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ABSTRACT

Over the past few decades, Lipschitz spaces and their structural properties have received

significant attention, especially in nonlinear functional analysis. An important result in this

direction was obtained in 1964 by Joram Lindenstrauss [42, Theorem 2]. He proved the

existence of a continuous linear projection from the Banach space Lip0(X,R) onto the

linear dual space L(X,R).
One of the primary aims of this thesis is to generalize the Lindenstrauss’s result (partic-

ularly when the codomain is general Banach space Y ) both in Lipschitz and two-Lipschitz

cases. We study the structure of Lipschitz operator spaces and two-Lipschitz operator

spaces, together with their quotient spaces. We also give a necessary and sufficient condi-

tion for a Lipschitz map to be linear, and for a two-Lipschitz map to be bilinear.

As an application, we identify ker(βR) as the predual of the quotient space L→(R)/R̃
(respectively, L→(R2)/R̃), where R̃ denotes the space of constant functions.

Motivated by classical results of Lindenstrauss we further investigate quotient spaces

of the form Lip0(X)/A, where A is a finite-dimensional subspace. We prove that these

quotients are dual spaces and provide an explicit description of their preduals.

We then focus on the space Lipph0 (X) of positively homogeneous real-valued Lipschitz

functions. This space satisfies

X∗ ! Lipph0 (X) ! Lip0(X).

We show that Lipph0 (X) is a dual space and also the preannihilator of a closed subspace of

the Lipschitz-free space. As a consequence, the quotient Lip0(X)/Lipph0 (X) is also a dual

space. Moreover, with a suitable multiplication, Lipph0 (X) becomes a Banach algebra.

Finally, we introduce the notion of extensively bounded mappings, which generalize

Lipschitz mappings, and study the associated nonlinear operator ideals. With an appro-

priate modification in the linear setting, we define extensively p-summing mappings. We

establish Pietsch-type domination and factorization theorems for these mappings. We also

study extensively bounded finite-rank, compact, p-compact mappings, p-integral, p-nuclear

operators and describe the corresponding operator ideals.
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Summary

One of the main purposes of this thesis is to explore the position of the space of bounded

linear operators L(X,Y ) between Banach spaces X and Y inside the larger space of zero-

preserving Lipschitz maps Lip0(X,Y ). Since L(X,Y ), with the usual operator norm, is a

closed subspace of Lip0(X,Y ) endowed with the Lipschitz norm, a natural question arises:

isL(X,Y ) complemented inLip0(X,Y )? In Chapter 2, we provide a positive answer to this

when Y is a dual space. This extends the Lindenstrauss’s result [42, Theorem 2]. However,

in one of the examples we see that there exists a norm-one projection from Lip0(ℓ1, Y )

onto L(ℓ1, Y ) for any Banach space Y . Hence, while the condition that Y is a dual space is

sufficient for L(X,Y ) to be complemented in Lip0(X,Y ), it is not necessary. Moreover,

we also examine Lip0(X,Y )
/
L(X,Y ) as an operator space, whenever Y is injective.

While exploring this problem, we became interested in identifying an infinite-dimensional

weak∗ closed subspace of Lip0(X) that properly contains X∗. In Chapter 3, we study one

such space, namely the space of positive homogeneous Lipschitz maps, and discuss its var-

ious interesting properties.

More recently, Lipschitz theory has been extended to the two-variable setting. In addi-

tion to the one-variable case, Chapter 4 studies projections and various quotient structures

on the space of two-Lipschitz maps that vanish on the coordinate axes.

It is well known that Lipschitz maps can be studied through the notion of the modu-

lus of continuity. We slightly modify the notion of modulus of continuity and introduce

the modulus of continuity at a point. In particular, the modulus of continuity at the origin

characterizes maps that are Lipschitz at the origin. Such maps provide a natural general-

ization of Lipschitz maps and extend the idea of bounded linear operators between Banach

spaces. Motivated by this, we define a broader class of maps E(X,Y ) between the Banach

spaces X and Y , called extensively bounded maps. Furthermore, we show that E(X,Y )

forms a Banach space with respect to a suitable norm ∥ · ∥e (defined later). In particular,
(E(X,R), ∥·∥e) is linearly isometrically isomorphic to ℓ→(X\{0},R) (space of all bounded
maps on X \ {0}). Therefore, although E(X,R) forms a Banach algebra under pointwise

1



Summary

addition and multiplication, since it is isomorphic to ℓ→(X \ {0},R) (a well-established
structure), this multiplication is not of significant interest.

On the other hand, the space of extensively bounded maps onX , denoted by E(X,X),

carries a natural algebraic structure: pointwise addition serves as the additive operation,

while composition acts as the multiplication between extensively bounded maps. We de-

velop this structure within the framework of (nonlinear) operator ideal theory and introduce

a nonlinear Banach operator ideal theory in this setting. As an application, we study exten-

sively finite rank, extensively compact, extensively p-summing, p-integral, and p-nuclear

operator ideals, thereby extending their classical linear counterparts.
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Chapter 1

Introduction

In the literature Lipschitz maps between two Banach spaces have been considered as a

non-linear generalization of bounded linear operators between two Banach spaces. Math-

ematicians have been studying these maps from several point of views, for example their

operator ideals, their geometry, their relation with group theory, approximation property

etc. In this thesis, we also consider Lipschitz maps and focus on two concepts. One, we

discuss the existence of projection from the space of (two-)Lipschitz maps onto the space

of bounded (bi-)linear maps. Two, we discuss a generalization of Lipschitz maps and study

an operator ideal theory corresponding to these maps.

Let (M,dM) and (N, dN) be metric spaces. A mapping f : M → N is said to be

Lipschitz if there exists a constant k > 0 such that

dN (f(x1), f(x2)) ≤ k dM(x1, x2) for all x1, x2 ∈ M.

The notion of Lipschitz continuity was introduced by Rudolf Lipschitz in the early ninteenth

century. It is evident from the definition that the notion of Lipschitz continuity is stronger

than that of uniform continuity. In fact, these notions can be described using the modulus

of continuity which was introduced by Henri Lebesgue in 1910 (see [41]). Let f : M → N

and t > 0. Define

ωf (t) := sup{dN(f(x), f(y)) : dM(x, y) ≤ t}.

The function ωf : (0,∞) → [0,∞] is called the modulus of continuity of f and is monotone

3



1 Introduction

increasing. A function f is uniformly continuous onM if and only if

lim
t→0+

ωf (t) = 0,

whereas f is Lipschitz onM if and only if

sup
{
ωf (t)

t
: t > 0

}
< ∞.

If X and Y are normed linear spaces, then any bounded linear map T : X → Y is

Lipschitz (with T (0) = 0). By Lip0(X,Y ), we denote the space of all Lipschitz maps from

X to Y that satisfy f(0) = 0. Then Lip0(X,Y ) is a normed linear space when equipped

with the Lipschitz norm

Lip(f) := sup
x1,x2∈X
x1 %=x2

∥f(x1)− f(x2)∥
∥x1 − x2∥

.

If T ∈ L(X,Y ), the space of all bounded linear maps from X to Y , then Lip(T ) = ∥T∥.

Thus L(X,Y ) is a closed subspace of Lip0(X,Y ). (Lip0(X,Y ), Lip(·)) is called a Lips-

chitz space.

Over the past few decades, Lipschitz spaces and their structural properties have received

significant attention, especially in nonlinear functional analysis. An important result in this

direction was obtained in 1964 by Joram Lindenstrauss [42, Theorem 2]. He proved the

existence of a continuous linear projection from the Banach space Lip0(X,R) onto the lin-

ear dual space L(X,R) ( = X∗). In other words, L(X,R) is complemented in Lip0(X,R)

(also see [11, Proposition 7.5, p 173]). It appears that Lipschitz spaces were being studied

even before this result, possibly implicitly. (See, for example, [46], [19].) However, the

author has not been able to locate any appropriate source of references that documents such

earlier work. For a convenient reference, we refer to the monograph Lipschitz Algebras by

Nik Weaver (see [56, 57]).

Note that L(X,R) = X∗ is the Banach dual of the normed linear spaceX . Interestingly

Lip0(X,R) (also known as Lipschitz dual) is also the Banach dual of another interesting

4



1 Introduction

Banch space which is now popularly known as a Lipschitz-free space. This predual space

was first introduced in 1956 by Arens-Eells [9] though without using the phrase ”Lipschitz-

free space”. For this purpose, they considered the notion of molecules on a metric space

M and introduced a norm on their linear span. They proved that M can be embedded

isometrically in the closed linear span of these molecules (which is denoted as AE(M) by

Nik Weaver, see [56, Section 2.2]). It was proved in [56, Theorem 2.2.2] that AE(M)∗ ∼=

Lip0(M,R). This duality has been discussed in several works, for example see [19], [33],

[21]. As we don’t use this approach we are not giving the details of this construction.

In 2002 Godefroy and Kalton took a functional approach to introduce the same space

what they formally called Lipschitz-free space [27]. Let M be a metric space together

with a distinguished point 0. For any x ∈ M , consider δx : Lip0(M,R) → R given by

δx(f) = f(x) for all f ∈ Lip0(M,R). Then δx ∈ Lip0(M,R)∗. The Lipschitz free space

overM is defined as

F (M) := span‖·‖{δx : x ∈ M} ⊆ Lip0(M,R)∗.

F (M) is the unique Banach space (upto bi-Lipschitz homeomorphism for separable

metric spaceM ) into whichM embeds isometrically. We also know that the image δ(M \

{0}) constitutes a basis of linearly independent vectors for the space (see [45]). Godefroy

and Kalton further proved that Lip0(M,R) is the dual of the Lipschitz-free space F (M).

Later onWeaver has shown that for a complete convex metric spaceM , the spacesAE(M)

and F (M) are isomorphic as Banach spaces (see [58]). The papers by Godefroy and Kalton

[27] and by Lindenstrauss [42] have been the main motivation for our research.

5



§1.1. Position of a bounded (bi-) linear maps among (two-) Lipschitz maps

1.1 Position of a bounded (bi-) linear maps among (two-)
Lipschitz maps

In the first part of the thesis we discuss the condition under whichL(X,Y ) is complemented

in Lip0(X,Y ) and extend this problem to two-variables.

Recall that for Banach spaces X and Y , L(X,Y ) is a closed subspace of Lip0(X,Y ).

So a natural question arises: Is L(X,Y ) complemented in Lip0(X,Y )? When Y = R, the

answer is affirmative and is given by Lindenstrauss [42, Theorem 2]. We have obtained a

sufficient condition on Y under which L(X,Y ) is complemented in Lip0(X,Y ). Some of

the main results in one variable in this direction are as follows:

• L(X,Y ) is complemented in Lip0(X,Y ), whenever Y is a dual space. However, the

duality of Y is sufficient but not necessary.

• Lip0(X,Y )
/
L(X,Y ) is isometrically isomorphic to an operator space, when Y is

injective.

• A characterization of linearity of a Lipschitz map.

• A concrete identification of a predual of L→(R)/ span{1}.

After discussing the position of L(X,Y ) in Lip0(X,Y ), we next move to a bigger

class of maps in Lip0(X,Y ) with a similar set of questions. Let f ∈ Lip0(X,Y ). Then

we say f is positive homogeneous if f(αx) = αf(x) ∀α ≥ 0, x ∈ X . The space of

all positive homogeneous Lipschitz maps is denoted by Lipph0 (X,Y ). We observe that

(Lipph0 (X,Y ), Lip(·)) is a closed subspace of Lip0(X,Y ) with

L(X,Y ) ! Lipph0 (X,Y ) ! Lip0(X,Y ).

We also prove that Lipph0 (X,R) turns out to be both a dual space as well as the annihilator

of a closed subspace of F (X). Here are some main results in this direction:

6



§1.1. Position of a bounded (bi-) linear maps among (two-) Lipschitz maps

• Lipph0 (X,R) is complemented in Lip0(X,R).

• When dim(X) > 1, we have obtained a predual of Lipph0 (X,R) that contains a sub-

space which is linearly isomorphic to L1(R).

• Lip0(X,R)
/
Lipph0 (X,R) is a dual space.

Note that themethod used to construct the projection fromLip0(X,Y ) ontoL(X,Y ), when-

ever Y is a dual space is different from the one used to projectLip0(X,R) ontoLipph0 (X,R).

In the first case, we use an invariant mean, whereas in the second case the projection is given

by a direct and explicit construction. Moreover, we have defined an appropriate multipli-

cation so that (Lipph0 (X,R), Lip(·)) becomes a Banach algebra. We proved that for any

normed linear space X with dim(X) = 1, Lipph0 (X,R) is a two dimensional space, where

as in this case Lip0(X,R) is linearly isometrically isomorphic to L→(R). But as soon as

dim(X) > 1, Lipph0 (X,R) becomes infinite dimensional.

Now we turn to the two-variable Lipschitz setting.

Let X,Y , and E be real Banach spaces. A map T from X × Y into E is said to be

two-Lipschitz if there exists a constant k > 0 such that

∥T (x, y)− T (x′, y)− T (x, y′) + T (x′, y′)∥ ≤ k∥x− x′∥ · ∥y − y′∥

for all x, x′ ∈ X and y, y′ ∈ Y .

For the collection of all such mappings, we writeBLip(X,Y ;E). Then it is immediate

that BLip(X,Y ;E) forms a vector space with respect to pointwise addition and scalar

multiplication. We consider

BLip0(X,Y ;E) = {T ∈ BLip(X,Y ) : T (x, 0) = 0 = T (0, y) ∀x ∈ X, ∀ y ∈ Y } ,

equipped with the norm BLip(·) given by

BLip(T ) = sup
{
∥T (x, y)− T (x′, y)− T (x, y′) + T (x′, y′)∥

∥x− x′∥ · ∥y − y′∥ : x, x′ ∈ X, y, y′ ∈ Y ; x ̸= x′, y ̸= y′
}
,

7



§1.1. Position of a bounded (bi-) linear maps among (two-) Lipschitz maps

for all T ∈ BLip0(X,Y ;E) forms a Banach space.

The spaceBLip0(X,Y ;E) is viewed as a natural nonlinear extension ofBlin(X,Y ;E),

the space of bounded bilinear operators fromX×Y intoE. Blin(X,Y ;E), equipped with

the standard operator norm:

∥S∥ = sup
{
∥S(x, y)∥
∥x∥ · ∥y∥ : x ∈ X \ {0} and y ∈ Y \ {0}

}

for any S ∈ Blin(X,Y ;E) is a Banach space. Moreover, for S ∈ Blin(X,Y ;E), we

have ∥S∥ = BLip(S) so that Blin(X,Y ;E) is a closed subspace of BLip0(X,Y ;E)

(see [32, Remark 2.4]).

Several mathematicians have developed the theory of Lipschitz spaces in a two-variable

setting using different approaches. Dubei et al. [23] (2009) introduced two-Lipschitz maps

on products of pointed metric spaces and showed that such maps admit a continuous bi-

linearization via suitable Lipschitz-free Banach spaces. Later, Sánchez-Pérez studied these

maps under an extra condition that they vanish at coordinate axes [54, Section 3.4]. Hamidi

et al. discussed a Banach space valued version of the maps considered by Sánchez-Pérez

type two-Lipschitz maps and studied their operator ideals relating them to linear operator

ideals in [32].

In this thesis, we follow the definition of two-Lipschitz operators considered by Hamidi

et al. and discuss the existence of projection in the two-variable Lipschitz setting. Some of

the main results in this framework are as follows:

• Blin(X,Y ;E) is complemented in BLip0(X,Y ;E) whenever E is a dual space.

• A vector–valued duality between the spaceBLip0(X,Y ;E) and the projective tensor

product F (X) ⊗̂ω F (Y ) of Lipschitz–free spaces.

• Identification of various quotient spaces of BLip0(X,Y ;E), in particular when E is

injective.

8



§1.2. Generalization of Lipschitz maps

• A characterization of bilinearity of a two-Lipschitz operator.

• An application identifying a concrete predual of L→(R2)/ span{1} via the tensor de-

scription.

Though similarities appear between these results and those concerning the position ofL(X,Y )

in Lip0(X,Y ), the techniques used in the proofs are different.

1.2 Generalization of Lipschitz maps

Let us recall that Lipschitz maps can be determined using modulus of continuity. However

we notice that the modulus of continuity is uniform in nature and does not describe poitwise

behaviour. For example usingmodulus of continuity we can describe the uniform continuity

but not the pointwise continuity.

However with a modification in definition, we can make it point specific. In this way

we can describe continuity at a point. Using the similar method we can describe the notion

of pointwise Lipschitz maps.

Let us first recall the definition of the modulus of continuity of a function. LetM and

N be metric spaces, and let f : M → N . For t > 0, define

ωf (t) := sup{d(f(x), f(y)) : d(x, y) ≤ t}.

The map ωf : (0,∞) → [0,∞] is called the modulus of continuity of f . Reall further that

f is Lipschitz onM if and only if sup
{

ωf (t)
t : t > 0

}
< ∞.

To describe pointwise notions, we go for the following modification. Fix a point x0 ∈

M . For t > 0 and define

ωx0
f (t) := sup{d(f(x), f(x0)) : d(x, x0) ≤ t}.

The map ωx0
f : (0,∞) → [0,∞] is again increasing. Now, f is continuous at x0 if and only

9



§1.2. Generalization of Lipschitz maps

if limt→0+ ω
x0
f (t) = 0. We call ωx0

f the modulus of continuity of f at x0. It motivates us to

further define

Definition 1.2.1. LetM and N be metric spaces and let f : M → N . For a fixed x0 ∈ M ,

we say that f is Lipschitz at x0, if

sup
{
ωx0
f (t)

t
: t > 0

}
< ∞.

The set of all functions f : M → N which are Lipschitz at x0 is denoted by Lipx0(M,N).

We show that for any x0 ∈ M , we have f ∈ Lipx0(M,N) if and only if there exists

k > 0 such that d(f(x), f(x0)) ≤ kd(x, x0) for all x ∈ M (Proposition 6.1.2). A function

f is called locally Lipschitz at x0 if there exists a neighbourhood Nx0 of x0 inM such that

f is Lipschitz on Nx0 (see [14, Chapter 2]). Note that the Lipschitz condition at a point is

different from the notion of being locally Lipschitz at a point.

We say f is pointwise Lipschitz in M , if f ∈ Lipx(M,N) for each x ∈ M . The set of

all such mappings is denoted by LipP (M,N). Thus, LipP (M,Y ) =
⋂

x∈M
Lipx(M,N). If

we replace N by a (real) normed linear space Y , then Lipx0(M,Y ) is also a (real) vector

space under pointwise operations. For f ∈ Lipx0(M,Y ), we define

∥f∥x0 := sup
{
ωx0
f (t)

t
: t > 0

}
.

Then ∥ · ∥x0 is a semi-norm on Lipx0(M,Y ). In fact, we have

∥f∥x0 = inf{k > 0 : ∥f(x)− f(x0)∥ ≤ kd(x, x0) for all x ∈ M}

= sup
{
∥f(x)− f(x0)∥

d(x, x0)
: x ∈ M,x ̸= x0

}

for all f ∈ Lipx0(M,Y ). Also ∥f∥x0 = 0 if and only if f is a constant function. Thus for

f ∈ Lipx0(M,Y ) the value

∥f∥Lx0 := max{∥f∥x0 , ∥f(x0)∥}

10



§1.2. Generalization of Lipschitz maps

determines a norm on Lipx0(M,Y ). Moreover, we have been able to show that for any

x ∈ M , (Lipx(M,Y ), ∥ ·∥Lx) is isometrically isomorphic to ℓ→(M,Y ) (Proposition 6.1.3).

Thus (Lipx(M,Y ), ∥ · ∥Lx) is a Banach space, if and only if Y is so. Thus we can conclude

that (Lipx1(M,Y ), ∥ · ∥Lx1 ) is isometrically isomorphic to (Lipx2(M,Y ), ∥ · ∥Lx2 ) for all

x1, x2 ∈ M .

Once again recall that the space Lip0(X,Y ) has been studied as a non-linear general-

ization of bounded linear maps between normed linear spaces X and Y . In this thesis, we

propose a further generalization of Lip0(X,Y ) as below:

Lipxx(M,Y ) := {f ∈ Lipx(M,Y ) : f(x) = 0}.

For f ∈ Lipxx(M,Y ), we have

∥f∥Lx = ∥f∥x = sup
{
∥f(x′)∥
d(x′, x)

: x′ ∈ M \ {x}
}
.

Thus (Lipxx(M,Y ), ∥·∥x) is isometrically isomorphic to ℓ→(M\{x}, Y ) and (Lipxx(M,Y ), ∥·

∥x) is a Banach space, if and only if Y is so. Note that f : M → Y is in Lipxx(M,Y ) if and

only if there exists k > 0 such that ∥f(x′)∥ ≤ kd(x′, x) for all x′ ∈ M . Thus

∥f∥x = inf{k > 0 : ∥f(x′)∥ ≤ kd(x′, x) for all x′ ∈ M}.

Let us fix x ∈ M and consider the space

Lipx(M,Y ) := {f : M → Y |f is Lipschitz inM and f(x) = 0}

together with the norm Lip(·). Then (Lipx(M,Y ), Lip(·)) is a normed linear space and is

complete whenever Y is so.( see [14, Chapter 8, Theorem 8.1.3] ) Thus (Lipxx(M,Y ), ∥ ·∥x)

is a natural generalization of (Lipx(M,Y ), Lip(·)). We re-describeLipxx(M,Y )with a sim-

pler notation. Since for any x1, x2 ∈ M , (Lipx1
x1
(M,Y ), ∥ · ∥x1) is isometrically isomorphic

to (Lipx2
x2
(M,Y ), ∥ · ∥x2), there is no loss of generality in fixing a designated point. We

generally describe it as 0.

11



§1.2. Generalization of Lipschitz maps

In the setting whereM = X andN = Y are normed linear spaces and x0 = 0, the space

Lip00(X,Y ) consists of what we call extensively bounded maps, denoted byE(X,Y ). This

space forms a normed linear space with respect to pointwise addition and scalar multipli-

cation under the norm:

∥f∥e = sup
x %=0

∥f(x)∥
∥x∥ ,

further it is a Banach space, whenever Y is a Banach space. The scalar-valued space

E(X,R) is linear isometrically isomorphic to ℓ→(X\{0}) (see 6.2), a commutative Banach

algebra with pointwise addition and pointwise multiplication. However, the vector-valued

space E(X,X) possesses a richer structure. We show that under composition as multipli-

cation and usual pointwise addition, E(X,X) forms a non-commutative Banach algebra.

This motivates the development of an (non-linear)operator ideal theory analogous to clas-

sical operator ideals but situated within the extensively bounded setting.

The concept of a Banach operator ideal, though simple, plays an important role in struc-

turing the framework of operator theory. Pietsch first highlighted its significance in 1968

(see [49]), and since then it has grown enormously in many directions. Even today it is

an active area of research. The classical operator ideal theory is linear in nature. In 2016,

Achour et al. initiated a (nonlinear) theory of Lipschitz operator ideals. This theory brings

together several classes of Lipschitz mappings and provides a framework to study the ap-

proximation property in metric spaces and Lipschitz mappings [2].

In this thesis, we have generalized the nonlinear theory of Lipschitz operator ideals to

the notion of extensively bounded operator ideals (or E-operator ideals). These are sub-

classes of E(X,Y ) satisfying axioms parallel to those defining classical operator ideals,

with appropriate compatibility under composition with both linear and extensively bounded

maps. We define corresponding notions of finite-rank extensively bounded maps and study

normed and Banach structures on such ideals. In particular, while discussing the nonlinear

12



§1.2. Generalization of Lipschitz maps

operator ideal theory in this new setting 6.2.2, we examine in detail the necessity of com-

posing linear operators from the left. For further details and examples of various Lipschitz

operator ideals, we refer the reader to [4], [3], and [53].

Building on this foundation, we define nonlinear analogues of well-known classes of

operator ideals: compact, p-summing, p-integral, and p-nuclear operators, within the ex-

tensively bounded framework. We investigate how these nonlinear ideals relate to their

classical linear counterparts and examine structural properties unique to the extensively

bounded setting.
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Chapter 2

Preliminary and Notation

The introductory chapter is followed by this preliminary chapter. Here we discuss the nec-

essary background on pointed metric spaces, Lipschitz spaces, Lipschitz free spaces, and

classical operator ideals that are crucial to the development of this work. While many of the

results generalize naturally to complex Banach spaces, we restrict ourselves to real spaces

for simplicity. Let us agree with the following notations, which will be used throughout the

thesis.

Notations: In this thesis, all the Banach spaces X will be considered over R (the set

of real numbers). We denote by BX its closed unit ball and by SX its closed unit sphere.

We also denote by X∗ the topological dual of X . Given X and Y Banach spaces, X ≃ Y

stands for X is linearly isomorphic to Y . X ≃h Y stands for X is linearly homeomorphic

to Y . X ∼= Y stands forX is linear isometrically isomorphic to Y . X c
↪−→ Y stands forX is

linear isomorphic to a complemented subspace of Y . All the other relevant notations will be

followed as described in the respective places. We often write Lip0(X), Lipph0 (X) instead

of writing Lip0(X,R), Lipph0 (X,R), for the space of zero preserving real valued Lipschitz

maps and positively homogeneous Lipschitz maps, respectively. For 1 ≤ p < ∞, ℓp, ℓ→

denote the space of p-summable sequences and bounded sequences on R, respectively.

2.1 Pointed metric space

We will use the symbol d generically to denote distance in any metric space. A pointed

metric space is a metric space (M,d) equipped with a distinguished element or ’base point’,
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§2.2. Lipschitz space

usually denoted 0M . Mostly, we consider pointedmetric spaces throughout this thesis. Later

on, we omit the subscript for the notation of the corresponding distinguished element.

The detailed discussion will be provided later; however, we briefly outline here the rel-

evance of these classes of metric spaces in our context. In particular, the natural morphisms

between pointed metric spaces are those functions that preserve the base point, that is, they

map the base point of the domain to the base point of the codomain. The additive identity

0 will be the distinguished element for any normed linear space.

2.2 Lipschitz space

In the context of metric spaces, Lipschitz functions arise as a natural class of morphisms.

In particular, our focus is on base-point-preserving Lipschitz maps and on maps that are

Lipschitz at the distinguished point (Definition 6.1.1).

Definition 2.2.1. Let M and N be metric spaces. A mapping f : M → N is said to

be Lipschitz, if there exists k > 0 in R such that d(f(x1), f(x2)) ≤ kd(x1, x2) for all

x1, x2 ∈ M , and the smallest such k is called the Lipschitz number.

The set of all Lipschitz mappings from M into N is denoted by Lip(M,N). If we

replace N by a normed linear space Y , then Lip(M,Y ) is a vector space. The natural

candidate for norm of such a function is just its Lipschitz number. As the Lipschitz number

of any constant function is zero, it cannot serve as a norm for functions that do not vanish

at the base point. For Lipschitz functions on unpointed spaces, the definition of the norm

becomes slightly more involved. Nevertheless, any set can be transformed into a pointed

set by adjoining an extra element and designating it as the base point. In the metric setting,

an analogous construction allows, for our purposes, the treatment of unpointed spaces as a

special case of pointed spaces. However, we deal with pointed metric spaces only, in this

thesis. For details of this construction we refer Weaver’s book [56, Chapter 1].
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§2.2. Lipschitz space

Equipped with the Lipschitz norm

Lip(f) := sup

{
∥f(x1)− f(x2)∥

d(x1, x2)
: x1 ̸= x2 ∈ M

}
,

the space of Lipschitz functions, vanishing at the origin;Lip0(M,Y ) := {f ∈ Lip(M,Y ) : f(0) = 0}

forms a normed linear space. In fact, (Lip0(M,Y ), Lip(·)) becomes a Banach space when-

ever Y is a Banach space.

2.2.1 Lipschitz free space

For a pointed metric spaceM , the Lipschitz free space overM is defined by

F (M) := span {δx : x ∈ M}‖·‖ ⊂ Lip0(M,R)∗,

where for any x ∈ M , δx : Lip0(M,R) → R be the evaluational functional, that is, δx(f) =

f(x) for any f ∈ Lip0(M,R). The Banach space F (M) is in fact a canonical predual of

Lip0(M,R). Despite the active research on Lipschitz free spaces, their structural properties

are still not fully understood. The structure of F (Rn) is not completely characterized for

n > 1. Further, it is known that F (R) is isometrically isomorphic to L1(R). More recently,

several scattered results have appeared in this direction; for instance, it has been shown that

for any infinite metric spaceM , the space F (M) contains a copy of ℓ1. For further details

and several other results towards this direction, we refer to [16], [7], [5], [38], [31], [8],

[15], [24].

2.2.2 Some general facts about Lipschitz free spaces

First, we give some of the fundamental properties of Lipschitz free spaces. The results

presented here are standard and well-known. An important result here is the fundamental

linearization property of free spaces: Any Lipschitz map from ametric spaceM to a Banach

space Y extends uniquely into a continuous linear map from F (M) to Y . We list down the

following well-established facts below: (for proof and other details see [27], [56], [14]).
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§2.2. Lipschitz space

LetM,N be a pointed metric spaces.

1. We consider the evaluational operator δM : M → Lip0(M)∗ given by δM(m)(f) :=

f(m) for any m ∈ M and f ∈ Lip0(M)∗. Then δM is a base point preserving non-

linear isometric embedding. Note that even if we consider M = X be a normed

linear space in this setting, the map δX remains non-linear. However, in this case δX

admits a left inverse: a bounded linear contraction βX : F (X) → X (also known as

the barycentre map).

2. One of the crucial property of the Lipschitz free space is the following universal

property: There exists only one (upto isometry) Banach space F (M) such that there

is an isometry δM : M → F (M) such that:

(a) δM(M \ {0}) is linearly independent with span δM(M)
‖·‖

= F (M), and

(b) for every Banach space Y anf for any f ∈ Lip0(M,Y ) there exists Tf ∈

L(F (M), Y ) such thatTf◦δM = f and ∥Tf∥ = Lip(f). In fact (Lip0(M,Y ), Lip(·))

is linear isometrically isomorphic to L(F (M), Y ). That is, the following dia-

gram commutes in the above sense:

F (M)

M Y

TfδM

f

In particular for Y to be the real vector space R, we have Lip0(M,R) is dual of

F (M). Also, the map Tf is known as the linearization of the Lipschitz map f .

3. Let X and Y be Banach spaces. Then there exists a contractive linear map βX :

F (X) → X such that βXδX = IdX .

4. The adjoint map (βX)∗ : X∗ −→ F (X)∗ is an isometry.
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§2.3. Operator ideal

5. Let X and Y be any two Banach spaces. Then F (X) is bi-lipschitz isomorphic (i.e-

both forward map and its inverse are Lipschitz) to X ⊕1 ker(βX), via the map

ηX : X ⊕1 ker(βX) −→ F (X)given by ηX(x, µ) = δx + µ,

for µ ∈ ker(βX) and x ∈ X . It also follows from [27, Theorem 2.12].

Let us mention one more consequence of the Universal property. This is the Lipschitz

structure of metric spaces corresponds to the linear structure of the corresponding

Lipschitz free spaces.

6. Indeed if f : M → N is a base point preserving Lipschitz map then it extends to

a bounded linear map Cf : F (M) → F (N) with ∥Cf∥ = Lip(f). In particular

if M and N are Lipschitz isomorphic (that is, there exits a Lipschitz bijection with

Lipschitz inverse) then F (M) is linearly isomorphic to F (N) as Banach spaces. That

is, the following diagram commutes:

F (M) F (N)

M N

Cf

δM

f

δN

Now we recall some fundamental notions of the theory that will be required in the sub-

sequent discussion. For a detailed account of linear operator ideals and related theory, we

refer the reader to [22], [49], [20].

2.3 Operator ideal

LetX0, X, Y, Y0 beBanach spaces. BX denotes the closed unit ball ofX . ByF (X,Y ), L(X,Y )

we denote the spaces of finite rank linear operators and bounded linear operators between

X and Y , respectively, equipped with the natural operator norm ∥ · ∥. In particular when

Y = R, we denote the space of bounded linear functionals on X as X∗ = L(X,R).
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§2.3. Operator ideal

2.3.1 Linear operator ideal

An operator ideal A is a rule that assigns to each pair (X,Y ) of Banach spaces a linear

subspace A(X,Y ) ⊆ L(X,Y ) such that the following conditions hold:

(I1) x∗ ⊗ y ∈ A(X,Y ) for any x∗ ∈ X∗ and y ∈ Y .

(I2) If X0 and Y0 are Banach spaces, then

u ◦ T ◦ w ∈ A(X0, Y0)

whenever u ∈ L(Y, Y0), T ∈ A(X,Y ), and w ∈ L(X0, X).

Further, if for each (X,Y ), A(X,Y ) is equipped with a norm α such that:

(N1) α(x∗ ⊗ y) = ∥x∗∥ · ∥y∥ for all x∗ ∈ X∗ and y ∈ Y ,

(N2) α(u ◦ T ◦ w) ≤ ∥u∥ · α(T ) · ∥w∥ whenever X0 and Y0 are Banach spaces and

u ∈ L(Y, Y0), T ∈ A(X,Y ), and w ∈ L(X0, X),

(N3) (A(X,Y ),α) is a Banach space,

then (A,α) is called a Banach operator ideal (or simply Banach ideal).

We say that the Banach ideal (A,α) is injective if for every operator v ∈ L(X,Y ) such

that u◦v ∈ A(X,Y0) for an isometry u ∈ L(Y, Y0), then v ∈ A(X,Y ) and α(u◦v) = α(v)

whenever X,Y, Y0 are Banach spaces.

Two basic remarks are in order:

1. Regardless of the operator ideal A, we have F (X,Y ) ⊆ A(X,Y ) for all Banach

spaces X,Y . This follows immediately from (I1) and the linearity of A(X,Y ).

2. Regardless of the Banach ideal (A,α), we have ∥u∥ ≤ α(u) for any u ∈ A(X,Y ).

We further present a brief account of some classical Banach operator ideals.
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Example 2.3.1. 1. (F, ∥ ·∥) is the smallest operator ideal of finite rank linear operators

with the usual operator norm.

2. (L, ∥ · ∥), Banach ideal of bounded linear operators with usual operator norm.

3. Compact operator: T ∈ L(X,Y ) is said to be compact operator if T (BX) is compact

subset of Y .

The space of such compact operators (K, ∥ · ∥) forms a Banach operator ideal with

the usual operator norm on it.

4. p-summing operator: Let 1 ≤ p < ∞ and let u : X → Y be a linear operator

between Banach spaces. We say that u is p-summing if there exists a constant c ≥ 0

such that, for every natural number m and for every choice of x1, . . . , xm ∈ X , we

have (
m∑

i=1

∥u(xi)∥p
)1/p

≤ c sup
ϕ∈BX∗

(
m∑

i=1

|ϕ(xi)|p
)1/p

,

where BX∗ denotes the closed unit ball of X∗.

The least constant c for which the above inequality holds is denoted by πp(u). We

writeΠp(X,Y ) for the set of all p-summing operators fromX intoY . Then,Πp(X,Y )

is a linear subspace ofL(X,Y ), the space of all bounded linear operators fromX into

Y , and that πp defines a norm onΠp(X,Y ), with πp(u) ≥ ∥u∥ for all u ∈ Πp(X,Y ).

In fact, (Πp,πp(·)) forms a Banach operator ideal.

5. p-integral operator: We shall say that a linear mapping u : X → Y between Banach

spaces is a p-integral operator (1 ≤ p < ∞) if there exist a probability measure µ

and bounded linear operators

a : Lp(µ) → Y ∗∗ and b : X → L→(µ)
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giving rise to the following commutative diagram:

X Y Y ∗∗

L→(µ) Lp(µ)

u

b

JY

ip

a

Here ip : L→(µ) → Lp(µ) is the formal identity, and JY : Y → Y ∗∗ denotes the

canonical isometric embedding. The collection of all p-integral operators fromX to

Y is denoted by Ip(X,Y ). For each u ∈ Ip(X,Y ) we associate its p-integral norm,

ιp(u) = inf ∥a∥ ∥b∥,

where the infimum is taken over all probability measures µ and operators a, b as

above. Then, (Ip, ip(·)) is a Banach operator ideal.

6. p-nuclear operator: A linear map u : X → Y is said to be p-nuclear (1 ≤ p < ∞)

if there exist a ∈ L(ℓp, Y ), b ∈ L(X, ℓ→), λ = (λn) ∈ ℓp such that u = a ◦Mλ ◦ b,

whereMλ : ℓ→ → ℓp, is the multiplication operatorMλ((xn)) = (λnxn).

X ℓ→ ℓp Yb

u

Mλ a

νp(u) := inf { ∥a∥ ∥Mλ∥ ∥b∥ : u = aMλ b, a ∈ L(ℓp, Y ), b ∈ L(X, ℓ→), λ ∈ ℓp} .

Then the collection of p-nuclear operators Np forms a Banach operator ideal with

respect to the nuclear norm νp(·).

22





Chapter 3

Position of L(X,Y ) in Lip0(X,Y )

Let X and Y be Banach spaces and we consider the Lipschitz space Lip0(X,Y ) = {f ∈

Lip(X,Y ) : f(0) = 0}. Then Lip0(X,Y ) is a Banach space with the norm

Lip(f) = sup
{
∥f(x)− f(y)∥

∥x− y∥ : x, y ∈ X, x ̸= y

}
for any f ∈ Lip0(X,Y ).

The spaceLip0(X,Y ) is often regarded as natural non-linear generalization ofL(X,Y ).

It is known that L(X,Y ) is a subspace of Lip0(X,Y ). The space L(X,Y ) carries the usual

operator norm,

∥T∥ = sup{∥Tx∥ : x ∈ X and ∥x∥ ≤ 1}

for any T ∈ L(X,Y ). We have ∥T∥ = Lip(T ) for all T ∈ L(X,Y ) so that L(X,Y ) is a

closed subspace of Lip0(X,Y ).

We are interestedwhetherL(X,Y ) is complemented inLip0(X,Y ). This is known to be

true when Y = R. Indeed, by a result due to Lindenstrauss ( [42, Theorem 2]) we know that

there exists a (norm one) projection from Lip0(X,R) onto L(X,R) (see also [11, Proposi-

tion 7.5]). In this chapter, we extend this result to the case where Y is a dual space. Specif-

ically, we construct a surjective linear norm-one projection P Y
X : Lip0(X,Y ) −→ L(X,Y ).

This leads us to conclude that L(X,Y ) is complemented in Lip0(X,Y ), whenever Y is a

dual space. More precisely, we prove that Lip0(X,Y ) is equal to L(X,Y )⊕→ ker(P Y
X ) as

vector space and the two norms are equivalent.

Encouraged by the initial set of observations, we proceed to investigate the structure of

the quotient spaceLip0(X,Y )
/
L(X,Y ) . SinceL(X,Y ) is a closed subspace ofLip0(X,Y ),
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Lip0(X,Y )
/
L(X,Y ) itself is a Banach space. Our aim is to explore whether this space

can also be described in terms of an operator space. To that end, once again we recall

the Lipschitz-free space first and then we set the stage for a more detailed analysis in the

following sections.

For each x ∈ X , we define δx : Lip0(X,R) −→ R by δx(f) = f(x) for all f ∈

Lip0(X,R). Then δx ∈ L(Lip0(X,R),R) with ∥δx∥ = ∥x∥ for all x ∈ X . This induces

a Lipschitz mapping δX : X → L(Lip0(X,R),R) given by (x 2→ δx). We consider the

closed subspace

F (X) := span{δx : x ∈ X}‖.‖

ofLip0(X,R)∗. We then consider a bounded linear contraction (also known as the barycen-

tre map) βX : F (X) −→ X which is a left inverse of the Lipschitz map δX : X −→ F (X). We

prove that the space Lip0(X,Y )
/
L(X,Y ) is isometrically isomorphic to L(ker(βX), Y )

when Y is an injective Banach space.

Next, we examine the relation between P Y
X and βX . We note that ker(P Y

X ) is topologi-

cally isomorphic to Lip0(X,Y )
/
L(X,Y ) which in turn can be proved to be isometrically

isomorphic toL(ker(βX), Y ), whenever Y is a dual injective space. Both the results depend

on the following observation:

{f ∈ Lip0(X,Y ) : Tf (γ) = 0 ∀γ ∈ ker(βX)} = L(X,Y ),

where Tf is the linearization of f ∈ Lip0(X,Y ).

We further prove that L
(
F (X)

/
ker(βX) , Y

)
is isometrically isomorphic to L(X,Y ),

whenever Y is a dual injective space. In fact, we prove more general versions of these

results and discuss the embedding of L(X,Y ) into L(F (X), Y ).

At the end, we present an explicit description of the space ker(βR). We prove that it is

isometrically isomorphic to {f ∈ L1(R) :
∫
R fdµ = 0}, where µ is the Lebesgue measure
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on R. We deduce that

L→(R)
/
{set of all constant maps on R}

is isometrically isomorphic to dual of ker(βR).

Now we will discuss the summary of this chapter. In Section 3.1, we have shown that

there is a projection from the Lipschitz space to a linear space using an invariant mean.

In Section 3.2, we recall that Lip0(X,Y ) is isomorphic to L(F (X), Y ). This leads us to

consider a Y -valued duality between Lip0(X,Y ) and F (X). One of the results here gives

a necessary and sufficient condition for a Lipschitz map to be linear.

In Section 3.3, we use the vector-valued duality from the previous section to define some

new quotient spaces. In particular, we show that the Lipschitz space modulo the linear space

is isomorphic to a certain operator space.

At the end, in Section 3.4, we explicitly describe the kernel of βR. Using the results

developed in this chapter, we give an alternative proof that

L→(R)
/
{set of all constant maps on R}

is a dual space.

3.1 Embedding of L(X,Y ) into Lip0(X,Y )

Let X and Y be Banach spaces. We again recall that for T ∈ L(X,Y ), we have ∥T∥ =

Lip(T ) so that L(X,Y ) is a closed subspace of Lip0(X,Y ). In this section, we prove that

L(X,Y ) is a complemented subspace of Lip0(X,Y ) whenever Y is a dual Banach space.

In fact, we show that in this case, there exists a projection from Lip0(X,Y ) onto L(X,Y ).

We begin with the following observation.

Let f : X → Y be a Lipschitz mapping and let x ∈ X . Consider fx : X → Y given by

fx(z) = f(x + z) for all z ∈ X . Then fx is also Lipschitz with Lip(fx) = Lip(f) for all

f ∈ Lip(X,Y ) and x ∈ X . We use this translation to prove the next result.
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Proposition 3.1.1. For any pair of Banach spaces X and Y , Lip0(X,Y ) is linearly iso-

metrically isomorphic to a closed subspace of Lip0(X, ℓ→(X,Y )).

Proof. We fix f ∈ Lip0(X,Y ) and define φf : X −→ XY given by

φf (x) = fx − f for all x ∈ X.

Let x, z ∈ X . Then

∥ (φf (x)) (z)∥ = ∥(fx − f)(z)∥ = ∥f(x+ z)− f(z)∥ ≤ Lip(f)∥x∥.

Thus φf (x) ∈ ℓ→(X,Y ) with ∥φf (x)∥→ ≤ Lip(f)∥x∥. Now

sup
x %=x′

∥φf (x)− φf (x′)∥→
∥x− x′∥ = sup

x,x′,z∈X; x %=x′

∥φf (x)(z)− φf (x′)(z)∥
∥x− x′∥

= sup
x,x′,z∈X; x %=x′

∥f(x+ z)− f(x′ + z)∥
∥(x+ z)− (x′ + z)∥

= sup
x %=x′

∥f(x)− f(x′)∥→
∥x− x′∥ = Lip(f).

Thus φf ∈ Lip0(X, ℓ→(X,Y )) with Lip(φf ) = Lip(f). This induces a linear isometry

Φ : Lip0(X,Y ) −→ Lip0(X, ℓ→(X,Y )) given by Φ(f) = φf for all f ∈ Lip0(X,Y ).

Remark 3.1.2. For f ∈ Lip(X,Y ), φf ∈ Lip(X, ℓ→(X,Y )).

Now we recall the notion of an invariant mean.

Definition 3.1.3. [11] A left invariant mean in X is a linear functionalM on ℓ→(X) (the

space of all bounded maps from X to R) such that:

1. M(1) = 1, where 1(x) = 1 for all x ∈ X .

2. M(f) ≥ 0 for all f ≥ 0.

3. M(fx) = M(f) for all x ∈ X , where fx(z) = f(x+ z) for all z ∈ X .

27



§3.1. Embedding of L(X,Y ) into Lip0(X,Y )

Let Y be a dual Banach space. It follows from [11, Corollary C.2] that an invariant

meanM in X induces a norm-one linear operatorMY
X : ℓ→(X,Y ) → Y satisfying:

1. MY
X(fx) = MY

X(f) for all f ∈ ℓ→(X,Y ) and x ∈ X .

2. MY
X(ŷ) = y for all y ∈ Y . Here ŷ ∈ ℓ→(X,Y ) is given by ŷ(x) = y for all x ∈ X .

We callMY
X a generalized invariant mean. It is easy to verify thatMR

X = M .

Remark 3.1.4. For f ∈ Lip0(X,Y ) and x, x′, z ∈ X , we have

((φfx) (x
′)) (z) = ((fx)x′ − fx) (z) = f(x+ x′ + z)− f(x+ z)

= (fx′ − f) (x+ z) = (φf (x
′))x (z).

Thus (φfx) (x
′) = (φf (x′))x ∈ ℓ→(X,Y ) for all x, x′ ∈ X . Now it follows that

MY
X ((φfx) (x

′)) = MY
X

(
(φf (x

′))x
)
= MY

X (φf (x
′))

for all f ∈ Lip0(X,Y ), x, x′ ∈ X .

Theorem 3.1.5. Let X and Y be Banach spaces with Y be a dual space. Then L(X,Y ) is

1-complemented in Lip0(X,Y ).

Proof. For f ∈ Lip0(X, ) and z ∈ X , we set

P Y
X (f)(z) = MY

X(φf (z))

whereMY
X : ℓ→(X,Y ) −→ Y is a vector-valued generalized invariant mean. Then P Y

X (f) :

X → Y . First, we show that P Y
X (f) is linear.

Note that for x, x′ ∈ X , we have

φf (x+ x′) = fx+x′ − f = fx+x′ − fx′ + fx′ − f

= (fx − f)x′ + (fx′ − f)
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= (φf (x))x′ + φf (x
′).

Thus asMY
X is translation invariant, we get

P Y
X (f)(x+ x′) = P Y

X (f)(x) + P Y
X (f)(x′)

for all x, x′ ∈ X . Since MY
X and Φ are continuous, so is P Y

X (f). So, using a standard

technique of real analysis, it is routine to prove that P Y
X (f)(αx) = αP Y

X (f)(x) for any

x ∈ X and α ∈ R whence P Y
X (f) ∈ L(X,Y ) for all f ∈ Lip0(X,Y ). Thus P Y

X :

Lip0(X,Y ) −→ L(X,Y ).

SinceMY
X and Φ are linear, so is P Y

X . Also as

∥P Y
X (f)(z)∥ = ∥MY

X(φf (z))∥ ≤ Lip(f)∥z∥,

we have ∥P Y
X (f)∥ ≤ Lip(f) for all f ∈ Lip0(X,Y ).

Next, we prove that P Y
X (T ) = T for all T ∈ L(X,Y ). Fix T ∈ L(X,Y ) and z ∈ X .

Then for any x ∈ X , we have

(φT (z)) (x) = T (x+ z)− T (x) = T (z) ∈ Y,

that is, φT (z) = T̂ z. Thus

P Y
X (T )(z) = MY

X(φT (z)) = MY
X(T̂ z) = Tz.

Therefore, P Y
X (T ) = T for all T ∈ L(X,Y ) so that P Y

X is a norm one linear projection

from Lip0(X,Y ) onto L(X,Y ). In other words, L(X,Y ) is complemented in Lip0(X,Y )

whenever Y is a dual Banach space.

Corollary 3.1.6. LetX and Y be Banach spaces with Y be a dual space. Then Lip0(X,Y )

is topologically isomorphic to L(X,Y )⊕1 ker(P Y
X ).
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Proof. ByTheorem 3.1.5,P Y
X is a (norm one) projectionwithP Y

X (Lip0(X,Y )) = L(X,Y ).

Thus Lip0(X,Y ) = L(X,Y )⊕ ker(P Y
X ) as vector spaces. Here the linear isomorphism is

given by

f ∈ Lip0(X,Y ) 2→ (P Y
X (f), (f − P Y

X (f))) ∈ L(X,Y )⊕ ker(P Y
X ).

Moreover, ∥.∥1 is equivalent to Lip(.) on Lip0(X,Y ), where

∥f∥1 = ∥P Y
X (f)∥+ Lip(f − P Y

X (f))

for all f ∈ Lip0(X,Y ). In fact,

Lip(f) ≤ ∥P Y
X (f)∥+ Lip(f − P Y

X (f)) ≤ Lip(f) + 2∥P Y
X (f)∥ ≤ 3Lip(f),

if f ∈ Lip0(X,Y ).

Remark 3.1.7. 1. Let us recall the following point. Let Y ⊂ X be a closed subspace

and let P : X → Y be an onto linear projection with ∥P∥ = 1. For any x ∈ X ,

d(x, ker(P )) = ∥P (x)∥ = ∥x− (x− P (x))∥,

so that ker(P ) is a proximinal subspace and the quotient spaceX/ ker(P ) is isometric

to P (X). Additionally, we have

P (X)∗ ∼= P ∗(X∗)

isometrically. Now considering this information for our present purpose we have

P Y
X (Lip0(X,Y ))∗ ∼= (P Y

X )∗ (Lip0(X,Y )∗) .

2. We note that ker(P Y
X ) is topologically isomorphic to Lip0(X,Y )

/
L(X,Y ) . In fact,

IdLip0(X,Y ) − P Y
X is a bounded linear surjective projection from Lip0(X,Y ) onto

ker(P Y
X ) with kernel L(X,Y ).

30



§3.1. Embedding of L(X,Y ) into Lip0(X,Y )

In Theorem 3.1.5, we showed that the duality of Y ensures the existence of a surjective

projection P Y
X : Lip0(X,Y ) → L(X,Y ). However, the duality of the codomain is not

necessary for a projection from Lip0(X,Y ) onto L(X,Y ) to exist. When the domain X

is finite-dimensional and Y is any Banach space, we can show that there exists a bounded

linear projection from Lip0(X,Y ) onto L(X,Y ). This observation is subsumed in the next

result, where we show that such a projection exists when the domain X = ℓ1 and Y is an

arbitrary Banach space.

Before stating the next proposition, let us recall the well-known identification

L(ℓ1, Y ) ∼=

( →⊕

n=1

Y

)

&∞

.

Indeed, corresponding to everyT ∈ L(ℓ1, Y ), the sequence (T (en))→n=1 belongs to (
⊕→

n=1 Y )&∞

and

∥T∥ = sup
n∈N

∥T (en)∥.

Conversely, if (yn)→n=1 ∈ (
⊕→

n=1 Y )&∞ , then the formula

T ((xn)) =
→∑

n=1

xnyn, (xn) ∈ ℓ1,

defines a bounded linear operator T : ℓ1 → Y with ∥T∥ = supn ∥yn∥. Thus L(ℓ1, Y ) is

canonically isometrically isomorphic to (
⊕→

n=1 Y )&∞ .

This observation makes the definition of the projection P more natural, since for each

f ∈ Lip0(ℓ1, Y ), the operator P (f) is precisely the operator associated with the sequence

(
f(en)

)→
n=1

∈
( →⊕

n=1

Y

)

&∞

.

Proposition 3.1.8. For any Banach space Y , there exists a surjective bounded linear norm

one projection from Lip0(ℓ1, Y ) onto L(ℓ1, Y ).

Proof. Let f, g ∈ Lip0(ℓ1, Y ), α ∈ R and (xn), (x′
n) ∈ ℓ1. Then,

∥∥∥∥
→∑
n=1

xnf(en)

∥∥∥∥ ≤

Lip(f)∥(xn)∥1 so that
→∑
n=1

xnf(en) ∈ Y . Let us put P (f)((xn)) =
→∑
n=1

xnf(en). Then
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easily we obtain that P (f)((αxn+x′
n)) = αP (f)((xn))+P (f)((x′

n)). Therefore, the map

P : Lip0(ℓ1, Y ) → L(ℓ1, Y ) given by P (f)((xn)) =
→∑
n=1

xnf(en), for all f ∈ Lip0(ℓ1, Y )

and (xn) ∈ ℓ1, is well-defined. Again, linearity of P is immediate with ∥P (f)((xn))∥ ≤

Lip(f)∥(xn)∥1. Hence, P is a bounded linear contraction. Now, we show that P is also a

surjective projection.

Suppose, T ∈ L(ℓ1, Y ). Then

P (T )((xn)) =
→∑

n=1

xnT (en) = T

( →∑

n=1

xnen

)
= T ((xn)).

Thus P (T ) = T for any T ∈ L(ℓ1, Y ). This completes the proof.

3.2 A vector valued duality (Lipschitz case)

If X and Y are Banach spaces, then L(X,Y ) is a closed subspace of the Banach space

Lip0(X,Y ) and therefore Lip0(X,Y )
/
L(X,Y ) is also a Banach space. In the next sec-

tion, we shall obtain a condition on Y under which the quotient space is seen as an operator

space. To facilitate this discussion, in this section let us begin by recalling the following re-

sult, from which the subsequent remarks follow immediately. We may recall that the study

of the linear structure of Lipschitz-free spaces has been an active field of study. See, for

example, [16], [56], [28], [14], [18], [30]. We then introduce an appropriate vector-valued

duality, which plays a key role in identifying the corresponding quotient spaces.

Theorem 3.2.1. (2.2.2(2(b))) Let X and Y be Banach spaces. Then (Lip0(X,Y ), Lip(·))

is isometrically isomorphic to L(F (X), Y ) via the map∇Y
X : Lip0(X,Y ) → L(F (X), Y ),

given by∇Y
X(f) = Tf .

Remark 3.2.2. Let X and Y be Banach spaces.

1. For each f ∈ Lip0(X,Y ) there exists unique linear map Tf = ∇Y
X(f) ∈ L(X,Y )

such that f = Tf ◦ δX .
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2. Let S ∈ L(X,Y ). Then ∇Y
X(S) = S ◦ βX . Thus

∇Y
X(L(X,Y )) = {S ◦ βX : S ∈ L(X,Y )}

is a closed subspace of L(F (X), Y ).

3. ∇Y
X(S ◦ δX) = S for any S ∈ L(X,Y ).

Theorem 3.2.1 encourages us to consider the following ‘vector-valued’ duality.

Proposition 3.2.3. For any two Banach spaces X and Y , define

⟨·, ·⟩Y : Lip0(X,Y )× F (X) −→ Y

given by

⟨f, µ⟩Y := Tf (µ)

for all f ∈ Lip0(X,Y ) and µ ∈ F (X) with Tf be the linearization map for each f ∈

Lip0(X,Y ). Then ⟨·, ·⟩Y is bilinear and non-degenerate.

Proof. It is routine to check that ⟨·, ·⟩Y is bilinear. Linearity in the second co-ordinate

follows from the linearity of Tf and the first co-ordinate due to the uniqueness of the lin-

earization map.

Let f ∈ Lip0(X,Y ) be such that Tf (µ) = 0 for all µ ∈ F (X). Then Tf = 0, hence

f = 0, as ∥Tf∥ = Lip(f). Let µ ∈ F (X) with Tf (µ) = 0 for all f ∈ Lip0(X,Y ). We aim

to showµ = 0. Choose y0 ∈ Y \{0} and for each g ∈ Lip0(X,R)we define h(x) = g(x)y0.

Then h ∈ Lip0(X,Y ) and Th(δx) = h(x) = g(x)y0 = Tg(δx)y0. Therefore, from linearity

and continuity of Th and Tg we get Th(γ) = Tg(γ)y0 for all γ ∈ F (X). Now Th(µ) = 0

for all h ∈ Lip0(X,Y ) implies Tg(µ)y0 = 0 for all g ∈ Lip0(X,R). Thus µ(g) = 0 for all

g ∈ Lip0(X,R). Hence µ = 0. This completes the proof.
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For A ⊂ Lip0(X,Y ), we define A♦ := {γ ∈ F (X) : Tf (γ) = 0 ∀f ∈ A}. Then

A♦ =
⋂
f∈A

ker(Tf ) is a closed subspace of F (X).

Similarly, for D ⊂ F (X), ♦D := {f ∈ Lip0(X,Y ) : Tf (γ) = 0 ∀γ ∈ D} can be

shown a closed subspace of Lip0(X,Y ).

3.2.1 Characterization of a Lipschitz map to be linear

Proposition 3.2.4. LetX and Y be Banach spaces and f ∈ Lip0(X,Y ). Then the following

statements are equivalent.

1. f is linear.

2. f ∈ ♦ ker(βX).

Proof. Let f ∈ L(X,Y ) and µ ∈ ker(βX). Then by Remark 3.2.2 (2), Tf = f ◦ βX .

Therefore, Tf (µ) = 0 and hence f ∈ ♦ ker(βX).

Let f ∈ Lip0(X,Y ) such that Tf (µ) = 0 for all µ ∈ ker(βX). We show that f is linear.

Let x1, x2 ∈ X and r ∈ R. Then −rδx1 − δx2 + δrx1+x2 ∈ ker(βX). Thus

Tf (−rδx1 − δx2 + δrx1+x2) = 0

which amounts to saying

−rf(x1)− f(x2) + f(rx1 + x2) = 0.

Therefore, f(rx1 + x2) = rf(x1) + f(x2) so that f is linear. Now, being Lipschitz, f is

uniformly continuous in X so that f ∈ L(X,Y ). This completes the proof.

Lemma 3.2.5. Let X and Y be Banach spaces. Then L(X,Y )♦ = ker(βX).

Proof. Let µ ∈ L(X,Y )♦. Then Tf (µ) = 0 for all f ∈ L(X,Y ). That is. f ◦ βX(µ) = 0

for all f ∈ L(X,Y ). We show that µ ∈ ker(βX). Put v = βX(µ). Choose y0 ∈ Y \ {0}.

34



§3.3. Some quotient spaces

Now for each φ ∈ X∗ we consider hφ(x) = φ(x)y0 for all x ∈ X . Then hφ ∈ L(X,Y )

for all φ ∈ X∗. Now f(v) = 0 for all f ∈ L(X,Y ) implies hφ(v) = φ(v)y0 = 0 for all

φ ∈ X∗. Thus by Hahn-Banach theorem v = βX(µ) = 0. Hence µ ∈ ker(βX).

Again suppose µ ∈ ker(βX). Consequently, we have Tf (µ) = f ◦ βX(µ) = 0 for all

f ∈ L(X,Y ). Therefore, µ ∈ L(X,Y )♦. Hence the proof holds.

Remark 3.2.6. From the above two results, for any two Banach spaces X and Y we have
( ♦ ker(βX)

)♦
= ker(βX) and ♦ (L(X,Y )♦

)
= L(X,Y ).

3.3 Some quotient spaces

Proposition 3.3.1. LetD be a closed subspace of F (X). If Y is an injective Banach space,

then Lip0(X,Y ) /♦D is linear isometrically isomorphic to L(D, Y ).

Proof. For a fix f ∈ Lip0(X,Y ), we define Θ : Lip0(X,Y ) → L(D, Y ) given by Θ(f) =

Tf

∣∣
D. It is routine to check that Θ is linear. We show that Θ is surjective also. Let S ∈

L(D, Y ). Since Y is injective there exists S̃ ∈ L(F (X), Y ) such that S̃
∣∣
D = S with

∥S̃∥ = ∥S∥. Thus S̃ ◦ δX ∈ Lip0(X,Y ). Moreover, this follows directly from linearity,

continuity, and the uniqueness of the linearization, that TS̃◦δX = S̃. Therefore, for any

γ ∈ D

Θ(S̃ ◦ δX)(γ) = TS̃◦δX (γ) = S̃(γ) = S(γ).

Thus Θ is surjective.

Also,

ker(Θ) =
{
f ∈ Lip0(X,Y ) : Tf

∣∣
D = 0

}

= {f ∈ Lip0(X,Y ) : Tf (γ) = 0 for all γ ∈ D}

= ♦D.

35



§3.3. Some quotient spaces

So by fundamental theorem of linear algebra Θ induce a linear isomorphism (which we

again denote by Θ):

Θ : Lip0(X,Y ) /♦D → L(D, Y )

given by Θ(f + ♦D)(γ) = Tf (γ) for all γ ∈ D.

Now, for any f ∈ Lip0(X,Y ) and γ ∈ D

∥Θ(f + ♦D)(γ)∥ = ∥Tf (γ)∥

= inf
g∈ ♦D

∥Tf+g(γ)∥

≤ ∥γ∥ inf
g∈ ♦D

Lip(f + g)

= ∥γ∥∥f + ♦D∥.

Therefore, Θ is a surjective contractive linear isomorphism. So by the open mapping theo-

rem, Θ−1 exists and is a bounded linear surjective isomorphism.

Fix S ∈ L(D, Y ) and let S1 and S2 be any two extensions of S in L(F (X), Y ). If

γ ∈ D, then

T(S1◦δX−S2◦δX)(γ) = TS1◦δX (γ)− TS2◦δX (γ) = S(γ)− S(γ) = 0.

Thus S1 ◦ δX + ♦D = S2 ◦ δX + ♦D and hence S̃ ◦ δX + ♦D is uniquely determined by S.

Now it follows that Θ−1(S) = S̃ ◦ δX + ♦D for all S ∈ L(D, Y ), where S̃ ∈ L(F (X), Y )

is a norm preserving extension of S. Since

∥Θ−1(S)∥ = ∥S̃ ◦ δX + ♦D∥ ≤ Lip(S̃ ◦ δX) ≤ ∥S∥,

Θ−1 is also a contraction. Now, it is easy to conclude thatΘ is surjective linear isometry so

that Lip0(X,Y ) /♦D is isometrically isomorphic to L(D, Y ).

Remark 3.3.2. Let X be a Banach space and Y be an injective Banach space. Then it

follows from Propositions 3.3.1 and 3.2.4 that the quotient space Lip0(X,Y )
/
L(X,Y ) is

isometrically isomorphic to L(ker(βX), Y ).
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Proposition 3.3.3. Let D be a closed subspace of F (X), then L
(
F (X) /D , Y

)
is linear

isometrically isomorphic to ♦D.

Proof. Consider Q : F (X) → F (X) /D be the canonical quotient map Q(µ) = µ+D.

Also, for any fix f ∈ ♦D, we consider its linearization map Tf and define the map

Λ : ♦D −→ L
(
F (X) /D , Y

)

given by Λ(f)(γ +D) = Tf (γ) for all f ∈ ♦D and γ ∈ F (X). Then Λ is linear. Also

∥Λ(f)(γ +D)∥ = ∥Tf (γ)∥

= inf
µ∈D

∥Tf (γ + µ)∥

≤ inf
µ∈D

∥(γ + µ)∥Lip(f)

= Lip(f)∥γ +D∥,

for all f ∈ ♦D and γ ∈ F (X). Thus Λ is a contraction. We show that Λ is an isometry.

Let ϵ > 0. Then there exist x1, x2 ∈ X with x1 ̸= x2 such that

∥f(x1)− f(x2)∥
∥x1 − x2∥

≥ Lip(f)− ϵ, that is
∥∥∥∥Tf

(
δx1 − δx2

∥x1 − x2∥

)∥∥∥∥ ≥ Lip(f)− ϵ.

Therefore,
∥∥∥∥Λ(f)

(
δx1 − δx2

∥x1 − x2∥
+D

)∥∥∥∥ =
∥f(x1)− f(x2)∥

∥x1 − x2∥
≥ Lip(f)− ϵ.

Since 1 =
∥∥∥ δx1−δx2
‖x1−x2‖

∥∥∥ ≥
∥∥∥ δx1−δx2
‖x1−x2‖ +D

∥∥∥ and ϵ > 0 is arbitrary, we conclude that ∥Λ(f)∥ ≥

Lip(f). Hence Λ is an isometry.

To prove the surjectivity of Λ, let S ∈ L
(
F (X) /D , Y

)
. Set f(x) = S(δx + D) =

S ◦Q ◦ δX(x) for all x ∈ X . Then f ∈ Lip0(X,Y ) as composition of linear and Lipschitz

maps. Now Tf (δx) = f(x) = S(δx+D) = S ◦Q(δx) for all x ∈ X . Therefore, Tf = S ◦Q

as they match on dense subspace. Therefore for all γ ∈ D, Tf (γ) = S(Q(γ)) = 0 so that

f ∈ ♦D. This completes the proof.
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Remark 3.3.4. 1. In particular for D = {0} we have the Theorem 3.2.1.

2. ForD = ker(βX) we get L
(
F (X)

/
ker(βX) , Y

)
is linear isometrically isomorphic

to L(X,Y ).

Remark 3.3.5. 1. If we consider Y to be an injective dual space andD = ker(βX), then

from the Remark 3.1.7(2), Propositions 3.3.1 and 3.2.4 we have ker(P Y
X ) is topolog-

ically isomorphic to Lip0(X,Y )
/
L(X,Y )which is linear isometrically isomorphic

to L(ker(βX), Y ).

In particular for X = Y = R we avail (ker(βR))∗ is linear isometrically isomorphic

to L→(R) /R . ( It is known that Lip0(R,R) is isometrically isomorphic to L→(R)

(see [27, p 128])).

3.4 An example

The following proposition answers that the space L→(R) quotient by the set of all constant

functions, that is span{1}; is a dual space, in fact, we provide its explicit predual space. In

this section, by S we denote the space of all simple functions on R.

Proposition 3.4.1. ker(βR) is isometrically isomorphic to {f ∈ L1(R) :
∫
R fdx = 0},

where µ is the Lebesgue measure on R.

Proof. Let us define Λ : L1(R) −→ R given by

Λ(f) =

∫

R
fdµ.

Then, Λ is a surjective linear contraction.

Again recall (for details see [17, p 542]) the linear isometric isomorphism betweenF (R)

and L1(R) say φ : F (R) −→ L1(R) whose action on the spanning elements is as follows:

φ(δx) =

⎧
⎪⎨

⎪⎩

−χ(x,0) ;if x < 0

0 ;if x = 0

χ(0,x) ;if x > 0.
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In fact, from the proof, it follows that R = span{δx : x ∈ R} is linearly isometrically

isomorphic to the space of all simple functions ≡ S (⊂ L1(R)).

Let x ∈ R. Then

Λ ◦ φ(δx) =

⎧
⎪⎨

⎪⎩

Λ(−χ(x,0)) = x = βR(δx) ;if x < 0

0 ;if x = 0

Λ(χ(0,x)) = x = βR(δx) ;if x > 0.

Thus βR = Λ ◦ φ. Further

ker(βR) = {γ ∈ F (R) : βR(γ) = 0}

∼=
{
f ∈ L1(R) : βR

(
φ−1(f)

)
= 0
}

=
{
f ∈ L1(R) : Λ(f) = 0

}

= {f ∈ L1(R) :
∫

R
fdµ = 0}.

where the symbol ′ ∼=′ means linearly isometrically isomorphic. This completes the proof.

Corollary 3.4.2. ker(βR)∩R is linearly isometrically isomorphic to {f ∈ S :
∫
R fdµ = 0},

whereR = span {δx : x ∈ R}.

Remark 3.4.3. 1. From the above Corollary we have ker(βR) ∩R‖.‖
is linear isometri-

cally isomorphic to {f ∈ S :
∫
R fdµ = 0}

‖·‖1 . Further suppose (fn) be a sequence

in ker(βR) ∩R such that fn
‖.‖1−−→ f ∈ L1(R). Then

∣∣∣∣
∫

R
fdµ

∣∣∣∣ =

∣∣∣∣
∫

R
(f − fn + fn)dµ

∣∣∣∣

≤
∫

R
|f − fn|dµ+

∣∣∣∣
∫

R
fndµ

∣∣∣∣ .

Thus
∫
R fdµ = 0 so that {f ∈ S :

∫
R fdµ = 0}

‖.‖1
= {f ∈ L1(R) :

∫
R fdµ = 0}.

Therefore, ker(βR) ∩R‖.‖
= ker(βR). Furthermore, Remark 3.3.2 allows us to fur-

ther deduce that ker(βR)∗ is linear isometrically isomorphic to Lip0(R,R)
/
L(R,R)

which is further linear isometrically isomorphic to L→(R)
/
span{1} .
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2. Further if we consider X = Y = R, D = ker(βR), closed subspace of F (R);

then the Proposition 3.3.3 provides that L
(
F (R)

/
ker(βR) ,R

)
is linear isometri-

cally isomorphic to ♦ ker(βR) = L(R,R), where L(R,R) is identified as a subspace

of L→(R,R) consisting of all constant functions.
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Chapter 4

Positive homogeneous Lipschitz maps

In this chapter we focus on positive homogeneous Lipschitz maps, the space consists of this

maps and relevant properties. The motivation comes from the following facts. In chapter

3 we have seen that the space of bounded linear maps L(X,Y ) between the Banach spaces

X and Y , is 1-complemented in Lip0(X,Y ) (whenever Y is a dual space) and the quotient

space Lip0(X,Y )
/
L(X,Y ) is linearly isometrically isomorphic to an appropriate space

of operators, whenever Y is a dual injective space. In particular, we observe that for any

infinite-dimensional normed linear space X , the quotient of its linear dual X∗ within the

Lipschitz dual Lip0(X) forms a well-behaved space of operators (indeed, a dual space).

Motivated by these results, we were led to investigate the following question:

What can be said about the quotient space Lip0(X)/A when A is a finite-dimensional

subspace of Lip0(X)?

In this present chapter in Section 4.1, we prove that this quotient space is also a dual

space and provide an explicit characterization of its predual.

While searching for a proper closed subspace of Lip0(X) that contains X∗ properly,

our attention naturally turns to Lipph0 (X), the space of positively homogeneous real-valued

Lipschitz functions. Interestingly, Lipph0 (X) turns out to be both a dual space and the pre-

annihilator of a closed subspace of the Lipschitz-free space, satisfying

X∗ ! Lipph0 (X) ! Lip0(X).

Moreover, we define an appropriate multiplication on it (distinct from the one introduced

by the authors in [6]), under which (Lipph0 (X), Lip(·)) also becomes a Banach algebra. It is
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worth noting thatLip0(M), equipped with the Lipschitz norm and pointwise multiplication,

fails to form a Banach algebra unlessM is a bounded metric space. In this sense, the space

Lipph0 (X) offers a slight structural advantage. We now discuss the structure of the article

and the key findings as follows:

1. For any Banach space X with dimension greater than 1, we identify a proper closed

infinite-dimensional subspace, namely Lipph0 (X) (Space of positive homogeneous

Lipschitz maps) of Lip0(X) that contains X∗ as a proper closed subspace, and we

further show that Lip0(X)
/
Lipph0 (X) is a dual space (see Corollary 4.2.4).

2. It is well known that Lip0(R,R) is linear isometrically isomorphic to L→(R) (see

[17]). In contrast, we see that the space Lipph0 (R,R) is two dimensional. However,

once wemove toR2, the spaceLipph0 (R2,R) becomes infinite-dimensional, as its pre-

dual is linearly isomorphic to L1(R) (see Example 4.2.11(1)). Thus, the imposition

of positive homogeneity leads to a remarkable change in the dimensional structure

of the corresponding Lipschitz spaces over R. In fact, geometrically, the positively

homogeneous Lipschitz maps from R to R are precisely the piecewise affine maps

that may fail to be differentiable at most at a single point, namely the origin.

3. Analogous to the Lipschitz free space, we identify a canonical predual F ph(X) of

Lipph0 (X) and examine its relationship with the Lipschitz free space overX in Propo-

sition 4.2.9. Furthermore, we show that whenever dim(X) > 1, the space F ph(X)

contains a subspace that is linearly isomorphic to L1(R) (see Proposition 4.3.2). To

prove this, we use the McShane-type extension theorem for positive homogeneous

Lipschitz maps, proved in Section 4.3.

To move forward, we recall the following results from the theory of Lipschitz functions,

which will be used in the subsequent sections. The canonical predual of Lip0(M); the
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4 Positive homogeneous Lipschitz maps

Lipschitz free space associated withM is denoted by F (M). It is given by

F (M) = span‖·‖{δx : x ∈ M} ⊂ Lip0(M)∗,

where δx : Lip0(M) → R is the linear functional defined by δx(f) = f(x) for all

f ∈ Lip0(M). Again recall that a key property of Lipschitz free spaces is their univer-

sal linearization of Lipschitz functions. Specifically, for any Lipschitz map f : M → N

between pointed metric spaces such that f(0M) = 0N , there exists a bounded linear oper-

ator Cf : F (M) → F (N) satisfying ∥Cf∥ = Lip(f), and such that Cf ◦ δM = δN ◦ f ,

where the map δM : M → F (M) (x 2→ δx) is a nonlinear isometric embedding of a metric

space into its Lipschitz free space. Another important property is the universal property

of Lipschitz maps. Given f ∈ Lip0(M,X), there exists a unique bounded linear map

Tf ∈ L(F (M), X) such that

Tf ◦ δM = f and Lip(f) = ∥Tf∥.

The nonlinear isometric embedding δX has a linear left inverse βX : F (X) → X , that acts

on the basis elements as βX(δx) = x. For further details on these concepts, we refer to the

important paper by Godefroy and Kalton [27], and the monograph by Weaver [57], which

provide a comprehensive study of Lipschitz functions.

Once again, let us recall the following notation. GivenX and Y Banach spaces,X ≃ Y

stands for X is linearly isomorphic to Y . X ≃h Y stands for X is linearly homeomorphic

to Y . X ∼= Y stands forX is linear isometrically isomorphic to Y . X c
↪−→ Y stands forX is

linear isomorphic to a complemented subspace of Y . The closed unit ball and unit sphere

of X are denoted by BX and SX , respectively.
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§4.1. Quotient of Finite-Dimensional Spaces in the Lipschitz Dual

4.1 Quotient of Finite-Dimensional Spaces in the Lipschitz
Dual

LetA be any n-dimensional subspace of Lip0(X,R). Therefore,A = span {f1, f2, ..., fn}

for some n linearly independent elements f1, f2, ..., fn ∈ Lip0(X). The following result

provides an explicit identification of the space Lip0(X) /A .

Proposition 4.1.1. Let f1, f2, ..., fn ∈ Lip0(X) be linearly independent. Then

Lip0(X)
/
span {f1, f2, ..., fn} is linear isometrically isomorphic to

(
n⋂

i=1
ker(Tfi)

)∗

.

Proof. We consider the closed subspace M =
n⋂

i=1
ker(Tfi) of F (X). As Lip0(X) and

F (X) form a dual pair, it is enough to show thatM⊥ = span {f1, f2, ..., fn}. Since F (X)∗

is linear isometrically isomorphic to Lip0(X)

M⊥ =

{
g ∈ Lip0(X) : γ(g) = 0 ∀ γ ∈

n⋂

i=1

ker(Tfi)

}
.

Therefore, γ(g) = 0 ∀ γ ∈
n⋂

i=1
ker(Tfi) implies

n⋂
i=1

ker(Tfi) ⊂ ker(Tg). Then it follows

from a standard technique that Tg ∈ span {Tf1 , Tf2 , ..., Tfn}. That is. there exists αi ∈ R

for i = 1, 2, ..., n such that

Tg =
n∑

i=1

αiTfi

⇐⇒ Tg(δx) =
n∑

i=1

αiTfi(δx) ∀x ∈ X.

⇐⇒ g ∈ span {f1, f2, ..., fn} .

Hence we get M⊥ = span {f1, f2, ..., fn} and from [51, Theorem 4.9] the proof follows.

Remark 4.1.2. 1. Although the above result is proved for Banach spaces, it remains

valid when X is replaced by a pointed metric space, and the proof proceeds by the

same method.
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2. If we considerX = R and the one dimensional subspace span{IdR}, then it follows

from the result that Lip0(R)
/
span{IdR} ∼= ker(βR)∗, which has been shown as a

corollary in [37, Remark 5.5].

3. In general, for any finite-dimensional subspace A of Lip0(X,Y ), it is not known to

the author whether the quotient space Lip0(X,Y ) /A can be identified with a space

of linear operators.

4.2 A Proper Closed Subspace of the Lipschitz Dual Prop-
erly Containing the Linear Dual

One of our other goal in this chapter is to identify a proper closed subspace of Lip0(X) that

contains X∗ as a closed subspace. It is well-known that positive homogeneous uniformly

continuous maps between Banach spaces are known to be Lipschitz. In seeking a proper

closed subspace of Lip0(X) containingX∗, the author focused on positively homogeneous

Lipschitz maps. In pursuit of this objective, for any Banach spaces X and Y , we consider

a subset S ⊂ X which is closed under nonnegative scalar multiplication (hence 0 ∈ S),

equipped with the metric induced by the norm on X , that is, d(x,w) := ∥x − w∥ for all

x,w ∈ S. We consider

Lipph0 (S, Y ) := {f ∈ Lip0(S, Y ) : f(αx) = αf(x) ∀α ≥ 0, x ∈ X} ,

with theLip(·) norm. Since any sequence (fn) inLipph0 (S, Y ) converges to f ∈ Lip0(S, Y )

in Lip(·) norm; implies fn converges to point-wise to f also. It follows that the space

Lipph0 (S, Y ) is a closed subspace ofLip0(S, Y ). In particular,Lipph0 (X,Y ) containsL(X,Y )

as a closed subspace. Moreover, the inclusions are strict as the map x → ∥x∥y0 is in

Lipph0 (X,Y ) \ L(X,Y ), where as the map x → ∥x − x0∥y0 − ∥x0∥y0 is in Lip0(X,Y ) \

Lipph0 (X,Y ) for some fixed x0 ∈ X \ {0} and y0 ∈ SY . For Y = R we denote the space

of positive homogeneous real-valued Lipschitz maps on X by Lipph0 (X).
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Moreover, it is known that on the closed unit ball BLip0(X), the weak∗ topology coin-

cides with the topology of pointwise convergence. It is also straightforward to verify that

BLipph0 (X) is closed in BLip0(X) with respect to this topology. Since BLip0(X) is compact un-

der the topology of pointwise convergence, its closed subsetBLipph0 (X) is likewise compact.

Hence, by the Ng–Dixmier theorem [47, Theorem 1], it follows that Lipph0 (X) is isomet-

rically isomorphic to a dual space. In analogy with the predual of Lip0(X), we construct

the predual of Lipph0 (X). To proceed in this direction, we first present the following facts.

The proofs follow similar lines to the classical case, while the differing parts can be derived

from the hints provided herein.

Facts 4.2.1. 1. Recall the pointwise evaluation functional δx ∈ Lip0(X)∗. By δphx we

denote its restriction to Lipph0 (X), that is, δphx := δx
∣∣
Lipph0 (X)

. We then define

F ph(X) := span‖·‖ {δphx : x ∈ X
}
,

which is a closed subspace of Lipph0 (X)∗.

2. Analogous to the map δX : X → F (X) (a nonlinear isometry), the map δphX : X →

F ph(X), x 2→ δphx , is also a nonlinear isometry. However, the proof of this

isometry differs slightly from the usual one, and we therefore provide its details below.

Let x, y ∈ X . Then ∥δphx −δphy ∥ = sup
f∈B

Lip
ph
0 (X)

|f(x)−f(y)| ≤ ∥x−y∥. For the equal-

ity, consider the functional (exists due toHahn-Banach theorem) g ∈ SX∗

(
⊂ BLipph0 (X)

)

such that g(x− y) = ∥x− y∥. Then ∥δphx − δphy ∥ ≥ |g(x)− g(y)| = ∥x− y∥. Hence,

the proof follows.

3. Since δphX is the restriction of δX to Lipph0 (X), it is positive homogeneous—unlike the

map δX itself.
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4. For any Banach space X , define

⟨·, ·⟩ : Lipph0 (X)× F ph(X) −→ R

given by

⟨f, µ⟩ := µ(f)

for all f ∈ Lipph0 (X) and µ ∈ F ph(X). Then ⟨·, ·⟩ is bilinear and non-degenerate.

Also, it can be easily deduced that

sup
f∈B

Lip
ph
0 (X,R)

|µ(f)| = ∥µ∥ and sup
µ∈B

Fph(X)

|µ(f)| = Lip(f).

5. Lipph0 (X,Y ) is linear isometrically isomorphic to L
(
F ph(X), Y

)
via the map f 2→

T ph
f , where f and T ph

f satisfy the following commutative diagram.

F ph(X)

X Y

T ph
fδphX

f

The proof follows similar to the classical argument of proving Lip0(X,Y ) is linear

isometrically isomorphic to L(F (X), Y ), relying on the fact that δphX is positive ho-

mogeneous.

6. Let X and Y be Banach spaces and suppose f ∈ Lipph0 (X,Y ). Then there exists a

unique linear map Cph
f : F ph(X) → F ph(Y ) such that Cph

f ◦ δphX = δphY ◦ f, that is,

the following diagram commutes:

F ph(X) F ph(Y )

X Y

Cph
f

δphX

f

δphY

.

The proof of it follows similar to [27, Lemma 2.2].
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4.2.1 Lipph0 (X) as a quotient space in Lip0(X)

Proposition 4.2.2. For any Banach space X , consider the closed subspace of F (X)

span‖·‖{rδx − δrx : r ≥ 0, x ∈ X
}
.

Then, the pre-annihilator of Lipph0 (X) is given by ⊥Lipph0 (X) = span‖·‖{rδx − δrx : r ≥

0, x ∈ X
}
.

Proof. Since every f ∈ Lipph0 (X) is positive homogeneous and ⊥Lipph0 (X) is a closed

subspace of F (X), we have span‖·‖{rδx − δrx : r ≥ 0, x ∈ X} ⊂ ⊥Lipph0 (X).

Now, suppose γ ∈ ⊥Lipph0 (X) \ span‖·‖{rδx − δrx : r ≥ 0, x ∈ X}. Then, by the

Hahn-Banach separation theorem (see [51, Theorem 3.5]), there exists g ∈ Lip0(X) such

that γ(g) = 1 and ξ(g) = 0 for all ξ ∈ span‖·‖{rδx − δrx : r ≥ 0, x ∈ X}. In particular,

(rδx − δrx)(g) = 0 for all x ∈ X and r ≥ 0. Therefore, g ∈ Lipph0 (X), which implies

γ(g) = 0, a contradiction. Hence, the claim follows.

Remark 4.2.3. A similar kind of arguments provides that

span‖·‖{rδx − δrx : r ≥ 0, x ∈ X}⊥ = Lipph0 (X).

Corollary 4.2.4. From the above facts we have the following :

Lip0(X)
/
Lipph0 (X) = span‖·‖{rδx − δrx : r ≥ 0, x ∈ X}∗.

Now we see that Lipph0 (X) is embeded as a complemented subspace in Lip0(X).

Proposition 4.2.5. LetX be a Banach space. Then there exists a projection from Lip0(X)

onto Lipph0 (X).

Proof. For any f ∈ Lip0(X) we consider

f̃(x) =

{
∥x∥f

(
x

‖x‖

)
, if x ̸= 0

0, ifx = 0.
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Then f̃ ∈ Lipph0 (X) with Lip(f̃) ≤ 3Lip(f). Now we define P : Lip0(X) → Lipph0 (X)

given by P (f) = f̃ . It is easy to verify that P is bounded linear surjective projection

map.

The next corollary follows from the fact that ker(P ) =
{
f ∈ Lip0(X) : f

∣∣
SX

= 0
}
.

Corollary 4.2.6. For any Banach space X , Lip0(X) =
{
f ∈ Lip0(X) : f

∣∣
SX

= 0
}
⊕

Lipph0 (X).

The next result provides a classification of all positive homogeneous real-valued Lip-

schitz maps on a Banach space by relating them to real-valued Lipschitz maps whose do-

mains are suitably restricted. On SX ∪{0} we consider the restricted metric induced by the

norm ∥ · ∥ on the Banach space X .

Proposition 4.2.7. Let X and Z be a Banach spaces. Then
(
Lipph0 (X,Z), Lip(·)

)
is lin-

early homeomorphic to (Lip0(SX ∪ {0}, Z), Lip(·)).

Proof. We define Λ : Lipph0 (X,Z) → Lip0(SX ∪ {0}, Z) given by Λ(f) = f
∣∣
SX∪{0}.

Clearly Λ is a linear contraction. Using the positive homogeneity of the functions we can

prove ker(Λ) = {0}.

Let g ∈ Lip0(SX ∪ {0}, Z). Put

h(x) =

{
∥x∥g

(
x

‖x‖

)
, if x ̸= 0

0, if x = 0.

Then h is positive homogeneous. We show that h is Lipschitz also. Suppose x, y ∈ X \{0}.

Then

|h(x)− h(y)| =

∣∣∣∣∥x∥g
(

x

∥x∥

)
− ∥x∥g

(
y

∥y∥

)
+ (∥x∥ − ∥y∥)g

(
y

∥y∥

)∣∣∣∣

≤ Lip(g)∥x− y∥+ Lip(g)∥x∥
∥∥∥∥

x

∥x∥ − y

∥y∥

∥∥∥∥ .
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Again, by a standard technique, it follows that ∥x∥
∥∥∥ x
‖x‖ −

y
‖y‖

∥∥∥ ≤ 2∥x − y∥. Therefore,

|h(x)−h(y)| ≤ 3Lip(g)∥x−y∥. The case is considerably simpler when either x or y equals

0. Furthermore, it is straightforward to see that Λ(h) = g. This completes the proof.

Remark 4.2.8. For Z = R with dimension of X greater equal to 2, it follows from [16,

Theorem 3.2] and the Proposition 4.2.7 that ℓ→ ↪−→ Lipph0 (X).

This linear homeomorphism naturally induces a corresponding linear homeomorphism

between their predual spaces, which we shall establish in the following proposition. Since

the proof follows a similar way using this map Λ, we only provide the outline of it.

Proposition 4.2.9. For any Banach spaceX , F (SX) and F ph(X) are linearly homeomor-

phic.

Proof. Let us define themapΘ : span{δx : x ∈ SX} → F ph(X) given byΘ
(

n∑
i=1

αiδxi

)
=

n∑
i=1

αiδphxi
. Then the linearity of Θ follows from the definition.

We show Θ is a contraction. For any µ =
n∑

i=1
αiδxi ∈ F (SX):

∥Θ(µ)∥F ph(X) = sup
f∈B

Lip
ph
0 (X)

∣∣∣∣∣

n∑

i=1

αif(xi)

∣∣∣∣∣

Since xi ∈ SX , the restriction map Λ : Lipph0 (X) → Lip0(SX ∪ {0}) given by Λ(f) =

f |SX∪{0} is a contraction (from Proposition 4.2.7). Since every f ∈ BLipph0 (X) restricts to a

function in BLip0(SX∪{0}), the supremum over the former is bounded by the supremum over

the latter:

∥Θ(µ)∥F ph(X) ≤ sup
g∈BLip0(SX∪{0})

∣∣∣∣∣

n∑

i=1

αig(xi)

∣∣∣∣∣ = ∥µ∥F (SX)

Thus, ∥Θ∥ ≤ 1 and hence Θ extends uniquely to a continuous linear map Θ : F (SX) →

F ph(X).

and boundedness (contraction) holds using the mapΛ from the above proposition. Since

Θ is continuous and F ph(X) is complete Θ can be extended continuously to F (SX).
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Next, we show that Θ is invertible and we find out its inverse. First, we note that

since δphx is positive homogeneous, we have δphx = ∥x∥δphx/‖x‖ for any x ∈ X \ {0}. Thus,

span{δphx : x ∈ X} = span{δphx : x ∈ SX}.

Let us define Φ : span{δphx : x ∈ SX} → F (SX) by:

Φ

(
n∑

i=1

αiδ
ph
xi

)
=

n∑

i=1

αiδxi

We use the result from Proposition 4.2.7 we have for any g ∈ Lip0(SX ∪ {0}) there

exists a unique Λ−1(g) ∈ Lipph0 (X) such that Lip (Λ−1(g)) ≤ 3Lip(g).
∥∥∥∥∥Φ
(

n∑

i=1

αiδ
ph
xi

)∥∥∥∥∥
F (SX)

= sup
g∈BLip0(SX∪{0})

∣∣∣∣∣

n∑

i=1

αig(xi)

∣∣∣∣∣

For each g ∈ BLip0(SX∪{0}), let h = 1
3Λ

−1(g). Then h ∈ BLipph0 (X) and h(xi) =
1
3g(xi) for

xi ∈ SX .

sup
g∈BLip0(SX∪{0})

∣∣∣∣∣

n∑

i=1

αig(xi)

∣∣∣∣∣ ≤ sup
h∈3B

Lip
ph
0 (X)

∣∣∣∣∣

n∑

i=1

αih(xi)

∣∣∣∣∣ = 3

∥∥∥∥∥

n∑

i=1

αiδ
ph
xi

∥∥∥∥∥
F ph(X)

Thus, ∥Φ∥ ≤ 3. This map extends continuously to the whole of F ph(X).

Again Φ : span{δphx : x ∈ SX} → F (SX) given by Φ

(
n∑

i=1
αiδphyi

)
=

n∑
i=1

αiδphyi and

sends 0 to 0. Then Φ is linear bounded (by the constant 3), can be extended to F ph(X).

Also, immediately it follows that Φ is the inverse of Θ. This completes the proof.

We work out a couple of examples for a better understanding of the space.

Example 4.2.10. Consider X = R. Then F (SR) = F ({±1}) and F ph(R) are linearly

homeomorphic. Therefore, F ph(R) is linearly homeomorphic to R2. Hence, Lipph0 (R,R)

is also linearly homeomorphic to R2. However, independently, we show that Lipph0 (R,R)

is linear isometrically isomorphic to (R2, ∥ · ∥→).

For any f ∈ Lipph0 (R,R) we have

f(x) =

{
xf(1), if x ≥ 0

−xf(−1), if x < 0.
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We define the following surjective linear map ξ : Lipph0 (R,R) → (R2, ∥ · ∥→) given by

ξ(f) = (f(1), f(−1)). Clearly, sup
x,y∈[0,→),x %=y

|f(x)−f(y)|
|x−y| = |f(1)| and sup

x,y∈(−→,0],x %=y

|f(x)−f(y)|
|x−y| =

|f(−1)|.

Suppose x > 0 and y = −t for some t > 0. Then f(x)− f(y) = xf(1)− tf(−1), and

|x− y| = x+ t > 0. Now

sup
x>0,y<0

|f(x)− f(y)|
|x− y| = sup

x,t>0

|xf(1)− tf(−1)|
x+ t

= sup
x,t>0

∣∣∣∣
x

x+ t
f(1) +

t

x+ t
(−f(−1))

∣∣∣∣

= max{|f(1)|, |f(−1)|}

Combining all the cases, we have Lip(f) = ∥(f(1), f(−1))∥→ and hence the isometry

follows.

In addition, it can be easily deduced that Lipph0 ([0,∞),R) is one dimensional.

Example 4.2.11. 1. From the Proposition 4.2.9 it follows that F (SR2) ≃h F ph(R2).

Moreover, from [5] and [28] we know that F (SR2) ≃ F (R) ∼= L1(R). Therfore,

we get F ph(R2) is linearly isomorphic to L1(R) and hence Lipph0 (R2,R) is infinite

dimensional.

2. In fact, later on we prove that for any normed linear spaceX with dim(X) ≥ 2 (′dim′

stands for dimension), Lipph0 (X) is of infinite dimension.

3. As an application of the previous Corollary 4.2.4 and the above Example 4.2.10 we

have L→(R) /R2 ∼= span‖·‖ {rδx − δrx : r ≥ 0, x ∈ R}∗

4.2.2 Characterization of a Lipschitz map to become positive homoge-
neous

Proposition 4.2.12. Let f ∈ Lip0(X,Y ). Then f ∈ Lipph0 (X,Y ) if and only if

span {δrx − rδx : r > 0, x ∈ X}‖·‖ ⊆ ker(Tf ).
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Proof. Let r > 0 and x ∈ X . Then Tf (δrx − rδx) = 0 implies f(rx) = rf(x). Therefore,

f ∈ Lipph0 (X,Y ).

Converse part directly follows from the fact that ker(Tf ) is a closed subspace and

{δrx − rδx : r > 0, x ∈ X} ⊆ ker(Tf ).

4.2.3 Lipph0 (X,R) as a Banach algebra

Here, we study the Banach space Lipph0 (X,R) as an algebra over an arbitrary Banach

space X . When the pointed metric space (M,d, 0) is bounded, the space Lip0(M) con-

stitutes a Banach algebra in a weak sense; that is, there exists a constant C > 1 such

that Lip(fg) ≤ CLip(f)Lip(g) for all f, g ∈ Lip0(M). In fact, one may choose C =

2max
x∈M

d(x, 0). Such structures are referred to as Gelfand algebras in [57]. It is worth not-

ing that in the usual definition of a Banach algebra, the above inequality is required to hold

with C = 1. As discussed in [57, Chapter 7], when M is bounded, one can introduce an

equivalent submultiplicative norm on Lip0(M), making it a genuine Banach algebra. Con-

sequently, since Lipph0 (X) is a closed subspace of Lip0(X), it forms a Banach subalgebra.

Moreover, we construct another multiplication, obtained by multiplying the usual pointwise

product by a factor, defined via the map Λ as in Proposition 4.2.7, with respect to which

(Lipph0 (X), Lip(·)) itself becomes a Banach algebra.

Since SX∪{0} is bounded the space Lip0(SX∪{0},R) is closed under usual pointwise

multiplication. Hence, for any f, g ∈ Lipph0 (X), it follows that Λ(f)Λ(g) ∈ Lip0(SX ∪

{0},R). We now define

f ⊙ g(x) :=
1

3
Λ−1 (Λ(f)Λ(g)) (x)

=

{
f(x)g(x)
3‖x‖ , if x ̸= 0

0, if x = 0.

Directly, from the definition f ⊙ g ∈ Lipph0 (X). It only remains to show that Lip(f ⊙ g) ≤
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Lip(f)Lip(g). Suppose x, y ∈ X \ {0}. Now

∣∣∣∣
f(x)g(x)

3∥x∥ − f(y)g(y)

3∥y∥

∣∣∣∣ ≤ 1

3

{∣∣∣∣
1

∥x∥f(x) (g(x)− g(y))

∣∣∣∣+
∣∣∣∣g(y)

(
1

∥x∥f(x)−
1

∥y∥f(y)
)∣∣∣∣

}

≤ 1

3
{Lip(f)Lip(g)∥x− y∥+ 2Lip(f)Lip(g)∥x− y∥}

≤ Lip(f)Lip(g)∥x− y∥.

Further, for x ̸= 0 and y = 0 we get |f ⊙ g(x)| ≤ Lip(f)Lip(g)∥x∥. Hence, we have

Lip(f ⊙ g) ≤ Lip(f)Lip(g). This recovers the definition of defining multiplication on

Lip0(X), so that it becomes a Banach algebra with respect to Lip(·) norm, by Fernando

Albiac et al. in [6].

4.2.4 Complementability, and Isomorphism of F (X) and F ph(X)

We record at this point that Benyamini and Sternfeld proved in [10] that there exists a Lip-

schitz retraction, say R, from BX onto SX whenever X is an infinite-dimensional normed

linear space. Now we consider the following Lipschitz projection G : X → BX given

by G(x) =

{
x

‖x‖ , if ∥x∥ ≥ 1

x, if ∥x∥ ≤ 1.
Then R ◦ G : X → SX is a Lipschitz retraction. Note

that R ◦ G(0) = R(0) ∈ SX and hence R ◦ R(0) = R(0). Now, from the remark just

after [27, Lemma 2.3] we have that F (SX) is complemented in F (X). Then by Proposition

4.2.9 we get F ph(X) sits as a complemented subspace in F (X).

In [13], Leandro Candido and Pedro L. Kaufmann established a key result that connects

F (X) and F (SX) as isomorphic spaces. They proved that if a Banach space X is isomor-

phic to its hyperplanes, then the spaces F (X) and F (SX) are also isomorphic. In view of

their result and the Proposition 4.2.9 we also have the following remark.

Remark 4.2.13. Let X be a Banach space such that X is isomorphic to its hyperplanes.

Then F (X) and F ph(X) are isomorphic.
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4.3 McShane’s type extension theorem for positive homo-
geneous real-valued Lipschitz functions

E. J. McShane, in [43, Theorem 1], proved that any real-valued function f defined on a

subset E of a metric space M can be extended to the entire space M while preserving

the same Lipschitz constant. In the next proposition, we establish an analogous extension

theorem for a positive homogeneous Lipschitz map. The proof is obtained by making a

slightmodification to the classical one. For further details onMcShane’s extension theorem,

we also refer the reader to [14, Theorem 4.1.1]. The necessary modification is presented in

the following proposition, while the remaining arguments follow from the cited proof.

Proposition 4.3.1. Let S be a subset of the Banach space X , which is closed under non-

negative scalar multiplication, and f ∈ Lipph0 (S). Then f can be extended toX preserving

the same Lipschitz constant.

Proof. Let us define the functions F,G : X → R, defined for x ∈ X by

F (x) := sup
y∈S

(f(y)− Lip(f)∥x− y∥)

and

G(x) := inf
y∈S

(f(y) + Lip(f)∥x− y∥) .

We show that F,G are positive homogeneous Lipschitz extensions of f preserving the same

Lipschitz constant Lip(f), and any other positive homogeneous Lipschitz extensionH of f

with Lip(H) = Lip(f) satisfies the inequalities F ≤ H ≤ G. We only show that F and G

are positive homogeneous, and the rest of the proof follows the same as [14, Theorem 4.1.1].

Since 0 ∈ S, F (0) = G(0) = 0. Let t > 0 and x ∈ X . Because S is closed under positive

scalar multiplication, the map y 2→ z := y/t is a bijection of S onto itself. Therefore,

F (tx) = sup
y∈S

(f(y)− Lip(f)∥tx− y∥)
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= sup
z∈S

(f(tz)− Lip(f)∥tx− tz∥)

= sup
z∈S

(tf(z)− Lip(f)t∥x− z∥)

= t sup
z∈S

(f(z)− Lip(f)∥x− z∥)

= tF (x).

Hence, F ∈ Lipph0 (X) and similarly we can prove the same for G.

We use this extension result to prove thatLipph0 (X) is infinite dimensional for dim(X) >

1.

Proposition 4.3.2. Let X be a Banach space with dim(X) ≥ 2. Then F ph(X) contains a

copy of L1(R) as a subspace, and therefore Lipph0 (X) is infinite dimensional.

Proof. Let x1, x2 be two linearly independent vectors in X . We consider the norm on R2

induced by the norm on X , that is ∥(a, b)∥i = ∥ax1 + bx2∥ for all (a, b) ∈ R2. Then it

follows that ∥ · ∥i is a norm on R2 and hence the mapping i : (R2, ∥ · ∥i) → X given by

i(a, b) = ax1 + bx2 is a linear isometry. Put Z = i(R2). then the inclusion map i : Z → X

is the canonical embedding. Now recall that the classical linearization map of δX ◦ i in the

Lipschitz, namely δ̂X ◦ i : F (Z) → F (X) becomes an isometric embedding. The proof

relies on the fact that any h ∈ Lip0(Z) can be extended to ĥ ∈ Lip0(X)without altering the

Lipschitz norm. Similarly, from Proposition 4.3.1, any h ∈ Lipph0 (Z) can be extended to

ĥ ∈ Lipph0 (X)without changing the Lipschitz norm. Hence, in this setup, F ph(R2) appears

as a closed subspace of F ph(X). Therefore, by Example 4.2.11, F ph(X) contains a copy

of L1(R) as a subspace, and consequently, Lipph0 (X) is infinite dimensional.
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Chapter 5

Position ofBlin(X,Y ;E) inBLip0(X,Y ;E)

In this present chapter we focus on studying the Banach space BLip0(X,Y ;E) of two–

Lipschitz maps T : X × Y → E vanishing on the coordinate axes, endowed with the usual

two–variable Lipschitz seminorm (which becomes a norm on BLip0). The main themes

are:

• Complementation of the bilinear subspace Blin(X,Y ;E) inside BLip0(X,Y ;E)

under suitable assumptions on the range space E.

• A vector–valued duality between the spaceBLip0(X,Y ;E) and the projective tensor

product F (X) ⊗̂ω F (Y ) of Lipschitz–free spaces.

• Identification of various quotient spaces of BLip0(X,Y ;E), in particular when E is

injective.

• A characterisation of when a two–Lipschitz operator is actually bilinear, phrased in

terms of annihilating a subspace generated by ker(βX) and ker(βY ), where βX : F (X) →

X is the barycentre map.

• An application identifying a concrete predual of L→(R2)/ span{1} via the tensor

description.

To begin with, to address one of the questions considered in this chapter, we recall the

discussion (1.1) from Chapter 1. Motivated by Lindenstrauss’s result, this discussion leads

us to the following question:
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Question 5.0.1. Is Blin(X,Y ;E) complemented in BLip0(X,Y ;E)?

We show that there is a surjective linear projectionP : BLip0(X,Y ;E) −→ Blin(X,Y ;E)

with norm one, whenever E is a dual space. The proof technique relies on the existence

of a vector-valued invariant mean (a vector-valued bounded linear map from the space of

bounded functions on a normed space; details have been discussed later), which is guar-

anteed whenever the codomain space E is a dual space. Given a two-Lipschitz map T ∈

BLip0(X,Y ;E), we construct a suitable function in ℓ→(X × Y,E) and then apply the

vector-valued invariant mean to the bounded function derived from T . The existence of

such a mean enables us to affirmatively answer Question 5.0.1 in the case where E is a

dual space. However, the general case remains open. In summary, when E is a dual space,

Blin(X,Y ;E) is a complemented subspace of BLip0(X,Y ;E), since BLip0(X,Y ;E) =

Blin(X,Y ;E)⊕1ker(P )with equivalent norms, implying thatBLip0(X,Y ;E)
/
Blin(X,Y ;E)

is topologically isomorphic to ker(P ).

5.1 General quotient structure of two-Lipschitz space

However, the author has been further interested in addressing the following question:

Question 5.1.1. Is this quotient space not only topologically but also isometrically isomor-

phic to a concrete space of operators?

In response, we show that when E is an injective Banach space; the quotient is indeed

isometrically isomorphic to a well-defined operator space. Moreover, we identify additional

quotient spaces of BLip0(X,Y ;E) that admit isometric isomorphisms with certain space

of operators. To proceed further, let us recall the construction of the Lipschitz free space

F (X) (introduced by Godefroy and Kalton in [27]). For any x ∈ X , we denote by δx

the evaluation functional, i.e. δx(f) = f(x) for f ∈ Lip0(X,R). It is easy to see that

δX : X → span{δx : x ∈ X}; x 2→ δx is an isometric (nonlinear) embedding of X into
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Lip0(X,R)∗. The space F (X) is defined to be the closed linear span of {δx : x ∈ X}

with the dual space norm denoted simply by ∥ · ∥. It is known that F (R) is isometrically

isomorphic to L1(R), we denote it as F (R) ∼= L1(R) (see [27, p 128]). Then we consider a

linear contraction βX : F (X) → X , a left inverse of the Lipschitz map δX . For details and

additional properties, see [16], [56]. Furthermore, we establish the following more general

result, which provides a partial answer to the above-posed Question 5.1.1:

Result 5.1.2. For any closed subspace D of F (X)⊗̂ωF (Y ) and E is an injective Banach

space,

BLip0(X,Y ;E) /♦D ∼= L(D, E).

Where F (X)⊗̂ωF (Y ) be the complete projective tensor product of F (X) and F (Y )

(with the projective norm denoted as ∥ · ∥ω) and ♦D := {T ∈ BLip0(X,Y ;E) : TL(ξ) =

0 ∀ξ ∈ D} (TL be unique linearization map corresponding to T ∈ BLip0(X,Y ;E)). In the

special case forX,Y and E to be R, using this result, we obtain an alternative proof of the

following consequence:

L→(R× R)
/
{set of all constant maps on R× R}

is isometrically isomorphic to a dual space. Moreover, we explicitly identify its predual

towards the end of this article. For details on bilinear maps and tensor products, we refer

to [39]. Through the study of particular aspects ofBLip0(X,Y ;E) and F (X)⊗̂ωF (Y ), we

also provide a necessary and sufficient condition under which a two-Lipschitz operator is

bilinear.

The rest of the chapter is organized as follows. In Section 5.2, we provide the proof of

one of the main results, Theorem 5.2.3, which offers a partial answer to Question 5.0.1. In

Section 5.3we study anE-valued dual action betweenBLip0(X,Y ;E) andF (X)⊗̂ωF (Y ).

Section 5.4 presents several general results concerning the quotients of two-Lipschitz oper-
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ator spaces. Also, Remark 5.4.4(2) answers the Question 5.1.1 whenever E is an injective

Banach space. Section 5.5 provides some nontrivial examples of the quotient space.

5.2 Embedding of Blin(X,Y ;E) into BLip0(X,Y ;E)

Let X,Y , and E be real Banach spaces. We again recall that for T ∈ Blin(X,Y ;E),

we have ∥T∥ = BLip(T ) so that Blin(X,Y ) is a closed subspace of BLip0(X,Y ;E).

This section proves that Blin(X,Y ;E) is a complemented subspace of BLip0(X,Y ;E)

whenever E is a dual Banach space. In this case, we show that a projection exists from

BLip0(X,Y ;E) onto Blin(X,Y ;E).

Given a map f : X × Y −→ E, we define its translation by a point (p, q) ∈ X × Y as

the map fp,q : X × Y −→ E, where

fp,q(x, y) := f(p+ x, q + y)

for all (x, y) ∈ X × Y . We begin with the following result.

Lemma 5.2.1. Let T ∈ BLip0(X,Y ;E), w,w′ ∈ X and z, z′ ∈ Y . Consider Tp,q ;

translation of T by any (p, q) ∈ X × Y ; that is Tp,q(x, y) = T (p + x, q + y) for all

(x, y) ∈ X × Y . Then the following hold:

1. φw,z
T defined by φw,z

T = Tw,z − Tw,0 − T0,z + T belongs to ℓ→(X × Y ;E).

2. φw+w′,z
T = (φw,z

T )w′,0 + φw′,z
T and φw,z+z′

T = (φw,z
T )0,z′ + φw,z′

T .

3.
(
φ−w,z
T

)
w,0

= −φw,z
T .

4. φ2w,z
T = (φw,z

T )w,0 + φw,z
T and φw,2z

T = (φw,z
T )0,z + φw,z

T .

Proof. Let T ∈ BLip0(X,Y ;E) and fix (w, z) ∈ X × Y . Then for any (x, y) ∈ X × Y

∥φw,z
T (x, y)∥ = ∥Tw,z(x, y)− Tw,0(x, y)− T0,z(x, y) + T (x, y)∥
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= ∥T (w + x, z + y)− T (w + x, y)− T (x, z + y) + T (x, y)∥

≤ BLip(T )∥w∥∥z∥.

Therefore, φw,z
T ∈ ℓ→(X × Y ;E) with ∥φw,z

T ∥→ ≤ BLip(T )∥w∥∥z∥.

Let w,w′ ∈ X and z, z′ ∈ Y . Then for any (x, y) ∈ X × Y

(φw,z
T )w′,0 (x, y) = (Tw,z − Tw,0 − T0,z + T )w′,0 (x, y)

= T (w + w′ + x, z + y)− T (w + w′ + x, y)− T (w′ + x, z + y) + T (w′ + x, y)

= (Tw+w′,z − Tw+w′,0 − Tw′,z + Tw′,0) (x, y).

This implies that (φw,z
T )w′,0 = Tw+w′,z − Tw+w′,0 − Tw′,z + Tw′,0. Further

φw+w′,z
T = Tw+w′,z − Tw+w′,0 − T0,z + T

= Tw+w′,z − Tw+w′,0 − Tw′,z + Tw′,0︸ ︷︷ ︸
+Tw′,z − Tw′,0 − T0,z + T
︸ ︷︷ ︸

= (φw,z
T )w′,0 + φw′,z

T .

In a similar manner we have φw,z+z′

T = (φw,z
T )0,z′ + φw,z′

T .

Again for any (x, y) ∈ X × Y

(
φ−w,z
T

)
w,0

(x, y) = (T−w,z − T−w,0 − T0,z + T )w,0 (x, y)

= T (x, y + z)− T (x, y)− T (w + x, y + z) + T (w + x, y)

= − ((Tw,z − Tw,0 − T0,z + T )) (x, y)

= −φw,z
T (x, y).

Hence
(
φ−w,z
T

)
w,0

= −φw,z
T . Also,

(φw,z
T )w,0 (x, y) = (Tw,z − Tw,0 − T0,z + T )w,0 (x, y)

= T (2w + x, y + z)− T (2w + x, y)− T (w + x, y + z) + T (w + x, y)

= (T2w,z − T2w,0 − Tw,z + Tw,0) (x, y)
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Further

(
φ2w,z
T

)
(x, y) = (T2w,z − T2w,0 − T0,z + T ) (x, y)

=

(
T2w,z − T2w,0 − Tw,z + Tw,0︸ ︷︷ ︸

+Tw,z − Tw,0 − T0,z + T
︸ ︷︷ ︸

)
(x, y)

= (φw,z
T )w,0 (x, y) + (φw,z

T ) (x, y)

The other part can be proved similarly. This completes the proof.

Next, we recall the notion of an invariant mean.

Definition 5.2.2. [11] A left invariant mean in X is a linear functionalM on ℓ→(X) (the

space of all bounded maps from X to R) such that:

1. M(1) = 1, where 1 be the constant function on X that takes value 1.

2. M(f) ≥ 0 for all f ≥ 0.

3. M(fx) = M(f) for all x ∈ X , where fx(z) = f(x+ z) for all z ∈ X .

Let Y be a dual Banach space. It follows from [11, p. 417] that an invariant mean M

in X induces a norm-one linear operatorM : ℓ→(X,Y ) → Y satisfying:

1. M(fx) = M(f) for all f ∈ ℓ→(X,Y ) and x ∈ X .

2. M(ŷ) = y for all y ∈ Y . Here ŷ ∈ ℓ→(X,Y ) is given by ŷ(x) = y for all x ∈ X .

For the proof and other details of the existence of such an invariant mean, we refer [11, p.

417], [12], [35] , [29]. We call this M as a generalized invariant mean. Further, it is easy

to verify that, in particular for Y = R,M = M , the invariant mean.

For any two normed linear spacesX and Y , the product spaceX × Y is equipped with

the norm

∥(x, y)∥X×Y = ∥x∥X + ∥y∥Y .
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In fact (X × Y, ∥.∥X×Y ) becomes a Banach space wheneverX and Y are so. We will omit

the subscript in the norm notation from this point onward. The norm should be understood

in the context of the respective spaces. Now, we are in a position to state our main result of

this section.

Theorem5.2.3. LetX,Y be normed linear spaces andE be a dual space. ThenBlin(X,Y ;E)

is 1- complemented in BLip0(X,Y ;E).

Proof. LetX,Y be normed linear spaces and E be a dual space. ThenX × Y is a normed

linear space equipped with the norm described above. Consequently, by 5.2.2, there exists

a generalized invariant meanM on ℓ→(X × Y,E).

We now define P (T )(w, z) := M (φw,z
T ) for each T ∈ BLip0(X,Y ;E) and (w, z) ∈

X × Y , where φw,z
T is defined in the preceding lemma.

Suppose w,w′ ∈ X and z, z′ ∈ Y . Then by Lemma 5.2.1, we obtain

P (T )(w + w′, z) = M
(
φw+w′,z
T

)

= M
(
(φw,z

T )w′,0 + φw′,z
T

)

= M
(
(φw,z

T )w′,0

)
+M

(
φw′,z
T

)
( asM is linear)

= M (φw,z
T ) +M

(
φw′,z
T

)
( asM is translation invariant)

= P (T )(w, z) + P (T )(w′, z).

Using similar argument we further conclude that

P (T )(w, z + z′) = P (T )(w, z) + P (T )(w, z′).

Thus, P (T ) is additive in each variable. Now, using a standard technique of real analysis,

we show that P (T ) is linear in each argument.

From Lemma 5.2.1(2) for any n ∈ N we have φnw,z
T =

(
φ(n−1)w,z
T

)

w,0
+ φw,z

T . Using
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translation invariance and the linearity ofM then gives

M (φnw,z
T ) = M

((
φ(n−1)w,z
T

)

w,0

)
+M(φw,z

T ),

by induction. At this stage, utilizing the translation invariance ofM repeatedly, we derive

M (φnw,z
T ) = nM (φw,z

T ) .

Applying Lemma 5.2.1(3) we deduce M (φnw,z
T ) = nM (φw,z

T ) for any n ∈ Z, that is.

P (T )(nw, z) = nP (T )(w, z). Let α = m
n ∈ Q. Then

mP (T )(w, z) = P (T )(mw, z) = P (T )(nαw, z) = nP (T )(αw, z).

Thus we have P (T )(αw, z) = αP (T )(w, z) for any α ∈ Q. Again suppose r ∈ R, then

choose (rn) ⊂ Q such that rn converges to r. Now we note that the map u 2→ φu,z
T is

Lipschitz from X to ℓ→(X × Y ) in the ∥ · ∥→ norm as:

∥φu,z
T − φv,z

T ∥→ = sup
x∈X,y∈Y

∥T (u+ x, z + y)− T (u+ x, y)− T (v + x, z + y) + T (v + x, y)∥

≤ BLip(T )∥u− v∥∥z∥.

This gives uniform convergence φrnw,z
T → φrw,z

T in ℓ→ and then continuity ofM yields

M (φrw,z
T ) = lim

n→→
M (φrnw,z

T ) = lim
n→→

rnM (φw,z
T ) = rM (φw,z

T ) .

Therefore, P (T ) is linear in the first variable. Likewise, it can also be shown to be linear

in the second variable. Thus the map

P : (BLip0(X,Y ;E), BLip(·)) −→ (Blin(X,Y ;E), ∥ · ∥)

given by

P (T )(w, z) = M (φw,z
T )

for each T ∈ BLip0(X,Y ;E) and (w, z) ∈ X × Y ; is well defined with

∥P (T )(w, z)∥ = ∥M (φw,z
T ) ∥ ≤ ∥φw,z

T ∥→ ≤ BLip(T )∥w∥∥z∥.
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This shows that ∥P (T )∥ ≤ BLip(T ). Again, from the linearity of M, it easily follows

that P is linear. We show that P (T ) = T for any T ∈ Blin(X,Y ;E). Suppose T ∈

Blin(X,Y ;E). Then for any (x, y) ∈ X × Y

φw,z
T (x, y) = T (w + x, z + y)− T (w + x, y)− T (x, z + y) + T (x, y) = T (w, z).

Moreover φw,z
T = T̂ (w, z) and hence P (T )(w, z) = M(φw,z

T ) = M(T̂ (w, z)) = T (w, z).

Therefore, P (T ) = T for all T ∈ Blin(X,Y ;E) so that P is a norm one linear pro-

jection fromBLip0(X,Y ;E) ontoBlin(X,Y ;E). In other words,Blin(X,Y ;E) is com-

plemented in BLip0(X,Y ;E) whenever E is a dual Banach space.

Remark 5.2.4. Wenote that ker(P ) is topologically isomorphic toBLip0(X,Y ;E)
/
Blin(X,Y ;E) .

In fact, IdBLip0(X,Y ;E) − P is a bounded linear surjective projection form BLip0(X,Y ;E)

onto ker(P ) with kernel Blin(X,Y ;E).

5.3 Vector valued dual action

Here, we define an E-valued dual action between BLip0(X,Y ;E) and F (X)⊗̂ωF (Y ),

which will serve as a foundational setup for the results presented in the following sections.

Let us first recall the following two theorems:

Theorem5.3.1. [32, Theorem 2.6] For every two-Lipschitz operatorT ∈ BLip0(X,Y ;E)

there exists a unique bilinear mapping TB : F (X) × F (Y ) −→ E satisfying TB(δx, δy) =

T (x, y) and T = TB ◦ (δX , δY ) : X × Y
(δX ,δY )−−−−→ F (X) × F (Y )

TB−→ E. Furthermore

BLip(T ) = ∥TB∥. The bilinear mapping TB is called bi-linearization of the two-Lipschitz

operator T .

This result implies that the space (BLip0(X,Y ;E), BLip(·)) is isometrically isomor-

phic to (Blin(F (X), F (Y );E), ∥ · ∥).
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Theorem 5.3.2. ( [52, Theorem 2.9], [32, Remark 2.7]) The bilinear operator TB admits

a linearization (TB)L : F (X)⊗̂ωF (Y ) −→ E satisfies T = TB ◦ (δX , δY ) = (TB)L ◦ σ2 ◦

(δX , δY ), where σ2 : F (X) × F (Y ) −→ F (X)⊗̂ωF (Y ) is the canonical bilinear operator

defined by σ2(µ, ν) = µ ⊗ ν. In addition, we have BLip(T ) = ∥TB∥ = ∥(TB)L∥. The

linear operator (TB)L is referred to as the linearization of the two-Lipschitz operator T .

For the simplification, we write TL instead of (TB)L.

By combining these two results, we conclude that the space (BLip0(X,Y ;E), BLip(·))

is isometrically isomorphic toL
(
F (X)⊗̂ωF (Y ), E

)
via the correspondence T 2→ TL. This

encourages us to consider the following vector-valued duality, which will play a crucial role

in the results of this section.

Proposition 5.3.3. For any Banach spaces X,Y and E, define

⟨·, ·⟩E : BLip0(X,Y ;E)× F (X)⊗̂ωF (Y ) −→ E

given by

⟨T, ξ⟩E := TL(ξ)

for all T ∈ BLip0(X,Y ;E) and ξ ∈ F (X)⊗̂ωF (Y ). Then ⟨·, ·⟩E is bilinear and non-

degenerate.

Proof. The existence of a unique map TL, corresponding to T ∈ BLip0(X,Y ;E), provides

that ⟨·, ·⟩E is linear in the first coordinate, and the linearity of TL gives the linearity in the

second coordinate of ⟨·, ·⟩E . Also the following norm conditions hold:

sup
ξ∈F (X)⊗̂πF (Y ),‖ξ‖≤1

∥TL(ξ)∥ = ∥TL∥ = BLip(T ) and sup
BLip(T )≤1

∥TL(ξ)∥ = sup
‖TL‖≤1

∥TL(ξ)∥ = ∥ξ∥.

Now we show that ⟨·, ·⟩E is non-degenerate. Let T ∈ BLip0(X,Y ;E) and TL(ξ) = 0 for

all ξ ∈ F (X)⊗̂ωF (Y ). This gives TL(δx ⊗ δy) = 0 for all x ∈ X and y ∈ Y . That is,

T (x, y) = 0 for all x ∈ X and y ∈ Y . Hence T = 0.

68



§5.4. Some quotient space

Again let ξ ∈ F (X)⊗̂ωF (Y ) be such that TL(ξ) = 0 for all T ∈ BLip0(X,Y ;E).

That is TL(ξ) = 0 for all TL ∈ L
(
F (X)⊗̂ωF (Y ), E

)
. Then by Hahn-Banach theorem

there exists S ∈ L
(
F (X)⊗̂ωF (Y ),R

)
such that S(ξ) = ∥ξ∥. Now define S̃(γ) = S(γ)e

for all γ ∈ F (X)⊗̂ωF (Y ) and some unit vector e ∈ E. Then S̃ ∈ L
(
F (X)⊗̂ωF (Y ), E

)

and hence it follows that S̃(ξ) = 0. That is ∥ξ∥ = 0. Thus, ξ = 0. This completes the

proof.

For A ⊂ BLip0(X,Y ;E) we define A♦ := {ξ ∈ F (X)⊗̂ωF (Y ) : TL(ξ) = 0 ∀ T ∈

A}. Then A♦ =
⋂

T∈A
ker(TL) is a closed subspace of F (X)⊗̂ωF (Y ).

Further, for D ⊂ F (X)⊗̂ωF (Y ) we consider the space

♦D := {T ∈ BLip0(X,Y ;E) : TL(ξ) = 0 ∀ξ ∈ D}.

Using the fact BLip(T ) = ∥TL∥, we can easily verify that it is also a closed subspace of

BLip0(X,Y ;E).

5.4 Some quotient space

Building on the dual action established in the preceding section, we present some of themain

results, including identifying the quotient space in this context. Additionally, we provide a

necessary and sufficient condition for a two-Lipschitz map to be bilinear.

Proposition 5.4.1. Let D be a closed subspace of F (X)⊗̂ωF (Y ) and E be an injective

Banach space. Then BLip0(X,Y ;E) /♦D ∼= L(D, E).

Proof. For a fix T ∈ BLip0(X,Y ;E), we define θT : D → E given by θT (ξ) = TL(ξ),

for all ξ ∈ D. Then, θT is linear. Also, for any ξ ∈ D, we have

∥θT (ξ)∥ = ∥TL(ξ)∥ ≤ ∥TL∥∥ξ∥ = BLip(T )∥ξ∥.

Thus θT ∈ L(D, E) for any T ∈ BLip0(X,Y ;E).
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We defineΘ : BLip0(X,Y ;E) → L(D, E) given byΘ(T ) = θT . It is routine to check

that Θ is linear. We show that Θ is also surjective. Let S ∈ L(D, E). Since E is injective

there exists Se ∈ L(F (X)⊗̂ωF (Y ), E) such that Se

∣∣
D = S with ∥Se∥ = ∥S∥. Thus

Se ◦ σ2 ◦ (δX , δY ) ∈ BLip0(X,Y ;E). Furthermore, the existence of a unique linearisation

map corresponding to T implies that TL = Se. Thus, Θ is surjective.

Also,

ker(Θ) = {T ∈ BLip0(X,Y ;E) : θT = 0}

= {T ∈ BLip0(X,Y ;E) : 0 = θT (ξ) = TL(ξ) for all ξ ∈ D}

= ♦D.

So by fundamental theorem of linear algebra Θ induce a linear isomorphism (which we

again denote by Θ):

Θ : BLip0(X,Y ;E) /♦D → L(D, E)

given by Θ(T + ♦D)(ξ) = TL(ξ) for all ξ ∈ D.

Now, for any T ∈ BLip0(X,Y ;E) and ξ ∈ D

∥Θ(T + ♦D)(ξ)∥ = ∥TL(ξ)∥

= inf
U∈ ♦D

∥(T + U)L(ξ)∥

≤ ∥ξ∥ inf
U∈ ♦D

BLip(T + U)

= ∥ξ∥∥T + ♦D∥.

Therefore, Θ is a surjective contractive linear isomorphism. So, by the open mapping the-

orem, Θ−1 exists and is a bounded linear surjective isomorphism.

Fix S ∈ L(D, E) and let S1 and S2 be any two extensions of S in L(F (X)⊗̂ωF (Y ), E).

If ξ ∈ D, then

(Θ(S1 ◦ σ2 ◦ (δX , δY ))−Θ(S2 ◦ σ2 ◦ (δX , δY ))) (ξ) = (S1)L(ξ)−(S2)L(ξ) = S(ξ)−S(ξ) = 0.
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Thus S1 ◦σ2 ◦ (δX , δY )+ ♦D = S2 ◦σ2 ◦ (δX , δY )+ ♦D and hence Se ◦σ2 ◦ (δX , δY )+ ♦D

is uniquely determined by S. Now it follows that Θ−1(T ) = T̃ ◦ σ2 ◦ (δX , δY ) + ♦D for

all T ∈ L(D, E), where T̃ ∈ L(F (X)⊗̂ωF (Y ), E) is a norm preserving extension of T .

Since

∥Θ−1(T )∥ = ∥T̃ ◦ σ2 ◦ (δX , δY ) + ♦D∥ ≤ BLip(T̃ ◦ σ2 ◦ (δX , δY )) ≤ ∥T∥,

Θ−1 is also a contraction. Now, it is easy to conclude thatΘ is surjective linear isometry so

that BLip0(X,Y ;E) /♦D is isometrically isomorphic to L(D, E).

Remark 5.4.2. In case if we consider D = F (X)⊗̂ωF (Y ), we get back the result

(BLip0(X,Y ;E), BLip(.)) ∼= L
(
F (X)⊗̂ωF (Y ), E

)
.

The following result is key to characterize the quotientBLip0(X,Y ;E)
/
Blin(X,Y ;E) .

5.4.1 A necessary sufficient condition for a two-Lipschitz map to be
bilinear

Proposition 5.4.3. Let T ∈ BLip0(X,Y ;E). Then T is bilinear if and only if TL(ξ) = 0

for all ξ ∈ ker(βX)⊗̂ωF (Y ) + F (X)⊗̂ω ker(βY ).

Proof. PutQ = ker(βX)⊗̂ωF (Y )+F (X)⊗̂ω ker(βY ). Let T ∈ BLip0(X,Y ;E) such that

TL(ξ) = 0 for all ξ ∈ Q. We show that T is bilinear. Suppose, r ∈ R, x, x′ ∈ X and y ∈ Y .

Then

(δrx+x′ − (rδx + δx′))⊗ δy, δx ⊗ (δry+y′ − (rδy + δy′) ∈ Q.

Therefore, TL ((δrx+x′ − (rδx + δx′))⊗ δy) = 0 implies TL(δrx+x′ ⊗ δy) = rTL(δx ⊗ δy)+

TL(δx′ ⊗δy). Hence T (rx+x′, y) = rT (x, y)+T (x′, y). Similarly, we get T (x, ry+y′) =

rT (x, y) + T (x, y′). Therefore, T is bilinear.

Conversely, let T ∈ Blin(X,Y ;E) ⊂ BLip0(X,Y ;E). Then its bilinearisation TB

satisfies TB(µ, ν) = T (βX(µ), βY (ν)) for all µ ∈ F (X) and ν ∈ F (Y ). We again consider
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the linearisation T̂ ∈ L(X⊗̂ωY,E) ∼= Blin(X,Y ;E) of the map T ∈ Blin(X,Y ;E).

Consequently, the linearisation of the two-Lipschitz map T (which is actually bilinear) sat-

isfies

TL = T̂ ◦ (βX ⊗ βY ) : F (X)⊗̂ωF (Y ) → X⊗̂ωY → E.

Therefore, TL(ξ) = 0 for all ξ ∈ ker(βX)⊗̂ωF (Y ) + F (X)⊗̂ω ker(βY ), as this subspace

lies in ker(βX ⊗ βY ). This completes the proof.

Remark 5.4.4. Though ker(βX)⊗̂ωF (Y ) and F (X)⊗̂ω ker(βY ) are closed subspaces, their

sum need not be closed a priori, sowe considerD = ker(βX)⊗̂ωF (Y ) + F (X)⊗̂ω ker(βY )
‖·‖π

.

Then the above proposition concludes that ♦D = Blin(X,Y ;E).

From the above Propositions 5.4.1 and 5.4.3 we get

BLip0(X,Y ;E)
/
Blin(X,Y ;E) ∼= L

(
ker(βX)⊗̂ωF (Y ) + F (X)⊗̂ω ker(βY )

‖·‖π
, E

)
,

whenever E is an injective Banach space.

Next, we see an auxiliary result related to the quotient using the duality notion.

Proposition 5.4.5. LetD be a closed subspace ofF (X)⊗̂ωF (Y ), thenL
(
F (X)⊗̂ωF (Y ) /D , E

)

is isometrically isomorphic to ♦D.

Proof. For a fix T ∈ ♦D, we define ΛT : F (X)⊗̂ωF (Y ) −→ E given by ΛT (ξ) = TL(ξ)

for all ξ ∈ F (X)⊗̂ωF (Y ). Then, easily, we can verify that ΛT is a linear map with ∥ΛT∥ ≤

BLip(T ). Further ker(ΛT ) =
{
ξ ∈ F (X)⊗̂ωF (Y ) : TL(ξ) = 0

}
⊃ D. Therefore ΛT

induces a bounded linear map (again denoted by ΛT ) from F (X)⊗̂ωF (Y ) /D into E. This

induces a map

Λ : ♦D −→ L
(
F (X)⊗̂ωF (Y ) /D , E

)

given by Λ(T )(ξ +D) = TL(ξ) for all T ∈ ♦D and ξ ∈ F (X)⊗̂ωF (Y ). Then, Λ is linear.

Also

∥Λ(T )(ξ +D)∥ = ∥TL(ξ)∥
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= inf
µ∈D

∥TL(ξ + µ)∥

≤ inf
µ∈D

∥(ξ + µ)∥BLip(T )

= BLip(T )∥ξ +D∥,

for all T ∈ ♦D and ξ ∈ F (X)⊗̂ωF (Y ). Thus, Λ is a contraction. Further, we show that Λ

is an isometry.

We observe that the induced map Λ can be written explicitly using the natural quo-

tient map q : F (X)⊗̂ωF (Y ) → F (X)⊗̂ωF (Y ) /D given by Λ(T ) ◦ q(ξ) = TL(ξ) for all

T ∈ ♦D and ξ ∈ F (X)⊗̂ωF (Y ). Then Λ(T ) ◦ q = TL and hence we have

BLip(T ) = ∥TL∥ = ∥Λ(T ) ◦ q∥ ≤ ∥Λ(T )∥.

Thus, Λ is an isometry.

To prove the surjectivity of Λ, let S ∈ L
(
F (X)⊗̂ωF (Y ) /D , E

)
. Set T (x, y) =

S(δx ⊗ δy + D) for all x ∈ X and y ∈ Y . Then it can be easily shown that T ∈

BLip0(X,Y ;E)withTL = S◦q andΛ(T ) = S, where q : F (X)⊗̂ωF (Y ) → F (X)⊗̂ωF (Y ) /D

be the natural quotientmap. Further for any ξ ∈ D, TL(ξ) = S(ξ+D) = 0. HenceT ∈ ♦D.

This completes the proof.

Remark 5.4.6. 1. ConsideringD = ker(βX)⊗̂ωF (Y ) + F (X)⊗̂ω ker(βY )
‖·‖π

, using the

Proposition 5.4.5 and Remark 5.4.4 we get

Blin(X,Y ;E) ∼= L
(
F (X)⊗̂ωF (Y )

/
ker(βX)⊗̂ωF (Y ) + F (X)⊗̂ω ker(βY )

‖·‖π , E
)
,

whenever E is an injective Banach space.

2. In particular for D = {0} we recover (BLip0(X,Y ;E), BLip(·)) is isometrically

isomorphic to L
(
F (X)⊗̂ωF (Y ), E

)
.
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5.5 Example

In this section, we aim to provide a nontrivial example of the quotient space, specifically

BLip0(R,R;R)
/
Blin(R,R;R) .

We determine it’s predual explicitly using the already established results and the following

Lemmas. Let us recall the following result 3.4.1.

Lemma 5.5.1. ker(βR) is isometrically isomorphic to {f ∈ L1(R) :
∫
R fdx = 0}, where

dx is the Lebesgue measure on R.

In case ofX = Y = R, F (R) is isometrically isomorphic toL1(R)(see [27, p 128]), and

ker(βR) ∼=
{
f ∈ L1(R) :

∫

R
f(x)dx = 0

}
, is a closed subspace ofF (R). Also ker(βR)⊗̂ωF (R)+

F (R)⊗̂ω ker(βR) is a subspace of F (R)⊗̂ωF (R).

Put D = ker(βR)⊗̂ωF (R) + F (R)⊗̂ω ker(βR)
‖·‖π

. Then from the Proposition 5.4.1 it

follows

BLip0(R,R;R) /♦D ∼= L(D,R), that is

BLip0(R,R;R)
/
Blin(R,R;R) ∼= L

(
ker(βR)⊗̂ωF (R) + F (R)⊗̂ω ker(βR)

‖·‖π
,R
)
.

Consider the correspondence given by the unique isometrical isomorphism:

L1(µ)⊗̂ωL
1(ν) ∼= L1(µ× ν)

which is the continuous extension of the canonical linear mapping:

θ : L1(µ)⊗ L1(ν) → L1(µ× ν)

f ⊗ g 2→ f(x)g(y).

Now using the this correspondence and the fact that F (R) ∼= L1(R) we have,

BLip0(R,R;R) ∼= L(F (R)⊗̂ωF (R),R) ∼= L→(R× R),
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where the first isomorphism relation holds due to [52, Theorem 2.9] and the second one

follows from [52, Exercise 2.8, p 43]), where on R × R we consider the product measure.

Hence we further deduce that

L→(R× R)
/
span{1} ∼= L

(
ker(βR)⊗̂ωF (R) + F (R)⊗̂ω ker(βR)

‖·‖π
,R
)
.

By a standard measure-theoretic argument, it is known that

L→(R× R)
/
span{1} ∼=

⎧
⎨

⎩f ∈ L1(R2) :

∫

R2

fdxdy = 0

⎫
⎬

⎭

∗

,

where dxdy is the product measure on R2. Moreover we showed that ker(βR)⊗̂ωF (R) +

F (R)⊗̂ω ker(βR) is another predual, explicitly described in the following.

Lemma5.5.2. ker(βR)⊗̂ωF (R) is isometrically isomorphic to
{
f ∈ L1(R2) :

∫

R
f(x, y)dx = 0, a.e y

}
.

Proof. Let us denoteL1
0(R) :=

{
f ∈ L1(R) :

∫

R
f(x)dx = 0

}
∼= ker(βR). SinceF (R)⊗̂ωF (R) ∼=

L1(R)⊗̂ωL1(R), we consider the canonical isometric isomorphism (see Theorem [26, p

230]).

Φ : L1(R)⊗̂ωL
1(R) → L1(R2)

given by Φ(f ⊗ g)(x, y) = f(x)g(y) for all f, g ∈ L1(R) and x, y ∈ R. Therefore,

ker(βR)⊗̂ωF (R) ∼= L1
0(R)⊗̂ωL1(R). So it is enough to show that L1

0(R)⊗̂ωL1(R) is iso-

metrically isomorphic to
{
f ∈ L1(R2) :

∫

R
f(x, y)dx = 0, a.e y

}
.

PutV = Φ
(
L1
0(R)⊗̂ωL1(R)

)
= span{f(x)g(y) : f ∈ L1

0(R), g ∈ L1(R)}
‖·‖1 ⊂ L1(R2),

andW =

{
f ∈ L1(R2) :

∫

R
f(x, y)dx = 0, a.e y

}
. It is immediate that V ⊂ W . Suppose

F ∈ W . Then there exists (Fn) ⊂ L1(R2), a sequence of finite sums of elementary f ⊗ g;

approximating F in L1 norm. Choose ψ ∈ Cc(R) (space of all compactly supported con-

tinuous functions) with
∫

R
ψdx = 1 and consider

F̃n(x, y) = Fn(x, y)−

⎛

⎝
∫

R

Fn(z, y)dz

⎞

⎠ψ(x).
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Then
∫

R
F̃n(x, y)dx = 0. Now we show that F̃n ∈ span{f(x)g(y) : f ∈ L1

0(R), g ∈

L1(R)}.

Set cn(y) =
∫

R
Fn(z, y)dz =

k∑
i=1

(∫

R
fi(z)dz

)
gi(y) ∈ L1(R). Therefore,

F̃n(x, y) =
k∑

i=1

fi(x)gi(y)− cn(y)ψ(x)

=
k∑

i=1

fi(x)gi(y)− ψ(x)
k∑

i=1

⎛

⎝
∫

R

fi(z)dz

⎞

⎠ gi(y)

=
k∑

i=1

⎛

⎝fi(x)−

⎛

⎝
∫

R

fi(z)dz

⎞

⎠ψ(x)

⎞

⎠

︸ ︷︷ ︸

gi(y) ∈ span
{
f(x)g(y) : f ∈ L1

0(R), g ∈ L1(R)
}
.

So it remains to prove that ∥F̃n − F∥L1(R2) → 0.

We estimate

∥F̃n − F∥L1(R2) = ∥Fn − cn(y)ψ(x)− F∥L1(R2) ≤ ∥Fn − F∥L1(R2) + ∥cn(y)ψ(x)∥L1(R2).

Since Fn → F in L1 norm, we have ∥Fn − F∥L1(R2) converges to 0 as n → ∞. Now

∥cn(y)ψ(x)∥L1(R2) =

∫

R

∫

R
|cn(y)ψ(x)| dx dy = ∥ψ∥L1(R) · ∥cn∥L1(R).

Further we estimate ∥cn∥L1(R). Using the assumption that F ∈ W that is
∫
F (x, y) dx = 0,

we obtain

|cn(y)| =
∣∣∣∣
∫

R
Fn(x, y) dx

∣∣∣∣ =
∣∣∣∣
∫

R
(Fn(x, y)− F (x, y)) dx

∣∣∣∣ ≤
∫

R
|Fn(x, y)− F (x, y)| dx.

Now, integrating over y, we get

∥cn∥L1(R) =

∫

R
|cn(y)| dy ≤

∫

R

∫

R
|Fn(x, y)− F (x, y)| dx dy = ∥Fn − F∥L1(R2).

Thus ∥cn(y)ψ(x)∥L1 = ∥ψ∥L1(R)∥cn∥L1(R) converges to 0. Hence, the proof follows.
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Remark 5.5.3. Similarly, we can prove that F (R)⊗̂ω ker(βR) is isometrically isomorphic to
⎧
⎨

⎩f ∈ L1(R2) :

∫

R

f(x, y)dy = 0, a.e x

⎫
⎬

⎭ .

Hence we get

ker(βR)⊗̂ωF (R) + F (R)⊗̂ω ker(βR)

∼=

⎧
⎨

⎩f ∈ L1(R2) :

∫

R

f(x, y)dx = 0, a.e y

⎫
⎬

⎭+

⎧
⎨

⎩f ∈ L1(R2) :

∫

R

f(x, y)dy = 0, a.e x

⎫
⎬

⎭

‖·‖1

.
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Chapter 6

A generalization of Lipschitz mapping

In this chapter we shift our attention to extensively boundedmaps, we propose to expand the

scope and develop a similar theory as of Lipschitz functions in a broader setup. The main

tool for this generalization is the notion of modulus of continuity (see [11]) of a mapping

between metric spaces. This notion was formally introduced by H. Lebesgue in 1910 for the

functions of real variables. Using the modulus of continuity, we can determine Lipschitz

mappings. If we consider a modification in the modulus of continuity to make it point

specific, it leads to a generalization of Lipschitz mappings making them point specific as

well. If the metric spaces have fixed designated points and if a pointwise Lipschitz mapping

takes the designated point in the domain to the designated point of the codomain, we call it

extensively bounded.

It may be recalled that the space of Lipschitz mappings between metric spaces (which

take the designated point in the domain to the designated point of the codomain) do not have

any metric defined in it. However, in the space of extensively bounded mappings, we have

been able to introduce a metric. Besides, the set of extensively mappings from a metric

space into a normed linear space again form a vector space and we can introduce a norm in

it as well. Moreover, if we consider the composition of two suitable extensively bounded

mappings, it results in another extensively bounded mapping. In this sense we obtain a

‘multiplication’ between two extensively bounded mappings defined on a normed space.

Even though this multiplication is not bilinear, still we get an operator algebra or more

generally, an operator ideal like structure. In this sense, we have introduced a category
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bigger than that of the spaces of Lipschitz mappings between pairs of Banach spaces. From

this paper onwards, we shall initiate a study of such mappings and spaces from various

points of view.

Other than introductory part above, the chapter is divided in remaining four more sec-

tions. In Section 6.1, we consider the notion ofmodulus of continuity at a point of amapping

between metric spaces. As a consequence, we introduce the notion of Lipschitz condition

at a point and obtain its equivalence in the usual sense of Lipschitz condition. Next, we

introduce a semi-norm and consequently, a norm on the space of all the mappings from a

metric space into a normed linear space which are Lipschitz at a designated point in the

domain. We prove that this space is linearly isometric to an ℓ→-space. We characterize a

bounded Lipschitz mapping in terms of pointwise Lipschitz mappings.

In Section 6.2, we discuss a generalization of the space of all Lipschitz mappings be-

tween two metric spaces with designated points which maps the designated point to the

designated point and introduce the notion of extensively bounded mappings between two

metric spaces with designated points which again maps the designated point to the des-

ignated point. We study a metric and completeness in the space of extensively bounded

mappings. We show that when the codomain is replaced by a normed linear space, the

space of extensively bounded mappings also becomes so. We also discuss its relation with

the Lipschitz mappings that vanish at the designated point. Further, we describe a Banach

spaceFe(M)which is a predual of the Banach spaceM e of real-valued extensively bounded

mappings on a metric spaceM . This structure enable us to discuss a linearization of normed

linear space valued extensively bounded mappings. Next, we describe a (non-bilinear) mul-

tiplication between a pair of extensively bounded mappings between suitable normed linear

spaces and a corresponding (non-linear) morphism.
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§6.1. Modulus of continuity at a point

6.1 Modulus of continuity at a point

LetM and N be metric spaces and let f : M → N . For t ∈ R with t > 0, we define

ωf (t) := sup{d(f(x), f(y)) : d(x, y) ≤ t}.

Then ωf : (0,∞) → [0,∞] and is called modulus of continuity of f . Note that ωf is an

increasing function. It is also well known (see, for example, [11, chapter 1]) that

• f is uniformly continuous inM if and only if lim
t→0+

ωf (t) = 0; and

• f is Lipschitz inM if and only if sup{ωf (t)
t : t > 0} < ∞.

The modulus of continuity does not describe non-uniformly continuous mappings directly.

But it can be done with a slight modification. We fix x0 ∈ M and for t ∈ R with t > 0, we

define

ωx0
f (t) := sup{d(f(x), f(x0)) : d(x, x0) ≤ t}.

Then ωx0
f : (0,∞) → [0,∞] again is an increasing function and f is continuous at x0 if and

only if lim
t→0+

ωx0
f (t) = 0. We shall call ωx0

f the modulus of continuity of f at x0.

Imitating the modulus of continuity, we consider the following notion introduced by

Messerschmidt in [44, Definition 2.6].

Definition 6.1.1. LetM and N be metric spaces and let f : M → N . For a fixed x0 ∈ M ,

we say that f is Lipschitz at x0, if

sup
{
ωx0
f (t)

t
: t > 0

}
< ∞.

The set of all functions f : M → N which are Lipschitz at x0 is denoted by Lipx0(M,N).

Proposition 6.1.2. LetM and N be metric spaces and let f : M → N . Then for any x0 ∈

M , we have f ∈ Lipx0(M,N) if and only if there exists k > 0 such that d(f(x), f(x0)) ≤

kd(x, x0) for all x ∈ M .
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§6.1. Modulus of continuity at a point

Proof. First, we assume that f is Lipschitz atx0 for some x0 ∈ M . Then k := sup
{

ω
x0
f (t)

t : t > 0
}
<

∞. Let x ∈ M \ {x0} and put t = d(x, x0) > 0. Then by definition, d(f(x), f(x0)) ≤

ωx0
f (t) so that

d(f(x), f(x0))

d(x, x0)
≤
ωx0
f (t)

t
≤ k.

Thus d(f(x), f(x0)) ≤ kd(x, x0) for all x ∈ M .

Conversely, we assume that d(f(x), f(x0)) ≤ kd(x, x0) for all x ∈ M . We show that

sup
{

ω
x0
f (t)

t : t > 0
}

≤ k. Let t > 0 and ϵ > 0. Then we can find x ∈ M , d(x, x0) ≤ t

such that d(f(x), f(x0)) > ωx0
f (t)− ϵt. Thus

ωx0
f (t)− ϵt < d(f(x), f(x0)) ≤ kd(x, x0) ≤ kt.

Now it follows that ω
x0
f (t)

t − ϵ < k for all t > 0 and ϵ > 0. Thus sup
{

ω
x0
f (t)

t : t > 0
}

≤

k < ∞.

The above result establishes that the two notions, namely pointwise α-Lipschitz and

strongly pointwise α-Lipschitz, considered by Messerschmidt, Miek in [44, Definition 2.6]

are actually equivalent.

We observe that the notion of the Lipschitz condition at a point is different from that

of local Lipschitz at a point. (f is said to be locally Lipschitz at a point x0, if there exists

a neighbourhood Nx0 of x0 in M such that f is Lipschitz in Nx0 (see, for example, [14,

Chapter 2]).)

We say that f is pointwise Lipschitz inM , if f ∈ Lipx(M,N) for each x ∈ M . The set

of all such mappings is denoted by LipP (M,Y ). Thus LipP (M,Y ) =
⋂

x∈M
Lipx(M,N).

If we replaceN by a (real) normed linear space Y , thenLipx0(M,Y ) is also a (real) vec-

tor space under pointwise operations. Moreover, the value ∥f∥x0 := sup
{

ω
x0
f (t)

t : t > 0
}

for all f ∈ Lipx0(M,Y ) determines a semi-norm ∥ · ∥x0 on Lipx0(M,Y ). In fact, we have

∥f∥x0 = inf{k > 0 : ∥f(x)− f(x0)∥ ≤ kd(x, x0) for all x ∈ M}
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= sup
{
∥f(x)− f(x0)∥

d(x, x0)
: x ∈ M,x ̸= x0

}

for all f ∈ Lipx0(M,Y ). Also ∥f∥x0 = 0 if and only if f is a constant function. Thus for

f ∈ Lipx0(M,Y ) the value

∥f∥Lx0 := max{∥f∥x0 , ∥f(x0)∥}

determines a norm on Lipx0(M,Y ). We record this fact and some more in the next result.

Proposition 6.1.3. LetM be ametric space andY a normed linear space. Then (Lipx(M,Y ), ∥.∥Lx)

is isometrically isomorphic to ℓ→(M,Y ). Thus (Lipx(M,Y ), ∥.∥Lx) is a Banach space, if

and only if Y is so.

Proof. Let f ∈ ℓ→(M,Y ). Define Φx(f) : M → Y given by

Φx(f)(x
′) = d(x′, x)f(x′) + f(x)

for all x′ ∈ M . Then

∥Φx(f)(x
′)− Φx(f)(x)∥ = ∥f(x′)∥d(x′, x) ≤ ∥f∥→d(x′, x)

for all x′ ∈ M . Thus Φx(f) ∈ Lipx(M,Y ) for all f ∈ ℓ→(M,Y ). Now, it follows that

Φx : ℓ→(M,Y ) → (Lipx(M,Y ), ∥.∥Lx) is a linear mapping. Further

∥Φx(f)∥Lx = sup
{
∥Φx(f)(x′)− Φx(f)(x)∥

d(x′, x)
, ∥f(x)∥ : x′ ∈ M \ {x}

}

= sup{∥f(x′)∥ : x′ ∈ M}

= ∥f∥→

for all f ∈ ℓ→(M,Y ) so that Φx is a linear isometry. Finally, if g ∈ Lipx(M,Y ), we set

h(x′) =

{
g(x′)−g(x)
d(x′,x) , if x′ ̸= x

g(x), if x′ = x.

As g ∈ Lipx(M,Y ), there exists k > 0 such that ∥g(x′)−g(x)∥ ≤ kd(x′, x) for all x′ ∈ M .

Thus sup{∥h(x′)∥ : x′ ∈ M} ≤ k so that h ∈ ℓ→(M,Y ). Also, then Φx(h) = g so that Φx

is the required isometry.
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Let Lip(M,Y ) denote the set of all Lipschitz mappings from M into Y where M is

a metric space and Y is a normed linear space. Also then Lipb(M,N) denotes the set of

bounded mappings in Lip(M,N). Let us recall that for f ∈ Lipb(M,Y ) the value

∥f∥L := sup
{
∥f(x1)− f(x2)∥

d(x1, x2)
, ∥f∥→ : x1, x2 ∈ M with x1 ̸= x2

}

determines a norm ∥·∥L onLipb(M,Y ).(see [56, Chapter 2, p 35]) Further, (Lipb(M,Y ), ∥·

∥L) is a Banach space whenever Y is so. We note that (Lipx(M,Y ), ∥ · ∥Lx) generalizes

(Lipb(M,Y ), ∥ · ∥L) in the following sense.

Consider f ∈
⋂

x∈M
Lipx(M,Y ). Then

sup
x∈M

∥f∥Lx = sup
x∈M

sup
{
∥f(x′)− f(x)∥

d(x′, x)
, ∥f(x)∥ : x′ ∈ M \ {x}

}

= max
{

sup
x,x′∈M ;x %=x′

(
∥f(x′)− f(x)∥

d(x′, x)

)
, sup
x∈M

∥f(x)∥
}

Thus, if f is bounded inM with sup
x∈M

∥f∥x < ∞, then f ∈ Lipb(M,Y ). The converse may

be verified in a routine way. We summarize the observation in the following result.

Proposition 6.1.4. Let M be a metric space M and Y a normed linear space. Then f ∈

Lipb(M,Y ) if and only if f is bounded inM and f ∈
⋂

x∈M
Lipx(M,Y )with sup

x∈M
∥f∥x < ∞.

Remark 6.1.5. Since (Lipx(M,Y ), ∥·∥Lx) is isometrically isomorphic to ℓ→(M,Y ) for any

x ∈ M , we get that (Lipx1(M,Y ), ∥ ·∥Lx1 ) is isometrically isomorphic to (Lipx2(M,Y ), ∥ ·

∥Lx2 ) for all x1, x2 ∈ M .

Proposition 6.1.6. Let X and Y be normed linear spaces. Assume that x1, x2 ∈ X with

x1 ̸= x2 and consider the surjective isometry

Φx2 ◦ Φ−1
x1

: (Lipx1(M,Y ), ∥ · ∥Lx1 ) → (Lipx2(M,Y ), ∥ · ∥Lx2 ).

If f ∈ Lipx1(X,Y )
⋂
Lipx2(X,Y ) with Φx2 ◦ Φ−1

x1
(f) = f , then f(x) = 0 for all x ∈ X

with ∥x− x1∥ ̸= ∥x− x2∥. In particular, f(x1) = 0 = f(x2).
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Proof. First we note that

Φx2 ◦ Φ−1
x1
(f)(x) =

{
‖x−x2‖
‖x−x1‖(f(x)− f(x1)) +

f(x2)−f(x1)
‖x2−x1‖ , if x ̸= x1

∥x1 − x2∥f(x1) +
f(x2)−f(x1)
‖x2−x1‖ , if x = x1.

Thus as f(x) = Φx2 ◦ Φ−1
x1
(f)(x), we get f(x2) = f(x2)−f(x1)

‖x1−x2‖ and hence f(x2) = ∥x1 −

x2∥f(x2) + f(x1). Also f(x1) = ∥x1 − x2∥f(x1) + f(x2). Now it follows that

f(x1) = −f(x2) =
f(x1)− f(x2)

∥x1 − x2∥
.

Also, on simplifying, we get

∥x− x1∥(f(x) + f(x1)) = ∥x− x2∥(f(x)− f(x1))

or, equivalently,

(∥x− x2∥ − ∥x− x1∥)f(x) = (∥x− x2∥+ ∥x− x1∥)f(x1)

for all x ∈ X . Put x0 =
1
2(x1+x2). Then ∥x0−x1∥ = ∥x0−x2∥ = 1

2∥x1−x2∥ > 0. Thus

f(x1) = 0 as ∥x0 − x2∥ + ∥x0 − x1∥ = ∥x1 − x2∥ > 0 and consequently, f(x2) = 0 too.

Therefore, (∥x− x2∥ − ∥x− x1∥)f(x) = 0 for all x ∈ X . Hence the result follows.

6.2 Extensively bounded mappings

Let X and Y be normed linear spaces and consider

Lip0(X,Y ) := {f ∈ Lip(X,Y ) : f(0) = 0}.

We recall that this space has been studied in the literature (see, for example, [56, Chapter

1]) as a non-linear generalization of bounded linear mappings between the normed linear

spaces. We propose a further generalization and consider a particular (closed) subspace of

Lipx(M,Y ) as under:

Lipxx(M,Y ) := {f ∈ Lipx(M,Y ) : f(x) = 0}.
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For f ∈ Lipxx(M,Y ), we have

∥f∥Lx = ∥f∥x = sup
{
∥f(x′)∥
d(x′, x)

: x′ ∈ M \ {x}
}
.

Thus (Lipxx(M,Y ), ∥·∥x) is isometrically isomorphic to ℓ→(M\{x}, Y ) and (Lipxx(M,Y ), ∥·

∥x) is a Banach space, if and only if Y is so. Note that f : M → Y is in Lipxx(M,Y ) if and

only if there exists k > 0 such that ∥f(x′)∥ ≤ kd(x′, x) for all x′ ∈ M . Thus

∥f∥x = inf{k > 0 : ∥f(x′)∥ ≤ kd(x′, x) for all x′ ∈ M}.

Let us fix x ∈ M and consider the space

Lipx(M,Y ) := {f : M → Y |f is Lipschitz inM and f(x) = 0}

together with the norm Lip(·) given by

Lip(f) := inf{k > 0 : ∥f(x1)− f(x2)∥ ≤ kd(x1, x2) for all x1, x2 ∈ M}

= sup
{
∥f(x1)− f(x2)∥

d(x1, x2)
: x1, x2 ∈ M with x1 ̸= x2

}

for all f ∈ Lipx(M,Y ). Then (Lipx(M,Y ), Lip(·)) is a normed linear space and is com-

plete whenever Y is so.( see [14, Chapter 8, Theorem 8.1.3] ) Thus (Lipxx(M,Y ), ∥ · ∥x) is

a natural generalization of (Lipx(M,Y ), Lip(·)).

Being isometric to ℓ→(M \{x}, Y ), (Lipxx(M,Y ), ∥·∥x)may appear in a poor light. But

we shall show in another paper that whenM is also replaced by a normed linear space X ,

(Lipxx(X,Y ), ∥·∥x) assumes a non-commutative structure which is not known in ℓ→ spaces.

Further, this facet leads us to an operator ideal theory generalizing that of the Lipschitz

operators. Moreover, we shall later infuse continuity to make it less general.

Towards this goal, we re-describe (Lipxx(M,R)) with a simpler notation. Since for any

x1, x2 ∈ M , (Lipx1
x1
(M,Y ), ∥ · ∥x1) is isometrically isomorphic to (Lipx2

x2
(M,Y ), ∥ · ∥x2),

there is no loss of generality in fixing a designated point. We generally describe it as 0.

86



§6.2. Extensively bounded mappings

Definition 6.2.1. LetM,N be metric spaces with 0 as the distinguished point. A mapping

f : M → N is said to be extensively bounded, if there exists k > 0 such that d(f(x), 0) ≤

kd(x, 0) for all x ∈ M . The set of all extensively bounded mappings from M to N is

denoted as E(M,N).

Theorem 6.2.2. LetM and N be metric spaces with 0 as distinguished points.

1. The map de : E(M,N)× E(M,N) −→ [0,∞) given by

de(f, g) := sup
x %=0

d(f(x), g(x))

d(x, 0)
,

for all f, g ∈ E(M,N) determines a metric on E(M,N).

2. (E(M,N), de) is a complete metric space whenever N is so.

3. If N replaced by a (real) normed linear space Y , then E(M,Y ) becomes a vector

space and de induces a norm ∥ · ∥e on E(M,Y ). Consequently, (E(M,Y ), ∥ · ∥e) is

a Banach space whenever Y is so.

Proof. Let f, g ∈ E(M,N). Then there exist k > 0 and l > 0 such that d(f(x), 0) ≤

kd(x, 0) and d(g(x), 0) ≤ ld(x, 0) for all x ∈ M . Now using the triangle inequality, we get

d(f(x), g(x)) ≤ d(f(x), 0) + d(g(x), 0) ≤ (k + l)d(x, 0)

for any x ∈ M . Thus for any x ∈ M \ {0}, we have

d(f(x), g(x))

d(x, 0)
≤ d(f(x), 0)

d(x, 0)
+

d(g(x), 0)

d(x, 0)
≤ k + l.

Therefore, de is well-defined. It follows from the definition that de(f, g) = de(g, f) for any

f, g ∈ E(M,N).

Assume that de(f, g) = 0 for some f, g ∈ E(M,N). Then for all x ∈ M \ {0}, we

have d(f(x), g(x)) = 0 . Also f(0) = 0 = g(0) so that f = g. Thus de is a metric on

E(M,N).
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Let (fn) be a Cauchy sequence in (E(M,N), de). Then given ϵ > 0, we can find n0 ∈ N

such that de(fm, fn) ≤ ϵ for allm,n ≥ n0. In other words, d(fm(x), fn(x)) ≤ ϵd(x, 0) for

all x ∈ M ifm,n ≥ n0. In particular, for each x ∈ M , (fn(x)) is Cauchy inN . SinceN is

complete, (f(xn)) converges to some y ∈ N . As y is determined by x ∈ M uniquely, we

get a map f : M → N such that fn converges to f point-wise. Also then

d(f(x), fn(x)) = lim
m→→

d(fm(x), fn0(x)) ≤ ϵd(x, 0)

for all x ∈ M , if n ≥ n0. Therefore,

d(f(x), 0) ≤ d(f(x), fn0(x)) + d(fn0(x), 0) ≤ (ϵ+ d(fn0 , 0))d(x, 0)

for all x ∈ M . Thus f ∈ E(M,N). Also then

de(f, fn) = sup
x %=0,x∈M

d(f(x), fn(x))

d(x, 0)
≤ ϵ

for all n ≥ n0. Thus (E(M,N), de) is complete.

Now consider Y to be a (real) normed linear space. It is routine to check that E(M,Y )

is a (real) vector space under pointwise addition and scalar multiplication. Again, for f, g ∈

E(M,Y ),

de(f, g) = sup
x %=0

∥f(x)− g(x)∥
d(x, 0)

= de(f − g, 0).

Further, for α ∈ K,

de(αf,αg) = sup
x %=0

∥αf(x)− αg(x)∥
d(x, 0)

= |α| sup
x %=0

∥f(x)− g(x)∥
d(x, 0)

= |α|de(f, g).

Thus the metric de induces a norm ∥ · ∥e on E(M,Y ) given by

∥f∥e = de(f, 0)

for all f ∈ E(M,Y ) whenever Y is a (real) normed linear space.

In particular, if Y is a Banach space, then (E(M,Y ), ∥ · ∥e) is also a Banach space.
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Remark 6.2.3. In general, there is no specific metric defined on Lip0(M,N). However,

being a subspace of E(M,N), we can provide the restriction of de on it. But we do not

know whether, in general, Lip0(M,N) is complete with this metric or not, even assuming

the completeness of N .

Example 6.2.4. In general, E(M,N) and C(M,N) are distinct spaces. For example, let

M = N = R and consider the functions

g(x) =

{
2 if x = 1

x if x ̸= 1

and h(x) = x2. Then g ∈ E(R,R) \ C(R,R) and h ∈ C(R,R) \ E(R,R).

Now we consider the space Ec(M,Y ) = C(M,Y ) ∩ E(M,Y ) as a normed subspace

of E(M,Y ).

Proposition 6.2.5. ConsiderEc(M,N) := C(M,N)∩E(M,N) whereM andN are met-

ric spaces with distinguished points as 0. ThenEc(M,N) is a closed subspace ofE(M,N)

and hence is complete whenever N is so.

Proof. Let (fn) be a sequence in Ec(M,N) such that it converges to f ∈ E(M,N). We

show that f is continuous.

Step I. Continuity of f at 0 ∈ M.

Since fn → f , given ϵ > 0, there exists n0 ∈ N such that de(fn, f) < ϵ for all n ≥ n0.

Thus d(fn(x), f(x)) ≤ ϵd(x, 0) for all n ≥ n0 and x ∈ M . Now fn0 is continuous at 0 so

there exists δ > 0 such that d(fn0(x), 0) <
ε
2 whenever d(x, 0) < δ. (In fact, fn0(0) = 0.)

Consider δ′ = min{δ, 12} > 0, then for d(x, 0) < δ
′ , we have

d(f(x), f(0)) = d(f(x), 0) ≤ d(fn0(x), f(x)) + d(fn0(x), 0)

< ϵ d(x, 0) +
ϵ

2

≤ ϵ

2
+
ϵ

2
= ϵ.
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Thus f is continuous at 0.

Step II. Continuity of f at x0 ∈ M \ {0}.

Since fn → f , given ϵ > 0, we can find n1 ∈ N such that

d(fn(x), f(x)) ≤
ϵ

4 d(x0, 0)
d(x, 0)

for all n ≥ n1 and x ∈ M . Also, as fn0 is continuous at x0, there exists δ > 0 such that

d(fn1(x), fn1(x0)) <
ε
4 , whenever d(x, x0) < δ. Choose δ′ = min{d(x0, 0), δ} > 0. Then,

for x ∈ M with d(x, x0) < δ
′ , we have

d(f(x), f(x0)) ≤ d(f(x), fn1(x)) + d(fn1(x), fn1(x0))

+ d(fn1(x0), f(x0))

<
ϵ

4 d(x0, 0)
d(x, 0) +

ϵ

4
+

ϵ

4 d(x0, 0)
d(x0, 0)

≤ ϵ (d(x, x0) + d(x0, 0))

4 d(x0, 0)
+
ϵ

2

<
3 ϵ

4
+

ϵ

4 d(x0, 0)
δ
′

≤ 3 ϵ

4
+

ϵ

4 d(x0, 0)
d(x0, 0) = ϵ.

Thus f is continuous in M , that is, f ∈ Ec(M,N) and consequently, we conclude that

Ec(M,N) is a closed subspace of E(M,N).

Example 6.2.6. 1. Consider f : R −→ R such that f(x) = xsin(x) then f ∈ Ec(R,R)

with ∥f∥e = 1, but f is not uniformly continuous as f(2nπ+ 1
n)−f(2nπ) converges

to 2π; hence f is not Lipschitz. Thus f ∈ Ec(R,R) \ Lip0(R,R).

2. From the above example, we have that Ec(R,R) is not contained in the set of all

uniformly continuous maps from R to R. Also, the map f(x) = 1
1+x2 ∀x ∈ R is

uniformly continuous but not in Ec(R,R).
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Remark 6.2.7. 1. Let M be a metric space with the distinguished point 0 and Y be a

normed linear space, then Lip0(M,Y ) ⊂ Ec(M,Y ) with ∥f∥e ≤ Lip(f) for any

f ∈ Lip0(M,Y ). In fact, if f ∈ Lip0(M,Y ), then ∥f(x)∥ ≤ Lip(f)d(x, 0) for all

x ∈ M . Thus ∥f∥e ≤ Lip(f).

2. For any normed linear spaces X and Y , we have

L(X,Y ) ⊂ Lip0(X,Y ) ⊂ Ec(X,Y )

with ∥T∥ = Lip(T ) = ∥T∥e, whenever T ∈ L(X,Y ), where L(X,Y ) is the space

of all bounded linear operators from X to Y . To see this, let T ∈ L(X,Y ). Then

∥T∥e = sup
x %=0

∥T (x)∥
∥x∥ = ∥T∥

and

Lip(T ) = sup
x %=y

∥T (x)− T (y)∥
∥x− y∥ = ∥T∥.

Remark 6.2.8. 1. In general, Lip(·) and ∥ · ∥e are not equivalent in Lip0(M,R). To

show this, we considerM = [0, 1] and the sequence of functions fn(x) = xn. Then

fn ∈ Lip0([0, 1],R) with ∥fn∥e = 1 but Lip(fn) = n for all n ∈ N.

2. By Remark 6.2.7(1), we have Lip0(M,R)Lip(·) ⊂ Lip0(M,R)‖·‖e . Also, by above

remark (1), the inclusion is proper.

Example 6.2.9. Consider the metric space M = { 1
n : n ∈ N} ∪ {0} with 0 as the distin-

guished point. Then

E(M,R) = {(xn) ∈ c0 : |xn| ≤ k.
1

n
for all n ∈ N}.

Proof. Let f ∈ E(M,R). Then |f( 1n)| ≤
1
n∥f∥e and f(0) = 0. Put xn = f( 1n). Then

(xn) ∈ c0 and |xn| ≤ ∥f∥e. 1n for all n ∈ N. Conversely, consider (xn) ∈ c0 with |xn| ≤

k. 1n for some k > 0 and all n ∈ N. Define f( 1n) = xn for n ∈ N and f(0) = 0 then

f ∈ E(M,R).
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6.2.1 Linearization of extensively bounded map

Before we proceed further, we shall fix some notations. We denote the space E(M,R)

by M e and therefore, E(E(M,R),R) by M ee and so on. In this section, we shall prove

that an extensively bounded mapping between metric spaces can be dilated to a Lipschitz

mapping between bigger metric spaces and an extensively bounded continuous mapping

from a metric space into a normed linear space can be dilated to a bounded linear mapping

between (bigger) Banach spaces.

Proposition 6.2.10. Let M be a metric space with 0 as a distinguished point. For x ∈ M

we define δex : M e → R given by δex(f) = f(x) for all f ∈ M e. Then δex is a bounded linear

functional onM e with ∥δex∥ = d(x, 0). In general, ∥δex− δey∥ ≥ d(x, y) for x, y ∈ M . Next,

consider the mapping δeM : M → (M e)∗ given by δeM(x) = δex for all x ∈ M . Then δeM is

extensively bounded.

Proof. Clearly, δex is linear. Also for any f ∈ E(M,R) with ∥f∥e ≤ 1, we have

|δex(f)| = |f(x)| ≤ d(x, 0)

so that δex is bounded with ∥δex∥ ≤ d(x, 0). Consider f1 : M → R given by f1(z) = d(z, 0)

for all z ∈ M . Then f1 ∈ M e with ∥f1∥e = 1. Thus ∥δex∥ ≥ δex(f1) = f1(x) = d(x, 0) so

that ∥δex∥ = d(x, 0) for all x ∈ M . Hence, the map δeM is extensively bounded.

Let x, y ∈ M and define g : M −→ R given by g(z) = d(y, z)− d(y, 0) for all z ∈ M .

Then g ∈ M e with ∥g∥e ≤ 1. Therefore,

∥δex − δey∥ = sup
f∈Me, ‖f‖e≤1

|f(x)− f(y)| ≥ |g(x)− g(y)| = d(x, y).

Remark 6.2.11. Since δex is a linear map, it follows from Remark 6.2.7 (2) that ∥δex∥ =

Lip(δex) = ∥δex∥e.
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WhenM is replaced by a normed linear spaceX , x 2→ δex is a (non-linear) norm preserv-

ingmapping fromX into (Xe)∗. We consider the closed subspaceFe(M) = span {δex : x ∈ M}

of (M e)∗. Then δeM : M −→ Fe(M) given by δeM(x) = δex is a norm preserving (and there-

fore, extensively bounded) non-linear map such that span {δeM(M)} = Fe(M). Let us

recall that when M e is replaced by Lip0(M,R), a space similar to Fe(M) is called the

Lipschitz-free space ofM . As is in the case of Lipschitz functions, we show thatM e is also

a dual space. Actually, we prove more. Before proceeding further, we establish additional

properties of Fe(M).

Proposition 6.2.12. Fe(N ∪ {0}) = Fe(N) is isometrically isomorphic to ℓ1(N).

Proof. Fe(N ∪ {0}) = Fe(N) follows directly as δe0 = 0.

Let us define Λ : ℓ1(N) −→ Fe(N) given by

Λ((xn)) =
→∑

n=1

xn

n
δen.

Since
→∑
n=1

∥xn
n δ

e
n∥ ≤

→∑
n=1

∥xn∥, and Fe(N) is a Banach space Λ is well-defined. Also, we

can immediately verify that Λ is linear. In fact the well-definedness part provides that Λ is

a contraction.

Now we show that Λ is injective. For all i ∈ N consider the maps

fi(n) =

{
n if i = n

0, otherwise.

Directly it follows that fi ∈ B(N∪{0})e for all i ∈ N. Now Λ((xn)) = 0 gives
→∑
n=1

xn
n δ

e
n = 0.

Therefore
( →∑

n=1

xn
n δ

e
n

)
(fi) = 0 for all i ∈ N. This implies xi = 0 for all i ∈ N. Hence Λ

is injective.

Again for surjectivity of Λ; suppose γ ∈ Fe(N). Then γ =
→∑
n=1

αnδen, for some (αn) ⊂

R.
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Put xn = nαn, for all n ∈ N. Also consider the map f0 : N −→ R given by

f0(n) = sgn(αn)n.

Then f0 ∈ B(N∪{0})e . Now γ =
→∑
n=1

αnδen ∈ Fe(N) implies
( →∑

n=1
αnδen

)
(f0) ∈ R. That is

→∑

n=1

αnf0(n) =
→∑

n=1

αnsgn(αn)n =
→∑

n=1

n|αn| ∈ R.

Thus we have (xn) ∈ ℓ1(N), and it is immediate that Λ((xn)) = γ. Therefore from the

open mapping theorem Λ−1 exists as a bounded linear map. Next we show that Λ−1 is

also a contraction. We prove this by showing that Λ
(
B&1(N)

)
= BFe(N). Since Λ is a

contraction Λ
(
B&1(N)

)
⊂ BFe(N). Again from the surjectivity part it follows that for any

γ ∈ BFe(N), Λ−1(γ) ∈ B&1(N). , Λ is a contraction and its inverse is also a contraction.

Hence ℓ1(N) is isometrically isomorphic to Fe(N).

Proposition 6.2.13. Let M and N be two metric spaces with distinguished point as 0. T :

M −→ N be surjective metric isometry. Then Fe(M) and Fe(N) are linearly isometric

isomorphism.

Proof. We already have seen that the map T e : N e −→ M e given by T e(g) = g ◦ T is

bounded linear. Now, we show that it is a surjective isometry.

∥T e(g)∥e = sup
x∈M\{0}

|g(Tx)|
d(x, o)

= sup
x∈M\{0}

|g(Tx)|
d(Tx, 0)

= sup
y∈N\{0}

|g(y)|
d(y, 0)

= ∥g∥e.

Let f ∈ M e, then g = f ◦ T−1 be the preimage of f under T e in N e. This shows thatM e

and N e are linearly isometric isomorphic.

Now (T e)∗ : (M e)∗ −→ (N e)∗ is also linearly isometric isomorphism. Since (T e)∗ (Fe(M)) =

Fe(N), the proof follows.

Corollary 6.2.14. LetX and Y be two linear isometrically isomorphic Banach spaces and

T be the linear isometry. Then Fe(X) is isometrically isomorphic to Fe(Y ).
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Proof. Let us defineΛ : span {δex : x ∈ X} −→ span
{
δey : y ∈ Y

}
given byΛ

(
m∑

n=1
αnδexn

)
=

m∑
n=1

αnδeTxn
. Now

∥∥∥∥∥

m∑

n=1

αnδ
e
Txn

∥∥∥∥∥ = sup
g∈BY e

∣∣∣∣∣

m∑

n=1

αng ◦ T (xn)

∣∣∣∣∣

≤ sup
f∈BXe

∣∣∣∣∣

m∑

n=1

αnf(xn)

∣∣∣∣∣

=

∥∥∥∥∥

m∑

n=1

αnδ
e
xn

∥∥∥∥∥

shows that Λ is a well-defined linear contraction.

Similarly the map Θ : span
{
δey : y ∈ Y

}
−→ span {δex : x ∈ X} given by

Θ

(
m∑

n=1

αnδ
e
yn

)
=

m∑

n=1

αnδ
e
T−1yn ,

is a well-defined linear contraction. In fact Θ is the inverse of Λ. Now extending these

maps Λ and Θ to the closure of their respective domains, we complete the proof of the

proposition.

Theorem 6.2.15. Let M be a metric space and Y a Banach space and consider T ∈

E(M,Y ). Then there exists a unique bounded linear map T̂ : Fe(M) → Y such that

T̂ ◦ δeM = T with ∥T̂∥ = ∥T∥e. Further, the mapping ΦY
M : E(M,Y ) −→ L(Fe(M), Y ),

given by ΦY
M(T ) = T̂ for T ∈ E(M,Y ), is a surjective linear isometry. We shall write

simply Φ for ΦY
M , if it is clear from the context.

Proof. Define T̂ : span{δex : x ∈ M} −→ Y by T̂

(
n∑

i=1
αiδexi

)
=

n∑
i=1

αiT (xi). Then T̂ is

linear with T̂ ◦ δeX = T . Also
∥∥∥∥∥

n∑

i=1

αiT (xi)

∥∥∥∥∥ = sup
y∗∈BY ∗

∥∥∥∥∥

n∑

i=1

αiy
∗(T (xi))

∥∥∥∥∥

= ∥T∥e sup
y∗∈BY ∗

∣∣∣∣∣

n∑

i=1

αiy
∗(

T

∥T∥e
(xi))

∣∣∣∣∣
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≤ ∥T∥e sup
{∣∣∣∣∣

n∑

i=1

αif(xi)

∣∣∣∣∣ : f ∈ Xe, ∥f∥e ≤ 1

}

= ∥T∥e sup
{∣∣∣∣∣

(
n∑

i=1

αiδ
e
xi

)
(f)

∣∣∣∣∣ : f ∈ Xe, ∥f∥e ≤ 1

}

= ∥T∥e

∥∥∥∥∥

n∑

i=1

αiδ
e
xi

∥∥∥∥∥ .

Thus T̂ is bounded and linear in span {δex : x ∈ M} with ∥T̂∥ ≤ ∥T∥e. Hence it can be

extended uniquely to Fe(M) as a bounded linear mapping, denoted again as T̂ , with ∥T̂∥ ≤

∥T∥e.

Further,

∥T∥e = sup
x %=0

∥Tx∥
d(x, 0)

= sup
x %=0

∥T̂ (δex)∥
∥δex∥

≤ ∥T̂∥.

Thus Φ is a linear isometry. We prove that Φ is surjective. In fact, if ξ ∈ L(Fe(M), Y ),

then ξ ◦ δeM ∈ E(M,Y ) and Φ(ξ ◦ δeM) = ξ. This completes the proof.

Remark 6.2.16. Taking Y = R, we note thatM e is dual of Fe(M).

Definition 6.2.17. For T ∈ E(M,Y ) we define T e : Y e −→ M e by

T e(f) = f ◦ T.

Then T e is a bounded linear map with ∥T e∥ = ∥T∥e. Now consider T ee(= (T e)e) : M ee −→

Y ee. Then T ee(φ) = φ ◦ T e. Thus for g ∈ Y e,

(T ee(δex)) (g) = (δex ◦ T e)(g) = δex(g ◦ T ) = g(T (x)) = δe(T (x))(g),

so that T ee(δex) = δe(T (x)).Moreover, ∥T ee∥ = ∥T e∥ = ∥T∥e.

Lemma 6.2.18. Let X be a Banach space. Then there exists a linear contraction βe
X :

Fe(X) −→ X .
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Proof. Define βe
X : span{δex : x ∈ X} −→ X given by

βe
X

( n∑

i=1

αiδ
e
xi

)
=

n∑

i=1

αixi.

Then βe
X is a well-defined linear map. Also,

∥∥
n∑

i=1

αixi

∥∥ = sup
{∣∣

n∑

i=1

αix
∗(xi)

∣∣ : x∗ ∈ X∗, ∥x∗∥ ≤ 1

}

≤ sup
{∣∣

n∑

i=1

αif(xi)
∣∣ : f ∈ Xe, ∥f∥e ≤ 1

}

= sup
{∣∣
( n∑

i=1

αiδ
e
xi

)
(f)
∣∣ : f ∈ Xe, ∥f∥e ≤ 1

}

=
∥∥

n∑

i=1

αiδ
e
xi

∥∥.

Thus βe
X is a bounded linear contraction with βe

X ◦ δeX = IdX and hence can be extended

uniquely to Fe(X). In fact it is a left inverse of δeX .

6.2.2 The (non-linear) operator algebra of extensively bounded map-
pings

LetX,Y, Z be normed linear spaces. Then for f, f1, f2 ∈ E(X,Y ) and g, g1, g2 ∈ E(Y, Z),

we have g ◦ f ∈ E(X,Z), (g1 + g2) ◦ f = g1 ◦ f + g2 ◦ f . But, in general, g ◦ (f1 + f2) ̸=

g◦f1+g◦f2. However, when g ∈ L(Y, Z) ⊂ E(Y, Z), we have g◦(f1+f2) = g◦f1+g◦f2.

Further

∥g ◦ f∥e = sup
x %=0

∥g(f(x))∥
∥x∥ ≤ ∥g∥e sup

x %=0

∥f(x)∥
∥x∥ = ∥g∥e∥f∥e.

These properties exhibit a ‘normed operator ideal’ like structure on the space of extensively

bounded maps of Banach spaces with a pinch of non-linearity. This situation is observed in

the case of Lipschitz maps as well. In this sense, E(X,X) is a (non-linear) normed algebra

with unity and therefore, it is a (non-linear) unital Banach algebra wheneverX is complete.
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Let us continue with the above discussion. We observe that since g ◦ f ∈ E(X,Z),

ΦZ
X(g ◦ f) makes sense. However, as ΦZ

Y (g) can not composed with ΦY
X(f), Φ is not ‘mul-

tiplicative’. We dilate Theorem 6.2.15 further to get a ‘multiplicative’ linearization.

Theorem 6.2.19. Let X and Y be normed linear spaces, and T ∈ E(X,Y ). Then there

exists a unique bounded linear map T̃ : Fe(X) −→ Fe(Y ) such that T̃ ◦ δeX = δeY ◦ T with

∥T̃∥ = ∥T∥e.

Proof. Let us first define the map

T̃ : span {δex : x ∈ X} → span
{
δey : y ∈ Y

}

given by

T̃

(
n∑

i=1

αiδ
e
xi

)
=

n∑

i=1

αiδ
e
Txi

.

Therefore by definition T̃ is a linear map and T̃ ◦ δeX = δeY ◦ T . Now for x1, ..., xn ∈ X

and the scalars αi, i = 1, 2, ..., n
∥∥∥∥∥

n∑

i=1

αiδ
e
xi

∥∥∥∥∥ = sup

{∣∣∣∣∣

n∑

i=1

αif(xi)

∣∣∣∣∣ : f ∈ Xe, ∥f∥e ≤ 1

}

≥ 1

∥T∥e
sup

{∣∣∣∣∣

n∑

i=1

αi(g ◦ T )(xi)

∣∣∣∣∣ : g ∈ Y e, ∥g∥e ≤ 1

}

=
1

∥T∥e
sup

{∣∣∣∣∣

n∑

i=1

αiδ
e
(T (xi))(g)

∣∣∣∣∣ : g ∈ Y e, ∥g∥e ≤ 1

}

=
1

∥T∥e

∥∥∥∥∥

n∑

i=1

αiδ
e
Txi

∥∥∥∥∥ .

Thus ∥∥∥∥∥T̃
(

n∑

i=1

αiδ
e
xi

)∥∥∥∥∥ =

∥∥∥∥∥

n∑

i=1

αiδ
e
Txi

∥∥∥∥∥ ≤ ∥T∥e

∥∥∥∥∥

n∑

i=1

αiδ
e
xi

∥∥∥∥∥

so that T̃ is bounded. We extend T̃ uniquely to Fe(X) and retain the same symbol. Thus

T̃ ∈ L(Fe(M), Fe(Y )) with ∥T̃∥ ≤ ∥T∥e. Again,

∥T∥e = sup
x %=0

∥Tx∥
∥x∥ = sup

x %=0

∥δeTx∥
∥δex∥

= sup
x %=0

∥T̃ (δex)∥
∥δex∥

≤ ∥T̃∥
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so that ∥T̃∥ = ∥T∥e.

Let S ∈ L(Fe(X), Fe(Y )) be such that S ◦ δeX = δeY ◦ T . Then T̃ ◦ δeX = S ◦ δeX so that

T̃ (δex) = S(δex) for all x ∈ X . Since T̃ and S are linear and bounded, we get T̃ (γ) = S(γ)

for all γ ∈ Fe(X). Thus S = T̃ .

Lemma 6.2.20. LetW,X, Y, Z be normed linear spaces andU ∈ E(W,X), T ∈ E(X,Y ),

S ∈ E(Y, Z). Then (S ◦ T )ˆ= Ŝ ◦ T̃ and S̃ ◦ T = S̃ ◦ T̃ .

Proof. Applying Theorems 6.2.15 and 6.2.19, we get unique linear maps Ŝ ∈ L(Fe(Y ), Z),

S̃ ∈ L(Fe(Y ), Fe(Z)) and T̃ ∈ L(Fe(X), Fe(Y )) such that Ŝ ◦ δeY = S, S̃ ◦ δeY = δeZ ◦ S

and T̃ ◦ δeX = δeY ◦ T . Further

Ŝ ◦ T̃ ◦ δeX = Ŝ ◦ δeY ◦ T = S ◦ T = (S ◦ T )ˆ◦ δeX

and

(S̃ ◦ T̃ ) ◦ δeX = (S̃ ◦ δeY ) ◦ T = δeZ ◦ (S ◦ T ) = S̃ ◦ T ◦ δeX .

Thus (S ◦ T )ˆ= Ŝ ◦ T̃ and S̃ ◦ T = S̃ ◦ T̃ .

Theorem 6.2.21. Let X be a Banach space. Then E(X,X) is a Banach algebra and the

map ΨX
X : E(X,X) −→ L(Fe(X), Fe(X)) defined by ΨX

X(T ) = T̃ , is an injective, unital,

norm preserving and multiplicative extensively bounded mapping. We simply write Ψ for

ΨX
X when it is clear from the context.

Proof. From the above discussion, we know that E(X,X) is a non-linear Banach algebra

such that ∥.∥e is submultiplicative. By Theorem 6.2.19 and the Lemma 6.2.20, we observe

that Ψ is a norm preserving, multiplication preserving, extensively bounded map. Also

δex = δeX ◦ IdX(x) = Ψ(IdX) ◦ δeX(x) = Ψ(IdX)(δ
e
x)

for all x ∈ X . Thus Ψ(IdX) = IdFe(X). and to prove the injectivity of Ψ, consider

T, S ∈ E(X,X) such that T̃ = S̃. Therefore composing βe
X (defined in Lemma 6.2.18)

99



§6.2. Extensively bounded mappings

and δeX from the left and right side respectively we get βe
X ◦T̃ ◦δeX = βe

X ◦S̃◦δeX . i.e. T = S.

This completes the proof.

Remark 6.2.22. Note that, though L(Fe(X), Fe(X)) is a unital Banach algebra in the usual

sense,Ψ(E(X,X)) is not, asΨ is not linear. In fact,Ψ(E(X,X)) is not even a (non-linear)

Banach algebra like E(X,X).

Proposition 6.2.23. Let X , Y , Z and W be Banach spaces. Assume U ∈ E(X,Y ), T ∈

E(Y, Z) and S ∈ E(Z,W ). Then

ΦW
X (S ◦ T ◦ U) = ΦW

Z (S) ◦ΨZ
Y (T ) ◦ΨY

X(U).

In particular, if S ∈ L(Z,W ), then

ΦW
X (S ◦ T ◦ U) = S ◦ ΦZ

Y (T ) ◦ΨY
X(U).

Proof. Applying Theorem 6.2.19, we get uniqueΨY
X(U) ∈ L(Fe(X), Fe(Y )) andΨZ

Y (T ) ∈

L(Fe(Y ), Fe(Z)) such that ΨY
X(U) ◦ δeX = δeY ◦ U and ΨZ

Y (T ) ◦ δeY = δeZ ◦ T . Similarly,

by Theorem 6.2.15, there exist unique ΦZ
Y (T ) ∈ L(Fe(Y ), Z) and ΦW

Z (S) ∈ L(Fe(Z),W )

such that ΦZ
Y (T ) ◦ δeY = T and ΦW

Z (S) ◦ δeZ = S. Therefore,

ΦW
Z (S) ◦ΨZ

Y (T ) ◦ΨY
X(U) ◦ δeX = ΦW

Z (S) ◦ΨZ
Y (T ) ◦ δeY ◦ U

= ΦW
Z (S) ◦ δeZ ◦ T ◦ U

= S ◦ T ◦ U

= ΦW
X (S ◦ T ◦ U) ◦ δeX

and

S ◦ ΦZ
Y (T ) ◦ΨY

X(U) ◦ δeX = S ◦ ΦZ
Y (T ) ◦ δeY ◦ U

= S ◦ T ◦ U
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= ΦW
X (S ◦ T ◦ U) ◦ δeX .

Thus by Theorem 6.2.15, we get the result.

Remark 6.2.24. The notions introduced in 6.2.17 can be rephrased in the following way

using the maps Φ and Ψ as defined in 6.2.15 and 6.2.21, respectively. Let T ∈ E(X,Y ).

Then T e ∈ L(Y e, Xe) so for f ∈ Y e, we have

(
ΦR

X

)−1 ◦Ψ(T )∗ ◦ ΦR
Y (f) =

(
ΦR

X

)−1 (
Ψ(T )∗

(
ΦR

Y (f)
))

= Ψ(T )∗
(
ΦR

Y (f)
)
◦ δeX

= ΦR
Y (f) ◦Ψ(T ) ◦ δeX

= ΦR
Y (f) ◦ δeY ◦ T

= f ◦ T = T e(f),

Thus T e =
(
ΦR

X

)−1◦Ψ(T )∗◦ΦR
Y . In a similar manner, we can show that T e

∣∣
Y ∗ =

(
ΦR

X

)−1◦

Φ(T )∗.

101







Chapter 7

Operator ideals of extensively boundedmaps

As an application of the theory developed in the previous chapter, we propose to establish

a theory of extensively bounded operator ideals in this chapter. We introduce the notion

of an extensively bounded operator ideal (or, E-operator ideal, in short), replicating the

notion of operator ideal of linear mappings as presented in [20] and [49]. In addition to

this, we describe two basic examples. We introduce the notion of (non-linear) finite rank

extensively bounded mappings and that of extensively compact mappings. We also discuss

the corresponding extensively bounded operator ideals. We begin with the following notion.

Definition 7.0.1. For Banach spaces X and Y , we say that T ∈ E(X,Y ) is of finite rank

whenever span(T (X)) is a finite-dimensional subspace of Y . The set of all finite rank

extensively bounded maps from X to Y is denoted by FE(X,Y ).

Definition 7.0.2. Let E denote the class of extensively bounded mappings and let L de-

note the class of bounded linear mappings between an arbitrary pair of Banach spaces. An

extensively bounded operator ideal (or, E-operator ideal, in short) IE is a subclass of E

satisfying the following conditions:

1. IE(X,Y ) is a subspace of E(X,Y ).

2. FE(X,Y ) ⊂ IE(X,Y ).

3. For anyS ∈ E(Z,X), T ∈ IE(X,Y ) andU ∈ L(Y,W ), we haveUTS ∈ IE(Z,W ).

wheneverX , Y , Z andW are Banach spaces. If, in addition, for each pair of Banach spaces

(X,Y ) there is a norm, say α, on IE(X,Y ) satisfying:
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7 Operator ideals of extensively bounded maps

1. (IE(X,Y ),α) is a normed linear space;

2. α(f ⊗ y) = ∥f∥e∥y∥ for each f ∈ Xe and y ∈ Y ; and

3. α(UTS) ≤ ∥U∥α(T )∥S∥e whenever X,Y, Z,W are Banach spaces, S ∈ E(Z,X),

T ∈ IE(X,Y ) and U ∈ L(Y,W ),

then (IE,α) is called a normed E-operator ideal. It is called a Banach E-operator ideal

when (IE(X,Y ),α) is a Banach space for all Banach spaces X and Y .

We remark that composing with only bounded linear maps on the left instead of arbitrary

extensively bounded maps is a compromise to retain the linear structure in IE . A similar

practice is followed in the case of Lipschitz operator ideals.

Next, we describe our first (and the smallest) E-operator ideal.

Lemma 7.0.3. Let X and Y be Banach spaces and T ∈ E(X,Y ). Then T ∈ FE(X,Y ) if

and only if Φ(T ) ∈ F (Fe(X), Y ).

Proof. LetT ∈ E(X,Y ) so thatΦ(T ) ∈ L(Fe(X), Y ). SinceFe(X) = span {δex : x ∈ X},

we get

Φ(T )(Fe(X)) = span {Φ(T )(δex) : x ∈ X} = span {T (x) : x ∈ X}.

Thus for T ∈ FE(X,Y ), Φ(T )(Fe(X)) = span(T (X)) is a finite dimensional subspace of

Y , that is, Φ(T ) ∈ F (Fe(X), Y ). The proof of the converse can be traced back in a similar

way.

Proposition 7.0.4. FE is the smallest operator ideal.

Proof. Let S, T ∈ FE(X,Y ) and α ∈ R, then

span((αS + T )(X)) ⊂ span(S(X)) + span(T (X))
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§7.1. Extensively compact mapping

and thus αS + T ∈ FE(X,Y ). Again, if S ∈ E(Z,X), T ∈ FE(X,Y ) and U ∈ L(Y,W ),

then span(UTS(X)) = U(span(T (S(X)))). This gives the ideal property of FE(X,Y ).

Further we can easily check that ∥UTS∥e ≤ ∥U∥∥T∥e∥S∥e.Now, by definitionFE(X,Y ) ⊂

IE(X,Y ) whenever IE is a normed E-operator ideal.

Now we discuss our next E-operator ideal.

7.1 Extensively compact mapping

Definition 7.1.1. LetX and Y be Banach spaces and T ∈ E(X,Y ). We say that T is called

an extensively compact mapping (in short, E-compact mapping) if the set
{

T (x)
‖x‖ : x ̸= 0

}

is pre-compact subset of Y and the set of allE-compact mappings is denoted byKE(X,Y ).

Lemma 7.1.2. Let X be a Banach space. Then the closed unit ball of Fe(X) is the closed

absolute convex hull of
{

δex
‖x‖ : x ∈ X \ {0}

}
.

Proof. Put S =
{

δex
‖x‖ : x ∈ X \ {0}

}
⊂ Fe(X). Then the polar of S is

S◦ =

{
ξ ∈ Fe(X)∗ :

∣∣∣∣ξ
(
δex
∥x∥

)∣∣∣∣ ≤ 1 : x ∈ X \ {0}
}

=

{
ΦR

X(T ) ∈ Fe(X)∗ :

∣∣∣∣Φ
R
X(T )

(
δex
∥x∥

)∣∣∣∣ ≤ 1 : T ∈ Xe, x ∈ X \ {0}
}

=

{
ΦR

X(T ) ∈ Fe(X)∗ :

∣∣∣∣
δex(T )

∥x∥

∣∣∣∣ ≤ 1 : T ∈ Xe, x ∈ X \ {0}
}

=

{
ΦR

X(T ) ∈ Fe(X)∗ :

∣∣∣∣
Tx

∥x∥

∣∣∣∣ ≤ 1 : T ∈ Xe, x ∈ X \ {0}
}

=
{
ΦR

X(T ) ∈ Fe(X)∗ : ∥T∥e ≤ 1 : T ∈ Xe
}

= ΦR
X (BXe) .

Again the pre-polar of ΦR
X (BXe) is

◦(
ΦR

X (BXe)
)

=
{
γ ∈ Fe(X) :

∣∣ΦR
X(T )(γ)

∣∣ ≤ 1 for all T ∈ BXe

}

= {γ ∈ Fe(X) : |γ(T )| ≤ 1 for all T ∈ BXe}
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§7.1. Extensively compact mapping

= {γ ∈ Fe(X) : ∥γ∥ ≤ 1}

= BFe(X).

Moreover as BFe(X) is absolutely convex and closed, the bipolar theorem yeilds

BFe(X) =
◦(S◦) = aco

{
δex
∥x∥ : x ∈ X \ {0}

}
.

Lemma 7.1.3. Let X and Y be Banach spaces and T ∈ E(X,Y ). The following are

equivalent:

1. T ∈ KE(X,Y ).

2. Φ(T ) ∈ K(Fe(X), Y ).

3. T e
∣∣
Y ∗ is a linear compact operator from Y ∗ to Xe.

Proof. By Lemma 7.1.2, we get

Φ(T )
(
BFe(X)

)
= Φ(T )

(
aco

{
δex
∥x∥ : x ∈ X \ {0}

})

⊂ aco

{
Tx

∥x∥ : 0 ̸= x ∈ X

}

for all T ∈ E(X,Y ). Let T ∈ KE(X,Y ). Then
{

Tx
‖x‖ : 0 ̸= x ∈ X

}
is precompact. Thus

aco
{

Tx
‖x‖ : 0 ̸= x ∈ X

}
is also precompact so that Φ(T ) ∈ KE(Fe(X), Y ).

Since
{

Tx
‖x‖ : 0 ̸= x ∈ X

}
⊂ Φ(T )

(
BFe(X)

)
, we get T ∈ KE(X,Y )whenever Φ(T ) ∈

KE(Fe(X), Y ). This proves the equivalence of (1) and (2).

Finally, since T e
∣∣
Y ∗ = Φ−1◦(Φ(T ))∗ for any T ∈ E(X,Y ), (2) is equivalent to (3).

Proposition 7.1.4. Let X and Y be Banach spaces, and T ∈ KE(X,Y ). Then T = C ◦ g

for some C ∈ E(g(X), Y ) and g ∈ KE(X, c0).
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Proof. LetT ∈ EK(X,Y ). Then by Lemma 7.1.3, T e
∣∣
Y ∗ ∈ K(Y ∗, Xe). ThusT e

∣∣
Y ∗(BY ∗) ⊂

co{un} for some (un) ∈ c0(Xe). Consider the map g : X −→ c0, defined as g(x) = (un(x))

for all x ∈ X . Since
{

g(x)
‖x‖ : x ̸= 0

}
⊂ co{(∥un∥) : n ∈ N}, we have g ∈ KE(X, c0).

Let x1, x2 ∈ X be such that un(x1) = un(x2) for all n ∈ N. We show that T (x1) =

T (x2). Let y∗ ∈ BY ∗ . Then there exists a sequence (αn) ∈ B&1 such that (T e)∗(y∗) =
→∑
n=1

αnun. Thus

y∗(T (x1)) = (T e)∗(y∗)(x1)

=
→∑

n=1

αnun(x1)

=
→∑

n=1

αnun(x2)

= (T e)∗(y∗)(x2)

= y∗(T (x2)).

Since y∗ ∈ BY ∗ is arbitrary, we get T (x1) = T (x2). Therefore, the map C : g(X) −→ Y

given by C(g(x)) = T (x) is a well-defined. We show that C is extensively bounded. Fix

x ∈ X . If y∗ ∈ BY ∗ , then as above y∗(T (x)) = (T e)∗(x) =
→∑
n=1

αnun(x). Thus

|y∗(T (x))| = |
→∑

n=1

αnun(x)| ≤ sup{∥un(x)∥ : n ∈ N} = ∥g(x)∥.

Hence

∥C(g(x))∥ = ∥T (x)∥ = sup
y∗∈BY ∗

|y∗(T (x))| ≤ ∥g(x)∥.

so that C is extensively bounded.

Theorem 7.1.5. (KE, ∥ · ∥e) is a Banach E-operator ideal.

Proof. Fix Banach spaces X and Y . Let S, T ∈ KE(X,Y ) and (xn) be any sequence

in X \ {0}. As S ∈ KE(X,Y ),
(

S(xnk )

‖xnk‖

)
is Cauchy in Y for some subsequence (xnk

)

of (xn). Again, as T ∈ KE(X,Y ), we further get that
(

T (xnkl
)

‖xnkl
‖

)
is Cauchy in Y for
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some subsequence (xnkl
) of (xnk

). Therefore,
(

(S+T )(xnkl
)

‖xnkl
‖

)
is a Cauchy subsequence of

(
(S+T )(xn)

‖xn‖

)
so that S + T ∈ KE(X,Y ). Similarly, we can show that for α ∈ R, we have

αS ∈ KE(X,Y ). Thus KE(X,Y ) is a subspace of E(X,Y ).

Next, we show that (KE(X,Y ), ∥ · ∥e) is a Banach space.

Let (Ti) be a sequence in KE(X,Y ) such that ∥Ti − T∥e → 0 as i → ∞ for some

T ∈ E(X,Y ). We show that T ∈ KE(X,Y ). Let (xn) be a sequence inX \ {0}. Since T1

is compact there exists a subsequence (xn1,k
)k∈N such that

(
T1(xn1,k )

‖xn1,k‖

)

k∈N
is a Cauchy subse-

quence. Similarly T2 is compact, therefore there exists (xn2,k
)k∈N such that

(
T2(xn2,k )

‖xn2,k‖

)

k∈N

is also cauchy. Continuing inductively, we have for each i ∈ N,
(

Ti(xni,k )

‖xni,k‖

)

k∈N
converge

in Y. Consider the diagonal subsequence xnk
:= xnk,k

for k ∈ N and fix ϵ > 0. We prove

that
(

T (xnk )

‖xnk‖

)

k∈N
converges in Y as well. Since (Ti) converges to T, there exists i0 ∈ N

such that ∥T − Ti∥e < ε
3 for all i ≥ i0. Again

(
Ti(xnk )

‖xnk‖

)

k∈N
converges implies there ex-

ists a natural number k0 such that
∥∥∥Ti(xnk )

‖xnk‖
− Ti(xnl )

‖xnl‖

∥∥∥ < ε
3 for all k, l ≥ k0. Now for all

k, l ≥ max{k0, i0}
∥∥∥∥
T (xnk

)

∥xnk
∥ − T (xnl

)

∥xnl
∥

∥∥∥∥ ≤
∥∥∥∥
T (xnk

)

∥xnk
∥ − Ti0(xnk

)

∥xnk
∥

∥∥∥∥+
∥∥∥∥
Ti0(xnk

)

∥xnk
∥ − Ti0(xnl

)

∥xnl
∥

∥∥∥∥

+

∥∥∥∥
Ti0(xnl

)

∥xnl
∥ − T (xnl

)

∥xnl
∥

∥∥∥∥

≤ ∥T − Ti0∥e +
∥∥∥∥
Ti0(xnk

)

∥xnk
∥ − Ti0(xnl

)

∥xnl
∥

∥∥∥∥+ ∥Ti0 − T∥e

< ϵ.

HenceKE(X,Y ) is a Banach space.

Now, we prove theE-operator ideal conditions. It follows from Lemmas 7.0.3 and 7.1.3

thatΦ(FE(X,Y )) = F (Fe(X), Y ) andΦ(KE(X,Y )) = K(Fe(X), Y ). SinceF (Fe(X), Y ) ⊂

K(Fe(X), Y ), we deduce that FE(X,Y ) ⊂ KE(X,Y ).

Finally, let W , X , Y and Z be Banach spaces and assume that U ∈ E(Z,X), T ∈

KE(X,Y ) andS ∈ L(Y,W ). Then by Theorem 6.2.19, there exists a unique Ũ ∈ L(Fe(Z), Fe(X))

109



§7.2. Extensively p-summing mapping

such that Ũ ◦ δeZ = δeX ◦U . Also by Lemma 7.1.3, there exists a unique T̂ ∈ K(Fe(X), Y )

such that T̂ ◦ δeY = T . We write Ũ = ΨX
Z (U) and T̂ = ΦY

X(T ). Thus, from the Proposition

6.2.23 we have ΦW
Z (S ◦T ◦U) = S ◦ΦY

X(T )◦ΨX
Z (U). SinceK is a Banach operator ideal,

we have

ΦW
Z (S ◦ T ◦ U) = S ◦ ΦY

X(T ) ◦ΨX
Z (U) ∈ K(Fe(Z),W ).

Hence by Lemma 7.1.3, S ◦ T ◦ U ∈ KE(Z,W ).

7.2 Extensively p-summing mapping

7.2.1 Summability with respect to Xe

LetX be a normed linear space and 1 ≤ p < ∞. Recall that a sequence (xn) inX is said to

be weakly p-summable if sup
f∈BX∗

( →∑
n=1

|f(xn)|p
) 1

p

is finite. However, when we replace BX∗

by BXe , we find ∥(xn)∥sp = sup
f∈BXe

( →∑
n=1

|f(xn)|p
) 1

p

.

Lemma 7.2.1. LetX be a normed linear space and (xn) be a sequence inX . Then (xn) ∈

ℓsp(X) if and only if sup
f∈BXe

( →∑
n=1

|f(xn)|p
) 1

p

is finite. Moreover, in this case ∥(xn)∥sp =

sup
f∈BXe

( →∑
n=1

|f(xn)|p
) 1

p

.

Proof. Let (xn) be a sequence in the normed linear spaceX such that sup
f∈BXe

( →∑
n=1

|f(xn)|p
) 1

p

is finite.

We consider the map g(z) = ∥z∥ for all z ∈ X . Then g ∈ BXe and

sup
f∈BXe

( →∑

n=1

|f(xn)|p
) 1

p

≥
( →∑

n=1

|g(xn)|p
) 1

p

=

( →∑

n=1

∥xn∥p
) 1

p

= ∥(xn)∥sp.

Therefore, (xn) ∈ ℓsp, as sup
f∈BXe

( →∑
n=1

|f(xn)|p
) 1

p

is finite. Conversely, let (xn) ∈ ℓsp(X).

Now we show that sup
f∈BXe

( →∑
n=1

|f(xn)|p
) 1

p

= ∥(xn)∥sp. Let f ∈ BXe . Then |f(xn)| ≤
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∥f∥e∥xn∥. Thus, |f(xn)| ≤ ∥xn∥ for all f ∈ BXe andn ∈ N. This implies that
→∑
n=1

|f(xn)|p ≤

→∑
n=1

∥xn∥p for all f ∈ BXe . Hence sup
f∈BXe

( →∑
n=1

|f(xn)|p
) 1

p

≤ ∥(xn)∥sp so that sup
f∈BXe

( →∑
n=1

|f(xn)|p
) 1

p

=

∥(xn)∥sp. This completes the proof.

Now, let us first recall the definition of a linear p-summing operator. A linear operator

T : X → Y is linear p-summing if there exists a constant c ≥ 0 such that regardless of the

natural numberm and regardless of the choice of x1, x2, ..., xm in X we have

(
m∑

n=1

∥T (xn)∥p
) 1

p

≤ c · sup
f∈BX∗

(
m∑

n=1

|f(xn)|p
) 1

p

.

The smallest such c (depends on T ) will be denoted by πp(T ).

Observation 7.2.2. 1. Let m ∈ N, x1, x2, ..., xm ∈ X and T ∈ E(X,Y ). Then by the

Lemma 7.2.1
(

m∑

n=1

∥T (xn)∥p
) 1

p

≤ ∥T∥e

(
m∑

n=1

∥xn∥p
) 1

p

= ∥T∥e sup
f∈BXe

(
m∑

n=1

|f(xn)|p
) 1

p

.

Thus, any extensively bounded map appears to be extensively p-summing if we di-

rectly adapt the definition of linear p-summing operators, replacingX∗ byXe. There-

fore, we look at an alternative.

2. Let T : X → Y be linear p-summing. Suppose m, r ∈ N and consider the finite

subsets
{
x(i)
n : n = 1, ..., r; i = 1, ...,m

}
ofX and

{
α(i)
n : n = 1, ..., r; i = 1, ...,m

}

of R. Then

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T (x(i)

n )

∥∥∥∥∥

p) 1
p

≤ πp(T ) sup
f∈BX∗

(
m∑

i=1

∥∥∥∥∥f
(

r∑

n=1

α(i)
n x(i)

n

)∥∥∥∥∥

p) 1
p

= πp(T ) sup
f∈BX∗

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f

(
x(i)
n

)
∥∥∥∥∥

p) 1
p
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Further suppose T ∈ L(X,Y ) satisfies
(

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T (x(i)

n )

∥∥∥∥∥

p) 1
p

≤ c · sup
f∈BX∗

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f

(
x(i)
n

)
∥∥∥∥∥

p) 1
p

, (7.2.1)

for some c ≥ 0 (depends only on T ), and all α(i)
n ∈ R, x(i)

n ∈ X , n = 1, ..., r and

i = 1, ..,m, where r,m ∈ N. Now, if we consider r = 1, α(i)
n = 1 for all i = 1, ...,m,

the equation 7.2.1 implies T is linear p-summing. Therefore, T ∈ L(X,Y ) is linear

p-summing if and only if it satisfies the equation 7.2.1.

We take a cue from the above observation to extend the notion of p-summing map in

the context of extensively bounded mappings.

Definition 7.2.3. Let 1 ≤ p < ∞. T : X −→ Y is said to be an extensively p-summing

(E-p-summing, in short) operator, if there exists 0 ≤ c(depends only on T ) such that
(

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T (x(i)

n )

∥∥∥∥∥

p) 1
p

≤ c sup
f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f(x(i)

n )

∥∥∥∥∥

p) 1
p

,

for anym, r ∈ N and any finite subsets
{
x(i)
n : n = 1, ..., r; i = 1, ...,m

}
of X and

{
α(i)
n : n = 1, ..., r; i = 1, ...,m

}
of R.

Remark 7.2.4. 1. Infimum over all such c ≥ 0 will be denoted by πe
p(T ). Also, the set

of all extensively p-summing mappings will be denoted by Eωp(X,Y ). Note that if

T ∈ Eωp(X,Y ), then it is an extensively bounded. At the end of the paper, we provide

an example (Example 7.3.4) to justify that every extensively bounded mapping is

not E-p-summing. Moreover, if both T and f are linear, then the Definition 7.2.3

coincides with the notion of classical linear p-summing operator.

2. We notice that a similar-looking notion of factorable p-dominated operator has been

discussed in [48]. A continuous n-linear operator T : X1 × · · · × Xn → Y is said

to be a factorable p-dominated if there exists a constant C ≥ 0 such that for every
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choice of vectors xi
k,j ∈ Xk and scalars λij ∈ R (for 1 ≤ j ≤ m1, 1 ≤ i ≤ m2), and

all positive integersm1,m2 we have

(
m1∑

j=1

∥∥∥∥∥

m2∑

i=1

λijT
(
xi
1,j, . . . , x

i
n,j

)
∥∥∥∥∥

p)1/p

≤ C sup
ϕk∈BX∗

k
1≤k≤n

(
m1∑

j=1

∣∣∣∣∣

m2∑

i=1

λijϕ1

(
xi
1,j

)
...ϕn

(
xi
n,j

)
∣∣∣∣∣

p)1/p

.

If we consider T to be one linear, then the condition matches with the observa-

tion 7.2.2[2]. Similarly in [1, Section 3], if we consider the definition of Factorable

strongly p-summing for a polynomial P ∈ P( 1X,Y ) (for details see the mentioned

article), it matches with this Observation 7.2.2[2].

The next result will be used to show that elements of FE(X,Y ) are extensively p-

summing.

Lemma 7.2.5. Let T ∈ FE(X,Y ). Then T has the representation as T =
m∑
i=1

yifi, for some

f1, ..., fm ∈ Xe and y1, ..., ym ∈ Y .

Proof. Let T ∈ FE(X,Y ). Then by Lemma 7.0.3 Φ(T ) ∈ F (Fe(X), Y ). Therefore

Φ(T ) =
m∑
i=1

ΦR
X(fi) ⊗ yi, for some fi ∈ Xe and yi ∈ Y (i = 1, ...,m). Let x ∈ X .

Thus T = Φ(T ) ◦ δeX provides

T (x) =

(
m∑

i=1

ΦR
X(fi)⊗ yi

)
◦ δeX(x).

This implies T (x) =
m∑
i=1

(
ΦR

X(fi)(δ
e
x)
)
yi. Hence T (x) =

m∑
i=1

fi(x)yi, that is T =
m∑
i=1

yifi.

Proposition 7.2.6. LetX and Y be Banach spaces. Then (Eωp ,π
e
p) is a BanachE-operator

ideal.

Proof. Let X and Y be Banach spaces. First we show that Eωp(X,Y ) is a subspace of

E(X,Y ).
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Let T1, T2 ∈ Eωp(X,Y ). Fixm, r ∈ N and finite subsets

{
x(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ X

and
{
α(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ R

Put zi =
r∑

n=1
α(i)
n T1(x

(i)
n ) and wi =

r∑
n=1

α(i)
n T2(x

(i)
n ). Then using Minkowski’s inequality we

have
(

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n (T1 + T2)(x

(i)
n )

∥∥∥∥∥

p) 1
p

=

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T1(x

(i)
n ) +

r∑

n=1

α(i)
n T2(x

(i)
n )

∥∥∥∥∥

p) 1
p

=

(
m∑

i=1

∥zi + wi∥p
) 1

p

≤
(

m∑

i=1

∥zi∥p
) 1

p

+

(
m∑

i=1

∥wi∥p
) 1

p

≤
(
πe
p(T1) + πe

p(T2)
)
sup

f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f(x(i)

n )

∥∥∥∥∥

p) 1
p

.

Therefore, T1 + T2 ∈ Eωp(X,Y ) with πe
p(T1 + T2) ≤ πe

p(T1) + πe
p(T2). It is easy to check

αT ∈ Eωp(X,Y ) whenever T ∈ Eωp(X,Y ), for any α ∈ R.

Letx ∈ X\{0}. Then ∥T (x)∥ ≤ πe
p(T ) sup

f∈BXe

|f(x)| so that ‖T (x)‖
‖x‖ ≤ πe

p(T ) sup
f∈BXe

|f(x)|
‖x‖ .

Thus ∥T∥e ≤ πe
p(T ) and hence πe

p is a norm on Eωp(X,Y ).

Now we investigate the E-operator ideal properties. Put T = f.y ∈ FE(X,Y ) where

f ∈ Xe and non-zero y ∈ Y. Then we have T ∈ Eωp(X,Y ) with πe
p(T ) ≤ ∥y∥.∥f∥e. Thus

by Lemma 7.2.5, Eωp(X,Y ) contains all finite rank extensively bounded maps.

Next let S ∈ E(Z,X), T ∈ Eωp(X,Y ), U ∈ L(Y,W ), where X,Y, Z,W are Banach

spaces. We show thatUTS ∈ Eωp(Z,W )with ∥UTS∥e ≤ ∥U∥.πe
p(T ).∥S∥e. Fixm, r ∈ N
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and finite subsets
{
z(i)n : n = 1, ..., r; i = 1, ...,m

}
⊂ Z

and
{
α(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ R.

Then
(

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n UTS(z(i)n )

∥∥∥∥∥

p) 1
p

=

(
m∑

i=1

∥∥∥∥∥U
(

r∑

n=1

α(i)
n T

(
S(z(i)n )

)
)∥∥∥∥∥

p) 1
p

≤ ∥U∥
(

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T

(
S(z(i)n )

)
∥∥∥∥∥

p) 1
p

≤ ∥U∥.πe
p(T ) sup

f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f

(
S(z(i)n )

)
∥∥∥∥∥

p) 1
p

≤ ∥U∥.πe
p(T )∥S∥e sup

f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n

∥S∥e
f
(
S(z(i)n )

)
∥∥∥∥∥

p) 1
p

≤ ∥U∥.πe
p(T )∥S∥e sup

g∈BZe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n g(z(i)n )

∥∥∥∥∥

p) 1
p

Thus (Eωp ,π
e
p) is normed E-operator ideal.

The proof of the completeness of (Eωp(X,Y ),πe
p(·)) will be deduced from Corollary

7.2.10.

Proposition 7.2.7. (Injectivity) Let X,Y and Y0 be Banach , T ∈ E(X,Y ) and J : Y −→

Y0 be a linear isometry. Then T ∈ Eωp(X,Y ) if and only if JT ∈ Eωp(X,Y0). In this case,

πe
p(T ) = πe

p(JT ).

Proof. Let T ∈ E(X,Y ) and J : Y −→ Y0 be a linear isometry such that JT ∈ Eωp(X,Y0).

We show that T ∈ Eωp(X,Y ).

Supposem, r ∈ N. Consider the finite sets

{
x(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ X
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and
{
α(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ R.

Then
(

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T (x(i)

n )

∥∥∥∥∥

p) 1
p

=

(
m∑

i=1

∥∥∥∥∥J
(

r∑

n=1

α(i)
n T (x(i)

n )

)∥∥∥∥∥

p) 1
p

=

(
m∑

i=1

∥∥∥∥∥

(
r∑

n=1

α(i)
n JT (x(i)

n )

)∥∥∥∥∥

p) 1
p

≤ πe
p(JT ). sup

f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f(x(i)

n )

∥∥∥∥∥

p) 1
p

.

Thus T ∈ Eωp(X,Y0). We can prove the converse using the ideal property of Eωp . More-

over, as I is an isometry, we can further deduce that πe
p(T ) = πe

p(JT ).

Remark 7.2.8. SinceX∗ is a closed subspace ofXe, it follows that πp(X,Y ) ⊂ Eωp(X,Y ),

and πp(X,Y ) is a proper subspace of Eωp(X,Y ).

Proposition 7.2.9. Let X and Y be Banach spaces and T ∈ E(X,Y ). Then T is E-p-

summing if and only ifΦY
X(T ) ∈ L(Fe(X), Y ) is linear p-summingwith πe

p(T ) = πp(Φ(T )).

Proof. Let T ∈ E(X,Y ) be such that ΦY
X(T ) ∈ L(Fe(X), Y ) is linear p-summing. We

show that T is E-p-summing.

Let r,m ∈ N and consider
{
x(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ X and

{
α(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ R. Then

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T (x(i)

n )

∥∥∥∥∥

p) 1
p

=

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n

(
ΦY

X(T )(δ
e

x
(i)
n
)
)∥∥∥∥∥

p) 1
p

=

(
m∑

i=1

∥∥∥∥∥Φ
Y
X(T )

(
r∑

n=1

α(i)
n δ

e

x
(i)
n

)∥∥∥∥∥

p) 1
p

≤ πp(Φ
Y
X(T )) sup

ξ∈BFe(X)∗

(
m∑

i=1

∥∥∥∥∥ξ
(

r∑

n=1

α(i)
n δ

e

x
(i)
n

)∥∥∥∥∥

p) 1
p
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= πp(Φ
Y
X(T )) sup

ξ∈BFe(X)∗

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n ξ
(
δe
x
(i)
n

)∥∥∥∥∥

p) 1
p

= πp(Φ
Y
X(T )) sup

f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n ΦR

X(f)
(
δe
x
(i)
n

)∥∥∥∥∥

p) 1
p

= πp(Φ
Y
X(T )) sup

f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f(x(i)

n )

∥∥∥∥∥

p) 1
p

.

Thus T is E-p-summing with πe
p(T ) ≤ πp(ΦY

X(T )).

Conversely let T ∈ Eωp(X,Y ). We prove that ΦY
X(T ) is linear p-summing. Suppose

γ1, .., γm ∈ Fe(X) and ϵ > 0. Then for each i = 1, ..,m there exist
{
α(i)
n : n = 1, ..., r

}
⊂

R and
{
x(i)
n : n = 1, ..., r

}
⊂ X such that

∥∥∥∥∥γi −
r∑

n=1

α(i)
n δ

e

x
(i)
n

∥∥∥∥∥ <
ϵ

m
1
p

.

Now
(

m∑

i=1

∥∥ΦY
X(T )(γi)

∥∥p
) 1

p

≤
(

m∑

i=1

∥∥∥∥∥Φ
Y
X(T )

(
γi −

r∑

n=1

α(i)
n δ

e

x
(i)
n

)∥∥∥∥∥

p) 1
p

+

(
m∑

i=1

∥∥∥∥∥Φ
Y
X(T )

(
r∑

n=1

α(i)
n δ

e

x
(i)
n

)∥∥∥∥∥

p) 1
p

≤ ∥ΦY
X(T )∥

(
m∑

i=1

∥∥∥∥∥γi −
r∑

n=1

α(i)
n δ

e

x
(i)
n

∥∥∥∥∥

p) 1
p

+

(
m∑

i=1

∥∥∥∥∥

(
r∑

n=1

α(i)
n ΦY

X(T )
(
δe
x
(i)
n

))∥∥∥∥∥

p) 1
p

= ∥ΦY
X(T )∥

(
m∑

i=1

∥∥∥∥∥γi −
r∑

n=1

α(i)
n δ

e

x
(i)
n

∥∥∥∥∥

p) 1
p

+

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T (x(i)

n )

∥∥∥∥∥

p) 1
p

≤ ∥ΦY
X(T )∥ϵ+ πe

p(T ) sup
f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f(x(i)

n )

∥∥∥∥∥

p) 1
p

.
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Also

sup
f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f(x(i)

n )

∥∥∥∥∥

p) 1
p

= sup
f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n ΦR

X(f)
(
δe
x
(i)
n

)∥∥∥∥∥

p) 1
p

= sup
ξ∈BFe(X)∗

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n ξ
(
δe
x
(i)
n

)∥∥∥∥∥

p) 1
p

= sup
ξ∈BFe(X)∗

(
m∑

i=1

∥∥∥∥∥ξ
(

r∑

n=1

α(i)
n δ

e

x
(i)
n

)∥∥∥∥∥

p) 1
p

≤ sup
ξ∈BFe(X)∗

(
m∑

i=1

∥∥∥∥∥ξ
(

r∑

n=1

α(i)
n δ

e

x
(i)
n

− γi

)∥∥∥∥∥

p) 1
p

+ sup
ξ∈BFe(X)∗

(
m∑

i=1

∥ξ(γi)∥p
) 1

p

≤
(

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n δ

e

x
(i)
n

− γi

∥∥∥∥∥

p) 1
p

+ sup
ξ∈BFe(X)∗

(
m∑

i=1

∥ξ(γi)∥p
) 1

p

≤ ϵ+ sup
ξ∈BFe(X)∗

(
m∑

i=1

∥ξ(γi)∥p
) 1

p

.

Therefore, from the above two estimations we get
(

m∑

i=1

∥∥ΦY
X(T )(γi)

∥∥p
) 1

p

≤ ∥ΦY
X(T )∥ϵ + πe

p(T )ϵ + πe
p(T ) sup

ξ∈BFe(X)∗

(
m∑

i=1

∥ξ(γi)∥p
) 1

p

.

Since ϵ > 0 is arbitrary, we get
(

m∑

i=1

∥∥ΦY
X(T )(γi)

∥∥p
) 1

p

≤ πe
p(T ) sup

ξ∈BFe(X)∗

(
m∑

i=1

∥ξ(γi)∥p
) 1

p

.

Thus ΦY
X(T ) is linear p-summing with πp(ΦY

X(T )) ≤ πe
p(T ) and this completes the proof.

Corollary 7.2.10. For Banach spaces X and Y , (Eωp(X,Y ),πe
p(·)) is (linearly) isometri-

cally isomorphic to (Πp(Fe(X), Y ),πp(·)). In particular, (Eωp(X,Y ),πe
p(·)) is a Banach

space.
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Proof. From the above proposition it follows that

Φ : (Eωp(X,Y ),πe
p(·)) −→ (Πp(Fe(X), Y ),πp(·))

is a linear isometric isomorphism. Therefore (Eωp(X,Y ),πe
p(·)) is a Banach space.

7.3 Domination and factorization Theorems

Theorem 7.3.1. LetX and Y be two Banach spaces and T ∈ E(X,Y ). Then the following

are equivalent:

1. T is an E-p-summing operator.

2. There exists a probability measure µ on (BXe , weak∗) such that

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T (x(i)

n )

∥∥∥∥∥

p

≤
(
πe
p(T )

)p m∑

i=1

∫

BXe

∣∣∣∣∣

r∑

n=1

α(i)
n f(x(i)

n )

∣∣∣∣∣

p

dµ(f),

for any finite sets
{
x(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ X

and
{
α(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ R,

where r,m ∈ N.

Proof. Let T ∈ Eωp(X,Y ). Consider

A = {F ∈ C(BXe ,R) : F (f) > 0, ∀f ∈ BXe}.

Then A is an open convex set. For any finite subsets M of X and M
′ of R, we define

gM,M ′ : BXe −→ R given by

gM,M ′ (f) =
∑

x∈M

⎛

⎝

∥∥∥∥∥∥

∑

α∈M ′

αTx

∥∥∥∥∥∥

p

−
(
πe
p(T )

)p
∣∣∣∣∣∣

∑

α∈M ′

αf(x)

∣∣∣∣∣∣

p⎞

⎠ ,
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for all f ∈ BXe . As Xe is a dual space, we consider weak∗ topology on BXe . Therefore

gM,M ′ is continuous for all finiteM ⊂ X andM ′ ⊂ R. Again let B be the cone generated

by
{
gM,M ′ : M ⊂ X,M ′ ⊂ R, M,M ′are finite

}
.

Then B is also a convex subset of C(BXe ,R). Further as T ∈ Eωp(X,Y ), A ∩ B = φ. So

the geometric version of Hahn-Banach theorem and Riesz-Representation theorem provides

us with a µ ∈ C(BXe ,R)∗ such that, for some c ∈ R,
∫

BXe

Gdµ(f) ≤ c <

∫

BXe

Fdµ(f),

for all G ∈ B and F ∈ A. Since 0 = g{0},{0} ∈ B, we have c ≥ 0. Also as every positive

constant function belongs to A, we get c ≤ 0. Thus c = 0. Further, since
∫
BXe

dµ(f) is

positive on the positive cone A of C(BXe ,R), we can assume that µ is a positive regular

Borel measure on BXe . Therefore, the above inequality becomes

∫

BXe

Gdµ(f) ≤ 0 <

∫

BXe

Fdµ(f),

for all G ∈ B and F ∈ A. Further scaling by a positive real number, we can assume that µ

is a probability measure.

Now fix r,m ∈ N and put

M =
{
x(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ X

and

M ′ =
{
α(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ R.

Then
∫
BXe

gM,M ′ dµ(f) ≤ 0 so that

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T (x(i)

n )

∥∥∥∥∥

p

≤
(
πe
p(T )

)p m∑

i=1

∫

BXe

∣∣∣∣∣

r∑

n=1

α(i)
n f(x(i)

n )

∣∣∣∣∣

p

dµ(f).
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Conversely, we assume that (2) holds. Let r,m ∈ N and consider

{
x(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ X

and
{
α(i)
n : n = 1, ..., r; i = 1, ...,m

}
⊂ R.

Then

m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n T (x(i)

n )

∥∥∥∥∥

p

≤
(
πe
p(T )

)p m∑

i=1

∫

BXe

∣∣∣∣∣

r∑

n=1

α(i)
n f(x(i)

n )

∣∣∣∣∣

p

dµ(f)

≤
(
πe
p(T )

)p sup
f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f(x(i)

n )

∥∥∥∥∥

p)∫

BXe

dµ(f)

=
(
πe
p(T )

)p sup
f∈BXe

(
m∑

i=1

∥∥∥∥∥

r∑

n=1

α(i)
n f(x(i)

n )

∥∥∥∥∥

p)
.

This completes the proof.

Let X be a Banach space. For each x ∈ X , we define χx : BXe −→ R given by

χx(f) = f(x) for all f ∈ BXe . Then χx is continuous with respect to the weak∗ topology

on BXe . Now we define χ : X −→ C(BXe) given by χ(x) = χx. Then

∥χ(x)∥ = sup
f∈BXe

|f(x)| = ∥x∥,

so that χ ∈ E(X,C(BXe)). Thus χ : X −→ C(BXe) is a norm-preserving extensively

bounded map.

Theorem 7.3.2. Let 1 ≤ p < ∞, X and Y be Banach spaces. For every T ∈ E(X,Y ),

the following statements are equivalent:

1. T is E-p-summing.

2. There exist a regular borel probability measureµ on (BXe , weak∗), a closed subspace

Xp of Lp(µ) and a bounded linear operatorA : Xp −→ Y such that T = Ajpχ; where
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jp : C(BXe) −→ Lp(µ) is the canonical mapping (formal identity) and χ : X −→

C(BXe) is a norm-preserving extensively bounded map.

Proof. Let T ∈ Eωp(X,Y ). By the Theorem 7.3.1, there exists a regular borel probability

measure µ on BXe . Put X̂ := span χ(X) ⊂ C(BXe). Consider the canonical mapping

jp : C(BXe) −→ Lp(µ). Then jp is linear p-summing with πp(jp) = 1(see Example 2.9(b)

in [22]). Furthermore, we denote the range of jp(X̂) by S and define A : S −→ Y given by

A

(
n∑

i=1

αijpχ(xi)

)
=

n∑

i=1

αiT (xi).

Let
n∑

i=1
αijpχ(xi) = 0. Then

n∑
i=1

αiχ(xi) = 0 so that
n∑

i=1
αif(xi) = 0 for all f ∈ BXe . Now

∥∥∥∥∥

n∑

i=1

αiT (xi)

∥∥∥∥∥ = sup
y∗∈BY ∗

∣∣∣∣∣y
∗

(
n∑

i=1

αiT (xi)

)∣∣∣∣∣

= ∥T∥e sup
y∗∈BY ∗

∣∣∣∣∣

(
n∑

i=1

αi
y∗ ◦ T
∥T∥e

(xi)

)∣∣∣∣∣

≤ ∥T∥e sup
f∈BXe

∣∣∣∣∣

n∑

i=1

αif(xi)

∣∣∣∣∣ = 0.

This shows that A is a well-defined linear map from jp (span χ(X)) to Y with Ajpχ(x) =

Tx for all x ∈ X . Further
∥∥∥∥∥A
(

n∑

i=1

αijpχ(xi)

)∥∥∥∥∥ =

∥∥∥∥∥

n∑

i=1

αiT (xi)

∥∥∥∥∥

≤ ∥T∥e sup
f∈BXe

∣∣∣∣∣

n∑

i=1

αif(xi)

∣∣∣∣∣

= ∥T∥e sup
f∈BXe

∣∣∣∣∣

n∑

i=1

αiχ(xi)(f)

∣∣∣∣∣

= ∥T∥e

∥∥∥∥∥

n∑

i=1

αiχ(xi)

∥∥∥∥∥
→

= ∥T∥e

∥∥∥∥∥

n∑

i=1

αijpχ(xi)

∥∥∥∥∥
→

.
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Therefore A is bounded linear and hence it can be extended uniquely toXp := S ⊃ A(X̂),

and we still denote it byA. This proves (1) =⇒ (2). The other implication directly follows

from the ideal property and the fact that jp is linear p-summing; with πe
p(T ) ≤ ∥A∥.

Let us consider the natural embedding iY : Y −→ ℓ→(BY ∗). Since ℓ→(BY ∗) is injective,

in the proof of Theorem 7.3.2, iY ◦ A : Xp −→ ℓ→(BY ∗) has an extension Ã : Lp(µ) −→

ℓ→(BY ∗) with ∥Ã∥ = ∥iYA∥.

Similarly, we can factor jp using canonical mappings

jp : C(BXe)
j∞−→ L→(µ)

ip−→ Lp(µ),

where ip : L→(µ) −→ Lp(µ) be the formal inclusion map. If we put U = j→χ, we can

deduce the following result.

Corollary 7.3.3. Let X and Y be Banach spaces and T ∈ E(X,Y ). Then the following

are equivalent:

1. T ∈ Eωp(X,Y ).

2. There exist a regular Borel probability measure µ on BXe and an operator Ã :

Lp(µ) −→ ℓ→(BY ∗) such that iY T = Ãjpχ.

3. There exist a probability space (Ω,Σ, µ) a linear operator Ã : Lp(µ) −→ ℓ→(BY ∗),

and an extensively bounded map U : X −→ L→(µ) such that iY T = ÃipU .

Example 7.3.4. We show Fe(R) is an infinite dimensional vector space and then deduce

that δeR ∈ E(R, Fe(R)) \ Eωp(R, Fe(R)).

Let r, s ∈ R such that 0 < |r| < |s|. We prove that δer and δes are linearly independent.

Let α, β ∈ R such that αδer + βδes = 0. Consider

g(x) =

{
x if x ∈ B|r|(0)
rx
‖x‖ if x /∈ B|r|(0).
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Then g ∈ E(R,R). Now (αδer + βδes) (IdR) = 0 and (αδer + βδes) (g) = 0 yieldαr+βs = 0

and αr + β rs
|s| = 0, or equivalently, α|s| + βs = 0. Hence α = 0 = β. Since there are

infinitely many such kind of choices of real numbers r and s, Fe(R) contains infinitely

many linear independent vectors. Now the linearization map of δeR is Φ(δeR) = IdFe(R) /∈

πp(Fe(R), Fe(R)), as Fe(R) is infinite dimensional.

7.4 p-compact operators in E(X,Y )

Definition 7.4.1. Let X and Y be normed linear spaces. T ∈ E(X,Y ) is said to be an

extensively p-compact mapping (in short, E-p-compact map) if
{

Tx
‖x‖ : x ̸= 0

}
is relatively

p-compact subset of Y .

We denote the set of all E-p-compact mapping by EKp(X,Y ), also we set

ke
p(T ) := mp

({
Tx

∥x∥ : x ̸= 0

})

= inf
{
∥(yn)∥p :

{
Tx

∥x∥ : x ̸= 0

}
⊂ p− conv{(yn)}

}
.

Remark 7.4.2. The definition of E-p-compact mapping generalizes the definition of the

classical p-compact operator. i.e. Kp(X,Y ) ⊂ EKp(X,Y ). For classical linear p- compact

operators and its ideal we refer [55], [25], [50].

Lemma 7.4.3. For any T ∈ EKp(X,Y ), Φ(T ) ∈ Kp(Fe(X), Y ) with ke
p(T ) = kp(Φ(T ))

and further
(
EKp(X,Y ), ke

p(·)
)
is a Banach space whenever Y is so.

Proof. Wehave already provedBFe(X) = aco
{

δex
‖x‖ : x ̸= 0

}
. SinceT ∈ EKp(X,Y ),

{
Tx
‖x‖ : x ̸= 0

}

is relatively p-compact, from [40, p. 1205] we have

mp

({
Tx

∥x∥ : x ̸= 0

})
= mp

(
Φ(T )

(
aco

{
δex
∥x∥ : x ̸= 0

}))

= mp(Φ(T )(BFe(X))).
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Again for T, S ∈ EKp(X,Y ) and α ∈ K, Φ(αT + S) ∈ Kp(Fe(X), Y ). Therefore by

uniqueness of the map Φ we have

Φ(αT + S) = αΦ(T ) + Φ(S).

This proves that αT + S = (αΦ(T ) + Φ(S)) ◦ δeX ∈ EKp(X,Y ), and hence EKp(X,Y )

is a subspace of E(X,Y ), ke
p(·) is a norm on EKp(X,Y ) and

(
EKp(X,Y ), ke

p(·)
)
is iso-

metrically isomorphic to (Kp(Fe(X), Y ), kp(·)). Moreover
(
EKp(X,Y ), ke

p(·)
)
is a Banach

spacewheneverY is a Banach space as it is isometrically isomorphic to (Kp(Fe(X), Y ), kp(·)).

Proposition 7.4.4.
(
EKp(X,Y ), ke

p(·)
)
is a Banach operator ideal.

Proof. We have already proved thatΦ (FE(X,Y )) = F (Fe(X), Y ) and Φ
(
EKp(X,Y )

)
=

Kp(Fe(X), Y ). Since Kp(Fe(X), Y ) is an operator ideal

Φ (FE(X,Y )) = F (Fe(X), Y ) ⊂ Kp(Fe(X), Y ) = Φ
(
EKp(X,Y )

)
.

Therefore FE(X,Y ) ⊂ EKp(X,Y ).

Now for the ideal property, suppose U ∈ E(X,Z), T ∈ EKp(Z,W ), S ∈ L(W,Y ), for

some normed linear spaces X,Z,W and the Banach space Y . Now

Φ(STU)(δex) = S ◦ Φ(T ) ◦ Φ(U)(δex)

ensures that Φ(STU) = S ◦ Φ(T ) ◦ Φ(U). Then as Kp(Fe(X), Y ) is an operator ideal

Φ(STU) ∈ Kp(Fe(X), Y ). ThereforeSTU ∈ EKp(X,Y ). Hence, using the above lemma,

the proof of the proposition follows.

Proposition 7.4.5. Let X and Y be two normed linear spaces. Then the following are

equivalent:

1. T ∈ EKp(X,Y ).
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2. ∥T e(y∗)∥ ≤
( →∑

n=1
|y∗(yn)|p

) 1
p

, for all y∗ ∈ Y ∗, where (yn) ∈ ℓsp(Y ) be such that
{

T (x)
‖x‖ : x ̸= 0

}
⊂ p− conv{(yn)}.

Proof. Let ϵ > 0 and
{

T (x)
‖x‖ : x ̸= 0

}
⊂ p− conv{(yn)} for some (yn) ∈ ℓsp(Y ). Then for

y∗ ∈ Y ∗ there exist x ∈ X \ {0} such that

∥T e(y∗)∥e <

∥∥∥∥y
∗
(
Tx

∥x∥

)∥∥∥∥+
ϵ

2
.

Now for x ∈ X \ {0} there exists (αn) ∈ B&p∗ , where p∗ ∈ R with 1
p +

1
p∗ = 1 such that

∥∥∥∥∥
T (x)

∥x∥ −
→∑

n=1

αnyn

∥∥∥∥∥ <
ϵ

2
.

Therefore

∥T e(y∗)∥e <

∥∥∥∥y
∗
(
Tx

∥x∥

)∥∥∥∥+
ϵ

2

≤

∣∣∣∣∣y
∗

(
T (x)

∥x∥ −
→∑

n=1

αnyn

)∣∣∣∣∣+

∣∣∣∣∣

→∑

n=1

αny
∗(yn)

∣∣∣∣∣+
ϵ

2

≤ ∥y∗∥ ϵ
2
+ ∥(αn)∥p∗

( →∑

n=1

|y∗(yn)|p
) 1

p

+
ϵ

2
.

Since ϵ > 0 is arbitrary we have ∥T e(y∗)∥ ≤
( →∑

n=1
|y∗(yn)|p

) 1
p

, for all y∗ ∈ Y ∗.

For the other way around i.e. to prove (2) =⇒ (1), suppose
{

T (x)
‖x‖ : x ̸= 0

}
$

p− conv{(yn)} for some (yn) ∈ ℓsp(Y ). Then there exists x0 ∈ X \ {0} such that
Tx0
‖x0‖ /∈ p− conv{(yn)}. Now { Tx0

‖x0‖} is compact and p− conv{(yn)} is closed. There-

fore by geometric version of Hahn-Banach theorem there exist α > 0 and y∗ ∈ Y ∗ such

that
∣∣y∗( Tx0

‖x0‖)
∣∣ ≥ α and |y∗(y)| ≤ α for all y ∈ p− conv{(yn)}. Further

α <

∣∣∣∣y
∗(

Tx0

∥x0∥
)

∣∣∣∣ ≤ ∥T e(y∗)∥e

≤
( →∑

n=1

|y∗(yn)|p
) 1

p
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= sup
(αn)∈B#p∗

∣∣∣∣∣

→∑

n=1

y∗(αnyn)

∣∣∣∣∣

= sup
(αn)∈B#p∗

∣∣∣∣∣y
∗

( →∑

n=1

αnyn

)∣∣∣∣∣ ≤ α,

which is a contradiction and thus (2) =⇒ (1).

7.4.1 Duality of E-p- compact operator

Definition 7.4.6. Let X and Y be normed linear spaces. For T ∈ E(X,Y ) we say T ∈

EKd
p
(X,Y ) ifT e(BY ∗) is relatively p - compact subset ofXe andwe set ked

p (T ) = kp
(
T e
∣∣
Y ∗

)
.

Lemma 7.4.7. LetX,Y , and Z be normed linear spaces, and I ∈ L(Y, Z) be an isometric

isomorphism, and T ∈ Kp(X,Y ), then kp(IT ) = kp(T ).

Proof. As T ∈ Kp(X,Y ), there exists y = (yn) ∈ ℓsp(Y ) such that T (BE) ⊂ p −

conv{(yn)}, which is equivalent to IS(BX) ⊂ p − conv{(I(yn))}. Hence, the proof fol-

lows.

Proposition 7.4.8. T ∈ EKd
p
(X,Y ) if and only if Φ(T ) ∈ Kd

p (X,Y ) with kd
p(Φ(T )) =

ked
p (T ).

Proof. For any T ∈ E(X,Y ) from [36, Remark 4.14] we have T e
∣∣
Y ∗ =

(
ΦR

X

)−1 ◦ Φ(T )∗.

This gives that T ∈ EKd
p
(X,Y ) if and only if Φ(T ) ∈ Kd

p (X,Y ), as Kd
p (X,Y ) is an

operator ideal.

Again, ked
p (T ) = kp

(
T e
∣∣
Y ∗

)
= kp

((
ΦR

X

)−1 ◦ Φ(T )∗
)
. Then using the Lemma 7.4.7

we have ked
p (T ) = kp(Φ(T )∗) = kd

p(Φ(T )).

The proof of the next corollary follows using the above lemma, proposition, and similar

technique as we have used in Proposition 7.4.4.
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Corollary 7.4.9. ked
p (·) forms a norm on EKd

p
(X,Y ) and being isometric isomorphic to

(
Kd

p (Fe(X), Y ), kd
p(·)
)
,
(
EKd

p
(X,Y ), ked

p (·)
)
is a Banach operator ideal, whenever Y is a

Banach space.

Corollary 7.4.10. LetX andY be two normed linear spaces. ThenKd
p (X,Y ) ⊂ EKd

p
(X,Y ).

Proof. Suppose T ∈ Kd
p (X,Y ), then T e

∣∣
Y ∗ = T ∗ ∈ Kp(Y ∗, X∗) ⊂ EKp(Y

∗, Xe). Hence,

the proposition follows.

7.4.2 Factorization of EKd
p

Proposition 7.4.11. Let X and Y be two normed linear spaces, 1 ≤ p < ∞, then T ∈

EKd
p
(X,Y ) if and only if there exists a Banach space Z, R ∈ EK(X,Z), U ∈ πp(Z, Y )

such that T = UR.

Proof. Suppose T ∈ EKp(X,Y ). This is the same asΦ(T ) ∈ Kd
p (F (X), Y ). Therefore, by

[55, Theorem 3.1] there exists a Banach spaceZ, V ∈ K(F (X), Z) andU ∈ πp(Z, Y ) such

that Φ(T ) = UV =⇒ T = Φ(T ) ◦ δeX = UV δeX = UR where R = V δeX ∈ EK(X,Z)

and U ∈ πp(Z, Y ) ⊂ Eωp(Z, Y ).

Conversely, let Z be a Banach space, T ∈ E(X,Y ), and there exists R ∈ EK(X,Z), U ∈

πp(Z, Y ) such that T = UR. Now it is easy to verify thatΦ(T ) = UΦ(R) ∈ Kd
p(F (X), Y ),

which implies that T ∈ EKd
p
(X,Y ).
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Chapter 8

Extensively bounded p-integral and p-nuclear
operator ideal

In the literature, Lipschitz operator ideals have been studied in the context of Lipschitz

functions between Banach spaces that map 0 to 0. These ideals are considered a natural

extension of the classical operator ideal, a specific class of continuous linear operators be-

tween Banach spaces. Such operator ideals on Lipschitz space have been studied in recent

years in [2], [34], [3], [56]. This chapter seeks to expand the scope and establish a related

theory within a more general framework.

One of our goals is to investigate further classes of E-operator ideals, including E-p-

integral, E-p-nuclear, and E-p-compact operators. These generalize the classical concepts

of linear p-integral, p-nuclear, and p-compact operators.

In Section 8.1, we introduce extensively p-integral operators (E-p-integral, in short) as a

generalization of linear p-integral operators. We demonstrate that the class of E-p-integral

operators constitute a Banach E-operator ideal under a specific norm. Additionally, we

explore the relationship between this class of operators and E- p-summing operators.

We also introduce extensively (r, p, q)-nuclear operators in Section 8.2, inspired by their

classical counterparts, effectively generalizing the traditional linear version. In our explo-

ration of the E-(r, p, q)-nuclear operator ideal, we discover that specific spaces of exten-

sively bounded mappings are, in fact, isometrically isomorphic to specific vector-valued

sequence spaces, particularly in Corollary 8.2.4, Lemma 8.2.5 in Section 8.3.
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8.1 p-integral operators in E(X,Y )

Definition 8.1.1. Let 1 ≤ p < ∞, we say T : X −→ Y is an extensively p-integral operator

(in short, E-p-integral operator) if there are a probability measure space (Ω,Σ, µ), A ∈

L(Lp(µ), Y ∗∗), B ∈ E(X,L→(µ)) such that JY T = AiµpB, where JY : Y −→ Y ∗∗ is the

canonical embedding and iµp : L→(µ) −→ Lp(µ) is the formal identity map.

The collection of all such operators will be denoted as Ep
I (X,Y ) and let us put iep(T ) =

inf ∥A∥∥B∥e, where infimum is taken over all such kind of factorization of T.

We define extensively p-integral operators in the above manner so that the operator

ideal property in the E-sense is preserved. Moreover, this definition ensures that every

extensively p-integral operator is extensively p-summing.

Proposition 8.1.2. Ep
I (X,Y ) is a subspace of E(X,Y ).

Proof. Let α ∈ K and Ti ∈ Ep
I (X,Y ) for i = 1, 2. Then it is easy to show that αTi ∈

Ep
I (X,Y ). Since Ti ∈ Ep

I (X,Y ) there exists probability measure spaces (Ωi,Σi, µi), with

Ai ∈ L(Lp(µi), Y ∗∗), Bi ∈ E(X,L→(µi)) i = 1, 2 such that JY Ti = Aiµi
p B.

Wemay assume thatΩ1∩Ω2 = φ and putΩ := Ω1∪Ω2, andΣ := {S ⊂ Ω : S ∩ Ωi ∈ Σi for i = 1, 2}.

Then Σ is a sigma-algebra on Ω with the probability measure

µ(S) =
∥A1∥µ1(S ∩ Ω1) + ∥A2∥µ2(S ∩ Ω2)

∥A1∥+ ∥A2∥
.

Now define A : Lp(µ) −→ Y ∗∗ and B : X −→ L→(µ) given by A(f) = A1(f
∣∣
Ω1
) +

A2(f
∣∣
Ω2
) and B(x) = B1(x).χΩ1 + B2(x).χΩ2 , respectively. Then we can easily prove

that A ∈ L(Lp(µ), Y ∗∗), B ∈ E(X,L→(µ)) with ∥A∥ ≤ ∥A1∥ + ∥A2∥ and ∥B∥e ≤

∥B1∥e + ∥B2∥e. Also, for x ∈ X

AiµpB(x) = Aiµp (B1(x).χΩ1 +B2(x).χΩ2)

= A1i
µ1
p B1(x) + A2i

µ2
p B2(x)
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= JY T1(x) + JY T2(x)

= JY (T1 + T2)(x).

This completes the proof.

Proposition 8.1.3. FE(X,Y ) is a subspace of Ep
I (X,Y )

Proof. We show thatEp
I (X,Y ) contains rank one extensively bounded operator, and hence

it will follow. Suppose T = f.y ∈ FE(X,Y ) with f ∈ Xe and non-zero y ∈ Y , and

x0 ∈ X . Consider Ω = {x0}, Σ = {φ,Ω}, µ : Σ −→ R such that µ(φ) = 0, µ(Ω) = 1.

then Lp(µ) and L→(µ) consist of constant functions only. Define A : Lp(µ) −→ Y ∗∗ and

B : X −→ L→(µ)) given by A(α.1) = αJY (y) and B(x) = f(x)1, respectively, where

1 is the constant one function. Then A ∈ L(Lp(µ), Y ∗∗) and B ∈ E(X,L→(µ)) with

∥A∥ = ∥y∥ and ∥B∥e = ∥f∥e. Now

JY T (x) = JY (f.y)(x) = JY (f(x)y) = f(x)JY (y) = f(x)A(1)

= A(f(x)1) = Aiµp(f(x)1) = AiµpB(x).

Hence, the proof follows.

Proposition 8.1.4. iep : E
p
I (X,Y ) −→ [0,∞) given by iep(T ) = inf ∥A∥∥B∥e,where infimum

is taken over all such kind of factorization of T ∈ Ep
I (X,Y ) as defined, forms a norm and

∥T∥e ≤ iep(T ).

Proof. Let T ∈ Ep
I (X,Y ) and JY T = AiµpB, where T has such factorization as in 8.1.

Easily we can show that

∥T∥e = ∥JY T∥e = ∥AiµpB∥e ≤ ∥A∥∥B∥e

and hence ∥T∥e ≤ iep(T ). This gives us that iep(T ) ≥ 0 and the technique of proving iep(T ) =

0 if and only if T = 0 and iep(αT ) = |α|∥T∥ are same as we proved in the Proposition 7.2.6

in case of πe
p.
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Now for triangle inequality suppose ϵ > 0 and Ti ∈ Ep
I (X,Y ) with JY Ti = Aiiµi

p Bi for

i = 1, 2; where Ti have the factorization as in the Proposition 8.1.2, with ∥Bi∥e = 1
2 and

∥Ai∥ < iep(Ti) +
ε
2 . Then ∥B∥e ≤ 1 and JY (T1 + T2) = Aiµi

p B. This implies

iep(T1 + T2) ≤ ∥A∥∥B∥e ≤ ∥A∥ ≤ iep(T1) + iep(T2) + ϵ.

Since ϵ > 0 is arbitrary the triangle inequality part follows.

Proposition 8.1.5. Ep
I (X,Y ) is an E-operator ideal.

Proof. Let X,Y, Z,W be normed linear spaces and S ∈ E(Z,X), T ∈ Ep
I (X,Y ), U ∈

L(Y,W ). We show that UTS ∈ Ep
I (Z,W ) with iep(UTS) ≤ ∥U∥.iep(T ).∥S∥e. We first

prove the following lemma, and using that, we complete the proof.

Lemma 8.1.6. U∗∗ ◦ JY = JW ◦ U .

Proof. Let y ∈ Y, m∗ ∈ W ∗. Then

(JW ◦ U(y)) (m∗) = (JW (U(y))) (m∗) = m∗ (U(y)) .

Again,

((U∗∗ ◦ JY ) (y)) (m
∗) = (U∗∗(JY (y)) (m

∗)

= (JY (y) ◦ U∗) (m∗)

= JY (y) (U
∗(m∗))

= (U∗(m∗)) (y)

= (m∗ ◦ U)(y)

= m∗ (U(y)) .

This completes the proof of the lemma.
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Proof of the proposition: Since T ∈ Ep
I (X,Y ), consider the factorization as defined

with JY T = AiµpB,where (Ω,Σ, µ) is the probabilitymeasure space,A ∈ E(Lp(µ), Y ∗∗), B ∈

E(X,L→(µ)). Now

U∗∗AiµpB = U∗∗JY T = JWUT ( by the lemma).

Hence, JWUTS = U∗∗AiµpBS. Therefore the proof of the proposition follows and iep(UTS) ≤

∥U∥.iep(T ).∥S∥e part can be verified easily.

Proposition 8.1.7.
(
Ep

I (X,Y ), iep(·)
)
is a Banach space.

Proof. Let (Tn) be a sequence inEp
I (X,Y ) such that

→∑
i=1

iep(Tn) < ∞.Therefore,
→∑
n=1

∥Tn∥e <

∞. Since (E(X,Y ), ∥ · ∥e) is a Banach space
→∑
i=1

Tn = T ∈ E(X,Y ) with respect to ∥ · ∥e.

Claim:
→∑
n=1

Tn = T in iep(·) norm.

Let ϵ > 0. Now for all n ∈ N there exist probability measure spaces (Ωn,Σn, µn), and

operators An ∈ L(Lp(µn), Y ∗∗), Bn ∈ E(X,L→(µn)) with ∥Bn∥e = 1
2n and ∥An∥ ≤

iep(Tn) +
ε
2n such that JY Tn = Aniµn

p Bn.

We may assume Ωn are pair wise disjoint and consider

Ω =
.⋃

n∈N

Ωn, Σ = {S ⊂ Ω : S ∩ Ωn ∈ Σn for all n ∈ N} .

Then Σ is an sigma-algebra on Ω and µ(S) =
∞∑

n=1
µn(S′Ωn)‖An‖
∞∑

n=1
‖An‖e

is a probability measure on

Ω.

Let us now define A : Lp(µ) −→ Y ∗∗ and B : X −→ L→(µ)) given by

A(f) =
→∑

n=1

An(f
∣∣
Ωn
) and B(x) =

→∑

n=1

Bn(x).χΩn .

Then A ∈ L(Lp(µ), Y ∗∗), and B ∈ E(X,L→(µ)) with

∥A∥ ≤
→∑

n=1

∥An∥ ≤
→∑

n=1

iep(Tn) + ϵ and ∥B∥e ≤ 1.
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Now

AiµpB(x) = A

( →∑

n=1

iµp .Bn(x).χΩn

)

=
→∑

m=1

Am

(( →∑

n=1

iµp .Bn(x).χΩn

)
∣∣
Ωm

)

=
→∑

m=1

Am.i
µ
p .Bm(x)

=
→∑

m=1

JY Tm(x)

= JY T (x)

Also, iep(T ) ≤ ∥A∥∥B∥e ≤ ∥A∥ ≤
→∑
n=1

iep(Tn) + ϵ. This shows that T ∈ Ep
I (X,Y ).

Again define τn : Lp(µ) −→ Y ∗∗ given by τn(f) =
→∑

k=n+1
Ak(f

∣∣
Ωk
).Thus τn ∈ E(Lp(µ), Y ∗∗)

with ∥τn∥e ≤
→∑

k=n+1
∥Ak∥. Hence limn→→ ∥τn∥e = 0 and

τni
µ
pB(x) = τni

µ
p

( →∑

m=1

Bm(x).χΩm

)

= τn

( →∑

m=1

Bm(x).χΩm

)

=
→∑

k=n+1

Ak

(( →∑

m=1

Bm(x).χΩm

)
∣∣
Ωk

)

=

( →∑

k=n+1

Tk

)
(x)

This implies T −
n∑

k=1
Tk = τniµpB with limn→→ iep(T −

n∑
k=1

Tk) = 0.

Proposition 8.1.8. Let T ∈ E(X,Y ) be such that Φ(T ) ∈ Ip(Fe(X), Y ). Then T is an

E-p-integral operator.

Proof. Since Φ(T ) ∈ Ip(Fe(X), Y ) there are a probability measure space (Ω,Σ, µ), A ∈

L(Lp(µ), Y ∗∗), B ∈ L(X,L→(µ)) such that JYΦ(T ) = AiµpB. Therefore JY ◦ T =

JY ◦ Φ(T ) ◦ δeX = A ◦ iµp ◦B ◦ δeX and it immediately proves the proposition.
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Now, we only state the next proposition, whose proof follows similarly.

Proposition 8.1.9. Let X,Y, Z be normed linear spaces. T ∈ Ip(Z, Y ) and S ∈ E(X,Z)

then T ◦ S ∈ Ep
I (X,Y ). That is Ip ◦ E ⊂ Ep

I .

8.1.1 Relation between E-p-summing and E-p-integral operators

Let T ∈ Ep
I (X,Y ). Therefore JY T = AiµpB for some suitable factorization, where iµp ∈

πp(X,Y ) ⊂ Eωp(X,Y ).Now the ideal property ofEωp gives that JY T = AiµpB ∈ Eωp(X,Y ∗∗)

and by Proposition 7.2.7 we have T ∈ Eωp(X,Y ) with πe
p(T ) ≤ iep(T ).

8.2 Some particular classes of extensively bounded maps

In our study of the factorization of extensively (r, p, q)-operators in coming sections, we

encounter certain spaces of extensively bounded mappings that are ultimately linearly iso-

metrically isomorphic to vector-valued sequence spaces. This isometric relationship serves

as a key tool for establishing the factorization of extensively (r, p, q)-nuclear operators.

Proposition 8.2.1. Let (M,d) be a metric space with the distinguished point 0 and Y as a

normed linear space. Then E(M,Y ) is isometrically embedded into L(Y ∗,M e) linearly.

Proof. Given T ∈ E(M,Y ), we define T e : Y e −→ M e by T e(f) = f ◦ T for all f ∈ Y e.

Then T e is linear with ∥T e(f)∥e ≤ ∥f∥ede(T, 0). Thus T e ∈ L(Y e,M e) with

∥T e∥ = ∥T e∥e ≤ de(T, 0).

Also

∥T e∥ = sup
f %=0

∥f ◦ T∥e
∥f∥e

= sup
f %=0

sup
x %=0

|f(T (x))|
∥f∥ed(x, 0)

≥ sup
x %=0

∥Tx∥
d(x, 0)

= de(T, 0).

Thus ∥T e∥ = ∥T e∥e = de(T, 0).
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Now define the map ξ : E(M,Y ) −→ L(Y ∗,M e) given by ξ(T ) = T e
∣∣
Y ∗ , for all

T ∈ E(M,Y ). Then ξ is linear and

∥T e
∣∣
Y ∗∥ = sup

f %=0,f∈Y ∗

∥f ◦ T∥e
∥f∥

= sup
f %=0,f∈Y ∗

sup
x %=0

∥f(T (x))∥
∥f∥∥x∥

= sup
x %=0

∥Tx∥
∥x∥ = ∥T∥e.

Hence, ξ is an isometry.

Remark 8.2.2. In particular, if Y = ℓp, for 1 ≤ p < ∞, the map ξ is surjective also.

Corollary 8.2.3. LetX be a normed linear space and 1 < p < ∞. Then (E(X, ℓp), ∥ · ∥e)

is isometrically isomorphic to L(ℓp∗ , Xe) and (E(X, ℓ1), ∥.∥e) is isometrically isomorphic

to L(c0, Xe), where p∗ be the conjugate exponent of p.

Proof. If 1 < p < ∞ :

We have already proved

ξ : E(X, ℓp) −→ L((ℓp)
∗ , Xe)

given by ξ(T ) = T e
∣∣
(&p∗)

, for all T ∈ E(X, ℓp) is linear isometry. Now we show that ξ is

surjective. Suppose S ∈ L(ℓp∗ , Xe). Put S(en) = fn ∈ Xe and define T (x) = (fn(x))

for all x ∈ X . Since S ∈ L(ℓp∗ , Xe)
(∼= ℓwp (X

e)
)
,

→∑
n=1

αnfn(x) is real number for all

(αn) ∈ ℓp∗ . Therefore, (fn(x)) ∈ ℓp for all x ∈ X . This shows that T is well-defined.

Again,

∥Tx∥p = ∥ (fn(x)) ∥p

= sup
(αn)∈B#p∗

|⟨(αn), (fn(x))⟩|

= sup
(αn)∈B#p∗

|S ((αn)) (x)|
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≤ ∥S∥∥x∥.

This implies that T ∈ E(X, ℓp). Also,

T e ((en)) (x) = fn(x) = S(en)(x)

gives that ξ(T ) = T e
∣∣
&p∗

= S. This completes the case 1 < p < ∞ proof.

For p = 1:

Consider the map ξ : E(X, ℓ1) −→ L (c0, Xe) given by ξ(T ) = T e
∣∣
c0
, for all T ∈

E(X, ℓ1). Then, similarly to the above, we get the linear isometric isomorphism.

Corollary 8.2.4. For any normed linear space X and 1 ≤ p < ∞, (E(X, ℓp), ∥ · ∥e) is

linearly isometrically isomorphic to
(
ℓwp (X

e), ∥ · ∥wp
)
.

Lemma 8.2.5. For any normed linear space X , (E(X, c0), ∥ · ∥e) is isometrically isomor-

phic to (cw0 (Xe), ∥ · ∥w→).

Proof. Consider the map ξ : E(X, c0) −→ cw0 (X
e) given by

ξ(T ) = (en ◦ T ) ,

for all T ∈ E(X, c0). First, we prove that the map ξ is well-defined. From [36, Remark 4.4]

we have Xe ∼= Fe(X)∗. Therefore, (Xe)∗ ∼= Fe(X)∗∗. Let T ∈ E(X, c0). Then Tx ∈ c0

for all x ∈ X . Now Tx = (δex(en ◦ T )). As c0 is a Banach space (γ(en ◦ T )) ∈ c0 for all

γ ∈ Fe(X). Therefore (Xe)∗ ∼= Fe(X)∗∗ provides that (λ(en ◦ T )) ∈ c0 for all λ ∈ (Xe)∗.

This implies (en ◦ T ) ∈ cw0 (X
e). It is easy to check that ξ is linear. Further

∥ξ(T )∥s→ = sup
n∈N

∥en ◦ T∥e

= sup
n∈N

sup
x %=0

|en(Tx)|
∥x∥

= sup
x%=0

∥Tx∥→
∥x∥
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= ∥T∥e,

and using the fact ∥ · ∥s→ = ∥ · ∥w→ we have ∥ξ(T )∥s→ = ∥ξ(T )∥w→ = ∥T∥e. This implies

that the map ξ is linear isometry. Now, we show that ξ is also surjective. Suppose (fn) ∈

cw0 (X
e). Put S(x) = (fn(x)), for all x ∈ X . Again, [36, Remark 4.4 and Lemma 5.6] give

∥(fn)∥w→ = sup
γ∈BFe(X)

∥(γ (fn))∥→

≥ sup
x %=0

∥∥∥∥

(
δex (fn)

∥x∥

)∥∥∥∥
→

= sup
x %=0

∥(fn(x))∥→
∥x∥ .

Therefore, ∥(fn(x))∥→ ≤ ∥(fn)∥w→ ∥x∥ for all x ∈ X . This shows that S ∈ E(X, c0).

Further en ◦ S(x) = en (S(x)) = fn(x) for all x ∈ X . Hence, ξ(S) = (fn) and ξ is

surjective, also. This completes the proof.

8.3 Extensively (r, p, q)-nuclear operator

Definition 8.3.1. Let 0 < r ≤ ∞; 1 ≤ p, q < ∞, and 1 + 1
r ≥ 1

p +
1
q . A map T : X −→ Y ,

between two normed linear spaces X and Y ; is called extensively (r, p, q)-nuclear if

T =
→∑

n=1

λnfn ⊗ yn,

for some (λn) ∈ ℓr, (fn) ∈ ℓwq∗(X
e), and (yn) ∈ ℓwp∗(Y ).

The set of all extensively (r, p, q)-nuclear operator is denoted by E(r,p,q)
N (X,Y ).

Proposition 8.3.2. Let 0 < r ≤ ∞; 1 ≤ p, q < ∞, and 1 + 1
r ≥ 1

p + 1
q . Then for

T ∈ E(X,Y ) the following are equivalent:

1. T is an extensively (r, p, q)-nuclear operator.

2. T = AMλB, for someMλ ∈ L(ℓq∗ , ℓp); λ ∈ ℓr, A ∈ L(ℓp, Y ), and B ∈ E(X, ℓq∗).
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Proof. Let T ∈ E(r,p,q)
N (X,Y ). Then

T =
→∑

n=1

λnfn ⊗ yn,

for some (λn) ∈ ℓr, (fn) ∈ ℓwq∗(X
e), and (yn) ∈ ℓwp∗(Y ).

Put A ((αn)) =
→∑
n=1

αnyn, for all (αn) ∈ ℓp. Then from [22, Proposition 2.2] we have

A ∈ L(ℓp, Y ). Again consider B(x) = (fn(x)), for all x ∈ X . Then Corollary 8.2.4

provides that B ∈ E(X, ℓq∗). Further Mλ : ℓq∗ −→ ℓp be the multiplication map (an) 2→

(λnan).

Suppose x ∈ X . Thus using the fact 1
r +

1
q∗ ≥ 1

p we get

T (x) =
→∑

n=1

λnfn(x)yn = A (λnfn(x)) = AMλ (fn(x)) = AMλB(x).

This shows the part (1) implies (2).

(2) =⇒ (1) Suppose T has such a factorization as in (2). Consider yn = A(en),

fn(x) = πn ◦ B(x) for all x ∈ X and n ∈ N. Therefore, repeated use of Corollary

8.2.4 gives (fn) ∈ ℓwq∗(X
e), and (yn) ∈ ℓwp∗(Y ). Moreover, for any x ∈ X

Tx = AMλB(x)

= A

( →∑

n=1

λnπn ◦B(x)

)

=
→∑

n=1

λnfn(x)A(en)

=

( →∑

n=1

λnfn ⊗ yn

)
(x).

Hence, the proof follows.

Remark 8.3.3. In the classical case, whenever r = p and q = 1, a linear (r, p, q)-nuclear

operator is simply a p-nuclear operator. Here, we also see a similar phenomenon in the

Extensively bounded map setting.
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8.3.1 Extensively p-nuclear operator

Definition 8.3.4. Let 1 ≤ p < ∞. Then T ∈ E(X,Y ) is said to be an extensively p-nuclear

operator (in short, E-p-nuclear) if there exist (fn) ∈ ℓsp (X
e) , (yn) ∈ ℓwp∗(Y ) such that

T =
→∑

n=1

fn ⊗ yn with
→∑

n=1

∥fn∥e∥yn∥ < ∞.

Let us consider νep(T ) = inf ∥(fn)∥sp∥(yn)∥wp∗ , where infimum is taken over all such

representation of T, and denote the space of all such operators by Ep
N(X,Y ).

Proposition 8.3.5. Ep
N(X,Y ) is a subspace and νep(·) is a norm on Ep

N(X,Y ).

Proof. by definition νep(T ) ≥ 0 for all T ∈ Ep
N(X,Y ). Let T ∈ Ep

N(X,Y ) have one such

representation. Now T (x) =
→∑
n=1

fn(x)yn. Thus

∥T (x)∥ = ∥
→∑

n=1

fn(x)yn∥

= sup
‖y∗‖≤1

∣∣∣∣∣y
∗

( →∑

n=1

fn(x)yn

)∣∣∣∣∣

≤ sup
‖y∗‖≤1

→∑

n=1

|fn(x)||y∗(yn)|

≤ ∥x∥∥(fn)∥sp∥(yn)∥wp∗ .

This shows that ∥T∥e ≤ νep(T ), and using this we get νep(T ) = 0 if and only if T = 0. Also,

it is easy to verify that νep(αT ) = |α|νep(T ).

For the triangle inequality, suppose T, S ∈ Ep
N(X,Y ), and ϵ > 0. Choose representations

of T and S such that T =
→∑
n=1

f2n−1 ⊗ y2n−1, and S =
→∑
n=1

f2n ⊗ y2n with

∥(f2n−1)∥sp < νep(T ) + ϵ, ∥(f2n)∥sp < νep(S) + ϵ, ∥(y2n−1)∥wp∗ = ∥(y2n)∥wp∗ = 1.

Fix l, k > 0 and put f̃2n−1 := l.f2n−1 and f̃2n := k.f2n for all n ∈ N. Then (f̃n) ∈ ℓsp (X
e)

with ∥(f̃n)∥pp ≤ lp(νep(T ) + ϵ)p + kp(νep(S) + ϵ)p. Again considering ỹ2n−1 := l−1.y2n−1

and ỹ2n := k−1.y2n for all n ∈ N we get (ỹn) ∈ ℓwp∗(Y ) with
(
∥(ỹn)∥wp∗

)p∗ ≤ l−p∗ + k−p∗ .
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Now choosing l = (νep(T ) + ϵ)−
1
p∗ and k = (νep(S) + ϵ)−

1
p∗ we get

νep(T + S) ≤ νep(T ) + νep(S) + 2ϵ,

where T + S =
→∑
n=1

f̃n ⊗ ỹn. Since ϵ > 0 is arbitrary, the triangle inequality part for the

norm follows.

Proposition 8.3.6.
(
Ep

N(X,Y ), νep(·)
)
is a Banach operator ideal.

Proof. The proof follows a similar pattern to the classical case.

8.3.2 Factorization of E-p-nuclear operators

Proposition 8.3.7. Let T ∈ Ep
N(X,Y ), then the followings hold:

1. T can be written as T =
→∑
n=1

λngn ⊗ yn, with
→∑
n=1

|λn|∥yn∥ < ∞, where (λn) ∈

ℓsp, (gn) ⊂ BXe , (yn) ∈ ℓwp∗(Y ).

2. T will have a factorization as T = AMsB, where A ∈ L(ℓp, Y ), Ms ∈ L(ℓ→, ℓp)

(the standard linear multiplication operator), and B ∈ E(X, c0).

Proof. As T ∈ Ep
N(X,Y ), there exist (fn) ∈ ℓsp (X

e) , (yn) ∈ ℓwp∗(Y ) such that T =
→∑
n=1

fn ⊗ yn, with
→∑
n=1

∥fn∥e∥yn∥ < ∞. Now consider λn = ∥fn∥e, and

gn =

{
fn

‖fn‖e if fn ̸= 0

0, otherwise.

Then, (1) immediately follows.

To prove (2), we use the first part. Let T =
→∑
n=1

λngn⊗yn, as in (1).DefineA : ℓp −→ Y

as A((αn)) =
→∑
n=1

αnyn. Then from [22, Proposition 2.2] it follows that A ∈ L(ℓp, Y ) with

∥A∥ = ∥(yn)∥wp∗ .

Since (λn) ∈ ℓsp, it has the factorization as λn = rn.sn for all n ∈ N, where (rn) ∈

c0, (sn) ∈ ℓsp. Using this factorization we define B : X −→ c0 as B(x) = (rngn(x)) and
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Ms : ℓ→ −→ ℓp as Ms((tn)) = (sntn). Easily we can verify that Ms ∈ L(ℓ→, ℓp) with

∥Ms∥ = ∥(sn)∥p.

Now we show that B ∈ E(X, c0). Put Bn(x) = rngn(x). Since (rngn) ∈ cs0(X
e) ⊂

cw0 (X
e), by Lemma 8.2.5 B ∈ E(X, c0). This completes the proof of the proposition.

Proposition 8.3.8. Let A ∈ L(ℓp, Y ),Ms ∈ L(ℓ→, ℓp) (the standard linear multiplication

operator with s ∈ ℓp), and B ∈ E(X, c0). Then AMsB is an E-p-nuclear operator.

Proof. Define fn : X −→ R given by fn(x) = snπnB(x). Then each fn is an exten-

sively bounded map. In fact |fn(x)| ≤ |sn|∥B(x)∥→ implies that fn ∈ Xe with ∥fn∥e ≤

|sn|∥B∥e. Again

( →∑

n=1

∥fn∥pe

) 1
p

≤
( →∑

n=1

|sn|p∥B∥pe

) 1
p

≤ ∥B∥e∥(sn)∥sp

proves that (fn) ∈ ℓsp (X
e) .

Further define yn = A(en). Therefore by [22, Proposition 2.2] (yn) ∈ ℓwp∗(Y ) as A ∈

L(ℓp, Y ).

Now AMsB(x) = A

( →∑
n=1

fn(x)en

)
=

→∑
n=1

fn(x)yn =

( →∑
n=1

fn ⊗ yn

)
(x). Hence, the

proof follows.

Remark 8.3.9. Since Ms ∈ πp(ℓ→, ℓp), AMsB is E-p-summing. Hence by 8.1.1 we get

Ep
N(X,Y ) ⊂ Ep

I (X,Y ).

Remark 8.3.10. For 1 ≤ p < ∞, Extensively (p, p, 1)-nuclear operator is Extensively

p-nuclear operator. The proof of this fact directly follows from the factorization of E-p-

nuclear operators.

Proposition 8.3.11. Let T ∈ E(X,Y ) be such that Φ(T ) ∈ Np(Fe(X), Y ). Then T is an

E-p-nuclear operator.
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§8.3. Extensively (r, p, q)-nuclear operator

Proof. Since Φ(T ) ∈ Np(Fe(X), Y ) there exist A ∈ L(ℓp, Y ), B ∈ L(X, ℓ→) and λ ∈ ℓp

such that φ(T ) = AMλB, whereMλ is the multiplication operator in L(ℓ→, ℓp). Therefore,

T = φ(T ) ◦ δeX = A ◦Mλ ◦B ◦ δeX and it immediately provide the proof of the proposition

using the factorization result above.

Now, we state the next proposition, whose proof follows similarly.

Proposition 8.3.12. LetX,Y, Z be normed linear spaces. T ∈ Np(Z, Y ) and f ∈ E(X,Z)

then T ◦ f ∈ Ep
N(X,Y ). That is Np ◦ E ⊂ Ep

N .
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