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Summary

We consider diffeomorphism invariant theories of gravity with arbitrary higher derivative
terms in the Lagrangian as corrections to Einstein’s general relativity. We construct a proof
of the zeroth law of black hole thermodynamics in such theories. We assume that a station-
ary black hole solution in an arbitrary higher derivative theory can be obtained by starting
with the corresponding stationary solution in general relativity and correcting it order by
order in a perturbative expansion in the coupling constants of the higher derivative La-
grangian. We prove that surface gravity(which is the definition of temperature) remains
constant on its horizon when computed for such stationary black holes, which is the zeroth
law. Our proof for the zeroth law is valid up to arbitrary order in the expansion in the higher
derivative couplings. Now we will move on to the second law for a specific higher deriva-
tive theory of gravity. We propose an entropy current for dynamical black holes in a theory
with arbitrary four derivative corrections to Einstein’s gravity linearized around a stationary
black hole. The Einstein-Gauss-Bonnet theory is a special case of the class of theories that
we consider. Within our linearized approximation, our construction allows us to write down
a completely local version of the second law of black hole thermodynamics in the presence
of the higher derivative corrections considered here. This ultra-local, stronger form of the
second law is a generalization of a weaker form, applicable to the total entropy, integrated
over a compact ‘time-slice’ of the horizon, a proof of which has been recently presented
in [1]. We also provide a general algorithm to construct the entropy current for the four
derivative theories, which may be straightforwardly generalized to arbitrary higher deriva-
tive corrections to Einstein’s gravity. This algorithm highlights the possible ambiguities in
defining the entropy current.
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Chapter 1

Introduction
General Relativity(Einstein-Hilbert Theory) is one of themost successful theories of physics.

Einstein formulated this theory in 1915 using the general covariance property of physics

under any coordinate transformations. This theory is governed by the Einstein Fields equa-

tions. The Einstein field equations can be derived from the Einstein-Hilbert action

SE.H. =

∫
M

ddx
√
−gR (1.1)

General Relativity describes gravity as a curvature of space-time. This theory predicts many

experimental results from gravitational waves to black holes.

But if one tries to quantize it, one faces many problems, including ultraviolet(UV) problem.

Even at the classical level it has singularities like black hole singularities, cosmological sin-

gularities where the physics of that theory breaks down. One of many candidates to resolve

these divergences is String Theory which culminates in AdS/CFT conjecture[2]. String

theory predicts at low energy limits, the Einstein-Hilbert action gets modified and gets cor-

rections of higher derivatives of the metric tensors instead of the usual two derivatives.

Sometimes it is called α corrections. In other words, Einstein-Hilbert action is the lead-

ing term in an infinite series of correction terms built out the metric tensor and curvature

tensors.

Black holes are not only fascinating objects in an astronomical sense but also they are

very intriguing in a purely theoretical sense. What lies behind the horizon baffles theoreti-

cians for decades. On the other hand, all the three forces of nature can be described by

quantum theory but gravity. Black hole thermodynamics interests theorists with the hope

that it might light us the very nature of Quantum gravity. Though black holes are purely

4



1 Introduction

geometrical objects, thermodynamic properties must come from some microscopic degrees

of freedom. So black holes are valuable objects if one wants to study quantum gravity. We

must add higher derivative corrections to the Einstein-Hilbert action to have a consistent

theory of quantum gravity. If we add higher derivative corrections in the Lagrangian, then

the thermodynamic properties are not well understood, unlike General Relativity, where

these properties are very well understood. We may consider the higher derivative correc-

tion as an effective field theory coming from the low energy limit of some UV complete

quantum gravity. A priori, we can’t say what kind of higher derivative terms can appear in

that effective theory. One effective way is to study the black hole solutions of the theory

and their thermodynamic properties. If one black hole solution of any higher derivative

theory of gravity fails to maintain the thermodynamic properties, we can say that higher

derivative term can not appear in the low energy limit. But there is no guarantee that a

small correction to the Lagrangian will lead to a small correction to the solution of the un-

perturbed theory. In fact, higher derivative theories of gravity admit a whole new class of

solutions that are not present in the General Relativity[3][4][5]. But, these solutions are not

analytic in the coefficients of the higher derivative corrections appearing in the Lagrangian.

So if we consider these higher derivative theories of gravity as an effective field theory, we

can discard these solutions as unphysical[6]. There are systematic procedures how to get

physical solutions from a higher derivative theory of gravity solution[6][7]. These higher

derivative theories of gravity exhibit similar types of physics like General Relativity. They

do have black hole like solutions at least if we consider the corrections perturbatively. In

some cases, like Lanczos-Lovelock gravity(the most general second-order higher deriva-

tive gravity theories), there are known exact black hole solutions[4].

Black holes are fascinating gravitational objects with many properties that are very surpris-

ing and peculiar. However, black holes share one common property with ordinary matter:

they also behave as thermodynamic objects, such as the area of the event horizon as its

5



1 Introduction

entropy, the surface gravity as the temperature, etc. All these thermodynamic properties of

black holes are very well understood in General Relativity. As we have said earlier, Gen-

eral Relativity can’t be the complete story. We need to add higher derivative corrections

to it, treating it as an Effective Field Theory. In that case, when we go beyond General

Relativity, the thermodynamic properties of black holes are not very well understood. In

a full quantum theory of gravity, black holes would be an ensemble of microscopic states.

General Relativity is the leading term in the finite series of higher derivative corrections

in the low energy limit. We know that black holes, in General Relativity, exhibit thermo-

dynamic properties coming from an ensemble of states. Adding small higher derivative

correction terms in the Lagrangian would lead us to a black hole solution of that theory of

gravity having slightly changed in the number of microstates in the ensemble. So we can

hope to have thermodynamic properties maintained by the black holes of that theory. In this

thesis, we are going to address these problems of satisfying these thermodynamic properties

by black holes in higher derivative theories of gravity, try to define and prove some of the

thermodynamic properties.
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Chapter 2

Background
2.1 Black hole thermodynamics of Einstein-Hilbert Grav-

ity

The main dynamical object of any gravity theory is the 2-tensor metric tensor(gµν).The

action of a metric theory is constructed out of solely metric and its derivatives. One such

example is the Einstein-Hilbert action, where the action depends only on the Ricci scalar(if

not considering the cosmological constant).

SE.H. =

∫
M

ddx
√
−g(R + Lm) (2.1)

the integration is over some d-dimensional manifold. Lm is the matter sector of the action.

If we vary the above action with respect to metric gµν and neglect the boundary terms, we

get the Einstein Field equations

Rµν −
R

2
gµν = Tµν (2.2)

Black holes are solutions of these Einstein field equations. They behave like thermo-

dynamic objects having temperature, energy, and entropy. In 1973, Bardeen, Carter, and

Hawking gave given a set of four laws that describe the behavior of black holes as thermody-

namic objects[8, 9, 10]. These laws are a mere analogy to the four laws of thermodynamics.

These four laws are

1. Zeroth Law: The surface gravity of a stationary black hole is constant over the entire

event horizon

7



2 Background

2. First Law: If a stationary black hole of mass M, charge Q and angular momentum J,

with the future event horizon of surface gravity κ, electric surface potential ΦH and

angular velocity ΩH , is perturbed such that it settles down to another black hole with

massM + δM .charge Q+ δQ and angular momentum J + δJ , then

dM =
κ

8π
dA+ ΩHdJ + ΦHdQ (2.3)

3. Second Law: If Tµν satisfies the null energy condition, and assuming that the cosmic

censorship hypothesis is true, then the area of the future event horizon of an asymp-

totically flat space-time is non-decreasing.This is called Hawking Area Theorem.

4. Third Law: The surface gravity of a black hole can not be reached to zero within a

finite amount of time.

2.2 Higher Derivative Theories of Gravity

As amodified gravity, the higher derivative gravity plays a crucial role. As higher derivative

theories are also metric theory, whatever corrections we add to Einstein-Hilbert action, it

must be constructed out of metric, its derivative, Riemann Tensors and its derivatives. At

the end everything must be contracted appropriately to make a scalar as the action is a scalar

quantity. Keeping all in mind, the action of most general diffeomorphism invariant theory

of gravity in d space-time dimensions is

I =

∫
ddx

√
−g(Lgrav + Lmat)

The gravity part of the Lagrangian is constructed out of metric tensor, Riemann tensors, and

their derivatives

Lgrav = Lgrav(gµν , Rµνρσ,∇γRµνρσ, ....)

8



2 Background

The covariant derivatives(∇) are compatible with the metric tensor gµν

The equation of motions following from the above action has schematic form

Eµν = Eµν − Tµν = Rµν −
R

2
gµν + EHD

µν − Tµν

For the matter sector, we will assume that the stress tensor always satisfies the null en-

ergy condition while we are considering the 2nd law and the dominant energy condition

while we are considering the Zeroth law. These conditions are

Null Energy Condition (NEC): Tµνξ
µξν ≥ 0 for all null (lightlike) vectors ξµ.

Dominant Energy Condition (DEC):Tµνξ
µ
1 ξ

ν
2 ≥ 0 for all future directed timelike vectors

ξµ1 , ξ
µ
2 .

2.3 Wald Entropy

Wewill be considering the classical theory of gravity, arising from a diffeomorphism invari-

ant Lagrangian in d space-time dimension[11, 12]. For a theory like this, one can associate

a local symmetry for a vector field ξµ. Using Noether procedure, one can construct out of

the vector field ξµ and the fields appearing in the Lagrangian, Noether Current, and Noether

Charge for that symmetry. The variation of Lagrangian associated with a vector field ξµ is

δL = Eµνδgµν +∇µθ
µ (2.4)

Since ξµ generates the diffeomorphism, the variation of the Lagrangian must be a total

derivative

δ(
√
−gL) =

√
−g∇µ(ξ

µL) (2.5)

9



2 Background

where L =
√
−gL. The change in metric is δgµν = Lξgµν = ∇µξν +∇νξµ. Putting all

these together, we get

∇µ(ξ
µL) = 2Eµν∇µξν +∇µθ

µ

∇µ(θ
µ − ξµL) + 2∇µ(E

µνξµ) = ∇µJ
µ

Jµ = −ξµL+ θµ + 2Eµνξν = ∇νQ
µν

(2.6)

where Qµν = −Qνµ and, we have used the Bianchi Identity(∇µE
µν = 0). Qµν and Jµ

are called Noether Charge and Noether current respectively.

The Noether charge can always be written in the most general form as [12]

Qµν = W µνρξρ − 2Eµνρσ∇[ρξσ] + Y µν +∇ρZ
µνρ (2.7)

where Eµνρσ
R is the equations of motion if we vary the Action w.r.t Rµνρσ treating as an

independent function.

Eµνρσ =
∂I

∂Rµνρσ
(2.8)

Then the definition of Wald entropy is as follows

SWald = −2π

∫
∑

v

dd−2x
√
hEµνρσ

R ϵµνϵρσ

where ϵµν = ∇µξν is the bi-normal to the constant time slice
∑

v and normalized ϵµνϵµν =

−2. ξµ is the null generator of the Killing horizon. The integration is over a constant time

slice of the event horizon.

Let’s look at one example ofWald entropy computations. The action for Einstein-Gauss-

Bonnet theory is the following

I =

∫
ddx

√
−g
(
R + agb

(
R2 − 4RµνR

µν +RµνρσR
µνρσ

))
, (2.9)

10



2 Background

where agb is a constant Gauss-Bonnet parameter. The corresponding equations of motion

are

Eµν = Rµν −
1

2
gµνR + EHD

µν = 0, (2.10)

where

EHD
µν = agb

(
2RRµν − 4RαβRµανβ − 4Rµ

αRνα + 2Rαβσ
µ Rναβσ

− 1

2
gµν(R

2 − 4RαβR
αβ +RαβγρR

αβγρ)

)
.

(2.11)

The explicit vv-component of the equations of motion is

Evv = Rvv + EHD
vv = 0,

EHD
vv = agb

(
2RRvv − 4RαβRvαvβ − 4Rα

vRvα + 2Rv
αβσRvαβσ

) (2.12)

Lets concentrate particularly in d = (3 + 1) space-time dimensions, where the Gauss-

Bonnet term becomes topological. In this case, the Gauss-Bonnet term becomes a total

derivative term, and therefore, it does not contribute to the equations of motion, i.e. EHD
vv =

0 identically. However, if one can use the Wald entropy as the equilibrium definition of

black hole entropy (4.5), there is a finite non-vanishing contribution to it even from the

topological Gauss-Bonnet part of the Lagrangian. TheWald entropy density sHDw (see (4.42))

for this case is given by the Ricci scalar of the co-dimension-2 spatial slice of the horizon

Hv,

sHDw = 2 agb R , (2.13)

where agb is the Gauss-Bonnet parameter appearing in (4.89). Since Hv, in this case, is

a 2-dimensional manifold, the integrated total entropy SW becomes the topological Euler

number ofHv.

ThisWald entropy is a generalization to stationary black hole solutions in higher deriva-

tive theories of gravity in [11, 12], in such a way that it satisfied the first law of thermo-

dynamics 1. Now, the first law of thermodynamics relates the infinitesimal shifts in the
1See [13, 14] for the latest review of black hole thermodynamics in higher derivative theories of gravity.
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2 Background

parameters of two different but nearby equilibrium configurations. Therefore, the Wald

entropy, whose construction was solely based on consideration of first law alone, does not

unambiguously extend to dynamical situations. Indeed, as it was pointed out in [15, 16, 17],

there were ambiguities associated withWald entropy for non-stationary black hole solutions

with dynamical event horizons. All these ambiguities vanished for stationary solutions. We

shall refer to these ambiguities as the JKM ambiguities.

Unlike two derivative Einstein’s theory, it is not a priori clear whether Wald entropy

satisfies the second law of thermodynamics.

The second law says the area of the future event horizon of an asymp- totically flat

space-time is non-decreasing. In the weakest version, the second law could be stated as

follows. Consider two equilibrium configurations (in our case, two black hole solutions,

not necessarily close by in any sense) B1 and B2 such that if one perturbs B1 in certain

ways it is possible to reach B2 eventually. Then the entropy evaluated on the solution B2

must be strictly greater than the entropy of B1.

Though the above formulation of the second law does not really need a definition of

entropy away from stationarity, it clearly refers to dynamics. One way towards a proof

would be to show that there exists some extension of Wald entropy to dynamical situations

so that the second law is satisfied. It is natural to expect that this extension (if at all possible)

might fix those ambiguities related to the definition of entropy, which only arises in non-

stationary situations (i.e. the JKM ambiguities). We will talk about the second law in detail

in chapter-4.

2.4 Zeroth Law

Our aim is to focus on the Zeroth law of black hole thermodynamics in higher derivative

theories of gravity. As in an ordinary thermodynamic system, the Zeroth law for black
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hole mechanics is a characteristic signature of stationary or equilibrium black hole config-

urations. Stationary black holes have a space-time metric that admits a null hypersurface

known as the Killing horizon, where a Killing vector becomes null. Using the fact that event

horizons for stationary black holes are Killing horizons (due to the rigidity theorems[18]),

and also that the temperature of the black hole is given by the surface gravity for such sta-

tionary black hole metrics, one can make a precise statement of zeroth law as follows: the

surface gravity of a stationary black hole is constant over the entire event horizon.

This statement has been proven for two derivative theories of gravity, with an additional

assumption of the dominant energy condition for the matter stress tensor [9], by analyzing

the equations of motion in General Relativity. Alternative proofs have been constructed

[19, 20], without any use of the equations of motion of the theory but assuming extra sym-

metries of space-time.

If we do not use any additional symmetry of the black hole space-time as mentioned

above, it is an interesting question to ask if one can extend the proof of the Zeroth law

to theories of gravity beyond General Relativity. Recently in [21] such proof was given

for stationary black hole solutions in Gauss-Bonnet and Lovelock theories of gravity by

modifying and improving upon a previously reported negative result in such theories [22];

also see [23] for a similar result. As these results were worked out for particular models of

higher derivative theories of gravity, to the best of our knowledge, a similar result is not yet

known for arbitrary diffeomorphism invariant theories of gravity.

In this thesis, we address this particular question and find that the answer to this is in the

affirmative: we have been able to construct a proof for the zeroth law in an arbitrary diffeo-

morphism invariant theories of gravity where the higher derivative terms in the Lagrangian

are added as a correction to the leading two derivative theory of General Relativity.
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2.5 First Law

In the literature, there are many versions of first law of black hole thermodynamics e.g.

equilibrium state version and physical process law. For the definitions and more elaborate

discussions, we refer to the review article[24]. Here we only review the ”physical process

version”. The formulation of the ‘physical process version ’ of the first law uses exactly

the same setup as the one used in [1]. Here also one perturbs the stationary black hole out

of equilibrium and lets it settle to another nearby stationary solution with slightly shifted

parameters. The first law is a relation between these shifts of parameters, which characterize

the two equilibrium solutions2. In the arguments leading to this physical process version of

the first law, the external agent which drives the system out of equilibrium is a very specific

one - some small matter (associated with a small shift in matter stress tensor) entering the

system through asymptotic infinity. The similarity between the two set up of the second

law and the physical process version of the first law is very suggestive of the fact that the

structural nature of the terms in entropy, which play a major role in the proof of the physical

process version of first law, would also be extremely important in the proof of the second

law. We shall refer to such terms as ‘zero boost terms’, the justification of such terminology

would be explained later in the main text.

After this extensive review of [1], we shall closely study how the physical version of

the first law constrains these ‘zero boost terms’. We shall find that locally the required

‘time-time’ component of the equation of motion (let us denote this ‘time as v and the

relevant component of the equation of motion as Evv) need not have the form specified

form which is naively implied by the physical process version of the first law. This naive

expectation would be that the zero boost terms in Evv , has two ‘time’ derivatives acting on
2We would like to emphasize that though the proofs of both first law and second law use the same set-up,

they are very different in terms of details. In particular, Wall’s construction could fix many more terms in
entropy (usually denoted as JKM ambiguities in literature) that do not contribute to the first law at all.
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some local quantity (let us denote it as Jv) defined on the horizon. This naive expectation

is not accurate, since any term that could be expressed as a single ‘time’ derivative acting

on the spatial divergence of some space current (denoted here as J i) may also be present in

Evv, without affecting the first law. This is because the physical process version of the first

law deals with a total change in entropy ( along with the charge and mass) as the black hole

evolves from one equilibrium to another. The total entropy always comes with integration

over all spatial section of the horizonHv. In that case, any such total divergence termwould

just integrate to zero.

It should be noted that such a term will not affect the argument of [1], which proves a

weaker version of the second law, in which the total entropy (integrated overHv) has been

considered. This weaker form is a local statement in time (i.e, total entropy increases at

every instant of time) but not in space. At every stage of the arguments in [1], the integration

over the spatial sections of the horizon played an important role.

Once we have realized that, it is possible to introduce the notion of a spatial entropy

current, without affecting the proof of both the first law and the second law (even a strong

ultra-local form of it), the next immediate question is whether such a spatial entropy current

is necessary. In other words, we should investigate that, if we were to write down an ultra-

local version of the second law, largely following the procedure of [1], can we do it without

introducing the entropy current, in any higher derivative theory of gravity. In more practical

terms, we need to check whether the relevant ‘zero boost terms’ in the equation of motion

Evv for a given higher derivative theory of gravity, does indeed have terms which give rise

to the spatial entropy current J i. To answer this question, we specialize to four-derivative

theories of gravity. In §4.2.1, we explicitly compute the relevant component of the equations

of motion and we see that there has to be a spatial entropy current in some of these four

derivative theories, if we want a completely local version of the second law to be true.

Besides achievingmanifest locality, our procedure of constructing the entropy current might
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play a crucial role in providing an alternative proof of the second law, without invoking the

‘physical process’ version of the first law, the use of which has been a necessary input for

the proof presented in [1].
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Chapter 3

Zeroth Law of arbitrary diffeomorphism
invariant Theories of Gravity
This chapter is based on [25]

3.1 Introduction

It has long been understood that the laws of black hole mechanics can be viewed as laws of

thermodynamics [8, 9, 10]. We also know from [26] that this similarity is not an analogy.

However, indeed one can derive the temperature of a black hole related to its surface gravity

in a rigorous way.

We must think of General Relativity as an effective theory valid at low energies or large

length scales. In a complete theory of quantum gravity, one can take its low energy limit and

would get general relativity as the leading theory. Following this procedure, one would also

generate corrections to general relativity. Without detailed knowledge of the UV complete

theory and the process of taking a low energy limit, we cannot be sure what corrections to be

added to the leading two derivative theory. Nevertheless, on general grounds, we expect that

one would get various higher derivative terms in the Lagrangian in addition to the Einstein-

Hilbert piece. Different higher derivative corrections will come with different dimensionful

parameters as coefficients in the Lagrangian, and this will signify the length scale, say

lHD at which the higher derivative terms would be as important as the leading Einstein

gravity piece. We denote the higher derivative couplings collectively as the dimensionless
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3 Zeroth Law of arbitrary diffeomorphism invariant Theories of Gravity

parameter α 1.

Once we extend the scope of gravity theories by including arbitrary higher derivative

corrections in addition to the leading two derivative theory, the black holes still remain to

be solutions of these new theories, and they should also retain their thermodynamic proper-

ties. Therefore although the laws of black hole mechanics were first understood in general

relativity, one can not ignore the importance of understanding the validity of a similar set

of laws for black hole thermodynamics in such higher derivative theories of gravity. In

[11, 12], it was shown that a version of the first law of black hole thermodynamics could

indeed be argued for an arbitrary diffeomorphism invariant theory of gravity. This con-

struction also suggested a geometric object defined on the horizon of the black hole as

the generalized definition of black hole entropy. This definition of black hole entropy is

known as the Wald entropy in the literature. It says that the Noether charge associated

with the Killing symmetry generator of the null horizon should be identified as the entropy

of black holes in such arbitrary diffeomorphism invariant theory of gravity. Of course,

this definition of entropy reduces to the area of the horizon as one considers black holes

in general relativity. However, once out-of-equilibrium dynamic processes involving black

holes are considered, theWald entropy suffers from possible ambiguities known as the JKM

ambiguities [15, 16, 17]. Additionally, there is no general proof that the Wald entropy sat-

isfies the second law of thermodynamics. There have been various attempts at designing a

proof for the second law that will be valid for arbitrary higher derivative theories of gravity

[12, 15, 16, 17, 27, 28, 1, 29, 30]2. Also, recently the construction of an entropy current in

such theories was studied [31, 32, 33], following the work of [1].

An important assumption in our construction is the fact that it applies to theories where
1The higher derivative coupling will have dimensions in general, however, with the use of appropriate

powers of lHD we can define a dimensionless coupling α and also choose units by putting lHD = 1.
2See the recent reviews [13, 14] and the references therein for a detailed discussion on black hole thermo-

dynamics for higher curvature theory of gravity.
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3 Zeroth Law of arbitrary diffeomorphism invariant Theories of Gravity

all higher derivative terms, appearing in the Lagrangian associated with a coupling param-

eter α, are treated as corrections to a leading two derivative theory of gravity, namely Ein-

stein’s general relativity. In operational terms, this means that for theories that we consider,

a smooth limit of taking the higher derivative coupling α → 0 exists, and in that limit, we

recover the general relativity as the leading candidate theory. This, in particular, enables

us to obtain stationary black hole metrics as solutions in arbitrary higher derivative theories

of gravity as they can be constructed perturbatively around some known stationary black

hole solutions in two derivative general relativity when α = 0. It is, however, important

to highlight that our proof only requires the existence of this perturbative higher derivative

coupling α. However, it is valid for all orders in this α-expansion and is also valid for any

number of higher derivative coupling.

Let us now mention some of the salient features of the technical tools that we have

used in constructing our proof. We will be very brief here, and all of these issues will be

discussed in great detail in the subsequent sections. Firstly, we will work with a particular

choice for the metric of stationary black holes. This does not lose any generality as one

can always make these gauge choices for any stationary black holes. For our analysis, we

will focus on Killing horizons where a Killing vector becomes null on the co-dimension

one null hypersurface 3. Further, we will associate the constancy of surface gravity on

the horizon with specific components of the equations of motion. In other words, the off-

shell structure of some specific components of the equations of motion, when evaluated

at the horizon, will be related to (actually, be proportional to) the derivative of the surface

gravity with respect to the coordinates on the horizon. Once we can establish this, the zeroth

law would follow automatically by equating these components of equations of motion to
3Sometimes, we also call it the event horizon of the black hole. However, one needs to account for various

global issues in the form of rigidity theorems to ensure that the local definition of a Killing horizon can be
associated with the global concept of an event horizon. It is known to be true for general relativity, but it is
still an open question to prove rigidity theorems beyond general relativity. Therefore, to be precise, we will
actually be working with the Killing horizon in this paper
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3 Zeroth Law of arbitrary diffeomorphism invariant Theories of Gravity

zero. However, we must point out that we do not explicitly use equations of motion in our

analysis apart from this last step. Also, the main point here is to establish the following

fact - it is always possible to express the off-shell structure of a particular component of the

equations of motion in arbitrary higher derivative theories of gravity (with the assumption

of them augmenting the leading two derivative theory) in a form such that they get related

to the derivative of surface gravity with respect to coordinates tangent to the horizon - this

is the main result of our analysis in this paper.

As mentioned before, we organize our calculations in a perturbative expansion in the

higher derivative coupling. Within such a perturbative framework, we will use the method

of induction to prove that a particular component of the equation of motion has the desired

off-shell structure at arbitrary order. We first argue that at the leading order, i.e., when

α = 0, the equations of motion are indeed of the form expected, as this is just reviewing

the proof of zeroth law known in the literature. Next, we assume that the proof works at an

arbitrary order in the α-expansion, say at O(αm). Then we show that the proof will also

work at the next order O(αm+1). Therefore, following the method of induction, we can

conclude that the proof will work up to any arbitrary higher-order in the α-expansion.

In establishing our result, a crucial input used a residual gauge invariance for our choice

of the metric, named the boost symmetry. This boost symmetry is the consequence of a

Killing isometry for stationary black holes, and the Killing horizon is mapped to itself under

the flow generated by this boost transformation. Any covariant tensor, e.g., the equations of

motion, will transform in a particular way under this boost transformation. This symmetry

was an essential input for several recent works in the context of black hole thermodynamics.

For example, in [1], a proof of linearized second law for arbitrary higher derivative theories

of gravity was developed using this symmetry. Also, in [31] and [32], it was crucial to

determine the structure of the equations of motion to construct an entropy current with non-

negative divergence. In our present paper, assuming that the zeroth law is being satisfied
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at the order, O(αm) of the α-expansion, this boost-symmetry enables us to constrain the

off-shell structure of the equations of motion at the next orderO(αm+1) as the desired one.

Finally, we end this section with an overview of how the paper is structured. We begin

with a description of the basic setup and an operational statement of the problem at hand

in §3.2. Here we discuss the particular choice of horizon adapted coordinates that we will

use throughout this paper and present a schematic sketch of how various quantities can be

organized in the perturbative expansion in the higher derivative couplingα. In the following

section §3.3, we present a detailed description of the boost-symmetry and the basic rules

following as a consequence of this, in connection to a stationary black hole and the zeroth

law. In the next section §3.4 we briefly discuss and summarise the basic strategy of our

proof without getting involved in the technical details of it. This is followed by a technically

rigorous presentation of the main proof in §3.5. We divide this into several sub-sections,

each corresponding to various steps in the analysis following a method of induction. We

conclude this paper with some discussions in §4.3. Important supplementary material with

various technical results is presented in the Appendices §A.1-§A.4.

3.2 Basic set-up and statement of the problem

In this section, we start by describing the basic setup of our analysis, and we will make a

precise statement of the problem using that.

We are considering any arbitrary higher curvature theory of gravity without any matter

couplings in d space-time dimensions with coordinates denoted by xµ. Following [12], the

requirement of diffemorphism invariance restricts the Lagrangian for such theories to be of

the following form

L = L(gµν , Rµναβ, DσRµναβ, · · · ) (3.1)

However, for our analysis in this paper, we will work with theories such that the gravity
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action has the following form

I =
1

4π

∫
ddx

√
−g

(
R +

∞∑
m=1

αm L2m+2

)
(3.2)

where the higher derivative couplings in the theory are denoted by the parameter α. The

other parameter present in the Lagrangian (i.e. m) counts the order of derivatives on the

metric tensor (i.e. gµν), the field variable in our theory. Therefore, it should be clear that

L2m+2 is the (2m+2)-th order higher derivative term in the Lagrangian involving (2m+2)-

derivatives acting on gµν . The leading term, i.e. m = 0, gives us the standard Einstein-

Hilbert Lagrangian for general relativity. It is important to mention that, apart from having

(2m + 2) number of derivatives on gµν , L2m+2 has no other restrictions and is, therefore,

completely arbitrary.

Ideally, all such higher derivative terms can, in principle, appear in the Lagrangian with

different numerical coefficients. Hence, one should allow for different coupling constants

for each of them in different order of the parameter m. Even within one same order of

m-th derivative coupling, different possible terms can appear with different coupling coef-

ficients but with the same dimensionality 4. However, as we will see in the later parts of our

analysis, the only important thing for us is to have the Einstein-Hilbert term as the leading

contribution in a limiting sense when the higher derivative couplings are taken to be small.

In other words, all we need is to have theories with arbitrary higher curvature terms in the

Lagrangian, but any higher derivative couplings can be taken to zero in a smooth limit, leav-

ing us with two derivative classical general relativity as the most significant one. Therefore,

without any loss of generality, we collectively denote every possible higher derivative cou-

pling by αm for m = 1, 2, · · · , with a specific number of derivatives on gµν determined
4For example, let us consider the two terms at O(α2) in the Lagrangian: Rν

µR
ρ
νR

µ
ρ and DµRνρD

µRνρ.
Both of them have six derivatives and hence can appear in the Lagrangian in the following way

α2L6 ∼ α2(c1 R
ν
µR

ρ
νR

µ
ρ + c2 DµRνρD

µRνρ) ,

where c1 and c2 are two different but O(1) coefficients.
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by the corresponding value of m. We will treat α as a small parameter allowing ourselves

to perform a perturbative expansion in it. However, our analysis will be valid for arbitrary

higher-order in that α expansion, as we have already mentioned before.

As we have described, we will be working in a perturbative expansion in the parameter

α; it is obvious that the equations of motion (EoM) will have the following structure,

Eµν = E(0)
µν + αE(1)

µν + α2 E(2)
µν + · · · , (3.3)

where, E(0)
µν = Rµν − 1

2
gµνR, is the EoM coming from Einstein’s general relativity.

Next, we would like to comment on another essential ingredient in setting up our analy-

sis related to obtaining stationary black hole solutions in arbitrary higher derivative theories

of gravity. For purposes of the arguments presented in this paper, we do not need to know

the exact form of the stationary black hole metric as a solution to the equations of mo-

tion. However, we assume that such solutions must exist in the higher derivative theory

of gravity that we are considering. One should, quite naturally, be able to construct such

solutions [34, 35] within our setup of perturbative expansion in α, the coupling of the higher

derivative terms in our theory.

Let us suppose we start with a given stationary black hole solution, denoted by g(bh)µν , in

the leading order theory in α expansion, which is Einstein’s general relativity. It is obvious

that the stationary gµν = g
(bh)
µν solves the equation of motion E

(0)
µν = 0. As a consequence

of this, g(bh)µν will have a Killing horizon - a null hypersurface generated by a global Killing

vector field which we will denote by ∂τ . By definition, ∂τ will be a null geodesic on the

horizon, and all the metric components in g(bh)µν will be independent of the τ coordinate. In

the following paragraphs, we will make this more precise.

We will be working with a particular horizon adapted set of the space-time coordinates

along with a particular gauge choice for the metric g(bh)µν . In a d-dimensional space-time we

can always choose a coordinate system xµ = {τ, ρ, xi}, where i = 1, ..., d − 2, so that the
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stationary metric g(bh)µν takes the following form

ds2 = g(bh)µν dxµdxν = 2 dτ dρ− ρX(ρ, xi) dτ 2 + 2 ρωi(ρ, x
i) dτ dxi + hij(ρ, x

i) dxi dxj .

(3.4)

Let us briefly justify the gauge choice for the metric in eq.(3.4) (see section-(2.1) and

Appendix-A of [36] for the details). The coordinates {τ, xi} span the co-dimension one

horizon which lies on ρ = 0. We should also note that ρ = 0 is a null hypersurface, for

which the null generators are taken to be the vector ξ = ∂τ . By construction, this is normal

to itself and the other spatial generators (∂i) of the horizon. At constant values of the coor-

dinates xi, the parameter τ runs along one null generator, whereas, for a constant value of

τ , the coordinates xi parametrizes different null generators on the horizon. The coordinate

τ is not necessarily affinely parametrized. To describe the geometry in the vicinity of a

null hypersurface, we need two null normals to it. Hence, apart from ξ, we have consid-

ered the auxiliary vector χ = ∂ρ, which is also null. This gives us the coordinate ρ, which

parametrizes the distance away from the null horizon. The coordinate ρ has been chosen

to be affinely parametrized, and the inner products: (∂τ , ∂ρ)|ρ=0 = 1 and (∂i, ∂ρ)|ρ=0 = 0,

define the angles with which the null-vector ∂ρ pierces through the horizon at ρ = 0.

Next, the additional requirement of stationarity should explain why the metric coeffi-

cients (the functionsX , ωi, and hij) are independent of the coordinate τ . To this we note that

ξ is a Killing vector for themetric eq.(3.4), satisfying the Killing equationDµξν+Dνξµ = 0,

where Dµ is the covariant derivative with respect to the full black hole metric, g
(bh)
µν . The

norm of this Killing vector vanishes on the surface ρ = 0. Thus, in our choice of coordi-

nates, ρ = 0 hypersurface is a Killing horizon.

The vector field ξµ also satisfies the geodesic equation

ξν Dνξ
µ = κ ξµ . (3.5)

Note that, the RHS of the above equation is not zero since τ is not necessarily an affine

parameter. This equation could be considered as the definition of the quantity κ, which is
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in general a function of the coordinates (τ, xi) and is called the surface gravity. It can be

straightforwardly shown that the surface gravity for the black hole space-time described by

the metric given in eq.(3.4) can be written as

κ =

√
−1

2
(Dµξν) (Dµξν)

∣∣∣∣∣
horizon

. (3.6)

The surface gravity is related to the temperature of a stationary black hole, and thus to

prove the zeroth law, we must show that κ is constant over the horizon. It means that the

surface gravity is constant not only for evolutions along one null generator but also does

not change across different null generators of the null horizon. In other words, we would

aim to prove that, when evaluated on the horizon,

∂τκ = 0, and ∂iκ = 0 . (3.7)

Following the definition in eq.(3.6), we can evaluate the surface gravity for our choice

of metric eq.(3.4) for ξ = ∂τ , to get the following expression (see Appendix-A.1 for details

of the calculation)

κ =
1

2
X(ρ, xi)

∣∣∣∣
ρ=0

. (3.8)

It is obvious from eq.(3.8) that κ is independent of the coordinate τ . Basically, since ξ is

a Killing vector, we trivially obtain the τ independence of X(ρ, xi), and hence ∂τκ = 0.

Therefore, to prove the zeroth law we have to show the following on the horizon

∂iX(ρ, xi) |ρ=0 = 0 . (3.9)

3.3 Boost symmetry in the context of the zeroth law and
stationarity

As we have laid down the statement of the problem in operational terms, in this section,

we would like to highlight one crucial significance of the zeroth law or, equivalently, the
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constancy of surface gravity over the horizon. Let us remind ourselves that the zeroth law

is, in a sense, one particular manifestation of stationarity for black hole solutions in our

theory. It is noteworthy that for our choice of the stationary black hole metric in eq.(3.4) the

coordinate τ runs along the null generators of the horizon but is not affinely parametrized.

However, a slightly different but very useful choice of coordinate system as written below

ds2 = g̃(bh)µν dxµdxν = 2 dv dr−r2 X(rv, xi) dv2+2 r ωi(rv, x
i) dv dxi+hij(rv, x

i) dxi dxj ,

(3.10)

also describes metric of stationary black holes with the horizon being set at r = 0, see

[1], [31], [32]. The crucial difference between this choice of metric in eq.(3.10), written in

terms of the new coordinates (r, v, xi), compared to the one in eq.(3.4), is the fact that the v

coordinate here is affinely parametrized along the null generators ∂v of the horizon. It should

also be noted that, although, for the choice of metric in eq.(3.4) the metric coefficients are

independent of the parameter τ , in eq.(3.10) the metric coefficients are functions of the

coordinate v. However, the dependence on v is not arbitrary but restricted to the product

r v. The reason for this is the following, for stationary metrics, the Killing generator ∂τ and

the affinely parametrized null generators are not the same but proportional to each other,

see Appendix-A of [31] for a detailed discussion on this.

Let us now highlight the usefulness of writing the stationary black hole metric in the

form of eq.(3.10) with v being an affine parameter. This particular choice does not fix the

gauge completely and one still has some residual freedom of performing further coordinate

transformation. Particularly, one can do the following scaling of the coordinates (r, v)

r → λ r , accompanied with v → v

λ
, (3.11)

where λ is a constant parameter 5. It should be convincing that this transformation should

leave the metric invariant, since the metric functions depend on the coordinates (r, v) only
5Actually, one can do a more general residual coordinate transformation v → f1(x

i)v + f2(x
i), along

with appropriate redefinition of r, but here we have restricted ourselves to a subclass of it.
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through their product. This is called the boost transformation and due to this the stationary

black hole configurations are said to enjoy a boost symmetry, see [31], [32] for details.

Alternatively, we can also explain the boost symmetry, that we described above, in the

following way. In the coordinate system {r, v, x}, a stationary black hole solution, as

written in eq.(3.10), has a Killing vector

ξ = ξµ∂µ = (v∂v − r∂r) . (3.12)

In other words, the metric eq.(3.10) satisfies the following

Lξg
bh
µν = 0 , (3.13)

where Lξ denotes the Lie derivative with respect to the vector ξ. It can be easily checked

that ξ is also the generator of the infinitesimal version of the boost transformation eq.(3.11).

As a consequence of this Killing symmetry, we can also confirm that the Lie derivative

of any arbitrary covariant tensor constructed out of the metric should also vanish. The

boost-symmetry is extremely useful in determining how any general tensor quantity built

out of the metric coefficients or various derivatives of them, would transform under the

aforementioned boost-transformation. In particular, any covariant tensor, say B, with all

components lowered, would transform in the following way

B → B̃ = λw B, under
(
r → r̃ = λ r , v → ṽ =

v

λ

)
(3.14)

so that we define the boost-weight of B to be given by w. Alternatively, we can also show

that the boost-weight of any covariant tensor would be given by the number of excess lower

v-indices over the lower r-indices, see [32] and Appendix-A.2 for a justification in favor of

this.

Let us mention one important result that follows from the set up of boost-symmetry dis-

cussed above, any quantity with positive boost-weight will always vanish when computed
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using metric corresponding to a stationary configurations and evaluated on the Killing hori-

zon. In order to explain this statement, let us first note that, from the definition of boost

weight given in eq.(3.14) it can be argued that themetric functions,X(rv, xi), ωi(rv, x
i), hij(rv, x

i)

appearing in eq.(3.10), are all boost invariant objects. Additionally the derivatives ∂v and

∂r have boost weights given by +1 and −1 respectively,

∂v → λ ∂v , and ∂r → λ−1 ∂r . (3.15)

Therefore, any covariant tensor, say B(rv, xi), with positive boost weight can generically

be written as

B(rv, xi) ∼ (∂r)
mr(∂v)

mv B̃(rv, xi) , with mv > mr , (3.16)

where B̃(rv, xi) can include derivatives with respect to the spatial coordinates, but not any

∂v or ∂r. The functional dependence ofB(rv, xi) or B̃(rv, xi) on the product of rv signifies

that they are evaluated on stationary configurations. Because of mv > mr, B has positive

boost weight equal to (mv − mr). Now, it is easy to convince ourselves that whenever

one operates (∂r)mr(∂v)
mv on B̃(rv, xi), or in that case any function of the product rv,

(mv −mr) factors of r will be obtained, and hence it will vanish when we further evaluate

this on the horizon r = 0. This will also be very crucially used in our present paper.

In [31] and [32], this particular boost symmetry was used to construct a local entropy

current with non-negative divergence on the horizon of a dynamically perturbed stationary

black hole in an arbitrary diffeomorphism invariant theory of gravity. In order to study

non-stationary dynamical processes, this boost-symmetry is broken slightly by some matter

source hitting the stationary black hole space-time. One can organize the dynamics in a

perturbative expansion around the initial stationary configuration in the small amplitude of

the external matter disturbance. Up to linearized order in the expansion in this amplitude

expansion, the vv-component of the equations of motion (EoM) in any diffeomorphism
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invariant theory of gravity attains a universal structure as given below

Evv ∼ ∂v
(
∂vJ

v +∇iJ
i
)
+ quadratic fluctuations , (3.17)

where the quantity Jv represents local entropy density, reproducing the Wald entropy ex-

pression upon taking the stationary limit. On the other hand, the spatial components J i

signify the spatial flow of entropy on constant v-slices of the horizon. Using this result ob-

tained in general gravity theories, one further needs to use the null energy condition for the

stress-energy tensor coming from the matter sector to construct a proof for the local version

of a second law.

Through the discussions in the previous paragraphs, we are actually trying to emphasize

the following point. It was, therefore, indeed essential for the analysis in [32] to have the

stationary metric written in the form given in eq.(3.10). In this section, we will argue that

if the zeroth law is satisfied one can perform a coordinate transformation that changes the

space-time metric from eq.(3.4) to eq.(3.10). Although this was implicit in the calculations

in Appendix-A of [32], here we would like to make it very explicit.

Once zeroth law is satisfied, we get the surface gravity constant over the horizon. There-

fore, we should be able to solve eq.(3.9) and obtain athe general solution for the metric

coefficient function X(ρ, xi)

X(ρ, xi) = c1 + ρ f(ρ, xi) , (3.18)

where c1 is an integration constant and f(ρ, xi) is some arbitrary function of (ρ, xi). Also,

note that in order to satisfy eq.(3.8), the constant c1 gets fixed as c1 = 2κ. We can substitute

this in eq.(3.4) to obtain

ds2 = 2 dτ dρ− ρ
(
c1 + ρ f(ρ, xi)

)
dτ 2 + 2 ρωi(ρ, x

i) dτ dxi + hij(ρ, x
i) dxi dxj .

(3.19)

Next we perform the following coordinate transformation from the coordinates {ρ, τ, xi}
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to {r, v, xi} given by

τ → v =
2

c1
exp

(c1
2
τ
)
, and, ρ → r = ρ exp

(
−c1

2
τ
)

(3.20)

to arrive at

ds2 = 2 dv dr−r2 f(c1 r v/2, x
i) dv2+r ωi(c1 r v/2, x

i) dv dxi+hij(c1 r v/2, x
i) dxidxj ,

(3.21)

which is of the form eq.(3.10). Note that the horizon stays at r = 0 in the new coordinates,

and, also, the fact that c1 = 2κ is a constant was crucially used while performing this

coordinate transformation. Oncewritten in this coordinate system, we can straightforwardly

use the consequences of boost-symmetry that the metric in this form enjoys.

Finally, before we end this section, let us make one comment on how these results that

one derives using boost invariance of a stationary black hole expressed in the coordinates

as in eq.(3.21), would be helpful in the later sections of this paper as we aim to prove

zeroth law. This may seem puzzling since, to derive these results, we have already used the

zeroth law itself. However, as we will explain later, we will follow a methodology for the

proof of zeroth law by organizing our calculations as a perturbative correction in the higher

derivative couplingα correcting the leading order two derivative theory of general relativity.

In that perturbative set-up, we will construct the proof by using a method of induction.

More precisely, with the assumption that at n-th order in the α-expansion, our construction

validates the zeroth law, we will aim to extend the proof to n+1-th order. Therefore, while

working at n + 1-th order, the truncated and corrected metric till the previous n-th order

could be brought to the form as in eq.(3.21) and thus would satisfy boost-invariance under

the transformation given in eq.(3.11). Consequently, when evaluated on themetric corrected

and truncated up to n-th order in α-expansion, any covariant tensor would transform with a

particular boost-weight entirely determined by its index structure alone. For our case, using

these concepts, we will see that the (vi)-component of EoM, i.e., Evi, would have a boost
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weight equal to +1 and would thus vanish for stationary black hole configurations.

3.4 Brief outline of the strategy

In this section, our goal is to present a broad outline of the strategy of the proof without

getting into operational details. Following this, in the next section, we will construct a

technically rigorous proof.

The crucial ingredient in our strategy to prove the zeroth lawwill be to argue that eq.(3.9)

follows from the vanishing of a particular component of the equations of motion (EoM).

More precisely, we will explicitly show that the LHS of eq.(3.9) must be expressed in terms

of the {τ i}-component of the EoM

Eτi |ρ=0 ∼ ∂iX(ρ, xi) |ρ=0 , (3.22)

upto numerical factors, where, following eq.(3.3), Eτi must include contributions from all

higher derivative terms present in the Lagrangian of the theory in addition to the leading

Einstein-Hilbert term. Next, we should use Eτi = 0, as the stationary black hole space-

times must solve the full EoM’s. It is clear that eq.(3.9) follows immediately.

With the explanations so far, let us summarise the main goal that we will pursue in the

rest of this paper: In order to prove the zeroth law (or equivalently, for proof of eq.(3.9)),

our primary goal would be to justify that the off-shell structure of the entire Eτi (including

corrections due to higher derivative coupling α as in eq.(3.3)) reproduces eq.(3.22). To

achieve this, we must evaluate Eτi for a stationary black hole solution obtained by treating

the higher derivative coupling α perturbatively in an expansion around a stationary black

hole solution of the leading two-derivative theory.

Before we proceed further with describing our strategy, let us take a small detour to

highlight the significance of this particular component of EoM’s, Eτi, in justifying the ze-

roth law. On general grounds, looking at eq.(3.9), we should expect that ∂iX(ρ, xi) |ρ=0
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should get related to some components of Eµν in order to be vanishing when evaluated on

on-shell configurations. The index structure then suggests that one of the two indices in

Eµν must be the spatial indices (say, µ = i), leaving the other one to be either ν = τ , or,

ν = ρ. If we now focus on Einstein’s gravity and compute the (τ, i) component of the

Einstein tensor, which is the EoM, we can immediately check that eq.(3.22) is reproduced.

Hence, the zeroth law is proved for the two derivative theory. In our set-up, we treat arbi-

trary theories of gravity as perturbative corrections in the higher derivative coupling α to a

leading two derivative theory. Hence, it is expected that even in such general theories, we

must look into the off-shell structure of Eτi to justify eq.(3.9).

The arguments presented in the previous paragraph may appear to be heuristic. How-

ever, a more rigorous justification can be devised to support the following statement: for a

proof of the zeroth law, one should investigate the off-shell structure of (τ i)-component of

EoM. This has already been noted in the literature. It is possible to show that (see [9] for

proof)

eµi Dµ κ = −Rµν ξ
µ eνi , (3.23)

where eµi are the space-like tangent vectors to the horizon at ρ = 0. Most significantly, we

should note that to derive eq.(3.23) one does not need to use any EoM, and hence this is valid

universally in any theory of gravity. For two derivative Einstein gravity, once we use EoM,

the RHS in eq.(3.23) gets related to components of the stress-energy tensor, Tµν , coming

from the matter sector coupled to gravity, if any. One can further use the dominant energy

condition for the stress-energy tensor, and consequently, the RHS in eq.(3.23) vanishes,

proving the zeroth law. However, once we focus on higher derivative theories of gravity, in

this process of substituting Rµν in terms of Tµν we get extra contributions in the EoM due

to the higher derivative terms in the Lagrangian

E(0)
µν + αEHD

µν = Tµν , (3.24)
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whereE(0)
µν = Rµν−(1/2) gµν R is the Einstein tensor, andEHD

µν is the EoM coming from the

higher derivative terms in the theory along with the coupling α. With this, we are convinced

that in order to prove that the RHS of eq.(3.23) vanishes, we must need to investigate the

off-shell structure of EHD
µν ξµ eνi , which, in our chosen coordinate system, is precisely the

EHD
τi .

With the set-up that we have discussed so far, we are now in a position to give a

schematic overview of the operational strategy that will be followed to argue that Eτi is

indeed of the form given in eq.(3.22). The main idea will be to organize the analysis in a

perturbative expansion in higher derivative coupling α around the leading two derivative

theory. The EoM has already been written in eq.(3.3) in order by order expansion in α. In

order to investigate the off-shell structure of Eµν constructed out of the space-time metric

gµν and derivatives acting on it, we would also need to take a similar ansatz for gµν expanded

in powers of α

g(bh)µν = g(0)µν + α g(1)µν + α2 g(2)µν + · · · , (3.25)

where the superscript in g(n)µν signifies that it corresponds to the n-th order in the expansion

of α. We would demand that this ansatz for g(bh)µν solves the EoM given in eq.(3.3) order by

order in the expansion of α. This, in turn, would allow us to justify that eq.(3.22) is indeed

true up to all orders in the perturbative expansion in α.

We will follow the method of induction to establish the desired off-shell structure of

Eτi up to arbitrary order in the α-expansion. First, we would show that it is indeed the

case at the leading order with α = 0 for two-derivative Einstein gravity. Then we will

extend this to arbitrary order of O(αm+1) in the α-perturbative expansion, assuming that

things do work out till the previous order of O(αm). In this process, we will need to know

specifics about the generic structure of Eµν in an arbitrary order of the perturbation. To

evaluate Eµν , we need to substitute for g
(bh)
µν , given in eq.(3.25), in eq.(3.3) and isolate the
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terms contributing atO(αm+1). We will see that at this order (i.e. atO(αm+1)), Eµν can be

partitioned into two types of terms. The first type being the zeroth order EoME
(0)
µν evaluated

on g
(0)
µν + αm+1g

(m+1)
µν , where we will treat αm+1g

(m+1)
µν as linearized perturbation around

g
(0)
µν . The second type of terms involve the coefficient of αm+1 in the full EoM evaluated

on the metric corrected till the previous order, i.e. till g(m)
µν . Schematically, this looks as the

following

AtO(αm+1) : E(0)
µν [g

(0)
µν +αm+1 g(m+1)

µν ]+Eµν [g
(0)
µν +α g(1)µν +α2 g(2)µν +· · ·+αm g(m)

µν ] = O(αm+2) ,

(3.26)

where for the second term on the LHS we should truncate it to O(αm+1).

The first term on the LHS of eq.(3.26) has an universal structure as it is basically the

Einstein’s tensor linearized around g(0)µν for a small perturbation given by g(m+1)
µν .

To treat the second term on the LHS in eq.(3.26), however, we have to be more careful.

Since this term has no universal structure like the first one, a further non-trivial argument

must be invoked. We should take note of the fact that this second term is an arbitrary co-

variant tensor of rank two, but most importantly, built out of metric coefficients truncated

at O(αm). When we are looking at the order O(αm+1), we will assume that eq.(3.22) and

eq.(3.9) have been satisfied till the order of O(αm). This, in turn, enables us to ascertain

that the surface gravity, κ, computed with the corrected metric till O(αm), will be con-

stant over the horizon. As a consequence of this, we know that ∂iX(ρ, xi)|ρ=0 = 0 up to

O(αm), and hence we can use the coordinate transformation eq.(3.50) to write the metric in

terms of coordinates (r, v, xi), as in eq.(3.51). As we have discussed before, once we have

succeeded in writing the space-time metric in this new coordinate system, we can use the

boost-symmetry. Consequently, we would now be able to assign boost weights to various

covariant tensors just by counting the difference in lower v and r components. By standard

rule of how tensors should transform under coordinate transformation one can see that Eτi
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in the original (ρ, τ, i)-coordinates will be proportional to Ẽvi - the (vi)-component of the

new EoM in the new coordinates. Finally, we note that Ẽvi has boost-weight= +1, and

hence should vanish when computed for stationary configurations. Therefore we conclude

that the second term on the LHS of eq.(3.26) will not contribute atO(αm+1). With this, we

will be able to show that Eτi has indeed the form mentioned in eq.(3.22) and, thereby, we

will be able to complete the proof of the zeroth law.

3.5 Constructing the proof for the zeroth law

This section will construct the proof for the zeroth law with all details. The discussions in

this section will be divided into several sub-sections. Following the outline of our strategy

presented in §3.4, we would start with understanding the general structure of the equations

of motion (EoM) order by order in an expansion in the higher derivative coupling α. This

would be followed by explicitly working out the leading order term in this expansion, which

is actually the Einstein tensor coming from the Einstein-Hilbert Lagrangian. We would re-

view how zeroth law is satisfied at this leading order. Next, we would extend this procedure

to an arbitrary higher-order in the α-expansion adopting a method of induction. Finally, we

will also explicitly see how the application of boost symmetry for stationary metric cor-

rected up to a particular order of α-expansion helps us determine the (τi)-components of

the EoM to the following order.

3.5.1 General structure for the equations of motion in α-expansion

As we have already mentioned before in §3.2, the key assumption in our working princi-

ple is that we could solve the EoM perturbatively in an expansion in the higher derivative

coupling α. Thereby, the EoM has a structure given in eq.(3.3), which we rewrite here for

convenience

Eµν = E(0)
µν + αE(1)

µν + α2 E(2)
µν + · · · , (3.27)
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where E(0)
µν is the Einstein tensor - the EoM in the two derivative theory of gravity. Also,

αkE
(k)
µν , for k ≥ 1, are all higher derivative corrections to the EoM. They depend on the

details of the theory. We have also noticed in §3.4, that as a consequence, the metric will

also admit a similar expansion, given in eq.(3.25). Here we present that as well

g(bh)µν = g(0)µν + α g(1)µν + α2 g(2)µν + · · · . (3.28)

In our choice of coordinates this will lead to an expansion of the metric components X , ωi

and hij as given below

X(ρ, xi) = X(0)(ρ, xi) + αX(1)(ρ, xi) + α2 X(2)(ρ, xi) + · · · ,

ωi(ρ, x
i) = ω

(0)
i (ρ, xi) + αω

(1)
i (ρ, xi) + α2 ω

(2)
i (ρ, xi) + · · · ,

hij(ρ, x
i) = h

(0)
ij (ρ, x

i) + αh
(1)
ij (ρ, x

i) + α2 h
(2)
ij (ρ, x

i) + · · · .

(3.29)

We are viewing the EoM in eq.(3.27) to be evaluated on the metric g(bh)µν in eq.(3.28),

and the corresponding structures should be analysed order by order in the α-expansion. Let

us now see what we can learn at the very leading order, i.e. at O(α0). At this order very

leading order the metric functions X(0)(ρ, xi), ω
(0)
i (ρ, xi) and h

(0)
ij (ρ, x

i) should be exact

solutions of the zeroth order equation (i.e. the Einstein’s equation for two derivative theory

of gravity)

E(0)
µν [g

(0)
µν ] = 0 (3.30)

Therefore, we should be viewing this as a differential equation for g(0)µν , which is the un-

known variable at leading order, and by solving this, we would be able to fix g(0)µν .

Now, let us suppose that we want to solve the EoM Eµν = 0 upto the first sub-leading

order (i.e., upto order O(α1)). We have already determined g
(0)
µν while working at the pre-

vious order O(α0). At this order of O(α1), we realise that g(1)µν (or the metric functions

X(1)(ρ, xi), ω
(1)
i (ρ, xi) and h

(1)
ij (ρ, x

i)) are the unknowns. To find out the relevant part of

EoM from eq.(3.27) at this order, we will basically have to evaluate the tensor Eµν on the
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metric g(bh)µν , neglecting all terms proportional to quadratic or higher powers of α. In other

words, it is obvious that E(n)
µν and g(n)µν for every n ≥ 2 are negligible at this order ofO(α1).

As a result, the differential equation for the unknowns will have the following structure

E(0)
µν

[
g
(0)
αβ + α g

(1)
αβ

]
+ α E(1)

µν

[
g
(0)
αβ

]
= O(α2) , (3.31)

Here, in eq.(3.31), the first term on the LHS is basically the Einstein tensor, linearised

around g
(0)
µν where g(1)µν plays the role of the small fluctuation metric. The second term is

actually not of any universal structure like Einstein tensor since the explicit form would

depend on the type of higher derivative theory that we are focussing on at linear order in α.

However, for our purpose, that is not at all a problem since we just need to know that E(1)
µν

is a covariant tensor of rank two (constructed out of appropriate contractions of Riemann

tensors and its covariant derivatives) evaluated on the exact stationary black hole solution,

i.e., g(0)µν , of the two-derivative theory of gravity. From eq.(3.31), it is clear that this term

will act as a source term in the inhomogeneous PDE for g(1)µν . The first term, on the other

hand, is homogeneous in g(1)µν and has a known and universal structure.

Consequently, at the next sub-leading order at O(α2), the unknowns are g
(2)
µν (or, as

usual, X(2)(ρ, xi), ω
(2)
i (ρ, xi) and h(2)

ij (ρ, x
i)), and the PDE for them should look like

E(0)
µν

[
g
(0)
αβ + α2 g

(2)
αβ

]
+ Eµν

[
g
(0)
αβ + α g

(1)
αβ

]
= O(α3) , (3.32)

where the first term on LHS is the homogeneous piece and the other term is the source term

for g(2)µν . The source term, again, is evaluated on metric functions g(1)µν and g
(0)
µν , which are

already solved in the previous iteration at O(α2).

Once we have studied the EoM to the second sub-leading order in the α-expansion, we

should be able to extend this analysis to any arbitrary order in α. Let us assume that we

are currently focussing on the (m + 1)-th order term in the expansion. We have learned

that if we would like to determine the solution correctly up to order O(αm+1), we have to
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evaluate Eµν on g
(bh)
µν neglecting all terms of order O(αm+2) and higher. At this order, i.e.

at O(αm+1), the unknowns would be the components of g(m+1)
µν or in our choice of gauge,

the metric functionsX(m+1)(ρ, xi), ω
(m+1)
i (ρ, xi) and h(m+1)

ij (ρ, xi). Now, we would like to

know what would be the structure of the EoM at this order. As it is true for any perturbative

solution technique, the homogeneous part of the equation at every order has an universal

structure. In this case it is the Einstein equation E
(0)
µν linearized around the zeroth order

black hole metric g(0)µν , but now the role of the fluctuation metric will be played by g(m+1)
µν

6.

But the source terms (analogous to the second term in eq.(3.31)) will not have this

universal form. At order O(αm+1), where the metric upto order O(αm) is already fixed

by solving the equations at previous orders, the source terms will be the coefficient of αm+1

in Eµν once evaluated on g
(bh)
µν as in eq.(3.28) but corrected upto O(αm), that is

g(bh)µν |corrected upto O(αm) = g(0)µν + α g(1)µν + · · ·+ αm g(m)
µν .

Therefore, at O(αm+1), the equation looks like the following

E(0)
µν

[
g(0)µν + αm+1 g(m+1)

µν

]
+ Eµν

[
g(0)µν + α g(1)µν + α2 g(2)µν + · · ·+ αm g(m)

µν

]
= O(αm+2) ,

(3.33)

However, all the terms contributing to the source term in eq.(3.33) are obtained from metric

functions, which are all solved until the previous order in this iterative construction. Inter-

estingly, for our proof, we do not need the details of the source term, except for the fact that

at any given order, it is a covariant tensor evaluated on a metric that solves the EoM up to

the previous order 7.

6The reason for this universality is as follows. The correction to the solution i.e., g(m+1)
µν already carries

a factor of αm+1. Since we are interested in evaluating the equation at order O(αm+1) and also if we want
to collect only those terms that involves g(m+1)

µν , everything else in the equation must be of zeroth order in α.
It follows that at order O(αm+1) none of the E(m)

µν , for m > 0 can contribute to terms that has g(m+1)
µν and

the same is true for product terms of the form g(m) g(n), form > 0. Therefore at order O(αm+1), terms that
contain g(m+1)

µν can only come from the EoM at zeroth order linearized around the zeroth order solution.
7We must emphasize that for this perturbative technique to work at a given order (say O(αm+1)), EoM
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3.5.2 Zeroth law for two derivative theories of gravity, at leading order
in α-expansion

In the previous subsection, we have described the general structure of the EoM at any given

order in α-expansion. We have seen that the starting point must be Einstein’s two derivative

gravity, and g
(0)
µν must be an exact stationary black hole solution of the Einstein equations

E
(0)
µν .

It is well known that in the two derivative theory of gravity, the temperature of a station-

ary black hole is constant over the horizon. In this sub-section, we will review, following

the strategy outlined in §3.4, how this can be proved in our choice of coordinate system

eq.(3.4). As we have already mentioned, to achieve this, we must look into the off-shell

structure of the (τi) component of the zeroth-order EoM E
(0)
µν . It will turn out that E(0)

τi is

indeed of the form eq.(3.22). When EoMs are satisfied by stationary black hole configura-

tions, we will readily obtain eq.(3.9). This is, therefore, enough to prove the desired result

in two-derivative theories of gravity. In the following, we will argue that eq.(3.22) is indeed

true.

Let us consider two derivative theories of gravity without any matter field. To be more

explicit, let us reiterate that the equation of motion eq.(3.3) is

Eµν = E(0)
µν . (3.34)

The metric eq.(3.4) upto order O(α0) in the horizon adapted coordinate system is

ds2 = 2dτ dρ− ρX(0)(ρ, xi)dτ 2 + 2ρ ω
(0)
i (ρ, xi)dτdxi + h

(0)
ij (ρ, x

i)dxidxj . (3.35)

We would calculate τi component of the EoM on the horizon.

Eτi = Rτi −
1

2
Rgτi ⇒ Eτi|ρ=0 = Rτi|ρ=0 . (3.36)

must be solved till the previous order. This will ensure that the source term i.e., Eµν , evaluated on (g
(0)
µν +

α g
(1)
µν + · · ·+ αm g

(m)
µν ) will be non-zero only at order O(αm+1).
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We must now compute Rτi for our choice of metric eq.(3.35). Using the expression of Rτi

(see appendix A.3), we get

Eτi|ρ=0 = −1

2
(∂iX

(0))|ρ=0 (3.37)

Using EoM, we can straightforwardly conclude

∂iX
(0)(ρ, xi)|ρ=0 = 0 , (3.38)

which is basically eq.(3.9) uptoO(α0), and therefore, implies zeroth law at the same order.

3.5.3 Zeroth law for higher curvature theories of gravity at arbitrary
order in α-expansion

After establishing the zeroth law at the leading order in α-expansion for two derivative

theories, in this section, we aim to extend this to arbitrary higher-order in the perturbative α

expansion. We will construct our proof using a method of induction. It will be shown that

if the temperature is constant over the horizon till orderO(αn), then it will remain constant

at order O(αn+1). Following our strategy described in §3.4, and just like what we did at

the zeroth order, we will again use the off-shell structure of the (τi) component of the EoM

to show this.

For convenience, let us first re-write the metric and its α-expansion, eq.(3.28) and

eq.(3.40),

ds2 = g(bh)µν dxµdxν = 2 dτ dρ− ρX(ρ, xi)dτ 2 + 2ρωi(ρ, x
i)dτdxi + hij(ρ, x

i)dxidxj ,

(3.39)

where,

X(ρ, xi) = X(0)(ρ, xi) + αX(1)(ρ, xi) + α2 X(2)(ρ, xi) + · · ·

ωi(ρ, x
i) = ω

(0)
i (ρ, xi) + αω

(1)
i (ρ, xi) + α2 ω

(2)
i (ρ, xi) + · · ·

hij(ρ, x
i) = h

(0)
ij (ρ, x

i) + αh
(1)
ij (ρ, x

i) + α2 h
(2)
ij (ρ, x

i) + · · · .

(3.40)
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We start with the statement that we have solved the EoM accurately upto orderO(αm).

Also, following the same logic, we are assuming that the temperature is constant on the

horizon upto order O(αm). In terms of equation it implies

∂i
(
X(0)(ρ, xi) + α X(1)(ρ, xi) + · · ·+ αm X(m)(ρ, xi)

) ∣∣∣
ρ=0

= 0, (3.41)

Given this, now, we would like to solve the EoM at order O(αm+1). As we have dis-

cussed in the previous sub-section §3.5.1, in the context of the general structure of the EoM

at an arbitrary order of the α-expansion, working at O(αm+1), we will get a linear partial

differential equation for the unknown g
(m+1)
µν . This will be a linear PDE with two types of

terms; one is the homogeneous term along with another source term. In the following, we

will analyze these two terms one by one.

From eq.(3.33) we have learned that the homogeneous part of the equation could be

universally evaluated as linearisation of the Einstein tensor
(
i.e., E(0)

µν

)
around g(0)µν ,

Homogeneous part of the PDE atO
(
αm+1

)
= E(0)

µν

[
g(0)µν + αm+1g(m+1)

µν

]
+O(αm+2) .

(3.42)

Note in the above equation the RHS will have the leading contribution at order O(αm+1)

since by construction E
(0)
µν

[
g
(0)
µν

]
= 0. For our purpose, we just need to look at the (τi)

component of the EoM. By explicit evaluation in our choice of coordinate system we could

show (see appendix A.4)

E
(0)
τi

[
g(0)µν + αm+1g(m+1)

µν

]
ρ=0

= − 1

2
αm+1

(
∂iX

(m+1)
)∣∣∣∣

ρ=0

+O(αm+2) (3.43)

It should be noted that in deriving eq.(3.43), we have used the result obtained in eq.(3.38)

for the leading order two derivative theory.

Nowwe come to the source terms. These are the known terms at orderO(αm+1). These

could be computed by evaluating the EoM, keeping terms up to orderO(αm+1), and ignor-

ing all higher-order terms on the metric corrected up to order O(αm).
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3 Zeroth Law of arbitrary diffeomorphism invariant Theories of Gravity

Before we proceed, let us introduce a new notation here for convenience. For any func-

tion Y that admits an α expansion, Y (m) denotes the coefficient of αm and Y [m] denotes

the expansion of Y correct upto order O(αm). In other words, if Y could be written as

Y =
∑∞

m=0 α
m Y (m), then Y [m] denotes

Y [m] ≡
m∑
k=0

αk Y (k) . (3.44)

According to this notation, then, for the corrected and truncated metric and EoM till order

O(αm), we get

g[m]
µν ≡

m∑
i=0

αm g(m)
µν , and E [m]

µν ≡
m∑
i=0

αm E(m)
µν . (3.45)

Using this new notation, let us now write down the source term in the PDE for g(m)
µν ,

working at order O(αm+1), as the following

Source terms of the PDE at O(αm+1) = E [m+1]
µν

∣∣
evaluated on g[m]

µν
+O(αm+2) (3.46)

Note that according to our assumptions, g[m]
µν solves the EoM up to orderO(αm). It follows

that the source terms as written above will have the first non-zero contribution at order

O(αm+1). As we have mentioned before, the source terms do not have any universal struc-

ture, unlike the homogeneous piece. However, for the constancy of the temperature, we

need to analyze only the (τi)-component of the EoM and that too only at the horizon, i.e.,

ρ = 0 hypersurface in our choice of coordinates. This will simplify our analysis.

Boost symmetry for the truncated metric and vanishing of the source term

In the previous sub-section, we have shown that the homogeneous part of the (τi) compo-

nent of the EoM at this order is simply proportional to ∂iX(m+1), see eq.(3.43). Therefore,

what is left to be checked is that the source term in the PDE for g(m+1)
µν vanishes at this order

O(αm+1). In the following, we will argue that this is exactly what will turn out to be true.
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As we have described before, the source term at order O(α(m+1)), given in eq.(3.46),

is simply the leading piece (in terms of α-expansion) in E [m]
µν evaluated on g[m]

µν . We should

remember that, the corrected space-time metric g[m]
µν is truncated at O(αm). Also, it is cor-

rected, because, it solves the EoM till the same order. The truncated black hole metric g[m]
µν ,

leads to the following line element

ds2[m] = 2 dτ dρ− ρX [m](ρ, xi) dτ 2 + 2 ρω
[m]
i (ρ, xi) dτ dxi + h

[m]
ij (ρ, xi) dxidxj (3.47)

As a consequence of our assumption in eq.(3.41), the zeroth law can be assumed to be

satisfied for the metric g[m]
µν till O(αm). So, we are allowed to use the fact that X [m](ρ =

0, xi) is constant over the horizon (ρ = 0 hypersurface),

∂i

(∑
m≤n

(
X(0)(ρ, xi) + αmX(m)(ρ, xi)

))∣∣∣∣∣
ρ=0

= O(αm+1) . (3.48)

This in turn enables us to ascertain that the surface gravity, κ, computed with the corrected

metric tillO(αm), will be constant over the horizon. In other wordsX [m] could be written,

by solving eq.(3.48), as

X [m](ρ, xi) = C [m] + ρF [m](ρ, xi) , (3.49)

whereC [m] is a constant, and F [m](ρ, xi) is an arbitrary function of (ρ, xi), and both of them

are corrected upto O(αm).

Following our discussion in §3.3 (see eq.(3.20)) we would like to perform the following

coordinate transformation from xµ = {τ, ρ, xi} to x̃µ = {v, r, xi} where, v is the affine

parameter along the null generator of the horizon,

v =
2

C [m]
exp

(
C [m]

2
τ

)
, r = ρ exp

(
−C [m]

2
τ

)
. (3.50)

The truncated metric in the new coordinates takes the form

ds2[m] = 2dv dr−r2 F [m](C [m]rv/2, xi)dv2+2r ω
[m]
i (C [m]rv/2, xi)dv dxi+h

[m]
ij (C [m]rv/2, xi)dxidxj

(3.51)
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Now,E [m]
µν is just a covariant tensor of rank two, constructed out of appropriate contractions

of the product of Riemann tensors and/or their covariant derivatives. So, without knowing

any details about it, we could tell how its component would transform under the above-

mentioned coordinate transformation. By which we mean that Ẽ [m]
µν in the new coordinates

will be related to E [m]
µν in the old coordinates, as follows

E [m]
µν (ρ, τ, x

i) =
∂x̃α

∂xµ

∂x̃β

∂xν
Ẽ

[m]
αβ (r, , v, x

i) . (3.52)

For our purpose we just need to study the τi-component of E [m]
µν (ρ, τ, xi). Also, we can

readily obtain the relevant components of ∂x̃α

∂xµ from eq.(3.50),

∂v

∂τ
= exp

(
C [m]

2
τ

)
, and

∂r

∂τ
= −ρ

C [m]

2
exp

(
−C [m]

2
τ

)
. (3.53)

Using them we obtain

E
[m]
τi (ρ, τ, xi)

∣∣∣
ρ=0

= exp
(
C [m]

2
τ

)
Ẽ

[m]
vi (r, , v, xi)

∣∣∣∣
r=0

(3.54)

It is important to note that we have obtainedE [m]
τi is proportional to Ẽ [m]

vi when evaluated on

the horizon. To decide about Ẽ [m]
vi in the new coordinate system (r, , v, xi) we can directly

use the boost-invariance of the metric eq.(3.47). As we can see that Ẽ [m]
vi contains one extra

lower v-index compared to r-index. According to the arguments due to this boost-symmetry

the boost-weight assigned to Ẽ
[m]
vi comes out to be +1. Therefore, if we compute Ẽ [m]

vi on

the stationary metric eq.(3.21) at r = 0 it will simply vanish. This in turn shows that, by

using eq.(3.54), in our old (ρ, τ, xi) coordinates E [m]
τi also vanishes.

Therefore, we have now established the fact that at O(αm+1) the source term contribu-

tion to the PDE for g(m+1)
µν vanishes. The homogeneous piece is the only contribution and

that too is of the form argued in eq.(3.43). With this we have also successfully demonstrated

that

∂iX
(k)(ρ, xi)|ρ=0 = 0, for k = (m+ 1) , (3.55)
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once we start with the assumption of ∂iX(k)(ρ, xi)|ρ=0 = 0 for k ≤ m. Finally, by method

of induction, we, therefore also prove that, starting with a positive result in the leading two

derivative gravity, the zeroth law is true upto all orders in the perturbative expansion in the

higher derivative coupling α.

3.6 Discussions

In this paper, we have worked out a proof for the zeroth law of black hole thermodynamics

in diffeomorphism invariant theories of gravity. Our analysis crucially depends on the fact

that we consider only such theories of gravity where arbitrary higher derivative theories

of gravity augment the leading two derivative theory of general relativity. We assumed

that the higher derivative coupling (denoted by α in this paper) could be taken to zero in

a smooth limit leaving us with the leading two derivative theory. This, in turn, allows

us to organize our analysis in a perturbative expansion in the higher derivative coupling

α. For example, suppose we have an exact solution in the form of a black hole metric

of the equations of motion coming from the two-derivative Einstein’s equation. We can

correct this solution in that perturbation scheme and expect to obtain the corresponding

black hole solution in the higher derivative theory of gravity. The zeroth law is a statement

about stationary configurations. We used a particular coordinate system, like choosing a

particular gauge, to write down the space-time metric of a stationary black hole. Since the

temperature of a black hole is identified with the geometric quantity called surface gravity,

working within our choice of metric gauge, our main aim was to prove that the surface

gravity is constant over the horizon for stationary black holes. We want to stress here that

for our construction of the proof we did not need to use any extra symmetry, we have only

used the boost-symmetry which follows from stationarity.

The crucial ingredient in our construction for the proof was to use specific components
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3 Zeroth Law of arbitrary diffeomorphism invariant Theories of Gravity

of the equations of motion (EoM). We expanded the EoM order by order in a perturbation

series in the higher derivative couplingα, with the leading term (withα = 0) being Einstein’s

equation. The metric was also expanded in a similar perturbative expansion in α, with the

leading order term being the stationary black hole solution in Einstein gravity. We followed

a method of induction for the proof. First, we showed that the components of EoM have

the desired off-shell structure needed for the proof to go through at the leading order in

Einstein’s gravity. Then we assumed that this is true at the n-th order, and we argued that it

should be satisfied at the following order in α-expansion.

Working at O(αm+1), once we assumed that the zeroth law is satisfied at the previous

order, i.e., till O(αm), we made use of a specific residual gauge symmetry to perform a

coordinate transformation. In this new coordinate system, the coordinate along the null

generators of the horizon happens to be affinely parametrized, and the new metric enjoys

a symmetry called the boost-symmetry of the stationary black holes. Using this symmetry,

we could predict the structure of the components of the EoM without knowing its explicit

form. In other words, we viewed the EoM at O(αm+1) as a covariant tensor built out of

the metric components corrected till O(αm) to satisfy the zeroth law. Then, by knowing

how the EoM for any arbitrary higher derivative theory should transform under the coordi-

nate transformation (boost transformation), we could prove that it indeed has the required

structure to satisfy the zeroth law at O(αm+1).

It is essential to highlight that this particular boost symmetry can be used only when the

metric can be cast in the new coordinate system we mentioned above. This was crucially

used in constructing the entropy current, using which the local version of the second law

was argued for arbitrary diffeomorphism invariant theory of gravity. We also understood

that one could write down the stationary black hole metric in these new coordinates if the

zeroth law is satisfied. This was an important assumption in constructing the entropy current

in [31] and [32]. Therefore, our proof of zeroth law in this paper justifies this important
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assumption that was made in those works aimed at proving the second law.

Another critical point in constructing our proof in this paper is the assumption that it only

applies to such theories where, in an appropriate α expansion, the leading order piece has to

be Einstein’s two derivative theory. It was one significant input in our proof. However, we

have not argued that there cannot be any other proof that will not require this assumption

of starting the perturbation series from Einstein’s gravity. From the perspective of a UV

complete theory of quantum gravity, it is pretty natural to expect that the low energy effec-

tive theories following from any quantum theory of gravity would organize themselves in

such a perturbative framework starting with two derivative general relativity. However, it is

exciting to note that without having access to the details of how UV completion is achieved

and staying entirely within a low energy perspective, principles like the laws of black hole

thermodynamics also hint toward general relativity as the leading theory in a perturbative

framework.

Although, our proof is perturbative in higher derivative coupling constant α, we want to

stress that it works up to arbitrary order in the perturbative expansion. With this statement,

we might hope that finding a proof of zeroth law for theories non-perturbatively connected

to general relativity will be worth exploring.

In this work, we have used surface gravity as the definition of the temperature of the

black holes. We consider here only the gravitational part of the Lagrangian. We believe that

our proof will be valid if there is some matter sector obeying Dominant energy condition.

But there are theories like Horndeski Theory, where this definition of temperature as surface

gravity does not hold[37]. It will be very interesting to find out how our proof will go

through for these types of theories.
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Chapter 4

EntropyCurrent for FourDerivative The-
ories of Gravity
This chapter is based on[31]

It is widely believed that Einstein’s theory of gravity must admit an adequate UV comple-

tion when we approach length scales comparable to Planck length. Such a putative UV

complete theory of quantum gravity, at large length scales, must reduce to the weakly cou-

pled, two derivative Einstein’s theory, which has been exhaustively verified in the IR, by

several experiments. However, at intermediate length scales, we may encounter a regime,

where gravity is still weakly coupled and the quantum corrections are suppressed, but higher

derivative corrections to Einstein equations cannot be ignored 1. In this regime, gravity

would be described by an arbitrary diffeomorphism invariant classical theory

L = Lg (gµν , Rµνλσ,∇αRµνλσ,∇β∇αRµνλσ + . . . ) + Lm, (4.1)

where, the gravity part of the Lagrangian would admit a derivative expansion, as follows

Lg = R +
(
α1R

2 + α2RµνR
µν + α3RµναβR

µναβ
)
+ higher derivatives (4.2)

1Such an intermediate regime exists, for instance, in string theory, which is a prominent candidate for the
UV complete theory of quantum gravity. In string theory, within this regime, the string coupling gs → 0,
implying the quantum corrections are suppressed. While, the ratio ℓs/R is non-negligible,R being the length
scale associatedwith space-time curvatures, while ℓs is the string length. Whether such an intermediate regime
exists in the real world, or whether Einstein’s description is a good description right up to the Planck scale,
can only be answered with precision experiments of the future.
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Here, in (4.1), Lm represents the matter part the theory 2. Any non-minimal coupling to

gravity, i.e., the terms involving curvature and the matter fields are also included in Lm.

Note that, the specific values of the coefficients α1, α2 and α3 depend on the details of the

UV complete theory. These are dimension full constants and therefore must be proportional

to the (square of) some fundamental length scale of the UV complete theory. For example,

in the case of string theory, all of these coefficients will have the form αi ∼ l2sα̃i where ls is

the string length and α̃is are some numbers. The limit that we shall consider here, is the one,

where the length scale associated with the curvatures of the space-time and those associated

with the variations of the matter fields, are much larger compared to ls. In other words, all

the higher derivative corrections will be more and more suppressed, with the increase in the

number of derivatives.

We know that the two derivative Einstein’s theory admits black holes solutions with

Killing event horizons. These solutions can be understood as macroscopic manifestation

of an ensemble of many microscopic degrees of freedom of the more fundamental theory

of gravity, in thermodynamic equilibrium, at finite temperature. If this statistical picture

of the black hole is correct, then stationary black hole solutions should exist even after we

add higher derivative corrections to the gravity action. Also, within these higher derivative

theories of gravity, we should be able to construct macroscopic quantities, such as entropy,

for the black hole solutions, which will satisfy the laws of thermodynamics.

In two derivative theory of Einstein’s gravity, we have a candidate for entropy that

satisfies both the first and second law of thermodynamics. The entropy, in this case, is

given by the area of a ‘time-slice’ of the event horizon [39, 40, 41] (also see [42, 43, 44]).

We shall denote the even horizon withH and the time-slice of it withHv. The second law,
2Note that, there would certainly be some phenomenological restrictions on Lm. For example, it should

reduce to the standard model Lagrangian at large length scales. Beside this, Lm here also incorporates all
the matter fields, that may be required to make the higher derivative theory of gravity (4.2) well defined. For
instance, It was pointed out in [38], that causality constrains on tree level graviton three point functions imply
that that Lm should incorporate higher spin fields.
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for this entropy, followed from the famous area increase theorem for black holes [39, 42],

which assumes that the matter energy-momentum tensor obeys the null-energy condition.

Throughout our discussion in this note, we shall assume this condition to be valid for the

matter part of the Lagrangian Lm.

Now it is very difficult to analyze dynamical black hole solutions even in two derivative

Einstein’s theory of gravity. People usually take recourse to several perturbation schemes,

around the stationary solutions that are known exactly. In this context, the simplest situation

that comes to mind is the case where some stationary black hole is slightly perturbed by

some external agent so that the resulting dynamical black hole metric could be decomposed

as a sum of stationary part and the time dependent part with small amplitude. Then one can

analyze the equations in an expansion in terms of the amplitude 3.

In [1] the author has used this expansion to construct one ‘out of equilibrium’ extension

of Wald entropy, which, up to linear order in amplitude expansion, is monotonically in-

creasing at every instant of ‘time’ and therefore satisfies the second law in a stronger sense

(also see [27, 28, 46, 30]). This locality in time is not entirely unexpected in this type of set-

up where the space-time is ‘near’ some equilibrium or stationary solution at every instant

of time. Following the same intuition, we could also say that for such slow enough, ‘near

equilibrium’ time evolution, where we could assume that different subregions of a large

macroscopic system are in approximate equilibrium with its immediate neighborhood, at

every instant of time, we should also expect a spatial locality, in the formulation of sec-

ond law. This expectation is completely consistent with the scenario in Einstein’s theory

of gravity, where the area increase theorem is valid locally, for every infinitesimal area el-

ement of a ‘time-slice’ of the horizon. Our expectation for a local, stronger form of second
3Under this approximation, it is not possible to study violent processes such as the formation of black holes

or merger of two black holes. Throughout this chapter, we shall work only up to linear order in the amplitude
of fluctuations and therefore, our results would not directly apply to these violent scenarios. See [45], where
similar questions relating to entropy and the second law, for processes involving the merger of black holes
have been addressed.
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law, is very much motivated by this example of Einstein’s theory. Now, in a more gen-

eral setting involving higher derivative corrections to Einstein’s equation, during slow time

evolutions, besides entropy production in every infinitesimal subregion, we have to be also

open to the possibility that entropy could be redistributed between the neighboring regions,

by flowing in or out via some spatial current. The necessity of having such non-zero spa-

tial current for entropy, and the existence of a strong ultra-local form of the second law of

thermodynamics, in higher derivative theories of gravity as well, are the key points of our

investigation here.

In this chapter, we shall demonstrate that it is possible to formulate the second law in its

strongest form, so that at least for ‘slow enough’ dynamical situations, entropy is produced

at every point of the evolving space-time, up to a possible inflow and outflow via some

spatial current4. We will explicitly construct this spatial current for entropy flow, in the

most general four derivative theory of gravity.

Let us now outline the organization of this chapter, along with a brief summary of the

key arguments and results in the various sections.

At first, in §4.1, we shall review the paper [1] in detail. The author in [1] has shown that

at the leading order in amplitude expansion, certain ‘time-time’ component of the equation

of motion of any higher derivative theories of gravity could always be written as two ‘time

derivatives’ acting on some quantity. Then he could further argue that if one identifies

the integral of this quantity (the expression on which the two time derivatives are acting)

over Hv, with the entropy of the gravitational theory, then it will satisfy the second law

at least at the leading order within this approximation. Following [1] we have first set
4An entropy current with non-negative divergence certainly exists in near equilibrium states for theories

that do not include dynamical gravity [47, 48, 49, 50]. In the case of gravity, where the space-time itself
becomes the fundamental dynamical object, the concept of locality might become a bit confusing. The locality
in space-time in some sense becomes analogous to some form of locality in the space of fundamental fields
of non-gravitational theories. However, the kind of perturbation that we are considering here, there is always
a stationary base metric which could play the role of the background and the above mentioned issues could
be avoided.
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up an appropriate coordinate system, thus defining the ‘time’ mentioned above. Next, by

using a symmetry of the horizon geometry (referred to as ‘boost symmetry’ in [1]), we have

classified the terms that can appear in that particular ‘time-time’ component of the equations

of motion, according to their weight under this boost transformation. We shall see that the

argument and construction in [1] smoothly goes through for all the higher weight terms

except the one that appears at zero boost weight.

This point was noted in [1] and it has been argued that if these ‘zero boost terms’ are

not of the correct form (i.e., two time derivatives acting on some quantity) it would amount

to the violation of the first law itself, once viewed in the ‘physical version’ formulation of

it [17, 51] (also see [52, 53, 54, 55, 56]). Therefore, though the central argument in [1]

naively break down for these special ‘zero boost terms’, it must work out in actual theories,

where the physical process version of the first law is valid.

In this context, the four-dimensional Gauss-Bonnet theory requires a special mention.

We have discussed this case in details in §4.2.6. It is well known that in four dimensions

Gauss-Bonnet action is a total derivative and therefore does not contribute to the equation

of motion. However, from Wald’s analysis, we know that the entropy of the black holes in

Gauss-Bonnet theory does receive correction which is proportional to the intrinsic Ricci-

scalar evaluated on the two-dimensional spatial section of the horizon. Integration of this

quantity over a compact two dimensional manifold results in a topological quantity, the Eu-

ler characteristics, that does not change under small continuous deformation of the horizon

caused due to the perturbation. This is perfectly consistent with the fact that 4-d Gauss-

Bonnet term does not introduce any correction to the equation of motion and so (following

the argument of [1]) no correction to the change in total entropy during time evolution.

However, if we are thinking of in terms of the entropy density (i.e., the same intrinsic Ricci

scalar without the integration over all spatial sections of the horizons), it does evolve with

time. But, this entropy density, clearly, would not satisfy the ultra-local version of the sec-
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ond law. However, the validity of the local version of the second law is restored, if we also

consider a spatial entropy current. It is satisfying to check that, for the 3 + 1 dimension

the v-derivative of the Ricci scalar is identical to the time derivative of the divergence of a

spatial current (given in terms of the extrinsic curvatures of Hv). These two contributions

from the entropy density and the spatial entropy current, to the equation of motion, cancel

out each other. This cancellation is off-shell and specific to 3+1 dimensions only. Thus, in

this simple example, it is easy to recognize the necessity of the entropy current, even before

performing the detailed calculation. As we will see in more detail in §4.2.6, this example

also helps us to identify an ambiguity present in the definition of the entropy current.

In §4.2.2, §4.2.3 and §4.2.4, we go on to develop a general algorithm for constructing

the spatial components of the entropy current for arbitrary four derivative theory. From this

exercise, we learn that the most general form of the relevant equation of motionEvv, which

is consistent with the boost symmetry, has a structure which is more general compared to

what would be essential for defining the entropy current. In other words, the fact we have an

entropy current and consequently a local second law, puts very non-trivial constrains on the

most general possible structure of Evv
5. Although at the moment we do not have a precise

explanation regarding the physical origin of these constraints, we believe that these may

arise due to some residual gauge freedom. We think understanding the exact mathematical

reason behind these constrains, would lead us to a proof of the local second law through the

construction of the entropy current, without invoking the first law at all.

This general algorithm has also helped us to understand the ambiguities related to the

construction of the current more clearly. In §4.2.7, we report on one of the primary source

of such ambiguities. Finally in §4.3, we conclude and discuss possible future directions.

Before concluding this section, we would like to mention that, the notion of an entropy
5As we have mentioned above, an explicit calculation for the four derivative theories demonstrates that,

these constraints are automatically met for these theories.
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current for black hole dynamics in higher derivative theories of gravity, is not completely

new in this note. This idea has been previously introduced in [57, 58, 59]. In [57, 58] it was

primarily motivated by the entropy current, constructed in the context of the fluid gravity

correspondence [47]. While in [59], the entropy current was constructed exploiting the

membrane-gravity duality, using an expansion in inverse powers of space-time dimension.

Although, the exact context of these constructions are different from our considerations

here, but there are some similarities in the basic idea (see §4.3 for further discussions on

this). The exact relation between our construction and that reported in these papers is a

topic of our current investigation and we hope to report on it in the near future.

4.1 A comprehensive review of [1]

As we have discussed in the last section in an arbitrary diffeomorphism invariant theory of

gravity, a proof of the second law for dynamical black holes was provided in [1]. Let us

review the details of the proof here, which would serve as a useful prelude to the subsequent

discussion of our entropy current.

Let us first choose a coordinate system. Let ∂v be the null generators of the event hori-

zon, where v is the affine parameter. Let ∂is denote the rest of the spatial tangents of the

horizon. Integral curves of ∂is are the spatial coordinates along the constant v slices of

the horizon. Then from every point on the horizon, we shoot off a set of null geodesics,

making a precise angle with the coordinates on the horizon. We label each of these new

set of null geodesics (null everywhere) by the coordinates of the point at which it intersects

the horizon. We denote the affine parameter along the null geodesics to be r which is the

coordinate, away from the horizon. The most general metric with this choice of coordinates

would have the following structure (see appendix of [36])

ds2 = 2dv dr − r2X(r, v, xi) dv2 + 2r ωi(r, v, x
i) dv dxi + hij(r, v, x

i) dxi dxj (4.3)
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Here we have chosen the horizon to be at r = 0 (a choice for the origin of the affine

parameter along each null geodesic ∂r). Note that this choice of gauge is slightly different

from that of [1]. We have set grv = 1 throughout space-time, but in [1] this condition was

set only on the future horizon H. In Appendix A of [36], it was demonstrated that this

choice of metric (4.3), is possible without any loss of any generality, even for dynamical

black holes. We would also like to emphasize that this difference in gauge choice, do not

affect the arguments in [1], in any way. We shall work with this slight difference in this note,

simply because we prefer to work with a metric where the gauge fixing is more complete.

Given the form of the metric (4.3), let us now outline the broad strategy of the proof of

second law provided in [1].

4.1.1 Strategy of the proof of second law of black hole thermodynamics

The general strategy of the proof follows that of area increase theorem for dynamical black

holes in Einstein gravity [39, 42]. Following [1] we shall consider small time dependent

fluctuations about stationary black holes. Let us denote the amplitude of the fluctuation to

be ϵ. All the analysis would be linear in the amplitude (denoted by ϵ) of this fluctuation.

Let us denote a v-slice of the horizon of the dynamical black hole to be Hv. In [1] Hv

has been considered to be compact, an assumption which played an extremely important

role in the proof 6. Then, under the approximations considered here, let us schematically

write down the entropy of the black hole, in an out of equilibrium scenario, to be

S =

∫
Hv

√
h(1 + sn) (4.4)

where

sn = sHDw + sc.

6This assumption ensured certain boundary terms to vanish. Therefore, even if the horizon was non-
compact, but those boundary terms continued to vanish, the proof of [1] is completely valid. Our local state-
ment of the second law should not be sensitive to the compact nature of the horizon, or depend on the vanishing
of such boundary terms.
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Here sHDw are the corrections to the area law, coming from the Wald entropy formula due to

the presence of the higher derivative corrections to the Einstein-Hilbert action. Note that,

in this notation the Wald entropy is given by 7

SW =

∫
Hv

√
h(1 + sHDw ) =

∫
Hv

∂L
∂Rµνρσ

ϵµνϵρσ, (4.5)

where ϵµν are the bi-normal toHv, the co-dimension−2 spatial slicing of the horizon. Here,

sc are further corrections to the Wald entropy, which are a part of the JKM ambiguity. One

of the central idea of the proof, is to choose an appropriate sc so as to ensure ∂vS ≥ 0. This

in turn, therefore, fixes the ambiguity.

Now let us act (4.4) with a v-derivative, which can be moved inside the integral in the

RHS, since the integral is over a v-slice of the horizon. We have

∂vS =

∫
Hv

∂v

(√
h(1 + sn)

)
≡
∫
Hv

√
h ϑ, (4.6)

where hij is the induced metric onHv, and

ϑ = ϑE +
1√
h
∂v

(√
hsn

)
,

with ϑE being the contribution coming from the area form, which is present even in pure

Einstein gravitywithout any higher derivative corrections. We can show thatϑE = 1
2
hij∂vhij

is the expansion of the congruence of the null generators of the horizon [44].

Following the proof of the black hole area increase theorem[39, 42] for Einstein gravity,

the general strategy for proving ∂vS ≥ 0, is to demonstrate that ∂vϑ ≤ 0. This, together

with the additional physical expectation 8 ϑ|v→+∞ → 0, implies that ϑ ≥ 0, for all v ≥ 0.

Now at linear order in amplitude both inequalities (i.e., ∂vS ≥ 0 and ∂vϑ ≤ 0), must be

some equality relation since terms linear in amplitude (ϵ) could have any sign depending on
7Here, we have treated the area term corresponding to Einstein theory separately, to facilitate comprehen-

sion for our readers who are familiar with the area increase theorem.
8Here, the physical expectation is that the dynamical black hole will settle to a stationary metric with a

Killing horizon at v → ∞, leading to the vanishing of ∂vS at v → ∞.
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the sign of ϵ. In other words, the only way the inequalities could be satisfied is to set them

to zero at linear order in ϵ.

∂vϑ = O
(
ϵ2
)

(4.7)

We shall try to choose sn such that ∂vϑ = O (ϵ2) is ensured. More precisely, by equation

(4.7), what we mean is the following.

• We shall consider only those dynamics where every metric componentGAB , that are

not already fixed by our gauge choice, could be decomposed as

GAB = G
(0)
AB + ϵ δGAB

whereG(0)
AB is the non dynamical part of the metric and has a time-like Killing vector

with a Killing horizon. δGAB is time-dependent. ϵ is the small parameter encoding

the amplitude of dynamics, which could be of either sign but always small. All terms

quadratic or higher order in ϵ would be neglected.

• We further demand thatG(0)
AB is an exact solution of Einstein equationwith appropriate

higher derivative corrections and also relevant matter stress tensor. Additionally,

GAB also solves the same equations but upto corrections of order O (ϵ2).

• Now our goal is to construct an sn out of G
(0)
AB and δGAB such that if we just blindly

evaluate ∂vϑ and impose equations of motion it turns out to be order O (ϵ2) (or just

vanishes within our approximation).

One of the key points of [1] is to provide an algorithm to construct such an sn in all possible

higher derivative theories of gravity.

At this stage we would like to emphasize that equation (4.7) is a necessary condition for

second law, but certainly not sufficient, even within this perturbative treatment. Sufficiency

would demand a particular sign for the ceofficient of the O (ϵ2) term and in those special
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space-time points where this coefficient also vanishes, one has to keep track of even the

higher order terms. However, as it is the case in [1], in this note we shall confine ourselves

to computations only up to orderO(ϵ). They themselves turn out to be constraining enough

to fix a large part of ambiguities that are there in the form of gravitational entropy for higher

derivative theories.

Now let us process equation (4.7) little further, which will finally tell us how, manip-

ulating a particular component of equations of motion, we could construct some sn that

satisfies equation (4.7).

∂vϑ = ∂vϑE + ∂v

(
1√
h
∂v

(√
hsn

))
= −Rvv + ∂v

(
1√
h
∂v

(√
hsn

))
+O

(
ϵ2
)

= −Tvv + EHD
vv + ∂v

(
1√
h
∂v

(√
hsn

))
+O

(
ϵ2
)

(4.8)

Here Tvv denotes the vv component of the matter stress tensor andEHD
vv is the vv component

of the higher derivative corrections to the gravity part of the equations of motion. In the

second line we have used the fact

∂vϑE = −Rvv +O
(
ϵ2
)

This is essentially the Raychaudhury equation for the congruence of null geodesics and this

is an off-shell equation - it does not require the metric to satisfy any particular equation of

motion. We have used the equation of motion while going from second to the last line of

equation (4.8)

Rvv + EHD
vv = Tvv (4.9)

In all of our analysis this the only place where we shall use the on-shell condition on the

metric components.

Now let us analyse the ϵ dependence of Tvv. We would like to argue that Tvv is also of

order O(ϵ2) and therefore does not contribute within our approximation.
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In case of higher derivative theory the definition of matter stress tensor might become

a bit confusing. Our convention is the following. If we vary the action with respect to the

metric fluctuation, the resultant two-indexed tensors could be categorized in two different

classes; terms that depend only on the metric components and terms that along with the

metric components, also depend on the matter fields. All the higher derivative terms that

are of the first category, are together called asEHD
AB and the matter stress tensor TAB consists

of all the terms in the second category.

Clearly if we want to know the ϵ dependence of Tvv, we need to fix the ϵ dependence of

the matter fields. Let Φ denotes all the matter fields (collectively) and let’s assume that it

also admits the following expansion.

Φ = Φ(0) + ϵ δΦ

Here δΦ encodes the dynamics and Φ(0) is the value of Φ on the stationary situation i.e.,

when all field configurations, including both metric and the matter fields, admit a Killing

vector. As in the case of metric, we want Φ(0) to satisfy the equations of motion (on the

background of stationary metric G(0)
AB) for the matter field exactly and δΦ upto linear order

in ϵ.

We shall consider only those matter stress tensors that satisfy the null energy condition.

In our context it implies that as long as the matter fields satisfy their equations of motion

(in any smooth background geometry that need not be dynamical), the vv component of the

stress tensor is always non-negative.

Tvv ≥ 0

We would like to stress again that the validity of the above condition requires only the mat-

ter fields to be on-shell, but the metric need not be. Now one can argue that in a stationary

situation (i.e., in the limit of ϵ → 0) Tvv simply vanishes (see appendix §B.2 for the de-

tails). Any quantity that satisfies some positivity condition and also vanishes in stationary
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situation, must be quadratic in the amplitude of dynamics, since the linear term could have

either sign. It follows (exactly for the same reason as in equation-(4.7)) that Tvv is also of

order O (ϵ2) at every order in derivatives.

Now equation (4.8) could be simply satisfied for some choice of sn, provided EHD
vv has

the following off-shell form9

EHD
vv ∥offshell = ∂v

(
1√
h
∂v

(√
h ς
))

+O(ϵ2). (4.10)

If equation (4.10) is true, then one could just choose
[∫

Hv

√
h sn

]
to beminus of

[
−
∫
Hv

√
h ς
]

upto correction of order O(ϵ2).

Let us pause here for a moment, to make an important observation about a very special

situation. Imagine a situation in which, a fluctuation in the matter field with a very small

amplitude sources the metric, through its energy momentum tensor. The first correction to

the zeroth order stationary metric is entirely due to back-reaction from this source. In such a

situation, the first change in the matter fields is of order ϵ, and the energy momentum tensor

is of order ϵ2; but, the first correction to the metric would be of order ϵ2. TheO(ϵ) piece for

the metric would be trivially zero, in this special case, when the boundary conditions are

chosen suitably. So everything we have said so far, for the O(ϵ) coefficient in the metric

remains true, but trivially true.

Now, in this special case, since the first correction to the metric occurs atO(ϵ2), all our

conclusions in this note, regarding the linearized corrections to metric, would then be appli-

cable to the O(ϵ2) terms. The only crucial difference would be that, instead of the equality

(4.7), we would now get an inequality for the coefficient of ϵ2 in ∂vϑ, i.e. ∂vϑ|ϵ2 ≤ 0. This
9Note it is very important that the form predicted in (4.10) is an off-shell requirement on EHD

vv . Since we
have already argued that Tvv is of order O

(
ϵ2
)
, equations of motion for the metric (4.9) ensures that on-

shell EHD
vv must be of order O

(
ϵ2
)
. In other words, just like the solutions of any other differential equations,

on-shell we do not have the freedom of determining the ϵ dependence of terms involving large number of
derivatives, once the lower derivatives are fixed. However, our final goal is to construct an expression for sn
and we can actually achieve this goal by treating EHD

vv off-shell, where the naive ϵ counting works.
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happens because of (4.8), where, due to the null-energy condition, Tvv now contributes pos-

itively, at the same order at which the metric receives its first corrections. The cancellation

betweenEHD
vv and ∂v

(
1√
h
∂v

(√
hsn

))
is realized in exactly the same way as discussed ear-

lier. This, in turn, implies that ∂vS ≥ 0, the inequality being important even for the linear

(first non-trivial) corrections to the metric. Note that, this situation is perhaps physically

important, since this is one of the simplest situations where we can realize a dynamical

event horizon, by throwing a tiny amount of matter towards the black hole.

In [1], author has explicitly shown that equation (4.10) is true. As we have mentioned

in the introduction, he has used the transformation property of EHD
vv under certain boost

symmetry for his proof. His key argument works barring few ‘leading terms’ in EHD
vv , for

which the author has used the ‘physical process formulation’ of the first law as an extra

input. As we shall see below, for particularly these terms the integration over the constant

v slices of the horizon turns out to be very crucial.

4.1.2 An entropy for non-stationary horizons obeying the second law

In this subsection, we shall review the arguments in [1], which establishes that most of the

terms in EHD
vv could be recast in the form (4.10).

A residual coordinate redefinition freedom

Let us recall that in (4.3), the coordinate v constitutes an affine parameter along the null

generators of the horizon, while the coordinate xi labels the individual generators. But

this definition does not completely fix the coordinates on the horizon H. We still have the

freedom of the following two classes of coordinate redefinition.

1. We can perform an affine re-parametrization of the generators of horizonH, through

the transformation

v → ṽ = v p1(x
j) + p2(x

j). (4.11)

61



4 Entropy Current for Four Derivative Theories of Gravity

Note that, an arbitrary re-parametrization of this form (4.11), may not be compatible

with the gauge choice as used in (4.3). Therefore, along with the transformation

(4.11), it may be required to transform the r coordinate as well, so that the gauge

choice of (4.3) is retained, even after the coordinate transformation (4.11). This point

is explicated further below, in a special case of (4.11).

2. We can also relabel the generators as follows

xi → x̃i = f i(xj). (4.12)

The transformation (4.12) does not change the constant v slices of the horizon; consequently

Hv is invariant under it. Also, for the choice of the metric (4.3), covariance under (4.12)

may be implemented by ensuring that all the spatial i-indices are covariant; especially, the

covariant derivatives along xi, should be compatible with the metric hij . For this reason,

ensuring invariance (covariance) of entropy (or the second law) under (4.12) is relatively

easy. However, covariance under (4.11) is extremely non-trivial and leads to constraints,

that were exploited in [1] to fix the form of EHD
vv and hence the correction to the entropy.

In [1] only a special case of (4.11) was considered under which p1 = a, p2 = 0, so that

v is rescaled as v → ṽ = av, a being a constant. Now, in order to ensure that our coordinate

redefinition is compatible with the gauge choice of (4.3), we must rescale the r coordinate

suitably. For instance, in order to ensure that grv = 1 everywhere, even after rescaling v,

we must simultaneously rescale 10

v → ṽ = av, r → r̃ =
1

a
r. (4.13)

In the new coordinates (4.13) the metric takes the following form

ds2 =2 dṽ dr̃ − r̃2 X(λr̃,
ṽ

λ
, xi)dṽ2

+ 2r̃ ωi(λr̃,
ṽ

λ
, xi)dṽ dxi + hij(λr̃,

ṽ

λ
, xi)dxi dxj

(4.14)

10In [1], this rescaling has been referred to as ‘boosts’, while the quantities invariant under this rescaling
has been referred to as ‘boost invariant’.
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Note that, for the parametrization (4.3), the metric looks almost invariant under this coordi-

nate transformation (4.13), however, the arguments of themetric functions are appropriately

scaled. In particular, on the horizonH, the induced metric in the new coordinates takes the

following form

ds2H = 2 dṽ dr̃ + hijdx
i dxj , (4.15)

which has an identical structure as compared to that in the old coordinates.

Structural form of EHD
vv

At first, let us enlist the various derivatives and functions that may occur in EHD
vv , for any

general diffeomorphism invariant theory of gravity (4.1). These building blocks for con-

structing EHD
vv include

1. The metric functions X , ωi and hij .

2. The covariant derivative∇i with respect to xi, compatible with the metric hij , which

can act on the above metric functions.

3. The partial derivatives ∂r and ∂v, which may also act on the metric functions.

Let us immediately note that among these building blocks, it is only ∂v and ∂r that transform

non-trivially under the coordinate rescaling (4.13). These transform as

∂r → ∂r̃ = λ∂r, ∂v → ∂ṽ =
1

λ
∂v (4.16)

As is apparent from (4.14), the rest of the building blocks of EHD
vv , which include the metric

functions and the covariant derivative∇i, remain invariant under (4.13).

Let us now note that under the coordinate rescaling (4.13),EHD
vv , being the vv-component

of a covariant tensor, must transform as

EHD
vv → EHD

ṽṽ =
1

λ2
EHD

vv . (4.17)
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Let us define the weight of a quantity to be the power of λ by which the quantity rescales

under the transformation (4.13). In this sense, the weight of EHD
vv is −2.

Now, from the transformation property of the building blocks, it is clear that only ∂v

has a negative weight under (4.13). Hence, it follows that, every term in EHD
vv must have at

least two ∂v. At linear order in ϵ, the most general schematic structure of any term in EHD
vv

would be

E(m,n,k) = ∂k
r [(∂v∂r)

mP ] ∂k+2
v [(∂v∂r)

nQ] +O(ϵ2), (4.18)

wherem,n and k are positive integers including zero. Here we have kept all the ∂r and ∂v

derivatives explicit 11. P and Q are appropriate structures built out of rest of the building

blocks, which consist of the metric functions and ∇i acting on them. They do not contain

any further ∂v or ∂r derivatives. Thus the most general structure of EHD
vv would be

EHD
vv =

∑
m,n,k

E(m,n,k) (4.19)

The upper limits of these sum would be fixed by the number of derivative on the metric in

the gravity Lagrangian (4.1).

Nowwe shall manipulateE(m,n,k) to demonstrate thatEHD
vv as given by (4.19) can be cast

into the form (4.10). At first, we shall consider E(m,n,k) for k ̸= 0, and derive a recursion

relation for this quantity. This recursion relation would be used to derive a general structure

forE(m,n,k) and hence forEHD
vv . Certain terms corresponding to the case k = 0would require

special treatment, and after invoking the ‘physical process’ version of the first law, we shall

demonstrate that entire sum (4.19), and hence the most general form of EHD
vv , can be cast

into the form (4.10). This would complete our objective as laid out in §4.1.1, thus proving

the second law of thermodynamics in the linearized case. This would also provide us with
11 It may seem at first glance that the term in (4.18) is already second order in ϵ for any non-zerom, since

in that case, it becomes a product of two terms, on which some v-derivative has acted. However, it should be
noted that when both the derivatives (∂v∂r) act together on P , it can be non-zero on H even in equilibrium,
i.e. it can be an O(ϵ0) term (see appendix B.1).
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an explicit construction to compute the corrections to the Wald entropy, for an arbitrary

theory (4.1).

At first, let us note that, any term of the form ∂m
v ∂n

r P , where n ≥ m and P does

not contain any further ∂r or ∂v derivative, would generically be non-zero once evaluated

on the Killing horizon of the stationary solution. On the other hand, such terms would

vanish on the Killing horizon if m > n (see appendix B.1 for a demonstration of this

fact). Therefore, it follows that, in a dynamical situation, when the amplitude of the time

dependent perturbation ϵ is small, (∂m
v ∂n

r P ) must be of order O (ϵ), whenever m > n.

Consequently, all terms of the product form (∂m
v ∂n

r P )(∂m′
v ∂n′

r Q) withm > n andm′ > n′,

are of order O (ϵ2), and therefore, can be neglected in our linearized analysis.

Now let us turn our attention back to the expression (4.18), for k ̸= 0. In (4.18), we

can take the v-derivatives acting on the term involving Q and transfer them onto the term

involving P at the expense of a minus sign and a total derivative term. By repeating this

operation, even on the terms that are generated due to previous such operations, it is possible

to reduce (4.18) to the following recurrence relation

E(m,n,k) = ∂2
v

( k−1∑
p=0

(−1)p ∂k−p
r

[
(∂v∂r)

m+pP
]
∂k−p
v [(∂v∂r)

nQ]

)
+ (−1)k∂v

([
(∂v∂r)

m+kP
]
∂v [(∂v∂r)

nQ]

)
− E(m+1,n,k−1)

(4.20)

Now, we can use this recursion relation (4.20) itself, to evaluate E(m+1,n,k−1)

E(m+1,n,k−1) =
k−2∑
p=0

(−1)p ∂2
v

(
∂k−p−1
r

[
(∂v∂r)

m+p+1P
]
∂k−p−1
v [(∂v∂r)

nQ]

)
+ (−1)k−1∂v

([
(∂v∂r)

m+kP
]
∂v [(∂v∂r)

nQ]

)
− Em+2,n,k−2

(4.21)
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Using the recursion relation repeatedly, we can recast E(m,n,k) into the form

E(m,n,k) =
k−1∑
q=0

k−q−1∑
p=0

(−1)q+p ∂2
v

(
∂k−q−p
r

[
(∂v∂r)

m+q+pP
]
∂k−q−p
v [(∂v∂r)

nQ]

)
+

(
(−1)k − (−1)k−1 + (−1)k−2 − . . .︸ ︷︷ ︸

k-terms

)
∂v

([
(∂v∂r)

m+kP
]
∂v [(∂v∂r)

nQ]

)
(4.22)

Hence, after performing the sum in the second term, we have

E(m,n,k) =
k−1∑
q=0

k−q−1∑
p=0

(−1)q+p ∂2
v

(
∂k−q−p
r

[
(∂v∂r)

m+q+pP
]
∂k−q−p
v [(∂v∂r)

nQ]

)
+ k(−1)k∂v

([
(∂v∂r)

m+kP
]
∂v [(∂v∂r)

nQ]

)
(4.23)

Note that, inside the sum, the first term has the structure ∂2
v

(
∂ℓ
rX

(ℓ)
) (

∂ℓ
v Y

(ℓ)
)
, where the

lowest value of ℓ = 1. If we now, plug in (4.23) back into the sum (4.19), a similar structure

of this first term would be maintained, again with ℓ starting from 1. Note that, here, we are

only considering values of k starting from 1, in the sum (4.19). As wementioned previously,

the k = 0 terms needs to be treated separately.

But now, let us also note from (4.18), that the k = 0 term can always be recast into the

same form as the second term in (4.23). This is true only in the linearized approximation.

Thus, from (4.19) and (4.23) it is clear that, at linear order in amplitude, EHD
vv could

always be written in the following form

EHD
vv = ∂v [A ∂v B] + ∂2

v

[∑
k=1

(
∂k
rA

(k)
) (

∂k
v B(k)

)]
+O(ϵ2)

= ∂v [A ∂v B] + ∂v

[(
1√
h

)
∂v
∑
k=1

√
h
(
∂k
rA

(k)
) (

∂k
v B(k)

)]
+O(ϵ2)

(4.24)

whereA,B,A(k) andB(k) are appropriate structures as implied by (4.19) and (4.23), which

do not transform under rescaling (4.13). Let us re-emphasize that, although (4.23) has been
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derived under the assumption k ̸= 0, the form of EHD
vv in (4.24), also incorporates the k = 0

term, in the sum (4.19).

As argued above (also see appendix B.1), we know that the action of a v-derivative,

which does not appear with a compensating r-derivative, on a quantity that is invariant

under the rescaling (4.13), must be of O(ϵ) on H, in the amplitude expansion. This is

because, such a quantity should vanish on the Killing horizon, and so must be at leastO(ϵ)

for dynamical horizons. Consequently, whenever one or more ∂v act on any one of theseA,

B, A(k) or B(k), it must beO(ϵ). This also justifies appropriate incorporation of the factors

of
√
h in (4.24). We do not get any additional terms due to these factors of

√
h, since we

are working in the linearized approximation in ϵ.

Thus to conclude, we have obtained a precise structural form of EHD
vv in (4.24). At this

stage, we observe that the second term ofEHD
vv in (4.24) is already in the desired form (4.10).

So our objective would be accomplished, if we are able to argue that the first term in (4.24),

can also be written in the form (4.10), i.e. as two v-derivatives acting on a quantity which

is invariant under the rescaling (4.13).

The physical process version of First law and its implications

In [1] it was argued that the structure of the quantities A and B in (4.24), must be such, that

EHD
vv has the form (4.10). This conclusion followed from the physical process version of the

first law of black hole thermodynamics [51, 17] (also see [54, 60]), which was assumed to

be applicable for the theory of gravity under consideration. It was demonstrated in [1], that

if A and B in (4.24) did not have the requisite structures, then the physical process version

of the first law would be invalidated. Let us now review this argument, as presented in [1].

Let us consider a stationary black hole, which is perturbed by small fluctuations in the

matter sector. The amplitude of such perturbations is assumed to be small. For instance, this

could be some small amount of matter falling into the black hole. The matter stress tensor
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would back-react onto the metric and produces fluctuations in it, which would also be small.

These fluctuations would result in a non-stationary fluctuating black hole. However, in a

physical situations, it may be expected that, at late times, these fluctuations would die down

and the black hole would again become stationary. Such a dynamical process, where the

black hole is stationary, both at early and late times, is referred to as a ‘physical process’.

The new stationary black hole at late times would have slightly different parameters

compared to the one at early times (such as, mass or angular momentum). The overall shift

in the mass (energy) of the black hole would be given by integrating specific component

of the energy-momentum tensor over the horizon. This shift in mass, must be related to

the shift in entropy of the black hole through the first law of black hole thermodynamics

T∆S = ∆E . Therefore, we can express the change in entropy during this physical process

∆S, to the integrated energy-momentum tensor, in the following way

∆S = −2π

κ

∫
H
∆Tab ξ

a dΣb (4.25)

Here,∆Tab is the part of the energy momentum tensor that has initiated the dynamics of the

black hole horizon. ξa is the generator of the future horizon H; it is a Killing generator at

early and late times, when the black hole is stationary. Also, dΣb is the area element along

the horizon. The parameter κ is the surface gravity of the black hole and is proportional to

the temperature of the black hole12.

The equation (4.25) is referred to as the physical process version of the first law of black

hole thermodynamics. For a more complete and detailed discussion of this, see section (2)

of [17]. We should note that because the initial and final states are stationary, the ∆S in

(4.25) is expected to be given by change in Wald entropy, which, by construction, satisfies

the usual form of the first law for stationary black holes. However, whether Wald entropy
12It turns out that the combination∆Tabξ

adΣb itself is of the order of amplitude of the perturbation. There-
fore, as long as we are working at linear order in the amplitude of perturbation, the difference in the value of
κ for the initial and final stationary black holes is negligible. Thus, within this approximation, κ can be taken
to be constant throughout the duration of the physical process.
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does satisfy the physical process version of the first law (4.25) does not immediately follow

from its construction, and we require additional arguments to establish this [].

This version of the first law (4.25) now enables us to make further deductions regarding

the structural form of A and B appearing in (4.24). With our choice of coordinates (4.3),

ξa is related to the affinely parametrized null generators of the horizon ∂v, in the following

way

ξa∂a = κ v ∂v (4.26)

While, in our coordinates (4.3), the area element on the horizonH is given by

dΣb∂b = −
√
h dd−2x dv ∂v (4.27)

Using (4.26) and (4.27) back in (4.25), we have

∆S = 2π

∫
H

√
h dd−2x dv v ∆Tvv = 2π

∫
H

√
h dd−2x dv v (Rvv + EHD

vv ) (4.28)

Here, we have used the equation of motion to rewrite the stress tensor in terms of geometric

quantities. Now, if entropy S has the form (4.4), ∆S in (4.28) can be split into two parts

∆S = ∆SE+∆SHD. ∆SE being the change in the integrated area ofHv, responsible for the

change in entropy in two derivative Einstein theory, while ∆SHD is the change in entropy

due to higher derivative terms. Clearly, the terms proportional toRvv on the RHS of (4.28),

must be equal to ∆SE on the LHS of (4.28). This is manifest in the limit when the higher

derivative corrections to Einstein’s gravity vanishes. Using (4.24), we can therefore write

∆SHD = 2π

∫
H

√
h dd−2x dv v (EHD

vv )

= 2π

∫
H

√
h dd−2x dv v ∂v

[
A ∂v B +

(
1√
h

)∑
k=1

∂v

(√
h ∂k

rA
(k) ∂k

vB
(k)
)]

+O
(
ϵ2
)

(4.29)

It is extremely important for the subsequent arguments to realize that ∆SHD must be non-

zero in general, and should be expressible in terms of some geometrical quantity integrated
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over Hv. This is clear from the fact that for an arbitrary higher derivative corrections to

Einstein’s gravity sn in (4.4) is non-zero even for stationary black holes. In the stationary

case, it is expected to be given by Wald entropy (4.5), which in general is different than

area of the horizon. Thus, if sn is non-trivial, it is expected that, in general, in a dynamical

scenario, ∆SHD must be non-trivial. In fact, as pointed out earlier, ∆SHD should be given

by change in the corresponding Wald entropy, since the state both at early and late times

are stationary states.

Now the contribution from the second term in (4.29) vanishes. This can be seen by

manipulating the term as follows.∫
H

√
h dd−2x dv v ∂v

[
1√
h
∂v(

√
h X)

]
=

∫
H

dd−2x dv ∂v

[
v ∂v(

√
h X)− (

√
h X)

]
+O

(
ϵ2
)

=

∫ v=∞

v=−∞
dv ∂v

(∫
Hv

dd−2x
[
v ∂v(

√
h X)− (

√
h X)

])
+O

(
ϵ2
)

=

[ ∫
Hv

dd−2x v ∂v(
√
h X)−

∫
Hv

dd−2x(
√
h X)

]v=∞

v=−∞

(4.30)

where

X =
N∑
k=1

[(
∂k
rA

(k)
) (

∂k
v B(k)

)]
+O

(
ϵ2
)

(4.31)

Note that both the terms in the last line of equation (4.30) contains more than one ∂v deriva-

tives on expressions that are invariant under the rescaling (4.13). Therefore, they must

vanish in the two limits of far past and far future, where we have a stationary black hole

with a Killing horizon. It follows that, these terms do not contribute to ∆SHD in (4.29).

Hence, (4.29) can be always reduced to an integral of the form

∆SHD = 2π

∫
H

√
h dd−2x dv v ∂v [A ∂v B] (4.32)

Again by performing an integration by parts, we obtain

∆SHD = 2π

[∫
Hv

√
h dd−2x v (A ∂v B)

]v=∞

v=−∞
− 2π

∫
Hv

√
h dd−2x dv [A ∂v B] (4.33)
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However, to have a consistent first law, the second term also should be writeable as a total

∂v derivative so that the v integration of this term from infinite past to infinite future finally

would give the net change of some geometric quantity - entropy, defined on the constant

v slices of the horizon13. Naively this is possible if A is of the form
[
some constant/

√
h

]
and B has the form

[√
h B̃

]
where B̃ is a scalar under {xi} → {yi} = yi ({x⃗}).

If it is indeed the case that A is always a constant times
(
1/
√
h
)
(let’s choose the

constant to be one without any loss of generality), then the schematic form of EHD
vv

EHD
vv = ∂v

∂v

(√
h B̃

)
√
h

+ ∂v

[(
1√
h

)
∂v

(√
h

N∑
k=1

∂k
rA

(k) ∂k
vB

(k)

)]
+O(ϵ2) (4.34)

If EHD
vv does have the form of equation (4.34), not only the ‘physical process version’ of the

first law but also the second law as argued in [1] will be true with the following identification

for correction to the total entropy (see equation (4.10)).

δSHD =

∫
Hv

[
B̃ +

N∑
k=1

∂k
rA

(k) ∂k
vB

(k)

]
(4.35)

Note that B̃ is the only term that is non-zero even in equilibrium. This termmust match with

Wald entropy14. Rest of the terms (for k ≥ 1 ) vanish on stationary metric and therefore are

part of JKM ambiguities.

So in summary, [1] has given a constructive proof for the second law for dynamical

black hole solutions in higher derivative theories of gravity provided the physical process

formulation of the first law is true for these solutions. The validity of the ‘ physical pro-

cess formulation of the first law’ requires a very specific structure for a certain term in the

equation of motion (the first term in (4.24) must take the form of the first term in (4.34)),
13At this stage, by ‘geometric quantity’ we simply mean some expression in terms of the metric components

and their derivatives that is invariant under any diffeomorphism, mixing only the spatial coordinates of the
constant v slices of the horizon.

14Though we have explained the argument here, specializing to higher derivatives theories, it is trivially
true for two derivative theories of gravity where B̃ is simply 0, and entropy is simply given by S =

∫
Hv

√
h.
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which does not follow from the boost-symmetry (4.13) alone (the only symmetry that is

considered in [1]) 15. For the convenience of reporting, we shall refer to the first term in

(4.34) (or the first term in (4.24)) as the ‘zero boost term’. This nomenclature is inspired by

the fact that B̃ in (4.34) (or A and B in (4.24)) does not have any v or r derivative. Apart

from this, there is absolutely no other physical motivation behind this nomenclature. The

reader must not confuse the phrase ‘zero boost term’ to be a synonym for boost invariant

term. By boost invariant terms we shall continue to mean such terms which are invariant

under the rescaling symmetry (4.13).

4.2 An entropy current for four derivative theories of grav-
ity

In the previous section §4.1, we have reviewed the proof of the second law for linearised

fluctuations, following [1]. As emphasized earlier, this proof is designed to prove a second

law for the ‘total entropy’ of the system. The proof crucially involves an integration over the

full spatial slice of the horizon, which defines the ‘total entropy’. Therefore, it is insensitive

to any total (spatial) derivative term, that may be present in the integrand, which is derived

from the equation of motion. This drawback exits even in the proof for the physical version

of the first law.

In this section, we shall carefully re-examine this particular subtlety. In explicit exam-

ples of four-derivative theories of gravity, we shall demonstrate that such total derivative

terms do exist if we follow the algorithm of [1], and their inclusion would naturally lead to

a construction of an entropy current. With the help of this entropy current, we can imme-
15This special structure of the first term in (4.34) has only been verified in specific theories of gravity where

the physical process version of the first law has been proven (for instance, see [17]). To our knowledge, a
complete proof demonstrating this special structure of the zero boost term in a general higher derivative theory
of gravity does not exist. It would be interesting to explore, if it is possible to arrive at such a proof using
the residual gauge transformations (4.11), which is more general than the boost symmetry (4.13) (see §4.3 for
further discussion).
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diately prove an ultra-local version of second law, associated with any dynamical horizon

H.

Let us now elaborate this point further. In (4.34), we have shown that a special structure

for EHD
vv is necessary for the validity of both the second law, as well as the physical process

version of the first law. As we have explained in §4.1, the structure of the second term in

(4.34) is fixed by the ‘boost symmetry’ (4.13), upto higher order corrections in the amplitude

of fluctuations ϵ. But the same is not true for the first term in (4.34), which we have named

as ‘zero-boost terms’ of EHD
vv .

In §4.1, we have argued that the physical version of the first law, and consequently,

the second law, would be true if the ‘zero boost term’ in EHD
vv has the following schematic

structure (see (4.34))

EHD
vv

∣∣
zero boost ∼ ∂v

(
1√
h
∂v

(√
h B̃

))
, (4.36)

where B̃ is some scalar, which is invariant under spatial diffeomorphism.

However, the above form of the zero-boost term, though sufficient for the validity of the

physical process version of the first law note1 and the second law, it is neither necessary, nor

does it follow in any way, from the boost-symmetry (4.13). In this section, to begin with,

our goal is just to verify (4.36). We shall explicitly compute the equation of motion, and

in particular the zero-boost terms, in all possible four-derivative theories of gravity. From

this explicit computation in four derivative theories of gravity we will show that (4.36) is

not true in general. There exist cases where the zero boost terms in EHD
vv could not be recast

in the above form. In fact, the zero boost terms in EHD
vv consists of additional terms, which

can never be cast into the form (4.36).

Being motivated by this observation, we investigate the structural nature of the zero

boost terms of EHD
vv , to understand why such additional terms do not affect validity of the

first and the second law. The possibility of non-zero spatial components of the entropy
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current arises here very naturally. Finally, through a general algorithm, we shall establish

that, the zero boost terms of EHD
vv for every four derivative theories of gravity, could be

rendered into a form, which guarantees an ultra local version of the second law, in terms of

an entropy current with non-zero spatial components.

4.2.1 Explicit calculation of EHD
vv and the entropy current for theories

with four derivative corrections to Einstein gravity

In this subsection, we shall compute the ‘vv’-component of the equation of motion,Evv, for

all possible four derivative theories of gravity. We shall immediately find that it is possible

to rearrange the terms so that upto corrections of order O(ϵ2) it takes the form

Evv = − ∂v

[
1√
h
∂v

(√
h Jv

)
+∇iJ

i

]
+O

(
ϵ2
)
. (4.37)

Once we could rewrite Evv in this form 16 , it is very natural to identify Jv with the en-

tropy density and J i as the spatial entropy current, capturing the in-flow and out-flow of

entropy. Vanishing of Evv at order O (ϵ) would then correspond to a locally conserved en-

tropy current and therefore an ultra local version of the second law (see §4.1 for details of

this argument)17. More explicitly, once Evv has the form (4.37), the standard arguments
16Note that for Einstein gravity Evv takes the simple form

EEinstein
vv = − ∂v

[
1√
h
∂v

(√
h
)]

.

Hence, when we consider higher derivative corrections to Einstein’s equations, the terms in this equation
arising out of these corrections also has a similar form

EHD
vv = − ∂v

[
1√
h
∂v

(√
h J̃v

)
+∇iJ

i

]
+O

(
ϵ2
)
,

where Jv − J̃v = 1. For most of our analysis, especially in the abstract manipulations, we have used EHD
vv ,

instead of Evv .
17The calculations here clearly suggest about the existence of an entropy current for some of these higher

derivative theories. However, it requires a bit of clever manipulation. See the following subsections for a more
algorithmic method which clearly exhibits that we need the spatial entropy current, which in turn provides us
with an ultra local version of the second law.
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outlined in §4.1 would imply that 18

1√
h
∂v

(√
h Jv

)
+∇iJ

i = O(ϵ2). (4.39)

There are only three possible covariant termswhich can appear in the gravity Lagrangian

with 4-derivatives on the metric. These are given by: R2, RµνR
µν , RµνσλR

µνσλ. In the

following subsections, we shall separately consider three different four derivative theories

of gravity

1. Ricci scalar squared theory: I(1) =

∫
ddx

√
−g (R + a1 R

2),

2. Ricci tensor squared theory: I(2) =

∫
ddx

√
−g(R + a2 RµνR

µν),

3. Riemann tensor squared theory: I(3) =

∫
ddx

√
−g(R + a3 RµνρσR

µνρσ),

and explicitly compute the ‘vv’-component of the respective equations of motion, Evv, for

each of them. After some algebraic manipulations on Evv, in each of these cases, we shall

write down the entropy current, It is then trivial to combine these results, to give us the en-

tropy current for any arbitrary four derivative theory of gravity. The final result is tabulated

in Table-(4.1).

For each of the three four-derivative theories mentioned above, if we just evaluate the

equation of motion on our gauge fixed metric (4.3), it turns out to be an extremely compli-

cated expression, even after we restrict it to the horizon. In general, just by inspection, it is

quite difficult to rearrange the terms to arrive at the form (4.37). However, we know that in

stationary situation, at least Jv should reduce to the well-known form of Wald entropy and
18If we consider special processes where the metric is entirely sourced by a small matter energy momentum

tensor, so that both the first correction to the metric as well as the matter energy momentum tensor are of
O(ϵ2) (the O(ϵ) correction to the metric being zero), then for the ϵ2 coefficient, (4.39) would be modified to
the inequality (

1√
h
∂v

(√
hJv

)
+∇iJ

i

) ∣∣∣
ϵ2

≥ 0. (4.38)

Note that, while deducing this inequality, we have assumed that there exist other matter fields satisfying the
null energy condition. See §4.1.1 for a more detailed discussion of this point.
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the rest of the terms must be such that they vanish in a stationary situation. We shall use

this fact to guide our intuition about the form of the entropy density and then finally deduce

the form of the entropy current. More precisely, we shall obtain the following constituents

for Jv

Jv =
√
h (sw + sc) (4.40)

where sw is the Wald entropy density for the stationary black holes defined as

sw =
∂L

∂Rµνρσ

ϵµνϵρσ, (4.41)

where ϵµν are the bi-normal toHv, the co-dimension−2 spatial slicing of the horizon. Also,

sc is the non-stationary corrections to sw. As we have argued before, sc will vanish once

we take stationary limit. Let us also define the contribution to sw from the higher derivative

part of the action as sHDw

sHDw =
∂LHD

∂Rµνρσ

ϵµνϵρσ. (4.42)

At this point, let us clarify one subtlety regarding the split mentioned in (4.40). It turns

out that if we evaluate sw on any dynamical metric, along with the terms that contribute in

stationary situation, it will also have terms that vanish in the stationary limit. For conve-

nience, let us name such terms as ‘off-equilibrium’ structures. Such off-equilibrium terms

in the entropy suffer from the well-known class of JKM ambiguities, which arises as soon

as we try to extrapolate Wald’s formalism to non-stationary solutions. In our identification

of the entropy density, we have used the fact that, in the stationary limit, it should reduce

to Wald entropy. As we will see in the later sections, this requirements also fixes one class

of ambiguities, in defining the entropy current.

For convenience, let us separate out the contribution of Wald entropy density sHDw to

EHD
vv and define the quantity EHD

vv
∗ as follows

EHD
vv

∗ ≡ EHD
vv + ∂v

[
1√
h
∂v

(√
h sHDw

)]
(4.43)
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Then, from the definition (4.40) it follows that

EHD
vv

∗
= − ∂v

[
1√
h

(
∂v
√
h sc

)
+∇iJ

i

]
+O

(
ϵ2
)
. (4.44)

It turns out that, in the examples that we consider, algebraically it is comparatively easier

to recast EHD
vv

∗ in the form (4.44), instead of dealing with the full EHD
vv .

We would like to emphasize here that, the procedure adopted in this subsection, is a set

of intuitive manipulations and educated guess-work. It gives us an explicit demonstration

that for the theories that we consider here, it is possible to lift both the first and the second

law to an ultra-local form, by entertaining the possibility of non-zero spatial components of

the entropy current, which captures the effect of the inflow and outflow of the entropy from

any arbitrary local subregion. However, at this stage, we would not be able to say, whether

the spatial components of the current is an absolute necessity, or there exist other possible

rearrangement of terms, such that we can avoid the spatial components of the current al-

together. In the later subsections, we shall repeat the same analysis more systematically,

and for the four derivative theories, we shall be able to quantify these ambiguities involved

in defining the entropy current more precisely. We shall conclude that, although there are

some ambiguities in defining the entropy current, its non-zero spatial components are an

unavoidable feature of the ultra local form of the second law.

Ricci scalar square theory

The action for Ricci scalar square theory is

I(1) =

∫
ddx

√
−g (R + a1 R

2) (4.45)

where a1 is an arbitrary constant. The equations of motion which follows from the action

(4.45), is given by

Eµν = Rµν −
1

2
gµνR + EHD

µν = 0, (4.46)
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where

EHD
µν = a1

(
2RRµν − 2DµDνR + 2gµνD

ρDρR− 1

2
gµνR

2

)
(4.47)

are the higher derivative corrections to the Einstein equation. The explicit form of the vv-

component of the equations of motion, on the horizon, is

Evv = Rvv + EHD
vv , (4.48)

where

EHD
vv = a1 (2RRvv − 2DvDvR) . (4.49)

The Wald entropy for this theory happens to be

Sw =

∫
Hv

dd−2x
√
h (1 + 2 a1 R). (4.50)

Once we have the Wald entropy, we could compute EHD
vv

∗. In this case it simply vanishes

implying that we do not need to add any current, neither do we get any correction to entropy

density, beyond what is given by the Wald entropy.

Ricci tensor square theory

In this theory, the Ricci tensor square is added to the Einstein-Hilbert action, as a higher

derivative correction. We have

I =

∫
ddx

√
−g (R + a2 RµνR

µν) (4.51)

The equations of motion, for this theory are given by

Eµν = Rµν −
1

2
gµνR + EHD

µν = 0, where

EHD
µν = a2

(
2RαβRµανβ −DµDνR +DαDαRµν +

1

2
gµν D

αDαR− 1

2
gµν RαβR

αβ

)
(4.52)

78



4 Entropy Current for Four Derivative Theories of Gravity

The explicit form of the vv-component of the equations of motion on the horizon, is as given

below

Evv =Rvv + EHD
vv = 0,

EHD
vv = a2

(
2RαβRvαvβ −DvDvR +DαDαRvv

)
.

(4.53)

The Wald entropy for this theory is given by

Sw =

∫
Hv

dd−2x
√
h (1 + 2 a2 Rrv), (4.54)

so that sHDw = 2 a2 Rrv . Once we have obtained the Wald entropy, we can compute EHD
vv

∗.

Using the form of the metric (4.3) and the formulae provided in appendix B.3, we evaluate

EHD
vv

∗ explicitly in terms of metric functions and their derivatives.

EHD
vv

∗
= a2 ∂v

[
1√
h
∂v
(√

hKK̄
)]

+ a2 ∂v
[
∇i

(
∇iK + hij∂vωj − 2∇jK

ij
)]

. (4.55)

Now, we could easily re-express EHD
vv

∗ in the form of (4.44). Subsequently, it is straightfor-

ward to identify the current as

Jv =− sHDw − a2 KK̄,

J i = a2
(
2∇jK

ij −∇iK − hij∂vωj

)
.

(4.56)

Riemann tensor square theory

The action for Riemann tensor square theory is

I =

∫
ddx

√
−g(R + a3RµνρσR

µνρσ)

The corresponding equations of motion are

Eµν = Rµν −
1

2
gµνR + EHD

µν = 0, (4.57)

where

EHD
µν = a3

(
4RαβRµανβ − 2DµDνR + 4DαDαRµν − 4Rα

µRνα

− 1

2
gµνRαβγσR

αβγσ + 2Rαβσ
µ Rναβσ

)
.

(4.58)
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The vv-component of the equations of motion is

Evv =Rvv + EHD
vv = 0,

EHD
vv =a3

(
4RαβRvαvβ − 2DvDvR + 4DαDαRvv − 4Rα

vRvα

+ 2Rαβσ
v Rvαβσ

)
.

(4.59)

The Wald entropy for this theory will be

sw =

∫
Hv

dd−2x
√
h (1− 4 a3 Rrvrv),

such that sHDw = −4 a3 Rrvrv.

Once we have Wald entropy, it is easy to compute EHD
vv

∗. Using the form of the metric

(4.3), and the formulae provided in appendix B.3, we can evaluate EHD
vv

∗, explicitly in terms

of metric functions and their derivatives. We find that

EHD
vv

∗
= 4 a3 ∂v

[
1√
h
∂v

(√
hKijK̄

ij
)]

+ 4 a3 ∂v
[
∇i

(
hij∂vωj − ∇jK

ij
)]

, (4.60)

which has been expressed in the structural form (4.44). From this, it is again straightforward

to read off the entropy current to be

Jv =− sHDw − 4 a3 KijK̄
ij,

J i =− 4 a3
(
hij∂vωj − ∇jK

ij
)
.

(4.61)

4.2.2 The most general structure of the ‘zero boost term’ in EHD
vv

Determining the equation of motion and in particular, its ‘vv’-component, given the coor-

dinate choice in (4.3), are, in principle, a straightforward task. But, it becomes increasingly

tedious with the number of derivatives present in the action. Also, as we have seen in §4.2.4,

the unambiguous definition of the spatial components of the entropy current arises out of

the zero boost term in EHD
vv . This implies that, for the construction of the entropy current,

we do not need the equation of motion in its every detail. What we need is a very specific
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1 Ricci scalar square theory: EHD
vv = −∂vΘ+O[ϵ]2

I =
∫
ddx

√
−g (R + a1R

2) Θ = 2 a1√
h
∂v

(√
h R
)

EHD
vv = −∂vΘ− ∂v (∇iJ

i) +O[ϵ]2

2 Ricci tensor square theory:
Θ = a2√

h
∂v

[√
h
(
2Rrv − K̄K

)]
I =

∫
ddx

√
−g (R + a2RµνR

µν)
Ji = a2 [2∇jKij −∇iK − ∂vωi]

EHD
vv = −∂vΘ− ∂v (∇iJ

i) +O[ϵ]2

3 Riemann tensor square theory:
Θ = 4 a3√

h
∂v

(√
h
(
−Rrvrv + K̄ijK

ij
))

I =
∫
ddx

√
−g
(
R + a3RµνσλR

µνσλ
)

Ji = 4a3 [∇jKij − ∂vωi]

Table 4.1: Table showing the higher derivative corrections to Einstein’s equations, for all
possible 4-derivative theories of gravity.
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set of terms in EHD
vv , namely the terms that could be written in the form of the first term in

(4.24). For convenience, we are re-writing (4.24) here again

EHD
vv = ∂v [A ∂v B]︸ ︷︷ ︸(

=EHD
vv

∣∣
zero boost

)+
1√
h
∂2
v

[∑
k≥1

√
h
(
∂k
rA

(k)
) (

∂k
v B(k)

)]
︸ ︷︷ ︸(

=EHD
vv

∣∣
higher boost

)
+O(ϵ2) .

(4.62)

In this subsection, we would like to develop an algorithm that would isolate out these zero-

boost terms in EHD
vv . The most important feature of these terms is that at linear order in

amplitude expansion of the perturbations, it is always possible to rewrite them as

EHD
vv

∣∣∣∣
zero boost

= ∂v [A∂vB] ∼ A∂2
vB +O(ϵ2) , (4.63)

where bothA andB are boost invariant quantities and they are non-vanishing on the station-

ary solutions. Hence here our main focus would be to search for terms of the formA∂2
vB in

the ‘vv’-component of the linearised equation of motion, EHD
vv . However, before proceed-

ing to extract the zero boost terms from EHD
vv , let first point out an important ambiguity in

defining the zero boost terms, through the structure (4.63).

Generating terms like A∂2
vB from the k = 1 terms in (4.62)

Before proceeding further with the zero boost terms, we would like to discuss one subtle

point that will be important in our attempt to separate out the k = 0 terms (i.e. the zero

boost sector) from the k ̸= 0 ones in (4.62). Recall that our final goal is to determine the

form of the boost invariant terms A and B in (4.62) and we plan to do that by keeping track

of the terms of form A∂2
vB in the linearised EHD

vv . However, the strategy mentioned above

to uniquely extract out the zero boost terms from linearised EHD
vv would be unsuccessful

if there is a possibility of generating terms of the form A∂2
vB (with A and B being boost

invariant) from the second term in equation (4.62). As we will see now, there is indeed such

a possibility of contamination arising from the term k = 1 in the summation on the RHS of
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(4.62). Let us analyse this term more carefully

EHD
vv

∣∣∣∣
k=1

=
1√
h
∂2
v

[√
h
(
∂rA

(1)
) (

∂v B
(1)
)]

+O(ϵ2)

= 2
(
∂v∂rA

(1)
) (

∂2
v B

(1)
)
+
(
∂rA

(1)
) (

∂3
v B

(1)
)
+O(ϵ2) .

(4.64)

In (4.64) above the first term is precisely of the form ∼ X∂2
vY , where

(
∂v∂rA

(1)
)
and

B(1) respectively can be added to A and B of the zero boost terms. Thus, the terms of our

interest A∂2
vB, which we are looking for in EHD

vv can be contaminated by terms generated

from ∂v
[
B(1) ∂v

(
∂v∂rA

(1)
)]
. This clearly demonstrates that it is impossible to uniquely

determine A and B, appearing in the first term of (4.62), just by looking at the terms of the

form A∂2
vB alone in EHD

vv ; it would be difficult to know if they arise from k = 0 or k = 1

terms in our classification (4.62) for the terms in EHD
vv .

With this subtlety in mind, let us also comment on the way to tackle this issue. We can

subtract off the contributions coming from the k = 1 terms, that are of the same form as

the k = 0 terms in (4.62). This could be done easily by noting that whenever such a term is

generated from k = 1 piece, it will also generate the second term in equation (4.64). Hence

to determine A and B unambiguously and construct EHD
vv

∣∣
zero boost, we will have to isolate

out few special terms of the form (∂rX)(∂3
vY ) inEHD

vv , withX and Y being boost invariant.

Note that, due to the structural nature of the terms, a similar issuemay also arise from the

k = 2 term in (4.62). However, we are not discussing the k = 2 case in greater detail here,

because such terms would not arise in four derivative theories of gravity. This is because,

there are a total of six derivatives in the k = 2 terms.

Algorithm to uniquely extract the terms like A∂2
vB from linearised EHD

vv

Our job will now be to develop an algorithm, to determine the most general structure of this

k = 0 ‘zero boost term’ appearing in (4.64), keeping in mind the above mentioned subtlety.

It is clear from our previous discussions that for constructing the entropy current, which

satisfies the strongest form of the second law, we need the knowledge of the zero boost term
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in EHD
vv , only on the horizon H. This in turn means that, the gvi = r ωi component of the

metric (4.3) can appear in the zero boost term, only after differentiation with one ∂r, and the

gvv = r2X component can appear only after the action of two ∂r. The spatial components of

the metric hij can appear without any derivative acting on it. So the basic building blocks,

for constructing the zero boost term on the horizon, are given in Table-(4.2).

Candidate terms Derivative counting Boost weight
1. hij zero zero
2. ωi one zero
3. X two zero

Table 4.2: the basic building blocks

Let us first concentrate on terms of the form (X∂2
vY ) and isolate such terms in EHD

vv

when we have a four derivative theory of gravity. These terms in EHD
vv can be constructed

by applying ∂r, ∂v and∇i on these building blocks 19, so that the total number of derivatives

are always equal to four20, when we restrict to the four derivative theories of gravity.

For convenience, we shall now classify the data in two categories:

1. equilibrium data and 2. off-equilibrium data.

As it is clear from the names, ‘equilibrium data’ are those structures that are non-vanishing

even in a stationary situation, whereas ‘off-equilibrium data’ vanishes when stationary lim-

its are taken. Now, from the discussion in appendix-(B.1) it follows that ‘equilibrium data’

must be ‘boost-invariant’ and therefore could have definite structures and their appropriate

products as listed in Table-(4.3).
19To begin with the structures that appear inEHD

vv will have only ∂i. However, we know thatEHD
vv is a scalar

with respect to the coordinate transformation that only mixes the {xi} coordinates among themselves. If we
want to construct scalars out of the horizon data with spatial derivatives on the three building blocks, it must
be combined with appropriate spatial derivatives of hij so that it finally becomes a covariant derivative with
respect to hij . This covariance with respect to the mixing of {xi} tells us that just spatial derivatives of hij

need not be taken as any independent data.
Also note that in our set-up r and v are genuinely distinguished coordinates and we do not demand any

covariance with respect to transformation that mixes these two coordinates among themselves and others.
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Candidate structures Derivative counting Boost weight
1.

(
∇j1 · · ·∇jp

)
(∂r∂v)

m1hij p+ 2m1 zero
2. (∂r∂v)

m2
(
∇j1 · · ·∇jq

)
ωi q + 2m2 zero

3. (∂r∂v)
m3 (∇j1 · · ·∇jr)X r + 2m3 zero

Table 4.3: ‘equilibrium’ and ‘boost-invariant’ structures built out of the basic building
blocks.

On the other hand, the ‘off-equilibrium data’ are not boost-invariant, i.e., the total num-

ber of ∂v should be more than the total number of ∂r, when we consider these two deriva-

tives as operators acting on the three basic building blocks listed above. In general there are

many many possibilities for such ‘off-equilibrium data’. However, here we are interested

in a very specific term in EHD
vv , where the total number of ∂v’s is exactly two more than the

number of ∂r’s ( again considering them as operators on the basic building blocks and not

directly on the metric components). Also both of these two extra ∂v’s must be acting on

the same structure, otherwise it would generate a term which is second order in terms of

the amplitude expansion we are considering here. ‘Off-equilibrium data’ with this property

could have the following structures in general as given in Table-(4.4):

Candidate structures Derivative counting Boost weight
1.

(
∇j1 · · ·∇jp

)
∂2
v(∂r∂v)

m1hij p+ 2m1 + 2 two
2. ∂2

v(∂r∂v)
m2
(
∇j1 · · ·∇jq

)
ωi q + 2m2 + 2 two

3. ∂2
v(∂r∂v)

m3 (∇j1 · · ·∇jr)X r + 2m3 + 2 two

Table 4.4: The list of ‘off-equilibrium’ and ‘boost-weight= 2’ data built out of the basic
building blocks.

Finally, we have to contract the ‘equilibrium data’ and ‘off-equilibrium data’ appropri-

ately to get the scalar term in EHD
vv . Since in this note we are focusing only on the four-

derivative theories of gravity, every term in EHD
vv contains four-derivatives on the metric

components. So the relevant equilibrium data can have a maximum of two derivatives act-

ing on the metric components, the possible structures are listed in Table-(4.5). Following

Therefore the derivatives with respect to r and v would remain as simple ∂r and ∂v .
20In this derivative counting ωi andX must be taken as one derivative and two derivative data, respectively
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the same argument to maintain the derivative counting, the relevant ‘off-equilibrium data’

are listed below in Table-(4.6).

Equilibrium and boost-invariant data Number of derivatives

1. Tensor structures:
T

(1)
ij ≡ ∂r∂v hij 2

T
(2)
ij ≡ ∇iωj 2

T
(3)
ij ≡ Rij 2

2. Vector structure: V
(1)
i ≡ ωi 1

3. Scalar Structure: S(1) ≡ X 2

Table 4.5: Relevant equilibrium and boost invariant data with maximum number of
derivatives= 2, in four-derivative theories of gravity

Off-equilibrium and boost-weight= 2 data Number of derivatives

1. Tensor structures:

T
(4)
ij ≡ ∇i∇j (∂

2
v hkl) 4

T
(5)
ij ≡ ∇i (∂

2
v hjk) 3

T
(6)
ij ≡ ∂2

v (∂r∂vhij) 4
T

(7)
ij ≡ ∂2

v (∇iωj) 4
T

(8)
ij ≡ ∂2

vhij 2
2. Vector structure: V

(2)
i ≡ ∂2

vωi 3
3. Scalar Structure: S(2) ≡ ∂2

vX 4

Table 4.6: Relevant off-equilibrium data with maximum number of derivatives= 4 and
boost-weight= 2, in four-derivative theories of gravity. Let us emphasise that within the
tensor structures there are three types of terms: (i) 4-index structure: T

(4)
ij , (ii) 3-index

structure: T (5)
ij , (iii) 2-index structure: T (6)

ij , T
(7)
ij and T (8)

ij .

Now our job is to contract these two sets of data as given in Table-(4.5) and Table-

(4.6), to get the candidate scalar terms in EHD
vv , maintaining the count of total number of

derivatives equal to four. This could be done systematically as outlined below:

• The four-indexed tensor structure T (4)
ij itself has four derivatives. Therefore the free

indices have to be contracted with zero derivative ‘equilibrium-data’ or just among

themselves. Now, there is no ‘equilibrium-data’ that has zero derivatives, see Table-

(4.5). Therefore, self contraction of the indices in T (4)
ij is the only possibility here and
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it could be done in two ways leading to two different scalar structures:

T1 = hijhkl∇i∇j

(
∂2
v hkl

)
, T2 = hikhjl∇i∇j

(
∂2
v hkl

)
• The three-indexed ‘off-equilibrium data’ T (5)

ij has three derivatives and therefore it

has to be contracted with one derivative ‘equilibrium data’ (V (1)
i = ωi). Here also,

two different types of contractions are possible leading to two different scalars:

T3 = hijhklωi∇j

(
∂2
v hkl

)
, T4 = hikhjlωi∇j

(
∂2
v hkl

)
• The two ‘off-equilibrium’ tensor structures with 2 indices, T (6)

ij and T (7)
ij , themselves

have four derivatives and therefore the free indices have to be contracted among them-

selves. In each case there is only oneway the contraction could be done. The resultant

scalars are

T5 = hij∂2
v (∂r∂vhij) , T6 = hij∂2

v (∇iωj)

• The last ‘off equilibrium’ tensor structure T (8)
ij has two derivatives. It has to be con-

tractedwith two derivative ‘equilibrium-data’ and also the equilibrium datamust have

even number (in this case it could be either zero or two) of free indices so that con-

traction is possible. Here we get the following structures:

T7 = X hij
(
∂2
vhij

)
,

T8 = hijhkl (∇iωj)
(
∂2
vhkl

)
, T9 = hikhjl (∇iωj)

(
∂2
vhkl

)
,

T10 = hijhkl (ωiωj)
(
∂2
vhkl

)
, T11 = hikhjl (ωiωj)

(
∂2
vhkl

)
,

T12 = hijhkl (∂r∂vhij)
(
∂2
vhkl

)
, T13 = hikhjl (∂r∂vhij)

(
∂2
vhkl

)
• The ‘off-equilibrium’ vector data, V (2)

i , is a three-derivative structure therefore it has

to be contracted with one derivative ‘equilibrium data’ V (1)
i = ωi, leading to the

following scalar structure

T14 = hijωi∂
2
vωj
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• The ‘off-equilibrium’ scalar data, S(2), itself is a four-derivative and no contraction

is needed.

T15 = ∂2
vX

• Considering possible contractions between the ‘equilibrium data’ T (3)
ij (given in terms

of the intrinsic curvature of Hv), and the ‘off equilibrium’ tensor structure T
(8)
ij , we

can also get two more terms as given below

T16 = hik hjl Rkl ∂
2
vhij; T17 = hij hkl Rkl ∂

2
vhij .

• Finally, as we have already mentioned in the beginning of this subsection, to deter-

mine the boost-invariant A and B in (4.62) unambiguously, we also need to keep

track of terms of the form (∂rX)(∂3
vY ) where X and Y are boost invariant. These

are the terms which will contribute to the k = 1 sector of linearised EHD
vv . Although,

we are interested in finding out the k = 0 zero-boost sector of the same, we need to

track these specific k = 1 terms (see (4.64)) as they will be needed to separate out the

boost-invariant A and B in (4.62). In case of four-derivative theories we have only

two possibilities for these terms as listed below

T̃1 = hijhkl(∂rhij)(∂
3
vhkl), T̃2 = hikhjl(∂rhij)(∂

3
vhkl) . (4.65)

It is important to note that in this list of structures we have not counted hij and the deter-

minant of hij as independent structures. All possible occurrences of these two pieces of

data are automatically taken care of in the way we have listed our data. For example hij

could only occur in contraction of other indices and all possible contractions of indices are

already counted in our listing. Finally, all the nineteen possible candidate terms (seventeen

of the Ti’s and two of the T̃i’s) to appear in EHD
vv

∣∣
zero boost, are listed in Table-(4.7).

At this stage our claim is that the first term in (4.62), i.e., the term of the form ∂v (A∂vB) ∼

A∂2
vB+O(ϵ2), for any four-derivative theory could always be expressed as a sum of these
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T1 = hijhkl∇i∇j (∂
2
v hkl) T2 = hikhjl∇i∇j (∂

2
v hkl)

T3 = hijhklωi∇j (∂
2
v hkl) T4 = hikhjlωi∇j (∂

2
v hkl)

T5 = hij∂2
v∂r∂vhij T6 = hij∂2

v (∇iωj)
T7 = X hij (∂2

vhij) T8 = hijhkl (∇iωj) (∂
2
vhkl)

T9 = hikhjl (∇iωj) (∂
2
vhkl) T10 = hijhkl (ωiωj) (∂

2
vhkl)

T11 = hikhjl (ωiωj) (∂
2
vhkl) T12 = hijhkl (∂r∂vhij) (∂

2
vhkl)

T13 = hikhjl (∂r∂vhij) (∂
2
vhkl) T14 = hijωi∂

2
vωj

T15 = ∂2
vX T16 = hik hjl Rkl ∂

2
vhij

T17 = hij hkl Rkl ∂
2
vhij

T̃1 = hijhkl(∂rhij)(∂
3
vhkl) T̃2 = hikhjl(∂rhij)(∂

3
vhkl)

Table 4.7: Listing the seventeen Ti’s and two T̃i’s, the possible 4-derivative scalar data with
boost weight = 2. They are candidate terms that appear in EHD

vv for 4-derivative theories of
gravity. The seventeen Ti terms will contribute to k = 0 sector, and the two T̃i terms will
contribute to k = 1 sector of EHD

vv .

seventeen terms listed in Table-(4.7) with constant coefficients. Further, we claim that the

contribution of the k = 1 piece from the second term of (4.62) (written in the form of a

sum over several k values) could also be expressed in terms of these seventeen structures

plus two more, listed in equation (4.65)

EHD
vv = −

17∑
i=1

ai Ti −
2∑

i=1

ãi T̃i + · · · , (4.66)

where · · · denote the terms that do not matter for the proof of the physical process version

of the first law. The negative sign on the RHS of (4.66) is chosen for convenience. The

specific values of these seventeen ai and two ãi coefficients appearing in (4.66), will of

course vary from theory to theory. As we have mentioned before, the above classification

of terms have been done keeping in mind the four derivative theories of gravity. The most

general four derivative theory of pure gravity could have three more terms apart from the

standard two derivative term in Einstein gravity. In Table-(4.8) we are listing the values

of ai’s and ãi’s for each of these three cases. These set of values of the ai coefficients are

obtained by comparing (4.66) with the explicit calculation ofEHD
vv for each of the three four

derivative theories of gravity, which was performed in §4.2.1, §4.2.1 and §4.2.1.
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Different theories(
I(i) =

∫
ddx

√
−g L(i)

) The calculated values of the coeffi-
cients ai and ãi’s

1. L(1) = R2

(Ricci scalar squared)

a1 = 2, a2 = −2, a3 = 0, a4 = 0,
a5 = 4, a6 = −4, a7 = 1,
a8 = −2, a9 = 4, a10 = 3/2,
a11 = −3, a12 = 4,
a13 = −10, a14 = 6, a15 = 2,
a16 = 2, a17 = −1,
ã1 = 1, ã2 = −3.

2. L(2) = RµνR
µν

(Ricci tensor squared)

a1 = 1/2, a2 = −1, a3 = −(1/2),
a4 = 1, a5 = 1, a6 = 0,
a7 = 1/2, a8 = −(1/2), a9 = 1,
a10 = 1/2, a11 = −1, a12 = 1,
a13 = −2, a14 = 2, a15 = 1,
a16 = 0, a17 = 0,
ã1 = 1/4 , ã2 = −(1/2).

3. L(3) = RµνρσR
µνρσ

(Riemann tensor squared)

a1 = 0, a2 = −2, a3 = −2,
a4 = 4, a5 = 0, a6 = 4, a7 = 1,
a8 = 0, a9 = 0, a10 = 1/2,
a11 = −1, a12 = 0, a13 = 2,
a14 = 2, a15 = 2, a16 = 0, a17 = 0,
ã1 = 0, ã2 = 1..

Table 4.8: Explicit calculation for each of the three theories produces these values of the
coefficients ai, appearing in EHD

vv = −
∑17

i=1 ai Ti −
∑2

i=1 ãi T̃i , for 4-derivative theories
of gravity.

4.2.3 Constraints on the ‘zero boost terms’ in EHD
vv

Avery specific structure for the zero boost terms inEHD
vv is predicted in (4.36). This structure

does not follow automatically just from the boost transformation property, which we have

used to classify terms in the previous subsection. Clearly, imposing (4.36) would impose

further constraints on the seventeen coefficients mentioned above. In this subsection, we
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shall first find those constraints. We shall list the most general possible structure for B̃,

defined in (4.36), which is a two-derivative scalar with vanishing boost weight. According

to the terminology of the previous subsection it must be an ‘equilibrium data’. It turns out

that B̃ could have only five independent structures which are non-vanishing at equilibrium

(see table -(4.9)).

Candidate terms for B̃
Equilibrium data: 1. hij (∂r∂vhij),

2. hij ∇i ωj,
3. hij ωi ωj ,
4. R,
5. X,

Off-equilibrium data: 6. hij hkl (∂vhij) (∂rhkl),
7. hik hjl (∂vhij) (∂rhkl)

Table 4.9: Possible structures that can appear in B̃: each of them has two derivatives and
boost weight= 0.

Using linear combinations of the independent structures presented in Table-(4.9) we can

now write down the most general structure of B̃, if it exists, as follows

B̃ = A1 h
ij∂r∂vhij + A2 h

ij∇iωj + A3 h
ijωiωj + A4 X + A5 R . (4.67)

The first term in B̃ needs a special attention. This is the term whose contribution to EHD
vv

could get mixed with some the k = 1 term (see equation (4.62) and the discussion after

that). To see this more explicitly, let us write down the contribution to EHD
vv coming from

the term B̃ = A1 h
ij∂r∂vhij

∂v

(
1√
h
∂v

(√
h B̃

))
∼ A1 ∂v

(
1√
h
∂v

(√
h hij∂r∂vhij

))
= A1

(
T5 +

T12

2
− T13

)
.

(4.68)

It can be easily checked that the terms T12 and T13 could also be generated as k = 1 terms in

EHD
vv from the following two off-equilibrium candidates for B̃ (see the list of off-equilibrium
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data in table-4.9)

(i) hijhkl (∂vhij) (∂rhkl) , (ii) hikhjl (∂vhij) (∂rhkl) .

We assume that in EHD
vv , these two terms mentioned above contribute with coefficients A6

and A7 respectively as written below 21

EHD
vv

∣∣
k=1

= −A6

(
2T12 + T̃1

)
− A7

(
2T13 + T̃2

)
. (4.69)

From the above equation it is clear that A6 and A7 could be simply fixed by comparing the

coefficients of T̃1 and T̃2 respectively in the k = 1 sector of (4.66) and (4.69),

A6 = ã1 , A7 = ã2 . (4.70)

We have now extracted out the k = 1 part of EHD
vv in (4.69) which has the form of A∂2

vB,

as desired from (4.62). Next, we subtract off (4.69) from (4.66) and obtain the part of EHD
vv

that is entirely generated from zero boost sector. This could be written as

EHD
vv

∣∣
zero boost =−

11∑
i=1

ai Ti − (a12 − 2 ã1)T12

− (a13 − 2 ã2)T13 −
17∑

i=14

ai Ti .

(4.71)

At this point, it is important to note that although in (4.66) there were nineteen terms to begin

with, the zero boost sector EHD
vv

∣∣
k=0

is constructed out of seventeen terms Ti’s appearing on

the RHS of (4.71). We, therefore, have to deal with seventeen coefficients as well. The

easiest way to understand this is by realising that the coefficients ã1 and ã2 do not count as
21To obtain the expressions in (4.71) we have used the following relations

∂v

(
1√
h
∂v

(√
h hijhkl (∂vhij) (∂rhkl)

))
= 2 T12 + T̃1 ,

∂v

(
1√
h
∂v

(√
h hikhjl (∂vhij) (∂rhkl)

))
= 2T13 + T̃2 .
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additional ones since they will always appear in the combination (a12−2 ã1) and (a13−2 ã2)

respectively 22.

On the other hand, from (4.67) we know that the number of free coefficients in B̃ thus

turns out to be five, namely the Ai’s (for i = 1, · · · , 5). As of now the Ai’s are free coef-

ficients and we want to solve them in terms of the ai’s appearing in (4.71). To do that, we

first substitute B̃ from (4.67) in (4.36) and write it in terms of the basis of Ti structures, as

listed in Table-(4.7) and obtain the following

EHD
vv

∣∣
zero boost ∼ − ∂v

(
1√
h
∂v

(√
h B̃

))
= −

[
A1

(
T5 +

T12

2
− T13

)
+ A2

(
T6 +

T8

2
− T9

)
+ A3

(
2T14 +

T10

2
− T11

)
+ A4

(
T15 +

T7

2

)
− A5

(
T16 −

T17

2
+ T1 − T2

)]
.

(4.72)

In deriving (4.72), we have used the following relations

∂v

(
1√
h
∂v

(√
hhij ∂r∂vhij

))
= T5 +

T12

2
− T13 ,

∂v

(
1√
h
∂v

(√
hhij ∇iωj

))
= T6 +

T8

2
− T9 ,

∂v

(
1√
h
∂v

(√
hhij ωiωj

))
= 2T14 +

T10

2
− T11 ,

∂v

(
1√
h
∂v

(√
hX

))
= T15 +

T7

2
,

∂v

(
1√
h
∂v

(√
hR
))

= −
(
T16 −

T17

2
+ T1 − T2

)
.

(4.73)

We now compare (4.72) with (4.71) and equate the coefficients of Ti’s on both sides, which

gives us seventeen relations between the Ai (i = 1, · · · , 5) and aj (j = 1, · · · , 17), ãi (i =
22In what follows, whenever we refer to the seventeen coefficients ai’s, it will be implied that there are

actually nineteen coefficients (the ai’s and the ãi’s) but the two coefficients ã1 and ã2 will always appear
being paired with a12 and a13 respectively, see (4.71), and hence the independent coefficients will be counted
as seventeen.
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1, 2) 23. We can solve the five Ai’s in terms of the ai’s and then we will be left with twelve

constraints on the coefficients ai’s which ensure the consistency of (4.36). These twelve

constraints on ai’s are listed below,

a1 = a16, 2 a10 = −a11, a14 = 4 a10, a15 = 2 a7, 2 a17 = −a1,

a2 = −a1, a3 = 0, a4 = 0, a6 = 2 a8, 2 a8 = −a9 ,

2 (a12 − 2 ã1) = −(a13 − 2 ã2), a5 = 2 (a12 − 2 ã1) .

(4.74)

Finally, we would like to check whether the ai’s as given in Table-(4.8) satisfy the con-

straints given in (4.74). Remember that in the previous subsection, we have already cal-

culated the allowed values of the ai’s for each of the three different 4-derivative theory of

gravity, see Table-(4.8). Upon inspection, we can convince ourselves that for Ricci scalar

squared theory the constraints in (4.74) are satisfied, where as for both of the other two

four derivative theories of gravity, namely the Ricci tensor squared and the Riemann tensor

squared theories, the constraints in (4.74) are simply not satisfied. Therefore, we convince

ourselves that the constraints obtained in (4.74) are not correct, as they are not satisfied by

the results obtained by explicit calculation of EHD
vv which is the content of Table-(4.8) for

the most general four derivative theory of gravity. We should keep this in mind that these

constraints were derived from demanding the consistency of (4.36). As a result, we are led

to the conclusion that the general structure of EHD
vv in the zero boost sector, as predicted in

(4.36), is not generically true for the most general four derivative theory of gravity.

4.2.4 The general strategy for constructing the entropy current main-
taining the boost symmetry

From the analysis of the previous subsection, we have established the fact that the zero

boost terms in EHD
vv does not always follow the structure predicted in (4.36). Motivated by

this observation, in this subsection our goal will therefore be to explore what are the further
23As we have mentioned before, we have seventeen coefficients on the RHS of (4.71), and not nineteen,

because the coefficients (a12 − 2 ã1) and (a13 − 2 ã2) always comes in this particular combination.
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structures, if any, that we could allow for the zero boost terms in EHD
vv without affecting the

proofs for the physical version of the first law and second law.

As we have explained before, the first law is a statement about the total change in the

thermodynamic parameters like entropy, energy etc., characterising two nearby equilibrium

solutions connected by dynamics. Hence its formulation always involves an integration

over all space and therefore is usually insensitive to any boundary terms. The same is

true for black hole mechanics. The total change in entropy as described in (4.33) has an

integration over the spatial slices of the horizon. If the horizon is compact, this integration

would be insensitive to any boundary term that appears in EHD
vv . It follows that the zero

boost term in EHD
vv , in addition to the term already mentioned in (4.36), could also have a

structure of the form

EHD
vv

∣∣
zero boost ∼ − ∂v

(
∇iJ

i
)
= − ∂v

(
1√
h
∂i

(√
h J i

))
(4.75)

where J i is some spatial current with boost weight 1 (i.e., it must contain an explicit ∂v

that could not be paired up with any ∂r). On compact horizons such a term would clearly

integrate to zero and therefore will not contribute to the total change in entropy (see the

derivation of (4.33)).

It is worth noting that the compatibility with the first law also allows a term, generically

of the form ∇iY
i in EHD

vv where Y i is some arbitrary vector quantity, i.e. a spatial current

with boost weight equal to 2. However, themanipulation that follows from (4.18) shows that

working upto linear order of amplitude perturbations we could always re-arrange the terms

in EHD
vv (including the possible∇iY

i term) in a form where there is an overall ∂v outside24.

It is important to stress that although the first law itself does not require this rearrangement
24This can be schematically presented as

EHD
vv

∣∣
zero boost ∼ ∇iY

i ∼ ∂v

(
∇iỸ

i
)
+O(ϵ2), (4.76)

where Ỹ i is some spatial vector with boost weight equal to one, since one ∂v is extracted from Y i which has
boost weight equal to one.
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as in (4.76), it is a must to proceed towards an argument for the second law. Therefore, in

our classification, we shall not consider such terms for which this rearrangement is not true.

This, in particular, allows us not to consider the term that we have just mentioned above in

(4.75) as a possible term in EHD
vv .

Combining equations (4.36) and (4.75), it follows that, both the first and the second law

would be satisfied, at least at the linear order in amplitude of time dependent perturbations,

provided the zero boost terms in EHD
vv has the following form

EHD
vv

∣∣
zero boost ∼ − ∂v

(
1√
h
∂v

(√
h B̃
)
+∇iJ

i

)
. (4.77)

Interestingly, we should note that on the RHS of (4.77), the term inside the parenthesis (i.e.

ignoring the overall ∂v), looks exactly like the divergence of a ‘four-current’, let us call it

SA, such that it’s v and i components are respectively given by

EHD
vv

∣∣
zero boost ∼ − ∂v

(
∇AS

A
)
,

such that Sv
(k=0) = B̃ , Si

(k=0) = J i ,
(4.78)

where, the the index A = v, xi and we have also used k = 0 as a subscript in SA
(k=0) to

denote the fact that we are only looking at the zero boost terms in EHD
vv .

Next, we would like to see how the seventeen structures, listed in Table-(4.7) in §4.2.2,

should combine so that the zero boost terms in EHD
vv could be recast in the form of (4.77).

In other words, if the form of EHD
vv as proposed in (4.77) is correct, we will be using that

to derive the constraints that the seventeen coefficients ai should satisfy. As it appears in

(4.77), B̃ is a boost invariant scalar data and J i is a vector data with boost weight one. In the

previous subsection, we have already argued the most general structure of B̃ in (4.67). Now

J i is an off-equilibrium data and from the counting of boost-weight we could see it must

have exactly one ∂v derivative, which is not paired with an ∂r provided we are considering

them as operators acting on the three basic building blocks, namely hij , ωi and X . Taking

all these facts into account, we could construct the five possible structures for a candidate
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term in Ji, as listed in Table-(4.10) below.

Candidate terms for Ji
1. ∂vωi

2. hjk∇j (∂vhki)
Off-equilibrium data: 3. hjk∇i (∂vhjk)

4. hjk ωj (∂vhki)
5. hjk ωi (∂vhjk)

Table 4.10: Possible structures that can appear in Ji: each one of them has two derivatives
and boost weight= 1.

It is now straightforward to write down the most general form of J i using linear com-

binations of the structures written in Table-(4.10)

J i = B1 h
ij∂vωj +B2 h

ilhjk ∇j (∂vhkl) + B3 h
ilhjk ∇l (∂vhjk)

+B4 h
ilhjk ωj (∂vhkl) + B5 h

ilhjk ωl (∂vhjk) ,
(4.79)

where the coefficients Bi for i = 1, · · · , 5, are, as of now, arbitrary constant coefficients.

Our aim will now be to fix them in terms of the coefficients ai’s (i = 1, · · · , 17), just like

the coefficientsAi’s, appearing in (4.67), were fixed in the previous subsection. To achieve

this we will calculate the second term on the RHS of (4.77), with J i being substituted from

(4.79). We express the resulting expression in terms of the Ti’s, listed in Table-4.7, and

obtain the following relation

EHD
vv

∣∣(Ji part)
zero boost ∼ − ∂v

(
∇iJ

i
)
= −

[
B1

(
T6 + T4 −

T3

2

)
+B2 T2

+B3 T1 +B4 (T4 + T9) + B5 (T3 + T8)

]
.

(4.80)

In deriving (4.80) we have used the following relations

∂v
[
∇i(h

ij∂vωj)
]
= T6 + T4 − (T3/2) , ∂v

[
∇i(h

ilhjk∇j (∂vhkl))
]
= T2,

∂v
[
∇i(h

ilhjk∇l (∂vhjk))
]
= T1 , ∂v

[
∇i(h

ilhjkωj (∂vhkl))
]
= T4 + T9,

∂v
[
∇i(h

ilhjkωl (∂vhjk))
]
= T3 + T8 .

(4.81)

Once we have obtained (4.72) and (4.80), we shall combine them to obtain a complete

expression for the zero boost part (i.e. k = 0) of EHD
vv in terms of the Ti’s as follows
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EHD
vv

∣∣
zero boost = −

[
A1

(
T5 +

T12

2
− T13

)
+ A2

(
T6 +

T8

2
− T9

)
+ A3

(
2T14 +

T10

2
− T11

)
+ A4

(
T15 +

T7

2

)
− A5

(
T16 −

T17

2
+ T1 − T2

)
+B1

(
T6 + T4 −

T3

2

)
+B2 T2 +B3 T1

+B4 (T4 + T9) + B5 (T3 + T8)

]
.

(4.82)

It is obvious from the RHS of (4.82) above that we still have ten undetermined coef-

ficients, five of the Ai’s and five of the Bi’s. We therefore conclude that, if we want the

first term in (4.62), to have a form such that it is compatible with the physical process ver-

sion of the first law, then it can have twelve independent coefficients (Ai, Bi) for any four

derivative theories of gravity. On the other hand, just from the consideration of boost sym-

metry, a total of seventeen terms are allowed in EHD
vv , see (4.66). Clearly, even after the

inclusion of the spatial current in (4.77), the compatibility with the physical version of the

first law would imply some constraints between ai’s (though it would certainly be less in

number than what we have derived in the previous subsection). A naive counting suggests

that there must be (17 − 10) = 7 relations among the seventeen possible coefficients ai.

However, as it turns out, there is a redundancy in our counting of independent structures

that could appear in the expression of entropy density (B̃) and spatial entropy current (J i).

In other words, not all of the ten Ai, Bi’s are independently and one of them, the term with

A2 as coefficient, can be absorbed into others by redefining some of the Bi coefficients. It

is easy to check that if we redefine the coefficients B1, B4 and B5 in the following way,

B̂1 = B1 + A2 , B̂4 = B4 − A2 , B̂5 = B5 +
A2

2
, (4.83)
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the term with coefficient A2 in (4.82) disappears and we are left with

EHD
vv

∣∣
zero boost = −

[
A1

(
T5 +

T12

2
− T13

)
+ A3

(
2T14 +

T10

2
− T11

)
+ A4

(
T15 +

T7

2

)
− A5

(
T16 −

T17

2
+ T1 − T2

)
+ B̂1

(
T6 + T4 −

T3

2

)
+B2 T2 +B3 T1 + B̂4 (T4 + T9)

+ B̂5 (T3 + T8)

]
.

(4.84)

As the independent terms on the RHS of (4.84) has now been reduced to nine, we should

obtain eight relations among the coefficients ai, which are given by

a4 = a6 + a9, a3 = −a6
2

+ a8, a16 = −2 a17, a15 = 2 a7,

a11 =− a14
2
, a10 =

a14
4

, 2 (a12 − 2 ã1) = a5 , a13 − 2 ã2 = a5 .
(4.85)

Furthermore, once the ai’s satisfy the identities given in (4.85), we can solve the Ai’s and

Bi’s in terms of the ai’s, as given below 25

A1 = a5 , A3 =
a14
2
, A4 = 2 a7 , A5 = 2 a17 ,

A2 = free/undetermined,

B1 = a6 − A2, B2 = a2 − 2 a17 , B3 = a1 + 2 a17 , B4 = a9 + A2 ,

B5 = a8 −
A2

2
.

(4.86)

It is worth mentioning that in deriving the identities in (4.85) and the solutions in (4.86) we

have not assumed any particular form of the four derivative gravity Lagrangian. In other

words these relations are true for any four derivative theory of gravity.

Once we have obtained the coefficients Ai and Bi, one can readily derive the entropy

density B̃ and the entropy currents J i in terms of the coefficients ai. Since specific values

for the set of coefficients ai corresponds to specific four derivative theories of gravity, (see
25In (4.86) we are still writing in terms of the coefficients B1, B2, B3, instead of writing them in terms of

the redefined B̂1, B̂2, B̂3. This makes the appearance of the undetermined coefficientA2 explicit, and is just
a matter of convenient choice for us.
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Table-(4.8)), we can substitute them for ai’s in (4.86) to obtain the specific values ofAi and

Bi for each of the three individual four derivative theories of gravity. We present them in

Table-(4.11).

Different theories(
I(i) =

∫
ddx

√
−g L(i)

) Values of the coefficients Ai, Bi

1 L(1) = R2

(Ricci scalar squared)

A1 = 4, A2 = undetermined,
A3 = 3, A4 = 4, A5 = −2,
B1 = −4− A2, B2 = 0, B3 = 0,
B4 = 4 + A2, B5 = −2− (A2/2).

2 L(2) = RµνR
µν

(Ricci tensor squared)

A1 = 1, A2 = undetermined,
A3 = 1, A4 = 2, A5 = 0,
B1 = −A2, B2 = −1, B3 = 1/2,
B4 = 1+A2, B5 = −(1/2)− (A2/2).

3 L(3) = RµνρσR
µνρσ

(Riemann tensor squared)

A1 = 0, A2 = undetermined,
A3 = 1, A4 = 4, A5 = 0,
B1 = 4− A2, B2 = −2, B3 = 0,
B4 = A2, B5 = −(A2/2).

Table 4.11: Ai, Bi’s for different 4-derivative theories of gravity.

Finally, we conclude this sub-section with the following remarks:

• More details on the redundancy in the parameterA2: We have already mentioned

before that our analysis in this subsection to classify possible candidate terms in the

zero boost sector of EHD
vv solely based on boost symmetry, cannot fix the coefficient

A2 in (4.82). As a result it remained undetermined in (4.86). We have also seen that

this redundancy in fixing A2 is actually related to a proper count of the independent

data in B̃ and J i.

In order to make it explicitly manifest, let us now consider the specific terms written
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below and their combinations as candidates for B̃ and J i 26

B̃(∗) = hij∇iωj, J i
(∗) = −hij∂vωj + hilhjkωj∂vhkl −

1

2
hilhjkωl∂vhjk ,

and with this choices it can be shown that

1√
h
∂v

(√
h B̃(∗)

)
+∇iJ

i
(∗) = 0 . (4.87)

The interesting thing to note about the combination written in (4.87) is that it iden-

tically vanishes without any use of the gravity equations of motion and therefore we

could add the v-derivative of this combination (so that it has the appropriate boost

weight= 2) to any expression for EHD
vv , without affecting the equation of motion and

dynamics. Because of this, among the twelve terms that appeared on the RHS of

(4.82) above we could hope to fix only eleven of them by comparing with the EHD
vv

of a given four derivative theory, (4.66) 27. Also, for the same reason, we have seen

that in each of the three cases tabulated in Table-(4.11), the coefficient A2 could not

be fixed as it could combine with few spatial currents to give vanishing contribution

to EHD
vv .

• The redundancy in A2 is fixed by matching the equilibrium limit of B̃ with the

equilibrium Wald entropy density: Having realised the fact that only boost sym-

metry alone can not fix the coefficient A2, let us now focus on the implications of

this redundancy in the coefficient A2 beyond boost symmetry and try to explore if

there is any other principle that can fix it. Looking at the Table-(4.9) and (4.67), we

remind ourselves that, by construction, the scalar structures appearing in B̃ does not
26Note that this B̃(∗) appears in the expression of B̃ in (4.67) with the coefficient A2.
27Actually, we can make use of this redundancy to reorganize (4.67) and (4.79) with the following re-

definition of B̃ and J i

B̃ → B̃ ; J i → J i + α∗ A2 J
i
(∗), (4.88)

where α∗ being a tunable free parameter and thus enabling us to fix the value of the coefficient A2 to any
specific number. In particular by making the choice of α∗ = 1, we can even make the coefficient A2 not
contributing to (4.82), as in that case, as A2 disappears from EHD

vv .
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vanish when evaluated on a stationary solution. Most importantly, the term that ap-

pears in B̃, (4.67), with coefficientA2 is generically non-zero in the equilibrium limit.

Therefore the redundancy in the coefficientA2 discussed in detail above, implies that

possible different choices ofA2 would amount to having different expressions for the

equilibrium entropy density, sw, of the same configuration. Though the difference

does not persist in the expression of total entropy SW , since this density turns out to

be a total derivative term: (∇ · ω) in this case.

Motivated by the arguments given above and based on general grounds, we should,

therefore, also require that once the equilibrium limit is considered, the entropy den-

sity B̃ in (4.67), should reproduce the appropriate Wald entropy density. This should

be satisfied by the B̃ apart from being constructed following the boost symmetry. As

we will see now, at least for the cases that we are studying in this note, this additional

requirement uniquely fixes the ambiguity related to the coefficient A2. Thus, the im-

portant point to note here is that the Wald’s formula (4.41) picks up a very specific

value forA2 for every cases that we have discussed here, and in some sense fixes this

ambiguity which clearly could not be fixed just by imposing first or second law of

thermodynamics even in its ultra local version. For example, in R2 theory, once we

demand matching with (4.41), A2 gets fixed to a specific numerical value A2 = −4,

implying that there is no spatial current, which is actually consistent with what we

have found in subsection §4.2.1 28.

The consistency withWald’s formula in the equilibrium limit, forces the entropy den-

sity B̃, that we have obtained in this subsection, to reduce to the stationary limit of

sHDWald (see (4.42)), which we derived in subsection §4.2.1, upto the ambiguity of A2.
28A first glance at the non-zero values of the coefficients B1, B4 and B5 for the R2 theory in Table-(4.11)

might naively suggest that there is a non-zero current for the R2 theory. However once we make the choice
of A2 = −4 in order to match with the equilibrium Wald entropy density sHDw , it can be verified that there is
no spatial current in this case, but a finite non-equilibrium correction scor to sHDw , see (4.40).
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More precisely, if we take the expressions of sHDWald as computed in subsections §4.2.1,

§4.2.1 and §4.2.1 and simply remove the terms that would vanish in stationary sit-

uations (for example, a term like KK̄ would be ignored), the resultant expressions

should exactly match with the corresponding B̃’s derived in this subsection with a

specific choice of the coefficient A2 for every case 29. It turns out that they indeed

match provided we choose the coefficient A2 to be as follows:

1. for R2 theory: A2 = −4,

2. for RµνR
µν theory: A2 = −1,

3. for RµναβR
µναβ theory: A2 = 0.

This matching serves as a consistency check for our results. Therefore, once we

use the values of the coefficient A2 for different cases, as written above, in Table-

(4.11) and further using (4.67) and (4.79) the specific expressions for B̃ and J i can

be derived as listed in Table-(4.12).

• Constraints on ai’s satisfied: In §4.2.2 we computed the specific values of the co-

efficients ai’s and tabulated them in the Table-(4.8) for three different four derivative

theories of gravity. It is now straightforward to check that the constraints derived in

(4.85) are indeed satisfied by all of the four derivative theories of gravity. In other

words, the physical process version of the first law holds for all of these theories once

we allow for the spatial current term in EHD
vv , (4.77).

29Though a mismatch at this stage would have been a serious contradiction with the existing literature and
Wald’s formalism, we still do not have any abstract proof for it, applicable to any higher derivative theories of
gravity. According to our understanding, this would essentially amount to showing a step by step equivalence
between the proof of physical version of the first law and theWald formalism. We could not find it in literature
and leave it for future work.
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Different theories(
I(i) =

∫
ddx

√
−g L(i)

) Expressions for B̃ , J i

1. L(1) = R2
B̃ = 4hij ∂r∂vhij − 4hij∇iωj

+ 3hij ωiωj + 4X − 2R
J i = 0

2. L(2) = RµνR
µν

B̃ = hij ∂r∂vhij + hij ωiωj + 2X
J i = −hilhjk ∇j (∂vhkl)
+ 1

2
hilhjk∇l (∂vhjk) + hilhjk ωj (∂vhkl)

− 1
2
hilhjk ωl (∂vhjk)

3. L(3) = RµνρσR
µνρσ B̃ = hij ωiωj + 4X

J i = 4hij ∂vωj − 2hilhjk ∇j (∂vhkl)

Table 4.12: B̃ and J i’s for different four derivative theory of gravity. While writing the
expressions we have used the values for the coefficient A2 in each of the three cases as
following : (i) for R2 theory: A2 = −4, (ii) for RµνR

µν theory: A2 = 0, and (iii) for
RµναβR

µναβ theory: A2 = 0.

4.2.5 Einstein-Gauss-Bonnet gravity in d ≥ (4 + 1)

The Einstein-Gauss-Bonnet theory has been extensively studied as a prototype of higher

derivative corrections to Einstein’s gravity and has been accorded significant importance

in the relevant literature. It is also a theory with 4-derivative correction to Einstein’s grav-

ity, where the 4-derivative term is a specific combination of the three terms, that has been

discussed in §4.2.1, §4.2.1 and §4.2.1. This linear combination is such that, although the

Einstein-Hilbert action has 4-derivatives corrections, the equations of motion that follow

from it, only have two derivatives on the metric, just like Einstein equations. Since the

Gauss-Bonnet term is simply a specific linear combination of the four derivative terms dis-

cussed in the previous sections, the analysis for the Einstein-Gauss-Bonnet theory can be

done quickly by considering the same linear combination of the results we obtained before.

In this section, we state our results explicitly for this theory.

The Einstein-Gauss-Bonnet theory is non-trivial in any dimensions greater than 3 + 1.

In 3+ 1 dimension the 4-derivative term is a total derivative (and is therefore a topological
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surface term). In lower dimensions, it vanishes as an identity. Let us first consider this

theory in space-time dimensions d ≥ 4+1; we shall discuss the the special case of d = 3+1

in the next subsection.

The action for Einstein-Gauss-Bonnet theory is given by

I =

∫
ddx

√
−g
(
R + agb

(
R2 − 4RµνR

µν +RµνρσR
µνρσ

))
, (4.89)

where agb is a constant Gauss-Bonnet parameter. The corresponding equations of motion

are

Eµν = Rµν −
1

2
gµνR + EHD

µν = 0, (4.90)

where

EHD
µν = agb

(
2RRµν − 4RαβRµανβ − 4Rµ

αRνα + 2Rαβσ
µ Rναβσ

− 1

2
gµν(R

2 − 4RαβR
αβ +RαβγρR

αβγρ)

)
.

(4.91)

The explicit vv-component of the equations of motion is

Evv = Rvv + EHD
vv = 0,

EHD
vv = agb

(
2RRvv − 4RαβRvαvβ − 4Rα

vRvα + 2Rv
αβσRvαβσ

) (4.92)

By explicitly computing EHD
vv in terms of the metric components (4.3) and their deriva-

tives, it is possible to rewriteEvv for the Einstein-Gauss-Bonnet theory into the form (4.37).

Subsequently, we can read off the entropy current from it and we have

Jv =
(
1 + 2agb(R− 2K̄ABK

AB + 2KK̄)
)

J i = −4agb∇j (Khij −Kij)
(4.93)

Note that, this entropy density and spatial entropy current for the Einstein-Gauss-Bonnet

theory has been constructed following the philosophy of §4.2.1. In the next subsection we

shall do a systematic study of this entropy current, concentrating particularly in d = (3+1)

space-time dimensions, where the Gauss-Bonnet term becomes topological.
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4.2.6 The Einstein-Gauss-Bonnet theory in d = 3 + 1

The Gauss-Bonnet theory in (3+ 1) space-time dimensions needs a separate discussion. In

this case, the Gauss-Bonnet term becomes a total derivative term and therefore it does not

contribute to the equations of motion, i.e. EHD
vv = 0 identically. However, if one uses the

Wald entropy as the equilibrium definition of black hole entropy (4.5), there is a finite non-

vanishing contribution to it even from the topological Gauss-Bonnet part of the Lagrangian.

The Wald entropy density sHDw (see (4.42)) for this case, is given by the Ricci scalar of the

co-dimension-2 spatial slice of the horizonHv,

sHDw = 2 agb R , (4.94)

where agb is the Gauss-Bonnet parameter appearing in (4.89). Since Hv in this case is

a 2-dimensional manifold, the integrated total entropy SW becomes the topological Euler

number ofHv.

Once we consider dynamical black hole solutions in this theory and restrict ourselves

to consider perturbations characterised by small amplitudes around a stationary configura-

tions, the total integrated Wald entropy SW doesn’t change with time as long as the per-

turbation is small and therefore, does not affect topology of Hv. However, if we consider

the local Wald entropy density sw (without being integrated on the spatial sliceHv), it does

indeed change with time and therefore has a non-zero contribution to ∂v(
√
h B̃). With these

in mind let us look at (4.77), which is the main result of this note and rewrite it here again

for convenience

EHD
vv

∣∣
zero boost ∼ − ∂v

(
1√
h
∂v

(√
h B̃

))
− ∂v

(
∇iJ

i
)
. (4.95)

From the above discussion it is clear that for (3 + 1) space-time dimensions, the LHS of

(4.95) vanishes identically. However, the first term on the RHS is non-zero, making us

wonder how to make sense of this equation if we had not included the second term on RHS
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involving the spatial entropy current. As we will see, both the term on the RHS of the above

equation are non-zero but they will precisely cancel each other, and that is how this equation

will be satisfied. In other words, we are left with verifying that the RHS. of (4.95) vanishes

identically without using any on-shell gravity equations of motion, up toO(ϵ2) corrections.

We start by noting that the values of the coefficients ai presented in Table-(4.8) are

achieved by explicitly computing the EHD
vv for different four derivative gravity theories and

for our metric choice (4.3), but most importantly, the results are not limited to the space-

time dimensions we are working in. Therefore the same results (presented in Table-(4.8))

holds for (3 + 1)-dimensional space-time as well. The specific values of these coefficients

for Gauss-Bonnet theory turns out to be the following:

a16 = 2, a17 = −1, ai = 0 (for all i = 1, · · · , 15) ,

such that, EHD
vv = a16 T16 + a17 T17 = 2

(
Rij − 1

2
hijR

)
∂2
vhij .

(4.96)

However, for 2-dimensional space-time one can show that the following relation is identi-

cally true,

Rij − 1

2
hijR = 0 . (4.97)

This is true because, in 2-dimensional space we could always choose a coordinate system

where the metric is conformally flat and Einstein tensor vanishes on any 2-dimensional

conformally flat space-time.

Let us now consider the expression (1/
√
h) ∂v(

√
hR). It is well-known that the linear

variation of Ricci scalar around any metric generates a term proportional to the Einstein

tensor plus a total derivative term. Because of the fact mentioned above, without doing any

further calculation, we could say

1√
h
∂v

(√
h R

)
=

(
Rij − 1

2
hijR

)
(∂vhij) +∇iZ

i , (4.98)

where Zi is some spatial current characterising the total derivative term, which could be

easily fixed as follows. Using table Table-(4.11) we could find the list of values for Ai, Bi
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for Gauss-Bonnet theory

A5 = −2, B2 = 2, B3 = −2, (4.99)

leading to the following expression for Zi

Zi = 2∇j

(
Kij − hijK

)
(4.100)

Again in (3+1)-dimensions, where {i, j} indices run over {1, 2}, the first term in the RHS

of (4.98) identically vanishes. Therefore, we can immediately rewrite (4.98) as

1√
h
∂v

(√
hR
)
−∇iZ

i = 0, (only in (3 + 1)-dimensions)

This looks exactly like a divergence of a four-current and identically vanishes in (3 + 1)-

dimensions. In this particular case of (3+1)-dimensional space-time, the above expression

has exactly the same status as that of (4.87), or the structuremultiplying the coefficientA2 in

the expression ofEHD
vv (4.82), see also (4.72) and (4.73). In other words, in (3+1)-dimension

we are free to add {R, Z i} to the expression of entropy density and spatial entropy current

respectively, with any arbitrary overall coefficient. Such an addition will not affect the ultra-

local version of the second law or the physical process version of the first law and this is

true for all theories as long as we are restricting ourselves to (3+ 1) dimensions. However,

just like in case of A2, the Wald entropy formalism fixes that arbitrary coefficient to a very

specific value.

To summarise, the main physical interpretation that one can draw from the arguments

presented above is the following. For Gauss-Bonnet theory in (3 + 1) dimensions EHD
vv

vanishes identically and that is related to the fact that the total integrated Wald entropy SW

is not changing due to time dependent perturbations. This is because the Wald entropy

SW in this case is given by topological Euler number of the 2-dimensional Hv and we

are considering small amplitude approximation for the perturbations, which are too weak

to change the topology of Hv. However, even in that approximation, the local change of
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entropy density is not vanishing. This necessitates the introduction of the idea of a spatial

entropy current, that quantifies the inflow or outflow of local entropy density and cancels

the change in local entropy density, within any infinitesimal region in Hv. This analysis,

at least for the situation considered in this subsection, therefore plays an important role in

motivating the need for an spatial entropy current.

4.2.7 Comments on entropy current for higher boost terms in EHD
vv

Once we have analysed the zero-boost terms, the next immediate question is to analyse

the contribution of higher boost terms of EHD
vv , to the entropy current (4.78). As we have

observed in §4.1, the arguments in [1] for second law, works smoothly, for all the higher-

boost terms in EHD
vv . The contribution from these higher boost terms, to the total entropy

falls within the class of JKM ambiguities, and they do not contribute to the physical process

version of the first law. Unlike the zero-boost terms, nothing necessitates the existence of a

spatial component of the current for these higher boost terms. Both the first and second law

would remain valid, if we simply declare that these terms would just modify the entropy

density as in (4.35), and they do not affect the spatial components of the current. However,

the spatial components of the current could still exist, even for the higher boost terms as we

now demonstrate.

Before we proceed it is worth clarifying that we will not be doing an exhaustive clas-

sification of all such possible higher boost terms in EHD
vv . Our aim here is just to present

an argument based on analysing a candidate term as an example that justifies the above

mentioned statement. We postpone a more detailed study of this aspect to future work.

Schematically, the higher boost terms have the following structure (see (4.24) or (4.62))

EHD
vv

∣∣
higher boost ∼ ∂2

v

[
∂k
rA

(k) ∂k
vB

(k)
]
+O

(
ϵ2
)
, (4.101)

where A(k) and B(k) are boost-invariant. Now it turns out that the same higher boost term
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could be recast in different ways, upto corrections that are quadratic or higher order, in the

amplitude of the dynamics. This allows us to absorb certain higher boost terms (the ones

that have at least one∇i) either entirely within the correction to entropy density, or partially

in entropy density and partially in the spatial components of the current. Let us explain this

ambiguity more specifically.

Consider a typical higher boost term inEHD
vv , as in (4.101), where the term ∂k

vB
(k) could

be expressed as divergence of a spatial current with boost-weight k > 1,

∂k
vB

(k) ∼ ∇⃗ · J⃗ (k),

and substituting it in the expression of EHD
vv we find

EHD
vv

∣∣
higher boost ∼ ∂2

v

[
∂k
rA

(k) ∇⃗ · J⃗ (k)
]

(4.102)

= ∂v

(
∇⃗ ·
[
∂v

(
J⃗ (k) ∂k

rA
(k)
)])

+ ∂2
v

[
−J⃗ (k) · ∇⃗

(
∂k
rA

(k)
)]

+O
(
ϵ2
)
. (4.103)

On one hand, from the first line of (4.102), we can conclude that the contribution of this

term to entropy current is simply 30

From (4.102): Sv
k≥1 = − ∂k

rA
(k) ∇⃗ · J⃗ (k), Si

k≥1 = 0 . (4.104)

with no spatial current. On the other hand, from the second line (4.103), we may infer

that, this term contributes to the spatial components of the entropy current, apart from the

contribution to the entropy density, which is different from the previous case (4.104). That

is, we can write the contribution to entropy current also in the following way

From (4.103): Sv
k≥1 = J⃗ (k) · ∇⃗

(
∂k
rA

(k)
)
, S⃗k≥1 = − ∂v

(
J⃗ (k) ∂k

rA
(k)
)
. (4.105)

Wewould like to emphasize that the abovemanipulation, which is essentially an interchange

of ∂v and ∇⃗, crucially uses the fact that any term, generated due to the non zero commutator
30The quantity SA has been introduced in (4.78). The subscript k ≥ 1 in SA is to denote that this is the

contribution from the higher boost terms in EHD
vv .
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of these two types of derivatives, would be of higher order in amplitude. This is because

the commutator itself is of boost weight one, for higher boost terms,

∂v(∇⃗.J⃗k) ∼ ∇⃗.(∂vJ⃗
k) + (∂v Γ

i
ij) J

(k)j ∼ ∇⃗.(∂vJ⃗
k) +O(ϵ2) . (4.106)

Also note that, this is true only for the higher-boost terms, and in particular, not true for the

boost invariant terms, for which the presence non-zero spatial entropy current was unam-

biguous.

The two different choices of entropy density in (4.104) and (4.105), are related by a

total spatial derivative, as expected. This ensures that, in the integrated (weak) version of

the second law, this difference would have no impact. However, in the ultra local version,

wherewe demand the entropy to be produced at every point in space and time, this difference

is significant. This leads to an ambiguity in the definition of our entropy current, which

cannot be fixed, merely from the transformation property of EHD
vv under boost (4.13).

It is possible that, if we keep track of the higher order terms in amplitude expansion, this

ambiguity may be removed. Alternatively, it is also possible that some suitable extension

of the boost symmetry, like (4.11), which preserves our global choice of coordinates, might

constraint the structure of our entropy current further, and consequently fix this ambiguity.

We would like to explore this point further in our future work.

4.3 Discussions and Future directions

In this note, we have demonstrated that the intricacies in the arguments involved in the proof

of the physical process version of the first law, and the second law, naturally lead us to the

notion of a spatial entropy current on the horizon. This spatial entropy current captures the

inflow or outflow of entropy from any subregion of Hv - the horizon v-slice. For most of

our analysis in this note, we consider dynamical black holes which can be treated within the

linearized approximation, where the amplitude of the ‘time’ dependent metric fluctuations,

111



4 Entropy Current for Four Derivative Theories of Gravity

about a given stationary black hole solution, is small. Under this approximation, we are

able to establish that the entropy density and the spatial components of the entropy current,

constructed through our algorithm, satisfies an ultra-local stronger version of the second law

of black hole thermodynamics. The validity of this local form of the second law is ensured

by the equations of motion for the higher derivative theories of gravity, and therefore, true

for any metric that solves these classical equations, at the linearized level.

The construction of our entropy current is not unique. All the ambiguities in defining

the current can be traced back to the fact that there exist certain terms Tamb which can be

simultaneous written in two ways. We can write Tamb = 1√
h
∂v

(√
hJ v

)
, but also we can

write the same term as Tamb = −∇iJ i, for some choice of J v and some choice of J i.

Obviously, it follows that J v must have at least one spatial derivative, while J i must have

at least one v-derivative. If we have such terms, appearing in the equation of motion as

∂vTamb, then it becomes unclear whether to write it as Tamb = 1√
h
∂v

(√
hJ v

)
and consider

it to be a part of the entropy density. Or to write it as Tamb = −∇iJ i and interpret it to be

being a part of the spatial components of the entropy current. A third possibility is to split

this term up, into the entropy density and the entropy current. In §4.2.7, we have discussed

these kind of ambiguities in detail.

Again, if we indeed have terms like Tamb which can be written in both these ways,

we can always add a 0 = ∂v

(
1√
h
∂v

(√
hJ v

)
+∇iJ i

)
, to the equation of motion, and

subsequently include J v and J i into the definition of the entropy density and the spatial

entropy current. Neither the equation of motion nor any of the laws of thermodynamics

would be affected by this operation. This kind of ambiguity arises, for example, in the

Einstein-Gauss-Bonnet theory in 3 + 1 dimensions, discussed in detail in §4.2.6 31. If a

term like Tamb is such that, J v is non-zero on stationary solutions, then it would contribute

to Wald entropy as well. In such a case, the ambiguity corresponding to this term may be
31Also see the ambiguity related to the parameter A2, discussed in detail in §4.2.4
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removed by demanding that our entropy reduces to Wald entropy on stationary solutions.

But if J v vanishes in equilibrium then this additional criterion would remain ineffective in

fixing it.

It should also be noted that it may be possible to write down a particular term simultane-

ously in both the forms, only at the linearized order in perturbations. Such an equivalence

may cease to be true once we proceed to consider corrections which are higher-order in

amplitudes. In that case, these ambiguities would only be a linear order artefact, and would

disappear once we are able to construct the full non-linear current. However, some of these

ambiguities of the entropy current may remain, even in the full non-linear construction.

Having highlighted the ambiguities of the entropy density and the corresponding cur-

rent, we must point out that, every member of this ambiguous class, have the property that

the total entropy reduces to Wald entropy for stationary black holes. For the non-stationary

dynamical black holes, all these entropy density and currents also satisfy a local second law.

Hence, every such entropy density and entropy current are perfectly well defined macro-

scopic entities that can provide excellent effective thermodynamics description of the sys-

tem. Some additional microscopic information is likely to make one of them special, and

it can stand out as the correct definition of entropy density and entropy current away from

equilibrium. Therefore, despite these ambiguities, it appears to us, that the notion of the

spatial components of the entropy current and a local second law on a dynamical horizon is

a concept of significant importance in the thermodynamic description of black holes.

This note is essentially a series of observations, on the evolution of black hole entropy in

dynamical scenarios, in a specific set of examples of higher derivative theories of gravity.

Through explicit calculations, we have been able to test our hypothesis about the spatial

components of the entropy current, only in four derivative theories of gravity. This is a small

step towards formulating an ultra-local version of the second law in gravitational theories

(if it exists in full non-perturbative sense) and deciphering all its physical ramifications.
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Clearly, there are several directions in which this work needs to be extended, so that a

more complete picture of this whole mechanism may emerge. Here is a brief list of related

questions, which we would like to investigate in the near future.

1. The reader may have noticed that, throughout this note, we have used the word ‘time’

under a quotationmark. This is because our ‘time’ here is not really a parameter along

a time-like vector field; rather, it is the affine parameter along a ‘distinguished’ null

direction that generates the event horizon. Therefore, the expression appearing in the

local version of the second law is not the d+1 dimensional 32 covariant divergence of

a covariant current. This is quite unlike the standard way in which the local version

of the second law is expressed, for near-equilibrium dynamics of non-gravitational

theories, where the d+ 1 dimensional Lorentz covariance is manifestly maintained.

On the event horizon, we do not have a time-like direction, so the question of Lorenz

invariance does not arise here. However, our construction has used a specific choice

of coordinates and physically we expect some form of invariance should exist once

we choose a different coordinate system - for example, a different spatial slicing of

the null generators.

It would be extremely important to explore whether any such invariance exists and if

it exists, then how does it control our construction.

2. Another question related to the above is as follows. We have seen that our construc-

tion of the spatial entropy current mainly involves the ‘zero boost terms’ in the equa-

tion of motion. For this construction to work, these ‘zero boost terms’ were required

to have a specific form. This requirement may be viewed as a set of constraints on

the most general structure of the relevant component of the equation of motion (see
32Remember if we are working inD+1 dimensional space-time, then the current is expected to have d+1

components, with d = D − 1. This is because this current would be defined on the event horizon, which is a
co-dimension one surface.
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§4.2.3 and §4.2.4). The physical origin of these constraints is, at the moment, un-

clear. We suspect that the reason behind these constraints could be the set of residual

gauge invariance, expressed in (4.11), which is a generalization of the boost symme-

try (4.13). Whether this suspicion is true, or there is a completely different reason for

these constraints must be investigated through explicit computations.

3. The ‘zero boost terms’ in the equation of motion, which are central to our analysis in

this note, are also relevant for the physical process version of the first law, and hence,

control the definition of entropy in stationary situations.

Now, it is well known that Wald’s formalism [11, 12] also determines this same

equilibrium entropy in a covariant fashion using the conserved Noether current cor-

responding to the diffeomorphism symmetry. It would be extremely interesting to

clearly establish a connection between these two methods. In particular, if it is possi-

ble to identify our spatial current within Wald’s construction, it would probably lead

to a more satisfying covariant construction of the entropy current. This may help

us arrive at an abstract proof for the existence of this entropy current and the local

second law, for any higher derivative theory of gravity.

In absence of any such concrete proof, it would be quite useful to gather more data,

simply by repeating the exercise presented in this note, for theories of gravity with 6

or more derivatives.

4. Another obvious generalization would be to extend our construction to non-linear

order in amplitude ϵ. This can potentially fix the ambiguity related to the construction

of the spatial components of the entropy current, which arises for higher boost (k ≥ 0)

terms (see the discussion in §4.2.7).

But more importantly, it might provide us with further insights, which can help us
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formulate a non-perturbative proof of second law for higher derivative theories. For

Einstein’s theory, entropy production is ensured by the famous ‘horizon area increase

theorem’, which is proved for any dynamical situation, in full non-perturbative way.

It would be nice to have a similar proof (or a clean counter-example) for higher deriva-

tive theories of gravity.

5. Naively, it might seem that, at non-linear order, we do not have to worry about the

second law, since for Einstein’s theory itself, the entropy production takes place at

quadratic order in amplitude. Now because higher derivative corrections are always

suppressed compared to the leading order piece corresponding to Einstein’s theory,

they cannot reverse the sign which guarantees entropy production.

However, if we are interested in an ultra-local form, then during a non-trivial ‘time’

evolution, the contribution to entropy due to Einstein’s theory could vanish locally at

a given point. Then, for the question of entropy production and the second law, we

must take the higher-derivative corrections seriously. See [36] for the construction of

entropy in dynamical black holes for the Einstein-Gauss-Bonnet theory, where these

subtle issues have been addressed. The construction of entropy in [36] did not yield

a second law, for the most generic dynamical situation. But, in [36] this idea of a

spatial entropy current was not used. It would be very interesting to revisit [36], and

check if the obstruction is resolved when the spatial entropy current is incorporated

into the statement of the second law.

6. Within the framework of gauge gravity duality, a precise correspondence exists be-

tween slowly varying fluctuations of a black hole and the hydrodynamic fluctuations

of the boundary fluid. Since the boundary fluid dynamics comes equipped with a

local entropy current, there exists a dual of this current, for the black hole in the bulk

[47, 57, 58]. This dual also constitutes a gravitational entropy current, in this par-
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ticular context. In [47], the construction has been done for two derivative Einstein’s

theories. While in [57, 58], it has been extended to higher derivative theories of

gravity, following Wald’s formalism of Noether current. All these constructions use

the derivative expansion extensively and their validity is restricted to this particular

case of fluid-gravity correspondence. Therefore, although these constructions of the

entropy current relate to horizon dynamics, it subtly uses the asymptotic AdS condi-

tions, which ensures black-brane solutions exist and the fluid-gravity correspondence

could be formulated in a clean fashion. For example, the entropy current constructed

in these papers is clearly a (3+1) dimensional current (for 5 bulk dimension) with

one component (the entropy density) clearly along with a time-like direction. This is

achieved by lifting the null coordinate along the horizon, to the time-like direction of

the boundary through the fluid-gravity map. This time-like direction also serves to

formulate an unambiguous statement of the second law, in terms of the divergence

of this entropy current.

On the other hand, our construction is completely confined to the horizon, it does not

have any time-like direction, to begin with. As we have explained before, in absence

of any Lorentz symmetry it is not straight-forward to interpret our result as a covariant

‘four’-current. Also, we do not need any assumption about the asymptotic structure

of spatial infinity.

Our construction looks quite different from what has been done in [47, 57, 58]. But it

is also clear that there must be some relation between these two constructions. This

question is a topic of our ongoing investigation.

7. Very recently, one candidate entropy current has been constructed in [59], for Gauss-

Bonnet theory within the framework of membrane-gravity duality, in an expansion

in inverse powers of space-time dimension D. This is a duality that gives a pre-
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cise correspondence between the dynamics of a membrane (a time-like hypersurface,

embedded in flat space-time) and that of the horizon, in the large D expansion. Un-

like our construction, which does not rely on any duality, in [59] the entropy current

has been constructed in the dual picture of the membrane. Their entropy current is

entirely confined within the membrane and has the usual property of Lorentz invari-

ance. In their case, the non-negative divergence of the entropy current follows from

the membrane dynamics governed by those membrane equations, which have been

derived from the dual gravity picture.

Moreover, within their approximation, the authors of [59] have also shown that the

existence of a Killing vector is a consequence of no entropy production. They have

also demonstrated that the charge corresponding to this conserved entropy current

reduces to the well-known expression of Wald entropy, in a stationary situation.

It would be extremely interesting to see how the entropy current of [59] compares

with ours. In particular, we would like to explore, if this membrane-gravity duality

can be used to formulate a principle which can fix the ambiguities of the entropy

density and spatial entropy current.

8. We have constructed a proof of the 2nd law by introducing an Entropy Current for

four derivative theories of gravity. A natural question comes to mind the generaliza-

tion of this proof to any arbitrary diffeomorphism invariant theory of gravity. In this

paper [32], the authors have addressed this question and constructed a proof of the

2nd law for any arbitrary diffeomorphism invariant theories of gravity. In our work,

we have calculated a particular component of the equations of motion for four deriva-

tive theories of gravity, then we found the entropy current arranging the terms that

appeared in the particular component of the equation of motion. It is a brute-force

calculation. But in this work[32], the authors classified the terms that can appear in
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that particular component of the equations of motion by analyzing the boost weight.

Then they showed the existence of an entropy current on the horizon to have a con-

sistent 2nd law. By constructions, this entropy current is divergenceless and gives

an ultra-local version of the second law. This proof is still in the regime where the

perturbation is linearized around a stationary black hole.
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Conclusion
In this thesis, we have made some progress in the understanding of black hole mechanics;

particularly, we focused on the Zeroth Law and the second Law in the presence of higher

derivative corrections to the usual Einstein-Hilbert action. As we said earlier, the thermo-

dynamic properties of black holes become difficult to comprehend in the presence of higher

derivative corrections; one probable and profound reason is that the Raychowdhary equa-

tions are not well understood beyond General Relativity. In this work, we attempted to find

the status of the black hole thermodynamics in the presence of higher derivative corrections.

First, we looked for a zeroth Law of black hole mechanics. We believe we have given

a proof of the zeroth law for generic higher derivative theories of gravity with some rea-

sonable physical assumptions. The proof includes an inductive method where we assume

that the higher derivative corrections have a smooth limit to General Relativity and also

we choose some specific but most general gauge conditions. In other words, the black hole

solutions have a smooth limit to the solutions of General Relativity. The Zeroth law is valid

in General Relativity. If so, our induction method works order by order in the coupling of

the higher derivatives leading to a proof of Zeroth law for generic higher derivative theories

of gravity.

The second part of the thesis deals with the second Law. The first law has already been

proven for generic higher derivative theories so we are analyzing the second law. In the

case of the second Law, we just concentrated on a specific higher derivative theory, the four-
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derivative theory. But as we know, the second law is a dynamical statement. We have to go

beyond stationary metric. We make our stationary system non-stationary by throwing some

matter into the system, and the metric becomes dynamical. We have introduced Entropy

current to achieve a proof of the Second Law. We have used the same setups and gauge

conditions as we used before to prove Zeroth law. We have considered linear perturbation

around a stationary black hole in our study of the second law. The proofs of the second

law that are known are an integrated version, but our proof is an ultra-local version of

the second law. Entropy Current, which is a (d-1)-dimensional vector field defined on the

horizon, played a crucial role in achieving this ultra-local version of the second law. The

divergence of the entropy current is zero, giving us the ultra-local version of the second law

for four derivative theories of gravity. The work of the thesis on the second law is still in the

realm of linearization around a stationary black hole, but the authors of this paper[61], took

a step toward a non-linear region but treated the higher derivative terms as an Effective field

theory. We always assumed that the matter sector obeys the null energy condition. But if

we consider the matter sector coupled non-minimally to gravity, the null energy condition

does not hold anymore. In [62], the authors investigated if the second law is still valid or

not in the case where the matter sector is coupled with gravity non-minimally. They found

that, indeed, the theory satisfies the second law, and they found the entropy current for that

theory.
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Appendix A

(For Chapter-3)
A.1 Computing the Christoffel symbols and the surface

gravity for the metric eq.(3.4)

A.1.1 Computing the Christoffel symbols

In this appendix, we will calculate the Christoffel symbols for the metric eq.(3.4) upto order

O(α).

ds2 = 2dτ dρ− ρ
[
X(0)(ρ, xi) + αX(1)(ρ, xi)

]
dτ 2 + 2ρ

[
ω
(0)
i (ρ, xi) + αω

(1)
i (ρ, xi)

]
dτdxi

+
[
h
(0)
ij (ρ, x

i) + αh
(1)
ij (ρ, x

i)
]
dxidxj

(A.1)

Different components of the metric are

gττ = −ρ
[
X(0)(ρ, xi) + αX(1)(ρ, xi)

]
, gτρ = 1, gτi = ρ

[
ω
(0)
i (ρ, xi) + αω

(1)
i (ρ, xi)

]
,

gρρ = 0, gρi = 0, gij =
[
h
(0)
ij (ρ, x

i) + αh
(1)
ij (ρ, x

i)
]

(A.2)

Different components of the inverse metric up to order O(α) are

gττ = 0, gτρ = 1, gτi = 0,

gρρ = ρ
[
X(0) + αX(1)

]
+ ρ2hij

(0)ω
(0)
i ω

(0)
j + αρ2

[
2hij

(0)ω
(0)
i ω

(1)
j − hij

(1)ω
(0)
i ω

(0)
j

]
gρi = −ρ

[
hij
(0)ω

(0)
j + α

(
hij
(0)ω

(1)
j − hij

(1)ω
(0)
j

)]
, gij = hij

(0) − αhij
(1)

(A.3)

where, hij
(0) is defined as h

ik
(0)h

(0)
kj = δij and h

ij
(1) is defined as h

ij
(1) = him

(0)h
jn
(0)h

(1)
mn.

Now we will compute different components of Christoffel symbols. We would require the

expression of one component of the Christoffel symbol Γρ
iτ off the horizon. The expression

of Γρ
iτ up to order O(ρ) is

Γρ
iτ = −ρ

2
∂i
(
X(0) + αX(1)

)
− 1

2
ρ
(
X(0)ω

(0)
i + αX(1)ω

(0)
i + αX(0)ω

(1)
i

)
(A.4)
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The rest of the components are on the horizon

Γρ
ρτ = −1

2

[
X(0) + αX(1)

]
, Γτ

iτ = −1

2

[
ω
(0)
i + αω

(1)
i

]
, Γρ

ρj =
1

2

[
ω
(0)
i + α ω

(1)
i

]
,

Γj
iτ = 0, Γj

ρτ =
1

2

[
ωj
(0) + α ωj

(1) − αhjk
(1)ω

(0)
k

]
, Γρ

ij = 0, Γτ
ττ =

1

2

[
X(0) + αX(1)

]
,

Γτ
τρ = 0, Γτ

iρ = 0, Γj
ττ = 0, Γτ

ij = −1

2

(
∂ρh

(0)
ij + α∂ρh

(1)
ij

)
, Γρ

ττ = 0, Γi
ττ = 0,

(A.5)

Where, ωi
(0) and ω

i
(1) are defined as ω

i
(0) = hij

(0)ω
(0)
j and ωi

(1) = hij
(0)ω

(1)
j

A.1.2 Computing the surface gravity

The metric of the space-time is given in eq.(3.4) and we write it here again for convenience

ds2 = 2dτ dρ− ρX(ρ, xi)dτ 2 + 2ρ ωi(ρ, x
i)dτdxi + hij(ρ, x

i)dxidxj (A.6)

This metric admits a Killing vector ξ = ∂τ with the horizon being chosen to be at ρ = 0.

The definition of surface gravity is given by

κ =

√
−1

2
(∇µξν)(∇µξν)

∣∣∣∣∣
ρ=0

. (A.7)

We use the inverse metric expressions written in eq.(A.3) to obtain the following com-

ponents of ξµ,

ξρ = 1, ξτ = −ρX(ρ, xi), ξi = ρωi(ρ, x
i) . (A.8)

Next we compute the components of ∇µξν evaluated on ρ = 0 and the non-vanishing

components are as follows

∇τξρ|ρ=0 = −∇ρξτ |ρ=0 = −1

2
X(ρ = 0, xi) ,

∇ρξi|ρ=0 = −∇iξρ|ρ=0 =
1

2
ωi(ρ = 0, xi) ,

(A.9)

Using these, we obtain

(∇µξν)(∇µξν) |ρ=0 = 2gτρgτρ (∇τξρ) (∇ρξτ ) |ρ=0 = −1

2
X2(ρ = 0, xi) (A.10)
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Finally, we obtain the surface gravity as the following

κ =
1

2
X(ρ, xi)

∣∣∣∣
ρ=0

. (A.11)

A.2 Few details regarding the boost weight of covariant
tensors

In this appendix we aim to provide some more detail regarding the boost invariance of the

stationary metric written in eq.(3.10). We write the metric here again for convenience,

ds2 = g̃(bh)µν dxµdxν = 2 dv dr−r2 X(rv, xi) dv2+2 r ωi(rv, x
i) dv dxi+hij(rv, x

i) dxi dxj .

(A.12)

The vector ξ defined in eq.(3.12) ,generates Killing symmetry of the stationary background

with the metric in eq.(A.12). Due to this, as we have already mentioned before, when

we operate Lie derivative with respect to ξ on any covariant tensor constructed out of the

stationary metric eq.(A.12), will vanish. To be more precise, acting with the Lie derivative

with respect to ξ, on a covariant tensor, say Bµ1µ2···µk
with all lowered indices, will produce

the following,

LξBµ1µ2···µk
= ξβ∂βBµ1µ2···µk

+
(
∂µ1ξ

β
)
Bβµ2···µk

+
(
∂µ2ξ

β
)
Bµ1β···µk

+ · · ·

+
(
∂µk

ξβ
)
Bµ1µ2···β .

(A.13)

Furthermore, when we evaluate this for the metric eq.(A.12), and with xi given in eq.(3.12),

we will get

LξBµ1µ2···µk
= [w + (v∂v − r∂r)]Bµ1µ2···µk

, (A.14)

where w is the boost weight of Bµ1µ2···µk
and from eq.(A.14) we can also confirm that w

counts the excess number of lower v indices compared to lower r indices in Bµ1µ2···µk
. Fol-

lowing this argument, it is also obvious that the vi-component of EoM, Evi will have boost
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weight equal to+1, and hence, will vanish for stationary configurations when evaluated on

the horizon. This is the main ingredient that we have used in §3.5.3.

Before we conclude this appendix let us summarise the useful points that we should

remember while using the boost weight analysis,

1. We should think about any component of a covariant tensor to have a structure with

some number of ∂r, ∂v and∇i operators acting on themetric coefficients in eq.(A.12):

(X , ωi, and hij) or product of such structures.

2. The boost weight of any covariant tensor can be obtained by looking at the factor w

in eq.(A.14), when a Lie derivative Lξ, with respect to ξ (= v∂v − r∂r), acts on it.

3. Any expression with positive boost weight will vanish when evaluated on the horizon

for a stationary metric.

For more details we refer the reader to section-(2.3) and Appendix-B of [32].

A.3 More detailed calculation for Einstein’s gravity

In this appendix, we will calculate τi component of equation of motion E(0)
τi for Einstein’s

gravity.

Rτi = Rτ
ττi +Rρ

τρi +Rj
τji (A.15)

Using the expressions of Christoffel symbols computed in Appendix-(A.1.1), we can cal-

culate different components of Riemann tensor upto order O(α0)

Rτ
ττi|ρ=0 = ∂τΓ

τ
iτ − ∂iΓ

τ
ττ + Γτ

τEΓ
E
iτ − Γτ

iEΓ
E
ττ

= −1

2
∂iX

(0)
(A.16)

Rρ
τρi|ρ=0 = ∂ρΓ

ρ
iτ − ∂iΓ

ρ
ρτ + Γρ

ρEΓ
E
iτ − Γρ

iEΓ
E
ρτ

= 0
(A.17)
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Rj
τji|ρ=0 = ∂jΓ

j
iτ − ∂iΓ

j
jτ + Γj

jEΓ
E
iτ − Γj

iEΓ
E
jτ

= 0
(A.18)

Finally we get

Eτi|ρ=0 = Rτi|ρ=0 = −1

2
(∂iX

(0))|ρ=0 (A.19)

A.4 Calculation of the homogeneous part

In this appendix, we will derive the expression of the homogeneous part eq.(3.43). As has

been discussed in sub-section §3.5.1, we have to linearize E
(0)
µν around g

(0)
αβ . We have to

calculate E(0)
µν

[
g
(0)
αβ + δgαβ

]
, where, we will treat δgαβ ≡ αm+1g

(m+1)
αβ as linearized pertur-

bations around g(0)αβ . E
(0)
µν is the Einstein’s tensor

E(0)
µν = Rµν −

1

2
Rgµν (A.20)

As, g(0)µν is an exact solution of E(0)
µν

E(0)
µν

[
g
(0)
αβ + δgαβ

]
≡ δE(0)

µν = δRµν −
1

2
g(0)µν δR− 1

2
R(0)δgµν (A.21)

R(0) is the Ricci scalar evaluated on the metric g(0)µν . We have to calculate τi component of

the above equation at ρ = 0. We can compute δE(0)
τi off the horizon, but for our purpose

that is not required.

δE
(0)
τi |ρ=0 = δRτi −

1

2
g
(0)
τi δR− 1

2
R(0)αm+1g

(m+1)
τi = δRτi (A.22)

Since we have denoted the coordinates by {τ, ρ, xi}, for notational convenience, instead

of using µ, ν we will be denoting the spacetime coordinates by {A,B,C...}. We will be

using this notation only for this appendix. If we calculate the Christoffel symbols on g(0)AB +

αm+1g
(m+1)
AB we can decompose it as follows

ΓA
BC = Γ̄A

BC + δΓA
BC (A.23)
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where Γ̄A
BC is the Christoffel symbols for g(0)µν . Linearized Ricci tensor is

δRAB = ∇DδΓ
D
AB −∇BδΓ

D
AD (A.24)

We can very easily read-off the expressions of Γ̄A
BC and δΓA

BC from eq.(A.5).

δRAB = ∂D
(
δΓD

AB

)
+Γ̄D

DEδΓ
E
AB− Γ̄E

DAδΓ
D
EB− Γ̄E

DBδΓ
D
AE−∂BδΓ

D
AD+Γ̄E

BAδΓ
D
ED (A.25)

δRτi = ∂D
(
δΓD

τi

)
+ Γ̄D

DEδΓ
E
τi − Γ̄E

DτδΓ
D
Ei − Γ̄E

DiδΓ
D
τE − ∂iδΓ

D
τD + Γ̄E

iτδΓ
D
ED (A.26)

Now, we will compute different terms of the above equation on ρ = 0 separately

∂DδΓ
D
τi = ∂ρδΓ

ρ
τi + ∂τδΓ

τ
τi + ∂jδΓ

j
τi

= −1

2
αm+1∂i

(
X(m+1)

)
− 1

2
αm+1

(
X(m+1)ω

(0)
i +X(0)ω

(m+1)
i

) (A.27)

Γ̄D
DEδΓ

E
τi = Γ̄D

DτδΓ
τ
τi

=
(
Γ̄τ
ττ + Γ̄ρ

ρτ

)
δΓτ

τi

=

(
1

2
X(0) − 1

2
X(0)

)(
−1

2
αm+1ω

(m+1)
i

)
= 0

(A.28)

Γ̄E
DτδΓ

D
Ei = Γ̄τ

DτδΓ
D
τi + Γ̄ρ

DτδΓ
D
ρi + Γ̄j

DτδΓ
D
ji

= Γ̄τ
ττδΓ

τ
τi + Γ̄ρ

ρτδΓ
ρ
ρi + Γ̄j

ρτδΓ
ρ
ji

=
1

2
X(0)

(
−1

2
αm+1ω

(m+1)
i

)
− 1

2
X(0)1

2
αm+1ω

(m+1)
i

= −1

2
X(0)αm+1ω

(m+1)
i

(A.29)

Γ̄E
DiδΓ

D
τE = Γ̄τ

DiδΓ
D
ττ + Γ̄ρ

DiδΓ
D
τρ + Γ̄j

DiδΓ
D
τj

= Γ̄τ
τiδΓ

τ
ττ +

(
Γ̄ρ
ρiδΓ

ρ
τρ + Γ̄ρ

jiδΓ
j
τρ

)
+ Γ̄j

τiδΓ
τ
τj

= −1

2
ω
(0)
i

1

2
αm+1X(m+1) +

1

2
ω
(0)
i

(
−1

2
αm+1X(m+1)

)
= −1

2
ω
(0)
i αm+1X(m+1)

(A.30)

∂iδΓ
D
τD = ∂i

(
δΓρ

τρ + δΓτ
ττ

)
= ∂i

(
−1

2
αm+1X(m+1) +

1

2
αm+1X(m+1)

)
= 0

(A.31)
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Γ̄E
iτδΓ

D
ED = Γ̄τ

iτδΓ
D
τD

= Γ̄τ
iτ

(
δΓρ

τρ + δΓτ
ττ

)
= −1

2
ω
(0)
i

(
−1

2
αm+1X(m+1) +

1

2
αm+1X(m+1)

)
= 0

(A.32)

Substituting eq.(A.27) - eq.(A.32) in eq.(A.26) we get

δRτi = −1

2
αm+1∂i

(
X(m+1)

)
(A.33)
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Appendix B

(For Chapter-4)
B.1 A general stationarymetric can have v dependent com-

ponents

In a black hole usually the Killing generators of the horizon cannot be affinely parametrized

maintaining the Killing conditions. In other words, the components of the stationary metric

are independent of the Killing coordinate - τ , but they are not independent of the affine

parameter v along the generators of the Killing horizons. Though in a stationary metric with

a Killing horizon, the Killing vector field - ∂τ and the affinely parametrized null generators

∂v are proportional to each other and there exists a precise relation between them. In this

appendix, we shall use this relation to fix the v dependence of the stationary metric.

More precisely, we would like to determine how the components of a generic stationary

metric, written in the gauge of (4.3), could depend on the v-coordinate.

Consider a generic stationary black hole with a Killing horizon, i.e, there exists a coor-

dinate τ such that

1. All metric components are independent of τ

2. ∂τ is time like everywhere outside the horizon.

3. ∂τ becomes null on the event horizon.

Nowwe could do exactly same construction as in case of themetric (4.3), the only difference

being that now the coordinates on the horizon would be ∂τ and ∂i, instead of the affinely

parametrized ∂v. Let ρ be the coordinate that denotes distances away from the horizon.
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Now also we could choose ρ to be the affine parameter along the set of null geodesics,

intersecting the horizon at fixed angles with ∂τ and ∂i and labelled by the coordinates of the

intersection point. Following the same logic as before, the metric in τ , xi and ρ coordinate

will have almost the same structure as that of (4.3). The ττ and τi components of the

metric will again vanish on the horizon (ρ = 0) owing to the fact that it is a null hyper-

surface. But since ∂τ is not affinely parametrized, unlike (4.3), the first ρ derivative of the

(ττ) component of the metric (let us denote it by gττ (ρ, xi)) will not vanish on the horizon.

However for stationary black holes, ∂ρgττ is related to the temperature of the black hole

and the zeroth law of Black hole mechanics ensures
[
∂ρgττ |ρ=0 ≡ C

]
is a constant, i.e.,

independent of the spatial coordinates xis. Putting all these facts together we finally write

the most general stationary metric in our gauge.

ds2 = 2 dτ dρ−
(
ρ C + ρ2X(ρ)

)
dτ 2 + 2ρ ωi(ρ) dτ dxi + hij(ρ) dx

idxj (B.1)

Now we have to transform this metric to the gauge of (4.3) where the null coordinate along

the horizon is affine parameter of the null generators v. Our final goal is to find out how

the metric components of an arbitrary stationary metric will depend on v.

The coordinate transformation which fulfils this objective is given by

ρ =
C

2
r v, τ =

2

C
log
(
C v

2

)
(B.2)

The metric in the new coordinate takes the following form

ds2 = 2 dv dr − r2X (Crv/2) dv2 + rωi (Crv/2) dv dxi + hij (Crv/2) dxi dxj (B.3)

To get the above metric, we have crucially used the fact that C is independent of v and xi

(C is independent of ρ by construction).

The most important noteworthy feature of this metric (B.3) is that, the metric compo-

nents are explicitly dependent on the v-coordinate, although it describes a stationary black
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hole because it is a mere coordinate transformation of the most general stationary metric

(B.1). However, though imposing the condition of stationarity on the general form of the

metric (4.3), does not imply that the metric functions X , ωi and hij should be independent

of the v coordinate, there are some constraints on the v dependence of the stationary met-

rics. Here the metric components never depend on r and v independently, but always on the

product rv. In other words, on any metric of the form (B.3), with components depending

only on the product rv, we could always apply the inverse of the coordinate transformation

(B.2) to take it to a form where redefined coordinate - τ is manifestly the Killing coordinate.

Now for the proof of second law it is crucial that the ∂v of entropy vanishes on stationary

black holes attained at v → ∞. Naively the form of the stationary metric (B.3) contradicts

this step of the argument. But note that any ∂v derivative on the metric components in

(B.3), will also bring down a factor of r and therefore will vanish on H (the hyper-surface

at r = 0), unless there is also one ∂r derivative present along with every ∂v derivative.

Thus we may conclude that, the terms of the form ((∂r∂v)
mP ), where P is a function of

the metric components in (4.3) and their ∇i derivatives (without any ∂r or ∂v derivatives),

can be non-zero on a generic Killing horizon. Note that, all such terms are invariant under

the λ scaling (4.13). It also implies that the terms of the form (∂n
r ∂

m
v P ), withm > n must

vanish on a Killing horizon. This is because, as is apparent from (B.3), the higher number

of v-derivatives would give rise to factors of r, which will force the entire term to zero on

the r = 0 hyper surface.

B.2 Arguments leading to vanishing of Tvv on any Killing
horizon

In this section we would like to argue that the vv component of the matter stress tensor

vanishes on Killing horizons.

We shall use the boost transformation property of Tvv to reach this conclusion. Note that
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just like the gravity part of the equation of motion (i.e., Evv or EHD
vv ) , matter stress tensor

itself is a covariant with nice transformation properties under any coordinate transformation,

in particular the λ scaling described in equation (4.13). Tvv should transform exactly the

way Evv or EHD
vv transforms, namely

Tvv → Tṽṽ =
1

λ2
Tvv (B.4)

Now we shall consider only those stress tensors that are regular on the event horizons

at least in those coordinate systems where the full dynamical metric is regular, everywhere

apart from the black hole singularity. This is certainly the case in the coordinate system we

have chosen in our metric (4.3). It follows that Tvv must admit a Taylor series expansion

around the horizon at r = 0. Equation (4.13) and equation (B.4) together suggest the

following expansion for Tvv

Tvv =
1

v2

∞∑
k=0

(rv)k w(k)(x⃗) (B.5)

where w(k) s are scalar functions of only the spatial coordinates {xi}, (i,e., they are both

boost invariant and also invariant under any coordinate transformation that mixes only the

{xi} coordinates among themselves). Exactly on the horizon only the leading terms of the

above expansion will contribute.

Tvv

∣∣
horizon =

w(0)(x⃗)

v2
(B.6)

Note that both (B.5) and (B.6) do not need any stationarity for their validity.

Now let us specialize to stationary cases. Here we have a Killing vector (∂τ ). All

relevant fields including the matter fields are independent of this τ coordinate and the same

is true for Tvv, as well. In terms of equation it implies

∂τTvv

∣∣
stationary = 0 (B.7)
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From equation (B.2) it follows

∂τ =
C

2
(v ∂v − r ∂r) (B.8)

Equation (B.8) clearly contradicts equation (B.7) unless w(k) = 0 for every k. It follows

that Tvv vanishes identically on any configuration with a Killing vector.

We would like to emphasize that in the above arguments the key elements are

1. The existence of the event horizon (or more precisely a null hyper-surface at r = 0)

so that the horizon-adapted coordinate choice in the metric (4.3) and consequently

the boost symmetry is meaningful.

2. Stationarity or the existence of a Killing vector, which is proportional to the null

generators of the horizon.

We have not used the fact that Tvv is stress tensor, neither that fact that the field configu-

ration (including the metric) satisfy any particular equation. What we have argued is that

whenever there is one Killing vector field, the vv component of any covariant tensor iden-

tically vanishes in the vicinity of the horizon (where the Taylor expansion in equation (B.5)

makes sense) and it is a completely off-shell statement.

B.3 Conventions, notations and useful formulae

In this appendix we summarise our conventions, write down various notations and collec-

tively represent several important formulae that we have used in the note.
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• The coordinate choice:

xµ =The full space-time coordinates in (d+ 1)-dimensions : {v, r, xi},

v =The Eddingtonâ��Finkelstein type time coordinate,

r =The radial coordinate,

xi =The (d− 1) spatial coordinates,

• The choice for the space-time metric:

ds2 =2 dv dr − r2 X(r, v, xi) dv2 + 2 r ωi(r, v, x
i) dv dxi

+ hij(r, v, x
i) dxidxj

(B.9)

• Useful notations and conventions:

1. H = The co-dimension one horizon, which we choose to be at the radial coor-

dinate r = 0,

2. Hv = The co-dimension two, constant v-slice of the horizon,

3. h = Determinant of the induced metric, hij , onH,

4. The total integrated Wald entropy at equilibrium is defined as

SW = − 2 π

∫
Hv

dd−2x
√
h

∂L
∂Rµνρσ

ϵµνϵρσ = − 2 π

∫
Hv

dd−2x
√
h sw ,

where ϵµν = Bi-normal toHv,

5. sw = ∂L
∂Rµνρσ

ϵµνϵρσ = The Wald entropy density,

6. SHD
W , sHDw = Contributions to integrated Wald entropy (SW ) and Wald entropy

density (sw) from the higher derivative part of the gravity Lagrangian LHD.

It can be shown that: sw = 1 + sHDw , such that for Einstein gravity one obtains

sw = 1.
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7. The density of time variation of Wald entropy is denoted by ϑ, defined as

∂vSW =

∫
Hv

dd−2x
√
hϑ ; ϑ = ϑE + ϑHD,

such that ϑE = 1√
h
∂v(

√
h) = contribution from Einstein gravity, and ϑHD =

1√
h
∂v(

√
h sHDw ) = contribution from higher derivative part of the Lagrangian

LHD,

8. sc = correction to the entropy density which vanish on stationary solutions,

9. EHD
vv = ‘vv’ component of the equation of motion, getting contribution only

from the higher derivative part of the Lagrangian LHD,

• Useful definitions:

1. The extrinsic curvatures of the horizonH:

(a). Kij =
1
2
∂vhij; Kij = −1

2
∂vh

ij ,

(b). Kij =
1
2
∂rhij; Kij

= −1
2
∂rh

ij .

2. The trace of the extrinsic curvatures:

(a). K = 1
2
hij∂vhij =

1√
h
∂v
√
h ,

(b). K = 1
2
hij∂rh

ij = 1√
h
∂r
√
h .

• Expressions for the components of Riemann tensors, Ricci tensors and Ricci scalar
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on the horizon:

Rrvrv = X +
1

4
ω2

Rrvri = −∂rωi +
1

2
ωj
ij

Rrvvi = −1

2

(
∂vωi + ωj

ij

)
Rrirj = −∂rij +

k
ik j

Rrivj = −∂rij +
1

2
∇jωi −

1

4
ωiωj +

k
jk i

Rvivj = −∂vij +
k
ik j

Rijvk = ∇j ik −∇ijk −
1

2
ωiKjk +

1

2
ωjKik

Rijrk =

(
∇j −

1

2
ωj

)
ik

−
(
∇i −

1

2
ωi

)
jk

Rijkl = Rijkl −ik jl −ik jl +il jk +il jk

(B.10)

where∇i is the covariant derivative with respect to the induced metric hij .

• Expressions for the components of Ricci tensors on the horizon:

Rrr = −∂r −ij
ij

Rrv = −X − 1

2
ω2 − ∂r −ij

ij +
1

2
∇i ωi

Rri = ∂rωi −
1

2
j
i ωj +

(
∇j −

1

2
ωj

)j

i

−
(
∇i −

1

2
ωi

)
Rvv = −∂v −ij

ij

Rvi = −1

2
∂vωi −

1

2
j
i ωj +

(
∇j +

1

2
ωj

)j

i

−
(
∇i +

1

2
ωi

)
Rij = Rij − 2 ∂rij +

1

2
(∇jωi +∇iωj − ωi ωj)− ij − ij

+ 2
(
ik

k
j +jk

k
i

)

(B.11)

• Expressions for the Ricci scalar on the horizon:

R = R− 2X − 3

2
ω2 − 4 ∂rK + 2(∇ · ω)− 2 K̄ijKij − 2 KK (B.12)

143



B (For Chapter-4)

B.4 Detailed expressions

B.4.1 Expressions of Riemann tensors and Ricci tensors off the hori-
zon

As we will compute the ‘vv’-component of the equations of motion EHD
vv , we will need the

following expressions for the components of Riemann tensors and Ricci tensor calculated

off the horizon, i.e. without imposing r = 0,

Rrvrv = X +
1

4
ω2

Rrviv =
1

2
∇i(2rX + r2∂rX) +

1

2
∂v(ωi + r∂rωi) +

r2

2
(2X + r∂rX)ωjK̄ij

− r(∂vωj)K̄j
i −

r2

2
(∇jX)K̄j

i +
r

4
(ωj(ωj + r∂rωj))(ωi + r∂rωi)

− r

4
(ωj + r∂rω

j)(∇jωi −∇iωj −K⟩|)

4Rvivj = r2 (∇mωi) (∇mωj) + r2 (∇iω
m) (∇jωm)− r2(∇mωi)(∇jω

m)

− r2(∇mωj)(∇iω
m)− 2r(∇mωi)Km

j − 2r(∇mωj)Km
i + 4 KimKm

j

+ r2(∇iω
m)Kjm + 2r(∇jω

m)Kim + 2 K̄ij

[
r2ω2(2rX + r2∂rX)

+ r2X(2rX + r2∂rX)− r3(ω · ∇)X − 2 r2ωm(∂vωm)− (∂vr
2X)

]
+ (ωj + r∂rωi)

[
2 rωmKim − r2(ω · ∇)ωi + r2ωm(∇iωm) + (∇ir

2X)
]

+ 4r2 (r2X + rrω2)(ωi + r∂rωi)(ωj + r∂rωj)

+ (ωi + r∂rωi)
[
2 rωmKjm − r2(ω · ∇)ωj + r2ωm(∇jωm) + (∇jr

2X)
]

− r2(2X + r∂rX) [∇iωj +∇jωi]

+ 2r2∇i∇jX + 2(2rX + r2∂rX)Kij − 4 ∂vKij

+ 2r ∇i(∂vωj) + 2 r∇j(∂vωi)

(B.13)
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Rvv = r2(X + ω2)

[
1

2
(2X + 4rX + r2∂2

rX) +
1

2
(ωi + r∂rω

i)(ωi + r∂rωi)

+
1

2
K̄(2rX + r2∂rX)

]
− r2(ω · ∇)(2X + r∂rX)− rωi(∂v(ωi + r∂rωi))

− r3(2X + r∂rX)(ωiK̄ijω
j) + 2 r2(∂vωi)ωjK̄ij + r3(∇jX)ωiK̄ij

− r2

2
(ωi(ωi + r∂rωi))

2 + r2ωi((ω + r∂rω) · ∇)ωi

− r2(ωi + r∂rω
i)(ω · ∇)ωi +

r2

2
(∇iωj)(∇iωj)−

r2

2
(∇jω

i)(∇iω
j)

− ∂vK −KijKij +
r2

2
(∇2X) +

1

2
(2rX + r2∂rX)K

+ r∇i(∂vωi)−
r2

2
K̄(ω · ∇)X − r2

2
K̄(∂vX)− r2K̄ωi(∂vωi)

+
r2

2
((ω + r∂rω) · ∇)X − r2

2
(2X + r∂rX)(∇ · ω)

(B.14)

B.4.2 Relevant terms on the horizon H, to compute EHD
vv for different

theories

Rα
v Rαv = (∂vK)

(
2X + ω2 −∇ · ω + 2 ∂vK̄

)
Rv

αβγ Rvαβγ = ωiωj∂vKij − 2∇iωj∂vKij + 4 ∂vKij ∂vKij

Rαβ Rvαvβ =−
(
X +

ω2

4

)
(∂vK)−Rij ∂vKij − (∇iωj)∂vKij

+
1

2
ωiωj∂vKij + 2 ∂rKij ∂vKij

DvDvR = ∂2
vR− 2 ∂2

vX − 3ωi∂2
vωi + 3ωiωj∂vKij

+ 2 ∂2
v(∇ · ω)− 4 ∂r∂

2
vK − 2Kij∂

2
vKij

− 2K ∂2
vK − 4 ∂vKij ∂vKij − 4 ∂vK ∂vK̄

DαD
αRvv =

(
3

2
ω2 −∇ · ω + 4X

)
(∂vK) + (ω · ∇)∂vK

− 2ωi ∇j(∂vKij)− 2 ∂r∂
2
vK − ωi ∂2

vωi −∇2(∂vK)

+ 2∇i(∂2
vωi)−K∂2

vK − 4 ∂rKij ∂vKij .

(B.15)

Note that, to obtain the last two expressions above we need to first evaluate DµDνRαβ

where the indices µ, ν runs over the full space-time coordinates: v, r, xi andDµ is covariant

derivative with respect to the full space-time metric gµν .
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B.4.3 Ricci scalar square Theory

Following the discussions in sections §4.2.1 and §4.2.1 here we write down the detailed

expressions for various quantities for the Ricci Scalar squared theory.

The ‘vv’-component of EHD
µν from (4.49)

EHD
vv = a1

[
∂v

(
1√
h
∂v(

√
h ( 3ω2 − 4 (∇ · ω) + 4X )

)
− 2R ∂vK − 2 ∂2

vR

+ 8 ∂r∂
2
vK + 4 K̄ij ∂

2
vKij + 4 K̄ ∂2

vK + 8 ∂vK̄ij ∂vKij + 16 ∂vK ∂vK̄
]
+O[ϵ2] .

(B.16)

From (4.50) we know the Wald entropy density as

sHDw = 2 a1 R , (B.17)

and therefore, we immediately obtain

∂v

(
1√
h
∂v

(√
h sHDw

))
=2 a1 ∂v

(
1√
h
∂v

(√
h
(
R− 2X − 3

2
ω2 − 4 ∂rK

+ 2(∇ · ω)− 2 K̄ijKij − 2KK̄
)))

.

(B.18)

We can now use (4.43) and after some algebraic manipulation we obtain

EHD
vv

∗
= O[ϵ2]. (B.19)

Finally, comparing with (4.44) we see that for Ricci scalar squared theory there is no spatial

entropy current

J i = 0. (B.20)
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B.4.4 Ricci tensor squared Theory

The ‘vv’-component of EHD
µν for Ricci tensor squared theory, following (4.49) as discussed

in §4.2.1, comes out to be

EHD
vv = a2

[
∂v

(
1√
h
∂v

(√
h
(
ω2 + 2X − 2∇ · ω + 2 ∂vK̄ + K̄ K + 2 K̄ij Kij

)))
+ ∂v

(
∇i

(
2hij ∂vωj + ωi K − hij ∇jK − 2ωj Kij

))
− 2 ∂v

(
∇i∇j

(
Kij −K hij

))]
(B.21)

From (4.54) we recognise that the Wald entropy density coming from the higher derivative

part of the Lagrangian is

sHDw = 2 a2 Rrv (B.22)

and therefore we compute

∂v

(
1√
h
∂v

(√
h sHDw

))
= 2 a2 ∂v

(
1√
h
∂v

(√
h

(
−X − 1

2
ω2 − ∂rK

− K̄ij Kij +
1

2
∇iωi

)))
.

(B.23)

Using the definition as given in (4.43) we calculate the following

EHD
vv

∗
= a2 ∂v

[
1√
h
∂v
(√

h K̄ K
)
+∇i

(
hij ∇jK + hij ∂vωj − 2∇jKij

)]
, (B.24)

where to derive this we have used the identity

∂v

[
1√
h
∂v
(√

h∇ · ω
)]

= ∇i

(
hij ∂vωj − 2Kijωj + ωi K

)
(B.25)

Therefore the spatial entropy current turns out to be

Jv =− sHDw − a2 K̄ K ,

J i = a2
(
2∇jKij − hij ∇jK − hij ∂vωj

)
.

(B.26)
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B.4.5 Riemann tensor squared Theory

Following the same steps as followed in the previous subsections for the cases of Ricci scalar

squared and Ricci tensor squared theory, we compute the ‘vv’-component of equations of

motion for Riemann tensor squared theory, previously discussed in §4.2.1, as follows

EHD
vv = a3

[
∂v

(
1√
h
∂v

(√
h
(
ω2 + 4X − 4∇ · ω + 4 K̄ij Kij

)))
+ 4 ∂v

(
∇i

(
2hij ∂vωj + ωi K − hij ∇jK − 2ωj Kij

))
− 4 ∂v

(
∇i∇j

(
Kij −K hij

))] (B.27)

We take note of the fact that in this case the Wald entropy density for the higher derivative

part of the Lagrangian is

sHDw = −4 a3 Rrvrv (B.28)

and using this we compute

∂v

(
1√
h
∂v

(√
h sHDw

))
= −4 a3 ∂v

(
1√
h
∂v

(√
h

(
X +

1

4
ω2

)))
. (B.29)

Next we compute EHD
vv

∗ defined in (4.43) as given below,

EHD
vv

∗
= 4 a3 ∂v

[
1√
h
∂v
(√

h K̄ij Kij

)
+∇i

(
hij ∂vωj −∇jKij

)]
. (B.30)

Finally we are now at a stage to write down the expressions for the components of the

entropy current

Jv =− sHDw − 4 a3 K̄ij Kij ,

J i =4 a3
(
∇jKij − hij ∂vωj

) (B.31)
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