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ABSTRACT

Quarkonia are bound states of heavy quarks (such as charm and bottom quarks), and
their antiquarks hold a prominent significance in the study of the quark-gluon plasma (QGP)
created in heavy-ion collision experiments. Their importance stems from their unique char-
acteristics in the extreme environment of a hot and dense plasma of quarks and gluons.
Quarkonia are predominantly produced in the very early stages of the heavy ion collision
due to their higher masses, and they subsequently behave almost independently as they
transit the various phases of the QGP. Their behavior is largely explained by the potential
model, which accounts for the interaction between quark and antiquark pairs within the QGP
medium. This potential model is a cornerstone of our understanding of the properties of the
thermal medium, as it allows us to infer crucial information about the medium temperature
and screening effects. By studying quarkonium-bound states in the QGP medium using the
potential model formalism, we gain valuable insights into the QGP characteristics, allow-
ing us to unravel the fundamental nature of matter at extreme conditions and contributing
to our understanding of the early universe evolution. Matsui and Satz first suggested the
concept of heavy quarkonium suppression in QGP, highlighting the Debye screening ef-
fect as a key factor in weakening the quark-antiquark interaction. This thesis explores the
anisotropic aspects of Debye screening and quarkonium potential arising due to the relative
motion between quarkonia and the thermal medium and the presence of strong magnetic
fields resulting from noncentral nuclear collisions.

The characteristics of the complex potential of a uniformly moving heavy quarkonium
through a hot and dense static QGP medium are investigated. The well-known notion of
the retarded potential in electrodynamics is extended to the context of the heavy quarkonia
by altering the static vacuum Cornell potential through Lorentz transformation to the static
frame of the QGP medium. The resulting potential in the vacuum is also corrected using
the medium dielectric permittivity to incorporate the Debye screening effect offered by the
QGP medium. To study the effect of the magnetic field, the one-loop gluon polarization
tensor is obtained in the presence of an external, constant, and homogeneous magnetic field
employing the Schwinger proper time formalism in Euclidean space. The gluon propagator

is calculated from the gluon polarization tensor and is used to calculate the dielectric permit-
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tivity in the presence of the magnetic field. The modified dielectric permittivity is then used
to compute the heavy quarkonium complex potential in static QGP. This research reveals
that the quarkonium potential exhibits an anisotropic nature, and it depends on the angle
between the quark-antiquark dipole axis and the direction of velocity and/or the magnetic
field direction. The velocity dependence and effect of the magnetic field on the quarkonium
potential and the thermal width are presented. The discussion includes numerical results for
both the real and imaginary components of the potential, accompanied by an examination
of the analytical expression of the potential, approximated under the constraint of a small
velocity limit. Further, the limitation of the strong-field approximation, as done in literature
in the light of heavy-ion observables, is discussed as the effect of the magnetic field is very

nominal to the quarkonium potential.
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Summary

We have examined the potential of a moving heavy quarkonium in a static QGP medium in
this thesis. Using the analogy of the Liénard-Wiechert potential in electrodynamics, where
the static potential is transformed using Lorentz transformation to find its form in a boosted
frame, we first derived the retarded potential of a uniformly moving heavy quark in the
vacuum. The resulting velocity and angular-dependent potential are then modified for the
inclusion of the Debye screening effect. The medium dielectric permittivity, a complex
quantity that results in a complex potential, has been used to accomplish this. Exact nu-
merical results are presented in the thesis, and the analytical expression for the real and
imaginary parts of the potential is derived in the small velocity limit. We have shown
how the potential varies with respect to a number of parameters, including temperature,
velocity, angular dependence, and the quark-antiquark distance. Additionally, taking into
account the existence or absence of string terms, we have provided a comparison between
the Cornell and Coulombic potentials. It is found that the string term dominates at a large
quarkonium separation distance, while the Coulombic contribution is dominated at a short
distance. Next, it is found that the anisotropy of the potential increases with increasing
velocity and that the spherical symmetry of the potential is broken by the motion of quarko-
nium through the QGP. It has also been observed that the potential’s velocity dependence
is just as significant as its temperature dependence. It turns out that the direction of motion
of quarkonium is where the real and imaginary parts of the potential from the correspond-
ing static case vary the most. At last, we determined the thermal width, which rises with
temperature and falls with velocity. This indicates that the velocity of quarkonium and the
medium temperature control the lifetime of a quarkonium-bound state.

Additionally, we have assessed the influence of a magnetic field on the heavy quarko-
nium complex potential. Firstly, we calculated the dielectric permittivity from the static
limit of the gluon propagator. The one-loop gluon self-energy in the presence of an exter-
nal magnetic field was used to derive this propagator in Euclidean space using Schwinger

proper time formalism. The quark-loop contribution to the gluon self-energy and coupling
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constant allows the magnetic field to enter the formalism. Then, we used the modified
dielectric permittivity to compute the in-medium heavy quarkonium complex potential.
Results showed that this potential becomes anisotropic and changes with magnetic field
strength and angle © between the quark-antiquark axis and the direction of the magnetic
field. At very high magnetic field strengths, the real part of the potential gets flattened due
to an increase in screening with e 5. On the other hand, the imaginary part of the quarko-
nium potential undergoes a rise in magnitude at short distances, followed by a decrease at
long distances. Finally, we observed that the overall effect of the magnetic field on the com-
plex potential is rather small for any realistic magnitudes of the magnetic field generated
in heavy ion collisions. We computed the thermal widths of the ground and first excited
states of bottomonium (T, ) and charmonium (.J /v, ¢/") utilizing the imaginary part of the
potential. We found that the excited states (Y’,v)’) are more sensitive to the magnetic field
than the ground states (1, .J /). The effect of magnetic fields decreases with increasing
heavy quark mass and decreasing size, making the charmonium states more susceptible to
magnetic field strength than the bottomonium states. For the decay widths, as the tempera-
ture increases, the sensitivity to magnetic fields decreases, eventually disappearing at high
temperatures. We have further compared our results with the strong-field approximated
potential. We found that such an approximated potential does not even come close to the
potential without such an approximation for any realistic magnetic field value generated
in heavy ion collisions. This invalidates the strong magnetic field approximation usually
adopted in literature for the heavy quarkonium complex potential. For the realistic strengths
of magnetic fields, one needs to more general treatment, as has been attempted here. Also,
it should be mentioned that new divergences in the gluon propagators are introduced by the

weak-field expansion, and this requires regulation.
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Chapter 1

Introduction

1.1 A brief history

In the annals of modern physics, the early 1970s marked a pivotal period when the nature of
the strong force, one of the fundamental interactions governing the universe, was unveiled.
The development of Quantum Chromodynamics (QCD), a non-Abelian gauge theory that
concisely captured the complexities of the strong force, served as the trigger for this shift.
Exactly 50 years ago, three important papers were published in 1973 by David J. Gross
and Frank Wilczek [|1,2], and H. David Politzer [3], establishing a crucial turning point in
our comprehension of the strong force. The breakthrough idea of asymptotic freedom, a
cornerstone of QCD, was founded in these works. Asymptotic freedom was the profound
revelation that the coupling constant of the strong force decreases at high-energy scales,
rendering high-energy QCD processes perturbatively calculable. On the other hand, the
coupling constant rises at low energies, which accounts for the observed confinement of
quarks, one of the most mysterious phenomena in particle physics.

This was an era where the search for the strong force was entwined with an expand-
ing particle zoo that went beyond the protons and neutrons that make up atomic nuclei.
Physicists were bewildered by this zoo’s ever-growing collection of particles, all of which
were thought to be elementary. The theoretical framework that eventually brought order to
this chaotic ensemble was the “eightfold way,” an organizational structure drawn from the
SU(3) group representations [4]. This remarkable construct provided a successful ordering

of hadrons and predicted the existence of the omega baryon, which had been discovered
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1 Introduction

in 1964. Within this theoretical framework, the notion of quarks, elementary constituents
of hadrons, was born. The three flavors of quarks, up, down, and strange, were postulated
to support the intricacy of hadron structure [5]. To address the problem of constructing
specific hadrons while respecting the spin-statistics, a new quantum number called “color”
was attributed to the quarks [6,[7].

While the quark model provided sophisticated grounds for the observed hadrons, the
physical reality of these elementary particles remained purely theoretical [8]. The intro-
duction of the SLAC-MIT deep-inelastic scattering experiments, which involved electron
collisions with proton targets, marked the turning point [9,[10]. These investigations re-
vealed a scaling relation that could only be explained by presuming that the electrons scat-
tered off by pointlike non-interacting fermion constituents within the protons: the quarks.
It was a significant step towards confirming the existence of quarks as the fundamental
building blocks of matter [[1 -13].

With the emergence of quarks, it became apparent that the strong nuclear force ac-
countable for holding the quarks together within protons and other hadrons was surprisingly
weak at distances shorter than the radius of protons [[14-16]. The need for a comprehensive
theory to explain this phenomenon, known as asymptotic freedom, was imperative. The
blueprint for this effort was found in Yang-Mills theory [[17], a framework earlier success-
ful in describing the electroweak force. In 1973, Gross, Wilczek, and Politzer unveiled
the distinctive property, asymptotic freedom, of SU(3) Yang-Mills theory. This theoretical
framework, where quarks interact through the exchange of gluons, bore the name Quantum
Chromodynamics (QCD) and emerged as the backbone of the strong force [[18].

A notable empirical anomaly of QCD was the absence of isolated colored quarks and
gluons in nature. Kenneth Wilson offered a compelling explanation for this mystery, demon-
strating that SU(3) Yang-Mills theory yields an attractive potential that linearly increases

with the distance between quarks, thereby confining them [[19]. Wilson’s work also intro-



1 Introduction

duced the revolutionary concept of lattice gauge theory, a tool instrumental in understand-
ing the low-energy behavior of QCD [20]. The first numerical simulations of SU(2) QCD,
based on lattice gauge theory and verifying the coexistence of confinement and asymptotic
freedom within a single theoretical framework, were carried out by 1980, largely due to the
efforts of Creutz [21]]. The potential of quantum computer simulations of QCD, made pos-
sible by Kogut and Susskind’s Hamiltonian formulation of the lattice gauge theory, opens
up new avenues for investigation in this complex field [22].

A promising discovery in November 1973 confirmed the existence of the charm quark,
which was postulated by the consistency of electroweak interactions. A striking resonance
peak observed in electron-positron collisions at Brookhaven National Laboratory and Stan-
ford Linear Accelerator Center (SLAC) revealed the existence of the .J /1) particle [23-25].
This newly discovered quark species provided a convincing explanation of the J /1) as a
bound state of charm and anticharm quarks, like the hydrogen atom, bound together by the
strong force (more about this particle in the context of QGP is the main topic of discussion
in this thesis). After that, the “top” and the “bottom” quarks were discovered, which added
to the particle spectrum’s richness and also added a source of CP violation to the standard
model [2628]. These findings demonstrated how our knowledge of quark matter and its
crucial function in the subatomic universe is constantly changing.

On the other hand, the fundamental assumption of QCD is that the gluons are the carriers
of the strong force. This idea is hampered by the fact that gluons are color-charged particles
whose confinement prevents direct detection. Experimental confirmation of the spin-1/2
nature of quarks was achieved by detecting correlations in back-to-back hadronic jet events.
Observing three coplanar jets of hadrons arising from an underlying emission of a quark, an
antiquark, and a gluon, investigations at the PETRA collider at DESY built upon this and
marked a significant breakthrough [29-33]. This revealed the existence of gluons for the

first time, although only indirectly, and clarified the mysterious nature of the strong force
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carriers.

The spontaneous breaking of global symmetries emerged as a fundamental concept in
particle physics, resulting in massless Goldstone bosons. The classical version of QCD
with nearly massless light quarks has an approximate global SU(2)xSURg(2)xU(1)xU (1)
chiral symmetry that rotates the up-down quark flavors and the left-right chiralities. Par-
ticularly, the vacuum of QCD spontaneously breaks this global chiral symmetry, yielding
the three massless bosons known as pions, which are about ten times lighter than protons.
This profound realization inspired about a decade before the birth of QCD by Nambu and
Jona-Lasinio, laid the foundation for an effective theory description of the long-distance
aspects of QCD [34], offering valuable insights into its nonperturbative aspects.

Another intriguing facet of QCD is its prediction that under certain conditions, a global
center symmetry can spontaneously break, which implies that quarks and gluons could be
liberated from the hadrons into a deconfined state known as quark-gluon plasma, potentially
occurring at extremely high temperatures [35]. The impact of dynamical quarks and their
chiral symmetry on the phase diagram of hadronic matter soon became apparent. This
theoretical understanding culminated in the experimental confirmation and exploration of
QGP in the heavy ion collision experiments at Brookhaven National Laboratory (BNL) and
the European Organization for Nuclear Research (CERN).

In this chapter, we venture on a journey to explore one of the fascinating realms of
the union of theory and experiment that has revolutionized our understanding of the strong
force. We delve into the world of heavy quarkonium within the context of QGP, a mysterious
state of matter that challenges our understanding of the fundamental forces shaping the

universe.
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Figure 1.1: The QCD running coupling constant plotted as a function of momentum transfer.
Figure taken from [36].

1.2 Heavy ion collision and quark-gluon plasma

QCD is a gauge field theory that is integral to the standard model of particle physics and
is specifically used to explain the complexities of strong interaction [37]. One remarkable
feature of QCD is the asymptotic freedom, which arises from the non-Abelian nature of the
SU(3) group that constitutes its basis. The principle of asymptotic freedom suggests that
when the momentum exchange between the quarks and gluons increases, the interactions
between them become weaker (see Fig. [L.1)). This means the strength of the strong interac-
tion, quantified by the coupling constant a, is inherently connected to the momentum scale
of the interaction. A perturbative technique (pQCD) can be used to investigate processes

where « is small, and there are significant momentum transfers among partons [38]. This
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method requires o to be expanded to higher orders [3]], where the contributions from lower
orders are quite significant.

Nevertheless, the perturbative framework of QCD breaks down when dealing with cal-
culations related to low-momentum events since higher orders become apparent. This shift
into a non-perturbative regime, in which the coupling constant grows, is an extremely im-
portant subject for comprehending important features of the strong interaction. Interest-
ingly, confinement arises in this non-perturbative regime, indicating that quarks and gluons
are still elusive and outside the direct observation. The only composite entities that are
the subject of detection are hadrons, which are free of any net color charge. Moreover,
spontaneous chiral symmetry breaking is a crucial aspect of strong interaction in the non-
perturbative domain [39]. This process adds a substantial amount to the mass of hadrons,
which includes protons and neutrons, among other particles. Effective Field Theories [40]
and Lattice QCD [41,42] are two theoretical approaches that show promise for exploring the
complexities of the non-perturbative features of strong interactions. These models provide
a foundation for understanding the non-perturbative terrain of strong interactions.

Gaining insight into the characteristics of extended systems that are subjected to strong
interactions offers a special way to explore the depths of strong force. Condensed matter
physics examines emergent phenomena of electromagnetic interaction, such as magnetism
and superconductivity. These occurrences manifest as collective behaviors rather than di-
rectly arising from microscopic interactions. The development of a many-body system with
quarks and gluons at high energy density is the goal of “QCD condensed matter.” Raising
the temperature of the system, characterized by near-zero net baryon density, to levels ex-
ceeding 150-160 MeV (= 10'2 K) brings about a state of plasma of quarks and gluons.
In QGP, two major basic characteristics of low-temperature QCD, confinement and chiral
symmetry breaking, cease to exist [43-45]. Calculations revealed that a strongly interacting

system featuring zero net baryon density evolves seamlessly from a hadronic state to the

10
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deconfined state of QGP as its temperature rises to approximately 155 MeV.

As no discontinuities are observed in thermodynamic variables, a crossover transi-
tion unfolds, allowing deconfined and confined hadronic matter to coexist, as depicted in
Fig. [.2. A substantial surge in the energy density normalized to the fourth power of tem-
perature per the Stefan-Boltzmann law indicates the liberation of considerable new degrees

of freedom around the deconfinement temperature. Interestingly, the QCD medium char-
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Figure 1.2: A schematic QCD phase diagram and the phases of the expanding QGP traverses
in heavy ion collisions with different center of mass energy. Figure taken from [46].

acterized by zero net baryon number echoes the conditions of the early universe, where
deconfined quarks and gluons subsequently hadronized around cross-over temperature 7.
A counterpart situation, marked by increased baryon density and relatively lower tempera-
ture, might also lead to the generation of the QGP. This state could potentially exist within
the cores of neutron stars [47]. In laboratory settings, a condition reproducing the early

universe can be replicated by colliding two heavy ions at energies in the multi-7’eV range.
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1 Introduction

The Large Hadron Collider (LHC) at CERN [48] and the Relativistic Heavy lon Collider

(RHIC) at Brookhaven National Laboratory are instrumental in enabling such collisions.

1.3 Stages of heavy ion collision experiment

We create QGP in the laboratory by colliding the two heavy nuclei ultra-relativistically.
This complex process can be outlined into distinct stages: (1) Initial State, characterized by
universal wave functions of the colliding nuclei; (2) Large-Q? (the square of 4-momentum
transfer) interactions of partons from the initial projectiles, setting the stage for further inter-
actions; (3)Small-Q? interactions leading to pre-equilibrated parton gas; (4) thermalization
and further expansion of the QGP; (5) Hadron formation as QGP cools down; (6) chem-
ical freeze-out of hadrons where the chemical composition of particle species stabilizes;
(7) kinetic freeze-out where interactions among hadrons cease away; (8) Free-Streaming of
stable particles to the detector unobstructed for measurement [49]. Figure provides a
graphic representation of the details of this stage-by-stage process [50].

When heavy ions collide, they excite an extraordinarily dense parton region that deposits
energy and entropy in the collision overlap zone. The impact parameter of colliding nuclei,
denoting the separation between the centers of the Lorentz contracted nuclei as illustrated
in Fig. 1.3, defines the overlap zone and determines the number of nucleons participating
in initial inelastic interactions at least once and the total count of inelastic nucleon-nucleon
collisions. When the impact parameter is minimal, the participants and collisions are high,
and vice versa. The maximum value for participants is 2A if the colliding nuclei have an
equal number of nucleons (A). Nucleons not engaged in the collision are referred to as
spectators, prevailing in their path along the beam direction. A plethora of QCD processes
emerge in the context of inelastic nucleon-nucleon interactions, each with a discrete spec-

trum of momentum transfers and a specific role.
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Figure 1.3: The evolution of heavy-ion collision at LHC energy. Figure taken from [50]

The smaller-)? interactions take place immediately after the collision against the back-
ground of a weakly coupled pre-equilibrium stage. This, in turn, opens the door for these
processes to create increasingly softer partons, which in turn helps to develop a strongly
coupled QGP state. The hard processes stemming from the large-scale interactions, whose
rate is determined by the number of initial hard collisions, play a major role in generating
high-momentum gluons and heavy quarks. The heavy quarks generated in hard processes
can combine to form quarkonia, which are the bound states of heavy quarks and antiquarks.
Nevertheless, the production rate of quarkonia is suppressed due to the screening of the
binding force between the quark and antiquark by the presence of the color charge of quarks
and gluons of the QGP medium. This suppression exhibits a close relationship with the tem-
perature of the QGP.

Investigating QGP evolution in processes dominated by soft interactions beyond 1 fm/c

yields fascinating findings. The QGP constituents are strongly coupled, and the mean free
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path is expected to be significantly smaller than the size of the QGP fireball. Consequently,
numerous interactions drive the expansion of the QGP. This expansion is largely affected
by the non-uniform distribution of energy density within the initial state across spatial di-
mensions, which results in a pressure gradient within the early stage of the QGP. The length
scales of these gradients exceed the mean free path, and the subsequent evolution exhibits
characteristics that are described by the principles of hydrodynamics. The hydrodynamic
expansion of QGP demonstrates a radial pattern as a consequence of higher pressure at the
center of the QGP compared to the periphery. The speed of this hydrodynamic expansion is
mainly influenced by the bulk viscosity of the QGP liquid drop, reflecting its resistance to
changes in volume. An anisotropic flow emerges as a consequence of directional-dependent
pressure gradients due to spatial anisotropies present in the initial state originating from
the noncentral collision of nuclei when the impact parameter is nonzero. These spatial
anisotropies transform into momentum anisotropies through the hydrodynamic response.
This transformation process is governed by the shear viscosity of the QGP, a quantity that
resists the deformation in the fluid context.

Due to the nuclei’s positive charge, the motion of the incoming beams induces a large
magnetic field. This magnetic field arises from the protons within the colliding nuclei,
which are moving with relativistic energies. While for central collisions, the magnetic fields
cancel out, for non-central collisions with finite impact parameters, the net magnetic field
can be very large, which can be of the order of QCD scale. This magnetic field can exert a
huge influence on the trajectory of quarks during the QGP phase. The chiral Magnetic Effect
(CME) is one interesting phenomenon that appears within this magnetic environment. The
CME is believed to result from strong parity violations locally and splits positively charged
and negatively charged quarks in the QGP. The electrically charged quarks can be moved
according to the electric field induced by the decaying magnetic field. According to Lenz’s

law, this effect prolongs the magnetic field decay. The high-temperature QGP also generates
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thermal radiation, which follows a distinctive behavior in the QGP as it doesn’t interact via
the strong force. This offers a valuable way to gain information regarding the temperature
at early to the later stages of QGP. Furthermore, there is a tendency towards the production
of strange quarks in the QGP stage. These quarks have masses less than the temperature
of the QGP and, therefore, below the deconfinement temperature. This enhancement of
strange quark production highlights the complexity of phenomena observed in this exotic
state of matter.

The hadronization process starts occurring in the regions of the QGP that gradually
cool below the critical transition temperature as the QGP expands. Since the temperature
and energy density of this medium are expected to decrease with the increase in distance
from the collision center, and lattice QCD insights suggest that the transition from the QGP
to hadrons occurs as a smooth cross-over, the hadronization process happens at different
times and different places of the phase-space. The extremely energetic components of a jet,
known as hard partons, will travel along a path of hadronization and fragmentation similar
to that of elementary collisions. The patrons at lower momenta can combine into hadrons
via coalescence if they share space and momenta like other partons. The recombination of
heavy quarks with their corresponding heavy antiquarks is also supported by this complex
fabric of interactions within the QGP. Quarkonia is created as a result of this fusion, pro-
viding a further route for producing closed heavy hadrons. This supplementary mechanism
is a counterbalance to the quarkonium suppression in the QGP.

A variety of particles are produced, including protons, kaons, and pions, as a result of
the hadronization process. Here, the energy density of the hadron gas reaches a level that
allows for inelastic collisions among the particles, which in turn would drive a change in
the chemical compositions of different particle species. In particular, the loosely bound
deuterons are subjected to these interactions, as their formation or dissolution can readily

take place. Such interactions continue until the chemical freeze-out temperature is reached;
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at that point, the composition of particles is finally fixed. Elastic collisions persist beyond
this stage and only terminate when the kinetic freeze-out temperature is achieved, generally
happening at 10 fm/c. Beyond this stage, the momenta of particles are fixed and traveled

toward the detectors to undergo detailed measurement.

1.4 Signatures of quark-gluon plasma

A variety of experimental approaches are utilized to investigate each phase of heavy-ion
collisions, spanning the initial state, the QGP phase, and the hadronic phase. These probes
demonstrate varying degrees of sensitivity to the distinct phases. A fundamental parame-
ter crucial to many of these probes is the Lorentz-invariant differential yield of final state
particles, which is defined as:

d*N 1 &N

FE —
dp? 2rpr dprdy 7

(1.1)

the number density of the particle momentum scaled by the energy (£). This will depend
upon the transverse momentum, pp, and rapidity, y, of the measured particle species under
consideration. Pseudorapidity (n = — Intan (6/2), 0 is the polar angle of the particle with
respect to the beam axis) is employed in instances where the particle species is unknown,
and both are interchangeable when the particle energy significantly exceeds its mass. This
section will discuss only the probes to the QGP phase, not the initial state and hadronic
phase.

The formation of hot and dense nuclear matter occurs within an incredibly small region
of space, and it persists for a very short period, measuring just a few femtometers and
lasting for about ten femtoseconds due to the fast expansion and cooling. At the detector
end, the observations are restricted to the energies, momenta, and azimuthal dependences of
colorless particles, such as hadrons, leptons, and photons, which emerge when the nuclear

matter has transitioned into a relatively cold and non-interacting gas. This situation may also
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manifest when excited nuclear matter is created instead of the QGP. Therefore, to validate
the creation of the QGP in heavy ion collision and analyze its thermodynamic and transport
properties, we rely solely on the observed signatures.

For precise observations, it is crucial to distinguish the medium effects from the other
stages of evolution. Based on the temperature, which is a pivotal parameter influencing the
medium expansion, observables can be classified into two groups: those associated with low
temperatures, referred to as soft probes, and those related to high temperatures, known as
hard probes. Soft probes are employed to describe collective behaviors and thermodynamic
properties, such as the average temperature of the medium, as they are produced throughout
the QGP evolution. These observables include low transverse momentum hadrons, thermal
photons, di-leptons, etc. In contrast, hard probes consist of high-momentum particles pro-
duced in the early stages of the collisions, like heavy quarks and quarkonia. They act as
independent degrees of freedom while traversing the created medium. A key observable re-
lated to hard probes is the suppression of quarkonia, which offers insights into the medium
temperature and color screening. Among the various indirect probes, the most powerful
ones include collective flow, jet quenching, and quarkonia dissociation. The observations
of these events in heavy-ion collision experiments at RHIC and LHC have explained the

near-perfect fluid and strongly coupled nature of the QGP.

1.4.1 Anisotropic flow

An experimental evidence for creating QGP in heavy-ion collision experiments is the anisotropic
emission patterns of charged particles within the plane transverse to the beam direction.
The non-central collisions of the Lorentz contracted nuclei create an almond-shaped over-
lap region. Consequently, immediately after the collision, the initial state exhibits spatial
anisotropy. The initial momenta of the newly created particles are predominantly oriented

in the longitudinal direction, with transverse momenta distributed isotropically. The final
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distribution stays isotropic if there is no interaction between these particles. On the other
hand, local thermal equilibrium is probably reached when interactions take place, allow-
ing the system to be represented in terms of thermodynamic parameters such as temper-
ature and pressure. In such instances, the spatial anisotropy of the initial state causes an
anisotropic pressure gradient in the transverse plane due to these interactions and collisions
of the medium particles. Consequently, the medium undergoes evolution, resulting in a
momentum anisotropy in the final state as it approaches equilibrium [51,52].

Over the past two decades of heavy ion collision history, the anisotropic flow has been
observed by numerous experimental collaborations at facilities such as the Alternating Gra-
dient Synchrotron (AGS), Super Proton Synchrotron (SPS), RHIC, and, more recently, at
the LHC [53]. The collective flow phenomenon can be analyzed by expressing the observed
particle spectrum measured in the Fourier series, allowing researchers to extract valuable
insights into the features of the medium and its evolution,

EdgN LN (1 + Z 20, cos (n (¢ — ¢R))> (1.2)
dBp 27 prdprdy ! 7
where ¢ is the azimuthal angle of an out going particle and 1y is the reaction plane angle.

The Fourier coefficients v,, describe the various flow modes and can be measured as

v, = (cos(ng)). (1.3)

For example, v; corresponds to directed flow, vy gives elliptic flow, vz refers to triangular
flow, and so forth. Hence, researchers have extensively analyzed the implications of mo-
mentum anisotropy, often referred to as elliptic flow, using a variety of methods. Elliptic
flow of different particle species in Pb—Pb collisions at \/syy = 5.02 T'eV for different
centrality classes in comparison to various models are shown in Fig [[.4. It is essential to
mention that this momentum anisotropy is present at every stage of the space-time evo-

lution, gradually developing non-zero values as soon as the space-time evolution begins,
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predominantly within the hydrodynamical region [51, 52]. Moreover, it has been discov-
ered that the QGP displays an exceptionally small shear viscosity (1) to entropy density
(s) ratio, which may be among the smallest ratios in all of the known fluids in nature. A
wide range of theoretical studies, from kinetic theory to holographic theory, corroborate

this fascinating discovery [54,55].
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Figure 1.4: pp-differential vy for different species of particles in Pb—Pb collisions at
Vsyy = 5.02 TeV for various centrality classes in comparison to the EPOS 3.4 [54],
Catania [56], and CoLBT [57] models. Figure taken from [50]

1.4.2 Jet quenching

When a scattered parton possesses a transverse momentum greater than a few GeV/c, it
ventures on an independent evolutionary trajectory, starting the journey before the first
femtosecond of heavy ion collision. With a substantial spatial extent and lifespan of 10
femtoseconds, QGP serves as the environment through which this high-energy parton tra-

verses. It generates a jet shower that simultaneously goes through its own dynamic evolu-
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tion and passes through the rapidly cooling and expanding QGP. During this process, the
color-charged constituents of the jet shower interact with the medium color-charged con-
stituents, leading to modifications in the shower itself [58,59]. These modifications, called
“jet quenching,” provide a singular and profound insight into the structure and dynamics of
the QGP since they are both theoretically calculable and physically observable. From an

experimental perspective, there are a few unique manifestations that indicate jet quenching:

* Energy loss measured through inclusive yield suppression: medium-induced energy

transport to huge angles to the jet direction;

* Medium-induced modification of jet constituents distribution, observed via the radial

energy profile, fragmentation functions, and jet substructure;

* Jet centroid deflection caused by the soft multiple scattering within the QGP observed

as medium-induced acoplanarity of coincidence measurements.

As it provides a consistent and thorough understanding of this phenomenon, this multi-
modal method of evaluating jet quenching offers an invaluable opportunity. The contribu-
tion it makes to our comprehension of the fundamental mechanisms of jet quenching in the
QGP is substantial. Interactions between high-energy partons and the QGP can be broadly
categorized into elastic interactions involving the propagating parton and the constituents of
the medium. Additionally, there are inelastic interactions characterized by medium-induced
gluon radiation events. The latter processes occur concurrently with the spontaneous split-
tings of the parton shower, a phenomenon also observed in proton-proton (pp) and other ele-
mentary collisions, even in the absence of the QGP, commonly referred to as vacuum emis-
sions. The radiative processes are the predominant energy loss mechanism at high py. This
has been analyzed [60,61], and the results show that interference of scattering and emission

processes cause a distinctive energy loss dependence on the in-medium path length. These
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studies generally arrive at the conclusion that radiative energy loss predominates over col-
lisional energy loss, which means that the amount of energy lost by a fast-moving jet does
not depend linearly on the path traversed through the QGP medium [62]. Furthermore, the
experiment shows that the heavy quarks with radiative energy loss is strongly dragged in

the QGP medium [63].

1.4.3 Dileptons and Photons production in QGP

The quarks and anti-quarks interact in QGP to form virtual photons v*, which subsequently
decay into dilepton pairs (leptons [~ and anti-leptons /). The Drell-Yan process is the most

common mechanism of dilepton production in QGP:
¢+q—=7" =1+ (1.4)

The created leptons and anti-leptons pass through the collision region. Given that the lepton-
quark interaction is electromagnetic in QGP and the cross-section ~ (a/+/s)? (where o =
1/137 is the fine-structure constant, and +/s is the lepton center-of-mass energy) is much
smaller than the strong interaction cross-section. Leptons are, therefore, unlikely to interact
with the QGP after creation and to get at the detector directly. We can determine whether
a QGP state has been achieved by examining the lepton pairs, which also convey infor-
mation about the thermodynamic properties of the medium at the time of their generation.
The other probes of the early collision stage are real or virtual direct photons, which mate-
rialize a lepton-antilepton (I*/7). In the QGP, they are also generated by quark-antiquark
interaction:

q+q—7+g. (1.5)

This is known as the annihilation process. The analogous electromagnetic processes
qq — 7y is permitted, but it has a very smaller cross-section compared to ¢G — g by

a factor «./a;. Because photons do not further interact with the QGP once they are pro-
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duced, photon analysis provides exactly the same information as dilepton. Their production
cross-section is exceedingly modest since it is proportional to the square of the fine struc-
ture constant. Their mean free path, even in an extremely dense QGP, is approximately
50,000 fm, which is far larger than any heavy-ion fireball, as their interaction cross-section
is negligible. They convey pristine information about the momentum distributions of their
parent quarks and antiquarks into the detector and exit the collision zone without any further
interaction, in contrast to all other hadronic probes. Real and virtual photons are emitted
throughout the evolution of heavy ion collision, and their measured spectrum thus integrates
over the expansion history of the QGP fireball. Unfortunately, a huge background of in-
direct photons and a significant background of uncorrelated lepton pairs originating from
electromagnetic and weak decays of hadrons after hadronic freeze-out cause noise problems
for the directly emitted photons and dileptons. This makes determining the proper physics

from the measurement of these pure electromagnetic signals challenging [64-66].

1.4.4 Strangeness enhancement

One of the first signals proposed for the QGP formation is an enhanced strangeness produc-
tion in heavy-ion collisions relative to pp collisions [67-70]. This establishes a connection
between the hadronic and partonic phases as well. Due to the large mass of the strange
quark (m, ~ 170MeV) compared to up and down quarks, the production of particles con-
taining strange quarks is typically suppressed in hadronic processes. The dominant pro-
duction mechanism of ss pairs involves gluons only when the matter becomes QGP. The
temperature in QGP is of the order of strange quark mass, and the production of s3 pairs in
interactions of two gluons (gg — sS) should be favored by the quick filling of the phase
space available for up and down quarks. Strange quarks are created in pair-production pro-
cesses. Unlike the up and down quarks, they are produced in collisions between constituents

of the plasma. Therefore, the ss pairs production is enhanced in the presence of QGP.
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A few of the strangeness possessing baryons are A(uds), Z(¢ss) and 2(sss) etc. Some
collaborations WA97 [71]] and NA49 [[72] have clearly established the relative enhance-
ment of (anti-)hyperon yields (A, = and €2 ) in Pb-Pb collisions compared to p-Pb collisions.
NA49 collaboration has observed a prominent and sharp maximum in the excitation func-
tion of K /7" ratio at 30A GeV [73]. This sharp maximum is referred to as “horn”, which
is not seen in p+p collisions. As the predominant carrier of anti-strangeness at SPS energy,
K serves as a reliable indicator of the overall strangeness production in the collision. The
strangeness to entropy ratio is expressed as K /7. The statistical model predicted a dra-
matic increase in this quantity, suggesting the early stage as a result of the transition to a
deconfined state. =~ and A’ are examples of other strange particles for which the same
collaboration has also observed a similar maximum at the same beam energy. The NA49
group’s investigation into the excitation function of strangeness production has rekindled a
thought-provoking discourse regarding the significance of strangeness as a signature for the
deconfinement phase. The analysis of the strangeness enhancement in heavy-ion collisions

is significantly enriched by complementary lattice investigations.

1.4.5 Quarkonium suppression

The bound states of a ¢ pair (charmonium) or bb pair (bottomonium), known as heavy
quarkonia, have been the focus of much research since their discovery in the 1970s. While
much progress has been made, a full understanding of their characteristics has to be at-
tained. Within the framework of QCD, the examination of their creation processes, the
rich spectroscopy of the many states, their decay modes, etc, is still a vibrant research
area [[74]. Additionally, quarkonium states are indispensable for understanding the QGP
and its characteristics. It was discovered early on that immersing quarkonia in a deconfined
medium could have varying effects on the binding of the heavy-quark pair. The QCD force

is screened by the large density of free color charges in the QGP, which finally causes the
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quarkonium to dissolve [75]. A large number of theoretical and experimental research have
been inspired by this straightforward yet profound principle, and they have shown novel and
occasionally unexpected consequences. It was the goal of early research to directly relate
the temperature of the deconfined phase to the suppression of the quarkonium states [[76].

The intricate spectroscopic structure of quarkonia, where binding energies range from a
few MeV (¢(25)) to more than 1 GeV (T(1S5)), could result in a “sequential suppression”
as temperature rises, where the weakly bound states melt at near transition temperature
T, and the more tightly bound states survive up to a dissociation temperature ~ 27.. In
nuclear collisions, the temperature of the QGP can, in principle, be manipulated by adjusting
the centrality of the collision or its center-of-mass energy. Quarkonium could serve as an
ideal thermometer for the medium if theoretical investigations could precisely determine
the melting temperature for each state. The above views hold true when considering a
static picture of the medium in which the quarkonium states are submerged. Several effects
contribute to a more complex depiction when studying the dynamics of the bound states
and their interaction with an expanding medium. It is specifically a multi-stage process that
forms the quarkonium states [40] (creation of the ¢q pairs and forming their bound states)
that extends across a period of time encompassing a substantial portion of the collision
history.

Moreover, the imaginary part of the quarkonium potential, computed at 7" > 0 in ef-
fective field theories, corresponds to the collisional damping of the states. This leads to a
loss of correlation in the pair and induces in-medium changes in the spectral functions [[77].
Moreover, in a system with a high heavy quark multiplicity, the recombination of previ-
ously destroyed ones or the combination of uncorrelated pairs from various hard scattering
processes can result in a large increase of the quarkonium yields [78], counteracting the
suppression. Quarkonia generated through the recombination process can acquire collec-

tive flow effects if there is a partial or complete kinetic equilibrium among the deconfined
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heavy quarks within the medium [[79]. Lastly, quarkonium-meson breakup effects may
also affect the yields during the hadronic stage of the collisions; these effects may be espe-
cially significant for weakly bound states [80,81]]. Quarkonium generation in the hot QCD
medium is treated theoretically in a variety of ways, including statistical hadronization,
transport models, hydrodynamics, and the more modern technique of quantum dynamics.
A more detailed description of quarkonia, especially in the potential model formalism,

will be presented in the next chapter.

1.5 Magnetic field in heavy ion collision

Heavy-ion collision experiments offer a sound environment to study hot nuclear matter in
the magnetic field. Heavy-ion collisions are expected to produce an intense electromagnetic
field due to the oppositely moving ultra-relativistic protons, especially in the early stages
of the collision. The estimated peak value of the magnetic field strength for the Pb+Pb
collision is e B = 15m?2 = 1.5 x 10”Gauss at the LHC energies [82] (The LHC produces a
magnetic field that is ten times greater than the RHIC). The ALICE collaboration studied the
directed flow of D/ D° mesons and charged hadrons to probe the presence of this immensely
powerful magnetic field. Intriguing evidence of the presence of a strong magnetic field in
the heavy-ion collisions is provided by these LHC results in conjunction with the RHIC
observations [83]. The heavy-ion collision experiments produce magnetic fields that are
among the strongest known in the current universe, bigger than those produced by neutron
stars. In addition to gold, the RHIC has conducted collision tests with heavy nuclei such as
Cu+Au and U+U. The electromagnetic field generated in these systems has been studied in
Refs. [84-88].

Due to the larger charge and size of the Au nucleus compared to the Cu nucleus, the

collisions involving Cu+Au exhibit geometric asymmetry. This may generate a finite elec-
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tric field in addition to the magnetic field at the order of m? in the reaction plane Au-to-Cu
direction [87]. However, the magnitude of the magnetic fields is in the same order as that
of Au+Au collisions. This has been observed that the event-averaged strength of the mag-
netic field in the U+U collisions at /s, = 193 GeV is less than in Aut+Au collisions at

Vsyn = 200 GeV [88]. The electrically charged heavy nuclei cause an electric current

while moving at relativistically high velocity v, = \/ 1— (2m N/\/SN N) ? along the beam
direction (z- axis) ( my is the nucleon mass) at a non-zero impact factor b which in turn
generate the magnetic field. The magnetic field produced in the heavy-ion collision can

approximately be estimated employing the Biot-Savart law and take the following form,

4G 4
—qsBy = ZZN’VE’Uzb—Q, (1.6)

where y! = \/1—7123 is the Lorentz factor and Zy is the atomic number of the heavy
nuclei. The magnetic field is pointed perpendicular to the reaction plane. The expression
of the magnetic field from the Biot-Savart law is very primal. Better estimations of the
magnetic field have been done by combining the knowledge of nucleon distribution func-
tion in the nuclei [89,90]. Such studies used the Liénard-Wiechert formula to estimate the
electromagnetic fields.

Advanced transport models have been used to study various aspects of electromagnetic
fields in a heavy-ion collision, including the correlation between matter geometry and the
fields, the event-by-event fluctuations of the fields, and the dependence of the impact factor
and collision energy on the generated electromagnetic fields [91,92]. The life span of the
magnetic field in the medium is still unknown despite recent advances in measuring the field
strength. As of this point, there is no adequate theory or model to explain how the magnetic
field evolves during heavy-ion collisions. Analyses showed that the electrical conductivity
o of the QGP medium strongly affects the decay time of the magnetic field in the medium

[93,94]. This can be comprehended from Faraday’s law of electromagnetic induction. The
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decay of a magnetic field induces an electric current in the plasma, subsequently generating
a new magnetic field. The time evolution of the magnetic field in the static QGP can be

expressed as,

OB 1(_,5 OB = -
E_;<VB_W+VXJ@“>7 (17)

where .J.y is the external current due to the movement of protons. According to the equa-
tion, the magnetic field decays much more slowly in a highly conducting medium than it
does in a vacuum. The majority of investigations on the characteristics of magnetized QGP
assumed a constant magnetic field. The charged fermions move in a cyclotron fashion due
to the steady homogeneous magnetic field. The inverse Larmor radius quantifies the cur-
vature of the charged particle in the magnetic field. It is necessary to take into account
the Landau quantization of the cyclotron motion when the magnetic field is high enough.
This suggests that the thermal energy particles are substantially smaller than the cyclotron

frequency.
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Chapter 2

Quarkonia in quark gluon plasma

The QGP medium created in heavy-ion collision (HIC) experiments exhibit a remarkably
small size (~ 10 fm) and an extremely brief duration (~ 1072 sec) [95-98]. The tran-
sient nature of this medium limits the feasibility of exploring its properties quantitatively
using external probes. Consequently, reliance is primarily placed on internal probes to
scrutinize the created matter. In this context, heavy quarks (charm and bottom) and their
bound states, namely heavy quarkonia, hold significant importance [99-102]. Due to their
elevated masses, these particles are predominantly produced at the early stages following
collisions and behave almost as independent degrees of freedom throughout the various
phases of the created matter. However, they are minimally affected by the QGP medium
as they pass through it, resulting in distinctive signatures observed in their final yields at
detectors. In the seminal work by Matsui and Satz [[75], it was suggested that the produc-
tion of heavy quarkonia would be suppressed in high-energy heavy-ion collisions due to
the Debye screening provided by the plasma, reducing the effective interaction between
constituent particles. This suppression phenomenon has since become a central focus for
researchers aiming to unravel the complex interplay between heavy quarkonia and the QGP,

driving advancements in both theoretical frameworks and experimental methodologies.

2.1 Quarkonium bound states

The bound states of heavy quarks and their antiquarks are known as heavy quarkonia. The

discovery of the .J /1) meson, whose mass is around 3.1 GeV, was the first indication of the
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2 Quarkonia in quark gluon plasma

existence of heavy quarks. .J /1 is the bound state of a charm quark (c) and its antiquark (¢),
where the masses of these quarks are estimated to be 1.27 GeV. Charmonium is the com-
mon term for the c¢ bound state. Nearly simultaneously, ./ /1) was found at Stanford Linear
Accelerator Center and at Brookhaven National Laboratory in 1974. The next mass level
up is represented by the T meson, which has a mass of roughly 9.5 GeV and is composed
of a bottom quark-antiquark pair (bb), which has a mass of 4.18 GeV. Bottomonium state is
the common terminology for the bb bound state. Charmonium and bottomonium resonance
states have extended lifetimes because of their incredibly small widths. Because of this,
after they are formed in the collision, they would not start to decay until they have left the
collision zone. Nevertheless, the open charm mesons, D(cu), and beauty mesons, (B(bu),
can also result from the binding of charm and bottom quarks with light quarks. In compari-
son to the normal hadrons, the binding energies of c¢ and bb ground states are significantly
larger, and their sizes are much smaller than the typical hadronic scale A ~ 0.2 GeV. Ad-
ditionally, a variety of stable bound states with various quantum numbers other than the
low-lying ground states of charmonium and bottomonium can be possible. The excited
states are larger than the ground state and less tightly bound.

The quarkonium masses are primarily caused by the heavy charm and bottom quark
masses, whereas the masses of light hadrons are typically produced by the interaction be-
tween the nearly massless quark constituents. This allows the non-relativistic potential
model to compute the quarkonium state properties. The separation between hadrons be-
comes smaller than their individual sizes as the energy density of matter increases. At this
point, their wave functions begin to overlap and form the deconfined medium of quarks and
gluons. Lattice studies confirm that heavy quarkonia can even survive in the deconfined
medium since their size is of the same order as parton separation in the deconfined state.
Once such a medium is created in an ultrarelativistic nucleus-nucleus collision, it expands,

cools, and harmonizes after crossing the confining point. Understanding the properties of
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the quarkonia in the deconfined medium using potential model formalism is the central idea

of this thesis.

2.1.1 Debye screening

The electric field inside a perfect conductor is zero, as is known from the classical picture of
electromagnetic theory. Conductors have an accumulation of free electrons. The charge will
move to its surface if an external electric field is applied to cancel the electric field inside
the conductor. Also, a test charge placed inside a conductor will find its way to the surface.
The electric field is screened in a way. The screening prevents the electric field lines of
force from penetrating and entering the conductor. For an insulator, this phenomenon is
obviously not going to occur. When enough thermal energy is present, the intermolecular
bonds are broken, allowing molecules to move freely and become a gaseous state. We can
ionize the gas to have freely moving ions and electrons by increasing the temperature even
further. This state of matter is new because it differs from previous states in a few intriguing
ways. Previously suppressed degrees of freedom are introduced into the play during this
phase. Matter conducts electricity and is not electrically neutral when it is in the plasma
state.

Placing a test charge in the medium causes a fascinating phenomenon. The thermalized
medium alters the electric field that was created as a result of the test charge. The potential
now shifts from being Coulombic to Yukawa. As a result, a new scale that describes the
electric field shielding surrounding the test charge emerges. This new quantity characteriz-
ing plasma is referred to as Debye screening length. Anywhere beyond the Debye radius,
the electric field falls exponentially to zero. The electric field is now contained inside the
sphere of influence by the Debye screening. The electric field appears as follows for a test
charge Q in the medium,

V(r)=-——e"/"™, @.1)
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where rp is the Debye radius, which describes the plasma screening. The influence of
the test charge is limited approximately within the Debye sphere. Imagine now an electric
dipole with a length greater than the Debye radius. It will dissociate into free charges and
cease to be a dipole, becoming a part of the medium instead.

When there are three distinct colors and randomly moving color charges, one could also
anticipate a similar effect in QGP. We shall now investigate a color dipole in a deconfined
medium instead of an electric dipole. They are tightly bound in a colorless environment or
a vacuum. The nonrelativistic potential, which will be presented shortly, can characterize
the bound state of such a heavy quark anti-quark pair. The prime motive is now to study
those bound states in QGP. The potential is modified by the plasma in a very similar manner
to electromagnetic plasma. This effective potential permits us to overlook the medium by
considering the influence of the medium in the modified potential. Additionally, bound
states of heavy quarkonia in the medium are provided by this potential. Clearly, none of
the bound states will be larger than the Debye sphere. Hence, those vacuum-bound states
with sizes greater than rp cannot exist in the medium. They are not present in the medium
and cannot be produced as long as the temperature stays unchanged. The missing bound
states can predict both the temperature of the plasma and the creation of QGP. H. Satz and T.
Masui originally suggested the concept of using suppression of quarkonia as a probe in static
plasma [[75], and it is still one of the most important recommendations for comprehending
the medium.

The Debye radius can be decreased by raising the temperature. As a result, shorter
and shorter color dipoles might melt in the medium as the temperature rises. In essence,
a QGP thermometer is introduced by this sequential melting [[103]. One can forecast the
medium temperature just by understanding which states are melted. Considerable research
has been done on the sequential suppression pattern for various charmonium [104] and bot-

tomonium [[105] states. In the context of lattice QCD and a number of phenomenological
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models, the threshold temperature for various states is computed. To determine the dissoci-
ation temperature for various quark-antiquark bound states, more meticulous and accurate
calculations in lattice and other branches can be used to research quarkonium states in the

deconfined medium.

P(2s)
n2s) 7 %(2p)
hadrons lnﬁpns
82 Ayl

JAp(1s
n(1s) s
hadrons hadrons y+ radiative

JPC _ o 1— o+ 1 1+ o+

Figure 2.1: An illustration of the charmonium spectrum along with the decay channels of
each state [[106]. Figure taken from [[107]

2.2 The Potential model

Given the significantly larger mass of heavy quarks compared to the QCD scale, the non-
relativistic potential model proves to be a valuable tool for investigating the bound states of
quarkonium. This model offers a reliable framework for understanding quarkonium spec-
troscopy (see Fig. R.1)). The Cornell potential [[108,109] can be used to define the potential

for a QQ pair at separation distance r in vacuum (7" = 0),

Vir) = —% +or. 2.2)
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The coupling strength « and the strong coupling constant «, are related, i.e., « = %as, and
the confining strength is denoted by the string tension o = 0.18 GeV?2. The Cornell poten-
tial, a composite of the Coulomb and linear potentials, plays a pivotal role by effectively
incorporating two fundamental features of Quantum Chromodynamics (QCD): asymptotic
freedom (at high energy or short distance) and quark confinement (at low energy or large
distance) [[110]. Its significance extends to various aspects of heavy quarkonia studies, en-
compassing the exploration of the transition between confined and deconfined phases of
matter [|111] and the computation of masses for diverse heavy quarkonium states.

The application of potential models to study quarkonia states at finite temperatures was
first introduced by the authors in Ref. [[112]. Subsequently, quarkonium spectral func-
tions and meson current correlators have been derived from potential models [[113-120]
and compared with first-principle lattice QCD calculations [121-123]. Additionally, the
imaginary part of the potential, arising from the interaction with the medium, contributes
to the thermal dissociation width of quarkonia states [[77,124]. The dissociation of quarko-
nia in an anisotropic QCD medium has been explored by the authors in Ref. [[125, [126].
Analyses on the velocity dependence of screening properties have been conducted in sev-
eral works [[127-131]]. The medium-modified potential of a static quarkonium in a moving
thermal bath and its velocity dependence was investigated in Refs. [133], considering the
orientation of the quark-antiquark pair with respect to the direction of the medium veloc-
ity. The solution of the Schrodinger equation provides insights into the characteristics of

quarkonium-bound states, analogous to the positronium system.

2.2.1 Quarkonium potential at finite temperature

Lattice QCD and potential model studies are the two methods used to ascertain the in-
medium properties of the various quarkonium states quantitatively. In finite temperature

lattice QCD, the quarkonium spectrum can be directly determined by building the Euclidean
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correlators for a given quarkonium state. Advancements in effective field theories (EFT)
have led to a better knowledge of integrating the successive scales associated with the heavy
quark-bound states to create prospective models, such as NRQCD, pNRQCD, etc. Rela-
tivistic effects have very little effect on these states because the relative velocities of the
heavy quarks in each quarkonium are sufficiently less. For charmonia (bottomonia), for
instance, the relative speed is around 0.3 (0.1) times the speed of light in the rest frame
of the respective quarkonia. Potential models were first used to calculate the masses and
radii of quarkonia states. The potential includes confinement in the long range, which can
be calculated using lattice simulations, and coincides with the Coulomb potential at short
distances, which can be estimated using perturbative QCD.

The screening in the form obtained in one-dimensional QED, a classic work by Karsch,
Mehr, and Satz (KMS), served as the foundation for the first quantitative studies of quarko-
nia at finite temperature [[112]. Debye screening causes the potential to be screened when
quarkonia are immersed in a medium at a temperature 7". At finite temperature 7" and sep-
aration distance r, the screened Cornell potential can be expressed as follows,

1 __ p—mMmprT
VEMS (. T) = ~Semmor 4 gp(—— S ), 2.3)
r mpr

where mp(T) is the Debye screening mass, the inverse of the Debye radius. Upon utilizing
these inputs to solve the Schrodinger equation, it was shown that although .J /¢ remained
stable until around 1.2 T, both ¢’ and x. fundamentally dissociate at 7" = T,, where T,
is the deconfinement temperature. Due to Debye screening, this method is highly effective
at estimating the dissociation temperatures of quarkonia, yet it has some drawbacks. For
example, the second term in the screened potential corresponds to the or screening, where
a one-dimensional color flux tube structure was assumed. Only qualitative considerations
should be made while using the above potential at finite temperatures. The more accurate

potential is necessary for quantitative comprehension and should be obtained directly from
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QCD at finite temperature, much as the Cornell potential at zero temperature was obtained
from pNRQCD using the zeroth-order matching coefficient.

In Ref. [[134], Guo, Dong, Pan, and Moldes speculated that entropy could play a role in
the interquark interaction. Their heuristic reasoning, which relies on associating thermo-
dynamic quantities with the real part of the potential, led them to propose the in-medium
string part as

20

VGDPM(T, T) = (1—e™P") —ore ™P7. (2.4)
mp

Recently, a rigorous derivation of the generalized Gauss law for in-medium quarkonium
in a complex potential model integrating the nonperturbative aspects of the vacuum-bound
state with a weak coupling description of the medium degrees of freedom was presented in
Ref [135].

In this thesis, we follow the method developed by the authors in Ref. [132,136]. The
foundation of potential models is the idea that a potential can adequately describe the inter-
action between a heavy quark and its anti-quark. We begin with the previously addressed
Cornell potential at 7' = 0. The Fourier transform of the heavy quark potential is where the

medium modification enters as

Vi) =

where V (p) is the Fourier transform of the Cornell potential, which has to be regularized.

: (2.5)

We regulate both terms in the Cornell potential by multiplying with an exponential damping
factor, and it is switched off after the Fourier transform is evaluated. Therefore, the Fourier

transform is

V(p) = —v/2/7— — \/:_Zp4' (2.6)

p

The inverse of dielectric permittivity e ! (p) is pertained to the temporal part of the effective

gluon propagator D" by definition given in Ref. [|186]

€'(p) = — lim p’ D*(w, p). (2.7)
w—>
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where p = |p|.The propagator in the presence of a thermal medium can be expressed as
D) = (D) =T, (2.8)

where the II,,, is the gluon self-energy and the Dgy is the bare gluon propagator. The gluon
self-energy tensor can be decomposed in terms of two scalar functions, the longitudinal

(I1") and transverse (I17) self-energies,

P2

I1,,(P) = -11"(P)T,, + FHL(P)LW, (2.9)

where P = (w, p) and the tensors 7),, and L,,, are

PP, n,n, My
le = 9w — % — ;;/2 and Ll“’ = # (210)
The four-vector n, is
n-P

M =Ny~ ~pp P, (2.11)

and satisfies P.n = 0 and n? = 1—(n.P)?/P2. In three dimensions, the static limit pertains
to the screening of fields, and the transverse component in the static limit I[17(0,p — 0,7)
vanishes; therefore, the gluon and ghost contribution to the longitudinal component of the
self-energies is reduced to

H;(w,p) = m%g [1 — 2%? In (:j—i—i) + iwgp@(pQ — wQ)}. (2.12)
The above Eq. can be rewritten in terms of real and imaginary parts as

R (0, p) = mgg[l_im (w_ﬂ’)]

2p w—p

QI (w,p) = MhyY (p* — w?). (2.13)

The total longitudinal component of gluon self-energy is the sum of the gluon and quark
contribution

1" (wn, p) = I (wy, p) + I} (wn, D), (2.14)
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which can be written in terms of real and imaginary parts. We compute the gluon self-
energy’s real and imaginary parts in the static limit (w — 0). The real part of self-energy
reads

RIT" (w, p) = RIL; (w, p) + R (w, p), (2.15)

and the imaginary part of the self-energy STI reads
L L L
S (w, p) = Sl (w, p) + S1L; (w, p). (2.16)
The imaginary contribution from the quark loop can be obtained by using the identity

1
ST, (wn, p) = = lim |11} (w,, + ie, p) — X (w, — ie, p)|. (2.17)

21 e—=0

Further, we compute both the real and imaginary part of the longitudinal component of the
gluon propagator using the gluon self-energy. The spectral function approach, as defined

in Ref. [139], is used to obtain the imaginary part of the gluon propagator as

D (w, p) = —7(1 + e )AL, (2.18)
where Al is defined as
1 ePv
AL(w7p> = - Buw pL(wap> (219)
Tebr — 1

The spectral function p” can be expressed in the Breit-Wigner form as

ST (wn, p)
(P2 — RITE(w,, p))? + ST (w,, p)°

(. p) = (2.20)

After substituting Eq. (2.20) in Eq. (2.18), we obtain the longitudinal component of the
gluon propagator, D’ in terms of real and imaginary parts. In the static (w — 0) and

massless light quark limit, we obtain

B -1 N inT ITF (p)
PP+ 1E(p)  p(p?+1TE(p))?

DX (p) (2.21)
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Using the gluon propagator, we obtain the dielectric permittivity as [[136,141,,[186]

2 L
—1 _ b . pll
€ (p) = p2 I HL — ZWTW7 (222)
where ITF = I1*(p) and
. N. N
Il}l_r}%l'[ = ¢*T? <? + ?f) =m37,. (2.23)

We use the dielectric permittivity expression Eq. (2.29) to compute the in-medium heavy
quarkonium complex potential in an arbitrary magnetic field. Given that the static limit of
the self-energy is momentum-independent, the pole of the inverse dielectric permittivity
corresponds to the gauge-invariant Debye mass. This leads to an exponential damping of
the potential. When non-perturbative phenomena like string tension are present, which
persists even above the deconfinement point, the dependence of Debye mass on dielectric
function may change. But for the Debye screened Coulomb and string part of the potential,

we take the same screening mass scale mp.

2.2.2 Real Part of the Potential

By correcting its short- and long-distance parts using a dielectric function €(p) that accounts
for the effects of deconfinement, one can deduce the modifications to the vacuum potential

in the medium [[141]] as follows:

Vir,T) = / (Qf)ﬂ (P — 1) Vip) (2.24)

where the heavy quark free energy has been renormalized by subtracting r-independent
terms, which is the perturbative free energy of quarkonia at infinite separation. The real
part of the potential can be derived from Eq. (2.24) by substituting the dielectric permittivity
€(p)-

It’s important to note that this one-loop result in linear response theory is perturbative,

and the linear approximation in QCD is valid as long as the mean-field four-potential (AZ)
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is significantly smaller than the temperature. Substituting the real part of permittivity, we
obtain the medium-modified potential as,

wnt) = [ ook e -0 (—VEm s - =) (gt

p? +m%)
RV, (r, T) + RV, (r, T), (2.25)

Here, RV, (r,T) and RV, (r,T") represent the medium modifications of the Coulomb and
string terms, respectively. Upon performing the momentum integration, the Coulomb term

transforms into

RV, (r,T) = —amp <€t + 1) : (2.26)
7

The string term is simplified into

RV, (r, T) = 22 ((e_rf b, 1) . 2.27)

The real part of the potential then becomes (with # = rmp )

20 e " 20 20

RV (7, T) = <— — amD> — — + — —amp. (2.28)

mp T mpr  Mmp

This potential is found to include an additional long-range Coulomb term, supplementing
the conventional Yukawa term. In the short-distance limit (7 < 1), the above potential
approaches the Cornell potential, meaning the QQQ-pair does not perceive the medium.
However, at large distances (7 > 1), the potential simplifies, especially under the high-

temperature approximation (i.e., where o /mp(T") can be neglected):

20

2
mpr

RV(r,T) ~ —

—amp. (2.29)

Aside from a constant term, this expression resembles a Coulomb-like potential, with the

identification of 20 /m?, as the square of the strong coupling (g?).
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2.2.3 Imaginary part of the potential

Lattice QCD suggests that at finite temperature, as one transitions into the deconfined phase,
the real part not only gradually weakens but also reveals the existence of a finite imaginary
part beyond the pseudocritical temperature [137,138]. The bound state peak can be made
weaker or reduced to a threshold enhancement by altering the imaginary part of the poten-
tial. This leads to a finite thermal width (I") for the resonance peak in the spectral function,
determining the dissociation temperature. Dissociation is expected to occur when the bind-
ing energy decreases with temperature and becomes equal to I'. The imaginary part of the

dielectric function in the medium from Eq. is

p2

Se(p) = —nTmh——.
p(p? +m3)?

(2.30)

Similarly, the imaginary part of the potential can be determined using the definition of the
potential given in Eq. (2.24). The medium modification to the short-distance and long-

distance terms are

. Tm2
SVo(r,T) = —% p (e”"’" — 1) % ,
2 p(p? +mp)
i 2 2.31)
W) == o [ oy (7= 1) 5 |5
(2m)? ) (2m) P |p(p? +mp)

Following the integration, the contribution from the Coulomb term to the imaginary part is

given by (with z = p/mp)

SV, (r, T) = —2aT/ _dz (1 _ Smfr)
o (22

+1)? 27 (2.32)
= —O(T¢0(72),
and the contribution due to the string term becomes
40T [ d in 27
SV, (. T) = 02 / z : (1_sm;zr)

mp Jo z(22+1) 2T (2.33)
20 ) |

= r
m2D 0 )
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where the functions, ¢o(7) and 1y(7) at leading-order in 7* are

~2

do(7) = —% (—4 + 3vg + 3log#)

72 (=107 + 6075 + 60log(7)\ .,
JR— i O A5 )
6" ( 3600 rro)

In the limit of short distances (7 < 1), both contributions, at the leading logarithmic order,

(2.34)

wo(f) =

reduce to
SVa(rT) = —aT" log 1
a\T, = —ad — PR
> 3 & 7
20T 74 1 (2.35)
%va(’lﬂ, T) = —m—%@log (7) .

Therefore, the sum of the Coulomb and string terms provides the imaginary part of the

potential in the medium:

SV(r,T) = —T <O‘—Tz L2 ) log (1) . (2.36)

3 30m3 P

It 1s immediately evident that for short distances, the imaginary part vanishes. Further-
more, its magnitude is greater than when only the Coulombic term is considered, thereby

amplifying the thermal width of the resonances in the thermal medium.
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Chapter 3

Liénard—Wiechert potential of quarkonia
in QGP

Drawing upon the research conducted by Jobin Sebastian, Mohammad Yousuf Jamal, and
Najmul Haque, as presented in Phys.Rev.D 107 (2023) 5, 054040.

This chapter delves into the characteristics of the complex retarded potential of a heavy
quarkonium traversing a hot and dense, stationary QGP medium. Drawing inspiration from
the well-established notion of the retarded potential in electrodynamics, we extend this no-
tion to heavy quarkonium, changing the static vacuum Cornell potential through Lorentz
transformation to the static frame of the QGP. The consequent potential in the vacuum is
further refined to account for the screening effect introduced by the thermal medium. To
achieve this, the dielectric function of the static QGP medium modifies the retarded Cor-
nell potential. We present the analytical formulation of the potential, approximated under a
small velocity limit, and provide numerical results for the real and imaginary components
of the potential. Considering the relative motion of a heavy quarkonium with respect to the
static QGP medium, we move beyond the spherical symmetry assumption for the potential.
We examine the angular dependence of the real and imaginary parts of the potential at vari-
ous velocities. Our observations reveal that the potential is more responsive to temperature
when the velocity is low, while it becomes highly sensitive to velocity in the relativistic
regime. Additionally, we note that the string term weakens the screening of the potential
compared to the Coulombic part alone, both in real and imaginary cases. Finally, we ex-

plore the thermal width of quarkonia in the QGP medium, calculated using the imaginary
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part of the potential, and investigate its dependence on velocity and temperature.

3.1 Context and Objectives

In the preceding chapter, we explored the temperature dependence of the quarkonium poten-
tial. This chapter focuses on the velocity dependence of the potential for heavy quarkonia
moving in a QGP medium. Our objective is to investigate the potential in a scenario where
the QGP medium is static and uniform while the heavy quarkonia are in motion relative to
the rest frame of the medium. This scenario mirrors the situation of the retarded potential
of a moving charged particle in electromagnetic plasma or the general Liénard-Wiechert
potential in the context of QCD. The outcomes derived in this static and uniform medium
context do not necessarily directly translate to a clean suppression signal in a rapidly ex-
panding QGP. However, it serves the purpose of capturing the relative motion between
heavy quarkonia and the QGP medium, introducing a departure from the spherical symme-
try of the potential. This analysis aids in understanding the modification of the binding of
quark and antiquark pairs, subsequently influencing the survival probabilities of quarkonia
states observed in an asymmetric emission pattern in anisotropic flow.

The motivation behind this study is to explore the interplay of temperature, screening,
and velocity on the retarded potential of moving quarkonia in a static QGP medium, ex-
amining its angular dependence during motion. In this work, we establish a framework for
studying the Liénard—Wiechert/retarded potential of a heavy quark, leading to the poten-
tial for quarkonium-bound states inside the QGP. To achieve this, we express the Cornell
potential in a covariant form and subsequently perform a Lorentz transformation to tran-
sition to the static QGP frame where the heavy quark is in motion. This potential is then
modified using the dielectric permittivity of the QGP medium, revealing both the real and

imaginary parts of the retarded potential. It’s important to note that this chapter primarily
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focuses on studying chromoelectric interactions, excluding considerations of color mag-
netic field effects. Within this framework, we investigate the complete angular dependence
of the retarded potential, presenting corresponding plots in the results section. Alongside
the derivation of the analytical expression within the small velocity limit, we provide full
numerical results to assess the validity of the assumption. Furthermore, we leverage the
imaginary part of the potential to calculate the thermal width of quarkonia and explore its

dependence on velocity and temperature.

3.2 Retarded Cornell potential

Establishing a correspondence with QED aids in maintaining theoretical consistency, en-
hancing our understanding of the hot QCD medium. Particularly, the QED plasma bears
resemblance to the QCD plasma in specific cases, such as at the soft scale where the field
fluctuation is on the order of /g and characterized by a small coupling [[140]. In this con-
text, we draw upon the analogy of the Liénard—Wiechert potential from electrodynamics,
extending it to derive the retarded potential for heavy quarkonium within the QGP medium.
We commence by considering the (static) Cornell potential that governs the binding of the
quark-antiquark pair in a vacuum, expressing it in a covariant form. Subsequently, we apply
Lorentz transformations to observe how the four-potential in a particular frame transforms
into any other frame, enriching our insight into the dynamics of heavy quarkonium in the
QGP medium. The four-potential corresponds to heavy quark-antiquark interaction in its

rest frame with the Cornell potential as the scalar part is given by
Al = (—g—i—ar,O), 3.1)
r

where r = |r| is the distance from heavy quark to the field point; & = Cpa, with Cp =
(N2 —1) /2N, and o is the strong coupling constant, o is the string tension, and NV, is the

number of color degrees of freedom. The four-potential A4 in Eq. (B.1]) can be written in the
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covariant form by introducing the four-velocity ug; = (1, 0) in the rest frame of the heavy

quark. So, in the rest frame of the quarkonium, the four-potential is

«
A = [ — wU0),0 ], 3.2
b= (-5 o o) 62)

Note that 7,u¥ = r. Now, the Lorentz transformations of Eq. (8.2) to a frame where the

heavy quarkonia is moving with a velocity, v is given as

LUY r,u”

At =~ (— a +oru’,— av +ov rl,u”) ) (3.3)
where 7 = 1/4/1 — v2 is the Lorentz factor. Rewriting Eq. (8.3) in a more compact form,
one gets

AF = (—L +o (ryu”)) ut. (3.4)

(ryu”)
Here, r,, is the position four-vector from the heavy quark (¢,, z’) at retarded time to some
field point (¢, ), and u* = (1, v) with v = |v|. It is crucial to emphasize that the two
events defining r,, are linked by a signal propagating at the velocity of light. Consequently,
these events exhibit null separation, rendering r, a light-like vector. The modified form of

the Cornell potential, as indicated in Eq. (8.4), shares similarities with the Liénard—Wiechert

potential in electrodynamics, albeit lacking the string part in the latter. Now we have,
rou’ =yr—yr-v=ry(l—7r-v), (3.5)

where 7 is the unit vector in the direction of . Then the scalar potential, i.e., the zeroth

component of the four-potential, can be written as

V;/ac(r,'v) - — +”)/2O'T’(1—'IA°"U). (36)

!
r(l—7r-v)
This formalism remains valid even when the heavy quark velocity is nonuniform. The cal-

culations in this section utilize a sequence of independent Lorentz transformations, each
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executed at a different point along the trajectory of the particle. To address the scenario of
a quarkonia traversing a QGP medium, we can assume the velocity to be constant. Further-

more, if we align our z-axis along the direction of velocity, then at ¢ = 0,

r( = /22 + (1 — v2) (22 4 32). (3.7)

Here, for convenience, the heavy quark is set to pass through the origin at ¢ = 0 and uses
the fact that r* is a light-like vector. Now using Eq. (B.7) in Eq. (B.6) the retarded potential

in Cartesian coordinates becomes,

«
VR -+ )

The modified retarded potential in the medium can be accomplished in Fourier space by

Viae(, Y, 2,0) = + 2o /2 + (1 —v2) (22 +12). (3.8)

dividing the potential by the dielectric permittivity. Consequently, the vacuum potential in

Fourier space is written as

5 a 20
RO - . (3.9
o(Px: Py> P2, V) \/;<pg+pg+(1—v2)p2 [p§+p§+(1—02)p3}2> Y

In spherical polar coordinates, the above equation becomes

V,(p,v) = — 2(p2( ° - 20 2). (3.10)

T 1 —wv?cos?0)  p*(1—v2cos?h)

Here, 6 represents the polar angle in momentum space, i.e., the angle between p, and p. This
expression provides the retarded scalar potential of a moving quarkonium in the vacuum.
As pointed out before, when the charged particle traverses a thermal medium, its properties
are influenced by the response of that medium. Therefore, when a heavy quarkonium moves
through the QGP medium (which is at rest in this scenario), the associated retarded potential
will be influenced by the response of the QGP medium. Consequently, we will proceed
to discuss the modification of the heavy quark potential given in Eq. (8.10) through the

dielectric permittivity of the QGP medium in Fourier space.
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3.3 Dielectric permittivity and the in-medium potential

The medium-modified potential in coordinate space V' (7, v) is obtained [132,]136] by cor-
recting the vacuum potential with the dielectric permittivity that encodes the medium screen-

ing property in Fourier space, followed by inverse Fourier transformation, i.e.,

Vir,v) = ﬁ/d‘%p (e®" —1) %, (3.11)

where V,,(p, v) is the Fourier transform of the potential in coordinate space and €(p) is the
dielectric permittivity of the medium. Here, we subtract the »—independent terms in order
to renormalize the heavy quark free energy [[142]. The inverse of the dielectric permittivity

of the static QGP medium is given as []124],

2 2
e1(p) b pp TP (3.12)

TR, (p* +mp)*
where p = |p| and mp is the Debye mass of QGP medium obtained from the static limit of

longitudinal polarisation tensor in the high-temperature limit [143],

N; N,
mp :T\/47r0z5 (?fju?), (3.13)

where Ny is the number of flavor degrees of freedom, and 7' is the temperature of the

medium. Since the medium is assumed to be static, the Debye screening mass is only a
function of temperature, and no modification of the screening of gluonic modes is required.
We use one-loop strong coupling « as [[144,145],

_ lo2r 1
11N, — 2Ny In (A/Az75)?’

Qs (3.14)

where Ajg = 176MeV is the QCD scale fixing factor and A = 27T
To calculate the exact real part of the potential, we decompose the potential into the

Coulombic part and the string part, followed by performing separate integrations,
RV (r,v) = RV, (r,v) + RV, (r,v). (3.15)
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The Coulombic part is written as

\/7/ e o m? o
2m)32 \ p2 +m2 1 —v2cos20  p2 +m2 p? (1 —v2cos?f) |

(3.16)

There are no diverging terms in the string part integration; therefore,

Ep . 1 \F 20
= [ LD (pipr d . 1
RVo(r,v) / (2m)3 (e )p2 +m3 V 7 p2 (1 — v2cos? ) G.17)

In spherical polar coordinates,

p-7 =rp[sinOsinf cos(® — ¢) + cos O cos .

Here, the angles 6 and ¢ denote the polar and azimuthal angles in Fourier space (momentum
space), respectively, while © and ® represent the polar and azimuthal angles in coordinate
space. Given that the velocity of the heavy quark is along the z-axis, © signifies the an-
gle between the velocity v and the position of the field point ». The integration over the

azimuthal angle, ¢, can be carried out analytically, yielding:

1 [sinfdfdp | a(m3 + p*e? <s?cO Jy(prsinfsin ©))
RV (r,v) = —— 5 5 ——
p* +mp 1 —v2cos?6
20 (1 — eiProosfeos® sin f sin ©
B Gl olpr D Gy
(1 —v2cos?0)

where Jy represents the Bessel’s function of the first kind. The integration over p and 6 in
Eq. (B.18) can be computed numerically, and the real part of the potential is plotted in the
figure B.1]. Similarly, the exact imaginary part of the potential is calculated by substituting

the imaginary part of the dielectric function in Eq. (B.11]),

3 ] T 2
C\xg‘/("%v) = / (2d )1;/2 (elp"l“ - 1) ( 7;. mD2p>2
™ p-+mp
2 « 20
— ) 3.19
V7 Lﬂ(l—vQCOS?@) +p4(1 — v2cos?f)’ G.19)
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Figure 3.1: Numerical results obtained for the real part of the potential at various velocities
and angles (© = 0 (left ), © = 7 /4 (middle ), © = 7/2 (right) ).
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Figure 3.2: Numerical results obtained for the imaginary part of the potential at various
velocities and angles (© = 0 (left ), © = 7/4 (middle ), © = 7/2 (right) ).

After integrating over ¢ we obtain,
infdfd 2
W (r) = -yt [ SR |G ]
(p2 +m3)? |1 —v?cos?0  p(1 —v2cos?f)

x{l _ eipreos0eos® J iy sin @ sin @)}. (3.20)

The potentials’ real and imaginary parts are independent of ® after ¢ integration, i.e., po-
tential has axial symmetry about the z-axis. The rest of the integration is done numerically,
and the results are plotted as shown in the figure for both real (figure B.1]) and imaginary

(figure B.2) parts of the potential.
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Figure 3.3: Numerical results obtained for real (left) and imaginary (right) parts of the
potential, a comparison between Cornell and Coulomb potentials.
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Figure 3.4: Numerical results obtained for the angular variation of real (left) and imaginary
(right) parts of the potential at various velocities. Here, © is in units of radian

3.4 Potential at small velocities

The real and imaginary parts of the potential as obtained in Eqgs. (B.18) and Eq. (8.20) can

be simplified at small velocities. Considering small velocity, one can expand the V,(p, v)
in Eq. (8.10) and keep terms up to O (v?) as,

1

e © 1+v*cos’d + O (v?). (3.21)
— 2 cos
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Figure 3.5: Numerical results obtained for the real part of the potential at various tempera-
tures and velocities, a comparison.
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Figure 3.6: Numerical results obtained for the imaginary part of the potential at various
temperatures and velocities, a comparison.

This approximation is valid for the case of a quarkonia moving in the QGP medium with
a relatively small velocity. Next, we can analytically perform the integration in Eq. (3.11])
using the approximation given in Eq. (B.21)) to obtain the real part and imaginary part of the
potential. The modified form of the potential in Eq. (3.10) in small velocity limit is

2 1 %  4dov?cos? 0
V,(p,0,v) = _\Eﬁ (a + av? cos?f +p—‘27 + %) . (3.22)

Therefore, the real part of the potential at a small velocity is obtained as

RV (r,v) = / (z‘f:% (€™ — 1)V, (p, 0, v)Re[e” (p)]. (3.23)
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The integration in Eq. (B.23)) is easy to calculate in spherical polar coordinates with cos 6 =
p./p- Doing so, the real part of the potential is computed as,

P 2 2 2 Ao
%V(p,@,v)Q—M_amD_io-(l_efp)_’_i_Oé’U mp ov
P mpp mp 3 3mp
’ 2eP (1 1 3 3
704771?0 (13C052®)+W{+2<1++2>Cos29}
P p PP p P
2 2 4 2
200 (1-cos?@) + av3<1_3c052@)
mpp mpp
dov’e™? 1-3cos20 1-3cos?O
QTP CERETY o
mpp p p

where p = mpr. Atv = 0, the approximate real part of the potential in Eq. (B.24)
becomes the more familiar screened Cornell potential where the angular dependence has

also disappeared,

ae” moT 20 . 20
8%V(T)’u:o = - - —amp — 2T (1 —e P ) + m—D (325)
D

The screened Cornell potential at v = 0 further converges to the vacuum Cornell potential

asmp — Owith T — 0, we have
(6%
RV(r)lymgrmg = = + 07 (3.26)

Similarly, the imaginary part of the retarded potential in the small velocity approximation

can be obtained as,

SV(r,v) = /(;i% (e®" — 1)V, (p, 0, v)Im[e" (p)]. (3.27)

After performing the ¢ and the € integration, we obtain the following results for the imag-

inary part of the potential. For the static case, the potential is isotropic, and it is obtained

as
Vi, = _QQT/ ;2 {1 _ W} d
(22+1) mprz
0
B 402T /oo dz : [1 B sin(mDrz)] 7 (3.28)
mp Jo z(z2+1) mprz
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where z = p/mp. In the small velocity limit, the imaginary part of the potential can be

expressed as [136,[146]
SV = A(r,T,v) + B(r,T,v) cos(20). (3.29)

In general, one can proceed with any angle © and evaluate the integration over p numeri-
cally. Here we are showing the results for © = 0 (parallel case) and © = 7 /2 (perpendicular

case) in a small velocity limits as

2 OO d 4 o d
SV (v, r) = SVio + 20T g/ 0% 5+ 02 / © 5
3 3Jo (22+1) mp® Jo z(22+1)

o [y 3sinpz) _ 6eos(pz) | Gsin(es)] o0
pz p*z? pie

and

2 e d 4 e d
%VJ_ (Ua T) = SVviso + _U2T g / =0z 2 + 02 / & )
3 3Jo (22+1) mp® Jo z(22+1)

X [1 + 3°°2S(§Z) - 35”;(?2)} . (33D
P22 P2

Therefore, we can write

A(r, T,v) = [SVI(v,7) + SV (v,7)] /2 (3.32)
and

B(r,T,v) =[SV (v,7) = SV* (v, 7)] /2. (3.33)

It is evident from Eq. (8.30) and Eq. (B.31]) that at v = 0, the approximate imaginary part
of the potential will contain only the isotropic part given in Eq. (8.28), which also vanishes
in the vacuum as 7" — 0. That means only the Cornell potential given in Eq. (B.1]) remains

after taking the limit v — 0 and 7" — 0, the original potential we started with.
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3.5 Thermal Width

The thermal width of the quarkonium resonant state can be investigated using the imaginary
part of the potential. Assuming the imaginary part of the potential as the perturbation to
the vacuum potential, we calculate the thermal width in the first order of perturbation, as

outlined in previous studies [[133,]147,148]
Loo(v) = —(¥ISV (v,1,0)|¥), (3.34)

where U(r) represents the wave function of the quarkonium bound states. Considering
that the dominant contribution to the potential for deeply bound quarkonium states in QGP
is Coulombic, the hydrogen atom wave function serves as a suitable approximation for
calculating the thermal width of quarkonium-bound states. Consequently, the quarkonium
wave function in the QGP frame is given by ground state hydrogen atom wavefunction [[141]

as

1
U(r) = e/, (3.35)

Vrag

where ¢ = ry/1 + % is due to the Lorentz transformation of the wave function, ag =

2/(Crmgua) is the Bohr radius corresponds to the quarkonia and my is the quark mass.
Note that one can get the exact wave function solving the Schrodinger equation with the
real part of the potential (B.1§), and we intend to do that in the near future. Substituting
Eq. (B.39) in Eq. (B.34) gives

1
Loo(v) = “rd dPre 210V (r,v,0). (3.36)

Here, we obtain the exact results using full imaginary potential given in Eq. (8.20) as

2m3T i
Loo(v) = m? /dr dOr?sin© 6_2‘1/a0/—51n9d9dp2
%o (p® +m2)
ap 20
: 3.37
8 {1_1’200529+p(1—02c0529)2} (3.37)
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Figure 3.7: Decay width of the J/¢(1s) and T(1s) with velocity (left) and temperature
(right).

Graphs depicting the thermal width of charmonium and bottomonium ground states are
presented, showcasing their dependence on temperature and velocity. The derived expres-
sion serves as the basis for these plots, and a detailed discussion follows in the subsequent

results sections.

3.6 Results and discussions

The heavy-quarkonium potential in the QGP medium is studied analytically and numeri-
cally with respect to various parameters, primarily the quarkonia velocity and angular de-
pendence. The thermal width of the quarkonium ground state is obtained, and its depen-
dence on velocity and temperature is studied. The illustration of results in various plots
used different temperature 7' = 1.57,, 2T,, and 2.5 7T, where the crossover temperature,
T. = 0.155 GeV. The number of quark flavors Ny = 3 and ¢ = 0.18 GeV?. The tem-
perature dependence in the potential arises through the strong coupling («), the dielectric
function ¢(p), and Debye mass (mp).

Figure shows the variation of the real part of the potential with distance r at angle
© = 0 (left), © = 7/4 (middle), and © = 7/2 (right) and temperature 7" = 1.5 T.. We

can observe that the potential and its variation are different in all three directions. Initially,
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the potential increases sharply and then saturates as the distance increases. The potential
decreases with an increase in velocity at a very short distance, whereas at a large distance,
the potential increases as velocity increases; this switching is more noticeable in the © =
7/2 case in Fig. B.1|. At small velocities, the deviation of the potential from the static case
(v = 0) is very small, but as the velocity becomes very high, a rapid shift in potential is
observed. As distance r increases, the potential becomes positive, and this sign flipping
happens quickly as velocity increases. This means the negative potential region is less for
fast-moving heavy quarks, and the probability of quarkonia formation is less. Also, as
we move from © = 0 to © = 7/2, the potential becomes positive rather slowly. Similarly,
Fig. B.2 shows the imaginary part of the potential against r at the same parameters mentioned
above. The imaginary potential is always negative, as expected, and its magnitude increases
as velocity increases. The quarkonium potential is more sensitive to the velocity along the
direction of motion, i.e., at © = (.

Figure illustrates the comparison between Cornell and Coulomb potential (¢ = 0
case) along the heavy quark’s motion direction. Both the real and imaginary parts of the
Coulomb potential have nominal dependence on velocity, whereas the string part of the
potential has substantial dependence on velocity from static to relativistic case. This implies
the velocity dependence of the Cornell potential is almost solely due to the string part of
the potential.

Figure B.4 shows the angular dependence of the real (left) and imaginary (right) part of
the potential at r=1fm and 7" = 1.5 T, respectively. Both parts are symmetric about the
plane containing the particle and perpendicular to the direction of motion. It is interesting
to note that velocity dependence is most prominent along the direction of the velocity of
heavy quarks for both real and imaginary parts of the potential. There is little variation in
potential at low velocities, but as velocity increases, the spherical symmetry breaks down,

leading to an increase in anisotropy. The real part is minimum, and the imaginary part is
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maximum at © = 7 /2 direction. Therefore, the quarkonia are most likely to be oriented in
a plane perpendicular to its direction of motion.

In Fig. B.5, we have made a comparison between velocity dependence and temperature
dependence of the real part of the potential. It is interesting to note that the effect of velocity
decreases with an increase in temperature in the case of the real part of the potential, espe-
cially at © = 0, i.e., the variation of potential with change in velocity is more at 7' = 1.5 7.,
than 7' = 2.5 T,.. In comparison to the static case, v = 0, the potential changes more at
finite/high velocity with temperature. Our results show that the velocity dependence of the
real part is as important as temperature dependence. Similarly, in Fig. B.6, we compare
velocity dependence and temperature dependence of the imaginary part of the potential.
The potential variation with temperature at different angles and velocities is more or less
the same. The potential changes rapidly along the direction of motion © = 0 of the heavy
quark than the perpendicular direction © = 7/2. Our results show that the heavy quark
velocity and the medium temperature highly influence the quarkonium potential.

Figure 3.7 shows the variation of the thermal width with velocity (left) and temperature
(right) of charmonium (.J/V¥) and bottomonium (') ground states. Even though the mag-
nitude of the imaginary part of the potential increases with velocity, the thermal width de-
creases with velocity due to the phenomenon of time dilation. Note that the thermal width
obtained here qualitatively agrees with the thermal width calculated in Ref. [[133]] within
the real-time formalism using the hard thermal loop approximation and also with results in
Ref. [[147] at the leading order in perturbative QCD. The width increases with temperature
for both the charmonium and bottomonium states. The mass of the charm quark (taken
M, = 1.27 GeV) is less as compared to the bottom (taken M, = 4.18 GeV), one can notice
that the thermal width of J/W is higher than T for the same parameters. This preserves
the fact that the lighter bound state, i.e., cc dissociates faster than the comparatively heav-

ier one. The results clearly demonstrate the relevance and trends of velocity dependence
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though the calculations used approximations and are only valid for deep-lying bound states
corresponding to low temperatures. For the proper computation of the width, one must
solve the 3D Schrodinger equation including both the real and imaginary parts and solve

for the imaginary part of the eigenvalues.
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Chapter 4

Quarkonia in QGP and magnetic field

Drawing upon the research conducted by Jobin Sebastian, Lata Thakur, Hiranmaya Mishra,
and Najmul Haque, as presented in Phys.Rev.D 108 (2023), 094001.

This chapter explores the computation of the complex potential for heavy quarkonium
in the context of relativistic heavy-ion collisions with an accompanying magnetic field.
Initially, the one-loop gluon polarization tensor is derived using the Schwinger proper time
formalism in Euclidean space, assuming a constant and homogeneous external magnetic
field. With the obtained gluon polarization tensor, the gluon propagator is calculated, facil-
itating the determination of the dielectric permittivity in the presence of the magnetic field.
The modified dielectric permittivity is then utilized to compute the complex potential for
heavy quarkonia.

The results demonstrate the anisotropic nature of the heavy quarkonium potential, which
depends on the angle between the Q@ dipole axis and the direction of the magnetic field.
The chapter thoroughly discusses how the heavy quarkonium potential is influenced by the
strength of the magnetic field and the angular orientation of the dipole. Additionally, the
magnetic field influence on the thermal widths of quarkonium states is analyzed. Finally,
the chapter examines the limitations of the strong-field approximation commonly employed
in the literature related to heavy-ion observables, considering the nominal effect of the mag-

netic field on the quarkonium potential.
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4.1 Context and Objectives

The presence of nonequilibrium effects, such as momentum space anisotropy due to vis-
cous effects, bulk viscosity, moving medium, and magnetic fields [[158,]159,]161-169,220],
can significantly impact the screening phenomenon, leading to in-medium modifications
of quarkonium properties. Over the past decade, the properties of strongly interacting
matter have garnered considerable interest, particularly in the presence of magnetic field
backgrounds. Noncentral heavy-ion collision experiments at RHIC and LHC can gener-
ate a robust magnetic field normal to the reaction plane [82, 90, 91}, 93, 170], motivating
numerous phenomenological studies. These investigations have revealed novel phenom-
ena, including magnetic catalysis [171-173], inverse magnetic catalysis [[174 [175], chi-
ral magnetic effects [[176-181], splitting of open charm directed flow [83, 182-{184], and
modifications in the properties of heavy quarkonia and dynamics [|185,]187-197]. The po-
tential models have proven successful in describing quarkonium properties in both vac-
uum and medium conditions [[112,198-200]. The Cornell potential effectively captures
quarkonium states, incorporating both perturbative Coulombic and nonperturbative confin-
ing terms [|108,109]. The emergence of an imaginary part of the potential in the presence
of the medium [[77,[124, 201-205] has prompted investigations into the heavy quarkonium
complex potential [142,206-210]. While lattice QCD has examined the real part of the
quarkonium potential in a magnetic field background in both the vacuum and at finite tem-
perature [211,212], as of now, no lattice QCD study has explored the imaginary part of the
heavy quarkonium potential.

This study aims to investigate the heavy quarkonium complex potential in the presence
of a general magnetic field without imposing any restrictions on its strength. Previous exam-
inations of the heavy quarkonium potential in magnetic fields focused on weak and strong

field regimes [[186—188]. A recent study by Ghosh et al. [[185] considered the modification
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of the imaginary part of the potential in the presence of a general magnetic field, demon-
strating anisotropic behavior without discussing the real part. In this work, we compute
both the real and imaginary parts of the complex heavy quarkonium potential in a constant
magnetic field of arbitrary strength. Our approach utilizes the Schwinger proper time for-
malism to investigate the impact of an external constant magnetic field on both parts of the
potential [213]. Additionally, we explore the effect of an arbitrary magnetic field on the
thermal widths of heavy quarkonium states. This analysis is crucial as it considers the mag-
netic field generated in heavy-ion collisions, which may not necessarily be weak or strong

compared to the temperature.

4.2 Permittivity in the presence of magnetic field

In this section, we develop the formulation for the dielectric permittivity under the influence
of an arbitrary magnetic field—an essential component for calculating the in-medium heavy
quarkonium potential. Initially, we conduct computations for the gluon self-energies and

propagators, considering the impact of the arbitrary magnetic field.

4.2.1 Gluon self-energy in an arbitrary magnetic field

In the subsequent discussion, we revisit the calculation of the longitudinal component of
the gluon self-energy at the one-loop level, following the approach outlined in Ref. [213].
We extract the longitudinal component of the gluon self-energy and propagator in the static
limit, which corresponds to determining the Debye screening mass and gluon propagator in
this limit. To set the context, let’s consider a charged particle with charge ¢y and mass m

in the presence of an external, constant, and homogeneous magnetic field aligned along the
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z-direction (B = BZ). Here, we choose the symmetric gauge; therefore, we have

Ay(x) = —x, As(xz)=0. 4.1)
In coordinate space, the fermion propagator, as introduced by Schwinger, is given by [214]
S(z, ') = " AN §(x — o), (4.2)

where the phase factor, ®(x, 2') = e**"4«(*")_ does not contribute to the gluon self-energy
with this particular choice of the gauge Eq. (B.1)); the self-energy is written in position space

as follows
Il (z,2") = —g* tr [y*s (z,2") 7"s (2, 7)] . (4.3)
Therefore, we can write
11 (z,2') = —g?ell®@s)eE )] [7“§ (x —a")yS (2" — )] . (4.4)

If the quark flavor f running in the loop remains the same, then ®(z,z’) + ®(z’,x) = 0.
Noting that IT (x, ') is translation invariant, one obtains II (x, z") = I (z — ). Here, we
note that for any closed fermion loop, the phase factor cancels, making the gluon polariza-
tion tensor a translation invariant irrespective of the choice of the gauge. Therefore, it is
sufficient for our study to work with the translation invariant part of the propagator.

The Fourier transform S (k) of the translational invariant part of fermion propagator

S (x — 2’) in the proper time formalism is
S(k) = / " s ¢G5k wnllay Bls)lay Bl
0
x{ (koyo — ksys +m)[L + yyetan(|qsBls)] — kiyo [l + tan®(|g; Bs)]},  (4.5)

where k; = (kq, ko) is the transverse momentum. For the finite temperature case, we

note that the bosonic Matsubara modes w,, = 2n7T" and fermionic ones w; = (21 + 1)77,
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respectively. The fermion propagator, in Euclidean space (ko = iw;) along with s — —is

as followed in Ref. [213[], becomes
Si(k) = —i /OO ds e—slo7+k3+k2 tanh(|q; Bls)/|qy Bls+m?]
0

X {(—@174 — ksys +m)[1 — iy tanh(|grBls)] — iy [l — tanh2 (lgrB|s) } (4.6)

where k = (ky,k3) and v,(p = 1,2,3,4) are the Euclidean gamma matrices satisfy the
anticommutation relation {~,,, 7, } = —2d,,.
Based on the fermion propagator Eq. (#.6), one can obtain the quark-loop contribution

to the one-loop gluon self-energy in the presence of a magnetic field as

o0

1" (p, B) = Z / o tr{v“gz(k)v”gz_n(k—p)} +Q"(p), &7

where, with p = |p| and Q" (p) is the “contact” term, which cancels the ultraviolet diver-
gences and is independent of both the temperature and magnetic field. Our focus now lies
on determining the longitudinal component of the gluon polarization tensor. This specific
component is crucial for subsequent calculations involving the dielectric permittivity and,
consequently, the in-medium heavy quarkonium potential. The longitudinal component of
the quark contribution to the one-loop gluon self-energy is obtained after integration over

k [213].

H44 o (wWn,p, B) = 3/2qu/du ul/Q/dv Z

l=—00
Pl COSh(QfBUU) - COSh(QfBU) 2 2, 1 2\(, 2 4 22
_ W24 2(1—
< exp {qu Ao udm+ W+ 2(1 =)k + 1)

y p? cosh(qsBuv) — ycoth(quu) sinh(gsBuv) 1 coth(g; Bu)

2 sinh(qrBu) u

1

X <1 —2uW? + EuvanVl —u(l— v%pé)} + Q*(p), (4.8)

where W), = & — [(1 — v)/2]w,. The contact term Q*!(p) is independent of temperature
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and magnetic field and hence can be obtained as both 7" and B approaches zero.

By employing Poisson resummation, it is possible to separate the temperature-independent
and temperature-dependent components of the longitudinal polarization tensor [213]]. Since
our focus is on investigating the influence of the magnetic field on the medium’s heavy
quark-antiquark potential, we exclusively address the temperature-dependent portion of the
gluon self-energy. The temperature-dependent segment of the longitudinal polarization ten-
sor in the limit of massless quarks is then discussed.

2 00 1
1 (wn, p, B) = — J qB/ du/ dv —1)!
7q( ) ; (47)2 f ; . Z( )

I>1

2

p1 cosh(qrBu) — cosh(¢fBuv) 1 N } _

_ —_— - ]_ — 4 2u
<o | 4B 2'sinh(q; B u) (=) (4 e) Jerm
cosh(qsBuv) — v coth(gsBu) sinh(q;Buv)
In(1— i
X [COS(?T n(l—v)) {pL Sinh(g; Bu)
th(q;B 12
+p; (1 —2?%) COth(quu)} _ coth(gsBu) {T2 cosmin(l —v) — 2w lnvsinwin(l — v)} } :
u u

(4.9)
After evaluating the sum over [, the above Eq. (4.9) in the static limit becomes

11,(0,p, B) = 11} (p, B),

= zf: 33; qrB /OOO du /_11 dv exp [—ip:%U(l —v%) - qui% COSh(quBS?ih_(qj(Ez()quw)]
X [4 coth g Bu 861194(0, e_ﬁ) + (1 — 4 (O7 e‘ﬁ))
X {pim + coth(¢ Bu) <p§ —pjv? —plo m> } ] : (4.10)
where 1, is the Jacobi Theta function and obtained as
i(—l)le‘“lz = % [04(0,e7) — 1] . (4.11)

=1
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In spherical polar coordinates, Eq. (#.10) becomes
2 00 1
L _\9uB
Hq(p,B)—; 392 /0 du/_ldv

« oxp | PP00s” Qu(l —v?)  p®sin®6(cosh(qy Bu) — cosh(q; Buv))
4 2 ¢y B sinh(qsBu)

0 1 .
% [4 coth(gs Bu) 87194(()7 e 4T12u) + {p2 sin® @ cosh(qf Buv)csch(qy Bu)
u

2 2901 2y o2, Sinh(grBuv) _ -1
+p* coth(qrBu) <cos 6(1 —v°) —v sin“ 0 sinh(q; Bu) (1 V4(0, e a7 )) .
(4.12)
Here the coupling constant g depends upon magnetic field, i.e., g?(A?, B) = 4ma (A%, B),
where «; is the one-loop running coupling constant in the magnetic field background as

followed in [215,216]

s(A?
0n(A%, [eB]) = B @.13)
b (A%) In (45
and the one-loop strong coupling in the absence of any magnetic field is
9 1
as(A*) = ——— (4.14)

where b; = % and Ayg = 176 MeV for Ny = 3. Here we take A for quarks as
Ay, = 2m+/T? + 12 /7? and for gluons as A, = 277T". We take the zero chemical potential
(1) here. The quark loop contribution to the gluon self-energy, II/(p) for B = 0 case can

be written as

3¢ [ kdk (p? — 4k?) p—2Fk
i (p) = — 2 1 . 4.15
Q<p> 277'2/0 ek/T+1X|: + Qkp 0g p+2]€ ( )

The magnetic field dependence only comes through the quark loop contribution to the gluon

self-energy, as gluons do not interact with the magnetic field. Therefore, the gluon contri-

bution to the self-energy remains the same as without the magnetic field.

L 2 w w+p W 2 2
Hg (W,p) = ng |:1 — 2—ph'l (u)——p) +Z7T2—p@(p — W ) s (416)
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where m3, = CENe with ¢ = dma, (A?) with o, (A?) defined in Eq. (B.14).
The above equation (#.16) can be rewritten in terms of real and imaginary parts as

R (w,p) = m%g[l_im (w_ﬂ?)]

2p w—p

Sﬂg(w,p) = mDQ%@(pz—oﬂ). (4.17)

The total longitudinal component of gluon self-energy is the sum of the gluon and quark
contribution

1" (wy, p, B) = I} (wn, p) + I (wn, p, B), (4.18)

which can be written in terms of real and imaginary parts. We compute the gluon self-
energy’s real and imaginary parts in the static limit (w — 0). The real part of self-energy
reads

RIL*(w, p, B) = R (w, p) + R} (w,p, B), (4.19)

and the imaginary part of the self-energy STI reads
L _ 7Tl L
ST (w, p, B) = S (w, p) + ST, (w, p, B). (4.20)
The imaginary contribution from the quark loop can be obtained by using the identity

1
%Hiq(wn, p) = — lim Hg(wn + g, p) — Hg(wn —ig,p)|. (4.21)

7 e—0

Further, we compute both the real and imaginary part of the longitudinal component of the
gluon propagator using the gluon self-energy. The spectral function approach, as defined

in Ref. [[139], is used to obtain the imaginary part of the gluon propagator as

D (w,p) = —7(1 + e )AL, (4.22)
where Al is defined as
1 ePv
AL —— L . 4.23
(w.p) = — P (@.p) (4.23)
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The spectral function p” can be expressed in the Breit-Wigner form as

ST (wp, p, B)
(2 — RIIE(w,, p, B))? + ST (w,,, p, B)*

p"(wn,p, B) = (4.24)

where p = |p|. After substituting Eq. (#.24) in Eq. (#.22), we obtain the longitudinal
component of the gluon propagator, D in terms of real and imaginary parts. In the static

(w — 0) and massless light quark limit, we obtain

—1 inT 11X (p, B)

DY(p.B) = .
.5 = . B) T i (. B)?

(4.25)

Using the gluon propagator, we obtain the dielectric permittivity as [[136 141}, [186]

p2 ' D HL

~1 o
e (p,B) = LTI — 'mT—(p2 T

(4.26)

where I1* = I1*(p, B).
We use the dielectric permittivity expression (#.26) to compute the in-medium heavy quarko-

nium complex potential in an arbitrary magnetic field.

4.3 In-medium heavy quarkonium potential

This section is dedicated to deriving the in-medium heavy quarkonium potential, incorpo-
rating the effects of a magnetized thermal medium. It is worth to note here that quarkonium
states do not have a conserved center-of-mass momentum in an external magnetic field.
Instead there is a new conserved quantity called the pseudomomentum which takes into
account the Lorentz force on the particles in the system [219,220]. The correction to the
Cornell potential in Fourier space is achieved by multiplying it with the dielectric permit-

tivity, as previously computed [[132,]133,141]].

d3 i 1% orne
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where Viomen (p) is the Fourier transform of the Cornell potential Viomen (1) = —a/r + o r,
which is given by
2 « 20
VCorneH(p) = P 2 e (428)
TP TP

where a and o are the strong coupling constant and the string tension, respectively. Here
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Figure 4.1: The real part of the potential as a function of the separation r between the quark
and antiquark for © = 0 (left) and © = 7 /2 (right) at ' = 170 MeV.

0.0 [T =170MeV.O =0] 0.0 [T =170MeV.0O = /2 |

J[V][GeV]

Figure 4.2: The imaginary part of the potential is depicted as a function of the separation r
between the quark and antiquark for © = 0 (left) and © = 7/2 (right) at 7" = 170 MeV.

we take « = 4/3 o, (A%, B) and o = 0.18 GeV? and €(p) is the dielectric permittivity, which
is defined in Eq. (#.26). After substituting Eqs. (#.26) and (#.28) in Eq. (B.11]), we obtain

both the real as well as imaginary part of the potential, which contains both the perturbative
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Figure 4.3: The complex potential is shown as a function of magnetic field strength for
different values of © when » = 1 fm and 7" = 200 MeV. The left panel illustrates the
variation of the real part of the potential, while the right panel displays the variation of the
imaginary part of the potential.

Coulombic and nonperturbative string terms. The real part of the potential can be written

in terms of Coulombic and string terms as
RV (r,T,B) = RV.(r,T, B) + RV, (r,T, B), (4.29)

where the Coulombic term is

WL T B) = - [ dtp| - 1 (4.30)
e\t T or2 p p2 + IIL p2(p2+HL) ) )
and the string term reads
o [d’p . 1
RV,(r,T\B)=—— [ —=(P" = 1) 5—=~. 431
=5 [ T V) 3D

Here p - v = rp[sinfsin© cos(¢ — @) + cosf cos O] and the angles () and ¢(P) are
polar and azimuthal angles in momentum (coordinate) space, respectively. After integrating

over the azimuthal angle, we obtain

o
RV (r,T, B, ©) :—%/%[(am_zw

X (ap? +20)ePres05O I (1 sin 0 sin @)] , (4.32)
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where J, is the Bessel’s function of the first kind.
Similarly, we compute the imaginary part of the quarkonium potential. The imaginary

part of the potential is given by

SV(r.T,B) T/ &p (e — 1)ITEp {04 2_0] . 433)

2r (2 +10E)? |p? P
After integrating over the azimuthal angle, we obtain
sinf do dp U

SV (r,0,T, B) = —T/—2
(p? +11F)

2 .
[ap N _"} {1 000 1y prsin g sin ) |
P
(4.34)

We numerically solve the real (#.32) and imaginary (#.34) parts of the potential. In Fig. .1,

Bottomonium

Charmonium

0.8 .~
K
— 0.67,
> --=eB=0
—eB = 15m12(

Q

o

o 0.4+
0.2

02} > ]
i % — J/%(18)
—T'(29) —'(29)
0.0c . . . T 0.0t ‘ ‘ ‘ : -
0.2 0.3 0.4 0.5 0.2 0.3 0.4 0.5
T[GeV] T[GeV]

Figure 4.4: The thermal widths of bottomonium (left) and charmonium (right) states as
functions of temperature at B = 0 and 15m? are presented.

we plot the real part of the potential as a function of separation distance r for different
magnetic field strengths eB. The left panel shows the QQ dipole axis alignment along the
direction of the magnetic field (© = 0), whereas the right panel shows its perpendicular
alignment with respect to the magnetic field (© = 7/2). We find that the real part of the
potential becomes flattened with the magnetic field due to an increase in screening with B.
The effect of screening is seen to be slightly higher in the perpendicular case than along the

direction of the magnetic field.
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In Fig. #.2, we plot the the imaginary part of the potential for © = 0 (left) and © = 7/2
(right) for the different values of the magnetic field. The imaginary part of the potential
shows different behavior at smaller and larger r; it increases with the magnetic field at
smaller r and decreases in magnitude with the increase in the magnetic field at larger 7.
The decrease in magnitude with the magnetic field is observed to be higher for © = 7/2
compared to © = (. Note that the magnetic field dependence is insignificant for the poten-
tial, especially in the range eB = 0 to e B = 15m2.

Figure 4.3 shows the potential’s real and imaginary parts as a magnetic field function
for different © values at » = 1 fm. We observe that the real part of the potential varies in
response to a magnetic field at different rates according to direction. The magnetic field
dependence is found to be maximum in the © = 7/2 direction and minimum along the
direction of the magnetic field, which establishes the anisotropy of the potential in the mag-
netic field. The magnitude of the imaginary part of the potential initially increases with the
magnetic field and decreases as the field intensifies. While both components of the poten-
tial exhibit some dependence on the magnetic field magnitude and angle, this dependency
is relatively weak.

The next section utilizes the imaginary part of the potential to derive the thermal widths

of the quarkonium states.

4.4 Thermal Width

In this section, we calculate the thermal widths of the quarkonium states by treating the
imaginary part of the potential as a perturbation of the vacuum potential. The decay width,

I'gg, for the quarkonium states is computed as [[141},142]

Loo(T, B) = —((r)|S Voa(r, T, B,O©)[y(r)), (4.35)
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Figure 4.5: Thermal widths of bottomonium (left) and charmonium (right) states as a func-
tion of magnetic field for 7' = 170 MeV and 250 MeV.

where 1)(r) is the unperturbed Coulombic wave function. The use of Coulomb wave func-
tions is justified as the leading contribution to the imaginary potential for a deeply bound
heavy-quark state is Coulombic. The wave functions for the ground and excited states are

expressed as

1
_ —r/a
vrslr) = (ﬂag)l/Qe K
1 r
. _ 9 | ¢ /a0 4.36
¢2 (T) 4(271'@8)1/2 ( CL()) e ’ ( )

where ag = 2/Cpmga;, is the Bohr radius of the QQ system and my, is the heavy quark
mass. After substituting Eqs. (#.36) and (4.34) in Eq. (#.33), we obtain the thermal width

of the quarkonium states for the ground state as

1

I',(T,B) = —— dPre 23V (r, T, B, 0),
0
2T in6 do d 2
= = [ drdor?sin@c 2w / 7D 1k [ozp%——a}, 4.37)
ag (p* +117) p

and for the first excited states (25) as

T 2 infddod 2
oy(T, B) = —3/drd@r2 sin@ (2 - = er/aO/Sm—pQHL ap+ 22| (438)
1643 a (p? + I1L) p
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We numerically compute the thermal widths of the ground (4.37) and excited (#.38) states
of the bottomonium and charmonium states. In Fig. .4, we present plots of the thermal
widths of the ground and first excited states of bottomonium (on the left) and charmonium
(on the right) as a function of temperature for both eB = 0 and e B = 15m?2.

It is observed that the thermal width increases with an increase in temperature, as an-
ticipated. The magnetic field effect is more pronounced on the first excited state than the
ground state for both the bottomonium and charmonium states. The effect of the magnetic
field on the imaginary part of the potential is more significant due to the larger size of the
excited states. Hence, the excited states are more sensitive to the magnetic field than the
ground state. Figure @.5 illustrates the variation of thermal width with the magnetic field at
different temperatures for bottomonium (left) and charmonium (right) states. We find that
the thermal widths are more sensitive to the magnetic field at lower temperatures than at
higher temperatures. The magnetic field effects decrease with the increase in heavy quark
mass and decrease in the size of bound states. It can be concluded from the figures that the
magnetic field has only a negligible effect on the thermal width compared to the tempera-

ture.

4.5 Strong field approximation

In this section, we compute the longitudinal component of the gluon self-energy in the
strong magnetic field approximation (7" < +/|eB|). In the strong magnetic field limit

(|leB| — 00), the fermion propagator [Eq. (4.6)] for massless case becomes

Si(k) = —z’/ ds e CHRSTRL s Blel (g, — kigys)[1 — iy,
0
k2 /jgsB| WYt k373[ o
= e —5 3L — i, (4.39)
OF + k3

which is similar to the expression for the fermion propagator computed for the lowest Lan-

dau level approximation in Refs. [217,218]. In |eB| — oo limit, the temperature-dependent
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Figure 4.6: The real part of the potential as a function of r is plotted on the left side for
an arbitrary (black solid) and strong magnetic field approximation (red dashed) at 7" =
170 MeV and © = 0. The right side depicts the same potential as a function of e at
r = 0.5 fm.

part of the longitudinal component of the gluon self-energy (#.9) reduces to the dominant

term as

2 2
L R (4sB)
Hq<wn7p7B> - - (471')2 T2
1

X / dve Z(—l)(l“)ﬁe’d/“ cosmin(1l — v), (4.40)
-1

>1

oo
e_pi/2qu/ d_u
0

u2

where ¢ = (1 — v?)(p3 + w?)/(4¢;B) and d = [*q; B/4T?. The integration over u can be

done analytically using the relation

o
/ u—qjeﬂ*d/u - 2\/§K1(2\/cd). (4.41)
0

Here K, (z) represents the modified Bessel function of the second kind. Therefore, the

longitudinal component of the gluon self-energy (#.40) for the strong magnetic field ap-
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proximation in the static limit (w,, — 0) becomes

L g QfB —p2 /2¢4B (l+1
I (p. B Z g€ TPy (-1
>1
l
x /dvlpgx/l—UQKl (%\/1—1}2). (4.42)

-1

Further, we compute the Debye screening mass from Eq. (8.9) in the limit p — 0, for the

regime where 7' < VeB

2 — —_
B 2 2
_ g’ quTz / au cothquuZ l+1l2€—l J4uT 7
8 >1
9°asB
= 1 7:2 . (4.43)
In the absence of a magnetic field, the Debye screening mass becomes
1 2 2
2 T = -C 2T2 l+1l2 -l /4uT
mp(T) 3-AY T Z )
l>1
1
= gCAg2T2 + 6Nfg2T2. (4.44)

The longitudinal component of gluon self-energy in strong field approximation obtained in
Eq. (#.42) can be substituted in Eq. (B.11]) to study the behavior of quarkonium potential in
the strong field approximation. In Fig. .6, we show the effect of arbitrary magnetic fields
and the strong field approximation on the real part of the potential. We find that the real
part of the potential is more suppressed in the case of an arbitrary magnetic field compared
to the strong field approximation due to larger screening in an arbitrary B. It is evident that
the potential with the approximation differs significantly for large magnetic field magni-
tudes from the exact potential, and this difference gradually reduces as the magnetic field
increases. Hence, we can conclude that the strong field approximation is invalid, and one

should consider the general case when studying the properties of quarkonium states.
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Chapter 5

Summary and Conclusions

The QGP produced in heavy-ion collisions undergoes a hydrodynamic expansion, cools
down, and eventually transforms into hadron gases. Since the final observables related to
hadrons provide insights into the entire evolution of the system, it is crucial to develop
comprehensive dynamic models that can accurately describe each stage of these collisions.
The standard methodology for modeling heavy-ion collisions involves an initial-state model
followed by applying hydrodynamic expansion and, subsequently, a hadronic cascade. This
methodology ensures a holistic understanding of the complex processes occurring during
heavy-ion collisions, allowing researchers to interpret experimental results and gain deeper
insights into the behavior of matter under extreme conditions. The QGP produced in these
experiments is distinguished by its remarkably compact dimensions, typically 10fm, and
its exceedingly transient nature, with a fleeting existence of just around 10723 S. Given the
exceptionally brief persistence of the QGP medium that emerges in high-energy heavy-ion
collisions, it presents a formidable set of challenges for quantitative property analysis.
Due to the higher masses, quarkonia are mostly created at the very early stages after
the collisions and behave more or less as an independent degree of freedom while passing
through the various phases of the created matter. However, they are slightly affected by
the QGP medium while passing through it, resulting in distinctive signatures in their final
yields observed at the detectors. In the context of this thesis, it is important to highlight that
the investigation of heavy quarkonia serves as one of the initial and pivotal signals proposed

for scrutinizing the QGP generated through heavy-ion collisions. In the realm of quarko-
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nium research, potential models have exhibited remarkable success in characterizing these
particles, whether they exist in a vacuum or within a medium. At the forefront of these
models is the Cornell potential, as detailed in references [10§,[109]. The Cornell poten-
tial, endowed with both perturbative Coulombic and non-perturbative confining elements,
offers a robust framework for accurately describing quarkonium states. Furthermore, the
advent of an imaginary component in the potential has catalyzed investigations into the
intricate domain of complex potentials governing heavy quarkonium [[77, 124]. Beyond
these technical merits, Cornell potential has played an indispensable role in advancing our
comprehension of various aspects of heavy quarkonia.

This thesis investigated two significant scenarios that could lead to anisotropy in the
heavy quarkonium potential. These scenarios arise from the relative motion between the
quarkonium and the QGP medium and a strong magnetic field in the noncentral collision
that is normal to the reaction plane. In the rapidly expanding QGP, the dynamic Debye
screening of heavy quarkonium is important as the quark-antiquark potential depends on
the velocity of the quarkonia in the medium. This is the motivation to study the veloc-
ity dependence of the potential and the modifications of quarkonium-bound states, which
becomes relevant in a relativistically expanding medium. The velocity dependence was
brought into the picture through the concept of retarded potential. The thesis undertook
a comprehensive analysis of the effects of temperature, velocity, and screening on the re-
tarded potential of moving quarkonia in the static medium of QGP, including its angular
dependence during motion. Additionally, the study utilized the imaginary part of the po-
tential to estimate the thermal width of quarkonia and explored its dependence on velocity
and temperature. Another significant aspect addressed in the thesis was the influence of a
magnetic field on the heavy quarkonium complex potential, allowing for a general magnetic
field without restricting its strength. Through the Schwinger proper time formalism, the re-

search investigated the impact of an arbitrary magnetic field on both the real and imaginary
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parts of the complex heavy quarkonium potential, along with a discussion on its effects on
the thermal widths of heavy quarkonium states.

In Chapter [, the study focused on the potential of a moving heavy quarkonium in a
static QGP medium. Initially, the retarded potential of a uniformly moving heavy quark
in the vacuum was derived, drawing an analogy to the Liénard-Wiechert potential in elec-
trodynamics. This involved performing Lorentz transformations on the static potential to
express its form in a boosted frame. Subsequently, the velocity and angular-dependent po-
tential were adjusted to incorporate the screening effect of the QGP medium. This adjust-
ment was made through the medium dielectric permittivity, resulting in a complex potential.
The chapter presented both exact numerical results and derived analytical expressions in the
small velocity limit for both the real and imaginary parts of the potential. Various param-
eters, including the distance between quark-antiquark, temperature, velocity, and angular
dependence, were explored through plots illustrating the potential variation.

Furthermore, a comparison between the Coulombic and Cornell potentials, accounting
for the presence or absence of string terms, was provided. As anticipated, the Coulombic
contribution prevailed at short distances, while the string term dominated at larger quarko-
nium separation distances. The study also revealed that the motion of quarkonium through
the QGP disrupts the spherical symmetry of the potential, with an increasing anisotropy in
the potential observed as velocity rises. Notably, the velocity dependence of the potential
was established to be equally significant as the temperature dependence. The maximum
variation in both the real and imaginary parts of the potential from the corresponding static
case was found to align with the direction of quarkonium motion. Lastly, the thermal width
was computed, showing a decrease with velocity and an increase with temperature. This
insight suggests that the lifetime of a quarkonium-bound state is influenced by both the ve-
locity of the quarkonium and the temperature of the medium. The real part of the potential

was observed to turn positive rapidly as distance increased with velocity, particularly pro-
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nounced in the direction of quarkonium motion, leading to the contraction and deformation
of the Debye sphere.

Continuing from the current study, the next step would involve utilizing the potential
derived in this chapter to delve into the dynamics of heavy quarkonia propagation within
the QGP medium. The calculation of the binding energy can be accomplished by solving
the Schrodinger equation, making use of the real part of the potential. It is anticipated that
the velocity and angular dependence of the potential will play a crucial role in modifying
the survival probabilities of quarkonia, warranting further investigation in this direction.

In Chapter [, the impact of a magnetic field on the heavy quarkonium complex potential
was examined. Initially, the dielectric permittivity was computed from the static limit of
the gluon propagator. This propagator was derived from the one-loop gluon self-energy in
the presence of an external magnetic field using Schwinger proper time formalism in Eu-
clidean space. The magnetic field’s influence was introduced through the quark-loop con-
tribution to the gluon self-energy and the coupling constant. Later, the in-medium heavy
quarkonium complex potential was computed using the modified dielectric permittivity.
The results highlighted the anisotropic nature of this potential, showcasing variations with
magnetic field strength and the angle © between the quark-antiquark axis and the magnetic
field direction. For very high magnetic field strengths, the real part of the potential exhib-
ited flattening due to increased screening with e B. Conversely, the imaginary part of the
quarkonium potential displayed an initial increase in magnitude at short distances followed
by a decrease at long distances. Additionally, the inclusion of a magnetic field introduced
angular dependence on the potential. Ultimately, it was observed that the overall effect of
the magnetic field on the complex potential remained relatively small for realistic strengths
of the magnetic field generated in heavy-ion collisions.

The decay widths of the ground and first excited states of bottomonium (7', Y’) and

charmonium (.J/1),v’) were computed using the imaginary part of the potential. It was

79



5 Summary and Conclusions

observed that the excited states (1’, ¢/") are more sensitive to magnetic fields than the ground
states (T, J/1). The sensitivity to magnetic fields decreases with increasing heavy quark
mass and decreasing size, making the charmonium states more responsive to magnetic field
strength than the bottomonium states. As temperature increases, the effect of magnetic
fields on decay widths diminishes, eventually disappearing at high temperatures.

A comparison with the strong-field approximated potential revealed significant devia-
tions. The strong-field approximated potential did not align with the potential without such
an approximation for any realistic magnetic field value generated in heavy-ion collisions.
The approximation resulted in weaker screening compared to the estimation for an arbitrary
magnetic field, and this screening gradually increased with magnetic field strength. This
investigation challenged the validity of the strong magnetic field approximation commonly
employed in the literature for the heavy quarkonium complex potential. Considering the
effects of a general magnetic field, as explored in this study, becomes essential for realis-
tic strengths of magnetic fields. Additionally, it was noted that the weak-field expansion
introduces new divergences in gluon propagators, necessitating regulation. The gluon prop-
agator with momentum K in a weak field, i.e, \/@ < (T ~ K), can be written up to

O [(eB)?] as (See the Ref. [218] for details)

S () :% L uB ({(K - 72%14 — (K- u)p})
+2(¢sB)? LUK - wl _[(([6( i} — R kff

+ O [(eB)ﬂ ,

where u,, is the four- velocity of the heat bath and n,, is associated with the electromagnetic
field tensor and represents the direction of the magnetic field. Note that O(eB°) term is
~ 1/K, whereas O(eB?) term is ~ 1/K?. So, the weak field expansion introduces an
extra infrared divergence in the computation. To avoid the infrared divergence, an arbitrary
strength of magnetic field is used in the thesis and also future work aims to extend this

computation to a moving medium in the presence of an arbitrary magnetic field.
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