudes in the same way. We will work with the 4-point amplitude
with €; = €5 = —1, €3 = ¢4 = +1. We first write the 4-point leaf amplitude in the planar
coordinates in a form that is appropriate for OPE decomposition. We also restore the color

indices. So we start with the full 4-point tree level MHV gluon amplitude in momentum

3See [126] for momentum space origin of these differential equations.
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space as given by:
Ay(17, 2702 30 gheny = g2 LA, 1727374 e (T T T*T*) 4 perm(234) }
4
i=1

where gy is the coupling constant and A,[i% j% k”+["] are color ordered partial MHV

(4.5.1)

amplitudes given by,

Adlim 1] = {i 452
T e G 432
Substituting (4.5.2) in (4.5.1) we get 4,
3
A4(1—,a1’ 2—,(12’ 3+,a3’ 4+,a4) — _g}Q/M z;ii Z23i;iz41 fa1a2a:fxa3a4
4.5.3)

4
B 212734 fa1a3acfaca2a4:| 5(4) (Z pz>
i=1

213224

In planar coordinates the 4-point leaf amplitude in the timelike region corresponding to

the above amplitude is given by,

3
z Z19%
g(1—a1 o—a2 9t,a3 ,+,a4\ __ 2 12 alasx prasay 12234 rajasx prazaq
54(1A1 205 3y 4A) )=~ [f f -——f f
223234741 213424
2 o 4 o0
~ A A;—2 4 ; By —
></2 d3m+ H/ dwj wj] H/ dwj Wjj GZkzl(“kkak &4 —ewy)

“4.5.4)

where ¢ in terms of (zy, Z;,) is given by (4.3.15) and we have used a different notation
for the leaf amplitudes which is convenient for OPE factorization. zi inside £} means
i-th gluon with helicity ©; = +1 and conformal dimension A;. In terms of the scalar

conformal primary wavefunction

D (2, 0:) = / duw; wii it e (4.5.5)
0

“Throughout this section we will use planar coordinates and follow the same parametrization of the spinor
brackets as given in [144].
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we can write the leaf amplitude (4.5.4) as,

3

2 21972
g(q1—a1 o9—a2 q+,a3 ,+,a4\ __ 2 12 a1a2x praszaq 12734 rqiasx prasas
£4(1A1 72A2 19A, 74A4 )= —9ym——— [f f -—f f
223%34%241 213724
2 4
3 A ~ ~
X /2 Ay | | CINRER AR | | a1+ (E45 5)
2y =—1 j=1 =3

(4.5.6)

We want to compute the OPE between the positive helicity outgoing > conformal gluon
operators inserted at points (23, Z3) and (zy4, Z4) on the celestial torus. Different modes
of the leading and subleading soft gluon symmetry algebra will appear in the subleading
order (O(1)) of the OPE. Hence, following [23, 24, 32-36], we define the leading and

subleading conformally soft gluon operators as,
RF(2,2) := lim (A — k)OX“(2, 2), k = 1,0. (4.5.7)
A—k

where OX’“(z, zZ) denote a positive helicity outgoing gluon conformal primary operator
of dimension A at the point (z, Z) on the celestial torus. In fact one can define a tower
of conformally soft gluon operators and the corresponding conserved currents follow a
symmetry algebra known as S-algebra [24]. It was shown in [151] that MHV gluon leaf
amplitudes respect this symmetry algebra. However, for our purpose we will restrict to
leading and subleading soft gluon symmetry. The soft current Ré’“(z) is a Kac-Moody

current [19, 101-106].

The explicit expressions of the actions of the modes Rﬁ’fé of the operators R*(z, 2) (k =
1, 0) on the amplitudes [22] can be found out from the known soft theorems. In particular,

for our purpose the leading soft gluon mode that will play an important role, is given by

SHere we abuse the notation and call the conformal gluon operator corresponding to positive frequency
solutions in the bulk as outgoing operator.
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R&‘f’o. Its action on the 3-point leaf amplitudes

3 2
_ _ . Z . A
»Cg (1A,1al7 QA;azv 4zfiA4—1) — _2ZQYMfa1a2a4 12 /d3qj+ <H CI)A]-—H,—(I—H Qj))

224741 i

XPagras—2.+ (T4, )
(4.5.8)
can be determined from the leading positive helicity soft gluon theorem and it is given by

6

]

1 i falagxfxa2a4 fmagag f:):a4a1
,a3 g —,a1 —,a2 ,a4 .
R-T0Ls (1A1 N 74A3+A4—1) = —29vym < +
214 224
2 2 (4.5.9)
12 34 A -
XK——— /d Tt H®Aj+1,ej(3?+,61j) Payra—2+ (T4, )
224741 =1

Let us now move to the OPE factorization.

4.5.1 OPE factorization

We will extract the OPE by factorizing the four point gluon leaf amplitudes. Since we are
interested in computing the OPE between 3rd and 4th gluon primaries, we will concentrate

on the product of the following two scalar conformal primaries,

[ee] o0
- A A3—2 As—2 i(wzqz+w T
Pay14 (T4,q3) Pay14 (T4, qu) = / dws w3 / duwy w2 elwatatwaqa) dy
0 0

(4.5.10)

Using the following parametrization:

wy =tw, wy = (1 —tw (4.5.11)

®Equation (4.5.9) can be obtained by applying equation (3.9) of [22] to the 3-point leaf amplitudes and
by identifying 7%, = R .
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and expanding around 234 = 0, zZ34 = 0 we get from (4.5.10),

Pas14 (T4,63) Pay14 (T4, qa) = B(As — 1, A4 — 1)®ayin,—24 (T4, q4)
9 4.5.12)

+234 B(Ag, Ay — 1)6_24(1)A3+A4—2,+ (T4, qu) + -

We use the above equation in (4.5.6) and expanding around z34, = 0, Z34 = 0 we get,

_ _ 1
L9 (13,2307, 300°,40) = —g%MZ—MB(Ag — 1, Ay — 1) forazr frasas

23 . 2 . .
Xi/dgﬂvﬁr H(I)Ajﬂ,ej(%m%) Pastas—24 (T4, q4)

224741 =1

a1a3x fra2a4 Tasas £rasal
_Q%MB(A3—1,A4—1) (f f +f f )
214 224
27 2 (4.5.13)
X 22412241 /d3£+ <]1_[1 P41 (24, Qj)> Dpyin,—2.4+ (T4, qa)

3
— G [ P B(Ag, Ay — 1) 12
2247241

) (T A A
Xﬁ_z4 i (H @Aj+1,ej(37+7 %)) Pagiag—24 (T4, qa) + -+
j=1

We are now ready to write down the OPE. The leading order term was calculated in [151]

and is given by,

a - a - gy m 1 . LA3AUT T -
Oz’s 3(23, 23)01; 4(24, 24) = _YTZ_?AB(Ag — 1, A4 — 1)Zf 3a4 013+A471(Z4, Z4)

(4.5.14)
This is the same as the leading order OPE between two positive helicity gluons obtained

from celestial MHV amplitude [47]. We now discuss the O(1) term.

4.5.1.1 Subleading terms: O(1)

Using (4.5.9) in (4.5.13) at O(1) we have,
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_9ym [B(A?” Ay — 1)(—ifxa3a4)£_1(4)[,§ (1&11117 2&;2, 4X;~"/‘+A471)

5 (15" 2573557450 oy = 75

+B(As = 1,8, = DRYGLE (181" 2507 480 A, 1) — B(As, Ay = DRUGLE (14,24

2

ANM A 1)+ B(As, Ay — DRIGIMYE (13", 207,485 5, 1]
4.5.15)

After some simplification the above equation can be written in terms of the correlators as

follows,

(O3 (21, 300322 (22, 2) O (20 50K (1,50} oy
= M [B(Ag, Ay — 1)(—if) <O£f1_(2’1, 21) 072 (22, 52)13—1(923%%4_1#(34, Zs))

2
Ay—1

+B(As —1,A4 = 1) At A, 2 (OA" (21,2001 (22, 22) REGOR Ay 1 4 (20, 2a))

A3 - ]. —.a1 _ —.,a2 — a4 a, =
+m (OXL (21, 21) 052 (22, 2) RETGON a1 4 (20, 1))
(4.5.16)

Hence, at the level of OPE we have,

gy m - rvasas . B
)‘O(l) T2 [B(Ag, Ay = 1) (=i f™ ™) L1 Oy a1 (21, 21)
Ay—1

A3+A4—2

OX:LS (Zg, 23)0Xf4 <Z4, 24

+B(A; —1,A; — 1) RET?OOZ;ﬁArl(Z% Z1)

A3 —1 l,a a =
+m321fooﬁ;,+3m_1(247 24)] }
(4.5.17)
This OPE exactly matches with the OPE obtained from celestial MHV gluon amplitudes

in [22, 107].
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4.5.2 BG equations

Now, we can take the subleading soft limit in (4.5.17) and get the following null equation
[22],
ifabCLfloifl#(Za zZ) + R(E;%OX:Z(Z» zZ) — RE?,OOZTLJF(Z, Z)

(4.5.18)
1,a b —
+(A-1)RN O, (2,2)=0

decoupling of which from the leaf amplitude will lead to BG equations [22] for the latter.
In a theory which respects leading and subleading positive helicity soft gluon theorems is
guaranteed to have the above null state. Since, S-algebra does not change for leaf ampli-
tudes, it was expected that the leaf amplitudes will satisfy the BG equations, which are the

differential equations corresponding to the null state (4.5.18).
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Chapter 5

Revisiting Holographic Symmetry
Algebra for the MHYV Sector

5.1 Introduction

In this chapter, we revisit the holographic symmetry algebra [23, 24] of celestial MHV
graviton and gluon scattering amplitudes. At tree level, it was shown that MHV graviton
sector is governed by the wedge subalgebra of w; .., while the MHV gluon sector is
controlled by the S algebra described in 1.1.6. In both cases, the algebra is generated by
positive-helicity gravitons or gluons, respectively. The role of negative-helicity states was
not addressed in earlier studies of celestial MHV amplitudes, since the MHV condition
prevents taking a negative-helicity particle to be energetically soft. In this work, we use
the notion of conformal softness [32—37] and show that negative-helicity particles generate
an additional abelian algebra in both the MHV graviton and gluon sectors. For gravitons,
this extends the soft symmetry algebra to a semidirect product of the wedge subalgebra of
W10 With the newly identified abelian algebra. An analogous extension arises in the gluon
case. We further demonstrate that this extended symmetry structure resolves a puzzle in

the celestial MHYV literature.
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To set the stage, let us briefly review known results for celestial MHV graviton amplitudes.
As shown in [21], these amplitudes are completely fixed by the symmetry algebra implied
by the tree-level leading and subleading soft graviton theorems for positive-helicity gravi-
tons. The leading soft theorem generates supertranslations, while the subleading soft the-

orem gives rise to a sl, current algebra. Together, they form a semidirect product algebra.

The representation of this algebra is degenerate and contains a class of null states, analo-
gous to the Knizhnik-Zamolodchikov (KZ) null states in WZW models. Imposing the de-
coupling of these null states yields (n—2) differential equations for an n-point MHV gravi-
ton amplitude. Importantly, these null states involve only descendants of positive-helicity
gravitons. By contrast, in a WZW model one finds n KZ equations for an n-point corre-
lator. The soft symmetry algebra derived from the leading and subleading soft theorems
does not account for the KZ-type null states built from descendants of negative-helicity

gravitons, leaving two missing constraints. This discrepancy has remained unresolved.

Although the soft symmetry algebra in the MHV graviton sector was later extended to the
wedge subalgebra of wy o, this infinite-dimensional enhancement still did not resolve the
puzzle. In the present work, we show that the extended algebra given by the semidirect
product of the wedge subalgebra of w; ., with the abelian algebra generated by negative-
helicity gravitons naturally produces the two missing KZ-type null states. These involve
the L._; descendants of negative-helicity gravitons and complete the expected set of con-

straints on the MHV amplitudes.

A similar story exists for the MHV gluon scattering amplitudes which we discuss in detail

in this chapter. This chapter is based on [27].

The chapter is organized as follows: We start with the mixed helicity celestial OPE be-
tween two graviton primary operators in the MHV-sector and write down the correspond-
ing symmetry algebra in section 5.2. We also review the wy,, algebra that is obtained
from the OPE between two positive-helicity graviton primaries. In section 5.4, we discuss

the symmetry algebra for MHV gluon scattering amplitudes. In section 5.3, we talk about
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new KZ-type null states for negative-helicity gravitons and we find the same for gluons in
section 5.5. Appendix D.1 and appendix D.2 contain the derivations of the new symmetry
algebra from the mixed helicity OPE of the MHV-sector for gravitons and gluons respec-
tively. The derivation of the KZ-type null states for negative-helicity gluons is in appendix
D.3. We write down the conditions on the graviton primary operators for the symmetry

algebra under consideration in appendix D.4.

5.2 Symmetry algebra from negative helicity graviton in

the MHV-sector

It is well known that holographic (soft) symmetry algebra governing celestial MHV gr-
vaiton amplitudes is given by the wedge subalgebra of w; ., generated solely by confor-
mally soft positive-helicity grvaitons. This algebra arises from the singular terms in the
OPE between two positive helicity graviton operators. In this section, we derive additional
symmetry generators associated with conformally soft negative-helicity gravitons and de-
termine the complete symmetry algebra of the gravitational MHV sector. We denote the
positive/negative helicity outgoing graviton conformal primary operators of dimension A
at (z,Z) on the celestial sphere by Gi(z,%). The singular terms in the mixed helicity
celestial OPE between two graviton primaries in the MHV sector are given by,

212

Ggl (Zl, 21)GZ2<ZQ, 22) ~ —— ZB(AI + 3+ ’I’L,AQ — 1)

212

(Z12)"
!

n 5;LG£1+A2 (227 22)

n=0

(5.2.1)

Let’s define the infinite tower of conformally soft negative helicity graviotons H*(z, z) as

H*(2,2) = lim (A — k)GA(2,2), k=—2,-3,—4,-5, - (5.2.2)

A—k
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with weights
k—2 k+2

h, h
(h, h) 2 7 2

(5.2.3)

_< )

It is important to note that the limit (5.2.2) is different from the ‘‘energetic soft limit”
because in the MHV sector energetic soft limit of negative helicity gravitons is identically

Z€ro.

From the structure of the OPE coeflicients in (5.2.1) one can see that the OPE truncates

in Z when k = —2, —3, —4---. So we can do a truncated mode expansion of H’“(z, Z) as
follows
- )
z
H¥(z, %) = m 5.2.4
(%,2) n;2225m+ﬁf (5.2.4)
2
We can further expand the currents ¥ (2) in Laurent expansion
_ HF
Y (2)= > . (5.2.5)
aEZ—% z ?

Similarly, the infinite tower of conformally soft positive-helicity graviton operators are

defined as

H*(2,2) = lim (A —k)G{ (2,2), k=2,1,0,—1,-- (5.2.6)
A—k
with conformal weights
- k+2 k—2
h,h)=|————|. 2.7
(h, 1) ( 5 g > (5.2.7)

The modes of the operators H*(z, z) satisfy the holographic symmetry algebra [23]

[HE s HE ] = = [n(2 = ) = a2 = )]
(%—ml+¥—m2—l>! (%4—777,1—1— 2_2k2 +m2—1>!
X (2,2;@1 —m1>!<2’2k2 —m2>! (2;k1 +m1>!(2—2k2 —|—m2)!
(5.2.8)
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Similarly, the OPE (5.2.1) give rise to the commutator algebra between the modes of

H*(z, %) and H*(z, z) (the derivation is in Appendix D.1)

[Hﬁi’ml, Hlﬁll,nJ = — [n1(2 — k’l) -+ m1(2 + ll):|

2—k 2+1 2—k 2+1
(5= ()
1 1

H
a1+B1,m1+n1
(% —m1>!<— 24h —n1>! (ﬁ’ﬂ +m1>!<— %ﬂh)!

(5.2.9)

X

Since the OPE between two negative helicity gravitons does not contain a pole term in the
MHYV sector, so we get

oz

B2,m2

1

B1,m1’

]=o. (5.2.10)

One can now define the light transformed operators for positive-helicity and negative-

helicity conformally soft gravitons as [24]
1 —2p+4
wh =—(p—1—m)!(p—1+m)H_? (5.2.11)
K

1 _
! =~—(q—1-n)(qg—1+n)H, * (5.2.12)
K
where p,q = 1,3,2, 2. ... and m and n are restricted to take the values

,5, 27...

l—-p<m<p—-1; 1—¢g<n<qg-1 (5.2.13)

The algebra of these light transformed operators is given by

[wh,, wl] = [m(g — 1) — n(p — D]l
[wt,, @] = [m(q — 1) — n(p — D]l (5.2.14)

[y, wi] =0
This is the complete symmetry algebra which govern the MHV graviton scattering ampli-
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tudes, which is a semidirect product of the w -, and the Abelian algebra. The conformally
soft positive helicity gravitons give rise to w;, and the negative helicity conformally soft

gravitons give rise to an infinite Abelian algebra.

5.3 Khnizhnik-Zamolodchikov type null states for negative

helicity gravitons

In the previous section we discussed the complete symmetry algebra (5.2.14) that governs
the celestial MHV graviton scattering amplitudes. The representation of this symmetry
algebra admits null states. In this section we look for the Knizhnik-Zamolodchikov (KZ)
type null states which contain the L_; descendant of the (hard) graviton operator on the
celestial sphere. Such KZ type null states involving the positive helicity soft particles in

the MHYV sector were found in [21].

However, using the symmetry algebra generated by positive helicity (conformally soft)
gravitons we get only (n — 2) KZ type equations for an n-point MHV amplitude. These
null states contain the _; descendant of the positive helicity hard graviton only. So it was
not possible to obtain a complete list of KZ type null states in [21]. In this section obtain
the two missing null states using the infinite Abelian symmetry algebra generated by the

conformally soft negative helicity gravitons in the MHV sector.

Let’s start with the mixed helicity OPE between two graviton conformal-primary operators
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in the MHV-sector up to O(Zz) [21]

z
GX, (21.21) Gy, (22.2) =~ B(A = LA +3) HYy 1Gy ia, (2, 22)

<12 2
+ B (Al — ].,AQ + 3) H£%7%G£1+A2_1 (22,22)

Ay —1

+ ZlgB (Al — 1, AQ + 3) [m
1 2

Hgl,oGZﬁAz(z% %)

+A1 Hi% G£1+A2_1<22,Zg):| + .-

1
2

(5.3.1)

Taking Ay — —3 soft limit in (5.3.1) we get

_ z
GZ1<Zla 21)H 3 (29, 29) = — ﬂGgl_g (22,2) + H'

. —31Ga, 4 (22, 2)

(5.3.2)

Expanding the RHS of (5.3.2) around (z1, Z;)
Zp 21T 212, 22 2T 212,

and demanding consistency with the OPE between H 3(zy, %) and G (21, 1) leads to

the following equation

_Elgf_[%_’:i%Gzl (Zl, 21) 2212 L,leli?’(Zl, 21) + Hg,—1Hig,%G£174(zlv 21)

+ HY (Ga, 5z, 21) + A Higv_%Gglle(zl, z)| (6.3.3)

which is equivalent to the following null state involving the L _; descendant of the negative
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helicity graviton

LoaGa+H2 oGa+ (A+3)HYy (Gay + Hy (Hy 1Gay+Hy?  GRy =0

(5.34)

Whereas the KZ type null state involving the L._; descendant of the positive helicity gravi-

ton, as obtained in [21] using plus-plus OPE, is

LaGR+Hy (Hos GAy+H G+ (A-1H., GL,=0.] (53.5)

In this section, we have derived two new KZ-type null states, (5.3.4), associated with the
two negative-helicity gravitons in the MHV sector. The KZ-type null states for the remain-
ing (n—2) positive-helicity gravitons are given in (5.3.5). Altogether, this yields a com-
plete set of n KZ equations for an n-point MHV graviton amplitude, placing the structure

of these amplitudes on the same conceptual footing as correlators in WZW models.

5.4 Symmetry algebra from negative helicity gluon in the

MHV-sector

In this section we discuss the additional symmetry generators arising out of conformally
soft negative helicity gluons in the MHV-sector. The analysis is same as that of the gravity
case discussed earlier. We begin with the singular terms of the OPE between a negative
and a positive-helicity gluon conformal primary operators in the MHV-sector which are

given by [23]

aboo

ZB Al +1—|—n Ag — 1)< ) 8”021_+A2 1(22,22).

212 —
ni

0%, (21, 21) 0% (22, 22) ~
(5.4.1)
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where we denote Ozi(z, Z) as a positive/negative helicity outgoing gluon conformal pri-
mary operator of dimension A and adjoint group index « at the point (z, Z) on the celestial

torus. Let’s define the ‘‘conformally soft’” negative-helicity gluon operators R%?(z, z) as
RF(2,2) == lim (A — k)OX (2,2), k=—1,-2,-3,--- (5.4.2)
A—k

with conformal weights
- k—1 k+1
hh)=|—7,——
i = (557
From the structure of OPE (5.4.1) one can do the following truncated mode expansion of

R¥a(z, %) in z-variable

RF(2,2) = — (5.4.3)

The holomorphic currents 2¥:%(z) can be further mode expanded in Laurent expansion in

z-variable
_ Rk,a
R = Y

z
k—1
aEZ——Q

(5.4.4)

k—1
ot 5=

Similarly, an infinite tower of conformally soft positive-helicity gluon operators are defined

as
R (2,2) = lim (A —k)OX" (2,2), k=1,0—1,--- (5.4.5)
A—k

with weights
- 1 k-1
(h, h) = (kL’ k_>
2 2

The modes of R*?(z, z) satisfy the following holographic symmetry algebra [23]

b (%_”‘F%_ />!(%+”+17_l+”/)! ktl—1,¢
T (g )l

(5.4.6)

k,a b _ s ra
(R L] = =i
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Similarly, one can obtain the following commutator algebra between the modes of R¥%(z, 7)

and R"*(z, ) from the mixed helicity OPE (5.4.1) (the derivation is in Appendix D.2)

Lk Ly (AR gy L )

RZ‘;,RM _jfab EQ n— 5 —n) Z RZ+Z(1’1ncn’
R ) = 0 (e e s
(5.4.7)

Since the OPE between two negative helicity gluons does not a have pole term, we get

[Rka R } —0. (5.4.8)

a,n’ ol n

Let’s define the conformally soft light transformed positive and negative helicity gluon

operators as [24]

St — (p—1—m)l(p—1+m) R 2P (5.4.9)
S = (g —1—-n)l(q—1+n) R 220 (5.4.10)

where p,g = 1,3 55 2,3 5, - and the restrictions on m and n become
l—=—p<m<p—-1;, 1—-q¢g<n<qg—1 54.11)

The light transformed soft gluon operators satisfy the following algebra

(S, SaY) = —ifShi (5412)
[Spe §aY) = —j febgrta-te (5.4.13)
(5P, §ad] = (5.4.14)

Maximally helicity violating (MHV) gluon scattering amplitudes in Minkowski spacetime
are governed by the symmetry algebra described above. Conformally soft positive helic-
ity gluons generate the S-algebra (5.4.12), while conformally soft negative helicity gluons

generate an infinite-dimensional Abelian algebra (5.4.14). The full symmetry algebra un-
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derlying MHV gluon scattering is given by the semi-direct product of the S-algebra with

this Abelian algebra.

5.5 Knizhnik-Zamolodchikov type null states for negative

helicity gluons

In this section we obtain the KZ type null states involving the negative helicity gluons
using the additional symmetries found in section 5.4. The procedure is same as that of the
gravity case. The OPE between between a positive and negative helicity outgoing gluon

primary operators up to O(1) is given by [22]

; rab
OX, (=1, 21)02;(227 2)=B(A:1—-1A:+1) [_ Zf_c * AlébClell’O
12
A -1 a G- z

(5.5.1)

Now we take the Ay, — —1 soft limit in (5.5.1) and demand the consistency with the OPE
between R~1* and OZT. Comparing the O(1) terms from both sides, we obtain the fol-
lowing null state relations involving negative helicity gluon (the details of the computation

is given in appendix D.3)

a,— 1,b 1,b na,— 0,b 1,b na,— »—1,b plb Na,+
Cal 10x — (A+2)R>) 4Ry O _R,%éRO,OOAJrl — Ry g7 RyyOpiy = 0.

(5.5.2)

with C'4 being the quadratic Casimir of the adjoint representation.

On the other hand, the KZ type null state involving L _; descendant of the positive helicity
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gluon, as derived in [22] using plus-plus OPE, is

CAL_ 0% — (A + 1)RY] (RypOXT — R, | RypOXT, = 0. (5.5.3)

22

In this section, we have identified the two previously missing KZ-type null states, (5.5.2),
associated with the two negative-helicity gluons in the MHV sector. Together with the
(n — 2) KZ-type null states (5.5.3) corresponding to the (n — 2) positive-helicity gluons,
these results furnish a complete set of n KZ equations for an n-point MHV amplitude.

This resolves the puzzle in the MHV gluon sector.
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Chapter 6

Conclusion and Future Directions

In this thesis, we have investigated the soft symmetries of celestial amplitudes that emerge
from tree-level soft factorization theorems and explored their implications. In particular,
we have studied the constraints these symmetries impose on celestial amplitudes in both
gauge theory and gravity. We conclude by summarizing the main results of this work and

outlining several promising directions for future research.

In Chapter 2, we studied the tree-level leading and subleading soft gluon theorems in pure
Yang-Mills theory chirally coupled to a massive scalar background field. The presence of
a massive background explicitly breaks bulk spacetime translation and scaling symmetries
of the pure Yang-Mills theory. This naturally raises the question: do scattering amplitudes
in such a background continue to satisfy the same null decoupling equations that constrain

pure Yang-Mills amplitudes in a trivial background?

We found that they do. We first demonstrated that both the leading and subleading soft
gluon theorems remain unmodified in the presence of the massive scalar background. We
then analyzed the leading and subleading operator product expansion (OPE) between two
positive-helicity gluons and showed that its structure is likewise unchanged. These re-
sults strongly suggest that gluon amplitudes in the massive background obey the same null

decoupling equations as in pure Yang-Mills theory in a trivial background. We verified
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this explicitly for the three-point Yang-Mills amplitude coupled to the massive scalar back-
ground. An interesting direction for future work would be to investigate graviton scattering
amplitudes in this setup, since the leading soft graviton theorem is expected to be modified

in the presence of a massive background.

In Chapter 3, we constructed an infinite class of S-invariant OPEs between two outgo-
ing positive-helicity gluons on the celestial sphere. These OPEs correspond to distinct
S-invariant celestial CFTs, characterized by the number of MHV null states appearing in
the expansion at subleading order. We also derived KZ-type null states for all such theo-
ries. This work illustrates how the S algebra and MHV null states can be used in celestial
CFT to probe different sectors of pure Yang-Mills theory in the bulk. We showed that the
OPEs derived from MHV gluon amplitudes and from self-dual Yang-Mills amplitudes fit
precisely into our classification scheme. It would be highly interesting to determine which
additional sectors of pure Yang-Mills theory are captured by the other S-invariant OPEs

constructed in this work.

A notable feature of our construction is that, although the scaling dimension in celestial
CFT is unbounded from below, only a finite number of null states appear in the OPE at
subleading order. This observation hints at a possible reformulation of celestial CFT in
terms of discrete and bounded scaling dimensions. Discrete bases for celestial CFT have
been constructed in the literature, and it would be valuable to relate those constructions to

the finite truncation of null states observed here.

In Chapter 4, we analyzed the singularity structure of four-point celestial leaf amplitudes
for massless scalars and MHV gluons and demonstrated that they satisfy the same null
decoupling equations as those obeyed by the full celestial amplitudes. These leaf ampli-
tudes serve as fundamental building blocks for celestial amplitudes in Klein space. They
are particularly useful because they are non-distributional on the celestial torus and admit

a natural realization within the framework of the AdS;/CFT, correspondence.

Our analysis shows that four-point celestial leaf amplitudes exhibit simple pole-type singu-
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larities in cross-ratio space. Although we established this result using constraints derived
from bulk scaling invariance, it would be worthwhile to investigate whether this behavior
can be derived more generally and can be extended to more generic scattering processes

in future work.

In Chapter 5, we revisited the symmetry algebra governing MHV sectors of graviton and
gluon scattering amplitudes. Prior to our work, MHV graviton amplitudes were known to
be controlled by the wedge subalgebra of w; . ., generated by positive-helicity gravitons.
We showed that the full symmetry algebra is instead a semidirect product of w; o, with an
infinite abelian algebra generated by conformally soft negative-helicity gravitons. Repre-
sentations of this extended algebra contain additional KZ-type null states associated with
negative-helicity gravitons, which are not found within the w;, ., wedge algebra alone.
While the latter contains (n — 2) KZ-type null states for an n-point amplitude, our analysis
reveals a total of n KZ-type equations in the celestial MHV sector closely paralleling the

structure of KZ equations in the WZW model.

Throughout this thesis, we have focused exclusively on tree-level soft theorems and their
associated symmetries. We demonstrated how these symmetries can be exploited to con-
strain and compute tree-level scattering amplitudes in gauge theory and gravity. A natural
and important question is how this symmetry structure extends beyond tree level. At loop
level, soft theorems for photons and gravitons receive corrections beginning at subleading
order. In momentum space, tree-level soft theorems are replaced by logarithmic soft the-
orems at loop level [89]. However, the full symmetry interpretation of loop-corrected soft

theorems remains incomplete.

Recent progress [158] has attempted to provide a symmetry interpretation of loop-level
soft photon theorems in the celestial basis. Extending this understanding to loop-level soft
graviton theorems would be a particularly significant development, with profound impli-
cations for flat-space holography. Although much of the progress in celestial holography

has relied on bulk scattering amplitudes, constructing a formulation of celestial CFT that

131



is defined intrinsically on the celestial sphere would mark a major step toward establishing

a robust conceptual foundation for flat-space holography.
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Appendix A

Appendices for Chapter 2

A.1 Subleading soft gluon theorem

In this appendix we derive (2.5.6). Let us start with the 3-point correlation function given

by (2.4.3),

N3 2z
(27T)4 293231

M (15,28 359 = (3f) (A1 + DT(Ag + 1)T(A5 — 1)
< [ @a(alenm) )8 () 8)0 (gl ) - 8)
X / dr 177 ¢p(7) (62”53 —1)

0

(A.1.1)

where
3

3
=308~ 1) A = [ (i)™ (A12)
j=1

j=1
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So, the action of the subleading soft operator on the 3-point correlation function is

3
Z ;—’“ —2hy, + 1+ Z0y) TEP M (10542052 3509
—1 ~4k

C1
—612741( Ay A+ Z30h) M2 (1a, - 1_72A2_73A3+)+62;42( Ao + ZipDs) ME(1a, 28,1, 3n,4)

+ €3Z—( Az + 2+ 24303) Mg (1a,-5285—53A5-1+)
13

(A.1.3)

We have pulled out the colour factors (z f) out of the amplitude and M P(1a-1-2A -5 3A54)
etc. are the colour stripped amplitude in eq.(A.1.3). The right hand side of eq.(A.1.3) can

be written as

Nz 223
(i 2 S et 63)34> i 2 (A + DDA + D0(A — 1)

1
214 Zoa 34 (27)* 203231

/d3 (—q(z1,21) - )72 (—q(20, 22) - 2) 722 (—qlzs, 23) - 2) " (—q(2a, 2) - £)

X / dr 7'*1*53@3(7') (627”'33 — 1)
0

(A.1.4)
where we have used the following equation
ZakOk (= - 2) = —(=qr - &) + (1 + 2340s) (— a4 - T) (A.1.5)
Now using the Jacobi identity
c1+ca+c3=0 (A.1.6)
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we finally get

3 3
€k 7 = A ay 1A 4® (1a1,¢ as,e as,e C1 Co C3 . -/\/’3 2212

=N B2k + 1 2 By) TP IME (18, 20 35 :<_+_+_)Z
— z41<;( ) T (1 30t 214 zoa z3a)  (2m)* 2323

xD(Ay + DE(Ag + DDA = 1) | di(—q(z1,51) - 2) 7 (—q(z2, %) - 2) 7227 (—q(2s, Z5) - 2) 7!
<(catenz)-8) [ drrSon(r) (7 - 1)

(A.1.7)

which is same as (2.5.6).

A.2 Solution of the BG equations

In subsection 2.5.1, we have argued that the BG equations remain same if we put the MHV
amplitudes in a massive scalar background. Here we show explicitly that the three point
MHV amplitude in the massive background satisfies the BG equations. We first write
down the most general form of the 3-point amplitude using the SL(2,C) symmetry and

then derive the constraints for the 3-point coefficient imposed by the BG equations.

Let us start with the color ordered SL(2, C')-covariant 3-point amplitude given by,

—ha _ho—h1—h3 _hi—ho—h3 —hz—h1—ho —ha—hi—h3 =h1—ha—h3
M3(1A12A23A3) C(Ar, Ay, A?:)le 213 2923 212 213 2923

(A.2.1)

There are two sets of decoupling equations for the color ordered amplitudes [22, 126].
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They are

A 1 o Ar—o1—1+2300 ~ ,_
(33 - _) Ms(15,25,38,) + eres——— 213 = My(1,125,38,11) = 0

A 1N ~ . Ay — 0y — 14230y ~ . __
(05 - = _) M3(1A12A23z3) + €263 = e 293 = 2M3(1A12A2713z3+1) =0

(A.2.2)

Using (A.2.1) in (A.2.2) we get the following constraints on the 3-point coefficient

C(Al - 17 AQ, Ag + 1) = €1€3 C(Al, AQ, Ag) (A23)

C(Al, AQ — 1, Ag + 1) — €9€3 O(Ah AQ, Ag) (A24)

Now, one can check that the 3-point coefficient given by [98]

Ar+ Dy —Ag+3 Ay — Ny +A5—1 —AL+ Ay Ay —1
C(Al,AQ,Ag):N’gF< 1 22 3 )F( 1 22 3 )F( 1 22 3 )f(ﬂ)

(A.2.5)

satisfies (A.2.3), (A.2.4), where f(f) is any function with § = Z?Zl A; and N3 is given
by (A.1.2).
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Appendix B

Appendices for Chapter 3

B.1 S algebra primaries

In this Appendix, we write down the conditions on the primary operators that follow from
the OPE between two positive helicity outgoing gluon primaries (1.1.99). They are ob-

tained by taking different soft limits in (1.1.99) and comparing both the sides of the OPE:

Rl;f@ ,q,uOTF(OaO) =0,p=>2
2 2

—1)ktatl (A1) B

Ry 0%T(0,0) = —ife ( —O%t, (0,0

5t g2 O&7(0,0) = =4 I(—k—q+2)I(A+q+k—2)q 2+4-1(0,0)
(B.1.1)

where 0 < ¢ < 1—Fk, k = 1,0,—1,---. These conditions have been used in writing

down the transformation properties of the MHV null states. For more details of how to
obtain these conditions one can check Appendix F of [26]. The analyses there was done

for wy o, primaries, but the methodology is same for S' algebra also.
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B.2 Transformation properties of the \D?C-null states un-
der the leading soft gluon operator Réjg and the sub-

leading soft gluon operator R(i“l
22

Using (3.3.1), (1.1.103) and (B.1.1), one can show that,

REGWE(A) = —i fO" W2 A) — i f* W (A)

R%’E\IJ?C(A) = —(G+2)if*"VI(A—1) + (A+5 —2)if*"U"(A-1) (B2.1)

(-1 T(A+j-1)
I(j+1) L(A-1)

(A - 1)

These equations have been used in sections 3.4.2 and 3.4.3.

B.3 Proof that the KZ-type null states are closed under

. 0
the action of R,
22

We write the second and third term in (3.7.8) as,

SeA) = f N (kA 1)MPT(A) + 2B (A) | + f T ES (A) (B3
k=1

The above equation can be decomposed into symmetric and antisymmetric part in the

following way,

S(A) = BL(A) + SE(A) (B.3.2)
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where

SE(A) = 2 [£9(A) — T%(A)]

% (B.3.3)
E5'(A) = 5 [E9(A) + Z*(A)]
Now, using the Jacobi identity
facbfbxy + fxabfbcy 4 fmcbfaby =0 (B34)
one can show that
1
BT (A) = =5/ (A) =0 (B.3.5)

We now simplify the symmetric part (B.3.3) and get,

n

¥5'(A) = %fc”yfb’” D (k1) (MY(A) + MIT(A)) +2 (B (A) + E**(A))

(B.3.6)

The leading and subleading soft limits of (3.7.1) and some straightforward algebra then
gives,

> (k+ 1) (MP(A) + MPP(A)) +2(E™(A) + E¥(A)) = 0. (B.3.7)

k=1

Hence we conclude that,

2A) = 0. (B.3.8)
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Appendix C

Appendices for chapter 4

C.1 Detailed calculation: 4-point scalar leaf amplitude

In this section we perform the integral (4.4.4) in detail and calculate the 4-point scalar leaf
amplitudes both in time-like and space-like regions. We will use the techniques described
in [144] and [159]. The detailed notations are given in section 4.3. In global coordinates

the measure is given by,

d®%., = sinh p cosh p dpdipdg (C.1.1)
Using (4.3.8) and (4.3.17), one can compute the following,

Pr - 44 = cos(¢ — ¢y,) sinh p — cos () — 1y) cosh p (C.1.2)

Then the integral (4.4.4) becomes,

fe'e) 27 27 4 fe’e) B
Culoy,5;) = / dp sinh p cosh p / dip / do (H / dwszhk_le_€“k>
0 0 0 je1 /0 (C.1.3)

x '@ Cos ¢p+1iy sin qﬁez:c cos Y+iy sin Y
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where

4 4
xr = sinhprk CoS Py, Yy = sinhprk sin ¢y,

o = (C.1.4)
T = —coshprkcoswk, y= —coshprk sin ¥,
k=1 k=1

Remember that o;, 0, are the global coordinates on celestial torus and they are related to

¥y, ¢; via (4.3.12). We can perform the ¢ and 1 integrals in (C.1.3) to get,

0o 4 00 B
C4(Ui, 5'1') = 47r2/ dp Sinhp COSh,O (H/ dwszhk—le—ewk>
k=170

0 (C.1.5)
XJ() (\/ 2 -+ y2) Jo <\/ 2 + ?72)
One can check using (C.1.4) that,
4 4
V% +y? =sinhp Zw,% + Qijwk cos ¢ji = sinh p @
k=1 i<k
(C.1.6)

4

4
V2% 4 y? = coshp Zwﬁ + Qijwkcoswjk = coshp ¥
k=1

i<k

where ¢;; = ¢; — ¢, V;; = ¥; — 1;. Next we make a change of variables y = sinh p in

(C.1.5) to get,

4 o0 _ o0
Cu(04,57) = A2 (H / dwkwih’“_leew’“> / dyyJo (y®) J0< 1+y2\11) (C.1.7)
k=10 0

Using the following representation of the Bessel function

1 d+ioc0 y2 2
Jo ( 1+ yQ\I/> _ / R (C.1.8)
271 6—100 5
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and rescaling & — % in (C.1.7) gives,

Cy(04,0;) = —2mi (H/ dwy, w%’“ ! W")/ dyyJo (y®)

0 (C.1.9)

/”m d ev as®)

X —e 4
d—100 £

Then one can easily perform the y-integral in the above equation and get,

d+1ioco
Ca(0,5) = (H / e Wk)/ dge <HT L CL10)
0

—100

with

4
U2 — 0% = —4) " wiwpsikSjk (C.1.11)

j<k
Hence, the scalar leaf amplitude can be written as,

d+ioco

C4(Ui,5'i) = —7T2/ dfe_%h (C112)

§—100

where
Iy = (H / dwyeor™ ™! —fwk> e Dk winsinin (C.1.13)
0

We now compute the above integral. There are six terms in the summation, namely,

W12 812812 + W1W3S513513 + W1W4S14514 + Waws3S23523 + WalsS24594 + W3W4534534

(C.1.14)
We use the Mellin-Barnes representation for the following two exponentials,
_ _ c+1i00 dS B
ptwWiwas12812 o —Ewiwas1aT1e / Q—F( 5) (§wiwas14514) "
c—100 T
SHico g (C.1.15)
X / 2—F( )(£W1WQ812§12)_T
c/—ioco ™
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Let’s first write I, as,

I c+ioo ds F( )(g B )_8 ¢’ +ioco dr F( g H d 2k —1 oW
4= - o S 514514 o o 512512 WrWy,

00 00
o0
s - — s s 5 2h 1 -
Xw; SWZ Te §(w2w3823523+w2w4824824+wSW4834834)/ dwlw 1—r—s—1, w1 (§wss13513+€)
0

(C.1.16)

Then performing the w; integral we get,

c+ioco ¢ +ioco he — g
Iy :/ d—s.F(S) (5514514)_8/ d—r.F(T)(fslzgu)*T F(Z_hl i )

io 2T oo 2T (£s13513 + €)2mr—s

2hy—1 oWk —r, r+s—2h; o8 (W2w3s23803+wowa 524524 +w3w1534534)
(II/ dwywy, >w4 Wy Ws

(C.1.17)

\/t2t3t

Let us now make the change of variable w = and perform the ¢ integrals. Thus I,

becomes,

1 _ _ _ _ _ _ _ _ _
I, = 5(5513513 + 6)_%1 (£534534 + 6)h1+h2_h3_h4 (€894524 + e)_hl_h2+h3‘h4
(C.1.18)

X (5823523 + 6)E1_B2_E3+E4f4(’&, ’l~))
where

271 271

c+100 d c' +100 d B B _ _
Fulit, 9) :/ a5 (T (s = oy + By + s — Toy)

—i00 c'—ioco

XF(T — Bl — BQ + Bg + B4)F(2B1 - T — S)F(—T — S+ 711 + 77/2 — iLg + B4)ﬂir?’}7‘s

(C.1.19)
and we have defined,
i — (58i2§12)(5334§34i+ €) b= (58174514) (5823§2§ +¢€) (C.1.20)
(€513513 + €)(€524524 + €) (£513513 + €) (524524 + €)
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We now change r — —7r, s — —s in the integral (C.1.19) and get,

271 211

—c+i0co d —c/+ioco d 3 3 3 B
Fulit, o) = / a5 A ()T (=) T(—s — Fiy + hp + g — F)

c—100 —c'—i00

XD (=1 — hy — hy + hs + hg)T'(2hy +7 + 8)[(r + 5 + hy + hy — hg + hy) @'
(C.1.21)

¢, > 0. The above integral is given by (B.9) of [156] and can be written in terms of the

H-function defined in that paper. More specifically, we can write,

Fu(t,0) = H (2hy, hy + ha — h3 + ha, 2hy + 2hy — 1,2k + 2h9;0,0)  (C.1.22)

We will ignore writing the first four arguments of the H-function unless their explicit
expressions are required. Since the ¢-dependence in H-function is only through u, v (and
hence becomes ¢-independent by giving proper e factors), we can easily perform the £

integral. Let us write the scalar leaf amplitudes Cy4(0;, 7;) in terms of the H-function,

. d+ioco
(xn 1 3 o7 B S
C4(ai7 52’) = 75 d£ € ¢ (5513313 + E) 2 (5834834 + 6)h1+h2 ha=ha
2 Jomioo (C.1.23)

X (5824524 + 6)_E1_E2+B3_B4 (5523523 + 6)B1_B2_B3+B4H (ﬂ, 17)

Following [144] we now make a change of variable £ = § + iy to get,

e o0 ot _ _oF . _ - i3

Ca(0i,09) = 5/ dy ev=7 (iys13513 + €) 2 (iy 534534 + €)1 Th2ha=ha
—0oQ

)—51—52—&-53—54(

X (1YS24504 + € 1YS23523 + e)i”_ﬁ?_ﬁ?’””L (C.1.24)

I ( (1ys12512) (1Y534534 + €) (1yS14514) (1yS23523 + €) )
(iys13513 + €)(iys2aSas + €) (1ys13513 + €) (1Y S24524 + €)

where we have used (£s;;5;;) = (iysi;S;; + €) in the 6 — 0T limit. Now we break the
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integrals into two parts depending on ¥ > 0 and y < 0. This gives

o g S
Ci(04,0;) = g/ dyevy e 2" (513513 — i€) "2 (534834 — de)1 2 hehs

% 524824 o 26) h1—ha+hs—ha (523523 o ,L'G)h1*h2*h3+h4

( (512512) 534834 — l€) (514514) (523523 — i€) )
513813 — ZE 524824 — ZE)’ (813513 — i€)<824§24 — ZE)

+g / dy e Ty~ B (519515 -+ i€) T (534554 + 1) (53,5, - i) PR
0
X (S350 + i) P2 hatha pp ( (512512) (834534 + i€) (514514) (323323 + )
23923 — : — :
(813813 + ZE)(824824 + Z€) (813813 —+ ZG 824824 + ZG)
(C.1.25)

where we have defined h = 3", _, k.. By substituting y — , and performing the y integral

we will get (4.4.6).

To obtain the other scalar leaf amplitude we have to send o; — —a; and use,
(—z £ie)® = ™ (2 F ie)® (C.1.26)

Then we have,

T T
C4<O'2', —5’1) = EF (h 1) (813813 — ZE) 2h <834§34 — ZG)h1+h2 hy—ha

X (94804 — d€) T Reths—ha (g, 50 je)—ha—hatha

I (( (512512) (534534 — i€) (514514) (823523 — i€) )

$13513 — 1€)(S24524 — 1€) (513513 — i€) (524524 — i€)

—%F (h 1) (513813 + ZE) 2h1 (534534 -+ Z'€>E1+E277137714 (824524 + 2'6)7]_117]_12+7137E4
X (533503 + i)~ hta b ( (5}2512)(534534_+ iﬁ). | (Sf4§14) '(823523_+ ie)' )
(813513 + Z€>(824524 + ZG) (813813 + ’LE)(SQ4SQ4 + ’LE)
(C.1.27)
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C.2 H-function

H-function and its properties can be found in [156]. It is defined in terms of G-functions
by the following equation ( see (5.9) of [156]),

[(1—7)

H(a, B,7,0;u,v) = XE)

I'(y—1)
I'@—2y+2)

F(a)(B)T(0 — a)I'(6 — B)G (e, B,7,0;u,, 1 —v)
Fa—y+DPB=y+ I —y—a+ I —v— B+ 1u'?

xGla—vy+1,0—74+1,2—7,0 =2y +2;u,1 —v)
(C.2.1)

From Appendix C.1, we know that,

o = 2%1, 5 = Bl +B2 —B3+B4, Y= Qill +2E2 — 1, 0= 2iL1 +2B2 (C22)

i.e., 0 = v + 1. For this special relation between  and d, G-functions can be written in

terms of Hypergeometric functions using

1
Gla, v, v+ Lu 1l —v) = m((l—y)zﬂ(a—1,5—1;7;37)2F1(0475;7+1;1—y)

—zoF (a, B5y + L) o Fi (e — 1,8 = 1,951 — y))
(C.2.3)

where, u = z(1 — y) and v = y(1 — z).

C.2.1 Scalar case

In scalar case we have,

Oézl—f—l)\l

1
6:1+§(z’/\1+i/\2—z’)\3+@')\4)
”}/:1+Z)\1+Z>\2

0 =241\ +1i)
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As mentioned in the main section we are interested in the configuration where \; = Ay =

A3 = Ay = A. Then H-function is given by,

H(L+ i\ 140X 1+ 20\, 2 + 2i\;u, v)

i L1 +iN) | . | |
== G(1+ M1+ X1+ 2002 + 20\ u, 1 —
s | T 20T 2y 0 F AT A L+ 204,24 28w, L =)
(1 — i))*

- TEAG(1 =N 1 — iA1= 20X, 2 = 2\ u, 1 —
T(1— 2002 —2i\) " (1 —dA1—iA1—2iA2 = 2iNu,1 )
(C.2.4)

On the support of §(\) we can expand this H-function around A = 0 and keep upto O(\°)

terms only. Using (C.2.3) and the following expansion of Hypergeometric functions,
o F1 (i, i 1+ 20N 2) = 1+ O(N\?)

2ol (140X 1442+ 2\ 2) = —(1 + 2i)) log(1 — ) — 2iA Lig(7) + O(\?)
(C.2.5)

[—(1 +2i)) log (1 s x)

—2iM{Liy(1 — y) — Lig(z)}] + O(A\?)

one can show that,

G(1+ i\ 140X 1+ 20\, 2+ 2ixu, 1 —v)

- l—2z—y

(C.2.6)
Using the above equation in (C.2.4) and, expanding around A = 0, we can get (4.4.18).
We know from (4.4.17), that in our case, u, v are given by, ux = zz £ (1 + 2Z)ie and
ve=(1—2)(1—2)+{(1—2)(1—2)— 1}ie. Hence, we can write,

ra(l—yy) = 22 (1+22)ie, yr(1—24) = (1—2)(1—2)£{(1—2)(1—2z)—1}ie (C.2.7)

The above equations can be solved for z, y+. The solutions are given by,

24+z-1 2+ z-1,
Tem AT e I m e e

€ (C.2.8)
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Let ¢ = sgn <Z2;_Z’1> , ( =sgn (EQT%Z”) Thus (4.4.18) becomes,

z z

SV H (14X, 141X, 1+ 20X, 2 + 2i); (2 F Cie) (2 £ Cie), (1 — 2 £ Cie)(1 — 2 F (ie))
1

ST [{log(z F Cie) + log(z £ Cie) H{log(1 — z F Cie) —log(1 — z + Cie)}

—2Liy(z F (ie) + 2Lis(Z + Cie)]
(C.2.9)

We take ( = ¢ = +1. This can be achieved by letting z > @’1, zZ > z. However, in the
V51

2

region < z < 1 we don’t have any singularities for log or Li, functions. Thus, in the

limit z — z, H-function does not develop any simple pole. Hence, we take z > 1,2z > z,

i.e. z can approach z from below. In this regime of z, Z we obtain (4.4.20).

C.2.2 Gluon case
For MHV gluon scattering from (4.4.31) and (C.2.2), we have

1
(C.2.10)

With Ay = Ay = A3 = Ay = ) one will get the H-functions appeared in (4.4.32).

C.3 Tree level 4-point celestial amplitudes for massless

scalars

The tree level momentum space 4-point amplitude is given by (4.4.1). In this section of the
appendix, we compute the 4-point celestial amplitude in planar coordinates. As mentioned

in the main section we take ¢; = €5 = —1, €3 = ¢4 = +1. The momentum conserving
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delta function can be parametrized as,

4
1 * * g
oW Zp’,: = —0(w —wy)d(wy —wy) 6 (w3 —w3)d(r —7) (C.3.1)
1 40)4
where

N 204234 241234 204241

Wy =Wa———, Wy =Wg————, W3 =Wg——,
212713 212223 223213 (C.3.2)

T = Z12234213%24, T = 212234%13%24

The 4-point celestial amplitude is given by,

({thmh} H/dkaQhk A4 p17p27p37p4) (C33)

where 2h;, = A, = 1 + i\;. Now, substituting A4 from (4.4.1) and using (C.3.1) we get,

M5 p) = — T2 (224%34> g (%) 0 (z“f‘“) 8(2 - 2)

2213224213224 212713 212723 223713

_ 2h1—1 _ 2ha—1 _ 2h3—1
% 224234) (241234) <224Z41) 5(@
212213 212293 223213

(C.34)
where we have defined § = Zizl Ax. The cross ratios are given by,
= 2122’34’ 5 f12f34 (C3.5)
213724 213724

Using the conformal symmetry we take three points to 0,1 and co. More precisely we

define an amplitude in the following way,

Mi(zz ) = _lim_(22)" Ma(a.21 = 0, m =2 = 1, a6

23 = Z, 3:2,24:2420,{Bi})
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Remember that for scalars we have h; = h;. We obtain,

Mz, {hi}) = (—i2r)'A) 5O (2 = 1) 8(z — 2) 220272 (z = )77 5 3)
(C.3.7)

If the imaginary part of the complex dimensions of all the scalars are same, i.e., A\; =

A2 = A3 = Ay = A, then we have,

Mi(z,2,2) = (=i(2m)')) 20 (2 = 1)3(= = 2) () (C3.8)
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Appendix D

Appendices for chapter 5

D.1 Mixed helicity OPE and the soft symmetry algebra

for gravitons

The mixed helicity OPE between two graviton operators in the MHV sector is given by

GAl(Zth)GA (ZQ,ZQ)N_@ZB A1—1+n A2+3)( )

nO

A1+Ao (Z27 Z2>

(D.1.1)

We define the *‘conformally soft’” negative-helicity graviton operator H*(z, z) as

H*(2,2) = lim (A — k)GA(2,2), k= —3,—4,-5,... (D.1.2)

A—k

The operators H*(z, ) admit the following truncated anti-holomorphic mode expansion

)

O T
Hk(zwz) = E _m+k+2
2 z

\_/

(D.1.3)

m=Etz
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Similarly, we define the conformally soft positive-helicity graviton as

with weights (%52, 52).

H* (2, %) also admits the following truncated mode expansion

2-k
_ . HF(z
H (2,2)= Y gm—(’zl (D.1.5)
k—2

The OPE between two conformally soft mixed helicity gravitons is given by

1-k

k _\ 7l _ Z12 (-]{7 —l—n— 2)' (212)
H(z1, 2)H (22, Z) ~ T > (=31 (1—k—n) nl

Oy H* (25, 2,) (D.1.6)

The currents H*(z) and H! (z) are given by

dz _
HE(2) = 2—;2”+1€T4H’“ (2, %) (D.1.7)
and
7l AZ wilai, -
H (z)= 5i” 2H'(2,2). (D.1.8)

Using OPE (D.1.6) we can write the follwoing commutator as

— dzy _nt+ks2 dzZy n/41 d _
[HS7H711’:| (2’2) :f ﬁzlJr 2 ﬁZQ +2% il.Hk(Zl,zl)Hl(Zg,gg)
| |z12]<€

z1|<e 271 |Z2]<e 271 21

(D.1.9)
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We Perform the z; integral first and use the following results

d21 n+ _ m+1 k
o =0 1< m< —n—=
]{1|<e omi ! ™ () ) Sm<-n—g
1 (m + 1)' = ym+ntk k
:(1—E—n)'(m—|—n+k)|(_z2) * _”—gﬁmﬁl—k
2 : 2/
(D.1.10)
Then the commutator (D.1.9) with the above result becomes
1—k N
[HE, L) ( - —l— —2)! (m + 1) (=1)™"F2
—pk (I—k—m) (1—§—n) (m—l—n+ )
d? m4n k n' 1 m B

(D.1.11)

Then performing Z, integral and substituting the mode expansionn for H**! we get

_kHl+2
dZy _ \mtntEan'+L om kel - dZy _ \mtntEin'+l - HHZ(ZQ)
- (%) 2T O HY (29, 22) = - (%) 2o — R
]{sze 271 ? |Z2]|<e 2mi ’ = zk;lﬂ 22 i
(_n —n' — k+é+2)' Hk+l ( )
(—n o — k+é+2 m). n-n/
Substituting the result in (D.1.11) and doing the sum we have
[Hﬁ, ﬁfl,] (20) =—[n'(2— k) +n(2+1)]
2-k 241 2—k 2+1
o e - (B e - 4 - 1)!ﬁk+ll(z2)
CE— ) (=) Bl ()
(D.1.12)

This is the conformal soft symmetry algebra for gravitons arising from mixed helicity OPE.
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D.2 Mixed helicity OPE and the soft symmetry algebra

for gluons

The mixed helicity OPE between two gluon conformal primary operators is given by

" B i abc X 7)™ _ o
OA’j(Zl, 21)022 (ZQ, 22) ~ — icl? Z B(Al -1 + m, AQ + 1)( 71;? a;nOA’H_AQ_l(Z% 22)
m=0 ’

(D.2.1)

Let’s define the ‘‘conformally soft” negative helicity gluon operator R%?(z, 7) as

R*(z,2) = lim (A = K)OY ™ (2, 2) (D.2.2)

The OPE (D.2.1) allows us to do the following truncated mode expansion of R*?(z, z)

B 2 Rkﬂ
Rb(z,2)= ) —™ ,EZ) (D.2.3)
For positive helicity gravitons we similarly define

Rk,(l (Z72) :iln}c (A_k) OZ+ (272)7 k= 1707_17"' (D24)
—

Similarly, we have the following truncated mode expansion

2 k,a
R (2,2)= Y R (2) (D.2.5)



The OPE between R¥%(zy, z;) and R'(2y, %,) is given by

- pab 1K > \m
_ ) —k—1—m)! z _
Rk’a<21, Zl)Rl’b(Zg, 22) ~ f c § : ( ) ( 12) a;;LRk'f‘l—l,C(Zé’ 22).

(D.2.6)
The commutator between RF* and Rfj can be found using the above OPE
— dzl _n+k=3 d22 _n/+i=t le .= _
R]:L’a>Rf{?} (22) = f oa Pyt R —RM(z1,21) R (%, %)
[ 21| <€ 271 1 |Z2| <€ 271 2 |z12] <€ 271
(D.2.7)

Now we substitute (D.2.6) in the r.h.s. Then we first perform the z; integral and use the

following

A5 mikbs 1—k
%| 2—71_;21+2 (212) :0, O§m<T—n
zZ1|1<e

1 —
Tk—ngmgl—k

(D.2.8)
We obtain the following commutator
— mAn+ 5L
i ' —k—1l—m) (—1) P
RfLﬂJ RZ?} (ZQ) = — 7/fa‘l; (
[ :122’“ (= DHL =k =m)L (355 = n)! (m+n + 55)!
dZo mant ksl g ypl=t _
X f 12‘22 +nt+=5=+n'+ = ag;Rk—l—l—l,c (22722)
|52l <e 2T
(D.2.9)
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Next we perform the remaining integral by substituting the modes of RF*!=1<

k+1

- - —5% Sktl-lec
dZy _m—&—n—l—%—i—n’—i—%am Sktl—1,c N dzs _m—i-n—&—%-kn'-l—l_Tlam Rm’ (ZQ)
2 '22 ZQR (’22722) - 2 '22 Z2 m’—i—ﬁ
|Z2|<e 2T |Z2|<e 4T =kt Zy 2
2

(o= = 54

(—n—n’—m—

Bktl-1,
M) ] RnJrn’ C(z2>
7 )

(D.2.10)

Substituting the result in (D.2.9) and performing the sum we get the holographic symmetry

algbra for gluons

(;k I+1
2

-0 - (0
(5 ) (=) (55

I
2 - 'Rk’-i-l 1,0(22).

ka plb — _4fab .
Rh R (z2) = =i (=B )t

(D.2.11)

D.3 The K Z type null states for negative helicity gluons

In this appendix, we derive the Knizhnik-Zamolodchikov (KZ) type null states involving
negaive-helicity gluon operators. These null states emerge from analyzing the soft limits
in the operator product expansion (OPE) and requiring consistency with the OPE between
R and the positive-helicity operator OZJr. The OPE between a positive and a negative-

helicity gluon primary operators up to O(1) takes the form given by [22]

- rab
A z N z ¢ ¢ c a
OAT(Zl’ 21)022 (22,22) =B (A1 — 1, A5 +1) [_ f + A6 Rl_’l,o
12
Al —1 be p0,a 1 c— B

(D.3.1)

Taking the soft limit Ay, — —1 on both side of (D.3.1) we get

1
29

a D, Z a0 a a
OAT_ (21, zl)R_l’b(Zg, 22) = | — Zf - + A15bCR1_’170 + 5bCR(11 (—Hi
12 2

_%> ] 021_—2(22722)

(D.3.2)

[N
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Now we demand the consistency with the OPE between R~*(z,, Z,) and OZ;r (21, 71) and

expand z; in the above expression by
Zo —» 21 — 212, 29 —» Z1 — Z12 -
Comparing the O(1) terms, we have

R;é’bOZ (21,71) = if"L_ 103 _ 2(21721)—1—A1R1a O (21721)—1‘30 OA; (21, 71)

2

(D.3.3)

Hence, the KZ type null states involving the L_; descendant of negative helicity gluons in

the MHV-sector is

ife L0 +(A+ Q)lefyoOZ RO? 1OA+1 R, (1) bOA+2 =0. (D.34)

Multiplying (D.3.4) with —if%? and using fo®b feac = (,46%, we obtain the following

relations

a,— 1,b 1,b na,— 0,b 1,b na,— H»—1,b plb Na,+
Cal 10x — (A+2)R> (RyOX™ — R,;%RO,OOAH — Ry g7 RygOpxiy = 0.

(D.3.5)

where C'4 is the quadratic Casimir of the adjoint representation.

D.4 Graviton primaries of the new symmetry algebra

We derive the conditions on the primary operators that follow from the OPE between a
positive and negative helicity graviton conformal-primary operators in this chapter. We
follow the same procedure to derive these conditions as was done in Appendix F of [26].

By taking the A; — k soft limit and doing the mode expansion we get the following
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conditions

(- T(A43) 1

(1—k—n)!F(k¢+A+n+2)n!a Gaa(0,0)

HE o on G2 (0,0) = —
)

> n—1

(D.4.1)
form=1land0<n<1-—kandk=1,0,—1,--- and
H 22, (GA(0,0)=0 (D4.2)
form>1land0<n<1-—kandk=1,0,—1,---
We get another condition
H* 4o, 24GA(0,0) =0 (D.4.3)

form>1landk=1,0,—1,---.

Similarly, from the OPE between a negative and positive helicity gravitons we get the

following conditions

_ _1)7k7n73 r (A _ 1) 1 _
ok . ) + _ _ ( e
(D.4.4)
form=1land0<n<-k—3.and
H o seo, (GA(0,0) =0 (D.4.5)
form>1land0<n<-k-—3.
And form > 1 we get
A 5, 12GL(0,0) =0. (D.4.6)
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The OPE between two positive-helicity outgoing gravitons gives rise to the following con-

ditions
k + _ (_1>1_k_n I (A — 1) i_n +
Hosp i agt nnGa (0.0 = =TT asn — gy Cans(0:0)
(D.4.7)
form=1land0<n<1-—kandk=1,0,—1,--- and
H':o, 2, G5(0,0)=0 (D.4.3)
2 72
form>1land0<n<1l—kandk=1,0,—1,---
Andform > 1and k =1,0,—1,--- we have
H" o 5 GX(0,0) = 0. (D.4.9)
2 v 2
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