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Thesis Summary

String theory has achieved remarkable success in calculating the index or degeneracy as-
sociated with certain classes of supersymmetric black holes [15, 16]. In some cases, exact
helicity trace indices have been expressed through specific modular forms. A corresponding
gravitational approach reproduces these results by evaluating the string path integral in the
black hole’s near-horizon geometry [18]. This prescription leads to a puzzle: the Brecken-
ridge-Myers—Peet—Vafa (BMPV) black holes [22] in flat space and in Taub—NUT space share
the same near-horizon geometry, yet they possess distinct microscopic indices. Thus, a single
near-horizon geometry cannot account for the differing microscopic results. This discrepancy
is now attributed to black hole hair modes—smooth, normalizable degrees of freedom outside
the horizon—many of which have been explicitly identified and constructed [20,21]. With
these hair modes present, reconciling the near-horizon path integral with the exact micro-
scopic results becomes unclear. Their inclusion, however, is essential for a complete corre-
spondence [25,26]. Conversely, incorporating hair modes from the near-horizon perspective
is challenging. Recent advances suggest that evaluating the path integral over the full asymp-
totically flat spacetime offers a unified framework encompassing both near-horizon and hair
contributions.

In our paper [127], which consists the first part of the thesis, we analyze the spectrum of
modes in AdS; x §3 and identify those corresponding to known supersymmetric hair modes
in full black hole geometries. A key objective is to understand these hair modes from the
near-horizon perspective. Another aim is to clarify how these hair deformations relate to other
types of AdS3 deformations, such as null-warped AdS3;. We carry out a detailed analysis of
the boundary conditions satisfied by the hair modes in AdS3, showing that all of them obey
non-normalizable boundary conditions. Our findings make it evident that any gravitational
computation in the near-horizon region aiming to reproduce the exact microscopic results
must necessarily involve non-normalizable modes. We also incorporate the hair modes of the

complete black hole solutions within the framework of minimal six-dimensional supergravity



coupled to a tensor multiplet. The microscopic expression for the logarithm of the super-
symmetric index successfully reproduces the Bekenstein—-Hawking entropy of the correspond-
ing supersymmetric black hole in the large-charge limit. Although this agreement is striking,
it still leaves several open questions concerning the precise connection between the super-
symmetric index and the actual degeneracy of states. In recent years, a framework has been
introduced to compute the index directly from the gravitational side using the gravitational
path integral [71,72].

Some supersymmetric elementary string states carrying angular momentum can be in-
terpreted as small black rings within five-dimensional string theory. These black rings are
characterized by having a vanishing horizon area. Through the 4D-5D correspondence, such
small black rings are related to small, non-rotating black holes in four dimensions.

Recent developments have introduced saddle-point configurations in the gravitational path
integral that compute the supersymmetric index for small black holes [82-84]. Building on
this, we propose in [128], which is the second part of the thesis, a similar saddle solution
tailored to five-dimensional small black rings. The leading contribution comes from a black
ring saddle rotating in both independent angular directions with a finite-area horizon. This
configuration is described by a three-center Bena—Warner solution and reformulated within

the chiral null model, aiding future developments.
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Chapter 1

Introduction

1.1 Black holes in general relativity

Black holes are formed due to gravitational collapse of massive objects having mass several
times that of the solar mass. The system collapses continuously due to intense gravity until an
“event horizon” is formed. This is a hypothetical surface surrounding black hole which even
light can’t escape.

In general relativity, black holes are solutions to Einstein’s equation

1

where Gy and A are Newton’s constant and cosmological constant respectively. For conve-
nience, we work in natural units, i.e, Gy = 1 = i = kg = c. The Einstein equations are highly
non-linear and in general, cannot be solved exactly. However they have been solved in many
special cases. One such solution is the Schwarzschild metric, which represents a static, spher-

ically symmetric, and uncharged object in vacuum, meaning 7,y = 0 and A = 0.

oM oM
ds* = —(1— T)dtz +(1- T)—1czr2 +7%(d6* +sin* 099?) (1.1.2)

In this setup, the variables ¢ and r represent the Schwarzschild time and radial distance, and
M is the mass of the gravitational source. This metric effectively describes the space-time
outside any spherical body, as long as we are considering the region where r > 2M. Yet,

in most physical situations, the coordinates become problematic at r = 2M because this lies

12



1 Introduction

within the matter distribution of stars or planets, making the vacuum solution invalid at that
point. For extreme cases like black holes, where all the mass is compressed to a point, the
Schwarzschild Solution can still be used at » = 2M. In our discussion, we will treat the metric
in equation (1.1.2) as specifically describing a black hole, and we will not consider other
spherical configurations.

In this black hole context, the metric (1.1.2) has a time component g;; that becomes zero
and a radial component g, that becomes infinite at » = 2M. This indicates a coordinate sin-
gularity at that radius—not a real physical one, but an artifact of the coordinate system used.
Alternative coordinate systems, such as Eddington-Finkelstein or Kruskal coordinates [6], al-
low us to analyze the interior region of a black hole without this issue.

The hypothetical surface at r = 2M around a Schwarzschild black hole behaves as a one-
way membrane through which information can pass only into the interior and nothing can
come out classically. This surface is known as the event horizon. The metric (1.1.2) has
another singularity at = 0 which is a proper singularity' of the geometry and cannot be re-
moved by any choice of coordinates. In general, when a star collapses under gravity, a black
hole is formed. Penrose’s Cosmic Censorship Conjecture (CCC) [2] suggests that singular-
ities resulting from such collapse are always hidden behind an event horizon. This horizon
prevents any information from escaping, making the singularity unobservable to distant ob-
servers. If no event horizon were present, the singularity would be exposed, forming a “naked
singularity,” which CCC proposes does not occur. We will see that the event horizon is crucial
to understanding many aspects of black hole physics.

Up to this point, black holes have been treated as purely classical objects. However, when
quantum effects are included, black holes are predicted to emit radiation and possess a thermal
temperature. Through semi-classical analysis?, Hawking [3] demonstrated that black holes
emit radiation like any other hot body, with a temperature known as the Hawking temperature,

given by

!'The square of the Riemann tensor Ry,y,R*YPY diverges at r — 0.
By ‘semi-classical computation’ we mean quantum field theory effects are considered in a curved geometry.

13



1 Introduction

Ty = (1.1.3)
27T

where K represents the surface gravity at the horizon as seen by a distant observer. This
surface gravity can be interpreted as the force per unit mass required to hold an object at the
horizon from infinity. Besides Hawking’s original quantum field-theoretic derivation, other
approaches — such as Euclidean techniques (see [4]) — have also reproduced the result. In
quantum field theory, using a Wick rotation to imaginary time 7, periodicity 7" in 7 is related

to inverse temperature § = %, implying thermal behavior. Based on this idea, performing a
Wick rotation T = it in the Schwarzschild metric, we obtain the form of the metric 1.1.2 near

the horizon as

1
dst ~ 16G*M?[(p*dw® +dp?) + Z(dez +sin @ d¢?)] (1.1.4)

where p = \/% and @ = ;. In these new variables the event horizon lies at p =0,
which represents the origin of the (p, ®)-plane, where @ serves as the angular coordinate and
p as the radial one. Much like polar coordinates in the plane, the entire Euclidean space can
be described using (p, ®)-coordinates by making @ periodic with a period 27, including the
point p = 0. This leads to the conclusion that the Euclidean time 7 must also be periodic with
a period P = 87M in order to avoid any conical singularity at the center p = 0. Consequently,
for the Schwarzschild black hole, the temperature associated with the event horizon is found

to be

1

Ty = ——.
H 8TM

(1.1.5)

The Schwarzschild solution represents the most basic black hole, characterized solely
by its mass. However, black holes may also possess electric charge Q in addition to mass
M. These configurations arise as solutions to Einstein’s equations when coupled with a U(1)

gauge field, described by the action

14



1 Introduction

1 1

The field equations derived from this action are

1
Guy =2 (FMFV’L - ZFMF“gW) , (1.1.7)
VuFH =0, (1.1.8)

These are inherently non-linear, reflecting that the solutions cannot be obtained via per-
turbative expansions around flat spacetime. The spherically symmetric Reissner—Nordstrom

(RN) metric, which solves these equations, is given by

r 1’2

oM QP oM 2\
dszz—(l——+Q—)dt2+(l——+Q—2> dr* +r*(d6* +sin>0d¢?).  (1.1.9)
r r

where A = %dt and F = dA denotes the Maxwell field strength sourced by the black hole.
In this case, Q represents the electric charge. The time-time component g;; becomes zero at

r = r4, where

ry=M+\/M2— Q2. (1.1.10)

So there are two horizons of RN-black hole, outer horizon at r = r and the inner horizon at
r = r_. The value of mass and charge for which Q> > M? causes naked singularity. Hence it
is not allowed according to Cosmic Censorship conjecture. This restricts the values of M and
Q to satisfy M > Q. The black holes that saturate the condition Q = M are called extremal
RN black holes, they are stable (soliton-like), are at zero thermal temperature and they don’t
radiate. For M > Q (non-extremal) they have finite positive temperature and can Hawking
radiate. For extremal black holes the inner horizon and the outer horizon coincides and are at

r=ry=r_=M.
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1 Introduction

Since stars and planets rotate, it is natural to expect that black holes—formed from their
collapse—also possess angular momentum. As a result, solutions to Einstein’s equations exist
that describe rotating black holes, which are characterized by both mass and angular momen-
tum J. These black holes can be either uncharged, described by the Kerr metric [7], or charged,
represented by the Kerr—Newman solution [8]. According to black hole uniqueness theorems,
these represent the only stationary and asymptotically flat solutions to Einstein’s equations.
While non-rotating black holes are static, rotating ones are dynamic, yet still stationary and
axisymmetric.

In the 1970s, a profound connection between black hole behavior and classical thermody-
namics was established. Notably, the four laws of black hole mechanics, which mirror those of
thermodynamics, were formulated by Bardeen, Carter, and Hawking in 1973 [9]. The entropy
associated with black holes, known as Bekenstein—Hawking entropy [10], is proportional to

the area of the event horizon and is given by

A
Seu =7 (1.1.11)

where A denotes the area of the event horizon. This formulation is consistent with the black
hole area law [11], which states that “the area of a classical black hole’s event horizon never
decreases.” This parallels the second law of thermodynamics, where entropy in a closed system
also never diminishes.

From the statistical mechanical point of view, this amount of entropy requires ¢34 num-
bers of microscopic states of a particular black hole. There are several no-hair theorems [6]
according to which for classical black holes associated with usual matter content in D = 4 the
solutions are uniquely defined in terms of their mass M, electromagnetic charge Q and angular
momentum J. Thus construction of ¢34 number of microstates to account for the Bekenstein-
Hawking entropy (1.1.11) is not possible in the classical treatment of a black hole. Quantum

effects has to be taken into account [16, 17, 19].3

3However another problem came into picture which is known as the “Universality” problem. It was not
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1 Introduction

When a black hole emits Hawking radiation, it eventually disappears, leaving only thermal
radiation behind. This process transforms a pure state into a mixed one, violating unitarity—a
foundational principle in quantum mechanics. Since Hawking radiation reflects only the black
hole’s mass and charge, it lacks any details about how the black hole originally formed. Once
the black hole evaporates entirely, this information is permanently lost. This conundrum is
known as the information loss paradox. To resolve it, we require a quantum theory of gravity.

String theory is a leading candidate for such a theory. It provides a framework in which
problems like black hole microstates and information loss can be studied and, to some extent,
addressed. Although this thesis does not go into detail about resolving the information loss

paradox, readers interested in further exploration may refer to [29].

1.2 String Theory

This section introduces foundational concepts in string theory. We focus on fundamental
strings and branes, with particular emphasis on D-branes. We’ll explore how dual descriptions
of D-branes lead to the development of AdS/CFT correspondence [30,31], a crucial tool in
understanding black hole microstates. Comprehensive introductions to string theory can be
found in [32,33].

String theory’s basic components include higher-dimensional entities like one-dimensional
strings and extended objects (branes) of two or more dimensions. Specifically, strings serve
as the fundamental degrees of freedom in the perturbative regime, while p-branes arise as
non-perturbative objects.*

A p-brane has p spatial dimensions—for example, a two-dimensional brane is called a 2-
brane or a membrane. Similarly, there are 3-branes, 4-branes, and higher-dimensional analogs.
A special class of p-branes, known as D-branes or Dp-branes, allows fundamental strings to

have their endpoints attached to them. String vibrations correspond to particles and can pro-

clear why the semi-classical computation (It is QFT on curved spacetime where gravity is not quantized) by
Bekenstein-Hawking yields the same entropy as obtained from quantum gravity (gravity is also quantized).
“They have masses inversely proportional to the string coupling.

17



1 Introduction

duce both massive and massless states. Among the massless modes of closed strings is the
graviton, which mediates the gravitational interaction. String theory is formulated in higher
dimensions, and lower-dimensional effective theories can be derived by compactifying the ex-
tra dimensions on small geometric spaces.’ More details about compactification are discussed
in Section 1.5.2.

Fundamental strings may be open, with two free ends,® or closed, forming loops. These
closed strings can have different types of boundary conditions—periodic or anti-periodic—depending
on the particular version of string theory being considered.

Originally, string theory included only the bosonic degrees of freedom of strings and was
therefore called bosonic string theory. For consistency, this theory requires 26 spacetime
dimensions. Bosonic strings may be either oriented or unoriented. In this framework, closed
strings are required to have periodic boundary conditions. However, all versions of bosonic
string theory suffer from the presence of a tachyon in the ground state—a particle with negative
mass squared—which signals vacuum instability.

To overcome this instability and to incorporate fermions (which are essential in the Stan-
dard Model), supersymmetry was introduced into string theory, leading to the development of
superstring theory. This version of string theory includes both bosonic and fermionic degrees
of freedom and avoids the problems associated with tachyons.

Superstring theory requires ten spacetime dimensions. Supersymmetric closed strings
can satisfy either periodic boundary conditions (Ramond sector) or anti-periodic boundary
conditions (Neveu—Schwarz sector) along their length.

There are five known consistent superstring theories:

1. Type-I
This theory features .4#” = 1 supersymmetry in ten dimensions. It includes both open
and closed strings. The fundamental strings in this theory are unoriented and can be

open. In contrast, in type-II superstring theories, fundamental strings are always closed

>Typically, these are compact dimensions with radii smaller than the Planck length /p.
%They must satisfy specific boundary conditions, requiring them to lie on particular subspaces.
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1 Introduction

and oriented.

2. Type-II A
The bosonic field content of the low-energy limit of this theory includes the spacetime
metric gy, the dilaton ¢, and the NS-NS two-form field Bjsy, which couples to the
fundamental string. It also contains Ramond-Ramond (R-R) fields: the one-form C (1)
and the three-form C(®). These R-R fields are associated with D-branes; specifically,
c) corresponds to a DO-brane and C®) to a D2-brane. Additionally, there exist elec-

tromagnetic duals of these R-R fields.

3. Type-II B
In this theory, the low-energy bosonic field content includes the metric gysy, dilaton ¢,
and the NS-NS two-form field Bysy. It also features R-R fields: a zero-form C(O), a
two-form C (2), a four-form C (4), and a six-form C (6), along with their respective elec-
tromagnetic duals. The C(©) field is linked to a D-instanton that carries charge under
the axion ). The fields C(z), C(4), and C(©) correspond to D1-branes, D3-branes, and

D5-branes, respectively.

4. Heterotic SO(32)
This class of supersymmetric string theory also has .4 = 1 supersymmetry in ten di-
mensions, like the Type-I theory. It possesses Yang-Mills gauge symmetry with the

gauge group SO(32).

5. Heterotic Eg x Eg

In this version, the gauge symmetry is governed by the Eg x Eg Lie group.

Among these five superstring theories, Type-I and the heterotic models have .#” = 1 super-
symmetry, while Type-IIA and Type-IIB possess .4~ = 2 supersymmetry in ten dimensions.
In the case of Type-lIA, left- and right-moving spinors have opposite chirality, whereas in

Type-IIB, both have the same chirality.
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Despite their differences, these theories are not entirely independent. They are related
through several dualities, such as S-duality and T-duality.

All five string theories are believed to be different low-energy limits of a deeper, unified
framework known as M-theory [34]. While the complete formulation of M-theory remains un-
known (there are various proposals like matrix theory, membrane theory etc.), it is considered
to encompass all known string theories via duality relations.

However, it is known that at low energies, M-theory reduces to 11-dimensional supergrav-
ity. In this regime, BPS solutions include M2-branes and M5-branes, which have two and five
spatial dimensions respectively. When one dimension is compactified, the 11-dimensional su-
pergravity reduces to Type-IIA supergravity. Many Type-IIA objects can thus be understood
via M-theory. For instance, DO-branes correspond to Kaluza-Klein (KK) modes along the
compact 11th dimension, while D2-branes arise from M2-branes wrapping this compact di-
rection. Likewise, D4-branes originate from M5-branes wrapping one spatial dimension, and
D6-branes, being electromagnetic duals of DO-branes, correspond to KK-monopoles in 11 di-
mensions. The Eg x Eg heterotic string theory can also be interpreted within the M-theory
framework in eleven dimensions.

At low energies, string theory is effectively described by supergravity. In this thesis, we focus
exclusively on this supergravity approximation, considering only massless fields. Specifically,
we work with the bosonic part of Type-IIA and Type-1IB supergravity.

The bosonic part of Type-II supergravity includes the spacetime metric g, v, the dilaton
¢, a NS-NS 2-form field By, and R-R fields CPt1) where p varies depending on the theory.

The actions in the string frame for type IIA and [IB supergravities are given by [32,33]

1
Sia = d'0x /= —2‘1’<R 49y ®MD— L1 2)
A 167G1q / Xy —ge +4du 5 |H3|
1 i 1
S L (F 2L \E 2) _ /B AFyAF. 12.1
2/ xv/—g | |Fa|” + |Fi4l 671G ) B2/ \FanFa ( )
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with field strengths

H;y = dB,, F, =dCy, Fy = dCs;, Fy=F,—C|NH;. (1.2.2)
1
Sup = d"Ox /= —2‘I’(R 49y @M — L1 2)
1B = 16760 / Xv—ge +40m 3| Hj|
1 ~ . 1
o [ @ =g (1R P+ B+ 1P | - /C/\H/\F 123
5 [ 4Ov=g (FP+IBP YRR |~ o [CinmsnR, (23)
where the field strengths are
Hy =dB,, F1 =dCy, F=dCy,, Fs=dC4, (1.2.4)
F3:F3—C0H3, F5:F5—%C2/\H3+%Bz/\F3, (1.2.5)
and the self-duality condition
F5 = xF5 (1.2.6)

is imposed by hand.

The last terms in both the actions are the Chern-Simons terms. These actions represent
the low-energy limit of string theory, including only the massless content. Consequently, it
describes only closed string modes in ten-dimensional spacetime.

As discussed before, open strings can also appear in the theory. Unlike closed strings
which loop back onto themselves, open strings have endpoints. If their ends were not an-
chored, excitations would violate momentum conservation. Therefore, open string endpoints
must lie on a higher-dimensional object. These endpoints obey Dirichlet boundary conditions
in the directions perpendicular to the surface. Hence these higher dimensional surfaces are
known as D-branes (D stands for Dirichlet) or Dp-branes, p denoting the spatial dimension of
the D-brane. D-branes also appear in bosonic string theory however, only in superstring theo-

ries some of the D-branes carry charges and are stable. In another way D-branes are solitonic
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(massive) solutions of non-linear supergravity equations, with masses inversely proportional
to coupling, which makes them non-perturbative in nature.

Alongside fundamental strings, D-branes serve as key elements in non-perturbative for-
mulations of string theory.

In the following sections, we aim to provide a concise overview of D-branes and fun-
damental strings, as they form essential components in the study of black hole microstates.
Furthermore, we will discuss how D-branes relate to the AdS/CFT correspondence, which
connects gravity in anti-de Sitter (AdS) space with conformal field theory (CFT) defined on

its boundary.

1.3 D-branes and AdS/CFT duality

Solutions involving D-branes can be understood as higher-dimensional analogues of the Reiss-
ner—Nordstrom (RN) black hole. The extremal RN black hole metric is given by:

2 -2
ds? = — (1 — g) dr* + (1 — g) dr* +r2dQ?. (1.3.1)
r

r

Introducing a coordinate change via r — Q = R, we observe that the event horizon moves

to R = 0, allowing us to rewrite the metric as:
0\~ 0\’
ds> = — (1 - E) dr® + (1 — E) (dR* 4+ R*dQ?). (1.3.2)

When modeling a point-like source, the function (1 — %) emerges as a harmonic function
in the transverse space. Here, the first term of the metric describes the worldvolume geometry
of the object, while the second part represents the geometry of the surrounding transverse
space. This structure resembles the metric of a O-brane solution in string theory.

A Dp-brane is a p-dimensional generalization of the extremal O-brane RN solution, where

p < 10. In alignment with the extremality condition, D-branes also satisfy the BPS (Bogo-

22



1 Introduction

mol’nyi—Prasad—Sommerfield) bound and preserve half of the original 32 supersymmetries of
A =2 supersymmetry in ten-dimensional type-II supergravity. When contrasting the motion
of a point particle—traced along a 1-dimensional worldline—with that of a string, whose dy-
namics unfold on a 2-dimensional worldsheet, the corresponding generalization to a Dp-brane
involves a (p+ 1)-dimensional worldvolume. The associated spacetime geometry is described

in string frame by the metric
ds? = Hy(r) ™ nuydetdx’ 4+ H,(r)"/2dZ d7', (1.3.3)

where i,v =0, 1,..., p span the D-brane worldvolume, and 7'z’ withi= p+1,...,9 cover the

directions transverse to the brane. Here, H,(r) is a harmonic function in the radial direction

of the transverse space, given by r> = Z?: Pt ziz, and in flat asymptotic regions takes the form
L,\?

Hy(r)=1+ (—”) : (1.3.4)

r

Much like how point particles interact with 1-form gauge fields, Dp-branes couple elec-
trically to (p + 1)-form Ramond-Ramond (R-R) gauge potentials CP*+1) [35]. The associated
field strength is a (p + 2)-form, denoted F (+2) The constant L, in equation (1.2.16) charac-
terizes the brane’s charge. For a stack of N Dp-branes, this charge is obtained from the R—R

flux in the transverse directions and is expressed as

5—-p)/2
por GETIR (1.3.5)

)

where gy is the string coupling, and o’ is related to the string length s by &’ = [2, or to the

1

. . , _
string tension 7" as &' = 5.

On the other hand, if the Dp-brane is magnetically charged, it couples to a (7 — p)-form
potential or equivalently to an (8 — p)-form magnetic field strength (see Box B.1). This offers

a gravitational description of D-branes. Alternatively, D-branes can also be described using
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open strings. Interestingly, the AdS/CFT correspondence emerges naturally by relating these

two seemingly different perspectives on D-branes.

1.4 Two different descriptions of D-branes

One way to understand D-branes is through the (a) closed string or supergravity framework,
where D-branes appear as soliton-like configurations in the low-energy limit of string theory.
This supergravity description is reliable when the string coupling is large, i.e., g¢ > 1, and
the dynamics are captured by spacetime geometry. In this regime, D-branes source a curved
geometry, which in the near-horizon limit becomes Anti-de Sitter (AdS) space—a solution of
Einstein’s equations with a negative cosmological constant (A < 0).

The alternative (b) open string or brane picture treats D-branes as extended objects
on which open strings terminate. Both open and closed string excitations can exist near D-
branes, but in the weak coupling limit g; < 1, the open strings dominate. Open strings describe
fluctuations on the D-brane worldvolume, while closed strings correspond to excitations in the
full 10D bulk. At low energies, these modes decouple, and in the infrared (IR) limit, the field
theory on the D-brane becomes a conformal field theory (CFT) with no massive degrees of
freedom.

The AdS/CFT correspondence asserts that these two pictures—the closed string/ super-
gravity view and the open string/brane view—are actually equivalent. This duality is deep
and nontrivial. To illustrate this idea concretely, we focus on the simplest case involving D3-
branes, which clearly shows how gauge theory and gravity are related. A detailed source for

this topic is [40].

1.4.1 D3-branes and AdSs/CFT,

D3-branes are BPS solitonic configurations in type-IIB supergravity, extended along three

spatial dimensions and evolving along time, forming a 3+1-dimensional worldvolume. With
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the help of the harmonic function ansatz, one can express the 10D spacetime metric as:
ds3y = H™'?(=dt® +dX?)+ H'*(dr* + 2dQ2), (1.4.1)

where the (t,)? ) part of the metric corresponds to the worldvolume of the D3-branes with
the isometry group SO(3,1). The remaining part of the metric (1.4.1) corresponds to six
transverse spatial directions with isometry SO(6). X*,i = 1,2,3 corresponds to the directions
along which the D3-brane extends, d€2s is the five dimensional transverse sphere with radius
r.

The harmonic function H associated with this geometry takes the form

4

H=1+ 7. (1.4.2)

where the parameter L is determined by the D3-brane’s U (1) charge and tension. When con-

sidering N identical D3-branes, L is given as
L= (4mg,Na?)'* (14.3)

Here, r = 0 designates the position of the D3-brane, acting as the source in the geometry.
A 4-form gauge potential C*) resides on the brane’s 34 1 dimensional worldvolume, and it
gives rise to a 5-form field strength F©) = dC®. Since in ten dimensions the Hodge dual
of a 5-form is again a 5-form, the D3-branes are said to be self-dual. The solution (1.4.1)
approaches flat spacetime at large distances r — oo, meaning H ~ 1.

In the opposite regime, when r < L, the function behaves like H ~ %, and the metric

simplifies to

7”2

o, L?
ds? — ﬁ(_dﬂ +dX?) + r—2er +12dQ2. (1.4.4)

2 ) e ) .
As r— 0, the term % vanishes, indicating that the brane’s worldvolume becomes infinitely

distant. Meanwhile, the radial component dT’ ~ logr, which diverges. This configuration is

25



1 Introduction

known as the near-horizon geometry. The metric (1.4.4) can then be split into two components:
ds* = dsjgs, +L*dQ3, (1.4.5)
with the substitution u = L—rz, leading to

r2 . L2
dsX 45 = E(—dtz +dX?) + r—2er
2

L q
= —(—dt* +dX* +du?). (1.4.6)
u

It is the metric for five dimensional AdS-space i.e. AdSs5 with radius L. So the near horizon
limit gives AdSs x S, §° having the constant radius L. Supergravity limit is a good approxi-
mation when the AdS radius L is much larger than the string length /;, i.e. small curvature of

the AdS-spacetime. We can see from the expression for AdS-radius(1.4.3) that

"= (4mg V). (14.7)

N

This means that L > [; corresponds to g¢N > 1, which defines the regime where the
supergravity approximation is valid—often referred to as the strong coupling limit. In this
limit, the D3-brane configuration is described purely in terms of closed strings propagating
in a curved, asymptotically flat background with the self-dual five-form field strength F(%)
through §°. F (%) is field strength for R-R form Cc¥. No open-string modes or explicit D-brane
excitations appear in this description.

Switching to the open-string viewpoint, let us consider a stack of N parallel D3-branes
embedded in ten-dimensional spacetime, spanning the directions ¢, X', X2, X3, Here, open
strings represent small perturbations of the D3-branes. This framework is appropriate for
weak string coupling g; < 1. In this case, the effective open-string coupling is g;N, and
small g;N corresponds to the weakly coupled regime. At low energies, the dynamics on the

D3-branes are governed by a supersymmetric gauge theory localized on their worldvolume.
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Open strings stretching along the transverse directions yield scalar fields living on the
brane. For D3-branes, there are six such scalars (l)i, where i = 1,...,6, corresponding to
fluctuations in the transverse dimensions. Each D-brane hosts a U(1) gauge theory for its
associated open strings. When the branes coincide, the gauge symmetry is enhanced to U (N).
The worldvolume theory becomes a 3 + 1-dimensional SU (N)’ super-Yang—Mills theory with
A = 4 supersymmetry, which includes 16 conserved supercharges. The low-energy excita-
tions of this theory come from open strings, while closed string modes in the bulk effectively
decouple.

AdS/CFT duality [30] implies that the supergravity theory on AdSs x 7 is equivalent to
the .4 =4, SU(N) super-Yang—Mills theory on the 3+1-dimensional brane world-volume.
It’s a strong statement, and it has only been proved completely in the large N-limit, which
corresponds to the planar limit. The couplings on both the sides of the theory are related to

each other as,

L

4
8ym = 27gs, 20 = (z_) , (1.4.8)
)

where A = g%{MN represents the effective coupling in the large N limit, commonly referred
to as the "t Hooft coupling.

In many examples of black holes constructed within string theory, the near-horizon geom-
etry typically takes the form of AdS3 x S°. For instance, the D1-D5 system exhibits a near-
horizon AdS3 x §3 geometry. This connection between the logarithm of microstate counts in
the field theory and the Bekenstein-Hawking entropy from the gravitational perspective illus-
trates the duality between supersymmetric gauge theories on AdS3; and the conformal field
theory (CFT) living on its two-dimensional boundary.

We also come across fundamental strings, also referred to as F1-strings, in the microstate
structure of black holes. Hence, it’s important to briefly understand these fundamental com-

ponents in string theory.

7If we remove one U (1) degrees of freedom corresponding to the collective mode of N-coincident branes.
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1.4.2 Fundamental strings (F1 a.k.a NS1)

These strings serve as the basic elements in perturbative string theory, meaning in the weak
coupling regime. By applying the harmonic superposition principle, the configuration of fun-
damental strings or Fl-strings can be expressed through the following metric:

string —

8
ds? H{'[—d* +dy*)+ Y dxidx;, (1.4.9)
=1

1
where the string is wound n; times along the compact S' direction labeled by y. The
coordinate y is periodic, y ~ y+27mR. The x; coordinates represent directions transverse to the
string. By switching to null coordinates u =t +y, v =t —y, the above metric (1.4.9) becomes:

8
ds; —H{ 'dudv+ Y dxidx;. (1.4.10)

string —
i=1

H; is the harmonic function in the transverse directions given by,

01

B

06/3
where Q=52 (1.4.11)
an

Hi =1+

Here, r = /x;x! represents the radial distance in the transverse space. This background metric

also includes the Kalb-Ramond B-field and a dilaton, which are expressed as:

1
By==(*—1), &*=HT (1.4.12)

This metric from equation (1.4.9) will be used in deriving the F1-P solution. These F1-P
solutions are important building blocks in constructing black hole microstates within string
theory.

In the next section, we will briefly review how black holes are constructed in the framework of

string theory. Some comprehensive reviews on this topic can be found in references [36] [39].

8The subscript ‘string’ refers to string frame.
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1.5 Black holes in string theory

The formulation of black hole microstates in string theory has played a key role in addressing
both the black hole entropy problem and the information loss paradox. Since superstring the-
ory operates in ten spacetime dimensions, and standard black holes are observed in four, extra
spatial dimensions are typically compactified in such setups. This compactification results in
the appearance of new fields when reduced to lower-dimensional effective theories.

Susskind and collaborators [13] proposed a compelling framework for analyzing black holes
within string theory. They considered a string in a highly excited state, characterized by a

large mass M > o/ ~1/2

, and assumed a weak string coupling g; < 1, so that interactions are
negligible and the string behaves as essentially free.

In this regime, the excitation levels of left- and right-moving oscillators satisfy Ny, Ng ~
VoM > 1 leading to a vast degeneracy .4 of states at fixed mass. The logarithm of this

degeneracy yields the microscopic entropy
Sticro = In[A] ~ Va'M (1.5.1)

The precise coefficient depends on the number of compactified dimensions, since compact
directions allow for winding modes that enhance the entropy.

Now, if the string coupling g, is gradually increased, gravitational effects become signifi-
cant because the Newton constant scales as G ~ g?. For sufficiently large mass M, the system
transitions into a black hole configuration. The corresponding Bekenstein-Hawking entropy
is given by Spy = %.

For a Schwarzschild black hole in four-dimensional spacetime (i.e., 3 + 1 noncompact
dimensions), this yields Sgy ~ M?. More generally, in a spacetime with D noncompact di-
mensions, the entropy scales as

Spy ~ MD3 (1.5.2)
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Although Spicro and Spy scale differently with mass M, this discrepancy does not render
the comparison meaningless. In fact, it is quite significant that the microscopic entropy ex-
hibits any power-law growth with M at all. Specifically, even in the limit of vanishing string
coupling g, = 0 the number of accessible microstates increases exponentially with energy.
This behavior is captured by

Simicro ~ V'M (1.5.3)

Such exponential growth arises from the extended nature of the string. Unlike point particles,
which at g; = 0 would simply disperse and fail to form a bound state with high degeneracy, the
string can absorb energy M into its internal vibrational modes. This capacity to store energy
in a vast number of configurations is what gives rise to the large entropy—even in the absence

of gravitational interactions.

1.5.1 BPS States

The mismatch between Spicro and Spy arises because the energy spectrum of states shifts as
the string coupling changes. Specifically, as we vary the string coupling g the energy levels of
states are altered, making it invalid to directly compare degeneracies at different values of g;.
This issue can be resolved by focusing on BPS states in string theory. These states carry both
mass and charge, satisfying Q = M in suitable units. The mass of a BPS state is determined
by its charges and the values of the moduli in the theory, and remains invariant under changes
in g;. Therefore, all BPS states with a given mass M evolve coherently as g, varies, allowing
meaningful comparisons of their degeneracies across different coupling regimes. This leads
to the expectation

Smicro = SBH (1.5.4)

for BPS configurations. If this equality were not satisfied, it would raise serious concerns
about the validity of string theory as a consistent theory of quantum gravity. The entropy Spy

is derived from semiclassical thermodynamic arguments, and it is the responsibility of the full
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quantum theory to reproduce this entropy through a microscopic count of states.
Conversely, if the microscopic and macroscopic entropies do agree, then string theory passes
a profound test—demonstrating that it possesses the correct degrees of freedom required for a

quantum theory of gravity.

1.5.2 Compactification

String theory naturally exists in higher-dimensional spaces—specifically, ten spacetime di-
mensions for superstrings. On the other hand, physical black holes exist in a 3+1-dimensional
spacetime. To reconcile this, it makes sense to reduce or “compactify” the extra spatial di-
mensions into small sizes, making them unobservable at low energies or in experiments.
When higher-dimensional theories are compactified, they give rise to scalar fields in the ef-
fective lower-dimensional theory. These scalar fields come along with the lower-dimensional
spacetime metric and other vector fields. This occurs due to the breakdown of the higher-
dimensional symmetry groups into lower-dimensional ones. These scalar fields form the mod-
uli space of the lower dimensional theory.

The foundational concepts behind compactification were first introduced by T. Kaluza and O.
Klein in 1920 [37]. To understand how this functions, consider the 10-dimensional metric
guv» which is a symmetric 10 X 10 matrix with indices u,v =0,1,...,9. If we compactify
the 9th spatial direction into a small circle, the remaining fields in the resulting 9-dimensional

theory are:

(metric) g;j, i,j=0,1,...,8, (scalar/dilaton) ¢ = goo, (vector field) A; = gio.
(1.5.5)
In addition to the metric components, various form fields also decompose, yielding addi-

tional scalar fields in the lower-dimensional setup.
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As an example, in case of D1-D5 system in type-IIB string theory compactified on a four-
dimensional torus 7%, the moduli space becomes 25-dimensional. This space is described by
ten components from the 4 x 4 block of the full metric, six components from the antisym-
metric B-field, the dilaton ¢, one toroidal component from the 4-form Ramond-Ramond field
C(4), six components from the 2-form field C(z), and one scalar from the O-form C(©), In the
near-horizon AdS; x §? limit, this space simplifies to a 20-dimensional manifold. The attrac-
tor mechanism implies that, in this limit, the moduli fields are determined solely by specific

charges and do not depend on their values at infinity.

1.5.3 1-charge System

To begin, we examine the most elementary BPS states in string theory. For specificity, con-
sider type IIA string theory, which can also be viewed as the dimensional reduction of 11-
dimensional M-theory. We compactify one spatial dimension on a circle S', parameterized by
a coordinate y such that

0<y<27R (1.5.6)

An elementary string, specifically an NS1 brane, can be wrapped around this compact circle.
If the string carries no excitations (i.e., no oscillator modes are turned on), it constitutes a BPS
state. More generally, we can consider a string wound n; times around the circle. For large
n1, this configuration yields a BPS state with substantial mass.
The corresponding supergravity background sourced by such a string takes the form:
8 . .
dSgying = Hy ' (—di* +dy*) + ) dx'dx’ (1.5.7)
i=1

where H is a harmonic function associated with the string charge, and x’ denote the transverse

spatial directions. The dilaton profile for the NS1 brane solution is given by

e?® =H;', where H1:1+Q—61 (1.5.8)
r
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Here, a’sgtring denotes the 10-dimensional string frame metric, and x’ represent the eight spatial
directions transverse to the string. As r — 0, the dilaton ¢ — —oo, indicating that the string
coupling vanishes and the physical size of the compact y circle shrinks to zero. Importantly, the
geometry lacks a horizon at any finite r. If we interpret r = O as the location of a horizon, then
the area of this surface, measured in the Einstein frame, is zero. Consequently, the Bekenstein-

Hawking entropy is

Spu =0 (1.5.9)

This result aligns with the microscopic entropy. Since the NS1 brane is in its oscillator ground
state, its degeneracy arises solely from the string’s zero modes, which yield 128 bosonic and

128 fermionic states. Thus, the microscopic entropy is

Smicro = In(256) (1.5.10)

This entropy does not scale with the winding number 71, so in the macroscopic limit n; — oo,
we can write at the leading order Spicro =0  which agrees with the vanishing Sgy.

To understand why this configuration fails to produce a black hole with finite horizon
area, consider the NS1 brane as an M2 brane in M-theory, wrapping the directions x;; and
y. A brane exerts tension along its worldvolume, causing the cycles it wraps to contract. As
a result, the x; circle shrinks to zero size at r = 0, which manifests as ¢ — —oo in the IIA
description. Similarly, the y circle also collapses in the M-theory picture.

In contrast, compact directions that are transverse to the brane tend to expand. This expansion
occurs because the brane radiates flux, and the energy of this flux is minimized when it spreads

over a larger transverse volume.

1.5.4 2-charge System

To prevent the shrinking of the x1; direction, we can introduce M5-branes oriented such that

they lie transverse to x;;. Upon dimensional reduction to type IIA string theory, these M5-
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branes become NS5-branes.

Since NS5-branes have five spatial worldvolume directions, we require additional compact
dimensions to accommodate them. Therefore, we compactify a four-torus 74 along with the
circle S!, and wrap the NS5-branes on the product space T4 x S.

We continue to include NS1-branes wrapped along the y direction, but now within this
more richly compactified background In the presence of both NS1 and NS5 branes, the radial

dependence in the harmonic functions changes. The resulting string frame metric is

4 4
dSgying = Hy ' (—di* +dy*) + Hs Y dx'dx'+ ) dz*dz" (1.5.11)
i=1 a=1
The dilaton profile becomes
20 =1 (1.5.12)
H,;
with the harmonic functions defined as
H1:1+Q—21, H5:1+Q—25 (1.5.13)
r r
Here, the torus 7% is parametrized by coordinates z%, where a = 1,...,4, and Qs is proportional

to ns, the number of NS5 branes.

As r — 0, the dilaton ¢ approaches a constant value, indicating stabilization of the x1;
circle. The volume of the 7% also remains finite at the origin: NS5 branes tend to contract
the torus since their worldvolume wraps it, while NS1 branes—being transverse to 7 induce
an expansion. The underlying reason is the same as described at the end of the previous

subsection 1.5.3. These competing effects balance out.

1.5.5 3-charge System

To prevent the shrinking of the y circle, we introduce momentum charge P along that direction.

If there are n,, units of momentum, the energy associated with these modes is £, = %” which
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decreases as the radius R increases. This inverse dependence counteracts the contributions
from the NS1 and NS5 branes, whose energies scale linearly with R. The resulting string

frame metric becomes

4 4
dsgtring = Hl_l(_dtz +dy2 +K(dt ‘Jl‘dy)z) ‘I‘HS deldxl + Z dZadZa
i=1 a=1
H,
H = 1+Q—2}, H5:1+Q—25, K:Q—z”. (1.5.14)
r r r

This geometry features a horizon at » = 0. To analyze its area, we examine the noncompact

spatial directions in polar coordinates near the horizon

4 2
o d
Hs Y dxidx = Hs(dr* +r?dQ3) ~ Qs (,—rz +dQ§) (1.5.15)
i=1

Thus, the area of the transverse 3-sphere S° stabilizes to a constant as r — 0, given by:

Ae = (272) 0% (1.5.16)

This area will later be converted to the Einstein frame to compute the Bekenstein-Hawking

entropy. At the horizon r — 0, the physical length of the y circle in the string frame is:

_ 1/2 1/2
1 1

Let the coordinate volume of the compact T#, parametrized by z,, be (27)*V. Then the

physical volume of the torus at r — 0 is

Vot = (2m)ty (1.5.18)
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Combining these, the total horizon area in the string frame is

1/2 23/2

Aviing — A%0ie . psuing g — 052y (0nR)((27)*V)Q, 20370y (1.5.19)

To convert this to the Einstein frame, we use the relation between the 10-dimensional Einstein
and string metrics

H\ VA
gt =e*g, = (F) g, (1.5.20)
5

At r — 0, the dilaton stabilizes to ¢2? = % Thus, the horizon area in the Einstein frame

becomes:

E 4
AE — (%) Astring — (%) Astring — (2752)(27TR)((2717)4V)(Q1Q5Qp)1/2 (1.5.21)
ab

This yields a finite horizon area, consistent with a macroscopic black hole solution.
The five-dimensional Newton constant Gs, relevant for the noncompact spacetime direc-

tions, is related to the ten-dimensional Newton constant G by

Gio
Gs=——— 1.5.22
>~ (27R)(2m)*V (1.5.22)
Using this relation, the Bekenstein-Hawking entropy becomes
_ A _ (27°)(27R)(21)*V(21050,)' _ (27°)(21050,)"
SBek = = (1.5.23)

4G9 4G 4G5

Now, we wish to find the expression for the D-brane charges in terms of various quantum
numbers and moduli parameters. Dp-branes couple electrically to Ramond—Ramond (RR)

gauge potentials through the Wess—Zumino term

Swe=tp [, Cp (1.5.24)
p

where #,,11 denotes the brane worldvolume and p,, is the D-brane charge density.
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This coupling can be rewritten as a spacetime integral by introducing a localized current
Jo_p

Swz = [.Lp/cp+1 NIy p. (1.5.25)

The bulk kinetic term for the RR field strength F), » = dC, is given by [32,35,115]

1
Shulk = — /Fp+2 /\*Fp+2. (1.5.26)
4K,
Varying the total action with respect to C,, 1 yields
d(xFp12) = 2Ky pJo— p- (1.5.27)

The normalization of L, is fixed by string theory considerations [35]. To start with, su-
persymmetry implies

w,=T,. (1.5.28)

Now, the task at hand will be finding the Dp brane tension 7). This can be fixed considering

open string disk amplitudes and considering T-duality consistency.

Dependence on the string coupling

Disk amplitudes imply
Ty o< —. (1.5.29)

Dimensional analysis

Since the action is dimensionless and ¢? = ' is the fundamental length scale, one finds

[T,] = (length)~(P*1), (1.5.30)
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which implies

Fixing normalization via T-duality

Under T-duality along a circle of radius R

(04
R— —,
R
and the tensions satisfy
T, 1 =27RT,.
Assuming
A
T, P :
gs(a)(pt1)/2
one obtains the recursion relation
Ap,1 = 27L'Ap,
which gives
A, =(2m)"".

(1.5.31)

(1.5.32)

(1.5.33)

(1.5.34)

(1.5.35)

(1.5.36)

Thus, putting all the pieces together, we have an expression for D brane tension as

1
1, =

Integrating the equation of motion gives

/*Fp+2 = 2K50LpNp,

so that

1
Np /*Fp+2.

B 2Ky
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We are using uppercase to denote the Dp brane charge N, in order to avoid confusion with
momentum charge n, which will be introduced later on.
Now, we are dealing with Type IIB string theory compactified on R*! x §1 x 74,

The brane configuration consists of
* D1-branes wrapped on S',
* D5-branes wrapped on S x T4,

The conserved charges are given by

1

NF75?JLE’ (1.5.40)
1

M:7Zﬁiﬁﬁé&ﬂ”? (1.5.41)

RR Field Strength for the D1-DS System

The RR three-form field strength is

Fy=d(H; ") Adt Ady+x4dHs, (1.5.42)
where
m:u%y %:H%u (1.5.43)
T I

Evaluation of the D5 Charge

Using
2
d%:—i%@ wqdr = r’dQs, (1.5.44)
r
we obtain
F; =2Q5dQ;. (1.5.45)
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Thus
/3 F; = 47%Q0s, (1.5.46)
S
which implies
Qs = gs0'Ns. (1.5.47)
Evaluation of the D1 Charge
At large r
2
oH ' = % (1.5.48)
r
Then
*Fy ~ OHy ' PdQs nd*z. (1.5.49)
Using
/ Qs — 277, / &'z = 1), (1.5.50)
S3 T4
we obtain
06/3
0, =52 N, (1.5.51)
Va4

Calculating Momentum Charge

In asymptotically flat spacetimes, conserved charges such as energy and momentum are de-
fined using the ADM formalism. The momentum along a compact direction y is obtained from
the asymptotic behavior of the metric component g;,. In ten dimensions, the ADM momentum

is given by
1
P =
16wG1o

/ dS; digiy, (1.5.52)
ox

where dX is a closed spatial surface enclosing the source.
For Type 1IB compactified on
R x §T % T4, (1.5.53)
the total number of spatial dimensions is nine. The ADM surface therefore has dimension 8
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and is given by

0r = 83 x St x T4, (1.5.54)

Since the solution is independent of the internal coordinates, the integral factorizes as

/S o = @EREDY [ (15.55)

This allows us to express the momentum in terms of the five-dimensional Newton constant

1
B = i6nG /S dSidigy. (1.5.56)

For the D1-D5-P solution, the relevant metric component is

gy =H 'K, (1.5.57)
where asymptotically
H —1, K:Q—;, as r — oo, (1.5.58)
r
Thus
8y X %. (1.5.59)
The radial derivative is
20
Oy =3 (1.5.60)
The surface element on S° is
ds, = r’dQs. (1.5.61)
Therefore
/ S, 3,81y = 200 / dQ; = 4’0y (15.62)
N S
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Substituting into the ADM expression

_ m0p
Y 4Gs’

Momentum along the compact circle is quantized

np
P,=—.
R
Equating the two expressions
np _ wQp
R 4G5’

The five-dimensional Newton constant is related to the ten-dimensional one by

Gio

Gs=————— with Go=8n%a*.
ST 2rR)2n)tv 10 85
2 14
This gives G5 = %g;‘g, . Substituting it into the momentum relation 1.5.65 yields
2 14
_ 8@
Op= Ry P

Now, the ten-dimensional Newton constant is

G10 = 87r6g§a’4

(1.5.63)

(1.5.64)

(1.5.65)

(1.5.66)

(1.5.67)

(1.5.68)

Substituting these expressions for charges into the entropy expression 1.5.23 yields [94]

SBek = 27T\/N1N5l’lp

(1.5.69)

This matches the microscopic entropy obtained from counting BPS states in the D1-D5-P

system.

It is important to observe that the moduli gy, V, and R have completely canceled out from
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the final expression for the entropy. This cancellation is essential for reproducing the entropy
through a microscopic calculation.

In the microscopic description, we consider a bound state composed of the quantized
charges Ny, Ns, and n,, and compute the degeneracy of this bound state. Since we are dealing
with BPS configurations, the degeneracy is protected and remains independent of the moduli.

This moduli-independence ensures that the microscopic entropy matches the macroscopic
result across different regimes of the theory.

Now, let’s make a passing comment on the origin of equation 1.5.68. In string theory, we
describe the string moving in a background spacetime with a metric g,v, a dilaton ® and an
antisymmetric field Byy. The worldsheet action takes the form of a non-linear sigma model

action [32]
5= ﬁ [ VAl gy (X)2,X4 X" + &/ ROB(X) +. (15.70)

For the string theory to be consistent, the worldsheet theory have to be conformally invariant.
this means, the physics shouldn’t change if we rescale the worldsheet coordinates. At the
quantum level, this requirement implies that the Renormalization Group(RG) beta functions

for the background fields must vanish

Biv=0, Bg, =0, BT=0. (1.5.71)

At one loop order in o, we get equation of motion

/ 1 12
By = & (Ruy +2V, V@ — ZHMGH(}G) +0(a ) =0. (1.5.72)
this equation corresponds to an effective action
1
S=57 / d"x/~ge (R + 49, ®o* D — ..) (1.5.73)
10
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4>-Dp) s

Changing to Einstein frame by gﬁv =e D72 gy, and noting that e®o =

s, the Einstein

frame metric looks like

/d /TE RE—-(acp) ) (1.5.74)

2K10gs

Comparing with standard Einstein-Hilbert action of the form

1
167G

SEH =

/ d'°x/=gERE (1.5.75)

we get the relation 1.5.68.

1.6 Counting of states

The idea of counting black hole microstates using configurations of intersecting strings and
branes was independently developed by Sen, and also by Strominger and Vafa. A. Sen’s anal-
ysis in 1995 [38] involved counting the microstates of vibrating fundamental strings (F1-P).
In his setup, the 10-dimensional string theory is compactified on S! x K3, resulting in a five-
dimensional theory. This is related to the heterotic string compactified on a five-torus 7.
Strominger and Vafa performed a similar microstate count for the D1-D5-P system [15]. In
these studies, microstates are enumerated in the weak coupling regime, and the resulting en-
tropy—agiven by the logarithm of the number of states—is shown to agree with the Bekenstein-
Hawking entropy of the corresponding black hole in the strong coupling limit.
Supersymmetry ensures that the number of microstates doesn’t change with the change of
coupling®.

This outcome not only aids in addressing the black hole entropy problem but also strongly
supports the idea of a duality between supergravity in AdS space—which governs the near-

horizon geometry of branes—and the conformal field theory (CFT) on the boundary.

°To be precise, the object that is computed is an ‘index” which remains invariant under the change of moduli
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This naturally leads to the question: how do different microstates manifest within a grav-
itational framework? An effort to visualize this was initiated in 2001 by Mathur and Lunin,
aiming to provide a geometric understanding of these microstates [61,62,92]. Their proposal
remains an active area of research [64—67]. There are also several insightful reviews discussing
the fuzzball paradigm and its ongoing developments [94-97].

We present two simple examples of entropy calculation from microscopic point of view.

1.6.1 Entropy for 2-charge NS1-P system

Consider the two-charge system consisting of NS1 branes and momentum P. For this config-
uration, identifying the bound states is straightforward. First, all windings of the NS1 branes
must be joined to form a single, multiply wound string. This “long string” wraps around the
compact S! a total of n; times before reconnecting to itself.

The momentum P must also be bound to this long string. If it were not, it would appear as
free, massless excitations of the type IIA theory—such as gravitons or gauge bosons—propagating
around the S'. However, when the momentum is genuinely bound to the NS1, it manifests as
traveling waves along the string. Thus, the NS1-P bound state is described by a single multi-
wound string carrying left-moving excitations along the S'.

There are many distinct ways to distribute the same total momentum P across different
vibrational modes of the string. This freedom leads to a large degeneracy of states for fixed
values of ny and n,,.

One approach is to treat the system as an elementary string with winding number 7, mo-
mentum 7, and purely left-moving excitations at level Nz, with no right-moving modes (i.e.,
Ng = 0). This choice preserves the supersymmetries from the right-moving sector, ensuring

the state remains BPS.
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The mass formula for such a string state is [94]

2 np\2 np\2
m? = <27ar1T—§> 4 8TTN, = <2an1T—|—E> + 87T Ng (1.6.1)

1

ral is the tension of the elemen-

where R is the radius of the compact circle S', and T =
tary string.

Setting Ng = 0, we find
Ny =nin,, m:27ar1T+nEp (1.6.2)

This corresponds to a threshold bound state of NS1 and P, meaning there is no binding energy.
For large n; and n,, the excitation level Ny >> 1, allowing for a rich spectrum of states. The
oscillator modes contributing to this level include 8 bosonic degrees of freedom (yielding
central charge ¢ = 8) and 8 fermionic degrees of freedom (with central charge ¢ = 4). Thus,
the total central charge of the systemis ¢ =8 +4 = 12.

Using Cardy’s formula, the total number of microstates at oscillator level Ny, is approxi-

N ~exp (27:1 /%NL> (1.6.3)

Substituting N;, = nin, and the total central charge ¢ = 12, we obtain

mately:

N ~exp <2nf2, /_nlnp> (1.6.4)
Taking the logarithm we compute the microscopic entropy
Smicro = INA =27V2, /arn, (1.6.5)

Another counting method is based on counting partitions of an integer. Since we are con-

sidering BPS states, increasing the compactification radius R does not affect the number of
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available states. In this large R limit, the NS1 string can be treated as having small transverse
oscillations. Using the Dirac—Born-Infeld (DBI) action in the static gauge, one can describe
these oscillations by a quadratic action in their amplitudes. The resulting waves move along
the y direction at the speed of light, and each Fourier mode behaves as an independent har-
monic oscillator.

The total length of the NS1 string is given by
L7 =27Rn;. (1.6.6)
Each Fourier mode with wave number k carries an energy and momentum
e =pr=—- (1.6.7)

The overall momentum on the string is therefore

2
p="p_ My (1.6.8)
R~ Ir

If we first look at just one transverse direction of vibration, and let m; be the number of

quanta occupying the ith Fourier mode k;, the total momentum constraint implies

Y miki =nin,. (1.6.9)

The number of ways this can happen equals the number of partitions of the integer nn,,.

The asymptotic number of such partitions behaves as ~ exp (27r n'6n L ) However, the total

momentum is distributed among both bosonic and fermionic modes—eight bosonic and eight
fermionic in total. The eight fermionic modes effectively contribute as four bosonic ones,
giving an overall count equivalent to twelve bosonic modes. Thus, the total degeneracy is
obtained by raising the single-mode degeneracy to the 12th power, where we assume that the

momentum is distributed democratically between the modes corresponding to the different de-

47



1 Introduction

grees of freedom, hence each degree of freedom effectively having % amount of momentum.
This gives
N = [exp <27z: %) 1" = exp (271/2m1m,) . (1.6.10)

1.6.2 Entropy of 3 charge system

Suppose there is only one NS5 brane. Since the NS1 brane extends along the NS5 and is
bound to it, we can imagine that the NS1 can oscillate within the plane of the NS5 but cannot
move outside it. The momentum P is still carried by waves traveling along the NS1, but
now only four transverse directions of vibration are available—those lying inside the NS5
and perpendicular to the NS1. Therefore, the bosonic contribution comes from 4 instead
of 8 degrees of freedom. As the three-charge bound state is supersymmetric, there are four

fermionic excitation modes as well. Hence, we have
c=4+2=6. (1.6.11)

To generalize to the case ns > 1, we need to understand why the winding number n; effectively

becomes n1ns when there are several NS5 branes present. From dualities, we know that
NS1(n1), P(np) <— NS5(n1), NS1(n,). (1.6.12)

Let us first analyze the NS1-P system. Suppose the NS1 wraps only once around the circle
S!. The np units of momentum are distributed among different harmonics, with momenta
quantized in multiples of 1/R. If instead the NS1 wraps n; > 1 times around S', then the total

length of the multiwound string is 277Rn, and the momentum quantization becomes

Ap=—. (1.6.13)
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The total momentum 7, /R must still be an integer multiple of 1/R, as required for any system
living on a circle of radius R. Hence, we have nin, units of fractional momentum, each
of strength Ap, which can be partitioned in different ways among the allowed states of the
system.

Now consider the NS5-NS1 system obtained after applying the duality. If there is a single
NS5 brane (ns = 1), then there are n, NS1 branes bound to it. The various possible states
correspond to different ways of partitioning these bound branes. In the NS1-P setup, we can
think of counting states by dividing the total winding number 7, in different ways. Essentially,
the NS1 strings within the NS5 brane can join together to create “multiwound” strings. Thus,
there can be n, singly wound loops, one string wound 7, times, or any other combination such

that the total winding satisfies

Y miki =n,,. (1.6.14)
i

If we consider multiple NS5 branes (n; > 1), duality implies that the NS1 strings split into
nin, “fractional” strands. These can again be arranged in different combinations, leading to a

total number of states corresponding to all possible partitions of nyn,:
Y miki = niny,. (1.6.15)
i

To reproduce the entropy, we count these partitions, where each “multiwound” strand
acts as a component string. The important property of these component strings is that each
possesses four fermionic zero modes from left movers and four from right movers. This
follows from a more detailed analysis of the bound states in the orbifold CFT.

Quantizing these modes gives four “raising” and four “lowering” operators for both left
and right movers. Starting from the ground state (annihilated by all lowering operators), we
can choose whether or not to apply each of the four raising operators. This yields 2* = 16
possible ground states per component string. States formed by an even number of raising

operators are bosonic, while those with an odd number are fermionic. Hence, each component
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string with winding k has 8 bosonic and 8 fermionic states.
Counting all possible states of the NS5-NS1 configuration now parallels the counting for
the NS1-P system. Partitioning njn, as above, with 8 bosonic and 8 fermionic states per

partition element, the total number of microstates .4 is
InA =2V2m,/nin,. (1.6.16)

Let us revisit the three-charge system under consideration, which consists of ns NS5-branes
and n; NS1-branes. When these branes form a bound state, they collectively behave as an
effective string with a total winding number given by nns. This effective string can be de-
composed into multiple component strings, each characterized by a winding number k; and
appearing with multiplicity m;. The total winding number is then distributed among these

components according to the relation
Zm,‘ki = njins (1.6.17)
i

This combinatorial structure reflects the different possible microstates of the system, each
corresponding to a distinct way of partitioning the total winding among the component strings.
We will focus on a specific subset of states in which all component strings have identical
winding numbers k and the same fermionic zero modes. For this case, the total number of
component strings is

m=—-. (1.6.18)

k=1, m = njns. (1.6.19)
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At the opposite extreme, there is just a single component string, so

k =nins, m=1. (1.6.20)

Next, we introduce momentum charge P into the system. The NS1-NS5 bound state can
take any of the configurations described by equation 1.6.17, and the total momentum n, can
be distributed arbitrarily among the component strings. Each such configuration represents
a microstate of the NS1-NS5-P system and contributes to the overall entropy. However, for
small 7, the dominant contribution comes from configurations with fewer component strings
(each having larger winding number k).

To illustrate this, consider n, = 1. For the first extreme case (k = 1), every component
string is singly wound, so there is no fractionalization. We can place a single unit of mo-
mentum on any one of these component strings. Since all component strings are identical
(each having the same zero modes), exciting one or another gives the same overall state. The

resulting state can be written as

1
\/n1ns

V) = [(component string 1 excited) + - - - + (component string njns excited) | .
(1.6.21)
The momentum excitation can occur in 4 bosonic and 4 fermionic modes, yielding 8
possible states for the system.
Now consider the other extreme (k = nns), where there is only a single component string.
Its total winding is w = njns, so a single unit of momentum corresponds to an excitation at

level nyns on this string. The number of states can then be determined using the partition of

this level into harmonic modes, giving

N~ 627“ / %f’l]nj — EZEM. (1622)

Let us examine the opposite limit where the entire system consists of a single component
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string. Since this string has a winding number w = nns, placing just one unit of momentum
on it corresponds to an excitation at level n;ns. The number of possible states at this excitation
level is determined by how the energy is partitioned among different harmonics. This leads to

a degeneracy

N~ 6275‘ / %nlf’lj — eZﬂ\/VTnS (1623)

Here, the central charge is taken as ¢ = 6, accounting for 4 bosonic and 4 fermionic degrees of
freedom. This result yields a significantly larger number of states compared to configurations
where the component strings have minimal winding, such as k; = 1. To compute the leading-
order entropy of the NS1-NS5-P system, one can focus on the configuration described by
1.6.20, treating the NS1-NSS5 pair as a bound state and neglecting other possible arrangements.
The 7n;, units of momentum are then distributed over this single long string. This effectively

creates an excitation level nynsn, and yields an entropy

Sinicro = 2T+ /ninsny (1.6.24)

1.7 The D1-DS System

For these two-charge configurations, all the fuzzball geometries can be derived from the F1-P
geometries by applying appropriate dualities. The total entropy in this case depends on the D1
and D5 charges, Q1 and Qs, and is approximately proportional to v/Q1Qs. Despite this, the
corresponding entropies don’t match the entropy expected from a classical black hole. Intro-
ducing a third charge, such as the momentum P, leads to solutions whose entropy matches the

Bekenstein-Hawking value.
In the framework of type-IIB string theory compactified on 7% x S', the D1-D5 system can

be modeled effectively. The S' direction is labeled by y, and the torus directions by z4. The

configuration includes n; D1-branes extended along S, and ns D5-branes wrapping 74 x S'.
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The coordinates x; for i = 1...4 span the non-compact space. A simplified form of the metric

describing this system, using the harmonic superposition principle, is:

1 4 . H, 4
ds? = —dr* +dy*) +\/HHs Y dxidx' + | — Y dzgqdz* (1.7.1)
NG ) ,; ’ Hs (xZ::I ¢

where H; and Hs are Harmonic functions in the transverse space given by,

H=1+5, Hs=1+=. (1.7.2)

With 72 = Z,-xiz. The integer number of D1, DS, and P branes ny,ns, respectively are

related to the parameters appearing in the metric as follows,

B gsa/3

v Os = gs'ns (1.7.3)

01

where g is string coupling, volume of the torus 7% is (27)*V and in terms of string
length I, o = I2 is the parameter that defines the tension on a fundamental string which
is T =1/2n0’. The metric (1.7.1) is associated with a 3-form field strength F (3) and the
associated dilaton field & is given by,

H;
20 _

= H (1.7.4)

The naive D1-D5 metric has a zero sized horizon at r = 0 thus it gives vanishing Bekenstein-
Hawking entropy. According to fuzzball proposal this metric is a superposition of the actual
D1-D5 microstate geometries of a black hole. These microstate geometries are smooth and
horizonless and can be obtained by a set of duality maps (S and 7 dualities) from the momen-

tum carrying fundamental string (F1-P) solution.

12This is the string frame metric.
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1.7.1 Obtaining the D1-DS metric

By applying a set of S,7 dualities we can go from F1-P system in Type-IIB string theory to
D1-DS5 system in type-IIB string theory. By this duality transformations the bound state of a
fundamental string wrapped ns times around the y-circle and carrying n; units of momentum,
maps to the bound state of a D1-brane wrapped n; times around the y-circle and a D5-brane

wrapped n5 times around 7% x S'. The set of S and T dualities are given by'3:

P(y) s, P(y) T, P(y) s, P(y) T, F1(y) s, D1(y)
F1(y) Di(y) D5(yz,) NS5(yz,) NS5(yz,) D5(yz,)
(1.7.5)

Duality transformation on F1-P solution of heterotic string theory maps to D1-D5 solution

of type on Kihler manifold K3.

1.7.2 F1-P Solution

The fundamental string solution was previously discussed in Section 1.4.2. To extend this
setup, we now introduce n, units of left-moving momentum along the compact y direction.
This is achieved by applying a Lorentz boost along y, which modifies the original metric 1.4.9
into the form

8 . .
ds> Hy'[—df? +dy* + K(dt —dy)*] + ) dx'dx’ (1.7.6)

string —
i=1

where the function K encodes the momentum contribution and is given by:

_ 9

K==L (1.7.7)
r

3The expression inside the bracket “()’ indicates the direction along which the respective brane or string is
extended.
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Rewriting the metric in terms of null coordinates u =t —y, v =t +y, we obtain

dstuing = Hy ' [~dudv+Kdv*] +Y dx'dx! (1.7.8)

8
string —

i=1

This boosted geometry describes the F1-P system and features a horizon at » = 0, though
the horizon area vanishes. The microstate geometries for this configuration were constructed
by Dabholkar and Harvey [52]. These solutions are singular at the string source location r = 0,
but they do not possess a classical horizon. However, when higher-derivative corrections are
included, horizons can emerge.

The F1-P solutions are generated using the Garfinkle—Vachaspati transform [50], applied
to the fundamental string background described by metric 1.4.9. In null coordinates, this

background can be expressed as

8 . .
ds* = —e*dudv + de’dx’ (1.7.9)
i=1

The background solution includes components of the NS-NS two-form field and the dila-

ton, given by:
1

B =3 <e2¢—1), with €2 =1+

Q

= (1.7.10)
,

This geometry possesses translational symmetry along the null directions d, and d,, cor-
responding to Killing vectors in those directions. To introduce traveling wave deformations

into such a background, one employs the Garfinkle—Vachaspati (GV) transformation.

The GV transformation modifies the background metric g,y as follows:
gy = 8uv + € kuky (1.7.11)

Here, k; is a null Killing vector of the background geometry that is also hypersurface
orthogonal

Viuky = ki V. (1.7.12)
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satisfying This means the covector kj is proportional to the gradient of some scalar func-
tion,i.e, Vi S. The scalar function § satisfies massless scalar field equation in undeformed
background

P =0 (1.7.13)

This formalism allows one to construct new solutions by embedding traveling wave profiles
into backgrounds with null symmetries, such as the F1-P system.

We apply this method to the fundamental string solution 1.7.9. We choose k* = d,,. Lowering
the index using undeformed background metric the nonzero component of k, becomes

1
ky = gouk" = —Ee—z‘?’. (1.7.14)

Applying the Garfinkle—Vachaspati (GV) transformation to the background geometry, the
metric is deformed as:

guv — guv +e 20T (v,x') kyuky (1.7.15)

where the scalar function used in the GV formalism is S = —2¢. Substituting the explicit form

of the null Killing vector k, from 1.7.14, the deformation simplifies to
g — g e T (nx') k2 (1.7.16)

This leads to the transformed metric

ds* = —e*dudv + Zew T (v,x') dv* + Z dx'dx' (1.7.17)
i=1
Alternatively, by redefining the deformation profile as T'(v,x') = —37'(v,x'), the metric can
be written as
ds* = —&*? (dudv — T (v,x') dvz) +dx'dx! (1.7.18)

The deformation function 7'(v,x') introduced via the Garfinkle—Vachaspati transformation
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must satisfy the wave equation in the background geometry 9°T = 0 where derivatives are
taken with respect to the eight transverse spatial directions x'. The presence of the dv? term in
the metric indicates a left-moving traveling wave on the fundamental string background.

To incorporate right-moving excitations, one can similarly choose the null Killing vector
k¥ =1, allowing symmetric construction of right-moving deformations.

Since T (v,x) is harmonic in the transverse space, it can be expanded in terms of spheri-
cal harmonics on the 8-dimensional transverse space. Retaining only the physically relevant

modes associated with string sources, the function takes the form

T(v,%) = f(v)- ¥+ % (1.7.19)
Here, the second term represents a gravitational wave component not localized on the string
and is therefore discarded in constructing oscillating string solutions. We retain only the first
term.

However, the linear dependence on x' implies that the deformation does not vanish at
spatial infinity. Consequently, the geometry is not asymptotically flat. To restore asymptotic
flatness, one must perform a suitable set of diffeomorphisms that reframe the solution 1.7.19
into a physically acceptable form.

To restore asymptotic flatness, we perform the following coordinate transformation

v =V (1.7.20)
P e V/ —»'

u = o —2F. ’+2F-F—/ Py (1.7.21)

¥ = X—F(v) (1.7.22)

where the wave profile function f(v) is related by f(v) = —2F(v). This function F(v)

characterizes the shape of the traveling wave along the string.
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After applying this diffeomorphism, the metric in the new coordinates (#',v',x") becomes
ds* = —e2duldv' — (2 — 1)F2av? +2(X — )F -dx'dv +dx - d¥’ (1.7.23)
Relabeling the coordinates (u',v',x') — (u,v,x), the metric simplifies to
ds? = —eXdudv — (€2 — 1)F2dv? +2(X — 1)F - didv + dx - d (1.7.24)
The associated NS-NS field components are

1 :
Buv:_(62¢_1)7 Bvi:E'(eZ¢_1)7 €_2¢:]—|— ?

The condition ¥ = F(v) identifies the location of the string in the transverse space, where
the vector function F(v) = (F(v),F3(v), F3(v), F4(v)) describes the oscillation profile of the

string. On this surface, the dilaton field satisfies:
=0 at X=F(v) (1.7.26)

To express the geometry compactly, we define the following functions

F.
A = Q+(v) (1.7.27)
X~ F(v)[°
F2
kK = 20 (1.7.28)
X~ F(v)[e
H' = 1+— g (1.7.29)
X~ F(v)[®
With these identifications, the metric takes the form
. 8 . .
ds* = H (—dudv+Kdv* +2A;dx'dv) + Y dx'dx’ (1.7.30)

i=1
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The field components associated with the F1-P background take the form:

By=-Guw=H"' B,=-G,;=-HA;, &*=H" (1.7.31)

This configuration corresponds to the chiral null model, a class of solutions where the func-
tions H and K are harmonic in the transverse space and satisfy linear wave equations. These
functions depend on the string’s vibration profile F (v), and one can construct more general
solutions by superposing contributions from multiple strings, each with its own profile. For

a system of m strings, each vibrating with a distinct profile F}(v), the harmonic functions are

given by
_ o
; FEYAE ( )
QOF;
; FRAE ( )
Yoo
A = ZP—T (1.7.34)
m |)C_Fm|2

To reinterpret this solution in the D1-D5 frame, one typically compactifies the transverse

directions on a four-torus 7. The metric then becomes
ds* = H (—dudv+ K du® + 2A;dx' du) + §;;dx'dx) + dzedze, a=1,...,4  (1.7.35)

Here, the compact directions z, have periodicities z, ~ z, + 27R,, and the harmonic func-
tions are taken to be uniform over the torus. Assuming the string vibrations occur only in the

noncompact directions, the harmonic functions retain the same form

F? Frpi
H*1:1+Z%, K:Z%, Aizzﬁ—% (1.7.36)
m X — Frl m X — Fnl m X = Fpl
The one-form A;, where i = 1,..., can be interpreted as a U(1) gauge potential over the

transverse space. Its associated field strength tensor is defined as F;; = d;A; — djA;. The
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functions H~!, K, and F, ; are harmonic and satisfy the Laplace equation in the transverse

directions

’H'=0, k=0, 9°F;=0

In the case of a multiply wound fundamental string wrapped along the compact y direction
with a large winding number ns, the individual strands can be treated as densely packed. This
approximation allows the configuration to be modeled as a continuous distribution of sources,

simplifying the construction of supergravity solutions.

The harmonic functions for a multiply wound fundamental string can be expressed as

integrals along its profile

H1:1+Q/L dv Y L dvf_%z(v) 0 (*F F(v)dv
L Jo

K S T A= ~ (1.7.37)
X~ F(v)]? Lo [x—F(v) Lo [x—F(v)

Here, L = 27nsR denotes the total length of the string, wrapped ns times around the compact y
circle of radius R. This setup yields the locally matched F1-P solution in type IIB supergravity.
We apply a sequence of S- and T-duality transformations given by 1.7.5. First, we start

with NS1-P and reach NS5-NS1. The explicit map is

1 g v Re
8s 8s Vv 8s R
o o oV 0,V
Q1 gs . gs g2 . &2
S 678 S 56
| A | SRV ] s 1.7.38
R N N o RV ( )
R R V8s Vv Re
6 N Re Re YV
2
v 8 2
1% p o 1% RZ
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A final S-duality takes the NS5-NS1 to D5-D1:

2 = g
wl || o
o LN = ® (1.7.39)
RZ R? 4

This sequence shows how the NS1 charge Q) becomes the D1 charge, and the NS5 charge
Qs maps to the D5 charge after duality. At each stage, coordinates are chosen to ensure the
metric remains asymptotically flat. While T-duality leaves the string-frame metric invariant
due to conformal scaling, S-duality requires a rescaling of coordinates to preserve the asymp-
totic structure.

In the NS1-P frame, the harmonic function sourced by the NS1 branes behaves at large r
as

)

H'~14+= (1.7.40)
r

After applying dualities to reach the D1-D35 frame, the harmonic function transforms to

Ql
H'~1+=2 (1.7.41)

r

where Q% = u?Q; with u* = %. We also note
/ 2 28?”1 /
Os=u"Qr=pu Sy =8 (1.7.42)
This solution maps to the D1-D5 frame, where the metric takes the form
5 H in2 N2 I+K ;.
ds* = oK [—(dt — Aidx')” + (dy+ Bidx')*] + dxdx' + VH(1+K)dz.dz,

(1.7.43)
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The associated fields in this frame are

dt Ady+Cijdx' Ndx! (1.7.44)

1 . 4 K
2
c® = e [—d nBidx' +dy NAidx'] + 5 e

where

dB= —*4dA, dC=—%4dH"! (1.7.45)

1.8 An example: rotating NS1-P— rotating D1-DS system

Start with a NS1-P solution describing a profile for a rotating string
Fi=acoswv, F,=asinwv, F3=0, F=0. (1.8.1)

where a is a constant. The NS1 profile looks like an uniform helix with rotation on x1 — x2
plane and the axis of the helix being the S! direction y. We excite the lowest harmonic on the
string by choosing

0=—: (1.8.2)

This makes the NS1 to have only one turn of helix in the covering space. The integrals can be

computed by going to the polar coordinates

x’ =TFcosBcosy, x =ricosBcosy (1.8.3)

And again, another set of transformations

~ cos 0
F=+\r>+a?sin0%, cosf = 1.8.4
Vr?+a?sin 62 (184
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This gives the harmonic functions

_ 01 a? 01
Hl=14___< K= 1.8.5
+ r2+a?cos 62’ n2R? r? +a?cos 62 ( )

After the sequence of dualities given by 1.7.5, we recast this system into D1-DS5 system with

harmonic functions

Q_/S K,:‘u?&:Q_/l
f rr

with f = r* 4+ a®cos 62 and Q) and Q% are D1 and D5 charges respectively. The constant a is

H '=1+ (1.8.6)

given as

a= " 2,95 (1.8.7)

R/

where R’ is the final radius of the y circle at the end of the sequence of dualities as given by

1.7.39. Removing the primes and using ¥ = v, ¢ = ¢, we write the D1-D5 solution as

1 2 2a+/
ds® = —E(—dt2+dy2)+hf(d92+rzdlaz)— a h%Qs(cos92dydw+sin62dtd¢)
2 2 2 2
2 a“Q1Qscos 6 24,2 2 2 a“Q10Qscos 6 P ) O1+f
+ h[(l” +h2—f2)COSG dl// +(r +a —hz—fz)SH'le d¢ ]—|— Q5—|—f
sin 62
Ay = —a\/ 0105 7

with h= /(1491 (1+ %),
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1.9 The Geometry

Let’s look at the metric from 1.8.8. At large r this metric goes over to flat space. Now, consider

1/4

the opposite limit r << (Q;Qs)"/*. Writing ' = £

a’dt? n atdy? dr’?
Voios T Vo T Vs

V/0105[d6 + cos 02(dy — —22_2 4 §inp?(ag — —2L_y2
+ Q105[d0~ +cos 6~ (dy m) +sin 6~ (d¢ Q1Q5) )l

01
—dz,dz, 1.9.1
+ 4/ Jdzadz (1.9.1)

Transforming to new angular coordinates

ds? = —("*+1)

a a
Iy Ly ¢ = 1.9.2
=y \/Qley v=9 Qlet ( )

the metric 1.9.1 becomes
i = OGPy e et 4
s° = — —_
1325 R2 R T2

+ /0105[d6? +cos 0% dy'* +sin02d9"] + | gl dzadz, (1.9.3)
5

The geometry corresponds to AdS3 x §3 x T#. At large radial distances, the spacetime asymp-
totically approaches flat space. As one moves inward, the geometry develops a throat-like
region that closely resembles the naive supergravity solution. However, instead of ending in
a singularity at r = 0, the geometry smoothly caps off, indicating the absence of a horizon or

singular core.

Different regions of the geometry

The region r >> a corresponds to the outer region of the geometry. Here, the geometry

looks asymptotically flat. On the other hand, for r << /Q, the geometry locally looks like
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\ :
rlmspZe \ _ \\,,,,,_ e \,‘J

¢ ° ) {‘\

y I s

/ =0

Figure 1.1: The left image shows naive D1-D5 geometry where the right one shows actual
fuzzball geometries. The dashed line denotes the location of cap r ~ a where the microstaes
differ.

AdS3 x §* x T*. For large charge configuration R} ;g = /0105 ~ g0’ \/anSng’ which is
macroscopically large in the string units, whereas the profile radius is set by the microscopic
vibration scale of the string, often comparable to /o’ [94]. This establishes a scale hierarchy
a << Rygs.

2
From the AdS; metric, g, = % = %. So, the typical length of the throat is

Rads

Liroar = V/&rrdr = RaasIn(Raas/a) (1.9.4)

a

So, for Rygs >> a, i.e, /0105 >> a, we have a “long” AdS throat.

We define a parameter € = }{TQ = \/LQ which is a measure of the shape of the geometry. For
€ << 1, the geometry develops a long AdS throat where there can be several units of AdS
radius along the radial length of the throat. In the decoupling limit € — O the outer asymp-
totically flat spacetime separates from the inner “cap(r ~ a)+ throat” region of the geometry.

The geometry of the cap region depends on the profile function F (v), i.e, on the particular

microstate.

1.10 Outline of the thesis

The thesis is organised as follows. In chapter 3, I'll discuss my first work which is on con-

struction of hair modes in AdS3 x S° and relating them to to the hair modes of the BMPV black
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holes in six dimensions.
Chapter 2 will provide some motivation for that. In chapter five, I discuss my second work,
which is on small black rings and gravitational index. The chapters 4 and initial part of 5 will

discuss some necessary background material for that.
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Chapter 2

Black Holes and Hair

2.1 Macroscopic Entropy

Classically, black hole entropy is purely a horizon dependent quantity. For two derivative

theories, black hole entropy is given by Bekenstein-Hawking entropy

4
SpH = T (2.1.1)

where 7 is the area of the event horizon.
In presence of higher derivative terms in action, this entropy formula changes and the relevant
measure is given by the Wald entropy in that case. For two derivative theories, Wald entropy

reduces to the Bekenstein-Hawking entropy.

2.2 Index: the microscopic counterpart

While we are interested in counting state of clack holes, this is a very hard problem. Instead,
Witten introduced an index [12], which allows one to interpolate between weak and strong

coupling due to protections ensured by supersymmetry. The Witten index is defined as
I =Tr|(—1)Fe P (2.2.1)

where F' is the fermion parity operator giving +1 while acting on bosonic states and —1 while

acting on fermionic states. Since in supersymmetric multiplets bosons and fermions appear as
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2 Black Holes and Hair

pairs at non-zero energy levels, Witten index gets non-zero contribution only from the ground
states, which have zero energy and so, preserve supersymmetry. These states don’t need to
appear as pairs as acting one state with supersymmetry generator will simply annihilate the
state rather than giving some other partner state. Hence, these ground states contribute nonzero
values to the index.

I =ny—ny (2.2.2)

where ng and n? denote the numbers of supersymmetric bosonic and fermionic ground states
respectively. Another important property of the Witten index is that it is preserved under the
change of coupling. Since the multiplet strucure typically doesn’t change under the change in
coupling, the Witten index remains insensitive to coupling.

In case of extended supersymmetry theories, where some of the supersymmetries are broken,
all the states appear in some multiplet and there are no unpaired supersymmetric ground states.
In his case, the Witten index vanishes. In that case, we define helicity trace indices. In case of

4n broken supersymmetries in 4d, the relevant helicity trace index is [1,5, 14]

1
By, = ﬂTr[(—l)F e PH (213)"] (2.2.3)

where J3 is the third component of angular momentum under any SU (2) rotation.

In calculating microscopic state counts in case of supersymmetric black holes, we typically
count some version of index. Now one might argue that the index theoretically is not the
same as entropy as it counts the bosonic and fermionic staes with different weights. But in
particular cases of black holes carrying large charges, the index and entropy matches up to

very high accuracy.

2.3 The 4D-5D entropy puzzle and its resolution

String theory has been very successful in computing the index/degeneracy for a class of super-

symmetric black holes [15, 16]. In some cases, exact counting formulas are known for helicity
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2 Black Holes and Hair

trace indices in terms of certain modular forms.

A concrete proposal for computing the same from macroscopic(i.e, bulk gravitational the-
ory side) is to do a string path integral in the near horizon geometry of the black hole [18].
An year after this proposal was made, a puzzle regarding this was outlined along with a pos-
sible resolution in [20,21]. The puzzle goes as follows: the Breckenridge-Myers-Peet-Vafa
(BMPV) black hole [22] in flat space and in Taub-NUT space have identical near-horizon ge-
ometry but different microscopic indices. The same near-horizon geometry cannot account
for different microscopic answers.

The difference is attributed to the presence of black hole hair modes: smooth, normaliz-
able, bosonic and fermionic degrees of freedom living outside the horizon. In classical general
relativity, there are several no hair theorems that prohibits the existence of such modes. But in
string theory, they can exist. Some of these extra degrees of freedom were identified and con-
structed in [20,21]. These computations were extended to a wide class of other models in [23]
where the need to include both the twisted and untwisted sector hair modes was identified and

many gaps in the earlier calculations were filled. See also [24].
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Chapter 3

Hair Modes on AdS; x S? and Relation with

Black Hole Hair

3.1 Review: black holes, near horizon geometry, and bosonic
hair modes

In this section, we review the construction of bosonic hair modes for J; = 0 BMPYV black hole

in flat space and Taub-NUT space [20,21,23].

Black hole in flat space

In 5 dimensions, the spatial rotation group is SO(4) ~ SU (2)1, x SU(2)g. The supersymmetric
black holes are allowerd to carry only one SU(2) angular momentum, which here we take to
be SU(2); and denote the corresponding angular momentum as J;. The rotating,i.e, J; # 0

BMPYV black hole metric takes the form

ds> = GyydMdx" (3.1.1)
=y '(r) [dudv+ (y(r) — 1)dv? —28dv] + y(r)dsgy, (3.1.2)
where
u=x>—t, v=x+t and g:—gi(dx4+cos9d¢). (3.1.3)
r
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3 Hair Modes on AdSs x S® and Relation with Black Hole Hair

The Jp = 0 BMPV black hole [22] metric uplifted to six-dimensions takes the form,

ds* = GundMdx" (3.1.4)

= v '(r) [dudv+ (y(r) — )adv?] + y(r)dsfy, (3.1.5)

Here x° is the coordinate on the sixth dimension, a Kaluza-Klein circle denoted S with

period 27Rs. The function y(r) appearing in the metric is
o
y(r)= 1+7, (3.1.6)

with rg related to the charges carried by the black hole. The coordinate r is the Gibbons-
Hawking radial coordinate on 4D flat space introduced as follows. The spherical polar coor-
dinates for four-dimensional Euclidean flat space (7,0, @, ), in which the metric takes the

form,

dsfy = AP +7(d6? + cos” Bd$ +sin” 0dY/?), 3.1.7)
are related to cartesian coordinates as,

Wl

I
<
o

0s6cos @, wzzfcosésin¢), (3.1.8)

w? = Fsin B cos r, w* = Fsin @ sin . (3.1.9)

The Gibbons-Hawking coordinates (r, 8, ¢,x*) are defined via,

~ 0
F=24/r, 6=2, (3.1.10)
| o1
¢ =" +9), v =504 —9). G.1.11)
In these coordinates flat space metric takes the form
1
dst. = ;drz + r(d6? +sin® 0d¢? + (dx* +cos 0d9)?). (3.1.12)
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3 Hair Modes on AdSs x S® and Relation with Black Hole Hair

For details on the identifications of the angular coordinates, we refer the reader to refs. [21,23].
The other fields supporting the solutions are as follows. The six-dimensional dilaton is

kept fixed at its constant asymptotic value throughout the spacetime,

e®=2. (3.1.13)

The self-dual three-form Ramond-Ramond (RR) field F©) is only other nontrivial field

FO — ;L—O(e3+*6e3), (3.1.14)

where &3 = sin 8 dx* AdO Ad¢ and 34799 = 41.

Black hole in Taub-NUT space

Next we consider J; = 0 BMPV black hole in Taub-NUT space [46,47], following the notation
of refs. [21,23]. The metric of the four dimensional Taub-NUT space in Gibbons-Hawking

coordinates is given as a U(1) fibre over an R> base space,

4 1\! 4 1
dsry = (1? + _) (dx* 4 cos0d¢)? + (ﬁ + —) (dr* +r*d6* + r*sin> 0d¢?). (3.1.15)
5 T T

Compared to flat space in Gibbons-Hawking coordinates written above in 3.1.12, the only

difference is that the % factors are now replaced with (1% + %) The x* coordinate labels the
4

circle S and it is periodic with size 27TR, at infinity.

The metric describing the J;, = 0 BMPYV black hole in Taub-NUT space takes the form,
ds® = w1 (r)[dudv+ (y(r) — 1)dv?] + w(r)dsry. (3.1.16)

The dilaton is set to its asymptotic value e® = A. The self-dual field strength F (3) supporting
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this solution is,
FO = ;TO [(83 +*6e3)} . (.1.17)

Near-horizon geometry

It is well known that the two black holes discussed above have the identical near-horizon
geometry [20,48]. For the black hole in flat space, we can take the near-horizon limit by

taking the limit » — 0 to get

ds? = = (dudv+"2dv? ) + T5dr + 1o (467 +sin? 0497 + (dx" +cos 049)?) . (3.1.18)
0

This metric describes extremal BTZ x S3. To bring the metric in a more standard form, we

perform the following coordinate transformation

2
3 _ - 1
o=¢-w., 0=20. f=¢+y. =1 n=le @i
o z 4
to get
62 2
ds* = — (dudv+dz2 + Z—zdvz) +02dQ3, (3.1.20)
Z l
with
dQ3, = d6* + cos 0d¢? +sin” Hd . (3.1.21)

Here, ¢ is the AdS; length. The boundary of AdS3 is at z = 0. The horizon of the extremal
BTZ is at z — oo,
Metric (3.1.20) can be simplified further by introducing Poincaré coordinates in the AdS3

part of the geometry. The transformation

2
7

v=erl, =u— (3.1.22)

A\l
A\l
I
1N
IN
Q
~l<
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takes us to the Poincaré coordinates (7, 7,Z).! The final metric takes the form

62
ds? = = (diadv+dz*) + (2dQ3;. (3.1.23)

The periodic identifications of u and v coordinates are not so natural in the Poincaré coordi-
nates (i, v,7). The horizon is located at 7 — oo. For local analyses (such as regularity of the
modes), Poincaré coordinates are the most convenient to work with. For identifying modes in
AdS3 with the hair modes of the black holes, («,v,z) are the most convenient coordinates to

work with.

Bosonic hair modes on black hole in flat space

Now we consider the hair modes [21,23]. The solution-generating technique of Garfinkle and
Vachaspati [50, 51] was used to add hair modes to the above systems. Given a space-time

metric Gyy with null Killing vector kj, that is hypersurface orthogonal, i.e.,
Vinkn) = ki VA (3.1.24)

for some function A, new exact solutions to the supergravity equations are constructed by the
following transform,

Gy = Gun +e* Ty ky, (3.1.25)

and matter fields remain unchanged. The transformed metric is a valid solution if T satisfies,
Or=0 and  KMouT =0, (3.1.26)

where [ is d’ Alembertian with respect to the background metric Gyyy.

I'This coordinate transformation is a special case of Banados, Chamblin, and Gibbons [49] transformations.
They are discussed in more detail in section 3.2.1.
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The BMPV black string in six-dimensions possesses such a null Killing vector,

KMoy = i, (3.1.27)
u

with

A=y (3.1.28)

Application of the Garfinkle-Vachaspati transform gets [23]
ds* =y dudv+ (y — 1 +T(v,))dv] + ydsgy. (3.1.29)

We demand regularity at infinity and at the origin. We keep only the terms that cannot be

removed by coordinate transformations [52] and choose
. 27Rs
T(v,w) = fi(v)w', / fi(v)dv =0, (3.1.30)
0

with four arbitrary functions f;(v). The deformed metric (3.1.29) is not manifestly asymptoti-
cally flat, but can be made so by applying a standard change of coordinates [52]. We can take

the near-horizon limit of the deformed metric by taking the » — O limit. It gives

2 2
ds* = = (dudv+dz2 + (Z—z + T(z)) dv2) +02dQ%;. (3.1.31)
where
T(z) = fi(v)w'(2). (3.1.32)

Bosonic hair modes on black hole in Taub-NUT space

Next we recall the hair mode deformations of the BMPV black hole in Taub-NUT space. A

class of these deformations is generated by the Garfinkle-Vachaspati transform. The deformed
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metric takes the form
ds* =y (") [dudv+ (y(r) = 14+T(v,x*,r,0,0))dv?] + y(r)dssy, (3.1.33)

where now the condition is that T(v, x40, ¢) is a harmonic function on four-dimensional
Taub-NUT space. For an x* independent function, the condition simply reduces to the function
T being harmonic on the three-dimensional transverse space R3 spanned by (1,0, ¢). As in the
BMPV case, requiring the deformation to be regular at the origin and at infinity and dropping

terms that can be removed by coordinate transformations, we can choose

~ . 277.'R5
T(v,y) = g(v)y', /0 gi(v)dv =0, (3.1.34)

where y' are cartesian coordinates on R> and gi(v) are three arbitrary functions. As before, we
can take the near-horizon limit of the deformed metric by taking the » — 0O limit.

The BMPV black hole in Taub-NUT space admits another class of deformations [21]
sourced by anti-self-dual three-forms. To keep things as simple as possible, in this chapter, we
consider only one such three-form to be present. These new deformations arise (essentially)

because the Taub-NUT space admits a self-dual harmonic form,

r R?
ory = — in0doOAdp + ——2——dr A (dx* 0do), 3.1.35
N 4r—|—R421 . Pt (4r—|—R421)2 rA(dx" cos6dg) ( )

where €4,y = ++/detgry. Using this two form, a six-dimensional anti-self-dual three-form
can be constructed as

H®) = h(v)dv A ory, (3.1.36)

where h(v) is an arbitrary function of v. The metric sourced by such a form field is given by

ds® =y~ (1) dudv -+ (y(r) — 1+ S(r.0)dv] + y(r) dshy. (3.137)

76



3 Hair Modes on AdSs x S® and Relation with Black Hole Hair

with
4r

Sr)=————s-
(r) R3(4r+Rj)

h(v)>. (3.1.38)

As the function S(v,r) does not vanish asymptotically, the deformed metric does not look

manifestly asymptotically flat. This can be remedied by shifting u coordinate as [21,23],
U— U+ — / v)2av (3.1.39)

Once again, we can take the near-horizon limit of the deformed metric by taking the r — 0

limit.

3.2 Garfinkle-Vachaspati hair modes in the near-horizon re-
gion

We start by considering Garfinkle-Vachaspati deformations in the near-horizon region (3.1.20).
As we reviewed in the previous section, the details of the Garfinkle-Vachaspati deformations
are very different for the BMPYV black hole in Taub-NUT space vs in flat space. The aim of
this section to understand this difference from the near-horizon perspective.

The Garfinkle-Vachaspati deformation (3.1.25) applied to the near-horizon metric (3.1.20)

with k = d, results in,

62 2
ds* = > <dudv+dz2—|— ( 7 +H) > Q% (3.2.1)

where H (v,z, 0, 0, ) is a harmonic function for the six-dimensional metric (3.1.20). Expand-

ing H in terms of the S® spherical harmonics H(v,z,0,¢, ) = H'(v,2)Y(0,,{) we get

equations for functions H' (v,7),

20, (%azH’ (v,z)) —L(L+2)H!(v,z) =0, (3.2.2)
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where we have used the fact that the spherical harmonics of S3 satisfies V2Y! = —L(L+2)Y/,
with L taking values in non-negative integers N. Scalar spherical harmonics on S> are labeled
as I =L,m;,m_ with |my| < % and % —m< € N. Explicitly, these spherical harmonics can be

written as [56]

S D
2 2 pSD

P57 (x), (3.2.3)

2

Y'(8,4, %) = /S0HPV) (1 - x)2 (1 +x)

where P,i“”’) are the Jacobi polynomials and x = c0s260,S =m, +m_,D =m, —m_. We

will see below that the black hole hair modes discussed in the previous section correspond to
different L modes from the AdS3 x S perspective. In Poincaré coordinates (i, v, 7) introduced

in (3.1.22), the deformed metric (3.2.1) takes the form

2 .
ds? = = (didi+ dZ* + Hdv?*) + 2dQ%, (3.2.4)

where the function H (7,7) satisfies the same equation as H (v,z)

70 (%azﬁ’ (v,z)) —L(L+2)A'(%,7) = 0. (3.2.5)

3.2.1 L =0 modes

With L = 0, equation (3.2.5) simply reduces to the wave equation in AdS3. Since there are no
propagating degrees of freedom in three-dimensional AdS3 gravity, we expect for (3.2.4) either
a trivial solution or a solution which is related to AdS; x S> by a coordinate transformation.
Indeed, this expectation is realized. Solving equation (3.2.2), we get (the index I takes the

value (0,0,0) and is dropped for simplicity),
H = a(»)Z +b(v). (3.2.6)

The term corresponding to (V) (non-normalisable mode) can be removed by transforming
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the coordinate i,

i—i— / vb(v’)dv/. (3.2.7)

The term corresponding to a(v) (normalisable mode) can be removed by a transformation of

the type discussed by Banados, Chamblin, and Gibbons [49],

512 £l (=)
v f(V), L‘Hﬁ’—%, =7V (), (3.2.8)

where f/(V'), f” (V') are the first and the second derivatives of the function f(v') with respect

to 7. These transformations change the metric to

52
ds? = oz (dilai’ + d7?) + £2dQ%, (3.2.9)

which is the original metric (3.1.23) without the deformation in the new coordinates, provided

the function f(V') is obtained via solving the equation,

A fN TV ~ 3SU )T =0, (3.2.10)

for the given function a(v). In this equation, S{f(x),x} is the Schwarzian derivative of the

function f(x),

(e "(x 2
S{F(0),x) = J;,((x)) - (J},((x))) . (3.2.11)

3.2.2 L =1 modes

For L = 1 equation (3.2.2) becomes,

20, (%&H’ (z, v)) —3H!(z,v) =0. (3.2.12)
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A general solution to this equation is given by

d'(v)
_—

H =)+

(3.2.13)

The normalisable modes ¢/ (v)z>

d’()

are not regular at the horizon z — c. The non-normalisable
modes can be regular at the horizon. The index I takes values (1,m,m_) with m =

i%,m, = j:%. Discarding the normalisable modes, we get,

1 1,my,m_ 1,my,m_
H=- T Yy ' . 2.14
LY @y 3214

my ,m—

The spherical harmonics can be evaluated as

YIEIEr o sind et (3.2.15)

YUEITFr o cos etV (3.2.16)

From (3.1.19) and (3.1.10) we observe that % ~ 7. Thus, we see that H in equation (3.2.14)
correspond to f;(v)w’ with cartesian coordinates defined w' defined in (3.1.9). The form of
the function f;(v)w' is precisely the form that correspond to the Garfinkle-Vachaspati defor-
mations for the BMPV black hole in flat space discussed in the previous section. Thus we
conclude that the non-normalisable L = 1 modes in the near horizon region correspond to the
Garfinkle-Vachaspati deformations for the BMPV black hole in flat space.

Is the deformed metric regular at the horizon z — «? In terms of the barred coordinates,

the deformed near horizon metric takes the form,
62
ds* = (dudv a2 4 2O ) ‘2) +02dQ3;. (3.2.17)
2

Here n' = w'/|w| is a 4-dimensional unit vector. The horizon is at Z — e. The functions

fi(¥) are related to the functions f;(v) though they are not identical. With the coordinate
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transformation
1 1 1
vz_v, Z:W’ ﬁ:U+—VW2, (3.2.18)
the deformed metric can be brought to the form,
2 (w2 aw? W3 i 2\ L 2102
ds“=0"|W dUdV~I—W+7f,~(v(V))n dve | +£7dQg. (3.2.19)

The horizon is now located at V = 0. The metric appears singular at V = 0. However, as

earlier, we can ensure that the gyy component vanishes by a shift in the U coordinate

U=U-WG(V,b), (3.2.20)
with
. V ol £.(5(V!
G(V,8") = /O wcﬂﬂ, (3.2.21)

Here 67 collectively denotes 6, ¢, {. Note that the function G(V,8') is such that in the limit

V — 0 it vanishes. Shift (3.2.20) generates the following additional terms in the metric,
—LPW>G(V,W,6")dWdV — *W>95 G(V,67)dwdb'. (3.2.22)

These additional terms all vanish in the V — 0 limit. The resulting metric becomes smooth
near V = 0. Yhe V derivatives of the metric are not smooth. This leads to divergences in the
Riemann tensor. For example, Rywyw diverges as 1/V as V — 0. The conclusion is in line
with the fact that these modes are also singular on the BMPV black hole horizon in the full

black hole geometry [21].
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3.2.3 L =2 modes

Next we consider L = 2 modes. For these modes, equation (3.2.2) simplifies to
3 [ 1
770, (—8ZH (z,v)) —8H'(z,v) =0. (3.2.23)
Z

The general solution to this equation is given by

(3.2.24)

The black hole horizon is at z — oo and hence we select the non-normalisable @ part of the
solution that seems regular at the horizon.” The modes with specific values for the index I can
be identified with the Garfinkle-Vachaspati hair modes for the black hole in Taub-NUT space.
From (3.1.19) and (3.2.3), we observe that x* independent modes correspond to m = 0. The
allowed values of m_ are m_ = 0, 1. Thus, the general x* independent deformation takes the
form,

1

H=— (d(27o70)(v>y(2,0,0) 1 g20-Dy(20-1) Jrd(z,o,1),,(2,o,1>> ‘ (3.2.25)
z

These spherical harmonics can be evaluated as
Y200 « cos 6, Y20 < sin@ e, Y201 o ginge . (3.2.26)

We see that the function H in (3.2.25) corresponds to g,-(v)yi for i = 1,2,3 and hence to the
Garfinkle-Vachaspati hair modes for the black hole in Taub-NUT space (3.1.34). Indeed, by
the taking the r — O limit of the GV deformed black hole metric in Taub-NUT we obtain

AdS3 x S? metric (3.2.1) with H given as in (3.2.25).

2In a different context, the normalisable ¢! (v)z4 part of the solution was considered in [57], though in a
different coordinate system. Ref. [57] concluded that these modes are not regular at the horizon. The aim
of ref. [57] was to find solutions that maintain the self-dual orbifold asymptotics and hence they chose the
normalisable modes. We are interested in the black hole hair modes. Therefore, to begin with we choose a
solution that seems regular at the horizon.
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In (U,V,W) coordinates, cf. (3.2.18), the deformed metric takes the form

dw? :
ds® = (2 (WZdUdV +r T W4g,-(\7(V))n’dV2) +2dQ3. (3.2.27)

The functions g;(v) is related to the functions g;(v) though they are not identical. A key
difference compared to the L = 1 deformed metric (3.2.19) is that the coefficient of dV? terms
now goes as W*. The metric appears regular at V = 0. Though, there is a catch: as V — 0,
v coordinate changes rapidly from a finite value to infinity. Thus, it is not obvious in these
coordinates if metric (3.2.27) is regular or not at V = 0. To address this, we can ensure that

gvv vanishes by a shift in the U coordinate

U=U-W3G(V,0", (3.2.28)
with
. v
G(V,0") = / n'gi(v(V'))av'. (3.2.29)
0
The shift generates additional terms
—20W3G(V,8")dWdV — *W*95:G(V,8")dWd o', (3.2.30)

These additional terms all vanish in the V — 0 limit. The resulting metric becomes smooth
near V = 0, however, V derivatives of the metric are not. Particularly, 8&6 diverges at V = 0.
These divergences, however, do not appear in the Riemann tensor components.

We conclude that the three functions g;(v) generate smooth deformations of the near-
horizon geometry.> This conclusion is in line with the analysis of [21] where it was shown
that the three Garfinkle-Vachaspati hair modes for the black hole in Taub-NUT space are also

regular at the horizon.

3We can now qualify the statement in [57] that L = 2 modes are not regular in the bulk. We can pick L = 2
solutions which are, in fact, regular in the bulk but are non-normalisable.
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3.3 Form field hair modes in the near horizon region

We now consider a deformation of AdS3; x $3 due to the anti-self-dual form field Hyyp. The
relevant perturbation equations were given in [45]. For our analysis the most relevant equation
is the anti-self-duality condition for the perturbing form field with mixed components. This

equation takes the form [45, eq. (4.18)]
1
Hapy + ESMVPgabCHcvp =0, (3.3.1)

where latin indices a,b,c, ... stand for the sphere coordinates and greek indices u,v,p,...
for the AdS coordinates. For all six-dimensions we use M,N,P,... indices. Let By;y be the
two-form for which Hysyp is the field strength, i.e., Hynp = 8[MBNP}.

Consider expanding Bysy in spherical harmonics. To identify the relevant black hole hair
modes, we do not need the most general decomposition. We only need the decomposition
of Byy with one sphere coordinate and one AdS coordinate. The components By, can be
expanded in terms of spherical harmonics on S as

Bua=Y byY., (3.3.2)

where Y/ are the one-form harmonics. It turns out, we do not even need general properties of
one-form harmonics. As it will become shortly, we only need one of the simplest one-form

harmonic obtained by lowering the Killing vector [56]
843 + dy. (3.3.3)
In components this one-form is

& = cos? 0d$ + sin® d . (3.3.4)
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This one-form satisfies

8, C0,E. = —2&,, (3.3.5)

where &, is the epsilon tensor for the unit-sphere. We use the convention & Gy = sin 6 cos 6.
Eq. (3.3.2) now simplifies to

Bua :buga (3.3.6)

Computing Hynp for the B-field of the form (3.3.6) and substituting it in (3.3.1), we get

1 1

58P (dvbp = pby) = ;mby, (3.3.7)

with 1 = —2. For later use we keep 1 general. To solve equation (3.3.7) we make the ansatz
that only the b, component of the one-form b is non-vanishing.* Furthermore, we assume
that the perturbation is compatible with d, Killing symmetry, i.e., b, only depends on the v

and z coordinates. Substituting this ansatz in equation (3.3.7), we get

£3
20:by(v,z) = nby(v,z), where Ewvz = 23 (3.3.8)
This gives as a solution
b, =c(v)Z", (3.3.9)
which in turn gives,
c(v) 2a c(v) .25
Bvqi = Z—zcos 0, B,y = Z—251n 6. (3.3.10)

As will shortly become clear, this perturbation describes the anti-self-dual form-field pertur-
bations to the black hole in Taub-NUT space from the near horizon region perspective.

To see this, let us recall that the three-form hair perturbation for the black hole in Taub-

*Applying V¥ on (3.3.7) we see that VKb, =0, where V¥ is the covariant derivative compatible with the
three-dimensional AdS3 part of the metric. We can use this condition to set b, = 0. Next, requiring db to be
compatible with the k™ Killing symmetry, we have £;db = d(irdb) = 0. Choosing ixdb = 0 gives us iy (x3b) =0
from (3.3.7), which implies *3(b A k) = 0. This condition can be used to set b, = 0.
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NUT space takes the form (3.1.36). In the near horizon limit »r — O the H-field becomes,

H=—-

h h
I(RVZ)” Sin@dvAdONdo + —Ig) dv Adr A (dx* +cos 0d9), (3.3.11)
4 4

which in coordinates (u,v,z,0, ¢, ), takes the form

o s ¢ o
H g5 = —@h(v) sinf cos O, H5 = ?h(v) sinfcos O, (3.3.12)
¢ )~ T oA
Hvz¢; = —@h(\}) COS 6, HVZ\T/ = —@h(\/) sin“ 6. (3313)
The By sourcing this Hyyp can be chosen to be of the form (3.3.10) with ¢(v) = —Zé—;h(v).
4

Now that we have a solution to the anti-self dual form-field, we can consider its back
reaction on the metric and solve the corresponding Einstein equation with the stress tensor
sourced by the form-field deformation. In our conventions, Einstein equation with anti-self-

dual form field as an additional source take the form [21, 23]

Ryn = FMPQFNPQ +HMPQHNPQ. (3.3.14)

With the Hyyp given in (3.3.12)—(3.3.13) a simple calculation shows that it only sources
the vv component of the Einstein equation, and moreover the sphere dependence drops out.

We find®

80% (h(v)?
H'PCH,pp = — ( ) ) . (3.3.15)
R; Z

To capture the deformation in the metric we make the ansatz,

2

0 2
ds® = 2 (dudv+dz2 + (2—2 +S(v,z)) dv2> + 02403, (3.3.16)

where we have introduced the function S(v,z) in the dv? term. Only R*, component of the

3Tt is simplest to write this result in mixed component. We will see shortly that the left hand side of the
Einsteins equations take a particularly simple form with mixed indices of this type.
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Einstein equation gives a non-trivial equation. We find,

4 2
20, (%81S(v,z)) +% (@) =0. (3.3.17)

4 Z
This equation can be readily solved for § to yield,

4 h(v)?
S(n20) =~z (Zz) . (3.3.18)
4

This is precisely the r — 0O limit of the function § that appears in equation (3.1.38). We
conclude that the B-field (3.3.10) together with metric (3.3.16) describes the anti-self-dual
form-field perturbations to the black hole in Taub-NUT space from the near horizon region
perspective.

We also note that the three-dimensional part of the metric (3.3.16) is of the following
special form,

guv = guv? — 4R (V) kyky, (3.3.19)

where k = 0,.
In (U,V,W) coordinates, cf. (3.2.18), the deformed metric takes the form

ds* = 1? (WszdV + dWl; — W4l_1(\7(V))2dV2> +2dQ3;. (3.3.20)
The function h(¥) is related to the function h(v) though they are not identical. As far as the
powers of V and W are concerned, this metric has the same form as (3.2.27). Therefore, the
arguments given below (3.2.27) regarding the smoothness of the deformation apply without
any change. The form field Hyyp is also regular in (U,V,W) coordinates. We conclude that
the anti-self-dual form-field gives rise to a smooth deformation of the near-horizon geometry.

This conclusion is in line with the analysis of [21] where it was shown that the anti-self-dual

form-field hair modes for the black hole in Taub-NUT space are regular at the horizon.
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3.4 Fermionic hair modes in the near horizon region

In this section, we make some observations on the non-normalisability of the fermionic hair
modes of refs. [20, 21, 23] in AdS3 X S3. We find it easiest to present this analysis in six-

dimensions. The relevant linearised equations for the gravitino y; are
MNP Dy — FMNPINTL s = 0. (3.4.1)

Our aim is to solve this equation in the near horizon geometry. We work with the form of the
near horizon geometry (3.1.18). Making the ansatz, ¥, = 0, for M # v, and 9, ¥% = 0, and

choosing the gauge condition I'"'¥% = 0, we obtain a class of solutions
W, o ¥2e(v,0,0) for T'e=—¢, (3.4.2)

with the angular dependence given as

e(.0.0) =m0 | O o e00,0) = h)e 2
—sin(6/2) cos(0/2)

sin(6/2)

(3.4.3)

The same solutions are obtained by taking the r — O limit of the corresponding expressions
in [21,23]. These solutions are regular at the horizon.® A key point that we wish to highlight
is that in (u,v,7) coordinates, cf. (3.1.19), the gravitino deformation grows near the boundary
z=0of AdS3 as

‘oncz £(v,0,0,9). (3.4.4)

The gravitino hair modes are non-normalizable in the near-horizon region.

%We do not present a smoothness analysis in this chapter. However, it is clear that a straightforward adaptation
of the analysis of ref. [21,23] is applicable.
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3.5 Discussion

In this chapter, we discussed the hair modes of the BMPV black hole in flat space and in
Taub-NUT space from the near-horizon AdS3 x S° perspective. We found that the non-trivial
hair modes involve non-zero angular momentum on the S and are regular at the AdS3 hori-
zon. Most importantly, all non-trivial hair modes change the asymptotics of the near-horizon
geometry. Our results clearly show that these modes “leak-out” from near-horizon region to
the asymptotically flat region: they grow towards the AdS boundary before falling off to zero
in the asymptotically flat region.

We wish to make a few technical remarks regarding the above analysis.

1. Using the AdS/CFT dictionary, we can identify the dimensions of the CFT operators
that correspond to the bulk deformations discussed above. Turning on non-normalisable
modes correspond to deformations of the CFT with operators of conformal dimension

A > 2. For operators dual to scalars of mass m in AdS3, conformal dimension A is

A=1+V1+m2e2. 3.5.1)

The Garfinkle-Vachaspati deformations in AdS3 x S® with L = 1 and L = 2 can be iden-
tified with scalars of masses m?¢> = L(L+2). Hence, the smooth hair mode with L = 2

corresponds to a deformation of the CFT by an operator of mass dimensions

A=1+V1+8=4. (3.5.2)

The same conclusion can be reached by considering the Garfinkle-Vachaspati deforma-

4

tion as a metric deformation. Since the deformation term grows as z~ ~ near the boundary

7 =0, it corresponds to a deformation of the CFT by an operator of mass dimensions
A =4, see, e.g., comments in [58].

2. We can similarly identify the dimensions of the operators that correspond to the form-

89



3 Hair Modes on AdSs x S® and Relation with Black Hole Hair

field deformation. Taking one more exterior derivative of equation (3.3.7), we can con-

vert it into the equation for a massive vector field

x3d +3db = (72n?b. (3.5.3)

A deformation by a massive vector field of mass m?¢*> = n? = 4 corresponds to deform-
ing the boundary CFT by an operator of dimension A = 1+ vm?2¢? = 3 [58]. In addition,
since the form-field back reacts and generates a non-normalisable metric deformation

4

that grows as z~* near the boundary z = 0, we conclude that the CFT deformation is

accompanied with an additional deformation by a A = 4 operator.

3. In section 3.3, we made the observation that the three-dimensional part of the metric
(3.3.16) can be written in a special form (3.3.19). For the case when the function A(v)
is a constant, we recognise metric (3.3.19) as the null warped AdS3 metric (and also
as Schrodinger metric with z = 2). As is well known, these metrics can be obtained
as solutions to three-dimensional Einstein gravity with negative cosmological constant
coupled to a massive vector field [59]. As discussed in the previous remark, the metric
deformation discussed in section 3.3 can also be thought of as a deformation sourced
by a massive vector field (3.5.3). Thus, the fact that the metric (3.3.16) can be written
in the null warped AdS3 form is perhaps not unexpected. Null warped AdS3 metrics
are known to be duals of deformations of the boundary CFT by operators of dimension
4 [60]. This is in line with the observations made above. It will be interesting to identify
such operators in the D1-D5 CFT and explore the connection to the null warped AdS3

further.

In refs. [64—66] various deformations of AdS3 x S3 were considered in the context of the
fuzzball program. Even though the starting point is the same, there are many differences
between our results and their analyses. Firstly, since there are no horizons in the fuzzball

cases, these references did not need to consider the regularity at the horizon. The analyses
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in these references is instead in global AdS. Secondly, the metric perturbations considered in
these references do not have direct analogs in our analysis, but roughly speaking a class of
modes considered in [64] corresponds to our L = 0 Garfinkle-Vachaspati modes.’

In ref. [68], it was suggested that fuzzballs should also admit hair modes like the ones that
we have considered in this chapter. Specifically, by putting fuzzballs in Taub-NUT space, it
was conjectured that there should be fuzzball hair, like the ones obtained by putting the BMPV
black hole in Taub-NUT space. We hope to report our progress on constructing such hair on a

class of simplest fuzzballs in the future.

7See also point 3 on page 26 of ref. [64] where a related observation is made.
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Chapter 4

Review of Gravitational Index

4.1 Index vs degeneracy

In string theory, we compute the microscopic degeneracy of BPS black holes. This micro-
scopic degeneracy dy,icro 1S often replaced by a proxy element, which is some version of “in-
dex”. The degeneracy calculated from the macroscopic side S0 18 Often classically given
by general relativity. On the other hand, the appropriate index in case of 4n broken supersym-
metries is given by

Bon = (—1)"Tr[(=1)*"(21)*") / (2n)! (4.1.1)

Now, theoretically index will always be less than entropy. But in special cases, e.g, in large
charge limit index matches with entropy upto very high accuracy. For detailed discussion, one
can refer to [26].

The idea to define gravitational index lets us compare similar quantities, i.e, index from both

macroscopic and the microscopic side.

4.2 Grand canonical partition function for D =4 ./ =2 un-

gauged SUGRA

For the sake of concreteness, focus on .4#” = 2 ungauged supergravity in four dimensions.
The fields of the theory include a metric gy, a complex spin-3/2 gravitino ¥ and a U(1)

graviphoton A [27]. In natural units, i.e, Gy = ¢ = h = 1, the quadratic part of the action
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looks [27]
1 1 i-
I[g,W,A] = T /M d*x\/g {R— ZFZ — E‘PHF“"”VV‘P,) + | + Iy, 4.2.1)

dots denote cubic and quartic terms completely fixed by supersymmetry. This action is invari-
ant under ./ = 2 supersymmetry given by 8% = Ve + &(¥?) with @“ =Vu+ éFqu“‘Tu.
The Euclidean path integral of interest in asymptotically flat space with boundary topology
St x 82,

ds* = dt* +dr* +r*(d6” +sin* 0d¢*) + O(1/r), r— oo, (4.2.2)

with the identifications
O~ 0¢+2x and (1,9)~(T+B,0+iBQ). 4.2.3)

The time circle has asymptotic periodicity B = 7! with 8 being the inverse temperature. the
twist parameter  denotes angular velocity of the horizon along some direction within S2.

Impose falloff condition ¥ ~ &'(1/r?) at infinity with periodicity

—PYW(r4+B,r0,9), (4.2.4)

where J, the generator of rotations along ¢ has been defined in the second line. To fix the

charges, the appropriate choice of boundary term will be [121]

1 1
Ibdy = —g "y \/ZK— E m \/EnaFabAb. (425)

with boundary metric A,,. The partition function is defined schematically via gravitational
path integral [120]
Zer (B 9.0) = [ Zg 7074 & 04 (4.2.6)
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For theories with a gravitational dual, we fix Q, Q and B by imposing the above boundary
conditions. The gravitational path integral computes Trg (e_ﬁ H+BQJ ) , with Trp is a trace over
states with charge Q. This is not a precise relation for theories without an explicit gravitational
dual since a quantum mechanical Hilbert space and operators in a boundary theory are not

being defined which would give an independent calculation of the right-hand side.

4.3 Classical saddles

Classical saddles consistent with the above boundary conditions are the Kerr-Newman black
holes. The Lorentzian metric obtained via analytic continuation T = if is given in terms of the

parameters (a,M, Q)

A , 2dr? in” 0
grnuvdxHdx’ = 2 dt + asin’ 6d¢] g par +p2d6* + 8122 (adt + (r? +a2)d(p)2 ,
7]
AKN = Q(;)Ozs (adt+(r2+az)d(]>), (431)

where p2 = r2 +a?cos” 0 and A = r? +a®> — 2Mr+ Q. The gravitino solution has ¥ = 0. The

locations of outer and inner event horizons are at radii
re =M=+ M?—0?—a2. 4.3.2)

The solution is given in Boyer-Lindquist coordinates, in which the metric becomes asymptot-
ically flat. In Euclidean signature, the region of interest is the outer horizon r and r € [ry, ).
Smoothness of the Euclidean horizon fixes  and Q M and a, or equivalently r and a,

2 2 2
a _ri—a -0

Q= T=B1="* =~ =<
B 47r(r%r+a2)r+

= 433
r%__{_aZ’ ( )
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Using the fact that for a classical solution R = 0 and F? is a total derivative, the classical

solution can be calculated [120]

class1cal([3 Q Q) (434)

5 27’+

Ba+Q+ri B QO
2 i+

r4 and a are implicit functions of 8, Q and Q. Regularization was done by subtracting the

contribution from empty flat space.

4.4 Solving for the partition function

The boundary conditions(4.2.4) are invariant under the shift iBQ — ifQ — 4nn, with n € Z.
The path integral becomes a sum over these different solutions which share the same boundary

conditions [122, 123]

Zara(B,2,0) = Z ICIMdl(ﬁ Q41 nQ> Z1100p(B,2,031) (1 4...). (4.4.1)

nez

The sum is taken over classical solutions and the first term gives their classical action contri-

Iclamcal (ﬁ Q+

bution e Q> The action at low temperatures with fixed real i3 Q

] 30472 (RO _ 2
—Iclassical (ﬁ,9+%n,Q) = _ﬁQ—Fﬂ:QZ—I— Q (47[ (;[;Q 4775}1) ) n
Q_>47;3l'06 277:2Q3(1 _4((X+}’l)2)

P _Bo+n0+ ... (442)

B

where o = —’ﬁ—g

Generically the n = 0 term dominates, although, leading quantum effects
can possibly change this. The dots denote subleading terms at low temperatures.

The one loop determinant Z;_jo0p (8, €2, Qs 1) that captures the fluctuations of metric, gravipho-
ton, and gravitino around the n-th solution. This term is the difference between bosonic

Einstein-Maxwell theory and .4 = 2 ungauged supergravity. The reason being, only metric

and graviphoton will constitute Einstein-Maxwell theory. At large charge, Q, low temperature,
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and small angular velocity (fixed real ), this can be approximated by [122]

Q=% (a+n)cot(ma)

Zy1o0p(B,R2,Q:n)  ~ ﬁ(1_4(a+n)2)2 0% [1+0(07 1] . (4.4.3)

The quantity cjog can be calculated by Sen’s quantum entropy function [124] and depends on
the matter content of the theory. It can be absorbed by a logarithmic correction to the area

term in the classical action.

4.5 Defining the index

The Witten index is schematically defined as
Index (B, Q) = Try [(—1)%*“’} . (4.5.1)

We explain a naive approach that is misleading. Take the Reissner-Nordstrom black hole.
The metric given in (4.3.1) with a = 0 and fixed 7. In the notation above, this corresponds
to computing Z(,Q = 0) = Trg (e_ﬁH ) [27]. Contractibility of the Euclidean time circle
requires the boundary conditions on the fermion to be ¥(7+ f3,,0,¢) = —¥(7,r,6,¢). But,
presence of the (—1)F factor in the trace might lead one to naively take the fermions to be
periodic around time circle, contradicting its holonomy around the contractible time circle. To
cure this we make an observation: (—1)F = ¢/ Accordingly, we propose to compute the

index [72]

Index(B,0) = Zgra\,(ﬁ,ﬂz%yQ)

I 2mi , 4mi 2mi
_ Z e Letassical (Bv B + B n’Q> Zl-loop (ﬁ, %, Qﬂ’l) (1 +.. ) . (452)
n>0

Instead of changing the boundary conditions of the fermions by hand, this prescription effec-

tively turns on an imaginary angular velocity Q — % + %n. The solutions contributing to
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the path integral computing the index are become smooth after introducing this rotation. This
purely imaginary value of € corresponds to real angular velocity in Euclidean space since

Qp =iQ.

The solutions with Q = + (% + %n) can be interchanged by shifting n — —1 —n.
These are interchangable under parity transformation. Since this is a symmetry of the theory,
we restrict ourselves to the positive sign of Q and to n > 0 without any loss of generality. This

choice of Q, for any value of n, leads to periodic fermions around the time circle [72]

¥(1,r,0,9) = —¥(t+p,r6,0+2m),

= P(t+B,5,0,0). 4.5.3)

In the first equality, smoothness of fermions with respect to the contractible circle at the hori-
zon has been used. In the second line we use that the fermion is always antiperiodic around
¢ ~ ¢ +2m. Thus we get a classical configuration that solves the equations of motion and is

completely smooth for both the bosonic and the fermionic fields.

4.6 Saddles of the index

The n = 0 saddle: Using the expressions from equation (4.3.3), we can solve for the special
value of a, say a, which solves f(ay,r;,0) Q(ayx,r+,Q) = 27i.
This gives a — iry +iQ and we pick a, = ir; —iQ (since the other solution is not physical).

Now, we can use the equation that determines r and insert this value of a,, yielding

Alry) =ri+a2—2Mry+Q*>=2r.(Q—M) =0,

= M=0Q. (4.6.1)
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This shows that the choice Q — Q, = 27i/p fixes M = Q, giving supersymmetric solution.
Hence, the Killing spinor equation @#8 = 0 is integrable.
Even though these solutions have M = Q, their temperature is nonzero. Writing a = ia where

real a = r, — Q, the expressions for temperature, mass and angular velocity turn out to be [72]

1 a

1) = 3200 20

M(a)=0, Q(a)=27iT(a). (4.6.2)

4.7 Finding index from partition function

Rotation group in five dimensions is SO(4) = SU(2)1, x SU(2)g. A generic black hole in five
dimensions carry three U(1) charges, mass M, angular momenta Jy and Jy, in mutually or-
thonormal planes with azimuthal angles y and ¢. The procedure for genrating such solutions
is outlined in [125]. The third components of SU(2), and SU (2)g angular momenta are related
to Jy and Jy, as

1 1
Jap = E(J¢ —Jy), J3r = E(J¢ +Jy) 4.7.1)

Inverse temperature 8, chemical potentials [ for the charges O and the angular momenta
Qr, Qg conjugate to J31,J3r are the conjugate variables. Classical supersymmetric black holes
have J3g = 0.

The supersymmetry generators decompose into (27, 1g) and (17,2g) representations in equal
numbers. For states preserving four supercharges, we choose the unbroken generators to lie
in the (1z,2p) representation, with the remainder broken. The broken generators give rise to
fermion zero modes. The relevant index for a supersymmetric black hole breaking 2n SU(2),
invariant supersymmetries, or (17,2g) supersymmetry [99]

Npps(0,J31) = e5ors(@s1) — TrQJu}:O[(—I)F(2J3R)"], (—1)F = 2 (4.7.2)

where the trace is over all states with fixed charge vector Q, angular momentum J3; and zero

momentum.
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In the absence of the (2J3g)" insertion, the trace over the fermion zero modes in the
(1,2g) sector would vanish. The insertion precisely saturates the n pairs of zero modes,
yielding a nonzero result, as in four dimensions. Additional zero modes arise in the (27, 1)
representation.

From the macroscopic side, we calculate the gravitational partition function with the boundary

conditions mentioned before. Setting Qg = —27i/f3, the partition function becomes [99]

Z(B. i, Q. ~2mi/B) = Trle PE-PRO-POUILI2R () )]

= Trle PEPRO-BOUIL(_1)F(2)3)") (4.7.3)
Assuming the dispersion relation £ = Mppg K2 /2Mpps, the partition function becomes [99]

Z(B, 1, Qp, —2mi/B) = Z eSBPS_BMBPS_ﬁﬁ~Q_ﬁQLJ3L/dnTk(%)nTe_ﬁzz/zMBPS (4.7.4)
Q7J3L

where k is an ny dimensional vector that is invariant under the action of ef2L/sL. Performing

the k integral and inverting the previous relation we get

eSBPs NLnT(]wi)nT/zﬁnV+1/ngudQLeﬁMBPS+ﬁﬁ~é+ﬁQLJ3L+an(B7,1_1ng:zni/ﬁ) (4.7.5)
BPS

InZy, the leading classical result for [nZ, is given by
InZo(B, i, Q) = So— BM — Bfi.0 — QT (4.7.6)

Using this expression of [nZ in (4.7.5) and carrying out the 75, U and € integrals using saddle

point approximation one obtains [99]

2 2
SBps —nr ﬁ nT/2 ny+1 a anO 71/2 a an() 71/2
e ~ L — det ——— —
(" 27 der S 12 T
X eBMBPS+Bﬁ'Q+BQLJ3L+anO(ﬁ7’379[1772”1'/[3) (4_77)

99



4 Review of Gravitational Index

where at saddle point
1 dinZy 1 dInZy

B a‘ul _Qi7 B aQL

= Jar (4.7.8)

Using various scaling properties of the black hole parameters provided in [99] and setting

D=5

Sgps =~ PBMgps—+ Bii.0+ BQrJar +InZy
ny

—nrilnL — ’%Tlnl ~3

InA — %lnl +0IlnZ (4.7.9)

where 0/nZ stands for the logarithmic corrections from integration over massless fields in the
gravitational path integral and inclusion of (2J/3)" in Z. Using the condition fQg = —27i/

and expression for /nZy, we obtain

Sgps =~ BMpps+So— BM +2miJsg

ny

7 InA — %lnl +9dInZ (4.7.10)

—nrilnL — I%Tlnl -

Here M and S are mass and entropy of a classical black hole having temperature 8 with
BQr = —2mi, charges Q and SU (2),, charge J3; and in general are not the same as those of a

zero temperature black hole Mppg and Sgps. The classical result 51(3(25 of Spps is given as

SS?S = BMpps+ So — BM +2miJ3g 4.7.11)

Given this result relating an extremal black hole and its non-extremal index saddle, we can
apply this test to find index saddle of supersymmetric small black ring. In the next chapter, we

introduce black rings and search for index saddle.
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Chapter 5

Black Rings and Gravitational Index

Black hole uniqueness theorems in four spacetime dimensions state that stationary black holes
have spherical horizon topology and are completely specified by their conserved charges.
However, these results fail in five dimensions. In D=5, the vacuum Einstein equations ad-
mit stationary, asymptotically flat solutions with horizon topology S! x $2, known as rotating
black rings. These solutions are not uniquely characterized by their conserved charges like
mass and angular momenta and the charges do not distinguish black rings from spherical black
holes. Charged black ring solutions with analogous features were subsequently constructed.

We’ll first review neutral black rings and then charged black rings.

5.1 Ring Coordinates

In four spatial dimensions, the rotation group SO(4) contains two commuting U (1) subgroups,
allowing for independent rotations in two orthogonal planes. To make this explicit, consider
flat four-dimensional space and group the coordinates into two pairs, introducing polar coor-

dinates in each plane

x'=r cos @, X =r sing, x> = rycos v, Xt = rysiny. (5.1.1)

Rotations in the ¢ and y directions correspond to two independent angular momenta, Jy
and Jy. We focus on ring-like configurations lying in the (x,x*)-plane and rotating along v,
so that Jy, is nonzero.

As is often useful in general relativity, it is advantageous to introduce adapted coordinates.
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5 Black Rings and Gravitational Index

A natural way to do this is by constructing equipotential surfaces associated with a source
resembling the black hole of interest. Rather than using a scalar potential sourced by a ring, it
is more convenient to work with the equipotential surfaces of a two-form potential B,y. In this
picture, the ring is treated as a circular string acting as an electric source for the three-form

field strength H = dB, which satisfies

du(v—gH""P) =0 (5.1.2)

away from the source.

Flat four-dimensional space, expressed in these coordinates, takes the form

ds* = dr} +r3d¢* + dr3 + ridy*. (5.1.3)

The solution corresponding to a circular electric source located at ri =0, r, = R, and
extending over 0 < y < 27 can be obtained using standard methods from classical electrody-

namics. The resulting two-form potential is [85]

R 2% rycosy’ 1 R2 412+ 72
B _ d / —_ 1 — # y 5.1.4
v 27r/o v rt+r3+R2—2Rrycosy’ 2 z oy
where
2= /07 + 3+ R —aR2 6.1

One can also construct the Hodge dual of this field. In five spacetime dimensions the
dual of the three-form field strength satisfies xH = F' = dA, where A is a one-form potential.
Thus, the dual description of electric string is a magnetic monopole. In this case a, the dual
description is a circular distribution of monopoles. Surfaces of constant Ay are orthogonal to

those of constant B;y. For the dual field, one finds

1 RZ_ 2 .2
Ap=—= (1+$). (5.1.6)
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Figure 5.1: Ring coordinates for flat four-dimensional space are illustrated on a section with
fixed ¢ and y (together with the antipodal section ¢ 4 7, ¥ + 7). The dashed curves represent
surfaces of constant |x| € [0,1], while the solid curves correspond to surfaces of constant
y € [—oo,—1]. As y — —oo, these surfaces shrink to zero size, marking the location of the ring
of radius R. The disk enclosed by the ring forms the axis of the rotational symmetry generated
atx = +1.

We now introduce new coordinates y and x, defined so that they correspond to constant values

of Byy and Ay, respectively. A convenient choice is [76]

R24L21 2 R2_,2_,2
y=— 21 2 x:—Zl 2 (5.1.7)

with inverse relations

—y2 2 _
=RV RY2L (5.1.8)

’ rn =
X—Yy X=Yy

The allowed coordinate ranges are —o <y < —1, —1 <x < 1. Here, y — —oo corresponds
to the location of the ring source, while spatial infinity is reached as x — y — —1. The axis
of rotation along Y , which is actually a plane rather than a line, lies at y = —1. The axis
associated with @, located at r; = 0, splits into two regions: x = 1, corresponding to the disk
rp <R, and x = —1, corresponding to its complement outside the ring, r» > R.

In these coordinates, the flat metric becomes [76]
dy? dx?

2
K = dy*+ ——+ + (1 —x*)d¢?|. (5.1.9)

ds* =
SCEE [ -
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This coordinate system is illustrated in picture 5.1, showing a section at fixed y and ¢
(along with the antipodal section for clarity). It is also useful to rewrite the geometry in a form

better adapted to the region near the ring. For this, define new coordinates r and 6 by

R
r=——, cosf =ux, (5.1.10)
y
with ranges 0 < r <R, 0 < 0 < &. In terms of these variables, the flat metric becomes
2 1 r* 2 402 dr® 20002 1 a2 2
ds"=——— |[1—— | R dy" "+ ——5 +r"(d0” +sin“0d¢~) | . (5.1.11)
(1+r0050)2 R2 1— 2
R R2

The apparent singularity at r = R is not physical. It simply corresponds to the axis of rotation
in the y-direction. It is evident that surfaces of constant r (equivalently, constant y) have the
topology of % x S!, with the S? parametrized by (6, ¢) and the S' by . Since the horizons
and ergosurfaces of black rings occur at fixed values of y or r, their topology is naturally
exhibited in these coordinates.

¥~ ! satisfies the Laplace equation for a scalar field sourced by a ring, V2X~! = 0. Since

ol = ’%, surfaces of constant scalar potential generally do not coincide with surfaces of
constant x or y, except in the limit of large negative y (i.e., r < R), where Y la —% = ﬁ.

Although one could introduce coordinates adapted to constant ¥ and its gradient flow,
this leads to a more complicated form of the black ring solutions. By contrast, the (x,y)
coordinates, being naturally adapted to the two-form potential B, are particularly convenient,
especially for analyzing configurations with dipole charges, such as supersymmetric black

rings.

5.2 Non-extremal two charge black rings

Elvang and Emparan in ref. [86] presented a five-dimensional smooth singly spinning non-

extremal black ring with two independent charges. The technique they used for adding the
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two charges is rather straightforward. It involves the following three steps:

1. We start by adding to a vacuum five-dimensional solution of Einstein equations a flat
sixth dimension z. (In the case of ref. [86] the vacuum five-dimensional solution is the
neutral Emparan-Reall black ring [73].) A Lorentz boost (with boost parameter ) gives

a solution with linear momentum in the z-direction.

2. We next apply T-duality in the z-direction that exchanges the momentum with a funda-

mental string charge.

3. We apply another boost (with boost parameter f3) in the z-direction to get a solution with
both charge and momentum. The resulting configuration is a solution to the classical
equations of motion of the low-energy NS-NS sector of superstring theory compactified
on T*. Compactifying the z-direction on a circle we get the five-dimensional solution of

interest.

The technique can be applied to any vacuum five-dimensional solution. In section 5.2.1,
we review the Elvang-Emparan solution. In section 5.2.2, we apply the same technique to the
Pomeransky-Sen’kov black ring solution. Later in the paper, in section 5.7.4 we apply the
same technique to the five-dimensional Kerr black string. For completeness, the technique is

reviewed in appendix D.

5.2.1 Singly spinning charged black ring

We start with a very brief review of the neutral Emparan-Reall black ring [73] to set the

notation.
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Emparan-Reall black ring

The metric takes the form [76],

2
(et
K G, 5 dy  dd G(x)
+(x_y)2F( )[ Fy) VER G(y)+G(x)+F(x)d¢ER}’ (5.2.1)

where

1+A
1—1°

F(E)=1+1E, G =(1-EH(1+VvE), C= \//WL —v) (5.2.2)

The dimensionless parameters A and v take values 0 < v < A < 1. The dimension-full pa-
rameter R sets the scale of the solution. The coordinate ranges are —1 <x <1, —co <y < —1,
with asymptotic infinity at x,y = —1. Regularity at infinity requires the angular coordinates to
have periodicities (to avoid conical singularities at x = —1 and y = —1 the angular variables

must be identified with period),

AYER = AQpr =27 11__ A (5.2.3)
To avoid also a conical singularity at x = +1 we must have
Apgr = 27r\/11++7. (5.2.4)
This is compatible with (5.2.3) only if we take the parameter A in terms of v as
A=le=1 ivvz. (5.2.5)

This condition is often called the balancing condition. The name “balancing condition” orig-

inates from the intuition that the angular momentum must be tuned so that the centrifugal
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force balances the tension and self-attraction of the ring. The event horizon is at y = —1/v.
Once the balancing condition is imposed, ¥ = Wgg V1+V2, ¢ = ¢grv/1+ v2 have canonical
periodicity 27.

Now consider the (7, 8) coordinates introduced earlier in 5.1.10, along with a redefinition

of parameters (v,A) — (rg,0)

h2
v="0 lz%‘ (5.2.6)

In these variables, the metric takes a somewhat less transparent form [76]

2
f R h? R
dszz—]—j dt — rpsinh o cosho Loszci—lﬁdw
8 R—rgcosh"c R rf
A 2 2 2
d
2t J—i(1—r—2>dew2+—rz+r—d92+§r2sin29d¢2 (527
(1408 | f R (-%)f g g
where
. h?
F=1= po O (5.2.8)
r r
and
1o I’()COSh26
gzl—f—EcosG, §:1+Tcose. (5.2.9)

Now consider the regime r, ry, rocosh? 6 < R, where g ~ g ~ 1, and define y = z /R. The

metric can be written as

R A dr?
ds®* = —f(dt +tanh o (1 — f)dz)* + j—;dzz + % +r2(d6* +sin*0d9?) . (5.2.10)
where the (7,z) part ultimately looks like
h? 2rgsinh o cosh inh?
ds}, = (1 - OOy pp  ZOSIMOCOSMO (1 OO 2 (50.11)
) 7 r r
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We see that in this limit, the metric reduces exactly to that of a boosted black string extended
along the z-direction, with boost parameter o. The horizon sits at r = rg, and requiring regu-
larity fixes the period of y to 27, so that z ~ z+27R. Thus, this limit corresponds to a ring
whose radius R is much larger than its thickness r(, focusing on the region near the ring r ~ ry.

This makes precise the intuitive picture of a black ring as a boosted black string bent into
a circle. It also clarifies the meaning of the parameters A and v. From their definitions, v
measures the ratio of the horizon S? radius rq to the ring radius R, so smaller v corresponds to
thinner rings. Meanwhile, A /v controls the rotation, and more precisely, m can be

identified (approximately) with the local boost velocity v = tanho.

Elvang-Emparan two-charge black ring

Following the solution generating procedure outlined in appendix D, we get the two charge
Elvang-Emparan black ring starting with the neutral Emparan-Reall black ring.! The La-
grangian for the theory is reviewed in appendix D. The five-dimensional Einstein frame metric

takes the form,

2
B 1 F(y) I+y
dS% - (hahﬁ)2/3 F(x) (dt —CR WC(XC[; dWER)
R? G(y) dy>  dx*  G(x)

where we have defined

Alx—y) 5

) A-y)
F(.X) (02

R (5.2.13)

ha(x7y):1+ hﬁ(xay):1+

Note that our coordinates and parameters are slightly different from Elvang and Emparan [86]. They use
coordinates and parameters different from the original black ring of [73], which in turn are different from the
more modern notation [76]. Throughout this paper, we use notation of [76] for singly spinning black rings. This
also means that we cannot simply take equations from Elvang and Emparan’s paper; we had to work out the
solution from the start.
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and we use the short hand ¢, = cosh ¢, cpg= coshf3, sq = sinh, sg = sinh . The dilaton ®

and the extra scalar )y are given as

—%x hﬁ(xay)

-2
e = hg(x,y), = (5.2.14)
Vha(x,y)
The gauge fields are
ny_ _(x=y4A () _ CR(1+y)
A = Ay = ———F——~ 5.2.15
C T Fhgey) P Ver T F(hg(x,y) * P G219
2  (x=y)A 2 _ CR(1+y)
A7 = Ayor = ————~ . 5.2.16
T Fhalry) Vit F (O (r,y) P 210
The antisymmetric tensor field has as non-zero components,
CR(l +y)SaSB
B = 5.2.17
Y = T (e (x) o210
The balancing condition remains the same. The event horizon is at y = —1/v. The charged

solution is smooth everywhere on and outside the horizon.

Removing Dirac-Misner string singularity

In black ring solutions, we are interested in horizon topology S! x S2. The coordinates (x, ¢)
parametrize a sphere S only if dy has fixed points at x = %1, i.e, at the two poles of the
sphere. But the orbit of dy doesn’t close off when @y doesn’t go to 0 at x = +£1, indicating the
presence of Dirac-Misner strings. Just like the case with Dirac strings in magnetic monopoles,
one can try to eliminate the string by covering the manifold with two different coordinate
patches, each one regular at each pole. The coordinate transformation where the two patches
overlap requires time t to be periodically identified as At = @y (x = 1)A¢ [77]. But periodicity
in ¢ will lead to the existence of closed timelike curves everywhere outside the horizon.

To get rid of this trouble, we need to put ®y(x = 1) = 0. And, from the expression of m,

in doubly rotating black ring case, we can see that this condition is indeed satified, saving us
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from a breakdown in global causality.

Physical properties of the Elvang-Emparan black ring

The mass of the black ring and the horizon area are

TR A
M = ——(1 h2 h2 2.1
4GN1—V( + cosh2a + cosh2f), (5.2.18)
2R3V3/2 A(1—2%)

A= AR )

CaCp- (5.2.19)

The angular momentum and angular velocity in the ¢ direction vanish. In the y direction, we

have

AR /AL —V)(1+A)
2Gy (1—\/ 2
1 A—vV

Qy = Reacs || 2050 (5.2.21)

Ty Cacp, (5.2.20)

The temperature of the horizon is

1 [ 1-A
T = W(l + V) m (5.2.22)

Finally, the U(1) charges of the solution can be defined as,

1 o .
Q= 167Gy /53 o’ s F, (5.2.23)
at oo
where @ = % x and Py =P — \/Lg x - They take values,
R> A
Q = % T sinh2¢, (5.2.24)
v 1—
TR A
Q = 1Gul_v sinh2f3. (5.2.25)
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The solution also carries a dipole charge fixed in terms of the other parameters of the solution.

We will discuss the dipole charge when we consider the supersymmetric limit.

5.2.2 Doubly spinning charged black ring

Neutral doubly spinning black ring was constructed by Pomeransky and Sen’kov [88]. We
follow slightly different notation from the one introduced in [88]. This is mainly to facilitate

comparison with the black ring solutions discussed in the previous section.

Pomeransky-Sen’kov black ring

Compared to [88], we choose mostly plus signature, and exchange ¢ <+ y to conform to the
notation of the previous section. In [88], angles y and ¢ have been rescaled to have canonical
periodicity 27z. This can be a potential source of confusion. For this reason we have used Wgg
and ¢gg to denote the Emparan-Reall coordinates in the previous section.

The metric functions take a fairly complicated form in the general case in which the black
ring is not in equilibrium, but they simplify significantly when the balancing condition is
imposed. In all metrics we write for the doubly spinning black rings, the balancing condition
is imposed. Moreover, A in the solution in [88] has different meaning from the solution above.
It roughly corresponds to the parameter v above. Vv in [88] is the new parameter of the doubly

spinning black ring. We replace (A, V) of [88] with (v, 1), respectively. To summarise,

Aps = V., (5.2.26)

Vps = 1. (5.2.27)

With this notation, when we take 7 to zero we recover the balanced Emparan-Reall black ring.
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The doubly spinning black ring metric takes the form,

i = e+ 0 - Geav? -2 X avie-+
2 2 2
ooy (e~ 507): 0229
with
Q = wyd¢+ oydy (5.2.29)
Y (1 2y e
I+y

Ty _ 2 L B
Ty YV =n+am—v=n)+2nx(1-y)) dy], (5230

and the functions G, H, J, F take the form

G(x) = (1-x*)(1+vx+nx?), (5.2.31)
H(xy) = 14V =n’+2vn(l =)y +2xv(1 =y*n’) +°yn (1 - v —n?), (5.2.32)
201 — 2)(1 — 2
J(xy) = 2 (tx—yigi—%));ﬁ (1+ v —n?+2(x+y)vn —xyn(1 — v —n?)), (5.2.33)
2
Fley) = s (6000 =) (1= =) (1 m) £ 3v(1 = v2-4-2m =307

+G(y) 2V +av((1 =02+ v +2 ((1-1)* = v?) (1+7n) +2v(1 — v} =30 +2n)

—x*(1-n)n(-1 +v2+n2)ﬂ-

In order to recover the metric (5.2.1) together with the condition (5.2.5) one must take  — 0,
. oo p2 02 2 _ _
identify R® = 2k=(1+ v*), and relate ygg = \/%7, Orr = ﬁ

In the above metric, note that the parameter 1 appears under the square root sign. There-
fore, for the metric to be real n > 0. The positivity of the mass of the black ring requires
v > 0 and the finiteness requires 1 +1n — v > 0 (see below). The finiteness of angular mo-

menta requires 1) < 1. Furthermore, the parameters v and 7 are restricted to v > 2,/1. This

condition is a Kerr-like bound on the rotation of the S%. To see this, consider the equation for
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vanishing G(y), which determines the position of the event horizon within the allowed range

—co <y < —1,

14+ vy+ny>=0. (5.2.35)

Imposing that the roots of (5.2.35) are real yields the required bound. The regular event

horizon is at

— 2_4¢
_—vrvvi—an (5.2.36)

Yh n

To summarise, the restrictions on the parameters v, 1 are
0<n<l1, 2yn<v<li+n. (5.2.37)

Doubly spinning two-charge black ring

Following the solution generating procedure outlined in appendix D applied to the Pomeransky-
Sen’kov black ring, we get the doubly spinning two-charge black ring. This solution was also

considered by Hoskisson [90]2. We have,

2 - 1 H(y,x) o enQ)? 15 2k*H(x,y) d*  dy?
= gy H(xy) 1 T Ccp @) k) oyt (G é)
+mmwv3—Z%Qd%—zgggdww+zggdwy (5.2.38)

where we have defined

]’la(.x, V) =Cqy So ( ,y), hB(X, V) Cﬁ Sﬁ ( ,y> (5 3 )

2Once again the parameters used there are slightly different from what we use. The ADM mass is not com-
puted correctly in [90].
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The dilaton @ and the extra scalar ) are given as

e 2 =hy(x,y), e V2P=_—E_ (5.2.40)
ha(xa)’>
The gauge fields are
(1) H(X,y) H( ,X) (2) H(X,y)—H y7x)

Al = cgSg, A7 = caSa, 5.2.41
C T THE g (y) PP C T H halry) (4 (241
(1) H(y,x) 2) H(y,x)

Ay’ =— Wy CySE, Ay =— Wy CESe, (5.2.42)
Vo T H(y)hg(xy) V0P H(x,y)ha(x,y) VP

H H
AD = AOD . AY = _ B s (5243

H(y,x)
By = — OySaSp, 5.2.44
T T HE ey 24
H
By = —— B0 s (5.2.45)

The event horizon is at y = y;, given in (5.2.36). The charged solution is smooth everywhere

on and outside the event horizon.

Physical properties of the doubly spinning two-charge black ring

The physical parameters, mass M, angular momenta Jy, Jy, area of the event horizon <7y,

angular velocities Qy, €24, and the temperature of the horizon T for the solution can be com-
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puted following, say, [88,91]. We find,

k2mv
M = m (1 + cosh2a + COShZﬁ) s (5246)
4i3wvymy/(1+1n)2 —v2
Jo = : 5247
* T G- nR(—vim) (P (247
283V (1+v—6n+vn+n2)/(1+n)2—v
_ 5.2.48
T Gu(1— 21— v+ 1) Cacpy 0249)
2R (1+v+n)v
oy = , 5.2.49
"D h—l/yhxl—n)z s R
0. — I v(l+n)-— n)y/ V2 I1+n—v (5.2.50)
¢ keacp 4v\/_ 1+n+Vv’ -

1 l+n—v
Q, = \/ 5251
Vo 2kegep \ 14N 4V 625D

V2 =A== )
T = 8akv(1+Vv+n)cacg (5.2.52)

where yj, is the location of the horizon given in (5.2.36). The U(1) charges defined via (5.2.23)

take values

kK*mv
- " Ginh2a, 5.2.53
Q Gl —vEm) ( )
Q RV Gonop (5.2.54)
= —SIn . L.
2 Gn(1—=v+n)

One can readily check that these expressions go over to the singly spinning case when n — 0.

5.3 Dipoles

A circular string sources an electric field By, whose magnetic dual A is sourced by a circular
distribution of magnetic monopoles [76]. In addition to the charges Q; defined in (5.4.4), the

topology of a black ring allows to define ‘dipole charges’ g; as

1 .
qz:g/st’, (5.3.1)
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Figure 5.2: The dipole ¢; measured from the magnetic flux of F’ across an S? enclosing a
section of the ring.

by performing the integral on a surface S? that links the ring once.

Even if there is a local distribution of charge, the total magnetic charge is zero. It can be
attibuted to the fact that conserved charges are calculated by integrating over fluxes at infinity

and in this case, no flux reaches infinity.

54 5D U(1)? supergravity down from 11D

The conserved charges and dipole moments of black rings allow for a natural interpreta-
tion within string/M-theory. In this framework, the relevant five-dimensional supergravity
theories are most conveniently understood as arising from dimensional reduction of eleven-
dimensional supergravity, which is the low-energy limit of M-theory.

Eleven-dimensional supergravity with the metric and a 3-form potential A with 4-form

field strength F' = dA as bosonic fields has action

1 1 1
I = R 1—=FA F—-FAFAA 5.4.1
1 167rG11/< 11%11 SE A c ); ( )
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where R;; and %1 denote the eleven-dimensional Ricci scalar and Hodge dual respectively.

Perform dimensional reduction on 7° using the ansatz

dsj; = dsi+Y'(dx+dx3) +Y*(dx3 +dxi) + 7 (dd +dxd),

A = A'Adx; Ndxy+A% Adxs Adxg+ A3 Adxs Adxg. (5.4.2)

to get a five-dimensional supergravity theory.

T° is parametrized by the coordinates {x',x?, x>, x* x> x®}. Assuming that nothing depends on
the coordinates x’ parametrizing the T°©, ds%, Y’ and A’ can be regarded as a five-dimensional
metric, scalars, and vectors respectively.

We demand the constraint Y'Y2Y3 = I to make 7° have a constant volume, making the metric
ds% five-dimensional Einstein-frame metric. The eleven-dimensional action reduces to the

action of five-dimensional U (1) supergravity

1
Is =
167'L'G5

. . . | . .
/ <R*1 — G, dY' NxdY’! —G;;F' NxF/ — 6%,-J-,{F’ ANF/ /\A") , (5.4.3)

with &;; = 3diag ((Y1)72,(¥Y?)~2,(Y?)72), €;jx = | when (ijk) is a permutation of (123) and
0 otherwise. F! = dA’ are Maxwell field strengths. Thus, we end up with .4 = 1D =5
minimal supergravity coupled with two U (1) vector multiplets.

Conserved electric charges for asymptotically flat solutions are given by

1

Q= 167Gs

/ (Y245 F', (5.4.4)
S3

where the S3 is taken at spatial infinity. Following [126] it can be shown that regular solutions

of the theory satisfy

M > Q1]+ |Q2] +|Q3], (5.4.5)

where M is the ADM mass. The equality holds for supersymmetric cases. The form of the

eleven-dimensional field strength suggests that the electric charge Q; that couples to F' arises
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from M2-branes wrapped on the internal T, e.g F! is sourced by M2-branes wrapping the 12

cycle of T° etc. The charges are quantized in terms of the wrapping numbers of the M2-branes

1/3
N; = (4&) Q. (5.4.6)

T

as [76]

These solutions can be mapped to a U-duality frame that is convenient for microscopic analy-
sis. For example, these can be recast as solutions for a D1-DS5 system with momentum along
their common direction. To demonstrate this, dimensionally reduce the eleven-dimensional
solution above on the x° direction to give a solution of ten-dimensional type IIA supergravity.
Performing T-dualities along the x°,x*, x> directions gives a solution of type IIB supergravity
with metric

ds? = —(Y3)'2ds2+ (v3) 32 (dx+A%) 4+ ¥ (¥3)2axd, (5.4.7)

where the 77 is parametrized by the coordinates x = x> and x4 = ()c1 ,xz,x3,x4).

The other non-zero IIB fields are

1
2(I)_Y

=250 Fy=(Y") TasF A (drtAY) (5.4.8)

e

where & is the dilaton, F(3) the Ramond-Ramond 3-form field strength, and x5 denotes the
Hodge dual with respect to the five-dimensional metric.

Examining the RR 3-form reveals that the electric charges that couple to F!' and F? arise
from D5-branes wrapped on 7> and D1-branes wrapped around the z-circle respectively. The
appearance of A3 in the metric reveals that F is electrically sourced by momentum (P) around

the KK x-circle.
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5.5 Supersymmetric two charge black ring with single rota-
tion

We use the balancing condition (5.2.5) to replace A which appears in the singly spinning
solution in favour of v. The BPS limit is obtained by taking Vv — 0,0 — oo, B — oo such that
we keep the charges fixed [86]. In this limit, the factor ] - that features prominently in the

mass and charge expressions (5.2.18), (5.2.24)—(5.2.25) goes to 2v. We define,

2vsinh2a = %, 2vsinh2f = % (5.5.1)
These relations imply,
I . -1 Ql I . —1 Q2
o= 5 sinh SRV B 5 sinh SRy (5.5.2)

i.e., o and B are replaced in favour of Q; and Q,. After this replacements, we take the v — 0
limit.

In this limit, F(y) — 1, F(x) — 1, and

ha — 1+2%'2( ~y),  hg— 1+£€2( —y), (5.5.3)
and
CeaCp — —=— \/_R2 ——/010,. (5.5.4)
As a result, metric (5.2.12) becomes,
2
- —f2< : f 010: (1 +y)dw> T e (5.55)
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where ds%ase is the four-dimensional flat base space in ring coordinates,

2 2

dy dx?
2 2
(-1

o 07 Do+ 2

dst,e = +(1 —xz)dqﬂ} : (5.5.6)

The coordinates ¢ and ¥ now have canonical periodicity 27. The function f takes the form,

= (1 +%(x—y)> (1 +%(x—y)) : (5.5.7)

The right hand side of eq. (5.5.7) is a product of two harmonic functions, in the same notation

as in ref. [76, section 5.1], with the identification Q3 = 0,q; = 0,q>» = 0,93 = ﬁm

Note that, in this solution the dipole charge g3 is fixed in terms of Q; and Q»; it is not an
independent parameter.

To expand a little more on this point about the harmonic functions, let us write four-

dimensional flat space in the coordinates

dstye = dri + r2d9® + dr + ridy?. (5.5.8)
The transformation
R2—}—r2—|—r2 R2_r2_r2
y=—— IR =D TATR . po VBRI 4RE, (5.59)

with inverse

N ey

I”IZR X—y y rp = X—y

(5.5.10)

takes us to the ring coordinates (5.5.6). With these transformations at hand, we observe that

1 1
—(x—y)==. S.11

The function X! solves the Laplace equation on four-dimensional flat space for a ring source

atr;=0,mn=R,0< y < 2.
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A key point is that the event horizon area of this BPS solution is zero. To see this, we

observe that the prefactor
v3/2 A(1—A2)
(1=v)2(1+v)

(5.5.12)

in (5.2.19) goes as v/2v? in the v — 0 limit. Thus, we see that if we keep the mass finite, the
area goes to zero. We conclude that upon taking the supersymmetric limit we get a “small”

black ring with zero horizon area,

Seps = 0. (5.5.13)

It is well appreciated [86] that the supersymmetric solution described above is dual to a
D1-D5 supertube [92,93,98]. In the F1-P duality frame (for heterotic set-up), this system has
been called a “small” black ring in 5D supergravity [78—80]; it is expected that if we consider

higher derivative corrections to the supergravity action a finite area horizon would emerge.

5.6 The complex saddle solution with two rotations

In this section, we propose a complex solution with two rotations that serves as a saddle for
computing the index for the small BPS black ring of the previous section.

To set the context, we start with a quick review of the key ideas from [71, 72] following
[99]. The rotation group in five dimensions is SO(4) = SU (2)1, x SU(2)g. A generic black hole
in five dimensions rotates in two orthogonal planes with y and ¢ as the azimuthal angles. For
black rings, motivated by the 4D-5D connection [100, 101], the third components of SU(2).

and SU (2)g angular momenta are identified as [78-80],

B = Jy, (5.6.1)

Ie = Jy. (5.6.2)

The supersymmetric black rings of the previous section have J3g = Jy = 0. The relevant index
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for a supersymmetric black hole that breaks some SU(2), invariant supersymmetries is [99]3

S F
eSS =T, [(—1)], (5.6.3)

where the trace is taken over all states carrying fixed charges 6 = (Qq,Q,) and J31.. The trace
is taken over all values of .GZL,JgR,@zR.

To compute ¢58PS from the macroscopic side we begin with the gravitational partition
function with boundary conditions appropriate to that of an Euclidean black hole with inverse
temperature 3 and angular velocities Q; g. Let the entropy of the Euclidean black hole be Sy.

Going around the Euclidean time 7 = it gives the periodic identification (see, e.g., [102]),

(TalV?(P)E(T+ﬁ7w_iﬁQlV7¢_iﬁQ¢)' (564)
The partition function defined via the gravitational path integral in this way computes,
Z(B,Qy, Qq, 1, p2) = Tr [e*ﬁMWQWWﬁQWWﬁ“lQﬁﬁﬂz% : (5.6.5)

where u; and p, are the chemical potentials for the charges Q; and Q, respectively and the
trace is over all states.*

For computing the index [71,72], we set the chemical potential 4 dual to Jy such that,
BQy = 2mi. (5.6.6)

The partition function (5.6.5) can then be related to the index e38Ps_ In the classical limit, the
relation is [99],

Sgps = So — BM + BMgps + 27iJy. (5.6.7)

3 A discussion that also includes fermion zero modes can be found in [99]. For a more detailed discussion on
the definition of an appropriate index for small black rings, see section 3 of [81].

40ur conventions are such that the first law of black hole mechanics takes a more standard form TdS =
dM — Qid.],' — [.L,dQ,
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Here, M denotes the mass of the black hole solution corresponding to the saddle point that
contributes to the index. Although, there is no detailed understanding, in all examples known

so far, and on physical grounds we expect,
M = Mgps. (5.6.8)
In that case, equation (5.6.9) becomes,
Sgps = So +27iJy. (5.6.9)

This relates the entropy of an extremal (zero temperature BPS) black hole Sgps to that of a
non-extremal (non-zero temperature but supersymmetric) black hole Sy. We test both (5.6.8)
and (5.6.9) for the small black ring of the previous section.

A key intuition for finding the relevant saddle solutions comes from the following obser-
vation: If we identify y — —R/r, v — 2m/R and  — a*/R?, which are the correct identifi-
cations in the infinite radius limit of the doubly spinning black ring to the boosted Kerr black
string, then equation (5.2.35) becomes the familiar > — 2mr + a” = 0 for the Kerr black hole.
Refs. [82, 83] identify the saddle solutions for small black holes in four dimensions via the
analytic continuation a — ia. This suggests that the analytic continuation we need to consider

is to negative values of 1. We also replace the parameter k with the parameter R via

R
k= (5.6.10)

V2(1+v2)

In the 1 — 0 limit, the parameter R matches on the parameter R of the singly spinning solution.
We propose that the saddle solution for the small black ring is obtained by taking the

supersymmetric limit> v — 0 of the doubly spinning two-charge black ring. We take the

3 Although we call this the supersymmetric limit, one cannot conclude the existence of Killing spinors until
the solution is mapped to a Bena-Warner form, which is done later in the paper. With this hindsight we call
the v — O limit the supersymmetric limit. We reserve the phrase “BPS” for referring to the singly spinning
supersymmetric black ring.
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supersymmetric limit keeping the temperature and charges fixed. We define,

1
o = —sinh™! o

L .. O
2 SRy P=7sinh

2 2R2vy’

(5.6.11)

and take v — 0. Note that, we use the same relations as we used above for the singly spinning
black ring (5.5.2). In particular, we have not introduced any 17 dependent factors in (5.6.11).
This has both advantages and disadvantages. The advantages are that some of the equations
below come out simpler. The disadvantage is that the canonically defined charges Q;, Q, take

the form

T 0 Q,— T O

— = — 5.6.12
4Gy 141’ 4Gy 1+1n’ ( )

Q=

with an 11 dependent factor. The advantages outnumber this (minor) disadvantage, and we use
(5.6.11) as we take the supersymmetric limit.

Let us now look at the supersymmetric limit of the ADM mass, cf. (5.2.46). We get,

T 01 O
M = ) 5.6.13
4GN<1+11+1-|-11) ( )
Thus,
M=Q;+Q,, (5.6.14)

which confirms (5.6.8), i.e., the saddle solution has the same mass as the BPS black ring in
terms of the physical charges Q;, Q,. Algebraically speaking, the 7 dependent factor needs
to be taken into account when expressing Q, Q, in terms of Q1 and Q».

In this limit, the entropy So = <%y /(4Gy) of the doubly spinning two-charge black ring
behaves as, cf. (5.2.49),

n’R/—1
6.1
So = V2Gn (11 \/Qle (5.6.15)

For —1 < n < 0, this quantity is non-zero and positive. In the same limit Jy becomes,
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cf. (5.2.47),
TR/
Jy = . 5.6.16
¢ 2V2Gn(1—n)? 0102 ( )
For the branch
N iv/—1, (5.6.17)

in the range —1 < 1 < 0, we observe that the expressions are such that
So +2miJy = 0. (5.6.18)

This confirms (5.6.9). In particular, Jy is purely imaginary. We conclude that the proposed
saddle solution satisfies both (5.6.8) and (5.6.9). In this limit, (5.6.6) is also satisfied.

The angular momentum Jy, of the saddle solution is given as, cf. (5.2.48),

o nR(1 —6n+1n?)
Y 4V2Gy(1-n)2(1+1)

010>. (5.6.19)

This expression depends on the parameter 1. The inverse temperate 3 takes the form,

B= VOO (5.6.20)

V2R(1-1m)

Apart from the physical charges Q;,Q;,Jy, the saddle solution has an extra parameter 7
which allows us to adjust the size of the Euclidean time circle. €, in the supersymmetric
limit goes to zero as expected for supersymmetric rotating black holes. Unfortunately, 8
does not go to infinity as 1 — 0. A similar issue as was pointed out by Chen, Murthy, and
Turiaci in [83] (and it was implicit in the analysis of [82]) for four-dimensional small black
holes. We do not have anything further to add to this point than what was already said in [83],
except that unlike [82, 83] expression (5.6.20) has some non-trivial dependence on the 52
rotation parameter 1. More work is required to fully understand small black holes in the four-
dimensional context. The fact that B! = 0 in general suffices for our considerations in this

chapter.
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5.7 The nature of the saddle solution

In this section, we present a detailed analysis of the saddle solution. Since the area of the small
black ring is zero, the saddle solution is expected to have some singularities. We analyse these

singular locations first.

5.7.1 Singular locations

In the supersymmetric limit v — 0, the location of the horizon (5.2.36) becomes,

y=y, = ——. (5.7.1)
v=n
For n < O this is in the physically allowed range of the y coordinate. In the following, it is
convenient to take

n=—b, (5.7.2)

then

y=y=-b"", (5.7.3)

is the location of the horizon. In the v — 0 limit, the five-dimensional dilaton (5.2.40) takes

the form,

24 01 (x—y)(1+b%xy)
2R% (1 —b%) (1 —b2x2y2)

(5.7.4)

At the poles x = %1 of the S cross-section of the horizon y;, = —b~! the dilaton e 2% diverges.
This in particular means that the solution is singular at the poles of the S? cross-section of the
horizon. The situation is analogous to the small black holes analysed in ref. [82]. The singular

locations are two rings,

y=—b"!,  x=41, 0<wy<2nm. (5.7.5)
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We leave an investigation of the geometry near the singular locations for the future. For the
small black holes this geometry was studied in detail in [82].° Instead, we focus on the nature

of the sources that make up the supersymmetric solution.

5.7.2 Four-dimensional base space

In the v — 0 limit, functions (5.2.31)—(5.2.34) become,

Gx)=(1-x*)(14+nx*), H(xy)=1-0")(1+nx"7), (5.7.6)
RZ
J(x,y) =0, F(x,y) = (x_y)2(1+n)(1—yz)(1+nx2)(1+nx2y2)~
(5.7.7)
In particular,
H(y,x)
=1. (5.7.8)
H(x,y)
With this observation, it is clear that the final metric takes the form,
2
ds? = —f2 (dr+s2<s)) +fdst,... (5.7.9)
where
R%H (x,y) ( dx*>  dy? ) F(x,y) F(y,x)
dst,.. = ’ — — 2 gy 4+ S ge?, (5.7.10)
b = 2 (1-n2 \Gw  60)) "o Y THE
and
Q¥ = w))dy+oydy (5.7.11)
1-x*)y/010, .
L WO
2v2(1 =R (1+nx2y?)
1+y)y/ 1 —n(1 —2x+2xy —x%y) — nx?
_( +¥)v/010:2 (1 —1( x+2xy —xy) =N xy)dl//. (5.7.12)

2VIR(1— 1) (1 + 1y?)

SFor the small black rings (with one rotation) this analysis of done in great detail in [80].
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For —1 < n < 0, we note that QW) necessarily has an imaginary part. Since it is a priori not
clear what regularity conditions must be imposed on a complex metric, we cannot comment
on the smoothness of the metric. It is as good as a complex metric as other metrics that have
featured in similar discussions [102].

A simple calculation using Mathematica shows that ds%alse is flat space.” The following

coordinate transformation

, _ R(1-=2)(1+ny)
rf = 5 (5.7.13)
(I=m)(x—y)
, _ R(2-1)(1+n2)
ry = 7 (5.7.14)
(1=m)(x—y)
brings the base space in a standard form,
ds* = dr? +dr3 +rid¢* + r3dy’. (5.7.15)
Using n = —b?, we observe that singularities (5.7.5) are at
1-b)
=—b!, x=+1= r=0, n=R :(—R, (5.7.16)
y 1 2= Ry 1102
1+b
y=-b1 x=-1= r =0, n=R_= (L+5) (5.7.17)

Note that forb >0, R, < R_.

Even though the solution is singular and the metric is complex, the area calculation is
unambiguous. We note that at the horizon y =y, = —b~! the size of the ¢ circle vanishes in
the four-dimensional base metric, i.e., r; = 0 from (5.7.13). Using this observation in (5.7.9)

and computing the area of the horizon by considering the induced metric on constant ¢ and

"The 4D base space (5.7.10) might be described as a flat space metric in ellipsoidal ring coordinates: that is,
surfaces of constant y correspond to rings with ellipsoidal (rather than spherical) cross-sections at fixed y. We
leave a more detailed investigation of this point too for the future. We thank Roberto Emparan for this comment.
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Figure 5.3: For the non-extremal saddle solution, the harmonic functions are sourced at two
rings ry = 0,rp = R1+,0 < v < 27 on the four-dimensional flat base space. The + signs refer
to the poles x = %1 of the $2 cross-section of the horizon. Since x = —1 lies on the outside,
R_ > R+.

constant y surface, we find

®4.¥) b b ()}
(detg) :—gxise-g;$-<w¢ ) . (5.7.18)

y=—b~1, t=constant

All factors on the right hand side of this equation are regular. In particular, singular terms all
cancel out. Thus the area of the solution is well defined. It is expected that the higher derivative
corrections in 5D would smoothen out the singular features of the solution. A detailed analysis

of these issues is certainly beyond the scope of this paper.

5.7.3 Solution in terms of 4D harmonic functions

The function f in eq. (5.7.9) is of the form,

f2 = hihy, (5.7.19)
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where the multiplicative factors are obtained via

01 (x—y)(1—nxy)

he — h=1+ , 5.7.20
« 7 M R ) () o720
Q> (x—y)(1—nxy)
hg — hy=1+ , 5.7.21
p g 2R2 (1+1) (1+nx2y2) 72D
in the v — 0 limit. The vector fields take the following simple form,
AD =1 gt AY = —p'Qly) A = —ny 10l (5.7.22)
A =1 prt, AY = il AY = —ni'Qy). (5.7.23)
The antisymmetric tensor field has as non-zero components,
By = —h'QlY), By = —hy'Qy). (5.7.24)

A simple calculation using Mathematica shows that the function that appears in (5.7.20)—

(5.7.21)
(x—y)(1 —nxy)
(14 nx2y?)

(5.7.25)

is a hamonic function for the metric (5.7.10). The function f3 is thus a product of two har-

monic functions. Using 11 = —b?, we observe that the harmonic function (5.7.25) can be split
as
—y)(1+b2 14+b [ x— 1-b ([ x—
(x—)( 2+2 ny) _I4bf xmy ) =y ) (5.7.26)
(1 —b%x?y?) 2 \1—bxy 2 \1+bxy

such that each of the two terms on the right hand side is harmonic. This split strongly sug-
gests the “splitting-centers” picture of [89]: the harmonic functions of the saddle solution are
sourced at two points on a suitable three-dimensional base space. We can make this precise as
follows.

For a ring source located at r; = 0,7, = R in the (r, @, r2, V) coordinates, we saw that the
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relevant harmonic function is 7!, cf. (5.5.11), where

L= 1/(3+ 3 +R2)? 4R, (5.7.27)

For the situation of interest now, the ring sources are located at r, = R+ (5.7.16)—(5.7.17). A

simple calculation shows that in the (x, @, y, ¥) coordinates with metric (5.7.10), we have,

2R*(1—b)(1 + bxy)
_ 2 2 2\2 _ 2.2
Lo o= (R +R3+R) 4R = ) (5.7.28)
2R%(1+b)(1 — bxy)
r o= 243+ R2)2 4R’ 1] = 572
VUGRRERT S (1+62)(x—y) 729
Thus indeed,
0 1-b 1 1+4b 1
h o= 1 — — 5.7.30
! M) (1+b2++1—b2_)’ (57:30)
0, (1-b1 1+b1
hy = 1 — — 5.7.31
2 TS (1+b2++1—b2_)’ ( )

i.e., the harmonic functions £ > are sourced at the rings R.. These rings are shown in fig-
ure 5.3. It turns out we can go one step further. The full saddle solution can be written in the

Bena-Warner form [103, 104] with three centers. This is shown in section 5.8.

5.7.4 Infinite radius limit

In the infinite radius limit, the black ring saddle solution becomes the saddle solution for a
four-dimensional small black hole uplifted to five dimensions with momentum added along

the fifth-dimension. To see this, consider the boosted Kerr black string in five dimensions,

B < 2mrcosh26> dt2+2mrsinh(20‘) 2mrsinh20') 2

dtd 1
w+( + 5

2 .
Y 2 +a?)” — Aa*sin% 6
-l-Zdrz +3d6% + ( ) 3 sin” 0d ¢
4mrcosh Amrsinh
—%Scasinz 0didg — MG L Gin2 0dwd g, (5.7.32)
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where
A=r2+d®—2mr, Y =r?+a’cos’ 8, (5.7.33)

and where o is the boost parameter, m the mass parameter, and a is the angular momentum
parameters of the 4D Kerr solution. This metric solves vacuum Einstein equations in five-
dimensions. Next, consider applying boost-T-duality-boost to add two charges to this black

string. In the resulting metric, consider taking the supersymmetric limit as,
m— 0, o, B — oo, (5.7.34)
such that the charges
0, = 4msinh2a, 0, = 4msinh2p, (5.7.35)

are kept finite. Finally, we replace the rotation parameter as a = ic and set sinho = 1. We get,

~ ~ ]

) 1
i =L (a4 2%
(h1ha)3 4(r? — c*cos?0)

2
(icsin29d¢—dw)> + () 3dst,,,  (5.7.36)

where now,

2 r* —c*cos® 0 2 2 2.2 2 2 2 2 2 2
AShase = ——5 5 —dr" + (r" —c“cos”0)d0” + (r” — c”) sin“ 0d¢~ +dw~,  (5.7.37)
r< —=c
and
h=1+ Qir =1+ Qor (5.7.38)

2(r? —c%cos26)’ 2(r? —c%cos?0)’

These configurations serve as saddles for computing the gravitational index for a four-dimensional

small black hole uplifted to five dimensions with (a specific value of) momentum added along
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the fifth-dimension.

The black ring saddle metric (5.7.9) becomes (5.7.36), upon changing

w

R
x=cos0, y=——
r

R R

in the R — o limit. The other fields also match.

5.8 Saddle solution in the Bena-Warner form

c ~
) b:—, Q],ZZRQI,Z; V=-——.

(5.7.39)

Using results from [105], we can write the harmonic functions (5.7.30)—(5.7.31) in a form such

that they are sourced at two points on a three-dimensional base space as suggested in [89]. We

do the following series of coordinate transformations. First,

n=peos®,  n=psin®,  0=2(0+0)  W=1(0-0),
then,
0= %9, p =2,
and finally,
X1 = rsin 6 cos ¢, Xp = rsin 0 sin @, x3 =rcosé.

The four-dimensional flat base space can be written as

1
dspase = r(dy +cos 0d ) + . (dr* 4+ r*d6* + r*sin* d¢3),
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In these coordinates,

1 L ., R\’
ZZ+: X—X+|: )C1+.X2+ X3+T y (585)
R2\?
Y =[X¥-¥| =[x} +3+ x3+7‘) , (5.8.6)
where
. R%
Xy = O’O’_T . (5.8.7)

In the form (5.8.4), the three-dimensional base in flat space. Now, we can easily trace through
these coordinate transformations and write the full solution in the Bena-Warner form [103,
104]. For the Anupam-Chowdhury-Sen saddle solutions [99] this was done in [106, 107]. We
refer the reader to [107] for a concise review of the Bena-Warner form and its relation to a
standard N = 2, D = 4 supergravity notation.

For the black ring saddles, the eight Bena-Warner functions take the following form. The
function V' is simply,

V== (5.8.8)

which corresponds to the center at X = 0. This is expected, as the four-dimensional base space
is flat space. The remaining functions are all either constants (zero or one) or have sources at

X = Xy. Thus clearly, the X = 0 center is smooth. The three magnetic functions are

K' = o, (5.8.9)

K* = 0, (5.8.10)
K k>

K= — 4+ _— (5.8.11)
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with
1—
o= V102 ( b+i>, (5.8.12)
4v/2(1+b*)R \1+b
V0,0, 1+b
©Bo= 010> <+ —i>. (5.8.13)
4v/2(1+b)R \1-b
Note that these coefficients have imaginary parts. The three electric functions are
0 1-b 1 1+ 1
Li=h =1 5.8.14
1=m +8(1+b2)(1+b|5c’—5c’+|+1—b|5c’—5c’\)’ (58.14)
0> 1-b 1 1+b 1
Ly=hy=1 5.8.15
2= +8(1+b2)(1+b|5c’—5c’+|+1—b|)‘c’—5c’\)’ (58.13)
Ly =1, (5.8.16)
and finally the function M is,
M=my+ 1t 4 M= (5.8.17)
R
where
my = ——YZIXZ ”Qle, (5.8.18)
4/2(1 —b2)R
R/ 1—-b)?
me = 010x(1-b) S(1—=b—i(1+b)), (5.8.19)
32v2(1+b) (1+b2)
R/ 1+b)?
m. = Q1 0>(1+D) S(1+b+i(1-b)). (5.8.20)
32v/2(1 —b) (1+b2)

The coefficients of the function M also have imaginary parts.

Several comments are in order here.

1. The magnetic function K is dipolar: it is dipolar in the sense that it captures the dipole
charge and also dipolar in the sense that the charges at the two centers are complex

conjugate of each other.
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2. The electric functions are real. However, the charges are split between the X centers
in a non-trivial (un-equal) way. The sum of charges at the two centers equals the total

charge.

3. The coefficients at the centers for the function M are fairly cumbersome. This is essen-
tially due to the cumbersome nature of the Pomeransky-Sen’kov solution. The coeffi-

cients at the centers are not complex conjugate of each other.

It will be good to understand if these coefficients can be understood from the new form of
attraction point of view [108]. Since the full solution has three centers, the formalism of [108]
needs to be adapted somewhat to address this question. A further analysis of the solution,
including the nature of the singularities at the centers, and its relation to other solutions dis-
cussed in the literature® is left for the future.

In the b — O limit, the eight harmonic functions simply reduce to the eight harmonic

functions for the two-charge black ring, V = 1/|x|,K' = 0,K?> =0,L3 = 1,

v0i102  RV0Oi1D K3 V0102

__ n , __v¥I¥2 5821
4v/2R  16V/2[% - 2V/2R|¥ — X ( :

Li—14+-21 L1422 (5.8.22)
4|% — X 4[x — o

where %) = (0,0, —1R?).

8Perhaps to the bubbling supertubes [103] via the so-called spectral flow transformations [109] together with
some analytic continuation.
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Chapter 6

Conclusions and future directions

This thesis consists of two parts. In the first part, we study “hair modes”, i.e, deformation
modes in case AdS3 x S geometry in the context of six dimensional minimal supergravity
coupled to a tensor multiplet. This part is based on our published paper [127]. In the second
part, we discuss about our second published work [128], which is on gravitational index of
small black rings.

Let’s talk about [127] first. The 4D-5D connection allows us to view the same near horizon
geometry as part of a 4D black hole or a 5D black hole. A much studied example of this
phenomenon is the BMPV black hole uplifted to 6D with flat base space versus Taub-NUT
base space. This uplift is done by adding a compact circle, compactifying along which gives
a 5D black hole with flat base and 4D black hole with Taub-NUT base space. These black
holes have identical near horizon AdS; x S geometry. In this chapter, we study modes in
AdS; x §? and identify those that correspond to supersymmetric hair modes in the full black
hole spacetimes. We show that these modes satisfy non-normalisable boundary conditions in
AdS3. The non-normalisable boundary conditions are different for different hair modes and
for different asymptotic completion. We also discuss how the supersymmetric hair modes on
BMPYV black holes fit into the classification of supersymmetric solutions of 6D supergravity.

This work leads to some ideas which we’d like to explore in future. In ref. [68], it was
suggested that fuzzballs should also admit hair modes like the ones that we have considered
in this chapter. Specifically, by putting fuzzballs in Taub-NUT space, it was conjectured that
there should be fuzzball hair, like the ones obtained by putting the BMPV black hole in Taub-

NUT space. We hope to report our progress on constructing such hair on a class of simplest
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fuzzballs in the future.

Now, let’s give a brief outline of [128]. Certain supersymmetric elementary string states
with angular momentum can be viewed as small black rings in a five-dimensional string theory.
These black rings have zero area event horizon. The 4D-5D connection relates these small
rings to small black holes without angular momentum in one less dimension. Recent works
have proposed saddle solutions that compute the supersymmetric index for small black holes
using gravitational path integral. Index saddles for small black holes are now reasonably well
understood [82-84]. It is natural to ask if those calculations can be extended to the case
of small black rings? In this chapter, we propose an analogous saddle solution for a five-
dimensional small black ring. The dominant contribution comes from a black ring saddle that
rotates in both independent planes in five dimensions and has a finite area event horizon. We
also write the saddle solution as a three center Bena-Warner solution.

We considered the supersymmetric two charge black ring of Elvang and Emparan [86]
and found a saddle that contributes to the index for this black ring. Our main reason for
working with the Elvang-Emparan solution is the technical simplicity of the corresponding
saddle solution, which rotates in both planes. It is certainly more interesting to work with
a supersymmetric black ring with one independent dipole charge. However, working with
dipole black rings with both rotations is fairly cumbersome. This is because adding dipole
charges [110] on neutral black rings is not straightforward; for example, these charges cannot
be added using boost-duality based solution generating techniques.

A versatile method is, however, known that adds a single dipole charge [111] on neutral
black rings. This method was used in, for example, ref. [112], to present solutions with both
rotations and a dipole charge. Given the cumbersome nature of the metrics not much has been
done using these solutions. However, we believe that these solutions with the addition of two
charges can be used to construct index saddle solutions for five-dimensional small black rings
of [77-80].

In the last few months, there has been significant progress in understanding the nature of
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the index saddles for a variety of black holes in five dimensions [89, 107, 114]. Certain ideas
were discussed in [89] for constructing saddles for supersymmetric black rings. They sug-
gested considering uplift of 4D multi-center supersymmetric configurations to 5D and search-
ing for saddles corresponding to black rings in this parameter space. At present it is not clear
to us how practical this method is. On the one hand, for the small black ring of Elvang and
Emparan, which in our opinion is the simplest supersymmetric black ring set-up, we could
not have guessed the three-center solution in the form we reported in this chapter. On the
other hand, the non-extremal solutions with two rotations, three independent dipole, and three
independent electric charges are prohibitively cumbersome to work with. Perhaps a midway
path is most likely to achieve the most success. Taking inspiration from the analysis we have
performed, it is perhaps possible to find saddles for finite entropy supersymmetric black rings
by considering uplift of 4D multi-center supersymmetric configurations. We hope to make

progress on this question in our future work.
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Appendix A

String Dualities

There exist several kinds of dualities in physics that connect two seemingly unrelated theories.

In this section, we aim to briefly summarize some of the key dualities found in string theory.

Electromagnetic duality

In string theory, Dp-branes are known to carry U(1) charges, which may correspond to both
electric and magnetic types. When dealing with a point particle, its worldline can interact with

a 1-form gauge field Ay, contributing a term to the action of the form

Q/A“, (B.1.1)

where Q denotes the Maxwell charge of the point particle. Likewise, when considering a
p-brane, its worldvolume couples to a (p + 1)-form gauge field A, ), and the associated

electric field strength is expressed as

The magnetic dual of the field strength tensor is given by the Hodge star operation as,

*F(P+2) :FD—(p-i-Z)‘ (B13)
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S-duality

This duality is a symmetry of type-IIB string theory, since under S-duality type-IIB string
theory maps into itself. Also, under S-duality type-I superstring theory can be mapped to
SO(32) heterotic string theory. In type-1IB theory, two configurations are considered dual if

their fields transform under S-duality in the following way:

g =g\, ® o @, Buy e Cuy, (B.2.4)

(E)

Here, g uv is the Einstein-frame metric, & is the dilaton, and B,y and Cy,y are the two-form
fields. This symmetry represents a strong-weak coupling duality because the string coupling

gs, determined by the asymptotic dilaton value @, satisfies:

gs = (B.2.5)

As a result, when one theory has a coupling g, its S-dual has a coupling 1/g,. Since the
NS-NS field B,y and the RR field Cy;, are exchanged, S-duality effectively swaps fundamental
strings and D-branes. For instance, a fundamental string F'1 aligned along the z-direction

becomes a D1-brane along the same direction under S-duality:
F1(z) +» D1(z) (B.2.6)

T-duality

This is a duality between type-IIA superstring theory and type-IIB superstring theory. When T-
duality is applied along a compact spatial direction of radius R, the closed strings in one theory
correspond to closed strings in a dual theory where the radius is replaced by o’ /R. Likewise,
for a compact space of volume V, T-duality transforms it to one with volume o’* /V.

The transformation of background fields under T-duality follows specific prescriptions

known as the Buscher rules. These describe how the fields change in the low-energy limit of
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string theory. For T-duality applied along the z-direction, the transformations at leading order

for the background fields are given by:

1
Gl =— B.3.8
2 GZZ’ ( )
B
Gy, =+ B.3.9
Hz GZZ7 ( )
Guvaz _BuszZ
v =Guy— oo : (B.3.10)
G
v Uuz
By, = G (B.3.11)
Buvaz - Guszz
B.Z“V - Buv GZZ 5 (B.3.12)
2¢
20 _ €7 B.3.13
e G. (B.3.13)
(n) (n—1) [(erl_-}zlnfz\z\G“"*]Z
Coyootty 1oz =Cpyogiy ya — (n—1) G ; (B.3.14)
ped
[(n_l) 12 Bu11:08
(n) o (n+1) (n—1) N Uy Up—2|z n—1J< 4
Cﬂl---lln—laﬁ - Clll-~-lin_106ﬁz +nC[u1...un,2|z|Bﬂn71]ﬁ +n(n—1) G., .

(B.3.15)
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Appendix B

Hair deformations using six dimensional

supergravity
The set-up we are interested in is six-dimensional minimal supergravity coupled to one tensor

multiplet. The bosonic equations of motion for this set-up are given as [69]

1
Run = 2Vy9Vyo+eV?? (GMPQGNPQ— ggMNGPQRGPQR>, (B.0.1)

dG = 0, (B.0.2)

dxg (Ge2V2) = 0, (B.0.3)
1

V2 — mem‘f’(;PQRGPQR. (B.0.4)

For the constant dilaton case G2 = GpQRGP OR must vanish and we have

dG = 0, (B.0.5)
d+G = 0, (B.0.6)
Ruv = GupoGn'e. (B.0.7)

Breaking Gysnp into self-dual Fyvp and anti self-dual Hy yp parts, we get equation (3.3.14).
Bena, Giusto, Shigemori, and Warner [70] wrote a linear system of equations for super-

symmetric solutions to the above set-up (B.0.1)—(B.0.4). The metric ansatz considered in their
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work is of the form

1
ds?> = —2H ' (dv+B) (du+ O+ F(dv+ B)) +Hds3, (B.0.8)

where H and .# are functions and 8, @ are one-forms on the four dimensional base with
metric dsi = hyndx™dx". A priori, the functions H, .#, the one-forms 3, w, and the metric
hmn all depend on v,x" but not on u. We consider the case when the base metric is hyper-
Kihler. Moreover, we restrict to the cases where the one-form 8 and the base metric are taken
to be independent of the v coordinate. Under these assumptions, the exterior derivative of the

one-form 3 becomes self-dual on the base space
*4dP = dp, (B.0.9)

where d is the exterior derivative restricted to the base space. Ultimately, we are interested
in the constant dilaton case, however, to make connection with [70] it is better to keep ¢
non-vanishing for now. Furthermore, we will be only interested in the cases when the hyper-
Kihler base is either flat space or Taub-NUT space. These assumptions already make the linear
system of Bena, Giusto, Shigemori and Warner manageable. For the cases we are interested

in a further drastic simplification occurs, namely
B =0. (B.0.10)

This is sometimes called a “trivial fibration” in the literature. This makes the linear system
very manageable.

Under these assumptions, the tensor gauge field Gyyp takes the form,

1 ~
G = d[—izl‘l(du+w)/\dv]+G1, (B.0.11)

2129 L A
V%G = d _EZZ (du+ @) Adv| + G, (B.0.12)
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where!

1
G = 5*4 (DZQ)-i-dV/\@l, (B.0.13)

. 1
Gy = 3%4(DZy)+dvA®,, (B.0.14)

and where for our simplified set-up DP = dd — BAD = dP. ®; and ®; are two two-forms
on the base space. Z; and Z; are two functions on the base space. Physically speaking, Z; and
Z, are the electric potentials and ®; and ®; are the magnetic two-forms. The BPS conditions
imply that the electric potentials Z; and Z; and related to the function H that appears in the

metric (B.0.8) as
7y = HeV??, Zy=He V¥, (B.0.15)
For the hyper-Kihler base space cases, the magnetic two-forms on the base are self-dual
*10; = 0y, *10y = 0. (B.0.16)

The “first layer” of the BPS equations determines (Z;,Z;) and (®1,®;). The equations

are,
D4 DZy =0, Dx4DZ, =0, (B.0.17)

and
A0, = %*4 D7y, de, = %*4 DZ, (B.0.18)

where over-dots are the Lie derivative with respect to v.

The “second layer” of the BPS equations determines the function .# and the one-form

1Our Hodge star conventions are the same as [70].
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@®. The one-form @ carries information about the angular momentum of the solution and the

function .# about the left-moving momentum. The equations are,

Do+xDw = 27,0 +27,0;, (B.0.19)

1
*4D %4 ((L) — 5D3£> = 2% 0;AN0, —|—Z18V2Z2 —|—Z28V2Z1 +0,7Z10,Z,. (B.0.20)

Underlying black hole: BMPV

We can embed J;, = 0 BMPV black hole in this formalism rather easily. The black holes
correspond to no v-dependence and no magnetic fluxes ®; = ®, = 0. Furthermore, for our
set-up, the dilaton ¢ is set to its constant asymptotic value. We can adjust this value such
that ¢ =0, 1.e., Z; = Z, = H. For the non-rotating black hole the one form @ = 0. Equa-
tion (B.0.17) then implies H is harmonic; equation (B.0.20) tells us that .% is harmonic. In
Gibbons-Hawking coordinates (3.1.12) the choice H = y(r) and .% = y(r) — 1, cf. (3.1.6),
gives us the J, = 0 BMPV black hole. We can check that 2G = d(y~'du A dv) + x4DH
matches with F3) = ro(x¢€3 + €3), cf. (3.1.14), with £ = sin 0dx* AdO Ad¢.
The embedding of J;, # 0 BMPV black hole additionally requires introducing a v-independent

one form ® such that

Do+ x4Dw = 0. (B.0.21)

As a result (B.0.19) is satisfied. The functions .% and H remain the same. The one-form
o enters the three-form G. It is straightforward to see that the one-form { of [23] satisfies

(B.0.21) and gives the correct three-form G.

Underlying black hole: BMPYV in Taub-NUT

We take the base metric a’s%1 = ds%N, cf. (3.1.15). As in the previous paragraph we take
¢ =0, 1i.e., Z; = Z, = H. Equation (B.0.17) implies H is harmonic on the Taub-NUT base.
Equation (B.0.20) tells us that .% is harmonic on the Taub-NUT base. In Gibbons-Hawking

coordinates (3.1.15) the choice H = y(r) and .% = y/(r) — 1, cf. (3.1.6), gives us the J, =0

147



B Hair deformations using six dimensional supergravity

BMPV black hole in Taub-NUT. We can check that 2G = d(y~'du A dv) + x4DH matches
with F®) = ry(x¢€3 4 &), cf. (3.1.17), with &5 = sin0dx* AdO Ad¢. The embedding of the
Jr # 0 BMPV black hole in Taub-NUT is exactly the same as discussed above except that 4

in (B.0.21) is now with respect to the Taub-NUT metric (3.1.15).

Garfinkle-Vachaspati hair modes

In both the above cases, equation (B.0.20) tells us that .%# is harmonic on the base space. Thus,
apart from y — 1 we have the freedom of adding a harmonic function to .%. This freedom is

precisely the same as applying the Garfinkle-Vachaspati transform.

Form-field hair modes

To turn on the anti-self-dual field deformations on the above discussed black hole in Taub-
NUT, we take in addition

@1 = h(v) ry = —@2, (B.O.22)

where w7y is introduced in (3.1.35). Since @ry is self-dual, equations (B.0.16) are satisfied.
Since wry is closed, i.e., dory = ijN = 0, equations (B.0.18) imply that we can continue

to choose H to be v-independent harmonic function. Then, equation (B.0.19) reduces to

Do+ *x4D® =dw+*4dw =220, +27,0, =0. (B.0.23)

Thus, @ = 0 continues to be the solution for the non-rotation case. For rotating case @ = §
continues to be the solution. The only non-trivial change is in .%. Equation (B.0.20) simplifies
to

x4d k4 d.F =454 O NOy = —4h(v)? 4 OrN A QO (B.0.24)

Solution to this equation for .% is S(v,r) as given in (3.1.38).
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Schematics of 4D-5D connetion

We start by considering a black hole in 5D flat spacetime. The spatial infinity is S° and the
rotation group is SO(4) ~ SU(2)r x SU(2)g. So a non-rotating 5D black hole (like the 5D
Schwarzschild or BMPV with zero angular momentum) has the full SO(4) rotational symme-
try, both the SU(2)’s act.

A rotating 5D black hole (say, BMPV) has angular momenta (Jg,Jg) under SU (2)1, x SU(2)g.

For BPS configurations like BMPYV, typically J; = 0 and Jg # 0. That means only one of
the two SU(2)’s, say SU(2), is preserved.

So the rotational symmetry reduces to SO(4) — SU((2), x U(1)g ~ SO(3) x U(1).
Physically SO(3) corresponds to rotations in the three noncompact spatial directions orthogo-
nal to the rotation plane, U(1) corresponds to the rotation itself,i.e. the isometry generated by
the angular momentum. Hence, a rotating 5D black hole has only SO(3) symmetry (plus the
rotational U(1)).

Now consider the symmetry of the Taub-NUT space. It itself has SO(3) g, X U(1)y symme-
try. Placing the black hole at the center, where the y circle shrinks to zero, it locally looks
like the rotational direction of the black hole itself. The y circle stabilizes to a constant ra-
dius asymptotically. So, we can identify the angular momentum Jy near the center as the

momentum Py, around the compact y direction.
5D spin around Y (rotation near center) <— 4D momentum along y (translation at infinity).

Now, performing KK reduction along the asymptotic y circle gives a non-rotating 4D

black hole at the center with the momentum along asymptotic y circle or Jy, of the SD black
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C Schematics of 4D-5D connetion

hole at the center interpreted as an KK U(1) field charge.

Now, let’s talk more precisely in the language of string theory. Consider a 3-charge rotat-
ing black hole in 5 dimensions obtained by toroidal compactification of type IIB theory. the
system can be interpreted as a D1-D5-P bound stae. It can preserve 8 of total 32 supersymme-

tries, i.e, provide a % BPS configuration. It has an entropy

Szizx/Qlen—J2 (C.0.1)

4r

where J = Ji, = Ja4, Q; is the number of D1 branes wrapped around y! circle, Qs gives
the number of D5 branes on y!,---,y° torus and n being the momentum along the y' circle.
Through a set of dualities, and adding an M theory circle %, this system can be mapped to a
system with n D2 branes along y' and y® and another two sets of D2 branes. To sum up, we
have 3 sets of M2 branes along 3 orthogonal tori.

Now consider a 4D non-rotating BH with Q1, 0>, 03,04 number of D2,D2,D2 and D6

branes respectively with P; DO branes added. This 5-charge system has entropy

1
S= 27?\/Q1Q2Q3Q4 - ZPIZQ% (C.0.2)

If we identify DO and D6 branes as electrically and magnetically charged respectively, then we
perform an electric-magnetic duality transformation and rename Q| = Fy and P; = Q. Then,

the entropy takes the form

1
S= 271\/P0Q2Q3Q4 - ZPOZQ% (C.0.3)

Now, we see that this agrees with C.0.1 for Py = 1 and the identification J = Qg /2.
Setting Py = 1 in case of 4d black hole means that there is only one D6 brane. D6 brane
in type IIA theory is the higher dimensional analog of a KK monopole. Thus, from M theory

point of view, the 4 dimensions transverse to the D6 form Taub-NUT geometry

R R .
dsay = (1+ Z)(drz +r2dQ3) + (1+ 5)*1(dy+ rsin6/22de)? (C.0.4)
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C Schematics of 4D-5D connetion

This geometry can be pictured as a cigar-shaped space, where the D6-brane is localized near
the tip. Away from the tip, the geometry resembles R x S', where the circle corresponds
to the M-theory direction whose radius in type IIA units is R = g¢/;. The presence of Qy
DO-branes implies that there are Qg units of momentum along this M-theory circle. Near the
tip, however, the geometry would appear nonsingular and approximately R* if no other branes
were involved—but the additional branes modify this structure in a nontrivial way.

In the strong-coupling limit of this four-dimensional setup, the M-theory circle expands,
and the Taub-NUT geometry becomes asymptotically flat R* at large distances. Close to the
origin, one finds a 5d black hole. The Q¢ units of momentum along the M-theory circle is now
realised as angular momentum J34 = Jjp» = Qp/2 around the origin, corresponding to what
was previously the tip of the cigar. Thus, in this limit, the system describes a five-dimensional
black hole carrying M2-brane charges Q1, 0>, 03 and total angular momentum J = J34 = Ji3.
As the entropy is independent of the string coupling and hence of the M-theory circle’s size,
it remains identical for both the four- and five-dimensional black holes, consistent with the

result obtained earlier.
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Appendix D

Generating two charge solutions

We are interested in solutions to the classical equations of motion obtained from the action
of the low energy NS-NS sector of the superstring theory compactified on T4 x S'. It is
convenient to start in six dimensions. A suitable truncation is to six-dimensional metric, an-
tisymmetric two-form field By, and dilaton ®. The six-dimensional action in string frame

takes the form,

Ses =

1
72113 MNP

v/ — $) L 4(V®)? — — HynpH D.0.1
167 G6/ (Ve)’ 12 MNP (D0.1)

where H = dB. We can go to Einstein frame using,

G\E) =G (D.0.2)

The Einstein frame action reads,

SeE =

1
/ xV — { 2 e N pHMNP | (D.0.3)

167 G6 12

A Kaluza-Klein reduction on a circle gives the theory of interest in five dimensions. Using

the following ansatz for the metric,
2 Ly 0 | By (1)42
dsgp = eV dssp +e V2" (dz+AY)", (D.0.4)

we go to the five-dimensional Einstein frame. The ansatz for the reduction of the NS-NS
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D Generating two charge solutions

two-form B(x, z) field is

B(x,z) = B(x) +A® (x) Adz, (D.0.5)

where B(x) is a two form in five dimensions and A® (x) is a one form. We get the following

five dimensional Einstein frame action upon dimensional reduction,

5
D.0.
167IGN/dx\/_.$ (D.0.6)

where

1 1 2, 29 1 _2v2 2 1 Y2, 79 2
—R— _(V 2 \V/ 2 = \/gx 2_ - \[Z (1) - ﬁl (2)
L =R=5(V2) = (V&) — e HY = e (F ) 7 (F )
(D.0.7)

with the field strengths defined as
H=dB—dA® nAY | (D.0.8)

and F() = gA(), F2) = gA®2),
To construct charged solutions of interest to theory (D.0.6), we start with a general sta-
tionary metric that solves vacuum Einstein equations in five dimensions and generate a two

charge metric using boosts and T-duality. We take the seed metric of the general form,

a’s5 grdr* + gogd 6% + g¢¢d¢ + gw,dl,u + gudt® + 28oydPdy +2g¢:dPdt + 28y, dtdy.
(D.0.9)
The five coordinates are (r, 0, ¢, y,t). Metric (D.0.9) is diagonal in the (r, 6) space and has the
most general form in the (¢, y,) space, with d;,dy,dy as three commuting Killing vectors.
For black rings, r is to thought of as y and 0 as x. All seed metrics that we use will be of
this form. We can interpret metric (D.0.9) as a string frame metric to ten-dimensional string

theory by adding five flat directions z,z1,22,23,24 with all other NS-NS and R-R fields set to

153



D Generating two charge solutions

zero. We have,

4
ds* = dss+d?+ Y dzdz, (D.0.10)
i=1

2 =1, B=0. (D.0.11)
Since nothing happens in the z; directions, we ignore them in what follows and concentrate on
the six-dimensional metric and fields. To add charges, we proceed in three steps:

1. We first perform a boost along the z-direction,

t = t'cosho+7 sinha, (D.0.12)

z = Zcosha+t'sinha. (D.0.13)

2. Next we perform a T-duality along the 7’ direction using the following rules (see e.g., [115]).

For ease of notation let us call 7/ = s. We have, the transformed fields as,

1 20

%:?, ﬁéc, (D.0.14)
Ss AN
B G
Gus = Bus="10 (D.0.15)
Ss Ss
GusGys — BusB BusGys — GusB
G;JV — GMV [,LS Vs [JS VS7 B;Jv _ B‘u’v . [lS Vs ,U,S Vs ) (D.0.16)

Gis

3. Finally, we perform another boost in the 7’ direction with a different boost parameter,

t'" = t"coshB +7"sinhf, (D.0.17)

7 = Z’coshB+1"sinhB. (D.0.18)

At the end of these steps, we get the desired fields in 6D in the string frame. Dimensionally

reducing to 5D using the reduction procedure discussed above, we get the final 5D fields.

ESD

Dropping the primes, we have the final Einstein frame metric g, in terms of the seed metric
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D Generating two charge solutions

g[JV as,

¢E0 = e, (D.0.19)

g5sP = Hgge, (D.0.20)

gg SO H*ng (D.0.21)

gtE¢5D = HﬁzcaCﬁg;qj, (DOZZ)

gtEWSD = H_zcaCﬁgzll/, (D023)

gllf/?lfD = H? (c(zxclzggww + (C%XS%; + S(ZXC%; + S(zxségzz)(gwy/gn - g%//t)) ) (D.0.24)

gg(;D = H? (c%cclz;gq)(p + (c(zxs% —I—S%XC%; —l-S%xS%ggzz)(g(p(pgtt — géz)) ; (D.0.25)

ggI/S/D = H? (C‘ZXC%qu) + (C%XS% —i—SaC% +S%¢S%gzz)(gw¢gtt - g(ngq/t)) , (D.0.26)

where we use the short hand notation ¢4 = cosha,cg = cosh 8,54 = sinh ¢, sg = sinh 8 and

we have also defined,

1 1

H= hthg, heg = ctzx —I—Ségtt, hg = C% -l—s%gﬂ. (D.0.27)

The five-dimensional dilaton and the scalar y take the form,

G, h
2 — g, e ik — TP (D.0.28)
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D Generating two charge solutions

The two vectors A1) and A?) take the form,

(1+gn)

A(2) . (1+gn)

AW — CaSg, — T8 ca (D.0.29)
' clz}—{—gtts% Ap g+ 8ush e
A(l) = gt—wc Sg, A(z) = gt—ws cg, (D.0.30)
Vo Aty P V' 2 gy O P
8t (2) 81
A= S s AW = o1 s (D.0.31)
’ C%+gttS/23 “r O T 2tgusy OP
Finally, the five-dimensional B-field has non-zero components as,
Sas
By = 0B (D.0.32)
Co T 8uSg
Sas
B, = W8 (D.0.33)

ck +gush

A five-dimensional duality relation: We can convert the two-form potential B into a one
form potential AB) and interpret the solution as a solution of U(1)? supergravity. The duality

relation is, see for example [1 1611,

exp [—\/%%—2613

Our conventions for the orientation with the black ring coordinates is &y¢y = ++/—detg. For

xsH =—dA®). (D.0.34)

the Hodge star operation we always use the Polchinski conventions [117].

Area computation: To compute the area of a black hole we need the determinant of the
five-dimensional Einstein frame metric on the section of constant ¢ and constant r. For singly

spinning cases, with spin in the y direction, g,y = 0 and gy = 0. The determinant expression

n [116] the sign of the 5D Chern-Simons term was taken to be +, whereas in the Bena-Warner literature it
is taken to be —, hence the sign difference.
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D Generating two charge solutions

simplifies and we get,

(detg"P)opy = Cécfggeegq)q)gw

+(C<21S%5 +S¢zxcfs)geeg¢¢ (gwgn _g?l’/>

+S(218%3g99g¢¢gtt <gt//1//gtr _thW> . (D.0.35)
For the general situation define,
890 8oy 8ot
83 = (det@)oyi = | goy Sy &y |- (D.0.36)
8ot 8yt 81t
We have,
(detg®P)opy = cachgon(8oo8yy —g4y) + (cosh +55Ch)80083 + 5555800 8R4.37)
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Appendix E

Saddle solution in the chiral null model form

Taking motivation from [92], in this appendix we write the saddle solution uplifted to six-
dimensions in the chiral null model form. Since all supersymmetric F1-P solutions can be
written in this form, it is perhaps not a surprise that the saddle solution can be written in this
form. Nonetheless, exhibiting this is interesting. It gives us confidence that saddle solutions
for the higher dimensional supersymmetric small black rings [80] can be explored following
this line of thought.

Recall that the five-dimensional vector fields and the B-field for the saddle solution take
the simplified form given in (5.7.22)—(5.7.23) and (5.7.24). Using these expressions, we uplift

the solution to six-dimensions and express it in string frame. The string frame metric reads,

1

dsis = ePdsiy = \/—h_]dng (E.0.1)
_ b W\ 2 (1)y2
= dt +QY ) +ds, + = (dz+AWD)% (E.0.2)
hihy hy
From the 5D B-field, we get the the following 6D B-field,
B =By dy Adt + Bydd Ndt + AP N dz. (E.0.3)

We can connect this form of the string frame metric to the chiral null model metrics

[118,119]. A standard form of the chiral null model is [92],

ds* = H (—dudv + Kdv* + 2.a/,dx'dv) + dx;dx;, (E.0.4)
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E Saddle solution in the chiral null model form

with other fields given as,
e 2P =g B = —=H, B, = —H 4. (E.0.5)

We can regard 7; as a vector field on the four-dimensional flat base space dx;dx; and we

construct .%; = 8,-;2%] —0 ;.o7;. Then, the functions in the chiral null model must satisfy,
d’H™ ' =0, 9’°K =0, 0,7 =0. (E.0.6)

In these equations, 92 is the Laplacian in the x; Cartesian coordinates.
From the Bena-Warner analysis of section 5.8, we conclude that the one form Q) on the

four-dimensional flat base space satisfies,
d[dQY +x4d Q0| =0 — dxyd (@) =0, (E.0.7)

In particular, if we identify, &/ = —Q), the chiral null model equations for .« are satisfied.
With the identifications H = hl_] ,K=hy—1,u=1t—z and v =t +z, the string frame metric

for the saddle solution readily matches the chiral null model form. The other fields also match.
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Appendix F

Constructing small black rings in d-dimensional

supergravity

We discuss the construction of small black ring solutions within heterotic string theory, focus-
ing on configurations with d noncompact spacetime dimensions that describe a rotating funda-
mental string. We follow the approach given by [80]. A related solution, viewed through a dif-
ferent U-duality frame, was previously obtained in [85] as a supergravity supertube. The setup
involves heterotic string theory compactified on the space R, x R~ x S x 7974 with 4 <
d < 9. The coordinates are labeled as follows: ¢ for time, x = (x',...,x?~1) for the noncompact
spatial directions, and x for the compact circle S', whose radius is denoted by R,;. Our goal
is to analyze the geometry of a small black ring localized in the noncompact d-dimensional
spacetime R, x R¢~!. To do this, we treat the solution as arising from a (d + 1)-dimensional
effective theory, obtained by reducing the ten-dimensional heterotic string theory on the inter-
nal torus 7°~¢. This approach requires expressing the solution in terms of (d 4 1)-dimensional
fields and assuming that it is independent of the compact torus coordinates achieved by smear-
ing the ten-dimensional solution over 7°—4. Earlier works [52, 53] constructed a broad class
of supergravity solutions describing a fundamental string carrying arbitrary left-moving trav-
eling waves, with profiles of the form x = F(t —x4), where F = (Fy,...,F,_;) are arbitrary
functions. In [92] (see also [94]), the case d = 5 was studied in detail, where the fundamental
string wraps the compact x? direction —w times (with w > 1) and carries n > 1 units of mo-
mentum along x¢. It was argued that in this regime, the appropriate supergravity description is

obtained by smearing the solution of [52] along the x? direction. Compactifying this smeared
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F Constructing small black rings in d-dimensional supergravity

solution on x? yields a five-dimensional geometry, where the fundamental string has an arbi-
trary transverse profile X = F (v) in the noncompact R* space.

The construction presented in [92] can be generalized to an arbitrary number of dimensions d.
Specifically, one obtains a solution of the (d + 1)-dimensional supergravity equations describ-
ing a fundamental string wound w times (w >> 1) around the compact direction x?, carrying
n units of momentum (n > 1) along the same direction, and having an arbitrary shape in the
non-compact transverse space R?~!. The string profile in the transverse space is denoted by

X=F (v), 0 <v <L, and the string-frame metric, dilaton, and B-field components are

given by [80]

%y a1 =17 [—(dt — Apdx')? + (dx? = Ay, dx' ) + (f — 1)(dr —dx?)?| +dx'dx,

P =g fy, Bu=—(f;'=1),  Bi=—Ba=f; A E0.1)

Here i = 1,2,...,d — 1. The harmonic functions and gauge potentials associated with the

string are [80]

o % L dv Qf (v)|?,dv
110 =1+ [ / —rx Foi
Ai(R) = _% L—( v),dv (F.0.2)

L Jo [f=F(v)=

The dot denotes differentiation with respect to v, and the total length of the string is L =

2nwR,.! The total momentum parameter is defined as
L .
_ < / |F(v)|*dv. (F.0.3)
L Jo

At large distances (|X| — o), the functions (fr —1) and (f, — 1) fall off respectively as
Qr/|%*3 and Q,/|¥|Y3. By computing the fluxes of the gauge fields G, and By, at in-

finity, one obtains the relations between the parameters Q, Q) and the quantized winding and

IThe relation to the harmonic functions in [92, 94] is fj?l =H,f,=K+1
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F Constructing small black rings in d-dimensional supergravity

momentum numbers w,n as [54]

1671'Gde 1677:Gd

Qf N (d_?))?Qdeva/W’ Qp - (d—3),Qd,2,Rdn

(F.0.4)

where Qp is the area of the unit sphere SP and G, is the d-dimensional Newton constant,

167Gy (2m)43g2a/ld=1)/2

l6nG, =
d 277:Rd R,

(F.0.5)

Studying the asymptotic form of the metric and results from [55] the angular momentum of
the solution in the x' — x/ plane is given by

(d—3)Qu Q0 [*

Jii =
Y 162G, L Jo

(Fle — FjFl')dV (FO6)
Before analyzing the small black ring configuration, it is useful to first examine a simpler case

of a circular fundamental string profile. The shape of the string is chosen as

-

F=FO, {FI(O) +iF" =Re F¥ =...=F\% =0, (F0.7)

which describes a circular loop of radius R lying in the x!-x? plane and rotating with frequency
0= % = w%d' This configuration describes a fundamental string winding Q times around a
ring of radius R in the x'-x? plane. To express the geometry conveniently, we introduce a set

of coordinates (s, y,w&?) defined as

x! =scosy, x? = ssiny, S=wEl A =wE T =wE (FO.8)

with the constraint Zz;f’ (£%)2 = 1. These coordinates naturally adapt to the circular symme-

try of the ring. Using these coordinates, the harmonic functions from equationF.0.2 can be
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evaluated as

fr=14+0s(s*+w +R*) 2

L (d 3d—1 4R?s? )

4 (s2+w2+R2)
2yt (41 d+1 . 4R
T =14 Qp(s” "+ RO 2281 = TRy
d—3) 5, o dt d—1 d+1 4R?s?
Ay =———"% qR%s R*)™ "7 ,F F.0.9
v D) yq (S +W + ) 217 4 ) 4 (S2+W2+R2)2 ( )

where we have defined

q=Qr0. (F.0.10)

Here, 2 F| (o, B;7;z) denotes the hypergeometric function. For odd values of d, these functions
simplify to rational expressions, whereas for even d they involve elliptic integrals. Using

equation F.0.3, the momentum parameter becomes

0, = O;R*0*. (F.0.11)

Combining this with the definitions in equations F.0.10 and F.0.7, one finds

1671'Gd
(d — 3)9.(1_206/

q= (F.0.12)

Finally, from equation F.0.6, it follows that the configuration carries angular momentum

R2
_ Qa/ , (F.0.13)
Using F.0.4, F.0.11, F.0.13, one finds
JO =nw (F.0.14)

which implies saturation of the Regge bound by the circular configuration.

To construct the small black ring geometry, we begin by introducing a small deformation to
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the circular string profile. This is done by adding a fluctuation to the original configuration

FO 1+ 8F, (F.0.15)

i

where 8F represents small oscillations around the background F©)_ The detailed form of
SF is unimportant as long as it satisfies certain conditions to be discussed later. As a simple
example, we take

SF, +i8F = ae'""th), (F.0.16)
which describes a fluctuation with amplitude a and phase b. Eventually, we consider the limit

40, Y e av=fixed. (F0.17)
R ®

This corresponds to a very small-amplitude (a < R), high-frequency (v > ®) perturbation.
Due to the first condition in (F.0.17), the profile F appearing in the denominators of F.0.2 can

be approximated by F ©), Expanding the distance factor in the harmonic functions yields

d—3

|X’—F(0)|’(d’3):[sz—i—wz—i-Rz—ZsRcos(a)v— 7

2 2 243 > IF(T—f—k) 2SRCOS(COV—I[/
=(s"+w +R) 2 Z TR

k
Lo )} . (FO.18)

On the other hand, for the numerator term in f},, we find
F)2 = |FO + §F]> = R0+ a®V? + 2Rawv cos [(® — v)v — b]. (F.0.19)

When multiplying (F.0.18) and (F.0.19) and integrating over v, only those terms survive for
which the oscillatory factors cancel. This occurs when v/@ = 1, but in the limit v /@ — oo of
(F.0.17), such terms average out. Hence, SF does not contribute to the potentials A; in F.0.2

only F(© contributes. Therefore, the sole effect of introducing the perturbation (F.0.16) is to
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modify F.0.11 as
0, = O (RP0* +a*v?). (F.0.20)

This gives the supergravity black ring solution. It can be realised noting that for this solution
JO <nw (F.0.21)

Even if we consider more general types of fluctuations than those in equation F.0.16 by taking
linear combinations of several modes along all ¥ directions (1 < i < (d — 1))—the previous
conclusions still hold as long as each mode satisfies the condition F.0.17. The only difference
is that the ¢®>v? term in F.0.20 must now be replaced by a sum of contributions from all the
different modes.

The fact that the resulting solution F.0.9 does not depend on the detailed form of the fluc-
tuation SF shows that this supergravity small black ring captures all the possible microstates.
The entropy of these microstates is given by equation S,;c;, = 47\/nw —JQ. Although the
small black ring solution was originally written in terms of the coordinates (s, ¥, w, E )in F.0.9,

it is more useful to switch to a new coordinate system (y, ¥, x, &), defined as [80] in order to

make connection with the present literature

1, Vie

) w=
xX=Y xX=Yy

R

s = , —1<x<1, —eo<y< —1. (F.0.22)

In this new coordinate system, the harmonic functions from F.0.9 take the form

7—;1’ __2

QO (x—y)d=3/2 d-3 d—1 1
4 4 ’

- 11— —
4 ) 4 2 b y2

0y (x—y)d=3/2 (d—3 d—1 1)

d-3\ q (P-DE—y)Ed>D2 _rd—1 d+1
Ay =~ d 44

1
2 Rd-5 (—Zy)(d_l)/z —,— 21 = P) . (F.0.23)
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Finally, the flat (d — 1)-dimensional metric can be expressed as

R2 d 2 de
(x—y)% [»? )i 1 +07 = Dy + 1 —x2 +(1 _x2>d931_4 . (F.0.24)

)
dx;_, =

These coordinates are called the “ring coordinates” and we have used them extensively in our

work in black rings. For a good introduction to these coordinates one may refer to [76].

Coherent state nature of the string profile

The classical circular string configuration can be viewed as a coherent quantum state in the

Fock space of string oscillators. We now describe this correspondence in detail.

Classical profile

Consider the classical circular profile used in constructing the small black ring:
Fi +iF, = Re'””, (F.0.25)

where v = 7 — 0 is the left-moving worldsheet coordinate. This describes a purely left-moving

traveling wave of radius R in the (xj,x;) plane.

Left-moving mode expansion

In light-cone or conformal gauge, the left-moving part of the string coordinate field is ex-
panded as
X'(v)=x'+i Z —a' e (F.0.26)

where the oscillator modes obey

[0ty 0] = m8" 8y 0. (F.0.27)
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The right-moving coordinates X’(«) are absent in the BPS configuration we consider, so the

solution is purely left-moving.

Classical mode and its quantized version

The above circular profile corresponds to a vibration in one transverse complex direction, i.e.
Fi + iP5, = Re™, (F.0.28)

which has a single Fourier mode of wavenumber n. This can be matched to the oscillator o’ ,
in the mode expansion (F.0.26).
Thus, in the quantum description, the circular string corresponds to a state with only one

non-zero left-moving mode excited.

Definition of the coherent state

We define a coherent state built from this oscillator mode as

1 2 :
||[F)) =exp [Z“ EC,-OC’_,Z

where C; is a complex polarization vector specifying the amplitude and direction of the exci-

10) (F.0.29)

tation.

This state satisfies

. 2 . .
0, [|F)) = \/%C’HF)), ol,|[F)) =0, (F.0.30)

showing that it is an eigenstate of the annihilation operator, i.e. a standard coherent state.
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Expectation value of the embedding field

Using (F.0.26), the expectation value of the coordinate operator in this state is

j e 1 j —i o'l i —i i i
(FIX'WIF) =iy 5 Y —{(Flog|F))e™ = iy[ = —((F|e|F))e™" = Cle™™.
m#0
(F.0.31)
Thus the expectation value of X’(v) reproduces the classical left-moving wave:
(X| +iXy) = Re™ (F.0.32)

where we identify C; +iCy = R/2.

Chirality and absence of the conjugate mode

Note that the expectation value contains only a term proportional to e, with no complex
conjugate piece. This reflects the chiral nature of the state: we have quantized only the left-
moving sector of the string. In a general configuration that included both left- and right-
movers, one would have X'(7,6) = X/ (v) + X}(u), and a real classical profile would involve
both e~ and e terms. In contrast, the BPS circular string (and the black ring it sources) is

purely left-moving, so only one of these chiral sectors is excited.

Physical interpretation

The coherent state (F.0.29) represents a macroscopic traveling wave on the fundamental string,
corresponding to a single vibration mode with fixed amplitude and phase. The expectation
value of the embedding field reproduces the classical profile used in supergravity.

More general superpositions of such modes yield multi-frequency coherent states describ-
ing more complicated string shapes. The ensemble of all such excitations with fixed total

winding and momentum gives rise to the entropy S ~ 47/nw —JQ.
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On the “blackness” of small black rings

Naively, from the definition of the harmonic functions F.0.2 it might seem that the solutions
are singular at the location of the string profile F°(v). But, it has been shown these solutions
are smooth [94] that these configuratons are smooth in general. So, the configuration is a ring,
just not a “black” one. Once one adds the pertubation F.0.16, the picture changes. Microstates
appear and hence the classical solution develops a horizon, giving its “blackness”. Though in
two derivative theories, they have zero area (and hence, the name “small” black rings), it has
been shown by scaling analysis in [80] that higher derivative corrections generate a nonzero
area, producing

S = Cy/nw—JQ (F.0.33)

for some constant factor C.

The microscopic picture

For the pure circular profile

Fi +iF> = Re™, (F.0.34)

the string carries a single harmonic of vibration with mode number n. Hence only one set of
oscillators, &' , and a?,, (combined into a complex mode), are excited, while all others vanish.

The total excitation level is

N=Y mN,, Nu=Yod o, (F.0.35)

m>0 i

For the circular profile, only N, is nonzero

N = nN,. (F.0.36)
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Thus, all left-moving momentum (or energy) is concentrated in a single mode, making this
configuration a classical or coherent state. Introducing small perturbations excites additional

modes !

! » distributing the total excitation among different frequencies

N=Y mNp. (F.0.37)

m>0

This distribution gives rise to a large degeneracy of microstates, with entropy

Smicro ~ 47/ nw —JQ. (F.0.38)

this can be seen considering heterotics strings with momentum »n, winding w and angular mo-
mentum J. All the right movers are placed at their respective ground states for the BPS con-
figuration. The left moving sector consists of 24 bosons. the left moving oscillator occupation
number satisfies the constraint

NL =nw (F.0.39)

When small, high-frequency vibrations are added on top of the circular profile, they are repre-

sented by oscillator modes with much higher mode numbers,
R
m= Vwatf, (F.0.40)

whose total contribution to the left-moving excitation level is denoted by Nyj,. Since the total

level is fixed by the momentum—winding quantum numbers,
N = nw, (F.0.41)
we can decompose it as

N =N;j+Nyir = nw=J0O+ Nyip. (F.0.42)
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Thus, the internal vibrations carry the remaining excitation number
Nyip =nw —JQ. (F.0.43)

Now, the entropy follows from Cardy’s formula S = 27,/gN with ¢ = 24 for 24 bosons

and N = Nyjp.
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