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ABSTRACT

Over the past few decades, Lipschitz spaces and their structural properties have received
significant attention, especially in nonlinear functional analysis. An important result in this
direction was obtained in 1964 by Joram Lindenstrauss [42, Theorem 2]. He proved the
existence of a continuous linear projection from the Banach space Lipy(X,R) onto the
linear dual space L(X, R).

One of the primary aims of this thesis is to generalize the Lindenstrauss’s result (partic-
ularly when the codomain is general Banach space Y) both in Lipschitz and two-Lipschitz
cases. We study the structure of Lipschitz operator spaces and two-Lipschitz operator
spaces, together with their quotient spaces. We also give a necessary and sufficient condi-
tion for a Lipschitz map to be linear, and for a two-Lipschitz map to be bilinear.

As an application, we identify ker(/3z) as the predual of the quotient space L>°(R)/R
(respectively, L>°(R?)/ R), where R denotes the space of constant functions.

Motivated by classical results of Lindenstrauss we further investigate quotient spaces
of the form Lipy(X)/.A, where A is a finite-dimensional subspace. We prove that these
quotients are dual spaces and provide an explicit description of their preduals.

We then focus on the space Lipgh(X ) of positively homogeneous real-valued Lipschitz

functions. This space satisfies
X* € Lip"(X) & Lipo(X).

We show that Lz’pf)’h(X ) is a dual space and also the preannihilator of a closed subspace of
the Lipschitz-free space. As a consequence, the quotient Lipy(X)/Lipt"(X) is also a dual
space. Moreover, with a suitable multiplication, Lz’pﬁh(X ) becomes a Banach algebra.
Finally, we introduce the notion of extensively bounded mappings, which generalize
Lipschitz mappings, and study the associated nonlinear operator ideals. With an appro-
priate modification in the linear setting, we define extensively p-summing mappings. We
establish Pietsch-type domination and factorization theorems for these mappings. We also
study extensively bounded finite-rank, compact, p-compact mappings, p-integral, p-nuclear

operators and describe the corresponding operator ideals.
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Summary

One of the main purposes of this thesis is to explore the position of the space of bounded
linear operators L(X,Y') between Banach spaces X and Y inside the larger space of zero-
preserving Lipschitz maps Lipy(X,Y’). Since L(X,Y), with the usual operator norm, is a
closed subspace of Lipy(X,Y') endowed with the Lipschitz norm, a natural question arises:
is L(X,Y) complemented in Lipy (X, Y)? In Chapter 2, we provide a positive answer to this
when Y is a dual space. This extends the Lindenstrauss’s result [42, Theorem 2]. However,
in one of the examples we see that there exists a norm-one projection from Lipg(¢1,Y)
onto L(¢1,Y") for any Banach space Y. Hence, while the condition that Y is a dual space is
sufficient for L(X,Y") to be complemented in Lipy(X,Y), it is not necessary. Moreover,
we also examine Lipo(X,Y) / L(X,Y) as an operator space, whenever Y is injective.

While exploring this problem, we became interested in identifying an infinite-dimensional
weak* closed subspace of Lipy(X) that properly contains X*. In Chapter 3, we study one
such space, namely the space of positive homogeneous Lipschitz maps, and discuss its var-
ious interesting properties.

More recently, Lipschitz theory has been extended to the two-variable setting. In addi-
tion to the one-variable case, Chapter 4 studies projections and various quotient structures
on the space of two-Lipschitz maps that vanish on the coordinate axes.

It is well known that Lipschitz maps can be studied through the notion of the modu-
lus of continuity. We slightly modify the notion of modulus of continuity and introduce
the modulus of continuity at a point. In particular, the modulus of continuity at the origin
characterizes maps that are Lipschitz at the origin. Such maps provide a natural general-
ization of Lipschitz maps and extend the idea of bounded linear operators between Banach
spaces. Motivated by this, we define a broader class of maps F( X, Y) between the Banach
spaces X and Y, called extensively bounded maps. Furthermore, we show that F(X,Y)
forms a Banach space with respect to a suitable norm || - ||, (defined later). In particular,
(E(X,R),|||le) is linearly isometrically isomorphic to /., (X \ {0}, R) (space of all bounded
maps on X \ {0}). Therefore, although F(X,R) forms a Banach algebra under pointwise

1



Summary

addition and multiplication, since it is isomorphic to /o (X \ {0}, R) (a well-established
structure), this multiplication is not of significant interest.

On the other hand, the space of extensively bounded maps on X, denoted by E(X, X),
carries a natural algebraic structure: pointwise addition serves as the additive operation,
while composition acts as the multiplication between extensively bounded maps. We de-
velop this structure within the framework of (nonlinear) operator ideal theory and introduce
a nonlinear Banach operator ideal theory in this setting. As an application, we study exten-
sively finite rank, extensively compact, extensively p-summing, p-integral, and p-nuclear

operator ideals, thereby extending their classical linear counterparts.



Chapter 1

Introduction

In the literature Lipschitz maps between two Banach spaces have been considered as a
non-linear generalization of bounded linear operators between two Banach spaces. Math-
ematicians have been studying these maps from several point of views, for example their
operator ideals, their geometry, their relation with group theory, approximation property
etc. In this thesis, we also consider Lipschitz maps and focus on two concepts. One, we
discuss the existence of projection from the space of (two-)Lipschitz maps onto the space
of bounded (bi-)linear maps. Two, we discuss a generalization of Lipschitz maps and study
an operator ideal theory corresponding to these maps.

Let (M,dy;) and (N, dy) be metric spaces. A mapping f : M — N is said to be

Lipschitz if there exists a constant £ > 0 such that
dN (f(%l),f<l'2>) S de($1,$2> for all T1,To € M.

The notion of Lipschitz continuity was introduced by Rudolf Lipschitz in the early ninteenth
century. It is evident from the definition that the notion of Lipschitz continuity is stronger
than that of uniform continuity. In fact, these notions can be described using the modulus
of continuity which was introduced by Henri Lebesgue in 1910 (see [41]). Let f : M — N

and t > 0. Define

wf(t) = Sup{dN<f(x)7 f(y)) : dM(x7y) < t}

The functionwy : (0, 00) — [0, oo] is called the modulus of continuity of f and is monotone

3



1 Introduction

increasing. A function f is uniformly continuous on M if and only if

lim w;(t) = 0,

t—0t

whereas f is Lipschitz on M if and only if
t
sup{wa(> :t>0} < 0.

If X and Y are normed linear spaces, then any bounded linear map 7" : X — Y is
Lipschitz (with 7'(0) = 0). By Lipo(X,Y"), we denote the space of all Lipschitz maps from
X to Y that satisfy f(0) = 0. Then Lipy(X,Y’) is a normed linear space when equipped

with the Lipschitz norm

Lip(f) = sup 1f (1) — flaa)ll

z1,22€X ”xl _x2||
T1#£T2

If T € L(X,Y), the space of all bounded linear maps from X to Y, then Lip(T") = ||T|].
Thus L(X,Y) is a closed subspace of Lipy(X,Y). (Lipo(X,Y), Lip(-)) is called a Lips-
chitz space.

Over the past few decades, Lipschitz spaces and their structural properties have received
significant attention, especially in nonlinear functional analysis. An important result in this
direction was obtained in 1964 by Joram Lindenstrauss [42, Theorem 2]. He proved the
existence of a continuous linear projection from the Banach space Lip,(X, R) onto the lin-
ear dual space L(X,R) ( = X*). In other words, L(X, R) is complemented in Lipg(X, R)
(also see [11, Proposition 7.5, p 173]). It appears that Lipschitz spaces were being studied
even before this result, possibly implicitly. (See, for example, [46], [19].) However, the
author has not been able to locate any appropriate source of references that documents such
earlier work. For a convenient reference, we refer to the monograph Lipschitz Algebras by
Nik Weaver (see [56,57]).

Note that L(X, R) = X* is the Banach dual of the normed linear space X . Interestingly

Lipo(X,R) (also known as Lipschitz dual) is also the Banach dual of another interesting
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1 Introduction

Banch space which is now popularly known as a Lipschitz-free space. This predual space
was first introduced in 1956 by Arens-Eells [9] though without using the phrase ”Lipschitz-
free space”. For this purpose, they considered the notion of molecules on a metric space
M and introduced a norm on their linear span. They proved that M can be embedded
isometrically in the closed linear span of these molecules (which is denoted as AE (M) by
Nik Weaver, see [56, Section 2.2]). It was proved in [56, Theorem 2.2.2] that AE(M)* =
Lipo(M,R). This duality has been discussed in several works, for example see [19], [33],

[21]. As we don’t use this approach we are not giving the details of this construction.

In 2002 Godefroy and Kalton took a functional approach to introduce the same space
what they formally called Lipschitz-free space [27]. Let M be a metric space together
with a distinguished point 0. For any # € M, consider 0, : Lipy(M,R) — R given by
0.(f) = f(x) forall f € Lipo(M,R). Then 6, € Lipo(M,R)*. The Lipschitz free space

over M is defined as

F(M) :=spanl'l{s, : z € M} C Lip,(M,R)".

F(M) is the unique Banach space (upto bi-Lipschitz homeomorphism for separable
metric space M) into which M embeds isometrically. We also know that the image (M \
{0}) constitutes a basis of linearly independent vectors for the space (see [45]). Godefroy
and Kalton further proved that Lipy(M,R) is the dual of the Lipschitz-free space F'(M).
Later on Weaver has shown that for a complete convex metric space M, the spaces AE (M)
and F( M) are isomorphic as Banach spaces (see [58]). The papers by Godefroy and Kalton

[27] and by Lindenstrauss [42] have been the main motivation for our research.
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§1.1. Position of a bounded (bi-) linear maps among (two-) Lipschitz maps

1.1 Position of a bounded (bi-) linear maps among (two-)
Lipschitz maps

In the first part of the thesis we discuss the condition under which L( X, Y") is complemented
in Lipy(X,Y') and extend this problem to two-variables.

Recall that for Banach spaces X and Y, L(X,Y) is a closed subspace of Lipy(X,Y).
So a natural question arises: Is L(X,Y') complemented in Lipy(X,Y)? When Y = R, the
answer is affirmative and is given by Lindenstrauss [42, Theorem 2]. We have obtained a
sufficient condition on Y under which L(X,Y") is complemented in Lipy(X,Y). Some of

the main results in one variable in this direction are as follows:

« L(X,Y) is complemented in Lipy(X,Y'), whenever Y is a dual space. However, the

duality of Y is sufficient but not necessary.

o Lipo(X,Y) / L(X,Y) is isometrically isomorphic to an operator space, when Y is
injective.
* A characterization of linearity of a Lipschitz map.

* A concrete identification of a predual of L>°(R)/ span{1}.

After discussing the position of L(X,Y) in Lipy(X,Y’), we next move to a bigger
class of maps in Lipy(X,Y’) with a similar set of questions. Let f € Lipy(X,Y). Then
we say [ is positive homogeneous if f(azx) = af(x) Va > 0, x € X. The space of
all positive homogeneous Lipschitz maps is denoted by Lz’pgh(X ,Y). We observe that
(Lipt"(X,Y), Lip(-)) is a closed subspace of Lipy(X,Y) with

L(X,Y) € Lipy"(X,Y) € Lipo(X,Y).

We also prove that Lip2" (X, R) turns out to be both a dual space as well as the annihilator

of a closed subspace of F'(X). Here are some main results in this direction:

6



§1.1. Position of a bounded (bi-) linear maps among (two-) Lipschitz maps

« Lipt"(X,R) is complemented in Lipy(X,R).

« When dim(X) > 1, we have obtained a predual of Lipgh(X ,R) that contains a sub-

space which is linearly isomorphic to L' (R).
o Lipo(X,R) /Lz'plgh()(7 R) is a dual space.

Note that the method used to construct the projection from Lipy (X, Y') onto L(X,Y"), when-
ever Y is a dual space is different from the one used to project Lipo (X, R) onto Lz’pgh (X,R).
In the first case, we use an invariant mean, whereas in the second case the projection is given
by a direct and explicit construction. Moreover, we have defined an appropriate multipli-
cation so that (Lip?"(X,R), Lip(-)) becomes a Banach algebra. We proved that for any
normed linear space X with dim(X) = 1, Lip}"(X, R) is a two dimensional space, where
as in this case Lipy(X,R) is linearly isometrically isomorphic to L>°(R). But as soon as
dim(X) > 1, Lip?" (X, R) becomes infinite dimensional.

Now we turn to the two-variable Lipschitz setting.

Let X, Y, and E be real Banach spaces. A map 7" from X X Y into F is said to be

two-Lipschitz if there exists a constant £ > 0 such that
1T (x,y) — T2, y) = T(2,y) + T,y )| < kllz =" [ly =¥/

forallz,2’ € X andy,y € Y.
For the collection of all such mappings, we write BLip(X,Y’; E). Then it is immediate
that BLip(X,Y; F) forms a vector space with respect to pointwise addition and scalar

multiplication. We consider
BLipy(X,Y;FE)={T € BLip(X,Y) : T(x,0) =0=T(0,y) Ve € X,Vy € Y},

equipped with the norm B Lip(-) given by

HT(x7y) - T(l‘/, y) B T(l.? y/) + T(xlu y/)H
|z — 2| - ly — /|

BLip(T)Zsup{ ::v,w’EX,y,y’EY;x%x’,y#y’},

7



§1.1. Position of a bounded (bi-) linear maps among (two-) Lipschitz maps

forall T' € BLipy(X,Y; F) forms a Banach space.
The space BLipy(X,Y’; F) is viewed as a natural nonlinear extension of Blin(X,Y’; F),
the space of bounded bilinear operators from X x Y into E. Blin(X,Y’; F), equipped with

the standard operator norm:

15z, y)
] - [yl

for any S € Blin(X,Y; F) is a Banach space. Moreover, for S € Blin(X,Y; F), we

||S||:sup{ :a:eX\{O}andyEY\{O}}

have ||S|| = BLip(S) so that Blin(X,Y; E) is a closed subspace of BLipy(X,Y; E)
(see [32, Remark 2.4]).

Several mathematicians have developed the theory of Lipschitz spaces in a two-variable
setting using different approaches. Dubei et al. [23] (2009) introduced two-Lipschitz maps
on products of pointed metric spaces and showed that such maps admit a continuous bi-
linearization via suitable Lipschitz-free Banach spaces. Later, Sanchez-Pérez studied these
maps under an extra condition that they vanish at coordinate axes [54, Section 3.4]. Hamidi
et al. discussed a Banach space valued version of the maps considered by Sanchez-Pérez
type two-Lipschitz maps and studied their operator ideals relating them to linear operator
ideals in [32].

In this thesis, we follow the definition of two-Lipschitz operators considered by Hamidi
et al. and discuss the existence of projection in the two-variable Lipschitz setting. Some of

the main results in this framework are as follows:
* Blin(X,Y; F) is complemented in BLipy(X,Y; E') whenever E is a dual space.

* A vector—valued duality between the space B Lipy(.X, Y; E') and the projective tensor

product F(X) &, F(Y) of Lipschitz—free spaces.

« Identification of various quotient spaces of BLipy(X,Y; E), in particular when E is

injective.
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* A characterization of bilinearity of a two-Lipschitz operator.

« An application identifying a concrete predual of L>°(R?)/ span{1} via the tensor de-

scription.

Though similarities appear between these results and those concerning the position of L( X, Y)

in Lipg(X,Y), the techniques used in the proofs are different.

1.2 Generalization of Lipschitz maps

Let us recall that Lipschitz maps can be determined using modulus of continuity. However
we notice that the modulus of continuity is uniform in nature and does not describe poitwise
behaviour. For example using modulus of continuity we can describe the uniform continuity
but not the pointwise continuity.

However with a modification in definition, we can make it point specific. In this way
we can describe continuity at a point. Using the similar method we can describe the notion
of pointwise Lipschitz maps.

Let us first recall the definition of the modulus of continuity of a function. Let M and

N be metric spaces, and let f : M — N. Fort > 0, define

wr(t) = sup{d(f (@), f(y)) : d(z,y) < 1}.

The map wy : (0,00) — [0, 00] is called the modulus of continuity of f. Reall further that
f is Lipschitz on M if and only if sup {wa(t) it > O} < 0.
To describe pointwise notions, we go for the following modification. Fix a point g €

M. Fort > 0 and define

wi® (t) = sup{d(f(x), f(20)) : d(z,z0) < t}.
The map w3’ : (0,00) — [0, 00] is again increasing. Now, f is continuous at z if and only

9
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if lim; 0+ w}°(t) = 0. We call w}® the modulus of continuity of f at xo. It motivates us to

further define

Definition 1.2.1. Let M and N be metric spaces and let f : M — N. For a fixed vy € M,

we say that f is Lipschitz at x, if
wio(t
sup{fT():t>O} < 00.

The set of all functions f : M — N which are Lipschitz at x, is denoted by Lip™ (M, N).

We show that for any =y € M, we have f € Lip™ (M, N) if and only if there exists
k > 0 such that d(f(z), f(xo)) < kd(z, () for all x € M (Proposition 6.1.2). A function
f is called locally Lipschitz at x if there exists a neighbourhood N, of 2y in M such that
f 1s Lipschitz on N, (see [14, Chapter 2]). Note that the Lipschitz condition at a point is
different from the notion of being locally Lipschitz at a point.

We say f is pointwise Lipschitz in M, if f € Lip®(M, N) for each x € M. The set of
all such mappings is denoted by Lip” (M, N). Thus, Lip? (M,Y) = ﬂM Lip*(M, N). If

kS

we replace NV by a (real) normed linear space Y, then Lip™(M,Y") is also a (real) vector

space under pointwise operations. For f € Lip™(M,Y"), we define

nfm@:mm{wi“ﬁt>o}.

Then || - ||, is @ semi-norm on Lip™ (M, Y"). In fact, we have

Ifllze = Inf{k>0:|f(x)— f(xo)| < kd(z,x) forallz € M}

(U SC y)

forall f € Lip*™(M,Y). Also ||f||., = 0 if and only if f is a constant function. Thus for
f € Lip™(M,Y") the value

[ fllzeo := max{[| fllo, Lf (o)l }

10
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determines a norm on Lip™(M,Y"). Moreover, we have been able to show that for any
x € M, (Lip®(M,Y),| | L) is isometrically isomorphic to /., (M,Y") (Proposition 6.1.3).
Thus (Lip®(M,Y), || - || =) is a Banach space, if and only if Y is so. Thus we can conclude
that (Lip™ (M,Y),|| - ||=1) is isometrically isomorphic to (Lip™(M,Y), || - || z==) for all
r1,T9 € M.

Once again recall that the space Lipy(X,Y') has been studied as a non-linear general-
ization of bounded linear maps between normed linear spaces X and Y. In this thesis, we

propose a further generalization of Lipy(X,Y') as below:
Lipt(M,Y) = {f € Lip"(M,Y) : f(x) = 0},

For f € LipZ(M,Y), we have

L/ ()]
d(x', x)

Thus (LipZ(M,Y), ||-]|;) is isometrically isomorphic to £ (M\{z},Y) and (LipZ(M,Y), ||-

11 = 17 = sup { LM v gy}

||l-) is a Banach space, if and only if Y is so. Note that f : M — Y isin Lip%(M,Y") if and

only if there exists £ > 0 such that || f(z')|| < kd(2',x) for all 2’ € M. Thus
I/l = inf{k > 0: | f(z")]| < kd(z',z) forall z' € M}.
Let us fix z € M and consider the space
Lip,(M,Y) :={f : M — Y|f is Lipschitz in M and f(z) = 0}

together with the norm Lip(-). Then (Lip,(M,Y"), Lip(-)) is a normed linear space and is
complete whenever Y is so.( see [ 14, Chapter 8, Theorem 8.1.3]) Thus (LipZ(M,Y), |- |+)
is a natural generalization of (Lip,(M,Y"), Lip(-)). We re-describe Lip%(M,Y') with a sim-
pler notation. Since for any x1, 2, € M, (LipZ (M,Y'), || - ||+, ) is isometrically isomorphic

to (Lip22(M,Y),| - ||z,), there is no loss of generality in fixing a designated point. We

2

generally describe it as 0.

11



§1.2. Generalization of Lipschitz maps

In the setting where M = X and N = Y are normed linear spaces and 2, = 0, the space
Lip3(X,Y) consists of what we call extensively bounded maps, denoted by F(X,Y’). This
space forms a normed linear space with respect to pointwise addition and scalar multipli-

cation under the norm:

1, — sup L@
A

further it is a Banach space, whenever Y is a Banach space. The scalar-valued space
E(X,R) is linear isometrically isomorphic to /(X \ {0}) (see 6.2), a commutative Banach
algebra with pointwise addition and pointwise multiplication. However, the vector-valued
space E'(X, X) possesses a richer structure. We show that under composition as multipli-
cation and usual pointwise addition, £(X, X) forms a non-commutative Banach algebra.
This motivates the development of an (non-linear)operator ideal theory analogous to clas-

sical operator ideals but situated within the extensively bounded setting.

The concept of a Banach operator ideal, though simple, plays an important role in struc-
turing the framework of operator theory. Pietsch first highlighted its significance in 1968
(see [49]), and since then it has grown enormously in many directions. Even today it is
an active area of research. The classical operator ideal theory is linear in nature. In 2016,
Achour et al. initiated a (nonlinear) theory of Lipschitz operator ideals. This theory brings
together several classes of Lipschitz mappings and provides a framework to study the ap-
proximation property in metric spaces and Lipschitz mappings [2].

In this thesis, we have generalized the nonlinear theory of Lipschitz operator ideals to
the notion of extensively bounded operator ideals (or F-operator ideals). These are sub-
classes of F(X,Y) satisfying axioms parallel to those defining classical operator ideals,
with appropriate compatibility under composition with both linear and extensively bounded
maps. We define corresponding notions of finite-rank extensively bounded maps and study

normed and Banach structures on such ideals. In particular, while discussing the nonlinear

12
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operator ideal theory in this new setting 6.2.2, we examine in detail the necessity of com-
posing linear operators from the left. For further details and examples of various Lipschitz
operator ideals, we refer the reader to [4], [3], and [53].

Building on this foundation, we define nonlinear analogues of well-known classes of
operator ideals: compact, p-summing, p-integral, and p-nuclear operators, within the ex-
tensively bounded framework. We investigate how these nonlinear ideals relate to their
classical linear counterparts and examine structural properties unique to the extensively

bounded setting.
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Chapter 2

Preliminary and Notation

The introductory chapter is followed by this preliminary chapter. Here we discuss the nec-
essary background on pointed metric spaces, Lipschitz spaces, Lipschitz free spaces, and
classical operator ideals that are crucial to the development of this work. While many of the
results generalize naturally to complex Banach spaces, we restrict ourselves to real spaces
for simplicity. Let us agree with the following notations, which will be used throughout the
thesis.

Notations: In this thesis, all the Banach spaces X will be considered over R (the set
of real numbers). We denote by By its closed unit ball and by S its closed unit sphere.
We also denote by X ™ the topological dual of X. Given X and Y Banach spaces, X ~ Y
stands for X is linearly isomorphic to Y. X ~" Y stands for X is linearly homeomorphic
to Y. X = Y stands for X is linear isometrically isomorphic to Y. X <% Y stands for X is
linear isomorphic to a complemented subspace of Y. All the other relevant notations will be
followed as described in the respective places. We often write Lipy(X ), Lip?"(X) instead
of writing Lipo (X, R), Lipt" (X, R), for the space of zero preserving real valued Lipschitz
maps and positively homogeneous Lipschitz maps, respectively. For 1 < p < oo, £), {

denote the space of p-summable sequences and bounded sequences on R, respectively.

2.1 Pointed metric space

We will use the symbol d generically to denote distance in any metric space. A pointed

metric space is a metric space (M, d) equipped with a distinguished element or *base point’,
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§2.2. Lipschitz space

usually denoted 0,,. Mostly, we consider pointed metric spaces throughout this thesis. Later
on, we omit the subscript for the notation of the corresponding distinguished element.

The detailed discussion will be provided later; however, we briefly outline here the rel-
evance of these classes of metric spaces in our context. In particular, the natural morphisms
between pointed metric spaces are those functions that preserve the base point, that is, they
map the base point of the domain to the base point of the codomain. The additive identity

0 will be the distinguished element for any normed linear space.

2.2 Lipschitz space

In the context of metric spaces, Lipschitz functions arise as a natural class of morphisms.
In particular, our focus is on base-point-preserving Lipschitz maps and on maps that are

Lipschitz at the distinguished point (Definition 6.1.1).

Definition 2.2.1. Let M and N be metric spaces. A mapping f : M — N is said to
be Lipschitz, if there exists k& > 0 in R such that d(f(z1), f(x2)) < kd(z1,x9) for all

x1, o € M, and the smallest such £ is called the Lipschitz number.

The set of all Lipschitz mappings from M into N is denoted by Lip(M, N). If we
replace N by a normed linear space Y, then Lip(M,Y") is a vector space. The natural
candidate for norm of such a function is just its Lipschitz number. As the Lipschitz number
of any constant function is zero, it cannot serve as a norm for functions that do not vanish
at the base point. For Lipschitz functions on unpointed spaces, the definition of the norm
becomes slightly more involved. Nevertheless, any set can be transformed into a pointed
set by adjoining an extra element and designating it as the base point. In the metric setting,
an analogous construction allows, for our purposes, the treatment of unpointed spaces as a
special case of pointed spaces. However, we deal with pointed metric spaces only, in this

thesis. For details of this construction we refer Weaver’s book [56, Chapter 1].

16
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Equipped with the Lipschitz norm

1S (1) = S (o)
d(xl,l'g)

Lz’p(f):zsup{ :xl#xQEM},

the space of Lipschitz functions, vanishing at the origin; Lipo(M,Y) := {f € Lip(M,Y) : f(0) =0}
forms a normed linear space. In fact, (Lipy(M,Y), Lip(-)) becomes a Banach space when-

ever Y is a Banach space.

2.2.1 Lipschitz free space

For a pointed metric space M, the Lipschitz free space over M is defined by

F(M) :=span{6, : © € M} = C Lipy(M,R)*,

where forany x € M, 0, : Lipo(M,R) — R be the evaluational functional, that s, J,.(f) =
f(z) for any f € Lipo(M,R). The Banach space F'(M) is in fact a canonical predual of
Lipy(M, R). Despite the active research on Lipschitz free spaces, their structural properties
are still not fully understood. The structure of F'(R™) is not completely characterized for
n > 1. Further, it is known that F'(R) is isometrically isomorphic to L'(R). More recently,
several scattered results have appeared in this direction; for instance, it has been shown that
for any infinite metric space M, the space F'(M) contains a copy of ¢;. For further details
and several other results towards this direction, we refer to [16], [7], [5], [38], [31], [8],

[15], [24].
2.2.2 Some general facts about Lipschitz free spaces

First, we give some of the fundamental properties of Lipschitz free spaces. The results
presented here are standard and well-known. An important result here is the fundamental
linearization property of free spaces: Any Lipschitz map from a metric space M to a Banach
space Y extends uniquely into a continuous linear map from F'(M) to Y. We list down the

following well-established facts below: (for proof and other details see [27], [56], [14]).
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Let M, N be a pointed metric spaces.

1. We consider the evaluational operator 6, : M — Lipo(M)* given by dp(m)(f) :=
f(m) forany m € M and f € Lipo(M)*. Then &, is a base point preserving non-
linear isometric embedding. Note that even if we consider M/ = X be a normed
linear space in this setting, the map Jx remains non-linear. However, in this case dx
admits a left inverse: a bounded linear contraction Sx : F'(X) — X (also known as

the barycentre map).

2. One of the crucial property of the Lipschitz free space is the following universal
property: There exists only one (upto isometry) Banach space F'(M ) such that there

is an isometry 9, : M — F (M) such that:

(@) opr(M \ {0}) is linearly independent with span 0,,(M) F(M), and

(b) for every Banach space Y anf for any f € Lipy(M,Y) there exists Ty €
L(F(M),Y)suchthatTrody = fand ||T¢|| = Lip(f). Infact (Lipo(M,Y), Lip(-))
is linear isometrically isomorphic to L(F'(M),Y"). That is, the following dia-

gram commutes in the above sense:

F(M)
M 7 s Y

In particular for Y to be the real vector space R, we have Lipg(M, R) is dual of

F(M). Also, the map T is known as the linearization of the Lipschitz map f.

3. Let X and Y be Banach spaces. Then there exists a contractive linear map [x :

F(X) — X such that Bxdx = Idx.

4. The adjoint map (8x)* : X* — F(X)* is an isometry.
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5. Let X and Y be any two Banach spaces. Then F'(X) is bi-lipschitz isomorphic (i.e-

both forward map and its inverse are Lipschitz) to X @ ker(5x), via the map
nx : X @1 ker(fx) = F(X)given by nx(x, n) = 0z + p,

for pu € ker(fx) and x € X. It also follows from [27, Theorem 2.12].

Let us mention one more consequence of the Universal property. This is the Lipschitz
structure of metric spaces corresponds to the linear structure of the corresponding

Lipschitz free spaces.

6. Indeed if f : M — N is a base point preserving Lipschitz map then it extends to
a bounded linear map Cy : F(M) — F(N) with ||Cy|| = Lip(f). In particular
if M and N are Lipschitz isomorphic (that is, there exits a Lipschitz bijection with
Lipschitz inverse) then F'(M) is linearly isomorphic to '(N') as Banach spaces. That

is, the following diagram commutes:

F(M) & F(N)
oM
on
M >y N

Now we recall some fundamental notions of the theory that will be required in the sub-
sequent discussion. For a detailed account of linear operator ideals and related theory, we

refer the reader to [22], [49], [20].

2.3  Operator ideal

Let X, X, Y, Y, be Banach spaces. Bx denotes the closed unitball of X. By F/(X,Y), L(X,Y)
we denote the spaces of finite rank linear operators and bounded linear operators between
X and Y, respectively, equipped with the natural operator norm || - ||. In particular when

Y = R, we denote the space of bounded linear functionals on X as X* = L(X,R).
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2.3.1 Linear operator ideal

An operator ideal A is a rule that assigns to each pair (X,Y") of Banach spaces a linear

subspace A(X,Y) C L(X,Y) such that the following conditions hold:
M) @y e AX,Y) forany z* € X*andy € Y.
(I2) If Xy and Y| are Banach spaces, then
uoTow € A(Xy,Yy)
whenever v € L(Y,Y), T € A(X,Y), and w € L(Xy, X).
Further, if for each (X,Y"), A(X,Y) is equipped with a norm « such that:
(N1) a(z* ®@y) = ||z*| - ||y|]| forall z* € X*andy € Y,

(N2) a(uo T ow) < ||lu|l - a(T) - ||w] whenever X, and Yj are Banach spaces and

uwe LY, Yy), T € AX,Y),and w € L(Xo, X),
(N3) (A(X,Y),a) is a Banach space,

then (A, «) is called a Banach operator ideal (or simply Banach ideal).

We say that the Banach ideal (A, «) is injective if for every operator v € L(X,Y") such
thatuov € A(X,Yy) for anisometry u € L(Y, Yy), thenv € A(X,Y) and a(uov) = a(v)
whenever XY, Y, are Banach spaces.

Two basic remarks are in order:

1. Regardless of the operator ideal A, we have F'(X,Y) C A(X,Y) for all Banach

spaces X, Y. This follows immediately from (I1) and the linearity of A(X,Y).
2. Regardless of the Banach ideal (A, o), we have ||u|| < a(u) forany u € A(X,Y).

We further present a brief account of some classical Banach operator ideals.
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Example 2.3.1. 1. (F,||-||) is the smallest operator ideal of finite rank linear operators

with the usual operator norm.

2. (L, || - ||), Banach ideal of bounded linear operators with usual operator norm.

3. Compactoperator: T € L(X,Y)is said to be compact operator if T'( Bx ) is compact
subset of Y.

The space of such compact operators (K, || - ||) forms a Banach operator ideal with

the usual operator norm on it.

4. p-summing operator: Let 1 < p < oo and letu : X — Y be a linear operator

between Banach spaces. We say that u is p-summing if there exists a constant ¢ > (

such that, for every natural number m and for every choice of x1,...,x, € X, we
have
m 1/p m 1/p
(Stwteor) < s (Sieteor)
i=1 veBx= \i=1

where By« denotes the closed unit ball of X*.

The least constant c¢ for which the above inequality holds is denoted by ,(u). We
writeIL,(X,Y') for the set of all p-summing operators from X intoY'. Then, 11,(X,Y")
is a linear subspace of L(X,Y"), the space of all bounded linear operators from X into
Y, and that 7, defines a norm on 1L,(X,Y"), with w,(u) > ||ul|| for allu € 11,(X,Y).

In fact, (11, wy(-)) forms a Banach operator ideal.

5. p-integral operator: We shall say that a linear mapping v : X — Y between Banach
spaces is a p-integral operator (1 < p < o0) if there exist a probability measure

and bounded linear operators

a:L,(p) = Y™ and b:X — Ly(n)
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giving rise to the following commutative diagram:

X o s Y

| s

Loo(i) —2— Ly(n)

Here iy, : Loo(p) — Ly(p) is the formal identity, and Jy : Y — Y** denotes the
canonical isometric embedding. The collection of all p-integral operators from X to

Y is denoted by ,(X,Y). For each u € Z,(X,Y') we associate its p-integral norm,
tp(u) = inf ]| |b]],

where the infimum is taken over all probability measures . and operators a,b as

above. Then, (I,,i,(-)) is a Banach operator ideal.

6. p-nuclear operator: A linear map u : X — Y is said to be p-nuclear (1 < p < c0)
if there exista € L((,,Y), b€ L(X,lx), A= (\,) € {, such thatu =ao M, ob,

where M), : loy — Uy, is the multiplication operator My((z,)) = (Anxy).

vp(u) = inf{|la|| [[Mx||]|b]] : w=aM\b, a € L({,,Y), b€ L(X,lx), N€{,}.

Then the collection of p-nuclear operators N, forms a Banach operator ideal with

respect to the nuclear norm v,(-).
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Chapter 3
Position of L(X,Y) in Lipg(X,Y)

Let X and Y be Banach spaces and we consider the Lipschitz space Lipy(X,Y) = {f €
Lip(X,Y) : f(0) = 0}. Then Lipy(X,Y) is a Banach space with the norm

1/ () = FW)
[z =y

Lz’p(f):sup{ ::c,yEX,as;éy} forany f € Lipy(X,Y).

The space Lipy (X, Y') is often regarded as natural non-linear generalization of L( X, Y).
It is known that L(X,Y) is a subspace of Lipy(X,Y'). The space L(X,Y) carries the usual
operator norm,

[T} = sup{||Tz[| : # € X and [lz]| <1}

forany T' € L(X,Y). We have ||T|| = Lip(T) forall T € L(X,Y) so that L(X,Y) is a
closed subspace of Lipy(X,Y).

We are interested whether L( X, Y') is complemented in Lipy (X, Y"). This is known to be
true when Y = R. Indeed, by a result due to Lindenstrauss ( [42, Theorem 2]) we know that
there exists a (norm one) projection from Lipg (X, R) onto L(X,R) (see also [11, Proposi-
tion 7.5]). In this chapter, we extend this result to the case where Y is a dual space. Specif-
ically, we construct a surjective linear norm-one projection PY : Lipy(X,Y) — L(X,Y).
This leads us to conclude that L(.X,Y") is complemented in Lipy(X,Y'), whenever Y is a
dual space. More precisely, we prove that Lipy(X,Y) is equal to L(X,Y) &, ker(PY) as
vector space and the two norms are equivalent.

Encouraged by the initial set of observations, we proceed to investigate the structure of

the quotient space Lipo(X,Y") /L(X, Y). Since L(X,Y) is a closed subspace of Lipy (X, Y'),

24



3 Position of L(X,Y) in Lipy(X,Y)

Lipy(X,Y) / L(X,Y) itself is a Banach space. Our aim is to explore whether this space
can also be described in terms of an operator space. To that end, once again we recall
the Lipschitz-free space first and then we set the stage for a more detailed analysis in the
following sections.

For each x € X, we define 0, : Lipo(X,R) — R by §,(f) = f(x) forall f €
Lipo(X,R). Then 6, € L(Lipo(X,R),R) with ||,| = ||=| for all z € X. This induces
a Lipschitz mapping 6x : X — L(Lipo(X,R),R) given by (z + 6,). We consider the

closed subspace

F(X) :=span{d, : x € X}”'”

of Lipy (X, R)*. We then consider a bounded linear contraction (also known as the barycen-
tremap) Sy : F'(X) — X whichisaleftinverse of the Lipschitzmap dx : X — F(X). We
prove that the space Lipo(X,Y) / L(X,Y) Is isometrically isomorphic to L(ker(5x),Y)
when Y is an injective Banach space.

Next, we examine the relation between PY and Sx. We note that ker( Py ) is topologi-
cally isomorphic to Lipy(X,Y) / L(X,Y) which in turn can be proved to be isometrically
isomorphic to L(ker(f8x),Y'), whenever Y is a dual injective space. Both the results depend

on the following observation:
{f € Lipg(X,Y) : T¢(y) =0 Vy € ker(fx)} = L(X,Y),

where T is the linearization of f € Lipy(X,Y).

We further prove that L (F (X) / ker(Bx)> Y) is isometrically isomorphic to L(X,Y"),
whenever Y is a dual injective space. In fact, we prove more general versions of these
results and discuss the embedding of L(X,Y') into L(F(X),Y).

At the end, we present an explicit description of the space ker(5g). We prove that it is

isometrically isomorphic to {f € L'(R) : [, fdu = 0}, where y is the Lebesgue measure
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on R. We deduce that

L>(R) / {set of all constant maps on R}

is isometrically isomorphic to dual of ker(fg).

Now we will discuss the summary of this chapter. In Section 3.1, we have shown that
there is a projection from the Lipschitz space to a linear space using an invariant mean.

In Section 3.2, we recall that Lipy (X, Y') is isomorphic to L(F'(X),Y"). This leads us to
consider a Y-valued duality between Lipy(X,Y) and F(X). One of the results here gives
a necessary and sufficient condition for a Lipschitz map to be linear.

In Section 3.3, we use the vector-valued duality from the previous section to define some
new quotient spaces. In particular, we show that the Lipschitz space modulo the linear space
is isomorphic to a certain operator space.

At the end, in Section 3.4, we explicitly describe the kernel of Sg. Using the results

developed in this chapter, we give an alternative proof that

L*(R) / {set of all constant maps on R}

is a dual space.
3.1 Embedding of L(X,Y") into Lipy(X,Y)

Let X and Y be Banach spaces. We again recall that for 7' € L(X,Y), we have ||T|| =
Lip(T) so that L(X,Y") is a closed subspace of Lipy(X,Y"). In this section, we prove that
L(X,Y) is a complemented subspace of Lipy(X,Y") whenever Y is a dual Banach space.
In fact, we show that in this case, there exists a projection from Lipy(X,Y") onto L(X,Y").
We begin with the following observation.

Let f : X — Y be a Lipschitz mapping and let x € X. Consider f, : X — Y given by
fz(2) = f(z + 2) forall z € X. Then f, is also Lipschitz with Lip(f,) = Lip(f) for all

f € Lip(X,Y) and x € X. We use this translation to prove the next result.
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Proposition 3.1.1. For any pair of Banach spaces X and Y, Lipy(X,Y) is linearly iso-

metrically isomorphic to a closed subspace of Lipy(X, (> (X,Y)).

Proof. We fix f € Lipy(X,Y) and define ¢y : X — X given by
¢;(x) = fo — fforallz € X.

Let x,z € X. Then

1 (@5(2)) (D = I(fa = P = [z +2) = F)I] < Lip(f)l]-

Thus ¢ () € (X, Y) with [[¢;(2)[|oc < Lip(f)|[z]|. Now

[07(x) = &5 (2")]loo 167 (x)(2) = &5 (=) ()]

sup = sup
xFx! Hl' - x,” x,x! z€X; xF£x! H:C — .Z'/”
I G (G|
z,x’,2€X; x#x ||(ZL’ + Z) — <.’El + Z)H

— sup Hf(l’) _ f(x/)HOO _ sz(f)

xFx! ||aj - $I||

Thus ¢y € Lipg(X,(*(X,Y)) with Lip(¢s) = Lip(f). This induces a linear isometry
O : Lipy(X,Y) — Lipo(X,(>(X,Y)) given by &(f) = ¢f forall f € Lipy(X,Y). O

Remark 3.1.2. For f € Lip(X,Y), ¢y € Lip(X,(>*(X,Y)).

Now we recall the notion of an invariant mean.

Definition 3.1.3. [11] A left invariant mean in X is a linear functional M on ¢>°(X) (the

space of all bounded maps from X to R) such that:
1. M(1) =1, where 1(z) = 1 forall z € X.
2. M(f)>0forall f > 0.

3. M(f,)=M(f) forall z € X, where f,(z) = f(z + z) forall z € X.

27
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Let Y be a dual Banach space. It follows from [11, Corollary C.2] that an invariant

mean M in X induces a norm-one linear operator MY : £>°(XY) — Y satisfying:
1. MY(f,) = MY(f) forall f € (*(X,Y)andx € X.
2. MX(9)=yforally € Y. Here § € £>°(X,Y) is given by (z) = y forall z € X.

We call MY a generalized invariant mean. It is easy to verify that M% = M.

Remark 3.1.4. For f € Lipo(X,Y) and x,2', 2 € X, we have
((9r.) (@) (2) = ((fo)w — fo) (2) = flx+ 2"+ 2) — f(z +2)
= (fo = ) (x+2) = (¢(z")), (2).

Thus (¢y,) (2') = (¢p(2')), € £°(X,Y) forall z, 2" € X. Now it follows that

M ((67,) (') = Mk ((65(2")),) = M (¢(2"))
forall f € Lipo(X,Y),xz,2" € X.

Theorem 3.1.5. Let X and Y be Banach spaces with Y be a dual space. Then L(X,Y) is

1-complemented in Lipy(X,Y).

Proof. For f € Lipy(X,) and z € X, we set

Px (f)(z) = Mx(¢4(2))

where MY : (°°(X,Y) — Y is a vector-valued generalized invariant mean. Then Py (f) :
X — Y. First, we show that P¥ (f) is linear.

Note that for z, 2’ € X, we have

¢f(x+x/) = fore —f=foro —fo+Jv—Ff
= (fx_f>x/+(fx’_f>
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= (¢5(2))y + ().

Thus as MY is translation invariant, we get

Py (f)(w +a') = Py (f)(x) + Px (f)(2)

for all z,2’ € X. Since MY and ® are continuous, so is P¥ (f). So, using a standard
technique of real analysis, it is routine to prove that Py (f)(ax) = aP¥(f)(z) for any
r € X and @ € R whence PY(f) € L(X,Y) for all f € Lipy(X,Y). Thus Py :
Lipo(X,Y) = L(X,Y).

Since MY and ® are linear, so is PY. Also as

1Px (1) ()] = M (ér(2))I < Lip(f)ll=]l,

we have || PY (f)|| < Lip(f) forall f € Lipy(X,Y).
Next, we prove that PY(T) = T forall T € L(X,Y). FixT € L(X,Y) and z € X.

Then for any z € X, we have
(¢7(2)) () =T(x + 2) = T(x) =T(z) €Y,
that is, ¢7(z) = T=. Thus
PY(T)(2) = M(¢dr(z)) = M%(Tz) = T=.

Therefore, PY(T) = T forall T € L(X,Y) so that PY is a norm one linear projection
from Lipy(X,Y’) onto L(X,Y). In other words, L(X,Y") is complemented in Lipy(X,Y)

whenever Y is a dual Banach space. ]

Corollary 3.1.6. Let X andY be Banach spaces with'Y be a dual space. Then Lipy(X,Y)

is topologically isomorphic to L(X,Y’) &1 ker(Py).
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Proof. By Theorem 3.1.5, PY is a(norm one) projection with P¥ (Lipy(X,Y)) = L(X,Y).
Thus Lipy(X,Y) = L(X,Y) & ker(PY) as vector spaces. Here the linear isomorphism is

given by
f € Lipo(X,Y) = (Px (f), (f = Px(f))) € L(X,Y) @ ker(Py ).
Moreover, |.||; is equivalent to Lip(.) on Lipe(X,Y'), where
£l = 1P (NIl + Lip(f = Px (f))
forall f € Lipy(X,Y). In fact,
Lip(f) < |Px (Al + Lip(f — Px (f)) < Lip(f) + 2| Px ()| < 3Lip(f),
if f € Lipy(X,Y). O

Remark 3.1.7. 1. Let us recall the following point. Let Y C X be a closed subspace

and let P : X — Y be an onto linear projection with || P|| = 1. Forany z € X,
d(z,ker(P)) = ||P(z)| = [lz = (z = P())]|

so that ker(P) is a proximinal subspace and the quotient space X / ker(P) is isometric

to P(X). Additionally, we have
P(X)* = P*(X")
isometrically. Now considering this information for our present purpose we have

Py (Lipo(X,Y))" = (Px)" (Lipo(X,Y)").

2. We note that ker(PY ) is topologically isomorphic to Lipo(X,Y) / L(X,Y)- Infact,
Tdrip,(x,yy — PY is a bounded linear surjective projection from Lipy(X,Y’) onto

ker(PY) with kernel L(X,Y).
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In Theorem 3.1.5, we showed that the duality of Y ensures the existence of a surjective
projection PY : Lipo(X,Y) — L(X,Y). However, the duality of the codomain is not
necessary for a projection from Lipy(X,Y) onto L(X,Y) to exist. When the domain X
is finite-dimensional and Y is any Banach space, we can show that there exists a bounded
linear projection from Lipy(X,Y") onto L(X,Y). This observation is subsumed in the next
result, where we show that such a projection exists when the domain X = /; and Y is an
arbitrary Banach space.

Before stating the next proposition, let us recall the well-known identification

L(6,Y) = (é Y>

Indeed, corresponding toevery 7' € L(¢y,Y’), the sequence (T (e, )52, belongsto (D2, Y),

12

and
|7 = sup | T'(en)]]-
neN

Conversely, if (yn)p2, € (@2, Y),_, then the formula

T((SL’n)) = anyTh (xn) S Ela

defines a bounded linear operator 7" : ¢; — Y with ||T'|| = sup,, ||yn||. Thus L(¢1,Y) is
canonically isometrically isomorphic to (.-, Y) f
This observation makes the definition of the projection P more natural, since for each

f € Lipo(£1,Y"), the operator P(f) is precisely the operator associated with the sequence

(flen)),_, € (@Y)

Proposition 3.1.8. For any Banach space Y, there exists a surjective bounded linear norm

loo

one projection from Lipy({1,Y) onto L(¢1,Y).

Proof. Let f,g € Lipy(¢1,Y), a € R and (z,), (z!,) € ¢;. Then, i o flen)| <
n=1
Lip(£)||(x)]l1 s0 that 3" 2 f(en) € Y. Letus put P(f)((z2)) = > @nf(en). Then
n=1 n=1
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§3.2. A vector valued duality (Lipschitz case)

easily we obtain that P(f)((ax,+2!,)) = aP(f)((z,)) + P(f)((2,)). Therefore, the map
P : Lipy(¢1,Y) — L(¢1,Y) given by P(f)((z,)) = i znf(en), forall f € Lipy(41,Y)

n=1
and (x,) € {,, is well-defined. Again, linearity of P is immediate with || P(f)((z,))] <
Lip(f)||(xy)]]1. Hence, P is a bounded linear contraction. Now, we show that P is also a

surjective projection.

Suppose, T' € L(¢1,Y). Then

P(T)((zn)) = anT(en) =T <Z xnen) =T((zs))
n=1 n=1
Thus P(T) = T forany T' € L(¢1,Y). This completes the proof. O

3.2 A vector valued duality (Lipschitz case)

If X and Y are Banach spaces, then L(X,Y’) is a closed subspace of the Banach space
Lipo(X,Y) and therefore Lipy(X,Y) / L(X,Y) is also a Banach space. In the next sec-
tion, we shall obtain a condition on Y under which the quotient space is seen as an operator
space. To facilitate this discussion, in this section let us begin by recalling the following re-
sult, from which the subsequent remarks follow immediately. We may recall that the study
of the linear structure of Lipschitz-free spaces has been an active field of study. See, for
example, [16], [56], [28], [14], [18], [30]. We then introduce an appropriate vector-valued

duality, which plays a key role in identifying the corresponding quotient spaces.

Theorem 3.2.1. (2.2.2(2(b))) Let X and Y be Banach spaces. Then (Lipo(X,Y"), Lip(-))
is isometrically isomorphic to L(F(X),Y) via the map V. : Lipy(X,Y) — L(F(X),Y),
given by VY.(f) = Ty.

Remark 3.2.2. Let X and Y be Banach spaces.

1. For each f € Lipy(X,Y) there exists unique linear map 7y = V% (f) € L(X,Y)
such that f = T o dx.

32
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2. LetS € L(X,Y). Then V¥ (S) = S o Bx. Thus
VX (L(X,Y)) ={Sofx: S € L(X,Y)}
is a closed subspace of L(F(X),Y).

3. V¥(Sodx)=Sforany S € L(X,Y).

Theorem 3.2.1 encourages us to consider the following ‘vector-valued’ duality.
Proposition 3.2.3. For any two Banach spaces X and Y, define
(,)y : Lipp(X,)Y) x F(X) =Y

given by
<f7 :u>Y = Tf(:u)

Sorall f € Lipy(X,Y) and p € F(X) with Ty be the linearization map for each [ €

Lipy(X,Y). Then (-, )y is bilinear and non-degenerate.

Proof. 1t is routine to check that (-,-)y is bilinear. Linearity in the second co-ordinate
follows from the linearity of 7% and the first co-ordinate due to the uniqueness of the lin-
earization map.

Let f € Lipy(X,Y) be such that T(p) = 0 for all p € F(X). Then Ty = 0, hence
f=0,as|T¢|| = Lip(f). Let u € F(X) with Ty(p) = 0 for all f € Lipy(X,Y). We aim
to show 11 = 0. Choose yo € Y'\{0} and foreach g € Lipy(X,R) we define h(z) = g(x)ypo.
Then h € Lipo(X,Y) and T, (d,) = h(z) = g(x)yo = T¢(.)yo. Therefore, from linearity
and continuity of T}, and T, we get T,,(v) = T,(v)yo forall v € F(X). Now T () = 0
forall h € Lipy(X,Y) implies T, (1)yo = 0 for all g € Lipy(X,R). Thus p(g) = 0 for all

g € Lipo(X,R). Hence . = 0. This completes the proof. O
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For A C Lipy(X,Y), we define A := {y € F(X) : Ty(y) = 0 Vf € A}. Then

A® = N ker(T}) is a closed subspace of F(X).
feA

Similarly, for D C F(X), D := {f € Lipo(X,Y) : Ty(y) = 0 ¥y € D} can be

shown a closed subspace of Lipy(X,Y).

3.2.1 Characterization of a Lipschitz map to be linear

Proposition 3.2.4. Let X andY be Banach spaces and f € Lipy(X,Y"). Then the following

Statements are equivalent.
1. f is linear.
2. f e “ker(Bx).

Proof. Let f € L(X,Y) and 1 € ker(f8x). Then by Remark 3.2.2 (2), Ty = f o fx.
Therefore, Ty (1) = 0 and hence f € ¢ ker(8x).
Let f € Lipo(X,Y) such that T (1) = 0 for all i € ker(f8x ). We show that f is linear.

Let z1,20 € X andr € R. Then —rd,, — 0y, + Opuy 12, € ker(fBx). Thus
Ty (=702, — Oy + Opay ) = 0
which amounts to saying

—rf(x1) — f(xe) + f(rzy + x2) = 0.

Therefore, f(rzy + x2) = rf(x1) + f(x2) so that f is linear. Now, being Lipschitz, f is

uniformly continuous in X so that f € L(X,Y). This completes the proof. ]
Lemma 3.2.5. Let X and Y be Banach spaces. Then L(X,Y)¢ = ker(Bx).

Proof. Let p € L(X,Y)®. Then Ty(p) = 0 forall f € L(X,Y). Thatis. f o Bx(u) =0
forall f € L(X,Y). We show that ;1 € ker(f8x). Putv = Sx(u). Choose yo € Y \ {0}.

34



$3.3. Some quotient spaces

Now for each ¢ € X* we consider hy(x) = ¢(z)y, forallz € X. Then hy, € L(X,Y)
forall ¢ € X*. Now f(v) = 0 forall f € L(X,Y) implies hy(v) = ¢(v)yo = 0 for all
¢ € X*. Thus by Hahn-Banach theorem v = Sx (1) = 0. Hence 11 € ker(8x).

Again suppose 1 € ker(Sx). Consequently, we have Ty (u) = f o Bx(u) = 0 for all
f € L(X,Y). Therefore, 1 € L(X,Y ). Hence the proof holds. O

Remark 3.2.6. From the above two results, for any two Banach spaces X and Y we have

(®ker(8x)) = ker(Bx) and © (L(X,Y)%) = L(X,Y).
3.3 Some quotient spaces

Proposition 3.3.1. Let D be a closed subspace of F(X). If'Y is an injective Banach space,

then Lipo(X,Y') /o p is linear isometrically isomorphic to L(D,Y).

Proof. Forafix f € Lipy(X,Y), we define © : Lipy(X,Y) — L(D,Y) givenby O(f) =
Ty ]D. It is routine to check that © is linear. We show that © is surjective also. Let S €
L(D,Y). Since Y is injective there exists S € L(F(X),Y) such that §|D = S with
IS]| = ||S]l. Thus S o dx € Lipo(X,Y). Moreover, this follows directly from linearity,
continuity, and the uniqueness of the linearization, that 75 ; = S. Therefore, for any

veD

O(S 0 6x)(7) = Tss, (1) = S(7) = S(v).

Thus © is surjective.

Also,
ker(©) = {f e Lipy(X,Y):Tf|, =0}

= {f € Lipy(X,Y) : T¢(y) =0forall vy € D}

= °D.
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So by fundamental theorem of linear algebra © induce a linear isomorphism (which we
again denote by O):
O : Lipo(X,Y) jop — L(D,Y)
given by O(f + “D)(y) = Ty(v) forall y € D.
Now, for any f € Lipy(X,Y)andy € D

o + “DYNI = 1T
= inf 1Ty,

< inf Li
< |l inf Lip(f +9)

= |lllf + °Dll.

Therefore, O is a surjective contractive linear isomorphism. So by the open mapping theo-
rem, © ! exists and is a bounded linear surjective isomorphism.
Fix S € L(D,Y) and let S; and Sy be any two extensions of S in L(F(X),Y). If

~v € D, then

T(S105x75205x)<7) = T5105X (7) - TSQO5X (7) = S(7) - S(V) =0.

Thus S 00y + 9D = S, 08y + ®Dand hence Sody + *Dis uniquely determined by S.
Now it follows that ©1(S) = S0 6x + D forall S € L(D,Y), where S € L(F(X),Y)

is a norm preserving extension of S. Since
1071 (S)]| = IS 0 6x + ¢D|| < Lip(S 0 bx) < S|,

©~!is also a contraction. Now, it is easy to conclude that © is surjective linear isometry so

that Lipo(X,Y) /¢ is isometrically isomorphic to L(D,Y). O

Remark 3.3.2. Let X be a Banach space and Y be an injective Banach space. Then it
follows from Propositions 3.3.1 and 3.2.4 that the quotient space Lipo(X,Y) / L(X,)Y) is

isometrically isomorphic to L(ker(f8x),Y).
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Proposition 3.3.3. Let D be a closed subspace of F(X), then L (F(X) /D, Y> is linear

isometrically isomorphic to °D.

Proof. Consider Q : F(X) — F(X) /p be the canonical quotient map Q(u) = p + D.

Also, for any fix f € “D, we consider its linearization map 7 and define the map
A: 9D L (F(X) /D,Y>
given by A(f)(y + D) = Ty(v) forall f € ®Dandy € F(X). Then A is linear. Also
IAHO D) = [Tl
= I lIT;(v+p

< inf [[(y+ p)l| Lip(f)
pne

= Lip(f)llv+Dl|,

forall f € “Dandy € F(X). Thus A is a contraction. We show that A is an isometry.

Let € > 0. Then there exist x1, xo € X with z; # x5 such that

1/ (z1) — f(2)| T <5;) H > Lip(f) —

> Lip(f) — €, thatis

1 — 2] [l — 2|
Therefore,
Oay — 1S (1) = F)ll o o
(=)l - 2 i)~
o (= e
Since 1 = % > % + DH and € > 0 is arbitrary, we conclude that ||A(f)| >

Lip(f). Hence A is an isometry.

To prove the surjectivity of A, let S € L (F(X) /D, Y>. Set f(z) = S(0, + D) =
SoQodx(x)forall z € X. Then f € Lipy(X,Y') as composition of linear and Lipschitz
maps. Now T¢(d,) = f(x) = S(6.+D) = SoQ(J,) forall z € X. Therefore, Ty = So @
as they match on dense subspace. Therefore forall v € D, Ty (y) = S(Q(v)) = 0 so that
f € ©D. This completes the proof. ]
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Remark 3.3.4. 1. In particular for D = {0} we have the Theorem 3.2.1.

2. For D = ker(fx) we get L (F(X) /ker(BX) , Y) is linear isometrically isomorphic
to L(X,Y).

Remark 3.3.5. 1. If we consider Y to be an injective dual space and D = ker((x ), then
from the Remark 3.1.7(2), Propositions 3.3.1 and 3.2.4 we have ker(PY ) is topolog-
ically isomorphic to Lipo(X,Y) / L(X, Y') which is linear isometrically isomorphic
to L(ker(5x),Y).

In particular for X = Y = R we avail (ker((g))" is linear isometrically isomorphic
to L*(R) /R. (It is known that Lipy(R,R) is isometrically isomorphic to L*(R)
(see [27, p 128])).

3.4 An example

The following proposition answers that the space L>°(IR) quotient by the set of all constant
functions, that is span{1}; is a dual space, in fact, we provide its explicit predual space. In

this section, by S we denote the space of all simple functions on R.

Proposition 3.4.1. ker(Sg) is isometrically isomorphic to {f € L'(R) : [, fdx = 0},

where 1 is the Lebesgue measure on R.

Proof. Let us define A : L'(R) — R given by

A = [ fa
R
Then, A is a surjective linear contraction.
Again recall (for details see [17, p 542]) the linear isometric isomorphism between F'(R)

and L'(R) say ¢ : F(R) — L'(R) whose action on the spanning elements is as follows:

—X(,0) iafx <0
6(5,) =4 0 ifz =0
X(0,z) ;ifx > 0.
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In fact, from the proof, it follows that R = span{d, : © € R} is linearly isometrically
isomorphic to the space of all simple functions = S (C L*(R)).
Let x € R. Then

AM=X@o) =7 = Br(d,) ;ifz <0
Nog(d,) =<0 ifz =0
AX(0,2) = = Br(0z) ;ifz > 0.
Thus Sg = A o ¢. Further

ker(Br) = {v€ F(R): Br(y) =0}
= {feL'(R): Br(o7'(f)) =0}
= {feL'(®): A(f) =0}
~ (el'®: [ fau—o}
R
where the symbol ' =’ means linearly isometrically isomorphic. This completes the proof.

]

Corollary 3.4.2. ker(fg) R is linearly isometrically isomorphicto { f € S : [, fdu = 0},
where R = span{d, : © € R}.

Remark 3.4.3. 1. From the above Corollary we have ker(fg) N R is linear isometri-

cally isomorphic to {f € S : [ fdu = O}MI. Further suppose (f,,) be a sequence

in ker(fg) NR such that f,, Ll f € LY(R). Then

[ -

Stéﬁ—ﬁMu+

4u—h+hm4

fa]

Thus [, fdpu = Osothat {f € S: [ fdu = O}HVHl ={f e L'R) : [ fdu = 0}.
Therefore, ker(fr) N R

= ker(fr). Furthermore, Remark 3.3.2 allows us to fur-
ther deduce that ker(3g)* is linear isometrically isomorphic to Lipo(R, R) / L(R,R)

which is further linear isometrically isomorphic to L™ (R) / span{1}-
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2. Further if we consider X = Y = R, D = ker(fz), closed subspace of F'(R);
then the Proposition 3.3.3 provides that L <F (R) / ker(fg) - R) is linear isometri-
cally isomorphic to  ker(8g) = L(R,R), where L(RR, R) is identified as a subspace

of L*(R, R) consisting of all constant functions.
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Chapter 4

Positive homogeneous Lipschitz maps

In this chapter we focus on positive homogeneous Lipschitz maps, the space consists of this
maps and relevant properties. The motivation comes from the following facts. In chapter
3 we have seen that the space of bounded linear maps L( X, Y") between the Banach spaces
X and Y, is 1-complemented in Lipy(X,Y’) (whenever Y is a dual space) and the quotient
space Lipy(X,Y) / L(X,Y) is linearly isometrically isomorphic to an appropriate space
of operators, whenever Y is a dual injective space. In particular, we observe that for any
infinite-dimensional normed linear space X, the quotient of its linear dual X* within the
Lipschitz dual Lipg(X) forms a well-behaved space of operators (indeed, a dual space).
Motivated by these results, we were led to investigate the following question:

What can be said about the quotient space Lipy(X)/A when A is a finite-dimensional
subspace of Lipy(X)?

In this present chapter in Section 4.1, we prove that this quotient space is also a dual
space and provide an explicit characterization of its predual.

While searching for a proper closed subspace of Lipy(X) that contains X* properly,
our attention naturally turns to Lz’p{;h(X ), the space of positively homogeneous real-valued
Lipschitz functions. Interestingly, Lz’pgh(X ) turns out to be both a dual space and the pre-

annihilator of a closed subspace of the Lipschitz-free space, satisfying
X* C Liph"(X) & Lipo(X).

Moreover, we define an appropriate multiplication on it (distinct from the one introduced

by the authors in [6]), under which ( Lip?"(X), Lip(-)) also becomes a Banach algebra. It is
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worth noting that Lip, (M ), equipped with the Lipschitz norm and pointwise multiplication,
fails to form a Banach algebra unless M is a bounded metric space. In this sense, the space
Liph"(X) offers a slight structural advantage. We now discuss the structure of the article

and the key findings as follows:

1. For any Banach space X with dimension greater than 1, we identify a proper closed
infinite-dimensional subspace, namely Lip?"(X) (Space of positive homogeneous
Lipschitz maps) of Lipo(X) that contains X* as a proper closed subspace, and we

further show that Lipo(X) / Lz’pgh( X) is a dual space (see Corollary 4.2.4).

2. It is well known that Lipy(R,R) is linear isometrically isomorphic to L>(R) (see
[17]). In contrast, we see that the space Lz’p‘gh(R, R) is two dimensional. However,
once we move to R?, the space Lipﬁh (R?, R) becomes infinite-dimensional, as its pre-
dual is linearly isomorphic to L' (R) (see Example 4.2.11(1)). Thus, the imposition
of positive homogeneity leads to a remarkable change in the dimensional structure
of the corresponding Lipschitz spaces over R. In fact, geometrically, the positively
homogeneous Lipschitz maps from R to R are precisely the piecewise affine maps

that may fail to be differentiable at most at a single point, namely the origin.

3. Analogous to the Lipschitz free space, we identify a canonical predual FP"(X) of
Lz’pgh (X) and examine its relationship with the Lipschitz free space over X in Propo-
sition 4.2.9. Furthermore, we show that whenever dim(X) > 1, the space FP"(X)
contains a subspace that is linearly isomorphic to L' (R) (see Proposition 4.3.2). To
prove this, we use the McShane-type extension theorem for positive homogeneous

Lipschitz maps, proved in Section 4.3.

To move forward, we recall the following results from the theory of Lipschitz functions,

which will be used in the subsequent sections. The canonical predual of Lipy(M); the
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Lipschitz free space associated with M is denoted by F'(M). It is given by

F(M) = span"l{5, : x € M} C Lipo(M)*,

where 9, : Lipo(M) — R is the linear functional defined by 6.(f) = f(z) for all
f € Lipy(M). Again recall that a key property of Lipschitz free spaces is their univer-
sal linearization of Lipschitz functions. Specifically, for any Lipschitzmap f : M — N
between pointed metric spaces such that f(0,;) = Oy, there exists a bounded linear oper-
ator Cy : F(M) — F(N) satisfying ||C¢|| = Lip(f), and such that Cy o 5y = oy o f,
where the map 05, : M — F(M) (z — §,) is a nonlinear isometric embedding of a metric
space into its Lipschitz free space. Another important property is the universal property
of Lipschitz maps. Given f € Lipy(M, X), there exists a unique bounded linear map
Ty € L(F(M), X) such that

Tyody =f and Lip(f) = |T%|.

The nonlinear isometric embedding 0x has a linear left inverse Sy : F'(X) — X, that acts
on the basis elements as fx (J,) = x. For further details on these concepts, we refer to the
important paper by Godefroy and Kalton [27], and the monograph by Weaver [57], which

provide a comprehensive study of Lipschitz functions.

Once again, let us recall the following notation. Given X and Y Banach spaces, X ~ Y
stands for X is linearly isomorphic to Y. X ~" Y stands for X is linearly homeomorphic
to Y. X = Y stands for X is linear isometrically isomorphic to Y. X <% Y stands for X is
linear isomorphic to a complemented subspace of Y. The closed unit ball and unit sphere

of X are denoted by By and S, respectively.
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4.1 Quotient of Finite-Dimensional Spaces in the Lipschitz
Dual

Let A be any n-dimensional subspace of Lipy(X,R). Therefore, A = span { f1, fo, ..., fn}
for some n linearly independent elements fi, fo, ..., f, € Lipo(X). The following result

provides an explicit identification of the space Lipo(X) /A

Proposition 4.1.1. Let f1, fo, ..., fn € Lipo(X) be linearly independent. Then

Lipo(X) /span {f1. fas .., fn} IS linear isometrically isomorphic to (ﬂ ker(Tfi)) .
i=1

Proof. We consider the closed subspace M = [ ker(T},) of F(X). As Lipy(X) and

i=1

F(X) form a dual pair, it is enough to show that M+ = span { f1, fo, ..., fu}. Since F(X)*

is linear isometrically isomorphic to Lipy(X)

M* = {g € Lipo(X) : v(g) =0V v € ﬂker(Tfi)}-

i=1

Therefore, v(g) = 0V v € () ker(T},) implies (] ker(T},) C ker(7},). Then it follows
i=1 i=1

from a standard technique that 7, € span {T},,T},, ..., Ty, }. Thatis. there exists o; € R

fori=1,2,...,n such that
1, = Z o T,
i=1
= T,0.) =Y aTy(6,) Vo€ X.
i=1

< g€ span{fi, foy-s fn}-

Hence we get M+ = span {f1, f2, ..., f»} and from [51, Theorem 4.9] the proof follows.
O

Remark 4.1.2. 1. Although the above result is proved for Banach spaces, it remains
valid when X is replaced by a pointed metric space, and the proof proceeds by the

same method.
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2. If we consider X = R and the one dimensional subspace span{/dg}, then it follows
from the result that Lipo(R) / span{Idg} = ker(g)*, which has been shown as a

corollary in [37, Remark 5.5].

3. In general, for any finite-dimensional subspace A of Lipy(X,Y), it is not known to
the author whether the quotient space Lipo(X,Y’) / 4 can be identified with a space

of linear operators.

4.2 A Proper Closed Subspace of the Lipschitz Dual Prop-
erly Containing the Linear Dual

One of our other goal in this chapter is to identify a proper closed subspace of Lipy(X) that
contains X* as a closed subspace. It is well-known that positive homogeneous uniformly
continuous maps between Banach spaces are known to be Lipschitz. In seeking a proper
closed subspace of Lipy(X) containing X*, the author focused on positively homogeneous
Lipschitz maps. In pursuit of this objective, for any Banach spaces X and Y, we consider
a subset S C X which is closed under nonnegative scalar multiplication (hence 0 € 5),
equipped with the metric induced by the norm on X, that is, d(z, w) = ||z — w|| for all

x,w € S. We consider
Lip"(8,Y) := {f € Lipo(S,Y) : f(ax) = af(x)Va >0,z € X},

with the Lip(-) norm. Since any sequence (f,,) in Liph"(S,Y) converges to f € Lipy(S,Y)
in Lip(-) norm; implies f, converges to point-wise to f also. It follows that the space
Lipt"(S,Y) isa closed subspace of Lip,(S, V). Inparticular, Lip?" (X, Y') contains L(X,Y)
as a closed subspace. Moreover, the inclusions are strict as the map = — ||z]|yo is in
Lipt"(X,Y) \ L(X,Y), where as the map = — ||z — 2||yo — ||o|yo is in Lipo(X,Y) \
Liph"(X,Y") for some fixed 2o € X \ {0} and 5y € Sy. For Y = R we denote the space

of positive homogeneous real-valued Lipschitz maps on X by Lipgh(X ).
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Moreover, it is known that on the closed unit ball By;,,(x), the weak* topology coin-
cides with the topology of pointwise convergence. It is also straightforward to verify that
B Lk (X) is closed in By, (x) with respect to this topology. Since By, (x) is compact un-
der the topology of pointwise convergence, its closed subset B Lig"(X) is likewise compact.
Hence, by the Ng—Dixmier theorem [47, Theorem 1], it follows that Lipgh(X ) is isomet-
rically isomorphic to a dual space. In analogy with the predual of Lipy(X'), we construct
the predual of Lip‘gh(X ). To proceed in this direction, we first present the following facts.
The proofs follow similar lines to the classical case, while the differing parts can be derived

from the hints provided herein.

Facts 4.2.1. 1. Recall the pointwise evaluation functional 6, € Lipy(X)*. By 0°" we

denote its restriction to Lip!"(X), that is, 0" = 5$‘L,pph(x). We then define
tPo
FPM(X) := span {6z e X},
which is a closed subspace of Liph" (X )*.

2. Analogous to the map 6x : X — F(X) (a nonlinear isometry), the map (5§(h X =
FPY(X), x — 0P" is also a nonlinear isometry. However, the proof of this

x

isometry differs slightly from the usual one, and we therefore provide its details below.

Letz,y € X. Then ||0?"—o%"|| =  sup  |f(x)—f(y)| < |lz—yll. Forthe equal-
feB

Liph" (x)
ity, consider the functional (exists due to Hahn-Banach theorem) g € Sx« (C B Lint"( X))
such that g(x —y) = ||z —y||. Then ||05" — 0" = |g(x) — g(y)| = ||z — y||. Hence,

the proof follows.

3. Since 51;? is the restriction of 0x to Lipl"(X), it is positive homogeneous—unlike the

map dx itself.
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4. For any Banach space X, define
(--) : Lipy'(X) x F"(X) = R
given by

(fs 1) = p(f)

forall f € Lipt"(X) and i € FP*(X). Then (-,-) is bilinear and non-degenerate.

Also, it can be easily deduced that

sup  |u(f)| = llull and  sup |u(f)] = Lip(f).

Liph™ (X R) HEBEph (x)

feB

5. Liph"(X,Y) is linear isometrically isomorphic to L (FP"(X),Y) via the map f

T}’h, where f and T;ﬁh satisfy the following commutative diagram.

FPh(X)
NG
X 7 s Y

The proof follows similar to the classical argument of proving Lipy(X,Y) is linear
isometrically isomorphic to L(F(X),Y), relying on the fact that (5§(h is positive ho-

mogeneous.

6. Let X andY be Banach spaces and suppose f € Lipgh(X ,Y). Then there exists a
unique linear map C’?h : FPh(X) — FPY(Y) such that C’J]?h o 68" = ¢! o f, that is,

the following diagram commutes:

Cph
FPh(X) ! > FPh(Y)
2 i
o
X 7 s Y

The proof of it follows similar to [27, Lemma 2.2].
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4.2.1 Lip!"(X) as a quotient space in Lipy(X)
Proposition 4.2.2. For any Banach space X, consider the closed subspace of F/(X)
span”'”{r(Sx — Oy i >0, x € X}.

Then, the pre-annihilator of Lipy' (X) is given by *Lipy"(X) = spanll{rd, — 6., : v >
0, z€ X}.

Proof. Since every f € Liph'(X) is positive homogeneous and * LipZ"(X) is a closed
subspace of F'(X), we have spanl | {rd, — 0,, : r > 0, z € X} € *+Lipt"(X).

Now, suppose 7 € *+Lipt"(X) \ spanll{ré, — 6,, : ¥ > 0, z € X}. Then, by the
Hahn-Banach separation theorem (see [51, Theorem 3.5]), there exists g € Lipo(X) such
that y(g) = 1 and £(g) = 0 for all ¢ € spanl'l{ré, — §,, : ¥ > 0, x € X}. In particular,
(réy — 6,2)(g) = 0 forall z € X and r > 0. Therefore, g € Lip?"(X), which implies

v(g) = 0, a contradiction. Hence, the claim follows. O
Remark 4.2.3. A similar kind of arguments provides that
spﬁ”'”{rém — 0T >0, 7€ X}L = Lz’pgh(X).
Corollary 4.2.4. From the above facts we have the following :
Lipo(X) /Lipgh(X) =spanl 1 {ré, — 6,, : 7 >0, z € X}*.
Now we see that Lip})"(X) is embeded as a complemented subspace in Lipy(X).

Proposition 4.2.5. Let X be a Banach space. Then there exists a projection from Lipy(X)
onto Liph"(X).

Proof. Forany f € Lipo(X) we consider

Fo) — {wf(%>, it 0
0, ifx = 0.
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Then f € Lipt"(X) with Lip(f) < 3Lip(f). Now we define P : Lipy(X) — Lip?"(X)
given by P(f) = f. Itis easy to verify that P is bounded linear surjective projection

map. [

0}.
Corollary 4.2.6. For any Banach space X, Lipy(X) = {f € Lipy(X) : f‘SX = 0} &>
Lipt"(X).

The next corollary follows from the fact that ker(P) = { f € Lipo(X) : f } Sy

The next result provides a classification of all positive homogeneous real-valued Lip-
schitz maps on a Banach space by relating them to real-valued Lipschitz maps whose do-
mains are suitably restricted. On Sx U {0} we consider the restricted metric induced by the

norm || - || on the Banach space X.

Proposition 4.2.7. Let X and Z be a Banach spaces. Then (Lipgh(X, Z), Lip(-)) is lin-

early homeomorphic to (Lipy(Sx U {0}, Z), Lip(-)).

Proof. We define A : Lipf"(X,Z) — Lipo(Sx U {0}, Z) given by A(f) = flg -

Clearly A is a linear contraction. Using the positive homogeneity of the functions we can
prove ker(A) = {0}.
Let g € Lipy(Sx U {0}, Z). Put
Mz = {llxng (), ifz#0

0, ifz =0.

Then h is positive homogeneous. We show that £ is Lipschitz also. Suppose z,y € X\ {0}.

)=l = sl (55) = el (2 ) + hell = s (25 )

' ' T Y
< Lip(g)|lx =yl + Lip(g)||=|| (e WH '

Then
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T Y
el Myl

\h(z)—h(y)| < 3Lip(g)||z—y||. The case is considerably simpler when either x or y equals

Again, by a standard technique, it follows that ||z||

< 2[|z — y||. Therefore,

0. Furthermore, it is straightforward to see that A(h) = g. This completes the proof. [

Remark 4.2.8. For Z = R with dimension of X greater equal to 2, it follows from [16,

Theorem 3.2] and the Proposition 4.2.7 that (o, < Lipt"(X).

This linear homeomorphism naturally induces a corresponding linear homeomorphism
between their predual spaces, which we shall establish in the following proposition. Since

the proof follows a similar way using this map A, we only provide the outline of it.

Proposition 4.2.9. For any Banach space X, F(Sx) and FP"(X) are linearly homeomor-

phic.
Proof. Letusdefine themap © : span{d, : z € Sx} — FP"(X) givenby © (Z aiém> =
i=1

>~ ;62" Then the linearity of © follows from the definition.
i=1

We show O is a contraction. For any u = > «;6,, € F(Sx):
i=1

Z ;i f ()

=1

HG(M)HW(X) = sup

feB

Liphh(x)
Since z; € Sy, the restriction map A : Lip?"(X) — Lipo(Sx U {0}) given by A(f) =
flsxu{oy is a contraction (from Proposition 4.2.7). Since every f € B Lig" (X) restricts to a
function in By, (s, ufo}), the supremum over the former is bounded by the supremum over

the latter:

Z a;g(z)

=1

1O()[Fnx) < sup = [l pesx)

9EBLipg(sxu{o})

Thus, ||©] < 1 and hence O extends uniquely to a continuous linear map © : F'(Sx) —
FPY(X).
and boundedness (contraction) holds using the map A from the above proposition. Since

O is continuous and F?"(X) is complete © can be extended continuously to F(Sx).
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Next, we show that © is invertible and we find out its inverse. First, we note that

since 62" is positive homogeneous, we have 62" = ||z||6” }/LH:EII forany x € X \ {0}. Thus,

span{dP" : x € X} = span{dP" : x € Sx}.

Let us define @ : span{d®" : v € Sx} — F(Sx) by:

o(Sas) =Y.
i=1 i=1
We use the result from Proposition 4.2.7 we have for any g € Lipy(Sx U {0}) there
exists a unique A~'(g) € Liph"(X) such that Lip (A" (g)) < 3Lip(g).

o (Z ai55?> > aig(a)

=1
For each g € Bpipyscufop), let h = A7 (g). Then h € B

= sup
F(Sx) 9EBLipy(sxu{o})

and h(z;) = Lg(x;) for

Lipt" (X) 3
r; € Sx.
n n n
sup E a;g(z;)| < sup E ah(x;)| =3 E ;P
9EBLipg(sxu{o}) | i=1 hG?’BLipgh(X) i=1 i=1 Frh(X)

Thus, ||®|| < 3. This map extends continuously to the whole of F*"(X).
Again ® : span{é®" : x € Sx} — F(Sx) given by ® (Z aﬁi’l) = > ;0" and
i=1 =1
sends 0 to 0. Then @ is linear bounded (by the constant 3), can be extended to FP"(X).

Also, immediately it follows that & is the inverse of ©. This completes the proof. []

We work out a couple of examples for a better understanding of the space.

Example 4.2.10. Consider X = R. Then F(Sg) = F({£1}) and FP"(R) are linearly
homeomorphic. Therefore, FP*(R) is linearly homeomorphic to R®. Hence, Lipl"(R,R)
is also linearly homeomorphic to R%. However, independently, we show that Lipﬁ'h(R, R)

is linear isometrically isomorphic to (R?,|| - || ).

Forany f € Lip!"(R,R) we have

o e, =0
/@) {—xf(—l), ifx <0.
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We define the following surjective linear map & = Lipt"(R,R) — (R2, || - ||so) given by
€)= (1), F(-1)). Clearty,  sup SO0 _ (1) jand  sup M=l
lz—yl |2yl
x,yG[O,oo),a:;éy x,yE(—oo,O},:L’;éy
[f(=D)]
Suppose x > 0 and y = —t for somet > 0. Then f(z) — f(y) = xf(1) —tf(—1), and
|z —y| =2z +1t>0. Now

F@) = fw) o () (D)

sup L2 —
z>0,y<0 ’IL’ - y‘ z,t>0 T+t
t
= su 1)+ ——(—f(~1
sup [ 270+ 1)

= max{|f(1)],|f(=1)|}

Combining all the cases, we have Lip(f) = |(f(1), f(—=1))|lec and hence the isometry
follows.

In addition, it can be easily deduced that Liph" ([0, o), R) is one dimensional.

Example 4.2.11. 1. From the Proposition 4.2.9 it follows that F(Sg2) ~" FPM(R?).
Moreover; from [5] and [28] we know that F(Sg2) ~ F(R) = LY(R). Therfore,
we get FP"(R?) is linearly isomorphic to L'(R) and hence Lipl" (R, R) is infinite

dimensional.

2. Infact, later on we prove that for any normed linear space X with dim(X) > 2 ('dim/

stands for dimension), Lipt'(X) is of infinite dimension.

3. As an application of the previous Corollary 4.2.4 and the above Example 4.2.10 we
have L= (R) /g2 =~ spanl'l {ré, — 6,, : 7 > 0, z € R}*

4.2.2 Characterization of a Lipschitz map to become positive homoge-
neous

Proposition 4.2.12. Let f € Lipy(X,Y). Then f € Lipt"(X,Y) if and only if
Il

span {0y — 10, 17 > 0,2 € X} Cker(T}).
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Proof. Letr > 0and x € X. Then T(d,, — rd,) = 0 implies f(rx) = r f(z). Therefore,
f € Liph"(X,Y).
Converse part directly follows from the fact that ker(7%) is a closed subspace and

{6 — 1y 17> 0,2 € X} Cker(T}). O

423 Lip!"(X,R) as a Banach algebra

Here, we study the Banach space Lz’pﬁh(X ,R) as an algebra over an arbitrary Banach
space X. When the pointed metric space (M, d,0) is bounded, the space Lip, (M) con-
stitutes a Banach algebra in a weak sense; that is, there exists a constant C' > 1 such
that Lip(fg) < CLip(f)Lip(g) for all f,g € Lipg(M). In fact, one may choose C' =
2 max d(x,0). Such structures are referred to as Gelfand algebras in [57]. It is worth not-
ing that in the usual definition of a Banach algebra, the above inequality is required to hold
with C' = 1. As discussed in [57, Chapter 7], when M is bounded, one can introduce an
equivalent submultiplicative norm on Lipy(M ), making it a genuine Banach algebra. Con-
sequently, since Lz’pgh(X ) is a closed subspace of Lipy(X), it forms a Banach subalgebra.
Moreover, we construct another multiplication, obtained by multiplying the usual pointwise
product by a factor, defined via the map A as in Proposition 4.2.7, with respect to which
(Liph"(X), Lip(-)) itself becomes a Banach algebra.

Since Sx U{0} is bounded the space Lipy(Sx U{0}, R) is closed under usual pointwise
multiplication. Hence, for any f,g € Liph"(X), it follows that A(f)A(g) € Lipe(Sx U
{0}, R). We now define

foge) = A7 AN @
[ Leed e £ 0
o, ifz = 0.

Directly, from the definition f ® g € Lip?"(X). It only remains to show that Lip(f © g) <
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Lip(f)Lip(g). Suppose z,y € X \ {0}. Now

f@)g(x) _ fW)gy) LD oy ot — Loy b

Ml sl ‘ . 3{ ETAAGY Q@”'*‘g(”(nxn (@) ||y||f(y>)‘}
< S {Lip(PLinlg)lx -yl + 2Lin(1) Lip(g)]l2 — yl}
< Lip(f)Lip(g)llz -yl

Further, for z # 0 and y = 0 we get |f ® g(z)| < Lip(f)Lip(g)||z||. Hence, we have
Lip(f ® g) < Lip(f)Lip(g). This recovers the definition of defining multiplication on
Lipo(X), so that it becomes a Banach algebra with respect to Lip(-) norm, by Fernando
Albiac et al. in [6].

4.2.4 Complementability, and Isomorphism of '(X) and F?"(X)

We record at this point that Benyamini and Sternfeld proved in [10] that there exists a Lip-
schitz retraction, say R, from Bx onto Sy whenever X is an infinite-dimensional normed

linear space. Now we consider the following Lipschitz projection G : X — Bx given
e ifllell =1

by G(z) = {Irl’

T, if ||z < 1.
that R o G(0) = R(0) € Sx and hence R o R(0) = R(0). Now, from the remark just

Then Ro G : X — Sy is a Lipschitz retraction. Note

after [27, Lemma 2.3] we have that (S ) is complemented in F'(X'). Then by Proposition
4.2.9 we get FPh(X) sits as a complemented subspace in F'(X).

In [13], Leandro Candido and Pedro L. Kaufmann established a key result that connects
F(X) and F(Sx) as isomorphic spaces. They proved that if a Banach space X is isomor-
phic to its hyperplanes, then the spaces F'(X) and F(Sx) are also isomorphic. In view of

their result and the Proposition 4.2.9 we also have the following remark.

Remark 4.2.13. Let X be a Banach space such that X is isomorphic to its hyperplanes.
Then F(X) and FP"(X) are isomorphic.
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4.3 McShane’s type extension theorem for positive homo-
geneous real-valued Lipschitz functions

E. J. McShane, in [43, Theorem 1], proved that any real-valued function f defined on a
subset F/ of a metric space M can be extended to the entire space M while preserving
the same Lipschitz constant. In the next proposition, we establish an analogous extension
theorem for a positive homogeneous Lipschitz map. The proof is obtained by making a
slight modification to the classical one. For further details on McShane’s extension theorem,
we also refer the reader to [ 14, Theorem 4.1.1]. The necessary modification is presented in

the following proposition, while the remaining arguments follow from the cited proof.

Proposition 4.3.1. Let S be a subset of the Banach space X, which is closed under non-
negative scalar multiplication, and f € Lipgh(S ). Then f can be extended to X preserving

the same Lipschitz constant.

Proof. Let us define the functions F,G : X — R, defined for x € X by

F(x) := sup (f(y) = Lip(f)llz = yl|)

yeSs

and

G(x) = inf (f(y) + Lip(f)[lz —yll) -

yeS

We show that F', GG are positive homogeneous Lipschitz extensions of f preserving the same
Lipschitz constant Lip( f), and any other positive homogeneous Lipschitz extension H of f
with Lip(H) = Lip(f) satisfies the inequalities F' < H < . We only show that F and GG
are positive homogeneous, and the rest of the proof follows the same as [ 14, Theorem 4.1.1].
Since 0 € S, F(0) = G(0) = 0. Lett > 0 and 2 € X. Because S is closed under positive

scalar multiplication, the map y +— 2 := y/t is a bijection of S onto itself. Therefore,

F(tz) = sup(f(y) — Lip(f)lltx — yl)

yes
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= sup (f(tz) — Lip(f)|[tx — tz||)

z€S

= sup (tf(z) — Lip(f)tl|lz — z[])

z€S

= tsup (f(z) = Lip(f)llx = 2|)

z€S

= tF(x).
Hence, F' € Lipgh(X ) and similarly we can prove the same for G. ]

We use this extension result to prove that Lip?" (X ) is infinite dimensional for dim(X) >

Proposition 4.3.2. Let X be a Banach space with dim(X) > 2. Then FP"(X) contains a

copy of L'(R) as a subspace, and therefore Lip‘gh (X) is infinite dimensional.

Proof. Let 1, x5 be two linearly independent vectors in X. We consider the norm on R?
induced by the norm on X, that is ||(a, b)||; = |laz; + bxs]| for all (a,b) € R2 Then it
follows that || - ||; is a norm on R? and hence the mapping i : (R?, || - ||;) — X given by
i(a,b) = axy + bxy is a linear isometry. Put Z = i(R?). then the inclusion map i : Z — X
is the canonical embedding. Now recall that the classical linearization map of dx o ¢ in the
Lipschitz, namely Sx 0 : F(Z) — F(X) becomes an isometric embedding. The proof
relies on the fact that any i € Lipo(Z) can be extended to i € Lipy(X ) without altering the
Lipschitz norm. Similarly, from Proposition 4.3.1, any h € Lip?"(Z) can be extended to
h e Lip?"(X) without changing the Lipschitz norm. Hence, in this setup, F?"(R2) appears
as a closed subspace of F?"(X). Therefore, by Example 4.2.11, FP"(X) contains a copy

of L'(R) as a subspace, and consequently, Lip"(X) is infinite dimensional. O

57






Chapter 5
Position of Blin(X,Y; F)in BLipy(X,Y; F)

In this present chapter we focus on studying the Banach space BLipy(X,Y; E) of two—
Lipschitz maps 7: X x Y — E vanishing on the coordinate axes, endowed with the usual
two—variable Lipschitz seminorm (which becomes a norm on B Lipy). The main themes

arc:

« Complementation of the bilinear subspace Blin(X,Y; E) inside BLipy(X,Y; E)

under suitable assumptions on the range space E.

* A vector—valued duality between the space B Lipy(.X, Y; E') and the projective tensor

product F(X) ®, F(Y) of Lipschitz—free spaces.

« Identification of various quotient spaces of BLipy(X,Y; E), in particular when E is

injective.

* A characterisation of when a two—Lipschitz operator is actually bilinear, phrased in
terms of annihilating a subspace generated by ker(Sx ) and ker(fy ), where Sy : F'(X) —

X is the barycentre map.

« An application identifying a concrete predual of L>°(R?)/span{1} via the tensor

description.

To begin with, to address one of the questions considered in this chapter, we recall the
discussion (1.1) from Chapter 1. Motivated by Lindenstrauss’s result, this discussion leads

us to the following question:
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Question 5.0.1. Is Blin(X,Y; E) complemented in BLipy(X,Y; E)?

We show that there is a surjective linear projection P : BLipy(X,Y; F) — Blin(X,Y; E)
with norm one, whenever £ is a dual space. The proof technique relies on the existence
of a vector-valued invariant mean (a vector-valued bounded linear map from the space of
bounded functions on a normed space; details have been discussed later), which is guar-
anteed whenever the codomain space E is a dual space. Given a two-Lipschitz map T' €
BLipy(X,Y; E), we construct a suitable function in ¢>°(X x Y, E) and then apply the
vector-valued invariant mean to the bounded function derived from 7'. The existence of
such a mean enables us to affirmatively answer Question 5.0.1 in the case where F is a
dual space. However, the general case remains open. In summary, when £ is a dual space,
Blin(X,Y; E) is a complemented subspace of BLipy(X,Y; E), since BLipy(X,Y; E) =
Blin(X,Y; E)@®ker( P) with equivalent norms, implying that BLipo(X,Y’; E) /Blm(X7 Y E)

is topologically isomorphic to ker(P).

5.1 General quotient structure of two-Lipschitz space

However, the author has been further interested in addressing the following question:

Question 5.1.1. Is this quotient space not only topologically but also isometrically isomor-

phic to a concrete space of operators?

In response, we show that when E is an injective Banach space; the quotient is indeed
isometrically isomorphic to a well-defined operator space. Moreover, we identify additional
quotient spaces of BLipy(X,Y; E') that admit isometric isomorphisms with certain space
of operators. To proceed further, let us recall the construction of the Lipschitz free space
F(X) (introduced by Godefroy and Kalton in [27]). For any x € X, we denote by 0,
the evaluation functional, i.e. J,(f) = f(z) for f € Lipo(X,R). It is easy to see that

dx : X — span{d, : x € X};x — 0, is an isometric (nonlinear) embedding of X into
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Lipy(X,R)*. The space F'(X) is defined to be the closed linear span of {0, : © € X}
with the dual space norm denoted simply by || - ||. It is known that F'(R) is isometrically
isomorphic to L' (R), we denote it as F(R) = L'(R) (see [27, p 128]). Then we consider a
linear contraction Sy : F'(X) — X, a left inverse of the Lipschitz map dx. For details and
additional properties, see [16], [56]. Furthermore, we establish the following more general

result, which provides a partial answer to the above-posed Question 5.1.1:

Result 5.1.2. For any closed subspace D of F(X)®,F(Y) and E is an injective Banach
space,

BLipy(X,Y; E) /oD = L(D,E).

Where F(X)®,F(Y) be the complete projective tensor product of F/(X) and F(Y)
(with the projective norm denoted as || - ||) and ¥D := {T € BLipy(X,Y; E) : Tp(€) =
0V¢ € D} (T, be unique linearization map corresponding to 7" € BLipy(X,Y; E)). Inthe
special case for X, Y and FE to be R, using this result, we obtain an alternative proof of the

following consequence:

L*(R x R) /{set of all constant maps on R x R}

is isometrically isomorphic to a dual space. Moreover, we explicitly identify its predual
towards the end of this article. For details on bilinear maps and tensor products, we refer
to [39]. Through the study of particular aspects of BLipy(X,Y; E) and F(X)®,F(Y), we
also provide a necessary and sufficient condition under which a two-Lipschitz operator is
bilinear.

The rest of the chapter is organized as follows. In Section 5.2, we provide the proof of
one of the main results, Theorem 5.2.3, which offers a partial answer to Question 5.0.1. In
Section 5.3 we study an E-valued dual action between B Lipy(X,Y; E) and F(X)®,F(Y).

Section 5.4 presents several general results concerning the quotients of two-Lipschitz oper-
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ator spaces. Also, Remark 5.4.4(2) answers the Question 5.1.1 whenever F is an injective

Banach space. Section 5.5 provides some nontrivial examples of the quotient space.
5.2 Embedding of Blin(X,Y: E) into BLipy(X,Y; E)

Let X,Y, and E be real Banach spaces. We again recall that for 7' € Blin(X,Y; FE),
we have ||T'|| = BLip(T) so that Blin(X,Y) is a closed subspace of BLipy(X,Y; E).
This section proves that Blin(X,Y; F) is a complemented subspace of BLipy(X,Y; E)
whenever E is a dual Banach space. In this case, we show that a projection exists from
BLipy(X,Y; FE) onto Blin(X,Y; F).

Givenamap f : X x Y — E, we define its translation by a point (p,q) € X x Y as

the map f,,: X xY — E, where

foa(w,y) = flp+z,9+y)
for all (z,y) € X x Y. We begin with the following result.

Lemma 5.2.1. Let T € BLipy(X,Y; E), w,w' € X and 2,2/ € Y. Consider T,, ;
translation of T by any (p,q) € X x Y, that is T, ,(x,y) = T(p + x,q + y) for all
(x,y) € X x Y. Then the following hold:

1. ¢7° defined by ¢7° =Ty, — Two — To. + T belongs to {°(X x Y; E).
2. 67T = (07 )y + 07 and G = (677), 0+ 07
3. (67"7) o = —07"
497" = (077 o + 07" and ¢ = (677), . + 07
Proof. LetT € BLipy(X,Y; E) and fix (w,z) € X x Y. Then for any (z,y) € X XY

lozr" (@l = [Twz(2,9) = Twolz,y) = To(z,y) + T(z,y)|l
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= [|[T(w+x,z2+y) —T(w+x,y) —T(z,z+y) +T(z,y)|

< BLip(T)|lwll]|=]

Therefore, ¢p7° € (°(X x Y; E) with ||¢77||c < BLip(T)|w]|]|z]].

Let w,w’ € X and 2,2’ € Y. Then for any (z,y) € X x Y

((ﬁ?’Z)w’,O (z.y) = (Twe—Two—To:+ T)w/70 (2, y)
= T(wHw' +z,z+y) —T(w+w +z,y) = T(w +x,2+y) +T(W +z,y)

- (Tw+w’,z - Tw—|—w’,0 - Tw’,z + Tw',O) (377 y)

This implies that (¢7°) ., o = Twtw,> — Twtw,0 — Twr,z + Tw . Further

wtw’,z

T = Tw—i—w/,z - Tw—i—w’,O - TO,z +7T

= Tw+w’,z - Tw+w’,0 - Tw’,z + Tw’,O + Tw’,z - Tw’,O - TO,Z +T

N

-~ -~

= ((ﬁ?z)w@o + ¢¥ .

. ’ ’
In a similar manner we have ¢7""* = (¢7%), ., + o7 .

Again for any (z,y) € X x Y

(qb;w’z)w,o (337 y) = (T—w,z - T—ULO - TO,Z + T)wp (‘Ta y)
= T(@y+z)—T(xy —Twt+zy+z)+T(w+az,y)
= - ((Tw,z - Tw,O - TO,z + T)) (.I’, y)
= —¢r (z,y).
Hence (¢;"%),, , = —¢7". Also,
( ?72>w,0 (ﬂf, y) = (Tw,z - TW,O - TO,Z + T)w7() (IL‘, y)
= TQuw+z,y+2)—TQRuw+zy) —T(w+zy+z)+T(w+zy)
- (TQw,z - T2w,0 - Tw,z + Tw,O) <I7 y)
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Further

( ;w,z) (.I', y) = (TQw,z - T2w,0 - TO,Z + T) (:E7 y)

= (T2w,z - T2w,0 - Tw,z + Tw,O + Tw,z - Tw,O - TO,z + T) ({L‘, y)

g g

= (977 ) wo (@,9) + (¢77) (z,9)

The other part can be proved similarly. This completes the proof. []
Next, we recall the notion of an invariant mean.

Definition 5.2.2. [11] A left invariant mean in X is a linear functional M on ¢*°(X) (the

space of all bounded maps from X to R) such that:
1. M(1) = 1, where 1 be the constant function on X that takes value 1.
2. M(f)>0forall f >0.
3. M(f,) = M(f) forall z € X, where f,(2) = f(z + z) forall z € X.

Let Y be a dual Banach space. It follows from [11, p. 417] that an invariant mean M

in X induces a norm-one linear operator M : /*°(X,Y) — Y satisfying:
1. M(f.) =M(f)forall f € (*(X,Y)andz € X.
2. M(g) =y forally € Y. Here g € {~(X,Y) is given by g(z) = y forall x € X.

For the proof and other details of the existence of such an invariant mean, we refer [11, p.
4171, [12], [35] , [29]. We call this M as a generalized invariant mean. Further, it is easy
to verify that, in particular for Y = R, M = M, the invariant mean.

For any two normed linear spaces X and Y, the product space X x Y is equipped with

the norm

1z Y llxxy = llzllx + llylly-
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In fact (X x Y, ||.||xxy) becomes a Banach space whenever X and Y are so. We will omit
the subscript in the norm notation from this point onward. The norm should be understood
in the context of the respective spaces. Now, we are in a position to state our main result of

this section.

Theorem 5.2.3. Let X, Y be normed linear spaces and E be a dual space. Then Blin(X,Y; E)

is 1- complemented in BLipy(X,Y; F).

Proof. Let XY be normed linear spaces and F be a dual space. Then X x Y is a normed
linear space equipped with the norm described above. Consequently, by 5.2.2, there exists
a generalized invariant mean M on /(X x Y, E).

We now define P(T')(w, z) := M (¢7°) foreach T € BLipy(X,Y; E) and (w, z) €
X x Y, where ¢77” is defined in the preceding lemma.

Suppose w,w’ € X and z, 2’ € Y. Then by Lemma 5.2.1, we obtain

P(T)(w+w',z) =

6) 4 (657) o e
( ¢1Tu,z> M ( %TU’,Z> (as M is translation invariant)

= P(T)(w,z) + P(T)(w', 2).
Using similar argument we further conclude that
P(T)(w,z +2') = P(T)(w, z) + P(T)(w, 2).

Thus, P(T) is additive in each variable. Now, using a standard technique of real analysis,
we show that P(7') is linear in each argument.

From Lemma 5.2.1(2) for any n € N we have ¢;"* = (qbgfb_l)w’z) + ¢7%. Using
w,0
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translation invariance and the linearity of M then gives

M (#7") = M ((&T"‘”“”Z) ) + M(677),

w,0

by induction. At this stage, utilizing the translation invariance of M repeatedly, we derive
M (¢7"7) = nM (¢77).

Applying Lemma 5.2.1(3) we deduce M (¢7"*) = nM (¢77%) for any n € Z, that is.
P(T)(nw,z) = nP(T)(w, z). Leta = ™ € Q. Then

mP(T)(w, z) = P(T)(mw, z) = P(T)(naw, z) = nP(T)(aw, z).
Thus we have P(T')(aw, z) = aP(T')(w, z) for any v € Q. Again suppose r € R, then

choose (r,) C @ such that r,, converges to r. Now we note that the map u — ¢ is

Lipschitz from X to />°(X x Y') inthe || - ||o norm as:

o7 — 07 le = ;upy||T(u+x,z+y)—T(u+x,y>—T(v+x,z+y)+T(v+x,y>||
reX,Ye

< BLip(T)|lu— v[||z]]
This gives uniform convergence ¢7'*"* — ¢"* in £>° and then continuity of M yields
M) = Tim M (63") = lim 1, M (657) = rM (657).

Therefore, P(T) is linear in the first variable. Likewise, it can also be shown to be linear

in the second variable. Thus the map
P : (BLipy(X,Y; E),BLip(:)) — (Blin(X,Y; E), | - ||
given by
P(T)(w, z) = M (é77)

foreach T € BLipy(X,Y; F) and (w, z) € X x Y is well defined with

I1P(T)(w, 2)|| = (M (¢77) | < 1977 [l < BLip(T)[[w]]]|]]-
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This shows that ||P(T)|| < BLip(T'). Again, from the linearity of M, it easily follows
that P is linear. We show that P(T') = T for any T' € Blin(X,Y; E). Suppose T €
Blin(X,Y; E). Then for any (z,y) € X XY

W,z

7(ry)=Tw+z,z+y) —T(w+z,y) —T(x,z+y) + T(x,y) = T(w, z).

o —

Moreover ¢p° = Tm) and hence P(T')(w, z) = M(¢77) = M(T(w, 2)) = T(w, 2).
Therefore, P(T) = T for all T' € Blin(X,Y; E) so that P is a norm one linear pro-
jection from B Lipy(X,Y; E) onto Blin(X,Y; E). In other words, Blin(X,Y; E) is com-

plemented in B Lipy(X,Y; E) whenever E is a dual Banach space. []

Remark 5.2.4. We note that ker(P) is topologically isomorphic to BLipo (X, Y; E) / Blin(X,Y; E)-
In fact, Idprip,(x,v;£) — P 1s a bounded linear surjective projection form BLipy(X,Y; E)

onto ker(P) with kernel Blin(X,Y; E).

5.3 Vector valued dual action

Here, we define an E-valued dual action between BLipy(X,Y; E) and F(X)®.F(Y),
which will serve as a foundational setup for the results presented in the following sections.

Let us first recall the following two theorems:

Theorem 5.3.1. /32, Theorem 2.6] For every two-Lipschitz operator T' € BLipy(X,Y; E)
there exists a unique bilinear mapping T : F(X) x F(Y) — E satisfying Tg(0,,0,) =
T(z,y) and T = T o (6x,0y) : X x Y X0 p(x) x F(Y) 2% E. Furthermore
BLip(T) = ||Tg||. The bilinear mapping Ty is called bi-linearization of the two-Lipschitz
operator T’

This result implies that the space (BLipy(X,Y; E), BLip(-)) is isometrically isomor-
phic to (Blin(F(X),F(Y); E), | - ).
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Theorem 5.3.2. ( /52, Theorem 2.9], [32, Remark 2.7]) The bilinear operator Tg admits
a linearization (Tg)y, : F(X)®.F(Y) — E satisfies T = T o (§x,0y) = (Ig) 0 030
(8x,0y), where oy : F(X) x F(Y) — F(X)®.F(Y) is the canonical bilinear operator
defined by os(p,v) = p ® v. In addition, we have BLip(T) = ||[Tg|| = ||(Tg)L||. The
linear operator (Tg)y, is referred to as the linearization of the two-Lipschitz operator T.

For the simplification, we write T, instead of (Tg) .

By combining these two results, we conclude that the space (B Lipy (X, Y; E), BLip(+))
is isometrically isomorphic to L (F(X)®.F(Y), E) via the correspondence T" +— T}.. This
encourages us to consider the following vector-valued duality, which will play a crucial role

in the results of this section.

Proposition 5.3.3. For any Banach spaces X,Y and F, define

given by
<Ta €>E = TL(€>

forall T € BLipy(X,Y;E) and ¢ € F(X)@,F(Y). Then {-,-)g is bilinear and non-

degenerate.

Proof. The existence of a unique map 77, corresponding to 7" € B Lipy(X,Y; E), provides
that (-, -) g is linear in the first coordinate, and the linearity of 77, gives the linearity in the

second coordinate of (-, -) . Also the following norm conditions hold:

sup ITL( = IT¢]| = BLip(T)and  sup || TL(§)|| = sup [[TL(E)Il = [I&]-
£€P(0ERF(Y),JIElI<1 BLip(T)<1 !

Now we show that (-, -) i is non-degenerate. Let ' € BLipy(X,Y; E) and T, (§) = 0 for
all ¢ € F(X)®,F(Y). This gives T(6, ® §,) = O forallz € X andy € Y. That is,
T(x,y)=0forallz € X andy € Y. Hence T" = 0.
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Again let £ € F(X)®,F(Y) be such that Ty,(¢) = 0 for all T € BLipy(X,Y; E).
That is 77,(§) = 0 for all T, € L (F(X)®.F(Y),E). Then by Hahn-Banach theorem
there exists S € L (F(X)®,F(Y),R) such that S(¢) = ||¢|. Now define S(v) = S(7)e
forall v € F(X)®,F(Y) and some unit vector ¢ € E. Then S € L (F(X)&,F(Y),E)
and hence it follows that S(¢) = 0. That is ||¢]| = 0. Thus, & = 0. This completes the

proof. ]

For A C BLipy(X,Y; E) we define A® := {£ € F(X)®,F(Y):Tp(§) =0 VT €

A}. Then A® = (N ker(T}) is a closed subspace of F/(X)®,F(Y).
TeA

Further, for D C F(X)®,F(Y) we consider the space
OD = {T € BLipy(X,Y; E) : Tr(&) = 0 V¢ € D}.
Using the fact BLip(T) = ||T1||, we can easily verify that it is also a closed subspace of

BLipy(X,Y; F).

5.4 Some quotient space

Building on the dual action established in the preceding section, we present some of the main
results, including identifying the quotient space in this context. Additionally, we provide a

necessary and sufficient condition for a two-Lipschitz map to be bilinear.

Proposition 5.4.1. Let D be a closed subspace of F(X)®,F(Y) and E be an injective
Banach space. Then BLipo(X,Y; E) jop =~ L(D, E).

Proof. For a fix T' € BLipy(X,Y; E), we define 0 : D — E given by 0r(&) = T1(&),

for all £ € D. Then, 01 is linear. Also, for any £ € D, we have

107 = ITLEN < ITLlliEll = BLip(T)|E]-
Thus 07 € L(D, E) forany T € BLipy(X,Y; E).
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We define © : BLipy(X,Y; F) — L(D, E) givenby O(T") = 7. It is routine to check
that © is linear. We show that © is also surjective. Let S € L(D, F). Since E is injective

there exists S, € L(F(X)®.F(Y), E) such that S,

p = S with ||S|| = [|S]|. Thus
Sco090 (0x,0y) € BLipy(X,Y; E). Furthermore, the existence of a unique linearisation
map corresponding to 7" implies that 77, = S.. Thus, O is surjective.

Also,

ker(©) = {7 € BLipy(X,Y; E): 0 =0}
— [T € BLipy(X,Y;E) : 0 = 0p(€) = Tp(€) forall € € D}

= °D.

So by fundamental theorem of linear algebra © induce a linear isomorphism (which we
again denote by O):
O : BLipo(X, Y E) jop — L(D, E)
given by O(T + D) (&) = T (&) forall € € D.
Now, forany 7' € BLipy(X,Y; E) and € € D

IO+ DO = I
= inf (T +U)(6)]

< inf BLip(T +U
< |l inf BLip(T +U)
= |¢llT + °D].
Therefore, O is a surjective contractive linear isomorphism. So, by the open mapping the-
orem, ©~! exists and is a bounded linear surjective isomorphism.
Fix S € L(D, F) and let S; and S, be any two extensions of S in L(F(X)®,F(Y), E).
If ¢ € D, then
(©(S1 0020 (0x,0y)) — O(S2 002 0 (x,dy))) (§) = (S1)£(§)—(52)2(§) = S(§)—5(§) = 0.
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Thus Sy 0050 (8x,8y)+ 9D = Syo0090(dx,dy)+ ®D and hence S, 0050 (dx,dy )+ ¢D
is uniquely determined by S. Now it follows that © (7)) = T o 03 o (6x,dy) + D for
all T € L(D, E), where T € L(F(X)&,F(Y), E) is a norm preserving extension of 7"

Since
|©0"X(T)|| = T 0 020 (6x.8y) + D < BLip(T 0 03 0 (6x,dy)) < | T,

©~!is also a contraction. Now, it is easy to conclude that © is surjective linear isometry so

that BLipo(X,Y; E) /oD is isometrically isomorphic to L(D, E). [l

Remark 5.4.2. In case if we consider D = F(X)®,F (Y), we get back the result

~

(BLipy(X,Y; E), BLip(.)) = L (F(X)&,F(Y), E).

The following result is key to characterize the quotient BLipo (X, Y3 E) / Blin(X,Y; E)-

5.4.1 A necessary sufficient condition for a two-Lipschitz map to be
bilinear

Proposition 5.4.3. Let T' € BLipy(X,Y; E). Then T is bilinear if and only if T (§) = 0

forall € € ker(Bx)@,F(Y) + F(X)®, ker(By).

Proof. Put Q = ker(Bx)@,F(Y)+ F(X)®, ker(By). Let T € BLipy(X,Y; E) such that
T(&) = 0forall ¢ € Q). We show that 7 is bilinear. Suppose, 7 € R, z,2' € X andy € Y.
Then

(5Tx+x/ - (T(;x + 590/)) ® 51/7 5513 ® (5ry+y/ - (T(Sy + 5?//) S Q

Therefore, T, ((8yztar — (70 + 00r)) ® &) = 0 implies T (6,pt0 @ 8y) = T (0, @ 0) +

Tr,(0 ®0,). Hence T'(rx+a',y) = rT(x,y)+ T (2, y). Similarly, we get T'(x, ry +y')
rT(z,y) + T (x,y'). Therefore, T is bilinear.
Conversely, let ' € Blin(X,Y; F) C BLipy(X,Y; F). Then its bilinearisation 75

satisfies Tp(u, v) = T(Bx(u), By (v)) forall p € F(X) and v € F(Y'). We again consider
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the linearisation 7' € L(X®,Y,E) = Blin(X,Y;E) of the map T € Blin(X,Y; E).
Consequently, the linearisation of the two-Lipschitz map 7' (which is actually bilinear) sat-
isfies

T, =To(Bx ®By): F(X)&:F(Y) = X&,Y — E.

Therefore, T1,(€) = 0 for all £ € ker(Bx)®,F(Y) + F(X)®, ker(By), as this subspace

lies in ker(Sx ® By ). This completes the proof. O

Remark 5.4.4. Though ker(8x)®,F(Y) and F(X)®, ker(By) are closed subspaces, their

sum need not be closed a priori, so we consider D = ker(8x )@, F(Y) + F(X)®, ker(By) = .
Then the above proposition concludes that D = Blin(X,Y; E).

From the above Propositions 5.4.1 and 5.4.3 we get

- = = R[S
BLipo(X, Y E) / Blin(X,Y:E) =L <ker<5X)®WF(Y) + F(X)®, ker(By) E) ,
whenever F is an injective Banach space.
Next, we see an auxiliary result related to the quotient using the duality notion.

Proposition 5.4.5. Let D be a closed subspace of F (X )@, F(Y), then L (F(X)é@wF(Y) /D, E)
is isometrically isomorphic to °D.

Proof. Forafix T € D, we define Ar : F(X)®,F(Y) — E given by Ap(€) = Ty (€)
forall ¢ € F(X)®,F(Y). Then, easily, we can verify that Ay is a linear map with ||[A7|| <
BLip(T). Further ker(Ar) = {£ € F(X)®.F(Y):T(§) =0} D D. Therefore Ay
induces a bounded linear map (again denoted by Ar) from £ (X))@ F(Y) /D into E. This

induces a map

A: 9D L (F(X)®WF(Y) /D,E>

givenby A(T)(E +D) =Ty (¢) forall T € “Dand € € F(X)®,F(Y). Then, A is linear.
Also

IAT)E+D) = T
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= Inf T+ pl
< inf [|(€ + w) | BLip(T)
neD

= BLip(T)||¢ + D,

forall T € “Dand ¢ € F(X)®,F(Y). Thus, A is a contraction. Further, we show that A
is an isometry.

We observe that the induced map A can be written explicitly using the natural quo-
tient map q : F(X)®,F(Y) — F(X)@-F(Y) /D given by A(T') o q(§) = Tr(&) for all
T e “Dand ¢ € F(X)®,F(Y). Then A(T) o ¢ = Ty, and hence we have

BLip(T) = | T3] = [IA(T) o g < AT

Thus, A is an isometry.

To prove the surjectivity of A, let S € L (F(X)®wF(Y) /D, E) Set T'(x,y) =
S(0; ® 0, + D) forall z € X and y € Y. Then it can be easily shown that T €
BLipy(X,Y; E)with T, = Sogand A(T) = S, whereq : F(X)&,F(Y) = F(X)@:F(Y) /p
be the natural quotient map. Further forany & € D, T;,(£) = S(é+D) = 0. Hence T € “D.

This completes the proof. O

Remark 5.4.6. 1. Considering D = ker(Bx )@, F(Y) + F(X)®, ker(ﬁy)‘l.nw, using the

Proposition 5.4.5 and Remark 5.4.4 we get

Blin(X,Y;E)= L (F(X)&TF(Y) /ker(ﬁx)ébﬁF(Y) + F(X)®, kel’(ﬂy)d.”qu) :
whenever F is an injective Banach space.

2. In particular for D = {0} we recover (BLipy(X,Y; E), BLip(-)) is isometrically
isomorphic to L (F(X)®.F(Y), E).
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5.5 Example

In this section, we aim to provide a nontrivial example of the quotient space, specifically

BLipo(R, R; R) / Blin(R,R: R)-

We determine it’s predual explicitly using the already established results and the following

Lemmas. Let us recall the following result 3.4.1.

Lemma 5.5.1. ker(fg) is isometrically isomorphic to {f € L'(R) : [, fdx = 0}, where

dx is the Lebesgue measure on R.
Incaseof X =Y = R, F(R) is isometrically isomorphic to L (R)(see [27, p 128]), and

ker(fr) = {f e L'(R): [ f(z)dx = 0}, is a closed subspace of F'(R). Also ker(8r)®,F (R)+
R
F(R)®, ker(g) is a subspace of F(R)®, F(R).

I|-
| ™

Put D = ker(Br)®-F(R) + F(R)®, ker(8z) . Then from the Proposition 5.4.1 it

follows

BLipy(R,R; R) /op = L(D,R), thatis

BLipo(R, R; R) / Blin(R,R;R) = L (ker(ﬁR)@F(R) + F(R)®, ker(ﬁR)"”,R> .
Consider the correspondence given by the unique isometrical isomorphism:
LY ()@ L' (v) = L x v)
which is the continuous extension of the canonical linear mapping:
0:L'(n)® L' (v) = L'(u x v)
f@g= f(x)g(y).

Now using the this correspondence and the fact that F(R) = L'(R) we have,

~

BLipy(R,R;R) = L(F(R)&®, F(R),R) = L®(R x R),
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where the first isomorphism relation holds due to [52, Theorem 2.9] and the second one
follows from [52, Exercise 2.8, p 43]), where on R x R we consider the product measure.

Hence we further deduce that

L*(R x R) /spcm{l} ~ ], (ker(ﬁR)é{)ﬂF(R) + F(R)®, ker(ﬁmi-lﬂ’R) ‘

By a standard measure-theoretic argument, it is known that

*

L*(R x R) /Span{l} =~ feL'(R?: /fdxdy =0, ,
R2

where dzdy is the product measure on R?. Moreover we showed that ker ()@, F(R) +

F(R)®; ker(3g) is another predual, explicitly described in the following.

Lemma 5.5.2. ker(8g)®, F(R) is isometrically isomorphic to {f e L'(R?): [ f(z,y)dz =0, aey

R

Proof. Letusdenote Lj(R) := {f e L'R): [ f(x)dz = 0} =~ ker(fg). Since F(R)®, F(R)
R

LY(R)®,L'(R), we consider the canonical isometric isomorphism (see Theorem [26, p
2300)).

d: L'(R)®,L'(R) — L'Y(R?)
given by ®(f ® g)(z,y) = f(x)g(y) for all f,g € L'(R) and z,y € R. Therefore,
ker(Br)®,F(R) = L{(R)®,L'(R). So it is enough to show that L}(R)®,L!(R) is iso-

metrically isomorphic to {f e L'(R?): [ f(z,y)de =0, ae y}
R

PutV =  (LY(R)&, L\ (R)) = span{f(x)g(y) : € Ly(R),g € L'(R)} " € L\ (R?),

and W = {f € L'(R?): [ f(z,y)dz =0, ae y}. It is immediate that V' C V. Suppose
R

F € W. Then there exists (F;,) C L'(R?), a sequence of finite sums of elementary f ® g;

approximating F in L' norm. Choose ¢ € C.(R) (space of all compactly supported con-

tinuous functions) with [ ¢dz = 1 and consider
R

Eula,y) = Fula,y) - / Fo(y)dz | 6(x).

R
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Then [ F,(z,y)dz = 0. Now we show that F, € span{f(z)g(y) : f € L}(R),g €
R
L'(R)}.

Set c,(y) = [ Fu(z,y)dz = ) <f fi(z > y) € LY(R). Therefore,

R

Ey(zy) = Zfz 2)gi(y) — cn(y)(z)

= Zfz )9:(y i / 9i(y)

i=1

- /ﬁ (@) | g:(y) € span {F(2)g(y) : f € LY(R), g € L'(R)}.

J/

So it remains to prove that || £, — F|| 112y — 0.

We estimate
1E, — Fllpey = |1Fn — cn()¥(2) — Fllpigey < |1Fn — Fllpee) + llea(®)e(2) ]| 0 ze).-

Since F,, — F' in L' norm, we have || F},, — F|| 1 (g2 converges to 0 as n — co. Now

|mm<nﬂw://m o)l dedy = [l - lonll .

Further we estimate ||¢, || ;1(z). Using the assumption that F' € W thatis [ F'(z,y) dz = 0,

we obtain

len(y)] =

Fo(z,y)dx

Ammm—nmmm

< / |Fo(2,y) — F(z,y)| de.
R

Now, integrating over y, we get
lenlloe = [ lenldy < [ [ 1Bules) = Pla.pldedy = B, = Pl

Thus [|c,(y)¢ (@) || = ||¥||Lr ) ||cnll 21 (r) converges to 0. Hence, the proof follows. [
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Remark 5.5.3. Similarly, we can prove that F'(R)®, ker(/3g) is isometrically isomorphic to

f e LYR?: /f(x,y)dy =0, aex
R
Hence we get

ker(Br)®.F(R) + F(R)®, ker(8g)

II-lla
= < feLl'Y(R?): /f(x,y)dx =0,aey p+ 1< feLY(R?): /f(x,y)dy =0, aex
R

R
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Chapter 6

A generalization of Lipschitz mapping

In this chapter we shift our attention to extensively bounded maps, we propose to expand the
scope and develop a similar theory as of Lipschitz functions in a broader setup. The main
tool for this generalization is the notion of modulus of continuity (see [11]) of a mapping
between metric spaces. This notion was formally introduced by H. Lebesgue in 1910 for the
functions of real variables. Using the modulus of continuity, we can determine Lipschitz
mappings. If we consider a modification in the modulus of continuity to make it point
specific, it leads to a generalization of Lipschitz mappings making them point specific as
well. If the metric spaces have fixed designated points and if a pointwise Lipschitz mapping
takes the designated point in the domain to the designated point of the codomain, we call it

extensively bounded.

It may be recalled that the space of Lipschitz mappings between metric spaces (which
take the designated point in the domain to the designated point of the codomain) do not have
any metric defined in it. However, in the space of extensively bounded mappings, we have
been able to introduce a metric. Besides, the set of extensively mappings from a metric
space into a normed linear space again form a vector space and we can introduce a norm in
it as well. Moreover, if we consider the composition of two suitable extensively bounded
mappings, it results in another extensively bounded mapping. In this sense we obtain a
‘multiplication’ between two extensively bounded mappings defined on a normed space.
Even though this multiplication is not bilinear, still we get an operator algebra or more

generally, an operator ideal like structure. In this sense, we have introduced a category
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bigger than that of the spaces of Lipschitz mappings between pairs of Banach spaces. From
this paper onwards, we shall initiate a study of such mappings and spaces from various

points of view.

Other than introductory part above, the chapter is divided in remaining four more sec-
tions. In Section 6.1, we consider the notion of modulus of continuity at a point of amapping
between metric spaces. As a consequence, we introduce the notion of Lipschitz condition
at a point and obtain its equivalence in the usual sense of Lipschitz condition. Next, we
introduce a semi-norm and consequently, a norm on the space of all the mappings from a
metric space into a normed linear space which are Lipschitz at a designated point in the
domain. We prove that this space is linearly isometric to an /,.-space. We characterize a

bounded Lipschitz mapping in terms of pointwise Lipschitz mappings.

In Section 6.2, we discuss a generalization of the space of all Lipschitz mappings be-
tween two metric spaces with designated points which maps the designated point to the
designated point and introduce the notion of extensively bounded mappings between two
metric spaces with designated points which again maps the designated point to the des-
ignated point. We study a metric and completeness in the space of extensively bounded
mappings. We show that when the codomain is replaced by a normed linear space, the
space of extensively bounded mappings also becomes so. We also discuss its relation with
the Lipschitz mappings that vanish at the designated point. Further, we describe a Banach
space F, (M) which is a predual of the Banach space M€ of real-valued extensively bounded
mappings on a metric space M. This structure enable us to discuss a linearization of normed
linear space valued extensively bounded mappings. Next, we describe a (non-bilinear) mul-
tiplication between a pair of extensively bounded mappings between suitable normed linear

spaces and a corresponding (non-linear) morphism.
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§6.1. Modulus of continuity at a point

6.1 Modulus of continuity at a point

Let M and N be metric spaces and let f : M — N. Fort € R with ¢ > 0, we define

wr(t) = sup{d(f (@), f(y)) : d(z,y) < 1}.

Then wy : (0,00) — [0, 00| and is called modulus of continuity of f. Note that wy is an

increasing function. It is also well known (see, for example, [11, chapter 1]) that

+ f is uniformly continuous in M if and only if tl_i>r51+ wy(t) = 0; and

* fis Lipschitz in M if and only ifsup{wa(t) 1> 0} < oo

The modulus of continuity does not describe non-uniformly continuous mappings directly.
But it can be done with a slight modification. We fix g € M and for ¢t € R with ¢ > 0, we

define

wy’ (t) := sup{d(f(z), f(w0)) : d(z,x0) < t}.
Then w}’ : (0,00) — [0, 0o again is an increasing function and f is continuous at z if and
only iftl_igq+ wi’(t) = 0. We shall call w}® the modulus of continuity of [ at x.

Imitating the modulus of continuity, we consider the following notion introduced by

Messerschmidt in [44, Definition 2.6].

Definition 6.1.1. Let M and N be metric spaces and let f : M — N. For a fixed o € M,

we say that f is Lipschitz at x, if

The set of all functions f : M — N which are Lipschitz at x, is denoted by Lip™ (M, N).

Proposition 6.1.2. Let M and N be metric spaces and let f : M — N. Then for any xy €
M, we have f € Lip™ (M, N) if and only if there exists k > 0 such that d(f(z), f(xo)) <
kd(z, xo) for all x € M.
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WI0(1)
t

Proof. First, we assume that f is Lipschitz at o for some o € M. Then k := sup { it > 0} <

oo. Letx € M \ {xo} and put ¢t = d(z,x¢) > 0. Then by definition, d(f(x), f(xy)) <

wi°(t) so that
d(f(x), f(z0)) _ wy'(t)
d(x,xo) = ft S k.

Thus d(f(x), f(xg)) < kd(z,xg) forall z € M.

Conversely, we assume that d(f(z), f(x¢)) < kd(z,x) for all z € M. We show that

W%
sup{fT(t):t>0} < k. Lett > 0and ¢ > 0. Then we can find x € M, d(z,x¢) < ¢

such that d(f(z), f(x0)) > wi°(t) — et. Thus

wi(t) — et <d(f(z), f(wo)) < kd(x,x0) < kt.

0

—e < kforallt > 0ande > 0. Thussup{wa(t):t>O} <

wiO (1)
t

Now it follows that

k < o0. O]

The above result establishes that the two notions, namely pointwise a-Lipschitz and
strongly pointwise a-Lipschitz, considered by Messerschmidt, Miek in [44, Definition 2.6]
are actually equivalent.

We observe that the notion of the Lipschitz condition at a point is different from that
of local Lipschitz at a point. (f is said to be locally Lipschitz at a point x, if there exists
a neighbourhood N, of xy in M such that f is Lipschitz in N,, (see, for example, [14,
Chapter 2]).)

We say that f is pointwise Lipschitz in M, if f € Lip®(M, N) for each x € M. The set
of all such mappings is denoted by Lip? (M, Y). Thus Lip" (M,Y) = (| Lip®(M,N).

zeM
If we replace N by a (real) normed linear space Y, then Lip®™ (M, Y) is also a (real) vec-

o . o
tor space under pointwise operations. Moreover, the value || f||,, := sup {wa() ot > 0}

forall f € Lip™(M,Y’) determines a semi-norm || - ||, on Lip™(M,Y"). In fact, we have

I fllee = mf{k>0:|f(x)— f(xo)| < kd(x,zo) forall z € M}
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1f(z) = f (o)
sup{ d(x,zo)

forall f € Lip™(M,Y). Also || f||, = 0 if and only if f is a constant function. Thus for

:xGM,x;«éxo}

f € Lip™(M,Y") the value
[ f 1l oo = max{|[ f{lao, | f(zo) I}
determines a norm on Lip™ (M, Y"). We record this fact and some more in the next result.

Proposition 6.1.3. Let M be a metric space and Y a normed linear space. Then (Lip™(M,Y'), ||.||z=)
is isometrically isomorphic to oo (M,Y"). Thus (Lip*(M,Y),|.||r=) is a Banach space, if

and only if' Y is so.
Proof. Let f € (s (M,Y). Define ,(f) : M — Y given by
Oy (f)(af) = d(a', 2) f(2") + f(2)
for all 2/ € M. Then
12 (f)(2') = 2o (f)(2)]| = [ f(@)|d(2’, z) < || fllocd(2’, 2)

forall ' € M. Thus ®,(f) € Lip“(M,Y) forall f € {-(M,Y). Now, it follows that
O, loo(M,Y) — (Lip*(M,Y), ||.||=) is a linear mapping. Further

oDl = sup { IO =S gy o e a1y}
— sup{|l ()] ' € M)

= [[flleo

forall f € {(M,Y) so that @, is a linear isometry. Finally, if g € Lip®(M,Y"), we set

9(@")—g(x) T
pay = | S il A
g(x), ifa' = x.

As g € Lip*(M,Y), there exists k > 0 such that ||g(z) —g(z)|| < kd(2/,z) forall 2’ € M.
Thus sup{||h(2’)]| : ' € M} < ksothath € {,,(M,Y). Also, then ®,(h) = g so that ¢,

is the required isometry. ]
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Let Lip(M,Y') denote the set of all Lipschitz mappings from M into Y where M is
a metric space and Y is a normed linear space. Also then Lip®(M, N) denotes the set of

bounded mappings in Lip(M, N). Let us recall that for f € Lip®(M,Y’) the value

1S (1) = S (o)
d(SUl,IL’Q)

1l = sup{ Wl : 21,2 € M with 1 # }

determines anorm ||- || on Lip®(M,Y).(see [56, Chapter 2, p 35]) Further, (Lip®(M,Y), |-
|lz) is a Banach space whenever Y is so. We note that (Lip®(M,Y), || - || =) generalizes
(Lip®(M,Y), || - ||z) in the following sense.

Consider f € () Lip®(M,Y). Then
zeM

sup 1l = supsup { LI oo v g

zeM rzeM

B 1/ (=) = f()]
-l (M) )

Thus, if f is bounded in M with sup || f||. < oo, then f € Lip®(M,Y). The converse may
zeEM

be verified in a routine way. We summarize the observation in the following result.

Proposition 6.1.4. Let M be a metric space M and Y a normed linear space. Then f €

Lip®(M,Y ) ifand only if f is bounded in M and f € () Lip®(M,Y ) with sup || f||. < oc.

reM reM

Remark 6.1.5. Since (Lip®(M,Y), |||/ z=) is isometrically isomorphic to ¢, (M, Y') for any
x € M,we getthat (Lip™ (M,Y), ||+ ||z=1) is isometrically isomorphic to (Lip™ (M, Y), || -

|| pe2) forall 2y, w5 € M.

Proposition 6.1.6. Let X and Y be normed linear spaces. Assume that x1,r, € X with

X1 # x9 and consider the surjective isometry
Oy 0 @) (Lip™ (MLY), || - [lper) = (Lip™ (MLY), || - [|2e2)-

If f € Lip™(X,Y) (N Lip™(X,Y) with @y, 0 @1 (f) = f, then f(x) = 0 forall z € X

with ||x — z1|| # ||x — x2||. In particular, f(z1) =0 = f(x2).
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Proof. First we note that

B (@) = fle) + S, it £ )

®,, 0 &1 (f)(z) = { o=l o2l
2 xl(f)( ) {|kE1—-IQHf($1)4‘f£EQ:iQ£l= ifr = 2.

lz2—z1]|

Thus as f(x) = ®,, 0 . (f)(x), we get f(z2) = Hr2) 1) and hence f(ws) = |21 —

l[1—z2|

xol| f(x2) + f(21). Also f(x1) = ||z — xa|| f(21) + f(22). Now it follows that

fz1) — f(902)‘

|21 — 22|

flz) = —f(z2) =
Also, on simplifying, we get
[z = z1[|(f(2) + f (1)) = llz — z2[|(f(z) — f(z1))
or, equivalently,
(e = 22l = llz = 21]) f(z) = (lo — z2ll + lz — z1[]) f(21)

forallz € X. Putzg = (x4 x2). Then ||zg — z1|| = ||z — 22|| = &||z1 — 2 > 0. Thus
f(x1) = 0as ||zg — 22| + ||zo — z1]| = ||x1 — x2|| > 0 and consequently, f(x3) = 0 too.

Therefore, (||x — z2|| — ||z — z1||) f(x) = 0 for all x € X. Hence the result follows. [

6.2 Extensively bounded mappings

Let X and Y be normed linear spaces and consider
Lipo(X,Y) == {f € Lip(X,Y) : f(0) = 0}.

We recall that this space has been studied in the literature (see, for example, [56, Chapter
1]) as a non-linear generalization of bounded linear mappings between the normed linear
spaces. We propose a further generalization and consider a particular (closed) subspace of

Lip*(M,Y) as under:

Lipi(M,Y) :={f € Lip"(M,Y) : f(z) = 0}.
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For f € Lip%(M,Y'), we have

LS ()]
d(x',x)

Thus (Lip%(M,Y), ||-||=) is isometrically isomorphic to £o. (M\{z},Y") and (LipZ(M,Y), ||-

171 = 17 = sup { M v gy}

||l-) is a Banach space, if and only if Y is so. Note that f : M — Y isin LipZ(M,Y") if and

only if there exists £ > 0 such that || f(z')|| < kd(2', x) for all 2’ € M. Thus
I fllz = inf{k > 0: || f(2")] < kd(2',z) forall z' € M}.
Let us fix x € M and consider the space
Lip,(M,Y) :={f : M — Y|f is Lipschitz in M and f(z) = 0}

together with the norm Lip(-) given by

Lip(f) = inf{k > 0:|f(z1) — f(z2)|| < kd(z1,x9) forall 1,25 € M}
= sup { If (1) = f(@2)] Ty, Te € M with x1 # :cg}
d(l’l,l’g)

forall f € Lip,(M,Y). Then (Lip,(M,Y’), Lip(-)) is a normed linear space and is com-
plete whenever Y is so.( see [14, Chapter 8, Theorem 8.1.3] ) Thus (LipZ(M,Y), | - ||.) is
a natural generalization of (Lip,(M,Y), Lip(-)).

Being isometric to (o, (M \{z},Y), (Lip%(M,Y), |- ||l..) may appear in a poor light. But
we shall show in another paper that when M is also replaced by a normed linear space X,
(Lip%(X,Y), ||-||) assumes a non-commutative structure which is not known in /., spaces.
Further, this facet leads us to an operator ideal theory generalizing that of the Lipschitz
operators. Moreover, we shall later infuse continuity to make it less general.

Towards this goal, we re-describe (Lip® (M, R)) with a simpler notation. Since for any
w1,29 € M, (Lipt(M,Y), || - ||z, ) is isometrically isomorphic to (Lip32(M,Y), || - ||2,),

there is no loss of generality in fixing a designated point. We generally describe it as 0.
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Definition 6.2.1. Let M, N be metric spaces with 0 as the distinguished point. A mapping
f M — N is said to be extensively bounded, if there exists k& > 0 such that d(f(z),0) <
kd(z,0) for all z € M. The set of all extensively bounded mappings from M to N is
denoted as E(M, N).

Theorem 6.2.2. Let M and N be metric spaces with 0 as distinguished points.

1. Themapd, : E(M,N) x E(M,N) — [0,00) given by

o d(f(z),g(x))
de(f,9) = iilgw,

forall f,g € E(M, N) determines a metric on E(M, N).
2. (E(M,N),d.) is a complete metric space whenever N is so.

3. If N replaced by a (real) normed linear space Y, then E(M,Y') becomes a vector
space and d. induces a norm || - ||c on E(M,Y"). Consequently, (E(M,Y),| - ||e) is

a Banach space whenever Y is so.

Proof. Let f,g € E(M,N). Then there exist & > 0 and [ > 0 such that d(f(z),0) <

kd(z,0) and d(g(x),0) < ld(x,0) forall z € M. Now using the triangle inequality, we get

d(f(x),g(x)) < d(f(x),0) +d(g(2),0) < (k + 1)d(,0)

for any = € M. Thus for any = € M \ {0}, we have

d(f (), 9(z)) _ d(f(),0) d(g(),0)
0

d(z,0) A0 T dmo) SFTE

<

Therefore, d, is well-defined. It follows from the definition that d.(f, g) = d.(g, f) for any
f,g€ E(M,N).

Assume that d.(f,g) = 0 for some f,g € E(M,N). Then forall z € M \ {0}, we
have d(f(z),g(x)) = 0. Also f(0) = 0 = ¢(0) so that f = g. Thus d. is a metric on
E(M,N).
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Let (f,,) be a Cauchy sequence in (E(M, N), d.). Then given € > 0, we can find ng € N
such that d.(f,., fn) < € for all m,n > ngy. In other words, d( f,,(z), f.(x)) < ed(x,0) for
allz € M if m,n > ng. In particular, for each z € M, (f,(x)) is Cauchy in N. Since N is
complete, (f(z,)) converges to some y € N. As y is determined by = € M uniquely, we

getamap f : M — N such that f, converges to f point-wise. Also then
d(f(2), fu(2)) = lim d(fin(x), fao(2)) < ed(,0)
forall z € M, if n > no. Therefore,
d(f(2),0) < d(f(2), fue(2)) + d(fas (), 0) < (€ + d(fny, 0))d(,0)

forall z € M. Thus f € E(M, N). Also then

de(fa fn> = Ssup

x#£0,20€ M d($7 0) o

for all n > ng. Thus (E(M, N),d.) is complete.
Now consider Y to be a (real) normed linear space. It is routine to check that E(M,Y")

is a (real) vector space under pointwise addition and scalar multiplication. Again, for f, g €

E(M,Y),
o @) —g(@)] 3
de(fag) - Zi% d(l’,O) - de(f 970)
Further, for o € K,
o Naf(@) —ag(@)]| 1f(z) —g(@)||
de(af,ag) = sup 202.0) = |ov| T alde(f, g).

Thus the metric d. induces a norm || - || on E(M,Y") given by

1flle = de(f,0)

forall f € E(M,Y) whenever Y is a (real) normed linear space.

In particular, if Y is a Banach space, then (E(M,Y), | - ||.) is also a Banach space. [
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Remark 6.2.3. In general, there is no specific metric defined on Lipy(M, N). However,
being a subspace of F (M, N), we can provide the restriction of d. on it. But we do not
know whether, in general, Lipy(M, N) is complete with this metric or not, even assuming

the completeness of V.

Example 6.2.4. In general, E(M, N) and C(M, N) are distinct spaces. For example, let

M = N = R and consider the functions

_J2 ifz=1
g(ﬂ:)—{aj I

and h(z) = 2*. Then g € E(R,R) \ C(R,R) and h € C(R,R) \ E(R,R).

Now we consider the space E.(M,Y) = C(M,Y) N E(M,Y) as a normed subspace
of E(M,Y).

Proposition 6.2.5. Consider E.(M,N) := C(M, N)NE(M, N) where M and N are met-
ric spaces with distinguished points as 0. Then E.(M, N) is a closed subspace of E(M, N)

and hence is complete whenever N is so.

Proof. Let (f,) be a sequence in E.(M, N) such that it converges to f € E(M,N). We
show that f is continuous.

Step 1. Continuity of f at 0 € M.

Since f,, — f, given € > 0, there exists ny € N such that d.(f,,, f) < € for all n. > n,.
Thus d(f,(z), f(x)) < ed(x,0) forall n > ng and x € M. Now f,,, is continuous at 0 so
there exists 0 > 0 such that d( f,,(7),0) < § whenever d(x,0) < d. (In fact, f,,(0) = 0.)

Consider §' = min{d, 1} > 0, then for d(z,0) < &', we have

d(f(z), £(0)) = d(f(x),0) < d(fu,(2), [(2)) + d(frs(x),0)
< ed(z,0)+ g

<
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Thus f is continuous at 0.
Step II. Continuity of f at zo € M \ {0}.

Since f,, — f, given € > 0, we can find n; € N such that

€

A1 (2). F@) < g d(a0)

foralln > ny and x € M. Also, as f,, is continuous at x, there exists 6 > 0 such that
d(fny (), fry (20)) < &, whenever d(z, 29) < 6. Choose § = min{d(zo,0),8} > 0. Then,

for x € M with d(z, 1) < &, we have

d(f(x), [(x0)) < d(f(x), fu,(x)) + d(fu, (€), fu (20))
+ d(fm(.i?()),f(xo))

€ €

€

< 4 Sy 4
S Td(z0,0) ($’0>+4+4d(az0,0) (70,0)
< Cldx,m) +d(xo,0)) | €
o 4d(l’0,0) 2
< ﬁ+—€ 5

4 4d<l‘0,0)

Je €
< 284 ° 4 —
S T T 0@ 0) =€

Thus f is continuous in M, that is, f € E.(M, N) and consequently, we conclude that

E.(M,N) is a closed subspace of E(M, N). O

Example 6.2.6. . Consider f : R — R such that f(x) = zsin(x) then f € E.(R,R)
with || f|le = 1, but f is not uniformly continuous as f(2nm+ 1) — f(2nm) converges

to 2m; hence f is not Lipschitz. Thus f € E.(R,R) \ Lipy(R, R).

2. From the above example, we have that E.(R,R) is not contained in the set of all
uniformly continuous maps from R to R. Also, the map f(x) = ﬁ Vr € Ris

uniformly continuous but not in E.(R,R).
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Remark 6.2.7. 1. Let M be a metric space with the distinguished point 0 and Y be a
normed linear space, then Lipy(M,Y) C E.(M,Y) with || f|le < Lip(f) for any
f € Lipo(M,Y). In fact, if f € Lipo(M,Y), then || f(x)|| < Lip(f)d(x,0) for all
x € M. Thus || f|le < Lip(f).

2. For any normed linear spaces X and Y, we have
L<X> Y) - LZpO(X> Y) - EC<X7 Y)

with ||T'|| = Lip(T) = ||T||e, whenever T' € L(X,Y), where L(X,Y) is the space

of all bounded linear operators from X to Y. To see this, let 7" € L(X,Y’). Then

1T ()l
|T]|e = sup ————= = || T
w0 ||z
and
T(x)-T
Lip(T) = sup I T(x) =TIl _ Il
oty 1T =

Remark 6.2.8. 1. In general, Lip(:) and || - || are not equivalent in Lipy(M,R). To
show this, we consider M = [0, 1] and the sequence of functions f,,(z) = ™. Then
fn € Lipo([0, 1], R) with || f,.||c = 1 but Lip(f,) = n foralln € N.

[I-lle

2. By Remark 6.2.7(1), we have Lipo(M,R)-"")  Tipo(M,R)"". Also, by above

remark (1), the inclusion is proper.

Example 6.2.9. Consider the metric space M = {+ : n € N} U {0} with 0 as the distin-

guished point. Then
1
E(M,R) ={(x,) € co : |z, < k.— for alln € N}.
n

Proof. Let f € E(M,R). Then |f(2)| < L||f|c and f(0) = 0. Put z, = f(:). Then
(21) € ¢o and |z,| < ||f|le. for all n € N. Conversely, consider (z,) € c¢o with |z,| <
k.L for some k > 0 and all n € N. Define f(£) = z, forn € Nand f(0) = 0 then
f € E(MR). O
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6.2.1 Linearization of extensively bounded map

Before we proceed further, we shall fix some notations. We denote the space F(M,R)
by M¢€ and therefore, E(E(M,R),R) by M°® and so on. In this section, we shall prove
that an extensively bounded mapping between metric spaces can be dilated to a Lipschitz
mapping between bigger metric spaces and an extensively bounded continuous mapping
from a metric space into a normed linear space can be dilated to a bounded linear mapping

between (bigger) Banach spaces.

Proposition 6.2.10. Let M be a metric space with 0 as a distinguished point. For x € M
we define 6¢ : M°¢ — R given by 05(f) = f(x) forall f € M¢. Then §¢ is a bounded linear

Sfunctional on M€ with ||05|| = d(z,0). In general,

05 —0g|l > d(x,y) for x,y € M. Next,
consider the mapping 65, : M — (M*°)* given by 65,(x) = &S for all x € M. Then &, is

extensively bounded.

Proof. Clearly, ¢ is linear. Also for any f € E(M,R) with || f||. < 1, we have

0:(N] = [f(@)] < d(z,0)

so that 0¢ is bounded with [|6¢|| < d(z,0). Consider f; : M — R given by fi(z) = d(z,0)
forall z € M. Then f; € M€ with || fi||e = 1. Thus ||65]] > 65(f1) = fi(x) = d(z,0) so
that ||0¢|| = d(z,0) for all z € M. Hence, the map 45, is extensively bounded.

Let 2,y € M and define g : M — R given by g(z) = d(y,2) — d(y,0) forall z € M.
Then g € M€ with ||g||c < 1. Therefore,

10 = ol = sup  |f(z) = f(y)| = l9(z) = g(y)| = d(z,y).

feMe, || flle<1

O

Remark 6.2.11. Since 6f is a linear map, it follows from Remark 6.2.7 (2) that ||JS|| =

Lip(63) = 1|0 le-
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When M is replaced by a normed linear space X, x — 4 is a (non-linear) norm preserv-

ing mapping from X into (X ¢)*. We consider the closed subspace I, (M) = span {0¢ : x € M}
of (M¢)*. Then &5, : M — F.(M) given by 65,(x) = d¢ is a norm preserving (and there-

fore, extensively bounded) non-linear map such that span {65,(M)} = F.(M). Let us
recall that when M¢ is replaced by Lipy(M,R), a space similar to F.(M) is called the
Lipschitz-free space of M. As is in the case of Lipschitz functions, we show that M€ is also
a dual space. Actually, we prove more. Before proceeding further, we establish additional

properties of F,(M).
Proposition 6.2.12. F,(NU {0}) = F.(N) is isometrically isomorphic to {1(N).

Proof. F,(NU{0}) = F.(N) follows directly as o5 = 0.
Let us define A : /1 (N) — F.(N) given by

e o]
Since ) |
n=1

can immediately verify that A is linear. In fact the well-definedness part provides that A is

Zogell < - ||oal, and F(N) is a Banach space A is well-defined. Also, we
n=1

a contraction.

Now we show that A is injective. For all i € N consider the maps

fi(n):{n if i=n

0, otherwise.

Directly it follows that f; € Bugoy)e for all i € N. Now A((z,,)) = 0 gives > #=d;, = 0.
n=1

Therefore (Z %"65) (f;) = 0 foralli € N. This implies x; = 0 for all i € N. Hence A

n=1
1s injective.
Again for surjectivity of A; suppose v € F.(N). Theny = ) «,0¢, for some (o) C

n=1

R.
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Put x,, = nay,, for all n € N. Also consider the map f; : N — R given by
fo(n) = sgn(ay,)n.

Then fo € Bawugoy)e- Now v = > a0 € F.(N) implies (Z anéjfL) (fo) € R. Thatis
n=1

n=1
Z anfo(n) = Z apsgn(a,)n = Zn|o¢n| eR.
n=1 n=1 n=1

Thus we have (z,,) € ¢1(N), and it is immediate that A((x,)) = 7. Therefore from the
open mapping theorem A~! exists as a bounded linear map. Next we show that A~! is
also a contraction. We prove this by showing that A (Bgl(N)) = Bp,v). Since Ais a
contraction A (B, v) C Bp, ). Again from the surjectivity part it follows that for any
v € Br.m), A1(y) € By, (v)- » A is a contraction and its inverse is also a contraction.

Hence ¢, (N) is isometrically isomorphic to F,(N). O

Proposition 6.2.13. Let M and N be two metric spaces with distinguished point as 0. T :
M — N be surjective metric isometry. Then F,(M) and F.(N) are linearly isometric

isomorphism.

Proof. We already have seen that the map 7°¢ : N — M€ given by T¢(g) = go T is

bounded linear. Now, we show that it is a surjective isometry.

lg(T'z)| l9(T'z)| l9(y)]
1T%(g)|le = sup = sup ———~= sup —— = [g].
semvioy A(x,0)  seangoy A(Tx,0)  yenioy d(y, 0)

Let f € M¢, then g = f o T~! be the preimage of f under 7 in N¢. This shows that M®
and N°¢ are linearly isometric isomorphic.

Now (7¢)" : (M*¢)" — (N¢)" is also linearly isometric isomorphism. Since (7¢)" (F.(M)) =
F.(N), the proof follows. O

Corollary 6.2.14. Let X and Y be two linear isometrically isomorphic Banach spaces and

T be the linear isometry. Then F,.(X) is isometrically isomorphic to F,(Y').
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Proof. Letusdefine A : span {5¢ : € X} — span {5 : y € Y }givenby A (Z andin) =
n=1

m
Y 07, . Now
n=1

m m
Z 07, || = sup Z angoT(x,)
n=1 9€Bye |1
m
< sup Y anf(z)
feBxe n=1

m
>l
n=1
shows that A is a well-defined linear contraction.

Similarly the map © : span {(55 TS Y} — span {0% : x € X} given by

S} (i an6§n> = Em: ndp-1,
n=1 n=1

is a well-defined linear contraction. In fact © is the inverse of A. Now extending these
maps A and © to the closure of their respective domains, we complete the proof of the

proposition. U

Theorem 6.2.15. Let M be a metric space and Y a Banach space and consider T €
E(M,Y). Then there exists a unique bounded linear map T : F,(M) — Y such that
T o 6¢, = T with |T|| = ||T|.. Further, the mapping ®%, : E(M,Y) — L(F,(M),Y),
given by ®Y(T) = Tfor T € E(M,Y), is a surjective linear isometry. We shall write

simply ® for ®Y,, if it is clear from the context.

Proof. Define T' : span{0¢ : x € M} — Y by T (Z az-é;i) = 3" o;T(z;). Then T is
i=1 i=1

linear with 7' 0 6% = T'. Also

Z%’T(Ii) = sup Zaiy*(T(xi))
i=1 y*GBy* i=1
- T
= [ITlle sup iy (= (i)
y*EBy- Z:; 1T
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< ||T||esup{ S ()
=1
= ||T||e5up{ (Z Oéz'@) (f)' cfe X |flle < 1}
=1
3,
=1

Thus 7" is bounded and linear in span {6¢ : € M} with |T|| < ||T||.. Hence it can be

cfe X flle < 1}

= 1Tl

extended uniquely to £, (M) as a bounded linear mapping, denoted again as 7', with ||7'|| <
1T

Further,
[Tz |T(53)]]

|7l = sup ———< = sup ———=
x#0 d<$7 0) x#0 ||5960H

Thus @ is a linear isometry. We prove that ® is surjective. In fact, if ¢ € L(F.(M),Y),

< ||T7.

then £ 0 65, € E(M,Y) and ®(£ 0 §5,) = &. This completes the proof. O
Remark 6.2.16. Taking Y = R, we note that M€ is dual of F,(M).
Definition 6.2.17. For 7' € E(M,Y’) we define T° : Y¢ — M€ by

T(f) = foT.

Then 7 is a bounded linear map with ||7¢|| = ||T||. Now consider T°°(= (7)) : M —

Y. Then T°(¢) = ¢ o T*. Thus for g € V¢,
(T°(03)) (9) = (0 0 T°)(g) = 05(g o T) = g(T'(x)) = Oz (9);
so that T°°(03) = 0(y(,),- Moreover, ||T|| = [|T°|| = || Tl

Lemma 6.2.18. Let X be a Banach space. Then there exists a linear contraction B% :

F.(X)— X.
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Proof. Define 55 : span{d¢ : © € X} — X given by
ﬁ;(i%a;i) _ ;ax
Then % is a well-defined linear map. Also,
f ialeH = Sup{} Zj;%x*(%‘ﬂ rat e XT 2t < 1}
s { Zn;aif(mi)\ sextil <1}
_ sup{»(ilaiazi)w Jexfl. <1}
- 12 a

Thus 3% is a bounded linear contraction with 5% o 6% = Idx and hence can be extended

IN

uniquely to F,(X). In fact it is a left inverse of 6. ]

6.2.2 The (non-linear) operator algebra of extensively bounded map-
pings

Let X, Y, Z be normed linear spaces. Then for f, f1, fo € E(X,Y)and g, g1,92 € E(Y, Z),

wehavego f € E(X,Z), (1 +¢g2)o f =g10f+g20 f. But, in general, go (f; + f2) #

go fi+go fo. However,wheng € L(Y, Z) C E(Y, Z), we have go(fi+ f2) = go fi+go fo.

Further

L/ ()]

]

lgo flle= Supw

w20l

= llgllellflle

< [lglle sup
x#£0

These properties exhibit a ‘normed operator ideal’ like structure on the space of extensively
bounded maps of Banach spaces with a pinch of non-linearity. This situation is observed in
the case of Lipschitz maps as well. In this sense, F/(X, X) is a (non-linear) normed algebra

with unity and therefore, it is a (non-linear) unital Banach algebra whenever X is complete.
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Let us continue with the above discussion. We observe that since g o f € E(X, Z),
®Z (g o f) makes sense. However, as % (g) can not composed with ®%.(f), ® is not ‘mul-

tiplicative’. We dilate Theorem 6.2.15 further to get a ‘multiplicative’ linearization.

Theorem 6.2.19. Let X and Y be normed linear spaces, and T € E(X,Y). Then there
exists a unique bounded linear map T : F,(X) — F,(Y) such that T o §% = 6% o T with
1T = 1T le-

Proof. Let us first define the map
T:span{6¢:z e X} — span {6y €Y'}

given by
T (Z ai6§i) = aidf,,.
i=1 i=1

Therefore by definition T is a linear map and To 0% = 0y oT. Now for x4, ...,z, € X

and the scalars o;,2 = 1,2,....n

iaiéii = sup{
i=1 =

Z aif(xi)
ﬁﬁw{ZMWﬂW

fe XS lle < 1}

v

g e Y gle < 1}

1 i . e
- wm|“p{EZ%@nmww:gexfwmugl}
e i—1

n
1
E : e
ai(STmi
=1

1Tl

T (Zn: a¢5§i> Zn: @05, Zn: ;0.
i=1 i=1 i=1

so that 7' is bounded. We extend 7" uniquely to F.(X) and retain the same symbol. Thus

Thus

< 17"l

T € L(F.(M), F.(Y)) with |T|| < ||T]|.. Again,

[T 197 IT@E)N _ 7
= sup - = < |17

|T'[|e = sup = =
220 ||| o#0 [0Sl ax0  [|6%]]
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so that ||| = ||T]..

Let S € L(F.(X), F.(Y)) be such that S 0 8% = 6% o T. Then T 0 6% = S 0 0% so that
T(62) = S(6¢) forall z € X. Since T and S are linear and bounded, we get () = S(7)
forall y € F.(X). Thus § = T. O

Lemma 6.2.20. Let W, X, Y, Z be normed linear spaces andU € E(W,X), T € E(X,Y),

SeB(Y,Z). Then(SoT) =80T and SoT = SoT.

Proof. Applying Theorems 6.2.15 and 6.2.19, we get unique linear maps S € L(F.(Y), Z),
S e LF.(Y),F.(Z))and T € L(F,(X),F.(Y)) such that S 0 6¢ = S, S0 % = 6% 0 S
and T o 05 = 05 o T Further

SoTody =5080T=80T=(SoT)od%

and
(SoT)o0d5% =(S0d8)oT =050(SoT)=S80T o06%.
Thus(SoT)A:S’oTandgg/ngof O

Theorem 6.2.21. Let X be a Banach space. Then E(X, X) is a Banach algebra and the
map VX - E(X,X) — L(F.(X), F.(X)) defined by VX(T) = T, is an injective, unital,
norm preserving and multiplicative extensively bounded mapping. We simply write V for

U when it is clear from the context.

Proof. From the above discussion, we know that £'(X, X) is a non-linear Banach algebra
such that ||.||. is submultiplicative. By Theorem 6.2.19 and the Lemma 6.2.20, we observe

that ¥ is a norm preserving, multiplication preserving, extensively bounded map. Also
00 =05 o ldx(z) = VU(ldx) o 0% (z) = U(Idx) (%)

for all z € X. Thus V(Idx) = Idp,(x). and to prove the injectivity of W, consider

T,S € E(X,X) such that T = S. Therefore composing 3% (defined in Lemma 6.2.18)
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and 0% from the left and right side respectively we get 3% oTo 0% = B%o So 0%.1.e.T =S.

This completes the proof. ]

Remark 6.2.22. Note that, though L(F,(X), F.(X)) is a unital Banach algebra in the usual
sense, W(E(X, X)) is not, as ¥ is not linear. In fact, U(F(X, X)) is not even a (non-linear)

Banach algebra like E(X, X).

Proposition 6.2.23. Let X, Y, Z and W be Banach spaces. Assume U € E(X,Y), T €
EY,Z)and S € E(Z,W). Then

PV (SoTolU)=adY(S)oVUi(T)o UL (U).
In particular, if S € L(Z, W), then
Y (SoTolU)=80dL(T)o W (U).

Proof. Applying Theorem 6.2.19, we get unique U (U) € L(F.(X), F.(Y))and VZ(T) €
L(F.(Y), F.(Z)) such that U¥ (U) 0 6% = 0% o U and VZ(T) 0 6% = 6% o T. Similarly,
by Theorem 6.2.15, there exist unique ®Z(T') € L(F.(Y), Z) and @Y (S) € L(F.(Z), W)
such that ®Z(T) 0 6% = T and Y% (S) o 65 = S. Therefore,

DY (S) o WE(T) o UH(U)ods = DY (S)oVL(T)ode oU
= @?/(S>05%OTOU
= SoToU

= Y (SoTol)odk
and

SO@%(T)O@EE(U)O&; = Soq)iz/(T)o&e/oU
= SoToU
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= 0¥ (SoTolU)ods.
Thus by Theorem 6.2.15, we get the result. ]

Remark 6.2.24. The notions introduced in 6.2.17 can be rephrased in the following way
using the maps ® and VU as defined in 6.2.15 and 6.2.21, respectively. Let T € E(X,Y).
Then T° € L(Y*, X¢) so for f € Y¢, we have

(@%) o W(T) o B(f) = (OF) (WD) (2F())))
= U(T)" (2y(f)) 0 0%
= B} (f) o W(T) 0 8%
= Oy (f)odsoT

= [foT =T°(f),

Thus 7¢ = (%)~ oW(T)* o ®E. In a similar manner, we can show that T v = (®%) 1o

O(T)*

101









Chapter 7

Operator ideals of extensively bounded maps

As an application of the theory developed in the previous chapter, we propose to establish
a theory of extensively bounded operator ideals in this chapter. We introduce the notion
of an extensively bounded operator ideal (or, F-operator ideal, in short), replicating the
notion of operator ideal of linear mappings as presented in [20] and [49]. In addition to
this, we describe two basic examples. We introduce the notion of (non-linear) finite rank
extensively bounded mappings and that of extensively compact mappings. We also discuss

the corresponding extensively bounded operator ideals. We begin with the following notion.

Definition 7.0.1. For Banach spaces X and Y, we say that T' € E(X,Y) is of finite rank
whenever span(T(X)) is a finite-dimensional subspace of Y. The set of all finite rank

extensively bounded maps from X to Y is denoted by Fg(X,Y).

Definition 7.0.2. Let £ denote the class of extensively bounded mappings and let L de-
note the class of bounded linear mappings between an arbitrary pair of Banach spaces. An
extensively bounded operator ideal (or, E-operator ideal, in short) Zy is a subclass of £

satisfying the following conditions:
1. Zg(X,Y) is a subspace of £(X,Y).
2. Fp(X,Y) CZp(X,Y).
3. Forany S € E(Z,X), T € Zg(X,Y)andU € L(Y,W),wehave UTS € Zg(Z,W).

whenever X, Y, Z and W are Banach spaces. If, in addition, for each pair of Banach spaces

(X,Y) there is a norm, say «, on Zg(X,Y) satisfying:
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7 Operator ideals of extensively bounded maps

1. (Zg(X,Y),«) is a normed linear space;
2. a(f®@y) = |If|llly| foreach f € X¢andy € Y; and

3. «(UTS) < ||U||a(T)]||S||e whenever XY, Z W are Banach spaces, S € F(Z, X),
TeIp(X,Y)andU € L(Y, W),

then (Zg, o) is called a normed E-operator ideal. 1t is called a Banach E-operator ideal

when (Zg(X,Y), ) is a Banach space for all Banach spaces X and Y.

We remark that composing with only bounded linear maps on the left instead of arbitrary
extensively bounded maps is a compromise to retain the linear structure in Zp. A similar
practice is followed in the case of Lipschitz operator ideals.

Next, we describe our first (and the smallest) E-operator ideal.

Lemma 7.0.3. Let X and Y be Banach spaces andT € E(X,Y). Then T € Fp(X,Y) if
and only if ®(T) € F(F.(X),Y).

Proof. LetT € E(X,Y)sothat®(T) € L(F.(X),Y). Since F.(X) = span{d¢ : x € X},

we get

O(T)(F.(X)) = span{P(T)(6¢) : x € X} = span{T(z) : x € X}.

Thus for T’ € Fr(X,Y), ®(T)(F.(X)) = span(T(X)) is a finite dimensional subspace of
Y, thatis, ®(7') € F(F.(X),Y). The proof of the converse can be traced back in a similar

way. O
Proposition 7.0.4. F'g is the smallest operator ideal.

Proof. Let S,T € Fg(X,Y) and a € R, then

span((aS + T)(X)) C span(S(X)) + span(T (X))
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and thus S + 7T € Fp(X,Y). Again, if S € E(Z,X),T € Fp(X,Y)and U € L(Y, W),
then span(UT'S(X)) = U(span(T(S(X)))). This gives the ideal property of Fr(X,Y).
Further we can easily check that ||{UT'S||. < [|[U||[|7||¢||S]|e. Now, by definition Fg(X,Y) C

Zr(X,Y) whenever Zp, is a normed E-operator ideal. O

Now we discuss our next E-operator ideal.

7.1 [Extensively compact mapping

Definition 7.1.1. Let X and Y be Banach spaces and 7' € F(X,Y’). We say that T is called
an extensively compact mapping (in short, £-compact mapping) if the set {Tm x # 0}

is pre-compact subset of Y and the set of all £-compact mappings is denoted by K (X,Y").

Lemma 7.1.2. Let X be a Banach space. Then the closed unit ball of F.(X) is the closed
absolute convex hull of{ e X\ {0}}

Proof. Put S = {” prre X\ {O}} F.(X). Then the polar of S is

oo {“Fe '5<|| 7)< trexiof
_ {cp (X)" - @ﬂ}}(T)(HéeH)'q Te X, xeX\{O}}
_ {cp (X)* - 5i;||>‘<1 Te X, xeX\{O}}
_ { E(T) € Fy(X)" : “:’;j| <1:Tex, xeX\{O}}
— {(QR(T) e F(X): |T]l < 1:T € X°)

= ®% (Bye).
Again the pre-polar of % (By.) is

(% (Bxe)) = {y€F.(X):|®%(T)(7)| < 1for all T € By.}
= {yeF.(X):|vT)|<1for all T € Bx.}
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= {re LX) :hl<1}
= BFe(X)-

Moreover as Br,(x) is absolutely convex and closed, the bipolar theorem yeilds

e

B = (8% =aw{ o e X\ (0},

]

Lemma 7.1.3. Let X and Y be Banach spaces and T € E(X,Y). The following are

equivalent:
1. T e Kg(X,Y).
2. ®(T) € K(F.(X),Y).

3.T°

v~ 18 a linear compact operator from Y* to X°.

Proof. By Lemma 7.1.2, we get

O(1) (Brn) = or) (a0 { 5o e X\ (0}
C W{E:O#xe){}

forall T € E(X,Y). LetT € Kg(X,Y). Then {E 0#x € X} is precompact. Thus

[l

aco {E 0#z€ X} is also precompact so that ®(T) € Kg(F.(X),Y).

[l

Since {ﬁ 0#£zx € X} C ®(T) (Br,(x)), wegetT € Kp(X,Y) whenever ®(T) €

Kg(F.(X),Y). This proves the equivalence of (1) and (2).

Finally, since T

v = @71o(®(T))" forany T € E(X,Y), (2) is equivalentto (3). [

Proposition 7.1.4. Let X and Y be Banach spaces, and T € Kg(X,Y). ThenT = Cog
for some C € E(g(X),Y) and g € Kg(X, c).

107



§7.1. Extensively compact mapping

Proof. LetT € Ex(X,Y). Thenby Lemma7.1.3,7*

.. € K(Y*, X°). Thus T

v+ (By+) C
co{uy, } for some (u,) € co(X¢). Consider the map g : X — ¢, defined as g(x) = (u,(x))
forall z € X. Since {j’— T # 0} C co{(|lunl]) : n € N}, we have g € Kg(X, ).

Let x1,z2 € X be such that u, (1) = u,(x2) for all n € N. We show that T'(z;) =

T'(x3). Let y* € By-. Then there exists a sequence («,) € By, such that (7¢)*(y*)

> apuy,. Thus

y (T(x1)) = (T°)(y")(x1)

- Zanun(x1>
- Zanun(l?)

= (T°)(y")(x2)
=y (T(x2)).
Since y* € By~ is arbitrary, we get T'(x1) = T'(x3). Therefore, the map C' : g(X) — YV

given by C(g(z)) = T'(x) is a well-defined. We show that C' is extensively bounded. Fix
x € X. If y* € By, then as above y*(T'(z)) = (T°)*(z) = > a,u,(z). Thus

z))| = IZanun )| < sup{{|un ()] : n € N} = [g()].
Hence

IC(g)l = T@)] = sup [y*(T(x))] < llg(=)]-

so that C' is extensively bounded. [l
Theorem 7.1.5. (Kg, || - ||c) is @ Banach E-operator ideal.

Proof. Fix Banach spaces X and Y. Let S,7 € Kg(X,Y) and (x,) be any sequence

in X \ {0}. As S € Kg(X,Y), <S(x"’“)> is Cauchy in Y for some subsequence (z,, )

llzng

of (xz,). Again, as T' € Kg(X,Y), we further get that ( ”( kl”)> is Cauchy in Y for
"k
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(S+T)(ny,)

T, |

some subsequence (n, ) of (zn,). Therefore, ( > is a Cauchy subsequence of

[zl
aS € Kg(X,Y). Thus Kg(X,Y) is a subspace of E(X,Y).

(M) sothat S + T € Kg(X,Y). Similarly, we can show that for & € R, we have

Next, we show that (Kg(X,Y),| - ||.) is a Banach space.
Let (T}) be a sequence in Kg(X,Y) such that ||7; — T'||. — 0 as ¢ — oo for some

T € E(X,Y). Weshow that T' € Kg(X,Y). Let (z,,) be a sequence in X \ {0}. Since T}

Ti(@ny )

is compact there exists a subsequence (z,,, , )ken such that ( -
’ nyk

> is a Cauchy subse-
keN

.. . . To(zn
quence. Similarly 75 is compact, therefore there exists (z,, , )ren such that <%>
’ "2,k keN
is also cauchy. Continuing inductively, we have for each i € N, ( (v “’“)> converge
keN

2

in Y. Consider the diagonal subsequence x,, := xy,,, for k € N and fix € > 0. We prove

that (Cﬂix"k”)> converges in Y as well. Since (7;) converges to 7, there exists igp € N
"k keN

such that ||T" — Tj||l. < § forall i > ig. Again (T"(x”k )> converges implies there ex-
keN

llzng
T; (-fnk.) T; («Tnl)

(e

< £ forall k1 > ko. Now for all

I{T, [ > max{kro, ZQ}

H xnk xnl) ‘ H xnk x”k) ’+ Tio(xnk) - Tio(xm) ‘
N ||fvnk|| ||ffnk|| | [l
P ERE _T(a:n»‘
|2, |l
Ty (n Ty (2
< HT—TiOIIeJr‘ H0< "f— H°< ”l)\ﬂmo—Tne
ng ny

< €

Hence K(X,Y') is a Banach space.

Now, we prove the F-operator ideal conditions. It follows from Lemmas 7.0.3 and 7.1.3
that (Fp(X,Y)) = F(F.(X),Y)and ®(Kg(X,Y)) = K(F.(X),Y). Since F(F.(X),Y) C
K(F.(X),Y), we deduce that Fg(X,Y) C Kg(X,Y).

Finally, let W, X, Y and Z be Banach spaces and assume that U € E(Z,X), T €
Kp(X,Y)and S € L(Y,W). Then by Theorem 6.2.19, there exists aunique U € L(F,.(Z), F.(X))
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§7.2. Extensively p-summing mapping

such that U 0 6% = 6% o U. Also by Lemma 7.1.3, there exists a unique 7' € K (F.(X),Y)
such that 7' 0 ¢ = T. We write U = U¥ (U) and T = ®% (7). Thus, from the Proposition
6.2.23 we have Y (SoTolU) = So®%(T)o V% (U). Since K is a Banach operator ideal,
we have

PV (SoTolU)=So0d%(T)oV3(U) € K(F.(Z),W).

Hence by Lemma 7.1.3, So T o U € Kg(Z,W). O

7.2 Extensively p-summing mapping
7.2.1 Summability with respect to X°

Let X be a normed linear space and 1 < p < oo. Recall that a sequence () in X is said to

n=1

be weakly p-summable if sup (Z | f(xn) ]p> " is finite. However, when we replace By«
fEBx+

by Bxe, we find ||(z,)|[; = sup (Z ’f(%)’p) :

fGBXe n=1

Lemma 7.2.1. Let X be a normed linear space and (x,,) be a sequence in X. Then (x,,) €
1

05(X) if and only if sup (E |f(a:n)|p> is finite. Moreover; in this case ||(v,)|; =

fEBXe n=1

sup (S 176r)”

f€Bxe \n=1

S

Proof. Let(x,)be asequence in the normed linear space X such that sup ( S f(xn) |p>

f€Bxe \n=1

is finite.

We consider the map g(z) = ||z for all z € X. Then g € Bxe and

sup <Z|f )| )é > (g Ig(wn)|p> <Z||:I:n||p> = [IGzn)ll3-

EBxe

SAT

Therefore, (z,) € (3, as sup (Z |f(xn)|p> is finite. Conversely, let (z,) € £(X).

fE€Bxe \n=1

1
Now we show that sup (Z |f(xn)|p>p = ||(zn)[l;- Let f € Bxe. Then |f(z,)| <

f€Bxe \n=1
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§7.2. Extensively p-summing mapping

| fllellzn]. Thus, |f(z,)| < ||z.| forall f € Bxeandn € N. Thisimpliesthat Y |f(z,)[P <
n=1

z |, |[? forall f € Bye.. Hence sup (z |f(:1;n)|p>p < [|(@n) |3 s0 that sup (z |f(xn)|P>p -
n=1

feBxe n=1 fEBxe
H (mn) ||+ This completes the proof. O

Now, let us first recall the definition of a linear p-summing operator. A linear operator
T : X — Y is linear p-summing if there exists a constant ¢ > 0 such that regardless of the

natural number m and regardless of the choice of x1, 2o, ..., x,,, in X we have

(Zuﬂxn)up)p@ sup (Z\f (2a) )

The smallest such ¢ (depends on 7') will be denoted by 7, (7).

Observation 7.2.2. . Letm € N, xy,29,...,x,, € X andT € E(X,Y). Then by the

Lemma 7.2.1

(ZIIT(xn)||p>p§||T||e (annnp) = 71l sup <Z|f ) )

Thus, any extensively bounded map appears to be extensively p-summing if we di-

rectly adapt the definition of linear p-summing operators, replacing X* by X°¢. There-

fore, we look at an alternative.

2. LetT : X — Y be linear p-summing. Suppose m,r € N and consider the finite

subsets {x%) n=1..,ri=1, ...,m} of X and{a,(f) n=1..,ri=1, ...,m}

P\ »
> fEBx~

of R. Then

>l T()

n=1

AN
s
=3
e
o
/PT
3

>
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)p . (72,1

for some ¢ > 0 (depends only on T), and all oV eR P e X, n= 1,...,7 and

Further suppose T € L(X,Y) satisfies

Sfgeme) o (8

T

S a0f (o)

n=1

AOT)
i=1 ||n=1 J€Bx+ \li=1

n=

1=1,..,m, wherer,m € N. Now, if we consider r = 1, ag) =1forallt =1,....m,
the equation 7.2.1 implies T is linear p-summing. Therefore, T € L(X,Y) is linear

p-summing if and only if it satisfies the equation 7.2.1.

We take a cue from the above observation to extend the notion of p-summing map in

the context of extensively bounded mappings.

Definition 7.2.3. Let 1 < p < co. T : X — Y is said to be an extensively p-summing

(E-p-summing, in short) operator, if there exists 0 < ¢(depends only on T") such that

m p % m p %
> ) <e s (2 )
i=1 feBxe \ ;4

for any m, r € N and any finite subsets {xﬁf) n=1..,ri=1, ...,m} of X and

r

> ol T(x))

n=1

T

oy (1))
1

n=

{ag) n=1,...ri=1, ...,m} of R.

Remark 7.2.4. 1. Infimum over all such ¢ > 0 will be denoted by 75(T"). Also, the set
of all extensively p-summing mappings will be denoted by £, (X,Y). Note that if
T € E., (X,Y),thenitis an extensively bounded. Atthe end of the paper, we provide
an example (Example 7.3.4) to justify that every extensively bounded mapping is
not F-p-summing. Moreover, if both 7" and f are linear, then the Definition 7.2.3

coincides with the notion of classical linear p-summing operator.

2. We notice that a similar-looking notion of factorable p-dominated operator has been
discussed in [48]. A continuous n-linear operator 7" : X; x --- x X,, — Y is said

to be a factorable p-dominated if there exists a constant C' > 0 such that for every
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§7.2. Extensively p-summing mapping

choice of vectors :c}w € X}, and scalars )\3- ceR(forl <j<my,1<i<my),and

all positive integers my, mo we have

(i p) 1/p e <§:

j=1 PeeBxy \ j=1
1<k<n

mo
Z Aé“Pl ("L'Zi,j) - Pn (m;,j)

=1

ma
E )ij (xm, . ,xn’j)

i=1

p) 1/p

If we consider 1" to be one linear, then the condition matches with the observa-
tion 7.2.2[2]. Similarly in [1, Section 3], if we consider the definition of Factorable
strongly p-summing for a polynomial P € P('X,Y) (for details see the mentioned

article), it matches with this Observation 7.2.2[2].

The next result will be used to show that elements of Fr(X,Y') are extensively p-

summing.

Lemma 7.2.5. Let T € Fg(X,Y). Then T has the representationas T = ) y; f;, for some
i=1

fiyon fm € Xeand yy,....,ym €Y.

Proof. Let T € Fg(X,Y). Then by Lemma 7.0.3 ®(T) € F(F.(X),Y). Therefore

O(T) = S.O%(fi) ® y;, for some f; € X¢andy; € Y (i = 1,...,m). Letz € X.
i=1

Thus 7' = ®(T') o 6% provides

7(x) = (Z L (f) y) 0 35 (o).

m m

This implies 7'(z) = > (®%(fi)(6%)) yi. Hence T'(z) = > fi(z)y;, thatis T = > y; fi.

i=1 =1 i=1

]

Proposition 7.2.6. Let X and Y be Banach spaces. Then (E, , 7€) is a Banach E-operator

Tp D

ideal.

Proof. Let X and Y be Banach spaces. First we show that £ (X,Y) is a subspace of
E(X.,Y).
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LetTy,T5 € B, (X,Y). Fix m,r € N and finite subsets
{x(i) n=1,...,rmi=1, ...,m} cX

and

{a,(f) n=1,...,r1= 1,...,m} CcR

Putz; = > ag)Tl(xg)) and w; = Z oI ( ) Then using Minkowski’s inequality we
n=1

have

T =

Z Ty + Ty) (D) )

n=1

>
1
r p
Za(z)Tl ) + Za(l)Tg (z)
n=1
= (Z |2 + w;|?
m 2 - m
< (Z ||Z¢||p> + <Z||wi||p
i=1 i=1

1
ZO‘(Z 2®) p) "

n=1
Therefore, Ty + T € Er,(X,Y) with 75 (Ty + Ty) < 7y (T1) + 7,(T3). It is easy to check

B =

= =

S =

< (7%(Th) + 7(T2)) sup (Z

f€Bxe i=1

ol € B (X,Y) whenever T € E (X,Y), forany o € R.

Letx € X\{O} Then HT(SL’)H < WS(T) sup |f(fL’)| so that HF—’\];TRH < W;(T) sup If @)
f€Bxe f€Bxe

Thus ||T||. < 75(T') and hence 75 is anorm on E (X,Y).

Now we investigate the F-operator ideal properties. Put 7' = f.y € Fg(X,Y) where
f € X¢andnon-zeroy € Y. Then we have T' € E (X,Y) with 75 (T') < ||yl|.|| f||c. Thus
by Lemma 7.2.5, E (X,Y) contains all finite rank extensively bounded maps.

Nextlet S € B(Z,X), T € E. (X,Y), U € L(Y,W), where X,Y, Z, W are Banach
spaces. We show that UT'S € E; (Z, W) with |[UTS||. < ||U]|.7(T).||S]l. Fixm,r € N
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§7.2. Extensively p-summing mapping

and finite subsets

{z,(f) n=1,...ri=1, ...,m} cZ

and

{agf) n=1,...ri=1, ...,m} C R.

)G

Then

(i i aDUTS(2D)

v (z O (s<z;>>>>

i=1 ||n=1 n=1
m r PN\
< i (35S e )
i=1 ||n=1
P\ »
< |U|l.my(T) sup ( NI >
f€Bxe
N
< UmISl s (30[30 2 r (5¢0)
GBXe i=1 n= 1” ||
m r p %
< U (T)IS]le sup (Z > alg(=)) )
g€EBge 1 n=1
Thus (Ex,, ;) is normed E-operator ideal.

The proof of the completeness of (£, (X,Y),m,(:)) will be deduced from Corollary
7.2.10. O

Proposition 7.2.7. (Injectivity) Let X,Y and Y, be Banach,T € E(X,Y)andJ:Y —
Yy be a linear isometry. Then T € E, (X,Y) ifand only if 3T € E. (X,Y,). In this case,

Proof. LetT € E(X,Y)andJ : Y — Y| be a linear isometry such that 37" € E (X, Yp).
We show that T' € £, (X,Y).
Suppose m, r € N. Consider the finite sets
{xﬁ? n=1,...rmi=1, ...,m} cX
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and

Then

()
YOS

I
—_

bS]
N——
SAL
I

;
(

1
r PN\ »
(E aﬁf)ﬁT(xff))>‘ )
1 n=1

< 7JT). sup (Z

feBxe \ =1

%

(3

Thus T € E (X, Y;). We can prove the converse using the ideal property of E . More-

over, as 7 is an isometry, we can further deduce that 7, (1) = 7, (3T). O

Remark 7.2.8. Since X* is a closed subspace of X*, it follows that 7,(X,Y) C E. (X,Y),

and 7,(X,Y’) is a proper subspace of £, (X,Y").

Proposition 7.2.9. Let X and Y be Banach spaces and T € E(X,Y). Then T is E-p-
summing ifand only if % (T) € L(F.(X),Y) is linear p-summing with 7%(T') = m,(®(T)).

Proof. Let T € E(X,Y) be such that ®%(T') € L(F.(X),Y) is linear p-summing. We
show that 7" is E-p-summing.

Let r,m € N and consider {J:S) n=1,...ri=1, ...7m} C X and

p),ﬂ

p

{ag) n=1,...,ri=1, ...,m} C R. Then

r

> T ()

n=1

p),, ) (i iagp (@§(T)<5§sj>))

i=1

= (Z q’?{(ﬂ (Zag)5;g>>

i=1
Wp(¢§(T)) sup (Z f(Z@g)(Szp)
n=1

>

IN

1
p)F

SEBFR.(x)* \ i=1
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r p

> ae (5)

Sl

= mp(®x(T)) sup (Z

€€Br.(x)* \j=1

= wp(CI)}/((T))fsgp (Z Zag)@]?}(f) <5z§p>
€bxe i n=1

Conversely let T € Er (x,y). We prove that Y (T) is linear p-summing. Suppose

S
N—
D=

= m(®x(T)) sup (Z Yool fal)

feBXe i=1

Thus T is E-p-summing with 7¢(T") < ,(®X(T)).

Y1y s Ym € Fe(X) and € > 0. Then for each i = 1, .., m there ex1st{ o =1, ...,7"} C
R and {x,(f) n =1, ...,7“} C X such that

Vi — ZT: 0455)5:;@
n=1

Now
m % m r p %
(Stmnenr) < (3o (- Do, )| )
i=1 i=1 n=1
m r p %
+ (Z % (T) (Zag)ﬁ(i)) >
i=1 n=1
m r p %
< ek (Z 2= aldse, )
=1 n=1

( = 00y (T (5;55))) ‘ p) E
n=1

= [ox (D) (i
(5

QD)+ 75(T) sup (Z

(2

=1

n=1

T

E:Q@f o)

IA

f€Bxe

)
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Also
m r p % m r p %
(3) @) _ () pR e
sup ay) f(xy) = sup o Py (f) (5 (D)
feBxe (; f— ) fE€Bxe (; n=1 o

SAl

m p

m

=  sup
gEBFE (X)* 1=

1

IN

p)é

Sl

IA

,
sup (> |1¢ (Z &3)5;@ - %‘)
n=1
§€Bp (x)*
geBFe(X)* i=1

= w3 ()
€€Br.(x)* \\i=1 ||n=1 "
r p %
5(20455’5§m> )
n=1 "
5€BF6(X)* i=1
+  sup ZI|€(%)I|”>
i=1
m r N
(3 |3zets o )
=1 ||n=1
1
m P
+  sup (ZII&(%)II")
1
m P
< e+ sup €I | -
§EBF (x)* (;

Therefore, from the above two estimations we get

1

(Z |\@§<T><%>Hp>p < [@X(T)lle + m(T)e + m(T) _sup (Z\\§<%>|rp>p.

€€Br(x)* \ i=1

Since € > 0 is arbitrary, we get

(ZH<1>§<T><%>|!”>?§W;<T> sup (annp)p.

E€Br(x)* \ i=1

Thus ®X (T') is linear p-summing with m,(®X (7)) < m¢(T) and this completes the proof.

O

Corollary 7.2.10. For Banach spaces X andY, (Er,(X,Y), () is (linearly) isometri-
cally isomorphic to (I1,(F.(X),Y),m,(+)). In particular, (E,(X,Y),75(-)) is a Banach

space.
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Proof. From the above proposition it follows that
O (Er, (X, Y),my () = (I (Fe(X),Y), my(-))

is a linear isometric isomorphism. Therefore (Er, (X,Y), 7;(-)) is a Banach space. O

7.3 Domination and factorization Theorems

Theorem 7.3.1. Let X andY be two Banach spaces andT € E(X,Y'). Then the following

are equivalent:

1. T is an E-p-summing operator.

2. There exists a probability measure i on (Bxe,weak®) such that

m r p m r p
Sz < mo) Y [ Sl e duts)
i=1 ||n=1 i=1 Y Bxe |p=1

for any finite sets

{x(i) n=1,..,rmi=1, ...,m} cX
and
{ozﬁf) n=1,...,ri=1, ...,m} C R,

where r,m € N.

Proof. LetT € E, (X,Y). Consider
A={F € C(Bxe,R) : F(f) >0, Vf € Bxe}.

Then A is an open convex set. For any finite subsets M of X and M of R, we define
9y - Bxe = R given by

p p

g (H) =Y | D] aTz|| = (7(D)" | af(x)] |,

zeM aeM’ aeM’
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for all f € Bx.. As X° is a dual space, we consider weak* topology on Bxe. Therefore
9arar 18 continuous for all finite M/ C X and M’ C R. Again let B be the cone generated
by

{QM,M’ : M C X,M' CR, M, Mare finite} .

Then B is also a convex subset of C'(Bxe,R). Furtheras T' € £, (X,Y), ANB = ¢. So
the geometric version of Hahn-Banach theorem and Riesz-Representation theorem provides

us with a 4 € C(Bxe, R)* such that, for some ¢ € R,

/B G <c < [ Fau),

Bye
forall G € Band F' € A. Since 0 = g0y 40y € B, we have ¢ > 0. Also as every positive
constant function belongs to A, we get ¢ < 0. Thus ¢ = 0. Further, since | Bye du(f) is
positive on the positive cone A of C'(Bxe,R), we can assume that y is a positive regular

Borel measure on By.. Therefore, the above inequality becomes

/B () <0 < /B (),

forall G € B and F' € A. Further scaling by a positive real number, we can assume that 1
1s a probability measure.

Now fix 7, m € N and put
M = {x(i) n=1,...,r1= 1,...,m} cX

and

M = {oz(i) in=1,.,ri=1,..,m} CR.

Then foe guar du(f) < 0so that
p

> <Gy [

120
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Conversely, we assume that (2) holds. Let r,m € N and consider

{x,(f) n=1,....,r1= 1,...,m} cX

and
{aﬁf) n=1,...ri=1, ...,m} CR.
Then
m r p m r p
St < @@y [ S e )| dutn
i=1 ||n=1 i=1 Y Bxe |p=1
m r p
< G s (3|5l ) [ s
feBxe \i=1 |[n=1 Bxe
m T p
- G s (L[5S0 ).
JeBxe \i=1 |[n=1
This completes the proof. ]

Let X be a Banach space. For each z € X, we define x, : Bxc — R given by
Xz(f) = f(x) forall f € Bxe. Then Y, is continuous with respect to the weak* topology

on Bxe. Now we define x : X — C(Bxe) given by x(x) = x,. Then

Ix(@)[| = sup [f(z)] = [l

f€Bxe
so that y € F(X,C(Bxe)). Thus x : X — C(Bxe) is a norm-preserving extensively

bounded map.

Theorem 7.3.2. Let 1 < p < 0o, X and Y be Banach spaces. For every T € E(X,Y),

the following statements are equivalent:
1. T is E-p-summing.

2. There exist a regular borel probability measure jion ( Bxe, weak™), a closed subspace

X, of LP(1) and a bounded linear operator A : X,, — Y such that'T = Aj,x,; where
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Jp + C(Bxe) — LP(u) is the canonical mapping (formal identity) and x : X —

C(Bxe) is a norm-preserving extensively bounded map.

Proof. LetT € E, (X,Y). By the Theorem 7.3.1, there exists a regular borel probability
measure [ on By.. Put X = mn—x(X) C C(Bxe). Consider the canonical mapping
Jp : C(Bxe) — LP(u). Then j, is linear p-summing with 7,(j,) = 1(see Example 2.9(b)
in [22]). Furthermore, we denote the range of jp(X ) by S and define A : S — Y given by

A (Z Oéiij(ﬂfi)) = Z ;T (;).

Let > a;j,x(x;) = 0. Then Y a;x(x;) = 0sothat > «;f(z;) =0 forall f € Bxe. Now

=1 =1 1=1

Z o, T (z y* (Z OziT(SUz‘))

= sup
y*EBy*
y* oT
= [[Tfle sup 0 T
y*€By~ Z HTH
< [Tl sup Zazf
feBxe |5

This shows that A is a well-defined linear map from j, (span x (X)) to Y with Aj,x(z) =
Tx for all x € X. Further

A (Z Oliij(xi)> H =

e o]
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Therefore A is bounded linear and hence it can be extended uniquely to X, := S > A(X),
and we still denote it by A. This proves (1) == (2). The other implication directly follows

from the ideal property and the fact that jj, is linear p-summing; with 7 (7') < [[A[|. [

Let us consider the natural embedding iy : Y — ¢*°(By~). Since ¢*°(By~) is injective,
in the proof of Theorem 7.3.2, iy o A : X, — (*°(By-) has an extension A : LP(;1) —
(>°(By-) with ||A|| = ||iy Al|.

Similarly, we can factor j, using canonical mappings
Jp i C(Bxe) 55 L™(n) = LP(u),

where i, : L>(u) — LP(p) be the formal inclusion map. If we put U = j, X, we can

deduce the following result.

Corollary 7.3.3. Let X and Y be Banach spaces and T € E(X,Y). Then the following

are equivalent:
1. TeE (X,Y).

2. There exist a regular Borel probability measure 1 on Bxe and an operator A -

LP(11) — €°(By) such that iy T = Aj,x.

3. There exist a probability space (Q, %, j1) a linear operator A : LP(j1) — (%°(By-),

and an extensively bounded map U : X — L () such that iyT = Ai,U.

Example 7.3.4. We show F.(R) is an infinite dimensional vector space and then deduce
that 0 € E(R, F.(R)) \ £, (R, F.(R)).
Letr,s € R such that 0 < |r| < |s|. We prove that 0% and ¢ are linearly independent.

Let o, € R such that a6¢ + 50 = 0. Consider

(3;’) _ {:C ifx € B|r|(0)
1 iz & Byr(0).
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Then g € E(R,R). Now (adt 4+ 56¢) (Idg) = 0and (a0t + B6°) (g) = Oyield ar+3s = 0
and ar + ﬁﬁ = 0, or equivalently, o|s| + s = 0. Hence « = 0 = (. Since there are
infinitely many such kind of choices of real numbers r and s, F.(R) contains infinitely

many linear independent vectors. Now the linearization map of 0g is ®(0g) = Idp,w) ¢

Tp(Fe(R), F.(R)), as F.(R) is infinite dimensional.

7.4 p-compact operators in F/(X,Y")

Definition 7.4.1. Let X and Y be normed linear spaces. 7' € F(X,Y) is said to be an
extensively p-compact mapping (in short, F-p-compact map) if { R # 0} is relatively

p-compact subset of Y.

We denote the set of all -p-compact mapping by E, (X,Y), also we set

({2

_ inf{wyn)np:{H o 20} cp-conf) |

Remark 7.4.2. The definition of E-p-compact mapping generalizes the definition of the
classical p-compact operator. i.e. K,(X,Y) C Ek, (X,Y). For classical linear p- compact

operators and its ideal we refer [55], [25], [50].

Lemma 7.4.3. Forany T € Ek,(X,Y), ®(T) € K,(F.(X),Y) with k;(T) = k,(®(T))

and further (Er,(X,Y'), k(+)) is a Banach space whenever Y is so.

Proof. We have already proved Br, (x) = aco{H 1T + O} Since T’ € Fk,(X,Y), {T_I

is relatively p-compact, from [40, p. 1205] we have

m ({Tpre0)) = (o ({2 20f))

= m,(P(T) (BFS(X)»’
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Again for T, S € Eg (X,Y)and o € K, ®(aT + S) € K,(F.(X),Y). Therefore by

uniqueness of the map ¢ we have
O(aT + 5) =ad(T) + ®(9).

This proves that o' + S = (a®(T) + ®(S5)) 0 6% € Fk,(X,Y), and hence Fg,(X,Y)
is a subspace of E(X,Y'), ki(-) is a norm on Eg, (X,Y) and (Ex,(X,Y), ki(-)) is iso-
metrically isomorphic to (K, (F.(X),Y), kp(-)). Moreover (Ex, (X,Y), k(-)) is a Banach
space whenever Y is a Banach space as it is isometrically isomorphic to (K, (F.(X),Y), k,(-)).

O
Proposition 7.4.4. (Ex,(X,Y),kS(:)) is a Banach operator ideal.

Proof. We have already proved that ® (Fg(X,Y)) = F(F.(X),Y)and ® (Ex,(X,Y)) =
K,(F.(X),Y). Since K,(F.(X),Y) is an operator ideal

P (Fp(X,Y))=F(F.(X),Y) C K,(F.(X),Y) =@ (Eg,(X,Y)) .

Therefore Fip(X,Y) C Bk, (X,Y).
Now for the ideal property, suppose U € E(X,Z),T € Eg,(Z,W),S € L(W,Y), for

some normed linear spaces X, Z, W and the Banach space Y. Now
O(STU)(6S) = So®(T) o ®(U)()

ensures that ®(STU) = S o ®(T) o &(U). Then as K,(F.(X),Y) is an operator ideal
O(STU) € Kp(Fo(X),Y). Therefore STU € Ek,(X,Y). Hence, using the above lemma,

the proof of the proposition follows. ]

Proposition 7.4.5. Let X and Y be two normed linear spaces. Then the following are

equivalent:

1. T e Eg,(X,Y).
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2. || Te(y")]| < (Z ly* (yn) [P >p,f0r all y* € Y™, where (y,) € (5(Y) be such that

{$ x%O}C — conv{(yn)}-

Proof. Let e > 0 and { Lx F O} C p — conv{(y,)} for some (y,) € £,(Y). Then for

(H H>H+_

Now for x € X \ {0} there exists (cv,) € By, where p* € R with % + z% = 1 such that

[l

y* € Y* there exist z € X \ {0} such that

I < \

Za <3
nyn 2‘
Therefore
e * * Taj €
i@l < v (M)H+§
n=1
1
P €
< lly'lls (Zly Un) ) + 5

D=

Since € > 0 is arbitrary we have ||7¢(y*)|| < (Z |y*(yn)|p> , forall y* € Y.
n=1

For the other way around i.e. to prove (2) == (1), suppose {1 [T O} ¢

p — conv{(y,)} for some (y,) € £;(Y). Then there exists o € X \ {0} such that

o & p— conv{(ya)}. Now {24} is compact and p — conv{(y.)} is closed. There-

l[zoll

fore by geometric version of Hahn-Banach theorem there exist & > 0 and y* € Y* such

v (fou)| = ccand [y*(y)] < a forally € p — conv{(yn)}. Further

< IT(y")lle

< (Z !y*(yn)|”>
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= sup Z y* (anyn>

(om)Eng*

n=1

= sup y* (Z anyn>

(an)Eng* n=1

<«

)

which is a contradiction and thus (2) == (1). O]

7.4.1 Duality of £-p- compact operator

Definition 7.4.6. Let X and Y be normed linear spaces. For " € E(X,Y) wesay T €

ve):

Exa(X,Y)if T¢(By-) isrelatively p - compact subset of X “ and we set ke (T) = ky (T°

Lemma 7.4.7. Let XY, and Z be normed linear spaces, and I € L(Y, Z) be an isometric

isomorphism, and T' € K,(X,Y), then k,(IT) = k,(T).

Proof. As T € K,(X,Y), there exists y = (y,) € (3(Y) such that T(Bg) C p —
conv{(yn)}, which is equivalent to I.S(Bx) C p — conv{(I(y,))}. Hence, the proof fol-

lows. O]

Proposition 7.4.8. T € Ey4(X,Y) if and only if ®(T) € KJ(X,Y) with kj(®(T)) =
k().

Proof. Forany T € E(X,Y) from [36, Remark 4.14] we have T¢|,, = (@ﬂ}})_l o ®(T)*.

This gives that T € Exqe(X,Y) if and only if &(T) € KJ(X,Y), as KJ(X,Y) is an
operator ideal.

Again, k¢)(T) = k, (T°

v-) = ky ((@%)™" 0 @(T)"). Then using the Lemma 7.4.7
we have k4(T) = k,(®(T)*) = k(D(T)). O

The proof of the next corollary follows using the above lemma, proposition, and similar

technique as we have used in Proposition 7.4.4.
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Corollary 7.4.9. k2%(-) forms a norm on E ka(X,Y') and being isometric isomorphic to
(KH(F(X),Y), k(). (EKg(X, Y), k:;d(-)> is a Banach operator ideal, wheneverY is a

Banach space.
Corollary 7.4.10. Let X and Y be two normed linear spaces. Then KS(X, Y) C Ea (X,Y).

Proof. Suppose T € KI(X,Y), then T*

ve =17 € Kp(Y*, X*) C Eg, (Y™, X°). Hence,

the proposition follows. [l

7.4.2 Factorization of I/ K¢

Proposition 7.4.11. Let X and Y be two normed linear spaces, 1 < p < oo, then'l' €
Exa(X,Y) if and only if there exists a Banach space Z, R € Ex(X,Z), U € m,(Z,Y)
such thatT = UR.

Proof. Suppose T’ € Ek,(X,Y). Thisis the sameas ®(T') € K!(F(X),Y). Therefore, by
[55, Theorem 3.1] there exists a Banach space Z, V' € K(F(X),Z)andU € 7,(Z,Y ) such
that &(T) = UV = T =®(T) o0 = UV = URwhere R = V5 € Ex(X,Z)
andU € m,(Z,Y) C £, (Z,Y).

Conversely, let Z be a Banach space, ' € E(X,Y"), and there exists R € Ex(X,2), U €
mp(Z,Y) suchthat T = UR. Now it is easy to verify that ®(T') = U®(R) € KI(F(X),Y),
which implies that 7" € E4(X,Y). O

128









Chapter 8

Extensively bounded p-integral and p-nuclear
operator ideal

In the literature, Lipschitz operator ideals have been studied in the context of Lipschitz
functions between Banach spaces that map 0 to 0. These ideals are considered a natural
extension of the classical operator ideal, a specific class of continuous linear operators be-
tween Banach spaces. Such operator ideals on Lipschitz space have been studied in recent
years in [2], [34], [3], [56]. This chapter seeks to expand the scope and establish a related

theory within a more general framework.

One of our goals is to investigate further classes of E-operator ideals, including E-p-
integral, F-p-nuclear, and F-p-compact operators. These generalize the classical concepts

of linear p-integral, p-nuclear, and p-compact operators.

In Section 8.1, we introduce extensively p-integral operators (£/-p-integral, in short) as a
generalization of linear p-integral operators. We demonstrate that the class of E-p-integral
operators constitute a Banach F-operator ideal under a specific norm. Additionally, we

explore the relationship between this class of operators and F- p-summing operators.

We also introduce extensively (, p, ¢)-nuclear operators in Section 8.2, inspired by their
classical counterparts, effectively generalizing the traditional linear version. In our explo-
ration of the F-(r, p, ¢)-nuclear operator ideal, we discover that specific spaces of exten-
sively bounded mappings are, in fact, isometrically isomorphic to specific vector-valued

sequence spaces, particularly in Corollary 8.2.4, Lemma 8.2.5 in Section 8.3.
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8.1 p-integral operators in F(X,Y)

Definition 8.1.1. Let 1 < p < oo, wesay 7 : X — Y is an extensively p-integral operator
(in short, E-p-integral operator) if there are a probability measure space (2,3, u), A €
L(LP(p),Y™), B € E(X, L>(u1)) such that JyT' = Ail'B, where Jy : Y — Y™ is the

canonical embedding and i}, : L>(u) — LP(y) is the formal identity map.

The collection of all such operators will be denoted as £7(X,Y’) and let us put i (T') =
inf || A|||| B]|., where infimum is taken over all such kind of factorization of 7.

We define extensively p-integral operators in the above manner so that the operator
ideal property in the E-sense is preserved. Moreover, this definition ensures that every

extensively p-integral operator is extensively p-summing.
Proposition 8.1.2. EV(X,Y') is a subspace of E(X,Y).

Proof. Letaw € Kand T; € E¥(X,Y) for i = 1,2. Then it is easy to show that oT; €
E?(X,Y). Since T; € E7(X,Y) there exists probability measure spaces (£2;, ¥;, 11;), with
A € L(LP(pi), Y™), B; € E(X, L>(j;)) i = 1,2 such that 3y T; = Ait' B.
We may assume that 2,1y = gandput Q := Q;UQy,and X :={SCQ:5SNQ; € &; fori =1,2}.
Then X is a sigma-algebra on () with the probability measure

_ | Ar][p (S Q) + || Azl p2 (S N €2p)

u(S)
[ ALl + [| Az

Now define A : LP(u) — Y™ and B : X — L*(u) given by A(f) = A1(f‘91) +
Az(f’QQ) and B(z) = Bi(x).xq, + Ba(x).xq,, respectively. Then we can easily prove
that A € L(I2(),Y*™), B € B(X,I(s)) with [A] < [ 4] + Al and | B, <
| Bille + || Bz|le- Also, for z € X

A B(z) = Aij (Bi(z).xq, + B2(2).x0,)
= All’ngl(l') + A2152BQ(117)
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= Jv1i (l’) + 3YT2(93)

= 3y(T1 +T2)(I‘>
This completes the proof. O
Proposition 8.1.3. Fr(X,Y) is a subspace of E¥(X,Y)

Proof. We show that E¥(X,Y") contains rank one extensively bounded operator, and hence
it will follow. Suppose 7' = f.y € Fg(X,Y) with f € X°¢ and non-zero y € Y, and
xo € X. Consider Q = {xo}, X = {¢,Q}, u : ¥ — R such that u(¢) = 0, u(2) = 1.
then L” (1) and L>(u) consist of constant functions only. Define A : LP(u) — Y** and
B : X — L*(u)) given by A(a.1) = aJy(y) and B(x) = f(x)1, respectively, where
1 is the constant one function. Then A € L(LP(un),Y*™) and B € E(X,L*®(u)) with
Al = lyll and | B]l. = [|£]].. Now

IWT(z) =3y (fy)z) = Iv(f(@)y) = f(2)Iy(y) = f(z)A1)

Hence, the proof follows. ]

Proposition 8.1.4. i : E7(X,Y) — [0, 00) given by i5(T) = inf || Al||| B||., where infimum
is taken over all such kind of factorization of T € EY(X,Y") as defined, forms a norm and

1Te < ip(T).

Proof. Let T € E7(X,Y) and JyT = AilB, where T has such factorization as in 8.1.

Easily we can show that
1Tl = [I3y Tlle = A, Bl < [[Al[||Bl|.

and hence ||T'||. < i5(T). This gives us that 75 (1") > 0 and the technique of proving i (T') =
0Oifand only if 7" = 0 and i (aT") = |a|||T|| are same as we proved in the Proposition 7.2.6

in case of 7T;.
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Now for triangle inequality suppose € > 0 and T; € E7(X,Y) with 3y T; = Ail B; for
i = 1,2; where T; have the factorization as in the Proposition 8.1.2, with || B;||c = 1 and

| Aill < 45(T5;) + 5. Then || Bl < 1 and Jy (71 + T3) = Aiki B. This implies

ip(Ty + T3) < [[A|l[|Blle < [[A]l < ip(Th) + i (T2) + €.
Since € > 0 is arbitrary the triangle inequality part follows. ]
Proposition 8.1.5. E7(X,Y) is an E-operator ideal.

Proof. Let XY, Z W be normed linear spaces and S € E(Z,X), T € E?(X,Y), U €
L(Y,W). We show that UT'S € E}(Z,W) with i5(UT'S) < ||U].ig(T).||S||.. We first

prove the following lemma, and using that, we complete the proof.

Lemma 8.1.6. U* o Jy = Jw o U.
Proof. Lety € Y, m* € W*. Then

Qw o U(y)) (m*) = Qw (U(y))) (m*) = m* (U(y)).
Again,

(U™ oJy) (y) (m*) = (U™ Qy(y)) (m")

This completes the proof of the lemma. ]
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Proof of the proposition: Since 7 € E7(X,Y’), consider the factorization as defined

with JyT" = Ail B, where (€2, 33, 11) is the probability measure space, A € E(LP(u),Y™), B €
E(X,L*(u)). Now

U™ALB = U"JyT = JwUT(by the lemma).

Hence, JwUT'S = U** Aik BS. Therefore the proof of the proposition follows and i, (UT'S) <
|U|].i5(T").|| S| part can be verified easily. O

Proposition 8.1.7. (E7(X,Y),i(-)) is a Banach space.

Proof. Let(T,)beasequencein £7(X,Y)suchthat ) i5(7},) < oo. Therefore,  ||7,|. <
=1 n=1

1=

oo. Since (E(X,Y), || - ||e) is a Banach space Y 7,, =T € E(X,Y) with respect to || - ||
=1

1=

Claim: } 7,, = T in if(-) norm.
n=1

Let ¢ > 0. Now for all n € N there exist probability measure spaces (£2,,, >, i, ), and
operators A, € L(LP(u,),Y™), B, € E(X,L>(,)) with | B,|le = 3= and [|4,] <
is(Tn) + 57 such that 3y T, = A,il" B,,.

We may assume (2, are pair wise disjoint and consider

Q=[] 2={ScQ:5nQ, €%, for all ncN}.

neN

> (SN0l An

Then Y is an sigma-algebra on 2 and p(S) = is a probability measure on

18

[Anlle

n=1

Q.
Let us now define A : LP(u) — Y* and B : X — L*(u)) given by

A(f) =) Au(f,, ) and B(z) = Bu(x)-xa,-

Then A € L(LP(u),Y™), and B € E(X, L*>(u)) with
1Al <> Nl <> ig(T) + e and || Bl < 1.
n=1 n=1
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Now
AB(z) = A (ii;;-Bn(x)-xQn)
= > A, ((Z i Bn(x).XQn> \Qm>
= i A il By ()
- j{:{ﬁﬁfﬁ(x)
— 3 T()

Also, iy (T') < [|A[[[| B[ < [[A]l < Z (T

Againdefine 7, : LP(u) — Y** givenby 7,(f) =

(o)
with [|7,]le < > ||Ak||- Hence lim,, o || 70 ]|e

Tall (Z By ()Xo
Tn (Z %m(m) X

(2
> ()

k=n-+1

Taih B()

- Y A

k=n+1

5
k=n+1

This implies 7" — > T}, = Toib B with lim,, o
=1

Proposition 8.1.8. Let T' € E(X,Y) be such

E-p-integral operator.

Proof. Since ®(T') € I,(F.(X),Y) there are a probability measure space (2,3, i), A

L(LP(n),Y*), B € L(X,L*(u)) such that

Jy 0 ®(T') 0 6% = Aoil o Bod% and it immediately proves the proposition.
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») + €. This shows that T € EV(X,Y).

Z Ag( f‘Q ).Thus 7, € E(LP(u), Y*)
k=n+1

= (0 and

)
:

ZB ()-Xxa

m=1

(T — 3 T}) =

k=1

0. []

that ®(T) € I,(F.(X),Y). Then T is an

S

Jy®(T) = AitB. Therefore Jy o T
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Now, we only state the next proposition, whose proof follows similarly.

Proposition 8.1.9. Let XY, Z be normed linear spaces. T € 1,(Z,Y)and S € E(X,Z)
thenT oS € EY(X,Y). Thatis I, o E C EY.

8.1.1 Relation between F-p-summing and F/-p-integral operators

Let T € E7(X,Y). Therefore JyT = AigB for some suitable factorization, where i} €
m(X,Y) C Er,(X,Y). Now the ideal property of £, givesthatJy T = Al B € E, (X,Y™)
and by Proposition 7.2.7 we have T’ € E (X, Y) with 7 (T) <45 (7).

8.2 Some particular classes of extensively bounded maps

In our study of the factorization of extensively (r, p, ¢)-operators in coming sections, we
encounter certain spaces of extensively bounded mappings that are ultimately linearly iso-
metrically isomorphic to vector-valued sequence spaces. This isometric relationship serves

as a key tool for establishing the factorization of extensively (r, p, ¢)-nuclear operators.

Proposition 8.2.1. Let (M, d) be a metric space with the distinguished point 0 and Y as a

normed linear space. Then E(M.,Y") is isometrically embedded into L(Y™*, M°) linearly.

Proof. GivenT € E(M,Y), we define T¢ : Y¢ — M¢by T¢(f) = foT forall f € Y*.
Then 7 is linear with ||7°(f)||e < || fllede(T,0). Thus T° € L(Y¢, M*) with

1T = [T°]le < de(T,0).

Also

Ilf o Tl £ (T(x))] 17|

|T¢|| = sup =———— = supsup —————— > sup
20 W flle rz0wz0 [ flled(,0) — 2z0 d(,0)

— d,(T,0).

Thus ||7°¢|| = || T°||. = d(T, 0).
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Now define the map £ : E(M,Y) — L(Y*, M¢) given by {(T) = T¢|,., for all
T € E(M,Y). Then ¢ is linear and
IS o T
1Tl = sup s
i rro.feve ISl
T
L s T
0. fev-zzo |1 fIllzll
Tx
= sup 17—y
70 ]
Hence, ¢ is an isometry. []

Remark 8.2.2. In particular, if Y = ¢, for 1 < p < oo, the map ¢ is surjective also.

Corollary 8.2.3. Let X be a normed linear space and 1 < p < co. Then (E(X,£,), ] - |lc)
is isometrically isomorphic to L({,+, X¢) and (E(X, (1), ||.||c) is isometrically isomorphic

to L(cy, X€), where p* be the conjugate exponent of p.

Proof. If1 <p < o0

We have already proved
£:E(X,0,) — L((£,)", X°)

given by £(T) = Te‘(e ) forall T € E(X,{,) is linear isometry. Now we show that ¢ is

surjective. Suppose S € L({p«, X€). Put S(e,) = f, € X°and define T'(z) = (f.(z))

for all 2 € X. Since S € L({p, X) (2 €¥(X?)), Y anfa(z) is real number for all
n=1

(ay,) € Ly« Therefore, (f,(z)) € €, for all x € X. This shows that T" is well-defined.

Again,

1Tzl =1 (fa(2)) [lp
= sup [((an), (fu(2)))]

(an)eng*

= sup  [S((an)) (2)]

(an)Gng*
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< ISl
This implies that 7" € E(X,¢,). Also,

T° ((en)) (x) = fulx) = S(en)(x)

gives that £(T) = Te‘ , . = 5. This completes the case 1 < p < oo proof.
Forp = 1:
Consider the map & : E(X,¢;) — L(co, X¢) given by {(T) = Te‘co, forall T' €

E(X,¢y). Then, similarly to the above, we get the linear isometric isomorphism. O

Corollary 8.2.4. For any normed linear space X and 1 < p < oo, (E(X, L), | - ||e) is

linearly isometrically isomorphic to (£¥(X¢), || - [|¥).

Lemma 8.2.5. For any normed linear space X, (E(X, ), || - ||¢) is isometrically isomor-

phic to (g (X), || - [|5)-
Proof. Consider the map £ : E(X, c¢g) — ¢(X€) given by
§(T) = (enoT),

forall T € E(X, c). First, we prove that the map ¢ is well-defined. From [36, Remark 4.4]
we have X¢ & F_(X)*. Therefore, (X¢)" = F,(X)*. Let T € E(X, ). Then T'x € cq
forallz € X. Now Tz = (05(e, 0 T)). As ¢ is a Banach space (y(e, o T')) € ¢ for all
v € F,(X). Therefore (X¢)" = F,(X)** provides that (A(e,, 0o T')) € ¢ forall A € (X¢)".
This implies (e, o T') € ¢ (X€). It is easy to check that £ is linear. Further

1ED1% = sup len o Tl

= supsup
neNaz#0 || 7]

T
— s 1Tl
w20 |7l
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= 7l

and using the fact || - |5, = || - || we have ||£(T)|%, = [|E(T)]| = ||T||e- This implies
that the map ¢ is linear isometry. Now, we show that ¢ is also surjective. Suppose (f,,) €
cy(X°®). Put S(z) = (fn(x)), forall z € X. Again, [36, Remark 4.4 and Lemma 5.6] give

I(fllee = sup [I(v (fn

YEBF, (x)

<5€|x];f )H
()

= sup ————=
2£0 ||:1:||

v

sup
:1:7$0

Therefore, ||(f.(2))|l, < [(fa)lls ||zl for all z € X. This shows that S € E(X,cp).
Further e, o S(x) = ¢, (S(x)) = fu.(x) for all z € X. Hence, £(S5) = (f,) and £ is

surjective, also. This completes the proof. O

8.3 Extensively (7, p, ¢)-nuclear operator

Definition 8.3.1. Let0 <7 <oo;1<p,g<oc,and1+1 >+ 1 AmapT:X =Y,

between two normed linear spaces X and Y'; is called extensively (r, p, ¢)-nuclear if

T = Z )\nfn & Yn,
n=1
for some (\,) € 4., (fn) € £3.(X°), and (y,) € ;. (Y).
The set of all extensively (r, p, ¢)-nuclear operator is denoted by Ey r2d)( X V).

Proposition 8.3.2. Let 0 < r < o051 < p,qg < o0, and 1 +% > i%— é. Then for

T € E(X,Y) the following are equivalent:
1. T is an extensively (r, p, q)-nuclear operator.

2. T = AM,\B, for some My € L({y,0,); A€ l,, Ae L({,,Y), and B € E(X, ().
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Proof. LetT € EQP?(X,Y). Then

n=1

for some (M) € £y, (fn) € £;.(X°), and (y,) € ;- (Y).

Put A (o)) = i Qi Yn, for all (ay,) € ¢,. Then from [22, Proposition 2.2] we have
A e L(,,Y). Ag:i;lconsider B(z) = (fu(z)), for all z € X. Then Corollary 8.2.4
provides that B € E(X,{,). Further M, : {,» — {, be the multiplication map (a,) —
(Anay).

Suppose x € X. Thus using the fact ; + = > ~ we get

T(x) = Z Afo(2)yn = A (M fu(x)) = AM) (fu(z)) = AMLB(x).

This shows the part (1) implies (2).

(2) = (1) Suppose T" has such a factorization as in (2). Consider y,, = A(e,),
fa(x) = mp 0o B(x) forallz € X and n € N. Therefore, repeated use of Corollary
8.2.4 gives (f,) € (. (X¢),and (y,) € £,.(Y'). Moreover, for any z € X

Tx = AM\B(z)
= A (i )\nﬂ'noB(m)>

= Z )\nfn(x)A(en)

n=1
Hence, the proof follows. ]

Remark 8.3.3. In the classical case, whenever r = p and ¢ = 1, a linear (r, p, ¢)-nuclear
operator is simply a p-nuclear operator. Here, we also see a similar phenomenon in the

Extensively bounded map setting.
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8.3.1 Extensively p-nuclear operator

Definition 8.3.4. Let 1 < p < oo. ThenT € F(X,Y) is said to be an extensively p-nuclear

operator (in short, F-p-nuclear) if there exist (f,,) € £; (X¢), (y,) € £,.(Y") such that

T=> fu®yn with Y || fullellynll < oo
n=1 n=1

Let us consider vg(T) = inf||(f.)[[5]|(yn)

»+» where infimum is taken over all such

representation of 7', and denote the space of all such operators by EX (X, Y).
Proposition 8.3.5. E(X,Y) is a subspace and v;(-) is a norm on ER (X, Y).

Proof. by definition v;(T') > 0 forall T € E(X,Y). Let T € E}(X,Y) have one such

representation. Now T'(x) = Y fn(2)y,. Thus
n=1
@) = 1) fal@)al
n=1

y* (Z fn(fﬁ)yn)

< sup S 1fu@)lly*(5)

ly*lI<1 =1

< =l ()

= sup
lly*ll<1

w
p*.

This shows that || T[], < v5(T), and using this we get v5(7") = 0 ifand only if 7" = 0. Also,
it is easy to verify that v;(aT') = |a|v;(T).

For the triangle inequality, suppose 7', S € EX (X,Y’), and ¢ > 0. Choose representations
of Tand S such that T = 3 fon 1 @ gon1,a0d S = 3 fon @ yon with

n=1 n=1

[(fan-1)lly < vp(T) 4 € [[(fan)lly < 5(S) + € [[(y2n-1)

pe = [ (an)llpx = 1.

Fix [,k > 0 and put fo,_ := l.fon_y and fo, := k.fa, for alln € N. Then (f,) € £ (X°)
with H(fn)Hg < P(UE(T) + €)? + kP(v5(S) + €)P. Again considering gon—1 := I~ .y2n—1

R e S

and fjo, 1= k™', for all n € N we get (7,) € £2(Y) with (|| ()
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Now choosing | = (v(T') + e)_r%* and k = (v5(S) + e)_r%* we get
vi(T +S) < vp(T) + v (S) + 2,

where T+ S = ) fn ® Gp. Since € > 0 is arbitrary, the triangle inequality part for the

n=1

norm follows. [
Proposition 8.3.6. (EX (X,Y),v5()) is a Banach operator ideal.

Proof. The proof follows a similar pattern to the classical case. ]

8.3.2 Factorization of I/-p-nuclear operators
Proposition 8.3.7. Let T € EX.(X,Y), then the followings hold:

1. T can be written as T = Y \uGn @ Yn, With Y |\|||lynll < o0, where (N\,) €
n=1 n=1
E;” (9n) C Bxe, (yn) € gzj* (Y).

2. T will have a factorization as T = AM;B, where A € L({,,Y), My € L({,?,)

(the standard linear multiplication operator), and B € FE(X, cy).

Proof. As T € E}(X,Y), there exist (f,) € £5(X°), (yn) € £.(Y) such that T =

7 [ @y, With > || fullellynl] < 0o. Now consider A, = || f]|, and

n=1 n=1

e A f, #0
Gn = {mne

0, otherwise.

Then, (1) immediately follows.

To prove (2), we use the first part. Let T = > A\, @Yn,asin (1). Define A: ¢, - Y

n=1
as A((ay,)) = Y anyy. Then from [22, Proposition 2.2] it follows that A € L(¢,,Y") with
n=1
ALl = 11Cyn) 5>

Since (\,) € £, it has the factorization as A, = r,.s, for all n € N, where (r,) €

co, (sn) € (3. Using this factorization we define B : X — ¢g as B(x) = (rngn(z)) and
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M : b — €, as M((t,)) = (sntn). Easily we can verify that M; € L({,{,) with
[ Ml = [I(s)llp-
Now we show that B € E(X,¢g). Put B, (z) = rpg,(x). Since (r,g9,) € ¢(X°) C

cy(X*€), by Lemma 8.2.5 B € E(X, ¢g). This completes the proof of the proposition. [

Proposition 8.3.8. Let A € L((,,Y), My € L({,?,) (the standard linear multiplication

operator with s € (), and B € E(X, cy). Then AM,B is an E-p-nuclear operator.

Proof. Define f,, : X — R given by f,(z) = s,m,B(z). Then each f, is an exten-
sively bounded map. In fact |f,,(z)| < |s,|||B(x)| s implies that f,, € X° with || f,,||e <

|snll| B|e. Again

1
P

(leanZ) S(ZI%I”!IBII?) < [[Bllell(sn)ll5
n=1 n=1

proves that (f,,) € £5 (X°).
Further define y, = A(e,). Therefore by [22, Proposition 2.2] (y,) € £.(Y) as A €

L(¢,,Y).
Now AM,B(z) = A (i fn(x)en) =S fu(@)yn = ( S fa @ yn) (). Hence, the
n=1 n=1 n=1
proof follows. [l

Remark 8.3.9. Since M, € m,({~,?,), AM,B is E-p-summing. Hence by 8.1.1 we get
EX(X,Y) C E?(X,Y).

Remark 8.3.10. For 1 < p < oo, Extensively (p, p, 1)-nuclear operator is Extensively
p-nuclear operator. The proof of this fact directly follows from the factorization of E-p-

nuclear operators.

Proposition 8.3.11. Let T € E(X,Y) be such that ®(T) € Ny(F.(X),Y). Then T is an

E-p-nuclear operator.
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Proof. Since ®(T') € N,(F.(X),Y) there exist A € L({*,Y), B € L(X,(>*)and \ € ?
such that ¢(T) = AM, B, where M) is the multiplication operator in L(¢>°, ¢?). Therefore,
T = ¢(T) o065 = Ao M, o Bodg and it immediately provide the proof of the proposition

using the factorization result above. ]
Now, we state the next proposition, whose proof follows similarly.

Proposition 8.3.12. Let X, Y, Z be normed linear spaces. T' € N,(Z,Y )and f € E(X, Z)
thenT o f € EX(X,Y). Thatis N,o E C EX,.
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