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ABSTRACT

Strongly correlated electron systems, particularly low-dimensional quantum magnets, host a
rich landscape of emergent phenomena driven by intense electron-electron interactions and reduced
dimensionality. This thesis presents a unified theoretical investigation of multi-spin dynamics in
spin-1/2 systems, leveraging Resonant Inelastic X-ray Scattering (RIXS) as a momentum-resolved
probe of spin, charge, and orbital excitations. Employing the ultrashort core-hole lifetime (UCL)
expansion of the Kramers-Heisenberg formalism, the work systematically decomposes RIXS cross-
sections into spin-conserving and non-conserving channels, enabling the identification of both con-
ventional and unconventional quasiparticles.

In two-dimensional cuprates, such as La;CuQO,, experimental RIXS spectra reveal broad, weakly
dispersive high-energy features that elude explanation within standard one- and two-magnon frame-
works. Through linear spin wave theory (LSWT) and exact diagonalization, this thesis demon-
strates that three-magnon excitations—arising from higher-order spin-flip processes in the non-
conserving channel—account for these features, highlighting the essential role of multi-spin dy-
namics in 2D antiferromagnets.

Turning to one-dimensional systems, the thesis investigates trimerized spin-1/2 chains realized
in NayCusGey 015 (J; > Jo) and Cuz(PoOgOH), (J; < Jo). Using density matrix renormalization
group (DMRG), exact diagonalization, and real-space renormalization group techniques, the study
uncovers a hierarchy of excitations: gapless spinons, composite doublons and quartons, and multi-
trimer modes, all directly observable via RIXS. The application of a magnetic field reveals a robust
one-third magnetization plateau and a field-driven evolution of the excitation spectrum, culminat-
ing in the emergence of gapless spin-1 bosonic modes indicative of a field-tuned Bose-Einstein
condensate.

Collectively, these results establish RIXS as a powerful tool for probing fractionalization and
composite quasiparticles in strongly correlated quantum materials. The thesis bridges experimental
observations and theoretical modeling, deepening our understanding of quantum magnetism and
superconductivity in cuprates, and laying the groundwork for future studies of emergent phenomena

in low-dimensional systems.
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Summary

The study of strongly correlated electron systems stands at the forefront of condensed matter physics,
offering a window into the collective quantum phenomena that emerge when electrons interact in-
tensely within solids. Materials such as cuprates, which host high-temperature superconductivity,
magnetism, and Mott insulating states, exemplify the richness and complexity of these systems [40].
Despite decades of research, many fundamental questions remain unresolved—most notably, the
microscopic mechanisms underlying unconventional superconductivity and the nature of exotic
excitations in low-dimensional quantum magnets.

A central challenge in this field is to unravel the dynamics of quasiparticles—elementary col-
lective excitations such as magnons, spinons, and composite modes—that govern the low-energy
physics of correlated materials. Traditional experimental probes, including angle-resolved pho-
toemission spectroscopy (ARPES) [42] and inelastic neutron scattering (INS) [1], have provided
invaluable insights into charge and spin dynamics. However, these techniques face limitations
in energy resolution, sample requirements, and sensitivity to multi-particle processes. In recent
years, resonant inelastic X-ray scattering (RIXS) has emerged as a uniquely powerful tool, capable
of accessing a broad spectrum of spin, charge, orbital, and lattice excitations with element and or-
bital specificity [9, 43]. RIXS enables momentum-resolved studies of both single- and multi-spin
excitations, opening new avenues for exploring quantum magnetism and superconductivity.

This thesis is motivated by the need to advance our understanding of magnetic excitations in
low-dimensional quantum systems, leveraging the capabilities of RIXS to probe phenomena in-
accessible to conventional techniques. The work is situated at the intersection of experimental
progress and theoretical innovation, addressing key questions: What are the origins of unconven-
tional high-energy features observed in RIXS spectra of two-dimensional cuprates? How do com-
posite and fractionalized quasiparticles emerge in one-dimensional trimerized spin chains, and how
are their dynamics modulated by external fields?

To tackle these questions, the thesis develops and applies a suite of analytical and numerical
methods—including linear spin wave theory (LSWT), exact diagonalization (ED), density matrix
renormalization group (DMRG), and real-space renormalization group (RG)—within the frame-
work of the ultra-short core-hole lifetime (UCL) expansion of the Kramers-Heisenberg formal-

ism [82, 95]. This approach enables a systematic decomposition of RIXS cross-sections into spin-
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conserving and non-conserving channels, revealing the hierarchy of multi-spin processes that shape
the excitation spectrum.

Key findings of the thesis include the identification of three-magnon excitations as the origin
of the broad, weakly dispersive high-energy feature observed in Cu L-edge RIXS measurements
on La,CuOy [139, 125]. By extending the Heisenberg model to include next-nearest-neighbor
interactions and calculating higher-order UCL corrections, the work demonstrates that conventional
one- and two-magnon frameworks are insufficient, and that three-spin processes play a crucial role
in the magnetic dynamics of 2D cuprates.

In the realm of one-dimensional systems, the thesis explores trimerized spin-1/2 chains, such as
Cu3(P2OgOH), [126], uncovering a rich spectrum of fractionalized spinons and composite quasi-
particles — doublons, quartons, and multi-trimer modes—directly observable via RIXS. The appli-
cation of a magnetic field reveals a robust one-third magnetization plateau and a field-driven evo-
lution of the excitation spectrum, culminating in the emergence of gapless spin-1 bosonic modes
suggestive of a stabilize Bose-Einstein condensate in Temperature-dependent dimensional crossove
state of Cuz(P2OgOH)s,.

By synthesizing experimental observations and theoretical modeling, this thesis establishes
RIXS as a central probe for unraveling the complex hierarchy of excitations in strongly correlated
materials. The results not only deepen our understanding of quantum magnetism and supercon-
ductivity in cuprates but also lay the groundwork for future studies of fractionalization, composite
modes, and field-tuned quantum phase transitions in low-dimensional systems. In doing so, the
thesis contributes to the broader scientific quest to decode the emergent phenomena that arise from
strong electron correlations, bridging the gap between theory and experiment in the exploration of

quantum materials.
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Chapter 1

Introduction

When a large number of electrons and ions—on the order of 10?3—assemble to form a solid, their
individual identities are largely lost, and the system begins exhibiting complex collective behavior.
In certain materials, this complex collective behavior is governed by strong interactions between
electrons. Such materials, referred to as strongly correlated systems, give rise to a wide range
of emergent quantum phenomena, including magnetism, high-temperature superconductivity, and
Mott insulating states [40].

Since the discovery of high-temperature superconductivity in two-dimensional cuprates [17],
identification of fractionalized excitations in one-dimensional spin chains [20], and the observation
of the two-dimensional Quantum Hall effect [91], low-dimensional spin systems have become a
central area of interest in condensed matter physics. These systems, with their reduced dimensional-
ity, exhibit rich and often unexpected quantum behavior that is rarely observed in three-dimensional
materials [81, 5]. They provide an excellent platform to study fundamental questions related to
magnetism, quantum fluctuations, and strong electron correlations.

A particularly active area of research is the search for quantum spin liquids—a novel state of
matter characterized by power-law quantum correlations but the absence of long-range magnetic
order even at zero temperature. Since Anderson’s proposal of the resonating valencebond (RVB)
state as a potential ground state of the antiferromagnetic insulating phase in high-7,. cuprates [34],
this concept has motivated intense theoretical and experimental investigation aimed at identifying
real materials that exhibit such exotic ground states.

These motivations provide the foundation for the studies presented in this thesis. The focus of
this work is to investigate the properties and dynamics of low-dimensional quantum spin systems,

particularly one- and two-dimensional magnetic materials, through the lens of advanced spectro-
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scopic techniques.
In the chapter that follows, we provide a detailed overview of one- and two-dimensional spin
systems, review recent theoretical and experimental progress, and introduce the key material plat-

forms explored in this work.

1.1 High 7. superconductors:

High-T,. cuprate superconductors are among the most extensively studied materials in condensed
matter physics. In their undoped state, these transition metal oxides exhibit antiferromagnetic
(AFM) order at low temperatures [40, 143, 82]. Beyond their superconducting behavior, two-
dimensional cuprates also exhibit a variety of remarkable phenomena, such as charge and spin stripe
order [160], pseudogap behavior [158], and antiferromagnetic Mott insulating phases [162]. These
complex properties arise from strong electron-electron correlations, which dominate the physics
of these systems and give rise to a rich array of emergent phenomena, including Mott insulat-
ing behavior, symmetry-breaking orders, high-temperature superconductivity, strange metals, and
metal-insulator transitions [101, 40, 82, 86].

The first high-T; superconductivity was discovered in a cuprate compound, Ba,Las_,CusOs3-y),
with a transition temperature of 30 K [17], significantly higher than what was predicted by BCS
theory or observed in conventional superconductors. Since then, numerous high-7,. compounds
have been discovered. Notably, mercury-based cuprates have achieved superconducting transition
temperatures up to 133 K [144]. Under high-pressure conditions, even higher values of 7, reaching
165 K, have been reported in mercury-based copper oxides [182].

Since liquid nitrogen boils at 77K, high-7, materials have raised the possibility of practi-
cal applications such as superconducting quantum interference devices (SQUIDs) and Josephson
junction-based integrated circuits [ 116, 40]. Despite these advances, widespread technological im-
plementation remains limited due to various material and engineering challenges.

In figure 1.1 we summarizes the major discoveries of high-7, superconductors over the past
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Figure 1.1: Superconducting transition temperatures (7) plotted against the year of discovery for
various classes of superconducting materials [87]. Representative crystal structures for selected
compounds are shown on the right. Conventional electron-phonon superconductors (yellow) ex-
hibit a maximum 7, of 39 K in MgB,. Despite low Fermi energies, heavy-fermion superconductors
(green) display notably high 7. values due to strong electronic correlations. Iron-based super-
conductors (purple), discovered more recently, achieve 7. values approaching 60 K. The highest
known T is found in the copper oxide (cuprate) family (red), reaching 165 K under pressure in a
mercury-based cuprate compound (dashed red line).
four decades, including their critical temperatures and representative crystal structures.

Yet, even after more than thirty years, a definitive understanding of the complete framework
of mechanism behind high-T,. superconductivity, strange metal, violation of Luttinger’s theorem

remain elusive. One of the most fundamental open questions in the field is the nature of the super-

conducting pairing glue.

1.1.1 Crystal structure of 2D cuprates

Copper-based superconductors, commonly referred to as cuprates, are part of the 3d transition metal
oxide family. These materials are distinguished by their layered perovskite-like structures, which
consist of alternating copper-oxygen (CuO,) planes separated by layers containing elements such as
lanthanum (La), yttrium (Y), or bismuth (Bi). The CuO,; planes are central to the superconducting
properties of these compounds, as they host the conduction electrons responsible for supercon-

ductivity. It is widely believed that the superconducting mechanism is closely tied to processes
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occurring within the CuO, planes, while the intermediate layers primarily act as charge reservoirs,
supplying carriers to the CuO, planes.

Superconductivity in these materials is typically achieved through doping, which is accom-
plished via chemical substitution or adjustments in oxygen stoichiometry within the spacing layers.
This doping process introduces charge carriers into the CuQO,; planes, enabling superconductivity.
Over the decades, a wide range of compounds featuring CuO, planes have been synthesized. This
diversity arises from the ability to modify several structural parameters, including the number of
CuO; planes per unit cell, the atoms separating adjacent planes, and the composition and structure
of the charge reservoir layers. These modifications have led to the discovery of numerous cuprate
superconductors with varying properties.

In the following sections, we delve deeper into the lattice structure and phase diagrams of spe-
cific high-7,. cuprate compounds, exploring their unique characteristics and the mechanisms un-
derlying their superconducting behavior.

Figure 1.2 illustrates representative crystal structures of several cuprate families. Among them,
La, ,Sr,CuO4 (LSCO) is the prototypical hole-doped cuprate with a single CuO, layer per unit
cell and a perovskite structure similar to K,NiF,4. Superconductivity in LSCO arises when Sr dop-
ing suppresses the antiferromagnetic order of the parent insulating phase [138, 12]. YBa,Cu304;«
(YBCO) has a more complex structure containing double CuO, planes separated by yttrium (Y)
layers and additional Cu-O chains that act as charge reservoirs and contribute to its anisotropic
properties [156]. Doping through oxygen content variation tunes its carrier concentration and en-
ables superconductivity up to 7, ~ 93 K [178]. In contrast, Nd,_Ce,CuO, (NCCO) represents
the electron-doped side of the cuprate phase diagram. The T’ structure in Nd,_,Ce,CuO,4 (NCCO)
is a body-centered tetragonal phase similar to the T structure of LSCO, but crucially lacks apical
oxygens in the charge-reservoir layers [40, 13]. This structural distinction favors electron doping
and enables superconductivity around 20—25 K upon Ce substitution for Nd [13, 40].

We illustrate in Fig. 1.2(d) the single-layer structure of Bi, Sr,Cu,O¢ (Bi2201), in Fig. 1.2(e)
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Figure 1.2:  Representation of crystal structures for selected 2D cuprate families. Panel

(a) shows La, ,Sr,CuO,4 (LSCO) [74], panel (b) illustrates YBa,Cu3;O4.5 (YBCO) [156], and
panel (c) depicts Nd, _,Ce,CuO4 (NCCO) [63]. Panels (d-f) present partial crystal structures of
Bi,Sr,La,CuOg¢ (Bi2201), NdBa,Cu;0¢ ., (NBCO), and CaCuO, (CCO) respectively[128]

the bi-layer structure of NdBa,Cu;0;_, (NBCO), and in Fig. 1.2(f) the infinite-layer structure of
CaCu,0, (CCO). Despite their structural diversity, all cuprates share a common building block:
the CuO, plane composed of corner-sharing CuQOy plaquettes, where Cu?* ions in a square-planar
coordination form the essential electronic states for superconductivity. Variations in the coordi-
nation environment—such as the presence or absence of apical oxygens—strongly influence the
hybridization between Cu 3d and O 2p orbitals, and thus the superconducting and magnetic prop-

erties of these materials.

1.1.2 Phase diagram

The complexity of the physics of cuprates is encapsulated in the phase diagram shown in Figure 1.3.
This diagram, distinguished by its unique features, illustrates the temperature dependence as a

function of hole concentration in copper oxides. Notably, the superconducting phase is just one

17



1 Introduction

300 |-
T
Tn Strange metal
<
~ 200 |—
g
g 7-SC, onset
8_ — TC,onsetla" BN
E I' N s ~
[0}
= Charge i
100 | ) order
Spin
order ™
AF g 4] “s Teow
— NS , onset ’ \\ .
AL ’ N Fermi
Tspw oo o ~_ d-SC liquid
0 | A Y] /, | | T\\ | |
0 A o1 0.2
pmin pc1 p02 pmax
Hole doping, p

Figure 1.3: Schematic phase diagram [87] of high-T. cuprate superconductors as a function of hole
doping (p) and temperature (7). The diagram highlights the antiferromagnetic (AFM) insulating
phase at low doping, the superconducting (SC) dome, and the pseudogap (PG) region, along with
other competing orders.
among several emergent phenomena present in these materials. Despite decades of research, a
comprehensive explanation for this remarkably rich phase diagram remains elusive [40, 143, 101].
It should be emphasized that the phase diagram as a function of electron doping is qualitatively
similar to that shown in Figure 1.3, with some notable exceptions—for instance, the absence of
a pseudogap phase in electron-doped cuprates. As discussed above, the level of hole or electron
doping can be tuned either by chemical substitution or by introducing additional oxygen atoms
into the CuO,; planes. This allows for the synthesis of compounds with varying doping levels and
corresponding superconducting transition temperatures (7).

Specifically, hole-doped (electron-doped) cuprates are obtained when electrons are removed
from (added to) the CuO, layers. At zero or extremely low doping, these materials are classified
as insulators stabilized by interaction and charge-transfer energy scales, exhibiting long-range an-

tiferromagnetic (AFM) order and an optical gap of approximately 2 eV. As the hole concentration
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increases, the AFM order is rapidly suppressed, and superconductivity emerges. The supercon-
ducting critical temperature 7. rises with increasing doping, reaching a maximum at a doping level
known as optimal doping (OP).

Between the antiferromagnetic (AFM) and optimally doped (OP) regions of the cuprate phase
diagram lies the underdoped (UD) regime, which has garnered significant attention due to its un-
conventional properties. In this region, above the superconducting dome—where the density of
state shows a minima at the Fermi energy—a distinct phase known as the pseudogap emerges and
persists to temperatures well above T,.. Experimentally, the pseudogap manifests as a partial sup-
pression of the electronic density of states near the Fermi level, often observed in spectroscopic
measurements. One of its hallmarks is the appearance of so-called Fermi arcs along the nodal
directions in the Brillouin zone [121].

Despite extensive experimental and theoretical efforts, the relationship between the pseudogap
phase and superconductivity remains unresolved [159]. The microscopic origin of the pseudogap
is still debated, but recent studies suggest that the underdoped regime hosts a variety of competing
or intertwined orders on intermediate length scales. These include charge order or charge density
waves (CDW), spin density waves (SDW), electronic nematicity, and possibly pair density waves
(PDW). The interplay among these incipient orders and their connection to the pseudogap and
superconductivity continues to be a central topic in the field of high-7,. superconductivity.

Charge order is a ubiquitous feature of high-temperature superconducting (HTS) cuprates. Its
first clear manifestation was observed as stripe order in the so-called “214” cuprate families (e.g.,
La,_x_(Sr,Ba)x(Nd, Eu),CuO,) [160, 181, 3], where it is intimately linked to the uniaxially mod-
ulated antiferromagnetic (AFM) order of the CuO, planes. In these materials, the charge order
exhibits a commensurate modulation with a period of 4a (where a is the Cu-Cu lattice spacing),
while the associated spin modulation has twice this period. The interplay between these orders
leads to a pronounced suppression of the superconducting transition temperature 7. at a hole con-

centration near p ~ 1/8, providing compelling evidence for competition between stripe order and
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superconductivity.

In other cuprate families, such as the “123” compounds, signatures of charge density order
in the underdoped regime were initially detected only under applied magnetic fields [179, 180].
More recently, long-range incommensurate charge density waves (CDWs) were discovered in
(Y,Nd)BayCu30¢.5 [58], with the incommensurate nature of the CDW wave vector revealed by
X-ray scattering experiments. This breakthrough established X-ray techniques, particularly reso-
nant X-ray scattering (RXS), as powerful tools for probing charge order in cuprates. Subsequent
RXS studies have demonstrated that CDW order is a generic property of both hole[130, 36]- and
electron-doped [38] cuprates. As with stripe order, the presence of CDW correlations further
supports the notion of competition between charge ordering and superconductivity. Notably, the
CDW signal typically reaches its maximum intensity near 7. and diminishes sharply below the
superconducting transition.

The phase diagram in Figure 1.3 encapsulates these phenomena. Competing orders, such as
stripes and CDWs, are most prominent in the underdoped regime, with their onset temperatures
lying within the pseudogap phase. Their evolution appears to influence the extent and shape of
the superconducting dome. At higher doping levels and elevated temperatures, cuprates in the
optimally doped (OP) and overdoped (OD) regions exhibit “strange metal” behavior—a non-Fermi
liquid state with anomalous transport properties. In this regime, the electrical conductivity above
T, is much lower than that of conventional metals, and its temperature and frequency dependence
defy standard metallic theory.

Despite decades of intensive experimental and theoretical research, a comprehensive and uni-
versally accepted explanation for the mechanism of superconductivity in cuprates remains elusive.
The unresolved nature of this problem continues to represent one of the most significant challenges

in condensed matter physics.
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cubic symmetry (Oy), and tetragonal symmetry (D,;). Adapted from Ref. [117].

1.1.3 Electronic and magnetic properties of 2D cuprates

The electronic structure of high-T, cuprates can be understood within a simplified ionic framework.
In this picture, copper ions (Cu?*) in the CuO, planes adopt a 3d” electronic configuration, with
one unpaired electron occupying the d,2_,2 orbital. Oxygen ions (O*"), on the other hand, are in
a 2p° configuration, completing their p-shell. The interaction between the copper d orbitals and
oxygen p orbitals results in the formation of bonding and antibonding states, which play a key role
in determining the electronic properties of these materials. Consequently, the electronic behavior of
high-T, cuprates is often described using a single-hole model with d,2_,» symmetry [143, 40, 117].

The energy levels of the copper 3d orbitals are influenced by the surrounding crystal environ-
ment, which is typically either tetragonal or orthorhombic. The coordination of oxygen ligands
breaks the spherical symmetry of the copper ion’s potential, leading to a splitting of the 3d orbitals

as shown in the Fig: 1.4. This phenomenon is explained by the crystal field model, where the
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energy difference between the doubly degenerate e, orbitals (d,2_,2 and d3,2_,2) and the triply de-
generate ¢y, orbitals (d,,, d.., and d,..) is quantified by the crystal field splitting parameter, 10Dq.
Additional terms, 4D, + 5D, and 3D, — 5D, further describe the energy separation between these
states.

As the symmetry transitions from cubic (O},) to tetragonal (Dyy,) as a function of the distortion of
the CuOg octahedra around the Cu ion, the degeneracy of the e, and 5, orbitals is lifted, resulting in
amore complex energy level structure. This splitting is strongly influenced by the distance between
the apical oxygen atoms and the copper ion. The relative positioning of these apical oxygens plays
a critical role [127] in shaping the electronic properties of the CuO, planes, which are central to the
superconducting behavior of high-T, cuprates.

Three-band model: Building on the preceding discussion of crystal structure and crystal field
(CF) splitting of orbitals, we now turn to the theoretical modeling of the electronic structure in high-
T, cuprates. The complexity of these materials, with their layered architectures and multiple atomic
species, necessitates certain simplifications to capture the essential physics. A natural starting
point is to focus on the CuO, planes, as these are widely recognized as the primary stage for the
unconventional superconductivity and magnetism observed in these compounds.

Within the CuO, planes, copper ions (Cu**) possess a 3d° configuration, leaving a single hole
predominantly in the d,2_,» orbital. The surrounding oxygen ions (O*~) are fully occupied in their

2p orbitals. The strong hybridization between the copper 3d,2_,» and oxygen 2p orbitals leads

-y
to the formation of bonding and antibonding bands, with the low-energy physics dominated by
the antibonding states. This scenario justifies the use of an effective three-band model, where the
relevant degrees of freedom are holes with d,2_,» symmetry [40, 143] moving on a two-dimensional
lattice.

The local environment of the copper ions further refines this picture. The crystal field created

by the surrounding oxygens lifts the degeneracy of the 3d orbitals, as illustrated in Fig. 1.4. In

the typical tetragonal or orthorhombic symmetry of the cuprates, the d,>_, orbital is pushed to
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the highest energy among the 3d states, making it the primary host for the unpaired electron (or
hole). The magnitude of this splitting, and thus the detailed electronic structure, is sensitive to the
geometry of the CuOg octahedra, particularly the distance to the apical oxygens [127].

Given these considerations, the essential low-energy physics of undoped cuprates can be de-
scribed by a lattice of localized spin-1/2 moments on the copper sites, interacting via superexchange
mediated by the oxygen atoms. Upon doping, additional holes are introduced into the CuO, planes,
leading to a rich interplay between magnetism, charge dynamics, and superconductivity. While in-
terlayer couplings and further orbital complexities can play important roles in specific phenomena,
the three-band model on the CuO, planes provides a robust foundation for understanding the emer-
gent properties of high-7, superconductors. When a cuprate such as La, Sr,CuQ, is doped, for
example by substituting a La atom with a Sr atom, an extra hole is introduced into the CuO, plane.
At first glance, one might expect that this simply removes another electron from the copper d,2_,2
orbital. However, this picture does not account for the strong Coulomb repulsion that makes double
occupancy of the same orbital energetically unfavorable. In reality, if interactions were neglected,
La,CuO,4 would be metallic due to a half-filled conduction band. Instead, it is an antiferromagnetic
insulator, highlighting the importance of electron correlations.

To capture the essential physics of these materials, it is useful to construct a model Hamilto-
nian that includes both the copper 3d,2_,> and oxygen 2p orbitals, as well as the relevant hopping
and interaction terms [49, 51, 165, 50, 40]. In the so-called “hole picture,” where the vacuum
corresponds to all orbitals being filled, the Hamiltonian can be written as [40, 16]:

H= —tu Z (p}di + h.c.> — tpp Z (p;pj/ + h.c.) +€q Z nd + e, Z n};
i J

(i) (43"

+ UdanTnfi + Upz:nfTvlfi + Uden?n§ (1.1)
i J (15)

Here, d; and p; are fermionic operators that annihilate holes at copper and oxygen sites, respectively.
The sums (i7) and (jj') run over nearest-neighbor Cu-O and O-O pairs. The hopping parameters

tpq and t,,, describe the hybridization between copper and oxygen, and between neighboring oxygen
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sites. The on-site energies €, and ¢, set the relative energy levels of the copper and oxygen orbitals.
The terms Uy, U, and Uy, represent the Coulomb repulsion for double occupancy on copper, on
oxygen, and between adjacent copper and oxygen sites, respectively.

This model, often referred to as the three-band Hubbard model or Emery model, captures the
essential interplay between kinetic energy and strong correlations in the CuO, planes. In the strong
coupling limit and at half-filling, it reduces to an effective spin-1/2 Heisenberg model with antifer-
romagnetic superexchange interactions [ 188]. Upon doping, the motion of holes in this correlated
background leads to a rich variety of phenomena, including high-temperature superconductivity.

One-band model: While the three-band model provides a detailed description of the electronic
structure in cuprates, it is still quite complex and involves many parameters. To make theoretical
studies more tractable, researchers have sought to simplify the model further. A key step in this
direction was proposed by Zhang and Rice, who showed that the essential low-energy physics can
be captured by focusing on a single effective band [187].

Their argument is based on the observation that a hole introduced into the CuO, plane tends to
form a spin singlet state between the doped hole residing primarily on the oxygen 2p orbitals and
the localized spin on the copper 3d,2_,2 orbital, known as a Zhang—Rice singlet. In the case of
cuprates, which are negative charge-transfer insulators, the doped holes predominantly occupy the
oxygen sites rather than the copper sites, and their hybridization with the Cu?* (3d°) spin results
in the formation of this bound singlet state. By projecting onto this singlet subspace, the problem
can be mapped onto a model where the relevant degrees of freedom are spins and holes on a two-
dimensional square lattice [50] of copper sites, with the oxygen degrees of freedom integrated out.

The resulting effective Hamiltonian is the so-called ¢-J model [11]:

H=7) (si 'S, — }lninj> =3 [cja(1 —ni_o)(1 —nj_,)cjs +he.|,  (1.2)
(ig) (ig),0

where S; is the spin-1/2 operator at site i, n; is the number operator, ¢ is the hopping amplitude, and
J 1is the antiferromagnetic exchange interaction between nearest neighbors. The projection opera-

tors (1 — n; _,) ensure that double occupancy is forbidden, reflecting the strong on-site Coulomb
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repulsion.

In this model, each site can be either empty (a hole) or occupied by a single electron with spin
up or down. The ¢-J model thus captures the interplay between electron motion and magnetic
interactions in a strongly correlated system.

It is important to note that the reduction from the three-band model to the ¢-J model is an
approximation, and there is ongoing debate about its validity for all regimes [188]. Some studies
suggest that certain aspects of the original three-band physics may be lost in this mapping, especially
regarding the nature of the quasiparticles and the role of oxygen orbitals. Nevertheless, the ¢-.J
model has become a standard tool for exploring the low-energy properties of cuprates.

Alongside the ¢-J model, another widely studied simplification is the one-band Hubbard model [77]:

H=—tY (c;,cjg +h.c.> +U> (nm - %) (w — %) : (1.3)
(ig),o %

where U is the on-site Coulomb repulsion. In the strong coupling limit (U > t), the Hubbard
model reduces to the ¢-J model, with J = 4t2/U [185].

Although the one-band Hubbard model is a further simplification and does not explicitly in-
clude the oxygen orbitals, it has been shown to reproduce many of the qualitative features of the
cuprates, especially at low energies. Numerical studies indicate that, with appropriate parameters,
the Hubbard and ¢-J models can capture the essential magnetic and electronic properties observed
in experiments.

Despite their simplicity, these models remain central to our theoretical understanding of high-
T, superconductors. They provide a framework for exploring how strong correlations, magnetism,
and doping interplay to give rise to the rich phase diagrams and exotic phenomena seen in cuprate

materials.
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1.2 Crystal structure of 1D cuprates

One-dimensional (1D) cuprates are a distinctive class of transition metal oxides where copper and
oxygen atoms form chain-like arrangements, resulting in strongly anisotropic physical properties.
In contrast to the more commonly studied two-dimensional (2D) cuprates—where CuO, planes
dominate the electronic behavior—the copper-oxygen units in 1D cuprates are arranged into linear
or quasi-one-dimensional chains. This reduced dimensionality enhances quantum fluctuations and
suppresses long-range magnetic order, making these systems ideal platforms for exploring funda-
mental aspects of strongly correlated electron physics in low dimensions.

Structurally, the essential building blocks of 1D cuprates are square-planar CuO,4 plaquettes,
which are corner-shared or edge-shared to form extended chains along specific crystallographic di-
rections. Notable examples include Sr,CuO; and Ba, _,Sr,CuO; 5, as well as the so-called infinite-
chain compounds ACuO,, where A represents an alkali or alkaline earth metal (e.g., Li, Na, K, Rb,
Cs). For instance, in Sr,CuQs, the copper ions are arranged in nearly perfect linear chains along
the b-axis, connected through corner-sharing CuOj units, as shown in Figure 1.5. This highly
anisotropic structure results in electronic transport and magnetic properties that are predominantly
one-dimensional [141].

The physical properties of these materials are profoundly influenced by their dimensionality. In
1D, quantum fluctuations are significantly enhanced, and conventional long-range magnetic order
is suppressed at finite temperatures, in accordance with the Mermin-Wagner theorem [113]. As
a consequence, 1D spin systems often exhibit exotic phenomena absent in higher dimensions. A
key example is the fractionalization of elementary excitations: in the spin-1/2 antiferromagnetic
Heisenberg chain, a single spin-flip excitation can decay into a pair of spinons—quasiparticles
carrying fractional spin-1/2 quantum numbers [53]. This phenomenon of fractionalization is a
hallmark of 1D quantum magnetism.

These systems also serve as important testbeds for theoretical techniques uniquely suited to

one dimension. Models such as the spin-1/2 Heisenberg chain are exactly solvable via the Bethe
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ansatz [20], offering precise insights into their ground state and excitation spectra. Furthermore,
field-theoretical approaches like bosonization and conformal field theory provide powerful tools for
analyzing the low-energy behavior of 1D correlated systems [60]. These approaches reveal how
reduced dimensionality facilitates the emergence of collective excitations, strong entanglement,
and unconventional quantum phases such as spin liquids.

Hole doping introduces additional complexity and richness to the physics of 1D cuprates. By
substituting elements or tuning oxygen content, one can introduce mobile carriers into the chains.
This doping can drive the system through a series of quantum phase transitions, giving rise to
competing ground states such as antiferromagnetic, spin-Peierls, or even superconducting phases
under specific conditions. The interplay between strong correlations, dimensional confinement,
and doping leads to a highly nontrivial phase diagram that is still under active investigation.

On the experimental front, several advanced spectroscopic techniques have been pivotal in
probing the unique properties of 1D cuprates. Among them, resonant inelastic X-ray scattering
(RIXS) [9, 43] has proven particularly powerful in detecting spin and orbital excitations with mo-
mentum and energy resolution. In addition, neutron scattering [171, 71, 35, 9, 43] and angle-
resolved photoemission spectroscopy (ARPES) [36, 2, 37] have provided valuable information on
magnetic dynamics and electronic structure. These methods have revealed not only the presence
of fractionalized excitations but also their evolution under external perturbations such as doping,
temperature, and applied fields.

Altogether, one-dimensional cuprates offer a fertile ground for investigating the fundamental
physics of quantum magnetism, electron fractionalization, and strongly correlated electrons in low
dimensions. By combining theoretical techniques suited to 1D systems with state-of-the-art exper-
imental probes, these materials continue to deepen our understanding of the rich and often counter-
intuitive phenomena that emerge when interactions, topology, and quantum mechanics intertwine

in reduced dimensions.
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1.2.1 Electronic and magnetic properties of 1D cuprates

To study 1D cuprates it is essential to understand there lattice configuration and electronic config-
uration. The three materials discussed in this section are relevant to the materials studied in this
thesis.

We start with the Goodenough-Kanamori-Anderson (GKA) theory that provides a microscopic
understanding of magnetic superexchange interactions between transition metal ions mediated by
nonmagnetic anions, such as oxygen. This framework is essential for explaining the magnetic
properties of strongly correlated materials, particularly transition metal oxides like cuprates, man-
ganites, and nickelates.

In insulating materials where direct overlap between magnetic ions is negligible, the domi-
nant magnetic interaction arises from superexchange—a virtual hopping process through the lig-
and anion. This mechanism was first introduced by Anderson [10], and later refined through semi-
empirical rules by Goodenough [61] and Kanamori [85]. The GKA theory systematically explains
the sign and strength of exchange interactions based on orbital occupancy, bond angles, and sym-
metry considerations.

Consider two magnetic cations (e.g., Cu?>") connected via a nonmagnetic anion (e.g., 0%>~). The
superexchange interaction arises from a second-order virtual hopping process, where an electron
from one metal site virtually hops to the ligand and then to the neighboring metal site. The effective

exchange Hamiltonian can be expressed as:
He = Jer Si - S, (1.4)

where Je is the exchange coupling constant, and S;, S; are the spin operators on neighboring sites.
The sign of J¢ determines whether the interaction is ferromagnetic (J < 0) or antiferromagnetic
(J > 0).

The GKA rules predict the sign of J¢ based on the following factors:

Bond Angle:
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* For 180° metal-oxygen-metal bonds:

— When the bond angle is close to 180° (linear arrangement), the overlap between the
metal d-orbitals and oxygen p-orbitals is typically maximized. Ifthe d-orbitals involved
are half-filled, the interaction is usually strongly antiferromagnetic due to the Pauli ex-
clusion principle, which favors opposite spins on the metal for kinetic energy lowering

through virtual electron transfer.

— If one orbital is half-filled and the other is empty, the interaction may become ferro-

magnetic.
* For 90° bonds:

— When the bond angle is around 90° (perpendicular arrangement), direct overlap be-
tween certain cation d-orbitals might be minimal, but indirect overlap through different
anion p-orbitals can occur. This geometry often favors ferromagnetic coupling, espe-
cially if one of the cation orbitals is half-filled and the other is empty or fully occupied,
allowing for spin-parallel virtual electron transfer consistent with Hund’s rule. When
the bond angle is around 90° (perpendicular arrangement), direct overlap between cer-
tain cation d-orbitals might be minimal, but indirect overlap through different anion
p-orbitals can occur. This geometry often favors ferromagnetic coupling, especially if
one of the cation orbitals is half-filled and the other is empty or fully occupied, allowing

for spin-parallel virtual electron transfer consistent with Hund’s rule
Orbital Occupancy:
* Half-filled-half-filled: Strong antiferromagnetic exchange.
* Half-filled-empty or full-half-filled: May result in ferromagnetic exchange.

Orbital Symmetry and Overlap:
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 Stronger overlap between metal d orbitals and oxygen p orbitals leads to stronger exchange

interactions.
* Directionality of orbitals (e.g., d,2_,2 vs. d3,2_,2) plays a crucial role.

So understanding the lattice configuration, orbital occupation and the bond angle is essential to

understand the magnetic properties of 1D cuprates.
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Figure 1.5: Schematic illustrations of the crystal structures of various one-dimensional (1D)
cuprates. Panel (a) shows the crystal structure of Sr,CuO; [147], where linear chains of corner-
sharing CuQ, plaquettes extend along the z-axis. Panel (b) presents a schematic representation of
the positions of Cu and O atoms in Cus(P,OsOH), [126]. Blue, red, and white circles represent
Cul sites, Cu2 sites, and oxygen atoms connected to copper, respectively. Black bars indicate
Cu-O bonds, while red and blue bars denote the shortest and second-shortest Cu-Cu distances, cor-
responding to exchange interactions ./; and .J,. Panel (c) shows the schematic spin-trimer structure
of Na,Cu3Ge,O1; [18]. Spins S, Ss, and S5 denote the three Cu?* spins within a trimer unit. The
exchange couplings J;, Jo, and J; represent intratrimer, intertrimer, and next-nearest-neighbor
intratrimer interactions, respectively. A schematic of a 1D spin chain with J;, J, = «J;, and
Js = [J; is also included for comparison.

Sr,CuOj3: This compound is one of the most studied 1D cuparte. Sr,CuO; is composed of
chains of CuOj4 plaquettes, where each pair of adjacent plaquettes shares a corner oxygen atom
(see Fig. S1). At the center of each plaquette sits a copper ion in a 3d” electronic configuration,
corresponding to a single hole in the 3d shell that carries spin S = 1/2. The strong on-site Coulomb
repulsion U among the copper 3d electrons drives the system into a Mott-insulating state. The op-
tical gap, approximately 1.5eV[147], is of charge-transfer character, arising from the transfer of
electrons from oxygen 2p orbitals to copper 3d orbitals. The pronounced crystal-field anisotropy in-

herent to the quasi-one-dimensional structure stabilizes a ferro-orbital ground state, with the holes
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occupying the 3d,2_,» orbitals on each copper site. Magnetic interactions between neighboring

Yy
spins are governed by a strong antiferromagnetic super-exchange coupling, with J ~ 250 meV—
one of the largest values observed in cuprate systems. As a result, Sr,CuO; closely realizes the
physics of an ideal one-dimensional spin-1/2 antiferromagnetic Heisenberg chain, making it a
model system for exploring quantum magnetism and fractionalized excitations in low dimensions.

Cu;(P,O6OH),:  Another notable example of a one-dimensional cuprate is Cus(P,OsOH),,
which exhibits a distinctive chain structure where copper ions are linked via oxygen and phos-
phorus atoms. In this material, the copper ions are arranged in a zigzag configuration, resulting in a
complex network of magnetic interactions. The magnetic behavior of Cuz(P,OsOH), has been the
subject of extensive investigation, revealing a rich phase diagram that includes antiferromagnetic
order and a characteristic 1/3 magnetization plateau [68]. The essential physics of this compound
can be captured by an effective spin-1/2 model, which provides a framework for exploring quantum
phase transitions and the emergence of unconventional magnetic states.

Structurally, Cu;(P,OsOH), crystallizes in the triclinic space group P1 (No. 2), with lattice
parameters a = 4.7819(16) A, b = 7.0370(8) A, ¢ = 8.3574(8) A, and angles a = 66.6790(6)°,
B = 76.9930(7)°, v = 72.0642(6)° [68]. The unit cell contains a single formula unit (7 = 1),
and each Cu®" ion carries a spin-1/2. As illustrated in Supplemental Material Fig. 1.5, there are
two inequivalent copper sites (Cul and Cu2) and two principal Cu—Cu exchange pathways. The
shortest Cu—Cu separation is 3.06 A, mediated by two equivalent Cu—O—Cu super-exchange paths
with bond angles of 100.8°. The next shortest Cu—Cu distance is 3.28 A, with corresponding Cu—O—
Cu angles of 98.0° and 98.5° [68]. According to the GKA rules, superexchange through Cu—O—-Cu
angles near 90° typically favors ferromagnetic coupling due to the orthogonality of the participating
dg2_,2 orbitals, whereas angles approaching 180° promote antiferromagnetic exchange via stronger
overlap between the O p and Cu d orbitals. The observed Cu—O—Cu angles between 98° and 101°
thus place the exchange interactions J; (shortest bond) and .J, (second-shortest bond) in the regime

of competing, moderately antiferromagnetic superexchange, consistent with the GKA framework.
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All other Cu—Cu separations exceed 4.27 A and contribute negligibly to the magnetic network.
Consequently, Cus(P,0s0OH), can be effectively described as a spin-1/2 trimer chain system

with alternating J;—Jo—J; exchange couplings. Quantum Monte Carlo analysis of magnetization

data yields J; = 30 K and .J, = 111 K, corresponding to a ratio .J;/J, = 0.27 [68]. The micro-

scopic Hamiltonian governing this system is
H=> (LS S+ 8! S+ J8-8%,), (1.5)

where ¢ indexes unit cells, and {a, b, ¢} label trimer spins.

Na,Cu3GesO15: Na,Cu;GeyO4; is an excellent realization of a spin-1/2 Heisenberg antifer-
romagnetic chain (HAC) composed of coupled spin-trimersand hosts a reverse hierarchy of ex-
changes (J; < J3) as opposed to Cuz(P,OsOH), [137, 126]. Its crystal structure consists of linear
chains of Cu;Og trimers, where each trimer is formed by three edge-sharing CuO,4 square planes
[18]. The magnetic Cu®" ions within these planes each carry spin-1/2, and the dominant mag-
netic interactions are antiferromagnetic super-exchange couplings. Within a trimer, the nearest-
neighbor (NN) super-exchange interaction J; connects adjacent copper ions via oxygen bridges.
The trimers are coupled to each other through a next-nearest-neighbor (NNN) super-exchange in-
teraction JJ, = «.J;, mediated by oxygen, germanium, and oxygen ions. Additionally, there is
an intra-trimer NNN interaction .J;3 = [.J; between the two edge spins of a trimer, which intro-
duces frustration into the system. For o = 0, the trimers are isolated; for « = 1 and J3 = 0, the
model reduces to the uniform HAC. In Na,Cu3;Ge,O1,, the experimentally determined parameters
are J; = 235 K, a = 0.18, and 5 = 0.18, indicating that the strongest interaction is within the
trimer (J; > Jo)[18, 137].

In contrast, Cu;(P,0sOH), exhibits the same basic trimer configuration, but with the opposite
hierarchy of exchange interactions: the inter-trimer coupling .J, is stronger than the intra-trimer cou-
pling J; (J; < Jo)[126, 68]. Thus, in Cuz(P,0sOH),, the magnetic chains are composed of weakly
bound trimers that are more strongly coupled to each other via .J,, whereas in Na,Cu3;Ge,O,, the

intra-trimer interaction ./; dominates and the coupling between trimers is weaker. This difference
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in the relative strengths of .J; and J, leads to distinct magnetic properties and excitation spectra in
the two materials. Both systems, however, serve as model platforms for studying quantum mag-
netism in trimerized spin chains, with Na,Cu;Ge4O;, representing the case of strong intra-trimer

coupling and Cu;(P,04OH); the case of strong inter-trimer coupling.

1.2.2 Phase diagram:
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Figure 1.6: Magnetic phase diagram of the spin-% XXZ chain in the presence of a longitudinal
magnetic field [27]. The horizontal axis represents the anisotropy A, while the vertical axis cor-
responds to the applied field . For |A| < 1, the ground state is a critical Luttinger liquid; for
A > 1, a gapped antiferromagnetic phase appears at low field; and for A < —1, the ground state
becomes ferromagnetic. At sufficiently large h, the system crosses into a fully polarized phase.
The boundaries between these regimes are obtained exactly from Bethe ansatz solutions, highlight-
ing the model’s integrability and its role as a prototype for describing quantum criticality in 1D
magnets.

The XXZ model serves as a generic Hamiltonian for one-dimensional spin—% systems, encom-

passing a broad range of low-energy magnetic behaviors depending on the anisotropic exchange
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interactions and an external magnetic field. The cuprate compounds discussed above are all effec-
tively described as spin-1/2 chains with dominant nearest-neighbor exchange, making them spe-
cial realizations (nearly isotropic Heisenberg-like) of the XXZ model. It is a minimal yet powerful
framework to explore the physics of quantum phase transitions and low-dimensional magnetism.
Thus, the phase diagram of the XXZ chain offers a unified theoretical framework that captures the
quantum phases and critical behavior observed in these materials.

For a one-dimensional chain in an external magnetic field, the Hamiltonian takes the form
Hxxz = JZ (SfoH + S?Siyﬂ + ASiZSiZJrl) - hz STy (1.6)

where .J is the nearest-neighbor exchange coupling, A characterizes the anisotropy of the interac-
tion, S (v = x,y, 2) are spin-% operators, and i denotes the strength of the applied field along the
z-axis.

An important feature of Eq. (1.6) is that the magnetic field couples to the conserved total mag-

netization of the system, given by
L
2 z
i=1

with L the number of lattice sites. Because magnetization is conserved, the role of the magnetic
field is analogous to that of a chemical potential: it shifts the energy landscape without altering
the underlying integrability of the model. Thus, the Hamiltonian remains exactly solvable via the
Bethe ansatz [27] even in the presence of a finite field h # 0. In the thermodynamic limit, its
low-energy sector is described by a conformal field theory with central charge ¢ = 1, equivalent to
a free compactified boson whose compactification radius depends on both A and the magnetization
(M) [27].

The richness of this model is most clearly expressed in its phase diagram, which reveals how
different ground states emerge depending on the interplay between anisotropy A and the applied

field h. A schematic representation of the phase diagram is shown in Fig. 1.6.

* XY regime (|A| < 1): The system realizes a gapless Luttinger liquid, a critical quantum

34



1 Introduction

state with power-law correlations.

* Ising-like regime (A > 1): At low field, the chain stabilizes a gapped antiferromagnetic

phase with long-range order along the z-direction.

* Ferromagnetic regime (A < —1): The ground state becomes fully ferromagnetic, with all

spins aligned.

» High-field regime: Regardless of A, increasing h eventually drives the system into a fully

polarized (saturated) state, where all spins align with the external field.

This versatility makes the XXZ model not only a cornerstone of quantum integrable systems but
also a realistic description of many quasi-one-dimensional materials, including cuprate spin-chain
compounds, where experimental observations of magnetization plateaus and critical phenomena
can be directly interpreted through this framework.

In summary, the XXZ chain provides a clean theoretical playground where one can trace, in
an exact manner, how anisotropy and magnetic field drive transitions between distinct magnetic
phases. This phase diagram will serve as a guiding reference for the subsequent discussion of

low-dimensional quantum magnetism throughout this thesis.

1.3 Scope and Organization

This chapter has provided an overview of the crystal structures, electronic configurations, and phase
diagrams of one- and two-dimensional cuprates, highlighting their rich quantum phenomena and
the role of strong correlations. While the fundamental models and magnetic properties have been
discussed, the mechanisms for probing spin and charge excitations—such as inelastic neutron scat-
tering (INS) and resonant inelastic X-ray scattering (RIXS)—and the detailed excitation spectra
remain to be addressed. The central aim of this thesis is to investigate spin dynamics in low-

dimensional strongly correlated materials using advanced numerical methods, with a particular
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focus on interpreting and predicting RIXS experiments that probe these excitations. The thesis is
organized as follows:

In chapter 2 we provide a comprehensive overview of experimental techniques and review
the current state of research on spin and charge excitations in low-dimensional quantum system,
summarizing key experimental findings and theoretical insights with emphasis on insights from
Resonant Inelastic X-ray Scattering (RIXS).We highlight how RIXS reveals single- and multi-
spin processes, fractionalized quasiparticles, and collective spin dynamics, establishing it as a key
probe of quantum magnetism. In chapter 3 we provide theoretical frameworks of RIXS cross
section to understand elementary excitations in low-dimensional quantum materials and introduce
the numerical methods employed in this thesis, including exact diagonalization (ED) and density
matrix renormalization group (DMRG) techniques. In chapter 4 we demonstrates, using linear spin-
wave theory and exact diagonalization, that three-magnon excitations in the non-spin-conserving
channel are essential for explaining high-energy features in RIXS spectra of two-dimensional an-
tiferromagnets, providing new insight into multi-magnon processes beyond conventional magnon
frameworks. In chapter 5 we demonstrate how RIXS reveals emergent fractionalized quasiparticles
and field-tuned composite excitations in a trimerized spin-1/2 chain, providing direct predictions

for experiments on Cuz(P;OgOH)s.
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Chapter 2

Probing Elementary Excitations in Quantum
Materials: RIXS

In the previous chapter, we introduced low-dimensional quantum systems, focusing on one- and
two-dimensional cuprates. These materials exhibit a variety of quantum phases driven by strong
electron-electron interactions, such as Fermi-liquid metals, magnetism, superconductivity (SC),
Mott insulators (MI), and charge density waves (CDW). Despite the complexity of these systems,
their low-energy behavior can often be described in terms of weakly interacting quasiparticles—
collective excitations that carry well-defined quantum numbers. Examples include magnons (asso-
ciated with spin fluctuations), phonons (related to lattice vibrations), and orbitons (linked to orbital
degrees of freedom). While this quasiparticle approach simplifies the theoretical description, accu-
rately determining their microscopic properties and dynamical behavior remains a major challenge.

From an experimental perspective, a central objective is to map the dispersion relations of
these excitations, revealing how they propagate through the crystal. This objective has led to the
development of various spectroscopic techniques capable of probing elementary excitations and the
correlation functions that govern material properties. For instance, angle-resolved photoemission
spectroscopy (ARPES) is widely used to study charge excitations [42], while inelastic neutron
scattering (INS) is a key method for investigating spin excitations [1]. Other techniques, such as
optical Raman scattering [ 14] and non-resonant inelastic X-ray scattering (IXS), provide valuable
information on multi-magnon, phonon, and charge excitations [93].

Recently, resonant inelastic X-ray spectroscopy (RIXS) has emerged as a powerful and ver-
satile tool for probing a wide range of elementary excitations, including spin, lattice, orbital, and

electronic degrees of freedom [9, 43][Table 2.1]. RIXS complements INS and Raman techniques
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by offering broad energy coverage and full momentum resolution across the Brillouin zone. In
this thesis, we present a theoretical investigation of RIXS excitations in one- and two-dimensional
cuprates. Resonant inelastic X-ray spectroscopy: RIXS is an experimental technique that probes
elementary excitations in quantum materials by measuring the energy and momentum transfer of
photons scattered from a sample. The process occurs in three stages [9, 82, 55]: Resonant absorp-
tion: A core electron is excited to an unoccupied or partially occupied state via a dipole-allowed
transition, triggered by an incoming X-ray photon whose energy is resonantly tuned to a specific
atomic absorption edge, thereby creating a intermediate state with a core hole. Intermediate-state
dynamics: The highly excited state induces transient interactions between the core hole and valence
electrons. Radiative decay: The core hole is filled, emitting a photon whose energy and momen-
tum loss encodes information about the collective excitations (e.g., spinons, magnons, orbitons,
or charge density waves) of the material. The resonance effect can significantly amplify the in-
elastic scattering cross section—often by several orders [9, 55, 82] of magnitude—and provides
a distinctive approach for investigating charge, magnetic, and orbital properties at specific atomic
sites within a crystal. RIXS selectively couples to spin and orbital degrees of freedom through
polarization-dependent selection rules, enabling the resolution of spin-conserving (SC) and spin-
nonconserving (NSC) channels. The SC channel involves core-hole states without spin-orbit cou-
pling, typically occurring at the K-edge of the element being probed. The core-level with spin-orbit
coupling can induce spin-flip, as spin is not a good quantum number, enabling access to both SC
and NSC channels. Thus, RIXS is uniquely suited to study magnetic systems where conventional
techniques, such as INS and Raman spectroscopy, face limitations in resolution, momentum range,

or material compatibility.

2.1 Features of RIXS as an experimental method

Compared to other scattering techniques, RIXS offers several distinctive advantages. First, it pro-

vides access to a broad scattering phase space, enabling the measurement of excitations over a
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Table 2.1: Accessible Low-energy excitations in RIXS process [43].

Excitation Optical Raman, IXS and RIXS at L edges
RIXS at K edges
Lattice Electron—phonon coupling Nonthing extra
Spin Bi-magnon (two magnons at I-magnon (with large valence
different sites) spin—orbit)
2-spinon (1D spin-1/2 sys- +1-magnon (direct);
tems) +2-magnon (on the same
site);
+3-magnon (on the same site)
Charge Plasmon Nonthing extra
Phason mode (charge density
wave)
Orbital Orbiton (dd excitation) +Spin—orbiton

wide range of energy and momentum transfers. RIXS is highly sensitive to the polarization of inci-
dent and scattered photons, which allows selective probing of different types of excitations through
polarization-dependent selection rules. The technique is also element- and orbital-specific, as the
resonance condition can be tuned to particular atomic absorption edges, making it possible to in-
vestigate specific electronic states within complex materials [9, 43]. Another important feature of
RIXS is its bulk sensitivity, which enables the study of intrinsic material properties without be-
ing limited to surface effects. Additionally, RIXS requires only small sample volumes, making it
suitable for investigating materials that are difficult to synthesize in large quantities. These unique
capabilities make RIXS a versatile and powerful tool for exploring the fundamental excitations
(see Table 2.1 from [43]) in quantum materials. The following sections provide a more detailed
discussion of each feature and its implications for experimental research .

1. One of the key strengths of RIXS is its ability to simultaneously resolve both the energy

and momentum transferred during photon scattering. When comparing the energies of neutrons,

39



2 Probing Elementary Excitations in Quantum Materials: RIXS

10° -
o 10 hard
> =
3 0
5 10
£ 2
8 (0
107 | soft
104k . . . | 101 R ‘ A L ‘ i L . L
1074 10° 102 107" 10° 10° 0 10 20 30 40 50 60 70 80 90
particle momentum/z (A™") Atomic Number Z

Figure 2.1: Adapted from Ref. [9]. Panel (a) illustrates the kinetic energy and momentum ranges
accessible to various elementary particles commonly employed in inelastic scattering experiments.
The scattering phase space—representing the range of energy and momentum transfer achievable—
is shown for x-rays (blue), electrons (brown), and neutrons (red). Panel (b) presents the energies
of characteristic x-ray absorption edges (K, Ly, L3, M7, and M) as a function of atomic number
7. X-ray energies below 1 keV are classified as soft, while those above are considered hard.
electrons, and x-ray photons with wavelengths similar to the interatomic distances in solids (a
few angstroms), x-ray photons possess significantly higher energies than neutrons or electrons, as
illustrated in Fig. 2.1(a). This results in a much larger scattering phase space for x-rays—the range
of energy and momentum that can be exchanged in a scattering event—making RIXS uniquely
capable among spectroscopic techniques. Unlike experiments using visible or infrared light, which
are limited in the energy and momentum they can access, RIXS enables the exploration of the full
dispersion relations[9, 43] of low-energy excitations in solids, providing comprehensive insight
into their fundamental properties.

2. Another notable advantage of RIXS is its ability to exploit photon polarization. By analyzing

the polarization of both the incident and scattered photons, researchers can disentangle the nature of

the excitations generated within the material. This polarization analysis, guided by selection rules,
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enables the identification of the symmetry and character of various excitations[9, 7, 164, 70, 22].
While most experimental setups routinely vary the polarization of the incoming photons, only a
limited number of facilities currently allow for the measurement of the scattered photon’s polariza-
tion [25, 66]. A crucial aspect of polarization changes in RIXS is their direct connection to angular
momentum transfer [164, 70, 22]. When the polarization of a photon changes during scattering, it
signifies that angular momentum has been exchanged between the photon and the material. Due
to the conservation of angular momentum, any angular momentum lost by the scattered photon is
imparted to the elementary excitations within the solid. This feature provides a powerful means to
probe and characterize the underlying quantum states and excitations in complex materials.

3. RIXS is element- and orbital-specific[9]: This technique achieves chemical sensitivity by
tuning the incident photon energy to match particular atomic transitions, known as absorption
edges, of different elements within a material. By selecting the appropriate absorption edge, RIXS
can distinguish between the same element located at sites with different chemical environments,
valence states, or crystallographic positions—provided their absorption edges are sufficiently sep-
arated. Furthermore, the nature of the electronic excitations that can be probed depends on which
x-ray edge is chosen for a given element (for example, the K edge excites 1s core electrons, the
L edge targets electrons in the n = 2 shell, and the M edge involves n = 3 electrons). Each
edge corresponds to transitions involving different core and valence orbitals, allowing researchers
to selectively investigate specific electronic states. The characteristic energies of these absorption
edges for various elements are illustrated in Fig. 2.1(b).

4. RIXS is bulk-sensitive [9, 43, 82]: Unlike techniques that primarily probe surface properties,
RIXS enables the investigation of bulk material characteristics, providing access to intrinsic exci-
tations and correlations within the sample. This bulk sensitivity is especially valuable for complex
materials, where surface effects can mask or distort the true physical behavior. The penetration
depth of resonant x-ray photons depends on both the material and the experimental geometry. Typ-

ically, hard x-rays with energies around 10 keV penetrate on the order of a few pm into the sample,
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while soft x-rays near 1 keV reach depths of about 0.1 pm [9, 43]. This allows RIXS to probe well
beneath the surface, yielding information representative of the material’s bulk properties.

5. RIXS is highly effective even with small sample volumes. This is because the interaction
between photons and matter is much stronger than that of neutrons, allowing for efficient scattering
from limited material. Additionally, modern photon sources can produce vastly more photons per
second, focused into much smaller spots, compared to neutron sources. As a result, RIXS experi-
ments can be performed on tiny samples, thin films, surfaces, and nano-scale objects, as well as on
bulk single crystals or powders [9, 43](ofcourse you will loose momentum resolution in thta case).
This flexibility greatly expands the range of materials that can be studied, including those that are
difficult to synthesize in large quantities.

RIXS is capable of detecting a broad spectrum of charge-neutral excitations [9, 43, 7], such as
electron—hole continua, excitons, charge-transfer and dd excitations, lattice vibrations, and mag-
netic modes. This is possible because the orbital angular momentum of the photon can interact
with electron spins, as summarized in Table 2.1. While this versatility makes RIXS a powerful
tool, it also introduces complexity to the measured spectra, since multiple excitation channels can
contribute simultaneously.

Historically, RIXS was less widely used than ARPES or INS, primarily because it requires a
high flux of incident photons to obtain sufficient scattered signal for high-resolution measurements
in both energy and momentum. Achieving the necessary resolving power—the ratio of incident
photon energy to energy resolution—of about 10 posed significant technical challenges[43, 9].
As a result, earlier RIXS experiments were limited to detecting energy losses of approximately
0.5 eV or higher, making ARPES and neutron scattering more suitable for probing low-energy
excitations near the Fermi level.

However, recent advances in instrumentation have dramatically improved the energy resolution
and efficiency of RIXS. These developments now allow researchers to access low-energy excita-

tions with high precision, firmly establishing RIXS as a key technique in the study of quantum
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materials and condensed matter physics.

2.2 Probing Elementary Excitations with RIXS

The elementary excitations within a material fundamentally shape its physical properties, govern-
ing phenomena such as electrical and thermal transport, as well as the system’s response to external
stimuli. In essence, a thorough understanding of the excitation spectrum is tantamount to under-
standing the material itself.

In the previous chapter 1, we discussed how low-energy phenomena in strongly correlated elec-
tron systems, such as transition-metal oxides, are often controlled by interactions at much higher
energy scales—typically several electronvolts—due to strong electron-electron correlations. These
interactions give rise to a rich tapestry of quantum many-body effects, presenting some of the most
challenging problems in contemporary condensed matter physics. The essential physics is often
captured by model Hamiltonians, whose parameters must be determined through experimental in-
vestigation. Spectroscopic techniques, particularly RIXS, play a crucial role in this process by
providing direct access to the excitation spectrum and helping to constrain theoretical models.

In the following sections, we examine the energy and momentum scales relevant to RIXS,
highlighting its capability to probe the excitation spectrum of solids. We then provide an overview

of the types of elementary excitations that RIXS can access, referencing the key literature [9, 43].

Excitation Energy and Momentum Scale: Figure 2.2 illustrates that the spectrum of elementary
excitations in solids covers a wide energy range—from high-energy plasmons and charge-transfer
excitations (in order of eV ), which influence optical properties, down to lower-energy excitons, dd
excitations, magnons, and phonons at the meV scale. RIXS is capable of probing the energy and
momentum dependence (dispersion) of all these excitations, since the scattered photon exchanges
both energy and momentum with the material in a larger scattering-phasespace [Fig. 2.1(a)].

This capability sets RIXS apart from conventional optical techniques like Raman scattering [45].
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Figure 2.2: Representative elementary excitations in condensed matter systems [9] and their typical
energy scales in strongly correlated electron materials, including transition metal oxides.

Photons in the visible range (a few eV) carry very little momentum compared to the typical quasi-
momentum of excitations in a solid. For example, a 2 eV photon has a momentum of approximately
hq = 102" kg-m/s, corresponding to a wavevector ¢ ~ 107> A~!. In contrast, excitations in a
crystal with a lattice constant of about 3 A can have wavevectors up to ¢ = 27/3 ~ 2 A~%. Thus,
optical light scattering effectively probes only zero-momentum excitations. To investigate the dis-
persion of excitations across a significant portion of the Brillouin zone, photons with much higher
energy—such as x-rays near 1 keV, corresponding to for instance the Cu L-edge—are required[9].
RIXS provides this capability, enabling detailed mapping of excitation spectra in quantum materi-

als.

Overview of elementary excitations In this paragraph, we briefly outline the various elemen-
tary excitations accessible to RIXS, while a detailed discussion of low-dimensional materials—
particularly 1D and 2D cuprates—and their phase diagrams is presented in Chapter 1.

Plasmons: Plasmons are collective oscillations in the electron density of a material. They can
be detected using inelastic X-ray scattering (IXS) or optical techniques, as they occur at finite

energy even at zero momentum transfer (¢ = 0). Plasmon-like excitations were also reported in
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early RIXS studies [79]; however, their resonant enhancement compared to IXS is relatively weak.
As a result, limited experimental attention has been devoted to them in RIXS.

Charge-transfer excitations: Charge transport in condensed matter systems is governed by the
energy cost of moving electrons between sites. In transition-metal oxides, two main energy scales
determine this process. The first is the charge-transfer energy, A = E(d"'L) — F(d™), where
L denotes a hole on the ligand site, corresponding to an electron hopping from ligand to metal.
The second is the on-site Coulomb energy, U = E(d"™') + E(d"') — 2E(d"), associated with
moving a d electron between metal sites. Strongly correlated insulators are classified by the larger
of these two energies [184]: if U > A, the system is a charge-transfer insulator; if U < A, itisa
Mott-Hubbard insulator.

Most transition-metal oxides of interest, such as cuprates, nickelates, and manganites, fall in
the charge-transfer limit [40, 143, 187, 16], where the lowest-energy optical excitations are charge-
transfer in nature. These excitations are central to understanding their physics, raising questions
about the gap magnitude (typically a few eV), whether bound excitons form, their degree of local-
ization or mobility, and their lifetimes, symmetries, and temperature dependence. While techniques
such as electron-energy-loss spectroscopy (EELS) and optical conductivity have addressed some
of these issues[40, 43, 114], RIXS provides a powerful and complementary probe, and has been
extensively applied to investigate them.

Crystal Field and Orbital Excitations: In many strongly correlated systems, the valence elec-
trons possess an orbital degree of freedom, meaning they can occupy different orbital states. Or-
bitally active ions are typically magnetic, with partially filled outer shells. This orbital degree of
freedom influences the physical properties of the solid directly and indirectly, for example, through
coupling to the lattice via the orbital charge distribution, or by determining spin-spin interactions
through the Goodenough—Kanamori superexchange rules [10, 61, 85] as discussed in chapter 1.

In many Mott insulators, orbital physics is dominated by the crystal field [117], which splits the

orbital levels and fixes the ground state through local, single-ion effects[117, 143, 127]. Excitations
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between these crystal-field-split d orbitals are known as dd excitations and are routinely observed
and well understood in RIXS [147].

If the crystal field splitting is small, orbital degeneracy may persist, allowing inter-site superex-
change to generate collective orbital excitations—called orbitons, analogous to magnons [147, 82].
Although definitive proof remains elusive, RIXS offers unique advantages in detecting such modes.

Magnetic excitations: Magnetism and long-range magnetic order are among the most well-
known consequences of electron—electron interactions in solids. When magnetic order—ferro-,
ferri-, or antiferromagnetic—emerges, the global spin-rotation symmetry is broken, giving rise to
collective magnetic excitations. The associated low-energy quasiparticles, magnons, and their mu-
tual interactions govern the material’s low-temperature magnetic properties. In cuprates, magnon
energies can reach ~ 0.3 eV with momenta up to ~ 1 A~!. Magnon dispersions have been mea-
sured at the Cu L-edge in thin films of La,CuQOy [7, 26, 16], and bi-magnon excitations have been
observed at the K-edge [55, 73].

Disruption of long-range order—through quantum fluctuations from mobile charge carriers or
frustration of spin interactions—can produce spin-liquid ground states. RIXS can also detect frac-

tionalized spinon excitations from such states, including spinons [95] and triplons [146].

2.3 The RIXS Process

Even though we have discussed the RIXS process in the introduction part of this chapter, we will
now provide a more detailed and microscopic picture of the resonant inelastic x-ray scattering
process in terms of an example, which is crucial for understanding the theoretical framework and
calculations presented in this thesis. To illustrate the RIXS process in detail, let us consider copper-
oxide materials as a representative example. In copper oxides, the incident photon energy can be
tuned to resonate with the copper K, L, or M absorption edges, each corresponding to the excitation
of a different core electron into an unoccupied valence state (see Figs. 2.3(a) and 2.3(b)). The

electronic configuration of Cu?" is [Ar] 3d°, where the 3d shell is partially filled—a hallmark of
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transition metal ions.

At the copper K-edge, a 1s electron is promoted to a 4p state by a photon with energy near
9000 eV [55, 73, 40], placing this transition in the hard x-ray regime. The L, 3-edge involves
the excitation of a 2p electron to the 3d shell at approximately 900 eV [7, 26], while the My 3-
edge corresponds to a 3p — 3d transition around 80 eV [40, 43], both in the soft x-ray range.
Alternatively, by tuning to the oxygen K-edge, one can excite an O 1s electron into an empty 2p
state, requiring about 500 eV[40, 43].

Upon absorption of a soft or hard x-ray photon, the system enters a highly excited and unstable
intermediate state with a deep core hole. This state decays rapidly, typically within 1-2 femtosec-
onds [55, 9]. Several decay channels are possible; for example, the Auger process involves a non-
radiative transition where an electron fills the core hole and another electron is emitted. However,
RIXS is governed by radiative (fluorescent) decay, in which the core hole is filled by an electron
and a photon is emitted.

The energy and momentum of the emitted photon can differ from those of the incident photon
through two distinct scattering mechanisms: direct and indirect RIXS. The following discussion

clarifies the distinction between these two processes.

2.3.1 Direct RIXS

In the direct RIXS process, the incident photon excites a core electron into an unoccupied state
within the valence band, as illustrated in Fig. 2.3(a). This excitation leaves behind a core hole.
The system then relaxes when an electron from a filled valence state fills the core hole, emitting a
scattered photon in the process.

The outcome of this sequence is the creation of an electron-hole pair: an electron occupies a
previously empty valence state, while a hole is left in the filled valence band. This electron-hole
excitation can move through the material, carrying both energy wy and momentum, q. Conservation

laws dictate that the momentum transfer is given by q = k/ — k and the energy transfer by w =
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Figure 2.3: Panel (a): Direct RIXS process. The incident x-ray photon excites an electron from
a deep core level to an empty valence state. The resulting core hole is subsequently filled by an
electron from the valence band, emitting a scattered x-ray photon. This process generates a valence
excitation with momentum transfer A (k" — k) and energy transfer /(wy — wy ). Panel (b): Indirect
RIXS process. Here, the incident photon excites a core electron into the valence shell. Excitations
are produced via the Coulomb interaction U, between the core hole (and sometimes the excited
electron) and the surrounding valence electrons.

Wi — wy, where hk and hwy are the momentum and energy of the incoming photon, and 2k’ and
hwye are those of the outgoing photon.

For direct RIXS to occur, both transitions—the initial excitation from the core to the valence
state and the subsequent decay from the valence band to refill the core hole—must be allowed.
Typical examples include a dipole transition from 1s — 2p followed by 2p — 1s decay, as seen at
the K-edge of elements like oxygen, carbon, and silicon. In transition metals, direct RIXS at the
L-edge involves 2p — 3d absorption and 3d — 2p emission. In these cases, RIXS directly probes
the electronic structure of the valence and conduction bands. While the direct transitions largely

determine the spectral features, interactions in the intermediate state—such as those arising from

the strong core-hole potential—can also influence the observed spectra [9, 55, 82, 137].

48



2 Probing Elementary Excitations in Quantum Materials: RIXS

2.3.2 Indirect RIXS

The indirect RIXS process involves a more subtle mechanism compared to direct RIXS. In this
case, the probability of a core electron being directly promoted to a conduction-band state by the
incoming photon is low or forbidden by selection rules (of example dipole selection rule). Instead,
the photon excites a core electron (for example, from the 1s level) into a high-energy, empty state
far above the Fermi level—typically several electronvolts higher (for example, from the 4p level).
The same electron then returns to fill the core hole, as illustrated in Fig. 2.3(b). A well-known
example 1s RIXS at the transition-metal K-edges (1s — 4p transitions) [9, 55, 82].

If no further interactions occurred, this process would be purely elastic, with no energy loss.
However, the creation of a core hole in the intermediate state introduces a strong, localized poten-
tial that interacts with the surrounding 3d valence electrons. These valence electrons respond by
screening the core hole, and in doing so, they are scattered by its potential. This scattering gener-
ates electron-hole excitations within the valence band. When the excited electron decays back to
the core level, these excitations remain in the system, resulting in an inelastic scattering event.

Thus, indirect RIXS is fundamentally driven by the ”shakeup” of valence electrons caused by
the presence of the core hole in the intermediate state. Even when the 1s core hole and the excited 4p
electron form a bound exciton near the absorption edge, the essential physics remains unchanged—
the valence electrons interact with this exciton, leading to the creation of excitations [9, 55, 82,
137, 125]. This mechanism enables indirect RIXS to probe a wide range of collective excitations

in quantum materials.

2.4 Comparison between RIXS and other scattering techniques

Resonant Inelastic X-ray Scattering (RIXS) is part of a broader family of scattering techniques
used to study the collective excitations of quantum materials. These excitations—such as phonons,
magnons, orbitons, and plasmons—are distinct from single-particle excitations, which are typically

probed by Angle-Resolved Photoemission Spectroscopy (ARPES).
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RIXS can be viewed as a combination of X-ray Absorption Spectroscopy (XAS) and X-ray
Emission Spectroscopy (XES). First, an incident photon excites a deep-lying core electron into the
valence shell or conduction band, creating a core hole (XAS step). Second, the system decays
radiatively, emitting a photon whose energy is measured (XES step). When the incident photon
energy is tuned to an absorption edge, the scattering becomes resonant, enhancing sensitivity to
specific elements, orbital symmetries, and spin states. The core-level resonance also introduces
additional selection rules and polarization dependencies, enabling measurements such as magnetic
circular dichroism (MCD).

We have already introduced the principles and capabilities of RIXS. Here we only compare it
with related probes. A concise comparative overview of related spectroscopic techniques is pro-

vided in Table 2.2 [43] at the end of this chapter.

2.4.1 Non-Resonant Inelastic X-ray Scattering (IXS)

Inelastic X-ray Scattering (IXS) is the non-resonant analogue of RIXS, in which photons scatter
from the charge density without involving core-level resonances. Governed mainly by the Thom-
son scattering cross-section, IXS is particularly sensitive to collective charge excitations such as
phonons and plasmons [150, 15]. Because it does not require resonance, the incident x-ray energy
can be freely tuned, enabling sub-meV resolution using backscattering crystal optics. IXS is a pow-
erful probe of phonons across the Brillouin zone but is less effective for magnetic excitations due

to the small magnetic scattering cross-section.

2.4.2 Electron Energy Loss Spectroscopy (EELS)

EELS is the electron-based analogue of IXS and involves inelastic scattering of electrons from the

sample [78, 4]. Two geometries are common:

* Transmission EELS (T-EELS) uses high-energy (keV) electrons to probe bulk excitations

in thin samples [132, 133].
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* Reflection EELS (R-EELS) employs lower-energy (10-100 eV) electrons to probe surface

excitations [170].

EELS offers high sensitivity at low momentum transfers (¢ ~ 0) but suffers from multiple scattering

and is incompatible with strong magnetic fields.

2.4.3 Raman Scattering

Optical Raman scattering is conceptually similar to RIXS but uses visible or ultraviolet photons,
restricting momentum transfer to near the Brillouin zone center. Raman can probe low-energy
excitations with excellent energy resolution, and resonant Raman scattering can enhance specific
modes. RIXS complements Raman by accessing the full Brillouin zone in the soft to hard x-ray

regime.
2.4.4 Inelastic Neutron Scattering (INS)

Inelastic Neutron Scattering (INS) probes phonons and magnetic excitations via neutron-nucleus
and neutron-spin interactions [153, 171, 71, 35]. INS routinely achieves sub-meV resolution,
making it powerful for low-energy dynamics, but requires large sample volumes due to the weak

neutron-matter interaction.

2.4.5 Comparative Advantages and Constraints

The performance of RIXS depends on the photon energy regime:
* Soft x-ray RIXS: high resolution (2040 meV), limited momentum coverage.
* Hard x-ray RIXS: full Brillouin zone access, lower resolution.

Regarding sample environments:
* INS: compatible with high fields and ultra-low temperatures.

» Hard x-ray RIXS: feasible under high pressure.
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* Soft x-ray RIXS: vacuum and geometry limitations.

* EELS: restricted in magnetic fields and high-pressure setups.

In summary, RIXS uniquely combines element specificity, momentum resolution, and sen-
sitivity to charge, orbital, and spin excitations. IXS excels in phonon mapping with ultra-high
resolution, EELS probes low-g excitations, Raman accesses zone-center modes, and INS provides
unmatched access to low-energy spin and lattice dynamics in bulk materials. A comprehensive un-

derstanding of quantum materials often emerges from combining these complementary techniques.

2.5 A short Review of RIXS findings in low dimensional quan-
tum magnets

Over the past decade, resonant RIXS has emerged as a powerful probe of single- [ 7] and multi-spin
excitations [55] in correlated quantum materials. Traditionally, INS has been the primary method
to study magnetic correlations by measuring low-energy magnon dispersions and the dynamic sus-
ceptibility x(q,w) [9, 43]. Although highly precise, INS requires large single crystals and faces
challenges in materials containing neutron-absorbing elements such as Cd or Gd [Sec. 2.4.4]. In
contrast, RIXS uses photons that, through spin—orbit coupling, can transfer angular momentum
AL, = 0,1,2 to spin degrees of freedom, enabling both single- (AS, = 1) and multi-magnon
(AS, = 2) excitations [161, 7, 55]. Recent advances in instrumentation have improved the en-
ergy resolution to below 0.1 eV, allowing direct observation of elementary magnetic excitations.
Benchmark RIXS studies on NiO, La,CuQy4 [26, 24, 73], and SroCuO3 [145] have demonstrated its
capability to probe Heisenberg magnetism across three, two, and one dimensions. The detection of
two-triplon excitations in Sry4Cu,404; [146] and bi-magnon modes in La,CuO4 and CaCuO, [23]
confirms the reliability of theoretical interpretations of RIXS spectra. Microscopically, spin ex-
citations arise from strong core-level spin—orbit coupling (~10 eV [9]), which mediates the in-

teraction between photon-induced orbital moments and electron spins. Even without spin—orbit
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effects, magnetic scattering can occur in the AL, = 0 channel, analogous to two-magnon Raman
processes [45], as seen at transition-metal and oxygen K -edges [73]. Although RIXS oftfers lower
energy resolution than optical probes, its momentum-resolved capability provides unique access to
dispersive magnetic phenomena and open questions in quantum magnetism.

This Section is structured to provide a clear overview of how RIXS probes magnetic excitations
in quantum magnets. The following Subsections, 2.5.2 and. 2.5.3, present recent theoretical and
experimental developments in the study of magnetic materials with interactions confined to one

and two dimensions respectively.

2.5.1 Coupling to Magnetic Excitations with RIXS

RIXS couples to magnetic excitations through two main channels: direct and indirect scattering.
In direct RIXS, accessible at transition-metal (TM) like Ni and Cu L or M edges (2p, 3p — 3d),
the strong spin—orbit coupling of the 2p core hole enables single spin-flip processes [26, 82, 9, 43].
For Cu, the 2p level splits into J = 1/2 (Ls) and J = 3/2 (L3) states, both resolved in XAS and
selectively accessible in RIXS [26]. The coupling between spin and orbital angular momentum
allows AS, = 1 excitations that are forbidden in optical spectroscopy.

In indirect RIXS, relevant at the transition-metal K edge (1s — 4p), the core hole modifies
local superexchange interactions [55]. This process conserves total spin, giving rise to multi-spin
excitations with AS, = 0, such as bimagnons or two-triplon states. A similar mechanism operates
at the oxygen K edge [145]. At L and M edges, both channels may contribute simultaneously.

RIXS also probes changes in the magnitude of local magnetic moments, such as AS = 1 or
2 transitions in ions like Ni?*, governed by Hund’s coupling J (~1 eV), which appear at higher
energies than conventional AS = ( excitations set by the exchange constant .JJ (~100 meV). When
single spin flips are allowed, RIXS directly probes magnon dispersions [7]: the photon scatters
from equivalent atomic sites, producing a collective excitation with momentum hq. The RIXS

cross-section then factorizes into a local form factor—set by polarization and geometry—and the
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Figure 2.4: This figure illustrates the direct magnetic RIXS process in both non-spin-conserving
(NSC) and spin-conserving (SC) channels [ 137]. Panel (a) shows the NSC mechanism in a two-site,
two-orbital model. The sequence highlights the initial state with a fully occupied deep p-orbital,
the intermediate state where X-ray absorption creates a core hole, and the final state where spin
angular momentum is transferred. Panel (b) presents the SC mechanism within the same model.
Here, the process again begins and ends with a filled p-orbital, while the intermediate state involves
atransient core hole. Together, the two panels emphasize how the presence of the intermediate core-
hole enables magnetic excitations in both channels through distinct pathways.

spin susceptibility x(q,w) [6, 70]. Momentum-resolved RIXS thus provides direct access to the

q-dependent structure of correlated spin systems.
Direct RIXS

Direct RIXS can generate spin-flip excitations without changing the orbital occupation of the va-
lence states. Such processes create single-magnon quasiparticles corresponding to AS* = 1. To
illustrate, consider a two-site, two-orbital model (Fig. 2.4) where p orbitals represent core states and

d orbitals represent valence states. The ground state |g) has fully filled core levels and half-filled d
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orbitals with total spin S5 = 0. Absorption of an incident photon excites a core electron into the d
level, producing an intermediate state |n) that can decay into final states with either AS* = 0 or £1,
corresponding to the spin-conserving (SC) and non-spin-conserving (NSC) channels, respectively.

In the NSC channel, the strong spin—orbit coupling of the p-orbital core hole plays a crucial
role. During the intermediate state, the spin of the core hole can change, preventing the same
electron from refilling the core level. Instead, a different valence electron de-excites to fill the hole,
leaving behind a flipped spin in the valence shell. This process generates a single spin excitation
with AS* = +1, as depicted in Fig. 2.4(a). The NSC channel is therefore particularly effective
at probing spin-flip processes and provides direct insight into the spin dynamics and magnetic
interactions of the system [95, 145, 125].

In the SC channel, by contrast, the scattering does not involve a net change in total spin projec-
tion. Instead, the dynamics arise from electron hopping within the valence band, which produces
two opposite spin flips. As a result, the total spin projection is conserved with AS* = 0, as illus-
trated in Fig. 2.4(b). Although spin-conserving, this channel is still sensitive to magnetic excitations
and carries valuable information about exchange interactions and collective spin dynamics in the

system [95, 145, 125].
Indirect RIXS

In indirect RIXS, the magnetic system is not coupled to the core hole through a direct spin interac-
tion. Instead, the presence of the core hole modifies the local superexchange interaction .J, thereby
enabling magnetic excitations [55, 149, 73]. Since this perturbation does not commute with the
magnetic Hamiltonian, it can generate two-spin-flip excitations with AS* = 0. This mechanism
is especially relevant at the transition-metal K edges, where the creation of a core hole alters the
magnetic exchange interactions between neighboring spins. The mechanism can be understood
through the conventional superexchange process between two half-filled sites. Electron hopping
creates a virtual doubly occupied state with energy cost U, yielding J  t2/U, where t is the hop-

ping amplitude. The creation of a core hole locally alters this energy by +U., leading to an effective
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Figure 2.5: Schematic of the indirect magnetic RIXS mechanism at the Cu** K edge [55]. In the
intermediate state, the 3d holes may either screen or fail to screen the core hole. As a result, the
on-site Coulomb repulsion U is effectively modified to U’, which accounts for the additional core-
hole potential U.. Open circles denote holes, and arrows indicate their spin orientation.

U’ = U + U, and hence a modified .J. Figure 2.5 illustrates this for the Cu®>™ K edge [55], where
the local change in J drives magnetic excitations in the valence shell.

Experimentally, Cu K-edge RIXS measurements on La;,CuO, and Nd,CuQO, revealed a clear
feature near 500 meV, attributed to two-magnon excitations [73, 48]. Theoretical modeling within
the Ultrashort Core-hole Lifetime (UCL) expansion [44, 55] reproduced this response and showed
that longer-range interactions and finite temperature introduce a small single-magnon component
to the RIXS signal.

A related process occurs at the transition-metal L edges, where the photo-excited 3d electron

temporarily disrupts local superexchange bonds. For Cu?*, the intermediate 3d'° configuration

blocks exchange entirely, locally setting J = 0 [23]. Indirect RIXS is also active at the oxygen
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K edge, where strong O 2p—TM 3d hybridization allows the photo-excited electron to modify
superexchange pathways and create two-magnon excitations [145].

In summary, indirect RIXS probes magnetic dynamics through core-hole-induced modulation
of exchange interactions, naturally generating multi-spin excitations across across different absorp-

tion edges.

2.5.2 1D systems — Chains and ladders

When magnetic ions are coupled via Heisenberg interactions in a one-dimensional (1D) chain,
their collective excitations fractionalize into quasiparticles known as spinons [20]. If two chains
are coupled side by side, they form a spin ladder. When the inter-chain coupling (the rungs of the
ladder) dominates, the ground state consists of spin singlets localized on the rungs. Excitations
out of this ground state correspond to singlet-to-triplet transitions, giving rise to S = 1 triplons.
These triplons disperse due to coupling along the legs of the ladder. The term triplon is used to
emphasize that these triplet excitations are distinct from magnons, which arise in long-range ordered
antiferromagnets [ 148]. More complex ladder geometries, such as those with three or more coupled
chains, also exist but have not yet been explored by RIXS.

The compound Sry4,Cus404; was the first 1D cuprate studied with RIXS at sufficiently low
energies to resolve elementary magnetic excitations [146]. Its crystal structure contains alternating
layers of spin chains and ladders. Under pressure, this system becomes superconducting when
doped, making it particularly interesting since it does not share the usual two-dimensional CuOy
perovskite structure of high-7,. cuprates. The ladder subsystem hosts a spin-liquid ground state
composed of rung singlets, and excitations correspond to dispersive spin-1 triplons. In contrast,
the edge-sharing chains have weak superexchange interactions, mediated by 90° Cu-O-Cu bonds,
and their excitations remain unresolved in current RIXS experiments due to overlap with the elastic
line.

At the Cu L3 edge of Sr14CuyOy4;, [146] observed two-triplon excitations on the spin-liquid
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Figure 2.6: This figure brings together experimental and theoretical insights into magnetic exci-
tations observed by RIXS across different edges and models. Panel (a) shows RIXS spectra after
subtraction of the elastic contribution [146]. The center of mass, obtained from Gaussian fits, is
indicated by open black diamonds, while theoretical dispersions for one-triplon (red dashed line)
and two-triplon (black solid line) excitations are superimposed. The right axis is scaled in units of
the rung coupling J, derived from a single-band Hubbard model. Panel (b) presents experimental
oxygen K-edge RIXS spectra as a function of momentum and energy transfer [145], highlighting
the sensitivity of this edge to collective spin excitations. Panel (¢) displays Cu Ls-edge RIXS inten-
sity maps along the chain direction [95]. Here, the color scale emphasizes the spectral weight, with
brown corresponding to maximum intensity. The two-spinon continuum boundaries are outlined
by blue dashed lines, while the upper energy limit of phonon excitations is marked by horizontal
green dashed lines.
ladder. These excitations were found to be gapped by 100 + 30 meV at the I'-point [Fig. 2.6(a)].
Importantly, this region of the Brillouin zone is inaccessible to inelastic neutron scattering (INS)
due to vanishing intensity, although neutron studies can still detect the single-triplon gap away from
the I'-point. In chapter 5 we will show that even in a simple 1D chain if the periodicity of the spin
chain reduced to trimer periodicity it gives rise to new kinds of sharp excitation due to singlet to
triplet transition characterized as quasiparticle mode, quite different from the this triplon.

To study spin chains, Sr,CuOj serves as a model material. It is a corner-sharing chain with
strong antiferromagnetic superexchange (J ~ 200-250 meV) along the chain, making spin excita-
tions well resolved by RIXS. The inter-chain coupling is an order of magnitude smaller, ensuring ro-

bust 1D behavior. Recent O-K edge RIXS experiments on Sr,CuOj3 have revealed spin-conserving

four-spinon excitations that appear separately outside the conventional two-spinon phasespace [145],
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as shown in Fig. 2.6(b). The presence of this four-spinon continuum demonstrates that spin dynam-
ics in 1D chains are richer than the simple two-spinon picture. Moreover, the continuum extends
up to ~ 1.5 eV, well beyond the ~ 0.5 eV limit accessible to INS, showcasing the unique strength
of RIXS in probing high-energy excitations in low-dimensional magnets. Subsequent Cu-L3 edge
RIXS measurements on SrCuQO, confirmed the presence of the same four-spinon continuum [95].

Beyond spin, RIXS has also provided direct evidence for orbital fractionalization in 1D cuprates.
In Sro,CuOg, orbitons—quasiparticles carrying orbital excitations—have been observed with a dis-
tinct dispersion across the Brillouin zone, clearly separated from spinons [147]. This demonstrates
the unique ability of RIXS to disentangle the spin, charge, and orbital degrees of freedom of the
electron in 1D Mott insulators.

In summary, RIXS studies of 1D cuprate chains and ladders have revealed fractionalized quasi-
particles such as spinons, triplons, and orbitons. They have also uncovered multi-spinon continua
in accessible by INS. These findings establish RIXS as an essential probe of emergent quantum

excitations in low-dimensional correlated materials.

2.5.3 2D systems — Magnons and Bimagnons

Among the broad class of (quasi) two-dimensional magnetic systems, experimental RIXS studies
have so far been carried out almost exclusively on two-dimensional antiferromagnetic cuprates [55,
73, 26, 7, 23]. Theoretical work has also considered related 2D iridates [8]. The emphasis on
cuprates is natural, given their central role in high-7,. superconductivity. In the undoped case,
cuprates are well described as two-dimensional Heisenberg antiferromagnets that develop long-
range magnetic order at low temperatures. Their fundamental excitations are magnons, collective
spin-wave modes of the ordered state. Upon carrier doping, long-range magnetic order is sup-
pressed and superconductivity emerges. Besides single-magnon excitations [26, 7], RIXS also has
access to higher-order magnetic processes such as bimagnons, which involve the simultaneous cre-

ation of two magnons [55, 73]. In the undoped compounds, these low-energy magnetic modes are
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well separated from higher-energy charge excitations. With doping, however, charge and spin de-
grees of freedom strongly mix, and so does their RIXS response. In the following, I review how

these excitations manifest in RIXS measurements.
Single magnon excitations

In many cuprates, single spin-flip excitations can be observed in direct RIXS experiments, i.e., at
the Cu L and M absorption edges [26, 7]. Examples include La;CuO,4, CaCuO,, SroCuO,Cl,, and
NdyCuOy, where the Cu spins (localized in the 3d,2_,2 orbital) lie in the zy-plane. These materials
are prototypical two-dimensional Heisenberg antiferromagnets, in which a spin-flip excitation cor-
responds to a single-magnon final state. A similar situation occurs in strongly spin-orbit coupled
iridates such as SryIrO,4, where RIXS can also resolve elementary magnetic modes [8].

The RIXS cross section for these spin excitations factorizes into two parts: (i) an atomic spin-
flip amplitude, which depends on the photon polarization and spin orientation, and (ii) a collective
spin susceptibility, which depends solely on the transferred momentum. The connection between
the atomic factors and fundamental X-ray absorption spectra has been analyzed in [70]. In anti-
ferromagnetic cuprates, the susceptibility peaks at the ordering vector ¢ = (7, 7) and decreases
linearly to zero near the Brillouin-zone center.

Direct experimental evidence for single-magnon excitations was first obtained at the Cu L3
edge in thin films of La,CuQ, [26]. The authors demonstrated that the peak in the magnetic RIXS
spectrum (Fig. 2.7(a)) follows the magnon dispersion measured by neutron scattering with remark-
able accuracy [Fig. 2.7(b)]. This result highlights that RIXS can resolve spin excitations in thin
films, where neutron experiments are not feasible.

Further work by [64] measured the magnon dispersion in SroCuCl;0,, a 2D antiferromagnetic
insulator. They found a pronounced 70 meV dispersion between the zone-boundary points (7,0)
and (7/2,7/2). Modeling the data with a t-t'-t”-U Hubbard Hamiltonian, the authors concluded that
electronic hopping beyond nearest-neighbor Cu sites plays a significant role.

RIXS measurements on underdoped La;_,Sr,CuO, (x = 0.08) also revealed rich magnetic
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Figure 2.7: Panel (a) shows Cu L3-edge RIXS spectra of La;CuO,, measured with an energy res-
olution of 140 meV [26]. The momentum transfer, projected onto the CuO- plane, is along the
(m,0) direction. A decomposition of the low-energy spectral weight reveals that the dominant
feature follows the single-magnon dispersion. Panel (b) compares single-magnon dispersions ob-
tained from neutron scattering with those measured by RIXS at the Cu L3 edge of La;CuO,. Panel
(c) highlights the magnetic excitation spectrum measured by RIXS at the Cu L3 edge in under-
doped La2 — zSr,CuOy4 (z = 0.08) at 7" = 15K with an energy resolution of 140 meV. The main
panel (c1) shows two distinct branches: a higher-energy LCO-like mode (open blue squares) and
a lower-energy branch (filled blue circles). At small ¢ (black squares), the separation between the
two branches is not well resolved. Inset (co) compares dispersions measured at room temperature
(red diamonds) and low temperature (blue circles and squares). Inset (c3) displays the low-energy
branch measured with RIXS near (0,0) (blue circles), along with neutron scattering results near
(m,m) for different doping levels (thin black, green dashed, and brown thick lines). Panel (d)
shows Cu K-edge (1s — 4p) RIXS spectra of La,CuO, measured at selected momentum-transfer
points in the two-dimensional Brillouin zone [48, 73]. Panel (¢) compares spectra recorded with
m-polarization at room temperature and o-polarization at 45 K, using an incident photon energy of
8994 eV. Solid lines correspond to Lorentzian fits, and the elastic peak has been subtracted in all
cases.

behavior [26]. The observed asymmetry in the cross section under q¢ — —q could be attributed
primarily to magnetic scattering, consistent with theoretical predictions [26, 7]. At low tempera-
tures, two dispersing branches appear: a high-energy mode, within ~ 10% of the undoped magnon

dispersion, and a low-energy mode consistent with neutron data on doped compounds [Fig. 2.7(¢c)].
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Importantly, the equivalence between q = (7, ) and (0, 0) no longer holds once long-range order
is lost at finite doping. At elevated temperatures, the two branches merge, suggesting that they
reflect microscopic phase separation. The excitations extend down to a transferred momentum of
0.44 A~', implying magnetic domains significantly larger than the associated real-space scale of
~15 A. Interestingly, this patch size exceeds values extracted from slower probes, leading to the
conclusion that the underdoped system is dynamically phase separated.

In iridates, strong relativistic spin-orbit coupling fundamentally reshapes the spin dynamics.
For Ir**, the ground state is a Kramers doublet that can be described by an effective pseudo-spin
S = 1/2. In SrpIrOy, the t5, analog of La,CuQy, these pseudo-spins interact via superexchange,
forming a Heisenberg antiferromagnet. Theoretical calculations for Ir L-edge RIXS in octahedral
symmetry [8] predict that, in addition to spin-orbit excitations, the technique can directly access the
magnon spectrum. Notably, intensity is absent at the L, edge but strong at the L3 edge, consistent

with experimental findings [8].
Bi-magnon excitations

In direct RIXS, the photon can transfer angular momentum to the electron spins, changing the spin
angular momentum of the material by one or two units. In indirect RIXS this direct transfer is
forbidden, so the leading magnetic excitations are bi-magnons, which have been observed in many
two-dimensional cuprates and are now well understood.

The first momentum-resolved observation of bimagnons in cuprates was reported at the Cu
K-edge [73]. Using an energy resolution of 120 meV at 7' = 20 K, La,CuO, and Nd,CuOy4
were studied, and a peak near 500 meV was observed at q = (m,0), consistent with a bimagnon
excitation. The peak disappeared with hole doping and with polarization perpendicular to the z-
axis. The intensity was zero at q = (0,0) and (7, 7), despite the bimagnon density of states being
largest there, and was maximal at (7, 0) (see Fig. 2.7(d),(e)).

A follow-up investigation [48] confirmed this momentum dependence and showed that the

peak intensity decreases with temperature, vanishing only around 7" = 500 K, well above the Néel
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temperature 7y = 320 K. This behavior resembles Raman and neutron scattering results. The
peak width (~ 160 meV) was close to the instrumental resolution, and its energy (~ 500 meV)
was higher than the ~ 400 meV predicted by magnon theory. This discrepancy was attributed to a
strong momentum dependence of magnon-magnon interactions, which are large at ¢ = (0,0) but
weaker at (7, 0). Sr doping caused the peak to shift rapidly to lower energy and lose intensity.

On the theoretical side, calculations for small Hubbard clusters showed that spin-related exci-
tations, such as two-magnon Raman modes, naturally appear in K-edge RIXS spectra [161, 67].
It was later proposed that bimagnons couple to the RIXS intermediate state because the core hole
locally modifies the superexchange constant J [163, 44] (see Sec. 2.5.1), successfully reproducing
the observed lack of intensity at q = (0,0) and (7, 7).

Further Hubbard-model studies explored polarization dependence and magnon interactions. In
one approach [166], the B;, channel showed a bimagnon dispersing from ~ 2.8.J at the zone center
to 4./ at (,0), while the A, intensity was strongest at (7, 0). A related analysis [46] predicted
that the bimagnon peak shifts from (0, 0) to (7, 0) as magnon-magnon interactions strengthen, and
also found finite intensity at q = (, 7).

Finally, bimagnon RIXS scattering via the core-hole was studied at finite temperatures, includ-
ing longer-range superexchange interactions [55]. Using the Ultra-short Core-hole Lifetime (UCL)
expansion [44] and comparing with K -edge experiments [73], it was shown that higher-order terms
in the expansion generate finite bimagnon spectral weight even at q = (0, 0).

In summary, this chapter has provided a comprehensive overview of the fundamental mech-
anisms underlying magnetic RIXS processes, emphasizing both theoretical and experimental ad-
vances in the study of higher-order spin excitations in cuprates. We have discussed key experi-
mental findings alongside the theoretical models that establish RIXS as a versatile and powerful
technique for probing spin dynamics in quantum magnets. The following chapters will present
our original results and detail the progress made in extending these concepts to new systems and

phenomena.
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Table 2.2: Comparison of resonant inelastic X-ray scattering with related techniques [43].

Experiment

Abbreviation

Description

Notes

Inelastic X-ray
scattering

IXS

Inelastic scatter-
ing of X-rays

ImeV, momentum
transfer Not reso-
nant

Resonant elas-
tic X-ray scat-
tering

REXS

Resonant elastic
X-ray scattering

No energy loss, scat-
tering/diffraction in
ordered systems

Resonant
inelastic X-ray
scattering

RIXS

Combination of
X-ray absorption
and emission
spectroscopy

20 meV Element-
specific;  sensitive
to collective exci-
tations in lattice,
charge, orbital, and
spin degrees of free-
dom  Polarization
options (linear and
circular dichroism)

Electron
energy  loss
spectroscopy

EELS

Inelastic scatter-
ing of electrons

10 mevV, mo-
mentum transfer
Combination  with
microscopy  Reso-
nant EELS

Raman spec-
troscopy

Inelastic scat-
tering of opti-
cal/ultraviolet
photons

<1 meV, no momen-
tum transfer Reso-
nant Raman

Inelastic neu-
tron scattering

INS

Inelastic scatter-
ing of neutrons

<1 meV, momentum
transfer Sensitive to
magnons

Angle-
resolved
photoemission
spectroscopy

ARPES

X-ray photoemis-
sion

<1 meV, momentum
transfer Band map-
ping of occupied
states
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Chapter 3

Theoretical frameworks & Numerical Tech-
niques

3.1 RIXS Cross-section

In this section, we outline the theoretical framework underlying the RIXS cross-section, which is
central to interpreting experimental spectra and connecting them to the underlying quantum exci-
tations.

Earlier we discussed the RIXS process with an example of copper-oxide materials, where the
incident photon energy can be tuned to resonate with the copper K, L, or M absorption edges.
Lets try to understand the RIXS cross-section for Cu L-edge. In this process incident X-ray photon
excites a core electron from a 2p orbital into the valence band’s state (3d), leaving behind a short-
lived core hole at 2p. After a brief interval, this core hole is filled by a valence electron, resulting in
the emission of an outgoing photon. The difference in energy between the incoming and outgoing
photons, w = wjy, — woy, directly corresponds to the energy of the excitation created within the
material.

The complete, polarization-dependent RIXS cross-section is given by the Kramers-Heisenberg
(KH) formula [43, 9]:

L(q,w) = Y _|(F| Oqc|G)[* §(Ep — Eg — w) (3.1)

F
where |G) = |g) @ [1)cn, @ [20°) and |F) = |f) @ [1)e 0, @ |2p°) denote the initial and final
states including valence (|g), | f)), photon (|1)c.. , |1)e wo)> and core levels (|2p%)). The energies

are B = Ey + Eyye + wip and Ep = Ey + Eoyye + wout.

65



3 Theoretical frameworks & Numerical Techniques

The operator Oq: = 1/ VLY ; ¢4 Q; ; captures the intermediate-state evolution in the RIXS

Process:

1
O,e=D ,——— D
s j7EFwin _ 7_[ +7/F 75 1

(3.2)
Note: Equation (3.1) follows from second-order time-dependent perturbation theory in the light—
matter interaction. At resonance, the intermediate-state energy denominator becomes small, mak-
ing the second-order term dominant and gives rise to the Kramers—Heisenberg scattering ampli-
tude. Here we consider a system with L lattice sites, where the polarization-dependent dipole
transition operators for the incoming (¢/) and outgoing (¢/") photons are defined as
Dierir =308 (Aff” P;aadja + h.c.) , where pj,, and d;, annihilate a hole in the 2p and 3d
shells, respectively, with spin 0. The coefficients Aff/ " are dipole matrix elements between the 2p,,
and 3d,2_, orbitals: AS"" = (dyo_y2.4 | €¥/1 - 7| pao). The parameter I' denotes the inverse core-
hole lifetime. At the Cu L-edge, the RIXS process involves the sequence: 3d*12p° — 3d*°2p! —
3d*12p°, where 3d* denotes a hole in the single-band notation [77].

We employ the single-band Hubbard model, which captures the essential low-energy physics of
correlated materials—particularly relevant for charge and spin excitations in cuprates, as discussed
in Chapter | probed by RIXS. While directly applicable to cuprates, these results can be generalized

to other multi-orbital correlated systems. The Hamiltonian is defined on a two-dimensional square

lattice as H = H + H,., with

H=—tY ddiy—t Y didip+UY ning, (3.3)
(i) (@) i
HC = (ed - 6p) Z nfaa + UC Z n;ion?oza’ + A Z p;faa ng/’ Dia/o’ - (34)
i,a,0 i,a,0,07 i,a,a 0,07

Here, ¢ (t') denotes the nearest- (next-nearest-) neighbor hopping, and U is the on-site Hubbard
repulsion. The operator d' in the single-band model creates a 3d* hole, distinct from the physical
Cu 3d,2_,2 hole in the multiband model [49, 51, 165, 50, 40]. In H., the first term accounts for
the energy difference (¢? — €”) between 3d and 2p shells, the second term represents the core-

hole potential U.., and the third term describes the 2p spin-orbit coupling A\. The spin-orbit matrix
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99 = (Do |18 | parer ), with 1 - s being the spin-orbit coupling operator.

aa! —

elements are defined as y

3.1.1 Ultra-short core-hole lifetime expansion of Kramers-Heisenberg for-
malism

The ultra-short core-hole lifetime (UCL) approximation is a powerful simplification for the RIXS
cross-section, valid when the intermediate core-hole state has a very short lifetime (on the order of
a few femtoseconds), which implies a large inverse lifetime broadening parameter I (much larger
than the relevant energy scales of the intermediate-state Hamiltonian). Within the fast-collision
approximation, this means that the dynamics of the valence electrons during the intermediate state
are effectively “frozen,” as the system does not have sufficient time to evolve before the core hole
decays. As aresult, one can integrate out the intermediate state—that is, formally eliminate the ex-
plicit dependence on the short-lived core-hole degrees of freedom—thereby reducing the problem
to an effective scattering operator that acts only within the valence subspace. When the incident
photon energy wj, is tuned to resonance with the Cu L-edge, the RIXS intensity can be written in

the form [82]:

1 . 2
Ie(qu w) = |Me|2 Z ﬁ Z et <f|Din,j ODout,j|g> 6(Ef - Eg - w)a (35)
f j
where
o1 (3.6)
 —H 4T '

Here, M. is the polarization-dependent atomic form factor (See appendix A.1.4), which incorpo-
rates the effect of incoming and outgoing photon polarizations, and H is the valence-band Hamil-
tonian. The states |¢) and | f) denote the ground state and excited states of H, with corresponding
energies F,; and Fy.

The operators Dimj and Dout,j are the residual parts of the original dipole operators after con-
tributions absorbed into M.. Their explicit form depends on the scattering channel under consid-

eration (See Appendix A.1.3). In particular, for the non—spin-conserving (NSC) channel, it has
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been shown [82] that Din,j reduces to the identity operator, while Dout,j corresponds to the spin-flip
operator S7.
A further simplification is provided by the ultra-short core-hole lifetime (UCL) approximation,

in which O is expanded in powers of H over il":

o= 67

The UCL expansion is valid when the relevant eigenenergy scale of intermediate state Hamilto-
nian is much much smaller than I" ( for example 4¢/I" < 1, a condition satisfied for cuprates at
the Cu L-edge [95, 82, 125]). Physically, the UCL approach captures the hierarchy of many-body
excitations that emerge from successive commutations of the valence Hamiltonian with local op-
erators, providing a systematic route to evaluate single- and multi-spin contributions to the RIXS
cross-section. A comprehensive derivation of the UCL expansion, including correlation terms of

various orders for different model Hamiltonians, is presented in Appendix A.1.

3.2 Exact RIXS vs UCL Expansion

In this section, we test the accuracy of the UCL expansion using a simple two-site model. The
analysis and results presented here are reproduced from our recent work [137]. We first calculate
the exact Kramers-Heisenberg RIXS cross-section for the SC channel (for simplicity), and then
compare it with the result from the UCL expansion.

Model and Parameters: We use a two-site system with valence and core levels representing
d and p orbitals, respectively [137]. The ground state (|g)) has fully occupied core (p) levels and
half-filled valence (d) levels, with the total spin projection S5 = 0 as illustrated in Fig. 3.1(a). The
model includes the charge-transfer energy (e; — €,), energy needed to excite an electron from p to
d), the interaction between core and valence electrons (U.), and the Hubbard interaction (U/) on the
valence sites. We have followed the Hamiltonian in 3.4 simplifying it to two site and neglecting

the spin-orbit coupling in the p-orbitals, which is only relevant for the non-spin-conserving (NSC)
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Figure 3.1: Panel (a) depicts the spin-conserving RIXS mechanism in a two-site, two-orbital model,
showing the initial, intermediate, and final electronic configurations [137]. The core level, repre-
sented as a deep p-orbital, is fully occupied before and after the process, while the intermediate
state features a core hole created by X-ray absorption. Panels (b) and (d) display the exact RIXS
spectra from the lower Hubbard band (LHB) for core-valence interaction strengths U. = 5¢ and
U. = 2.5t, respectively, as calculated using Eq. 3.1 and 3.2. Panels (c) and (e) present the cor-
responding spectra from the upper Hubbard band (UHB). Panels (f) and (g) show the low-energy
RIXS spectra obtained via the UCL approximation for U, = 5t and U, = 2.5¢. All calculations use
a fixed inverse core hole lifetime of I' = 5¢.

channel. The Hamiltonian is given by:

:—tZdlgdgg—i—hc JFUanTnli an+U > ngnt, (3.8)

ioo’!

Here, ¢ is the hopping amplitude for valence electrons, and n¢, and n? are the number operators for
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valence and core electrons, respectively. Here we are focusing on the SC channel for demonstration
purpose.

An incident X-ray photon excites a core electron into the d-level. The system then evolves in
the excited state, and finally, the core hole is refilled, emitting a RIXS photon. This process is
depicted in Fig. 3.1(a). The final state | f) features a double spin-flip, ensuring S7 is conserved, as
expected for the SC channel.

For our calculations, we set U = 8t and consider two values for U,.: 2.5t and 5¢. The choice of
large U reflects the Heisenberg physics in the lower Hubbard band, and U, ~ 2U /3 is typical for
cuprates [82, 137]. The charge-transfer energy (e, — €,) is set to a large value, 1000¢. To satisty
the RIXS resonance condition, the incoming X-ray energy w;, is chosen equal to ¢; — €,, which
excites a core electron to the d-level at the same site (with 2 = 1). We also set the core-hole lifetime
broadening I' = 5¢, which is much larger than |4¢* /U (= 0.5).

Exact RIXS cross-section:— To calculate the exact RIXS results, we use Eq. 3.1 and insert a
complete set of eigenstates {|n)} = |n) ' ®[0).., ® [2p°) of H, where the system contains a core-
hole (|2p°)) and the d-level is occupied by three electrons (|n)+'). Figure 3.1(a) (middle panel)
illustrates how the system evolves when the core-hole is present. Panels (b)-(c) and (d)-(e) display
the exact RIXS excitations for U, = 2.5t and U. = 5t, respectively, with I' = 5¢. Two distinct
features are observed: for U, = 2.5¢, the low- and high-energy features appear in panels (b) and
(c); for U, = 5t, they are shown in panels (d) and (e). The exact RIXS results reveal both the lower
(LHB) and upper (UHB) Hubbard sub-bands, which are separated by U [137]. Within the LHB,
two features separated by approximately |4t2/U| = 0.5 are visible. The LHB consists of singly
occupied sites, and these two levels correspond to singlet and triplet excitations with zero S7 in the
Heisenberg model, which emerges in the large U limit of the half-filled Hubbard model.

The main influence of U, arises in the intermediate state, where at least one d-site becomes
doubly occupied. The effects of U and U, appear as small high-energy features separated by U, as

shown in Fig. 3.1(c) and (e) for the two U, values. The value of U, mainly modifies these high-
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energy features. We have verified that the LHB contribution remains largely unchanged even when
'=1¢[137]

UCL-expansion results:— We now compare these findings with those from the UCL expansion
applied to the same model. For the SC channel, we present the [ = 1 order results, since the [ = 0
term mainly affects charge fluctuations, which are strongly suppressed at large U and half-filling, as
previously noted [82]. Figures 3.1 (f) and (g) display the low-energy UCL RIXS spectra for U, = 5t
and U, = 2.5t, respectively. We observe that the pattern and positions of the low-energy excitations
are unchanged compared to the exact low-energy RIXS results. However, the overall intensity is
noticeably lower. A direct comparison between panels (b) and (f), and between (d) and (g), shows
that while the energy positions of the low-energy excitations are identical, the overall intensity in
the UCL spectra is much lower than in the exact results. This discrepancy arises because the exact
RIXS spectra include both the elastic peak and background contributions [82], whereas the UCL
results contain only inelastic features and are truncated at first order, neglecting higher-order terms.
This indicates that varying U and U, does not significantly affect the results for parameter values
relevant to cuprates. These conclusions, drawn from a simple two-site model, are consistent with

previous reports in the literature [82].Hence, we use the UCL based approach in this thesis.

3.3 Numerical methods

So far, we have established that RIXS is a powerful tool for probing quantum correlations in quan-
tum materials. The UCL expansion offers an effective approach for calculating RIXS spectra and
can be explored using simple model calculations. However, despite its simplicity, the UCL ex-
pansion does not always yield analytical solutions for RIXS spectra for thermodynamically large
systems, especially in complex materials, except in certain exactly solvable cases. Due to the ex-
ponential increase in Hilbert space with system size, numerical methods become indispensable for
computing RIXS spectra in realistic materials. In this section, we review the numerical methods

utilized in this thesis to compute RIXS spectra for realistic strongly correlated systems.
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Figure 3.2: Exponential growth of the maximum Hilbert-space dimension and the corresponding
RAM requirement for spinless fermions at half filling.

3.3.1 Exact Diagonalization

Exact diagonalization (ED) is a powerful numerical technique for solving quantum many-body
systems by directly diagonalizing the Hamiltonian matrix in a chosen basis. A key advantage is
that ED provides exact results, making it ideal for benchmarking. However, the Hilbert space di-
mension grows exponentially with system size, restricting calculations to << 18 sites for spinless
fermions, < 16 sites for spin-% Heisenberg systems, and < 12 sites for spinfull fermions. As de-
picted in Fig. 3.2, the exponential growth of Hilbert-space dimension and corresponding memory
requirement rapidly limits the accessible system size in exact diagonalization studies, as exempli-
fied by spinless fermions at half filling. This limits applicability to small systems but allows direct
computation of quantities such as Eq. 3.5, yielding the full RIXS spectrum with no approximations.
For the t-J and Heisenberg models, ED enables the calculation of RIXS spectra by evaluating dy-
namical correlation functions, as implemented in [124]. The method employs high-performance

linear algebra routines from LAPACK and Intel’s MKL library to efficiently compute eigenvalues,

72



3 Theoretical frameworks & Numerical Techniques

eigenvectors, and spectral functions.

3.3.2 Lanczos Method and RIXS Calculations

The Lanczos method [98, 131] is a powerful iterative algorithm for extracting extremal eigenvalues
and eigenvectors of large sparse matrices, such as the Hamiltonians describing strongly correlated
electron systems. Although primarily suited for ground-state calculations, the Lanczos method can
be extended to evaluate excitation [40] spectra relevant to RIXS. However, numerical artifacts such
as ghost states and loss of orthogonality demand careful control to obtain physically meaningful
results. Starting from a normalized initial vector |¢g), typically chosen to have nonzero overlap
with the ground state |1)y), the method generates an orthogonal basis in which the Hamiltonian

becomes tridiagonal:

|Gnr1) = H|pp) — an|dn) — b2 dn1), (3.9)
with coefficients
(Dl H|dn) 5 (Pnldn)
a, = ——1—-, b, =—""7"7—"7, (3.10)
<¢n’¢n> <¢n71|¢n71>
and by = 0, |¢_1) = 0. The resulting tridiagonal matrix
ao b1 0
bl aq b2 .
H= (3.11)
0 b2 (05}

can be diagonalized efficiently, with convergence of low-energy states typically reached within

O(100) steps.
Application to RIXS
For RIXS, the key quantity is the dynamical correlation function

) = == Im | 4|O°

1 ~
~0 , 3.12
w+ Ey+ie— H Vo) ( )
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where O is the effective scattering operator, £ is the ground-state energy, and € a small broadening

factor. The Lanczos procedure is initialized with

| o) = Ol (3.13)

(10| OTOlwio)

and iterated to obtain a continued-fraction representation of the Green’s function:

H) — L | (00lOOo) 1)

T b ’
2= — — 7

S s
with 2 = w + Ej + ie. This approach yields excitation energies and spectral weights with high
accuracy, making it an essential tool for benchmarking approximate methods and interpreting RIXS

spectra in low-dimensional quantum systems.

3.3.3 DMRG and MPS-based Time Evolution

The density matrix renormalization group (DMRG) [175, 176] is one of the most powerful nu-
merical techniques for studying strongly correlated one-dimensional (and quasi-one-dimensional)
quantum systems. In modern formulations, DMRG is naturally expressed in the language of matrix
product states (MPS) and matrix product operators (MPO). This representation not only enables ef-
ficient ground-state search but also facilitates time evolution of quantum states using algorithms

such as the time-evolving block decimation (TEBD) [168, 169, 167].
Matrix Product State Representation:

A generic quantum state of a chain of L sites can be written as

) = Y oo o) @ @ o), (3.15)

01,-,0L
where o, labels the local basis at site 7. In the MPS representation, the coefficients are factorized

into products of low-rank tensors:

Corooy = Al ARl glLlor (3.16)
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where Al is a matrix (or vector at the boundaries) of dimension y;_; x y;. Here, Y; is the bond
dimension controlling the accuracy of the approximation.

A simple tensor diagram for an open-boundary MPS is shown in Fig. 3.3.

[A|[”]—[A|P]J ) [Arl]

01 02 oL

Figure 3.3: Tensor diagram of an open-boundary MPS. Horizontal legs represent virtual bonds of
dimension Y;; vertical legs represent physical indices o;.

Ground-State Search via DMRG

DMRG works by variationally minimizing the expectation value of the Hamiltonian

o (lH) 51)

(Y1)

with respect to the tensors Al in the MPS representation. This is done by sweeping back and forth
along the chain, optimizing one (or two) sites at a time while keeping the rest fixed. The key step
is truncation: the reduced density matrix of a bipartition is diagonalized, and only the y largest
Schmidt values are kept. This ensures an optimal low-rank approximation in the least-squares

sense.
Time Evolution with TEBD

The TEBD algorithm implements real or imaginary time evolution of an MPS under a nearest-

neighbor Hamiltonian /. We start from the time-dependent Schrodinger equation:

|t + 6t)) = e (1)), (3.18)

If H is a sum of nearest-neighbor terms,

H=> hjj, (3.19)
J
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the exponential can be approximated using a second-order Suzuki—Trotter decomposition:
e*iH(st ~ (H eihj,j+15t/2) <H eihj’j+16t> <H eihj’j+16t/2> + O(5t3) (3.20)
jodd jeven jodd
Each local evolution operator U; ;11 = e~ ".i+19 acts on a pair of neighboring sites and can
be applied directly to the corresponding MPS tensors. After applying U; ;1, the updated two-site

tensor is decomposed back into MPS form via a singular value decomposition (SVD): The bond

dimension is truncated back to xm.x by discarding small singular values, controlling computational

cost while maintaining accuracy.

3.3.4 Calculation of dynamical correlation

To calculculate dynamical correlation functions, we can use the MPS representation of the ground
state calulated using DMRG and apply the time evolution operator to obtain the time-dependent

state using TEBD algorithm. A minimal TEBD code requires:
1. Initializing the state as an MPS (ground state from DMRG or a product state).
2. Precomputing the two-site gates U ;1.
3. Applying gates in the odd-even sequence of the Trotter decomposition.
4. Performing SVD-based truncation after each gate application.
5. Repeating the process for the desired number of time steps.

The choice of 6t and xn.x controls the trade-off between accuracy and computational cost. For

real-time dynamics, unitarity is preserved up to Trotter errors; for imaginary-time evolution (6t —
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—i07), the algorithm projects onto the ground state. Then we can calculate the dynamical correla-

tion function in the frequency domain using the Fourier transform.
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Chapter 4

Multi-Magnon Excitations in RIXS of 2-D An-
tiferromagnets

Chapters 2 and 3 provided a detailed overview of RIXS for investigating magnetic excitations in
strongly correlated materials. In this chapter, we focus on the Heisenberg model with both nearest-
and next-nearest-neighbor hopping, which is relevant for describing magnetic excitations in the
cuprate family (see Sec. 1.1 in Chapter 1). The RIXS cross-section is evaluated within the frame-
work of the ultra-short core-hole lifetime (UCL) expansion of the Kramers—Heisenberg scattering
amplitude (Sec. 3.1.1, chapter 3), using linear spin wave theory (LSWT) and exact diagonaliza-
tion. This chapter covers the results in Ref. [125], consider both spin-conserving (SC) and non-
conserving channels (NSC). In addition to the well-studied single- and bi-magnon excitations (See
sec. 2.5.3 in chapter 2), we show that three-magnon processes in the NSC channel play a key role
in explaining certain features of RIXS spectra in undoped two-dimensional cuprates [125]. This
analysis places constraints on the dispersion of three-magnon modes across the Brillouin zone and

opens up new directions for probing higher-order quasiparticle excitations with RIXS.

4.1 Introduction

From the discussions in the previous chapters, it is evident that a thorough understanding of quasi-
particle excitations is crucial for unraveling the complex behavior of strongly correlated systems
such as cuprates and nickelates. Among these materials, high-7}. cuprates have attracted the most
attention in condensed matter physics due to their intriguing properties. From the details discussion
on high-T, cuprate in chapter 1, it is clear that even after decades of research, the microscopic pair-

ing mechanism of high-7, superconductivity is still elusive. Among the various proposed mech-

78



4 Multi-Magnon Excitations in RIXS of 2-D Antiferromagnets

LCOO01 IIO

E 400
EB 5
E 200

0 == 0

-04 -02 O 02 04
hin (h, 0) (r.l.u.)

Figure 4.1: RIXS intensity maps for La;CuQOy at the Cu L3 edge [139]. The white arrow indicates
the weakly dispersing broad unknown feature.

anisms, spin fluctuations arising from the antiferromagnetic correlations of the undoped parent
compounds are the most promising candidates [ 143, 40].Traditionally, inelastic neutron scattering
(INS) has been the primary technique for investigating spin dynamics. More recently, RIXS has
emerged as a powerful complementary method, providing access to high-energy magnetic excita-
tions [57, 9]. Notably, Cu L-edge RIXS experiments have detected both single- and multi-magnon
excitations [7, 145, 96], establishing RIXS as an essential tool for probing collective spin phenom-
ena beyond the capabilities of conventional INS.

The NSC channel of RIXS has traditionally been viewed as analogous to INS, capturing primar-
ily single-magnon excitations. However, recent Cu L-edge RIXS measurements on the 2D cuprate
La,CuO,4 [139] reveal a weakly dispersive, broad high-energy (~350 meV) feature as shown in
Fig. 4.1 that cannot be explained by either single [7]- or bimagnon [55] excitations, indicating the
presence of unconventional or higher-order spin excitations beyond the standard magnon frame-
work. The INS community has likewise observed higher-order excitations, including four-spinon
continua in 1D cuprates [118, 97], multi-triplon states in spin ladders [122, 177], and fraction-

alized magnons in 2D cuprates [41]. These findings provide strong motivation for refining the
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theoretical framework of RIXS, particularly for understanding multi-magnon contributions in 2D
cuprates [105, 129, 72, 139, 111, 21].

For example, studies of apical oxygen effects have linked high-energy features near (7, 0) in
RIXS spectra to magnetic excitations [111], echoing earlier INS interpretations that attributed sim-
ilar features to magnon-magnon interactions [41]. These complexities underscore the need for
robust theoretical approaches to interpret emergent RIXS spectra. Inspired by recent progress in
identifying correlation functions corresponding to higher-order terms in the UCL expansion for 1D
systems [95], here we extend this analysis to the 2D Heisenberg antiferromagnet, relevant for both
cuprates [139] and IL nickelates [104].

In this chapter, we explore distinct magnetic excitations in the SC and NSC channels of the
RIXS cross-section by employing standard linear spin-wave theory (LSWT) on the 2D antifer-
romagnetic Heisenberg model. In particular, we show that the weakly dispersive multi-magnon
feature (Fig. 4.1) observed in La;CuQOy [139] can be qualitatively interpreted as a three-magnon
excitation. We further support the LSWT-based interpretation with exact diagonalization results,
thereby providing a more comprehensive picture of higher-order magnetic excitations in 2D quan-
tum magnets.

This chapter is organized as follows. In Sec. 4.2, we introduce the spin Hamiltonian for 2D
Heisenberg antiferromagnets and describe its mapping to magnon degrees of freedom. We also de-
fine the response functions corresponding to higher-order terms in the UCL expansion of the RIXS
cross-section. In Sec. 4.4, we present and analyze the SC and NSC channel results, comparing
LSWT predictions with exact diagonalization in the NSC channel. Finally, in Sec. 4.5, we summa-
rize our findings and discuss their implications in light of recent Cu L-edge RIXS experiments on

2D cuprates.
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4.2 Model and Method

The two-dimensional (2D) antiferromagnets realized in 2D cuprates consist of the CuO, plaquettes
(see Sec. 1.1 in Chapter 1). The corresponding one-band Hubbard model can be mapped to the
spin half Heisenberg model (see Sec. 1.1.3 in Chapter 1) and can very well capture the low energy
spin dynamics realized in materials [94, 120, 103, 107]. We, therefore, here, start with the 2D spin
model on a square lattice given by

H=J) S-S;+2» S8, 4.1)

(ig) ((ig))

Here, (---) and ((-- - )) indicate the sum over nearest neighbors (NN) and next-nearest neighbors
(NNN) sites, respectively. J; and J; are the superexchange couplings between NN and NNN sites.
S, is the spin at site-: The values of the exchange couplings vary across different 2D cuprates due to
structural details and Cu-O-Cu bond angles discussed in chapter 1. Typically, for La,CuO, (LCO)
the J; lies in the range of 138-148 meV and J, ~ 2-10 meV [55, 35]. For YBa,Cu;04 (YBCO)
Ji1 ~ 93-108 meV and J, ~ —4.7 meV [173].

4.2.1 Linear Spin Wave Theory for f:

In our analysis, we choose the z-axis as the quantization axis for the antiferromagnet (AFM) and
describe the system on a bipartite lattice composed of two sublattices, A and B. We primarily con-
sider nearest-neighbor (NN) AFM exchange interactions. Although next-nearest-neighbor (NNN)
AFM exchange is well established in the cuprate family, we also include ferromagnetic (FM) NNN
exchange interactions in our study for completeness from a theoretical perspective. To describe the
low-energy excitations, we map the spin Hamiltonian onto magnons within the framework of linear
spin-wave theory (LSWT), employing the standard bipartite lattice representation with sublattices

A and B. In the AFM ground state, the Hamiltonian can then be expressed in terms of bosonic
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operators through the Holstein—Primakoff (HP) transformation, introduced as follows:

For sub lattice A =

For sub lattice B =

_
= V/28Sa]

1 —

— Il
\Sf = S—aiaZ

T,
= V25biy/1 - U2
blb;

S =25

(57 = —S +blb;

aal

aa,

28

(4.2)

(4.3)

To diagonalize the Hamiltonian Hin Eq: 4.1, we introduce the Bogoliubov transformation in

reciprocal space defined as:

ak Uk Uk ak
= (4.4)
ﬁT_k V_x U—x bT_k
where,
N
SN2 T — I T (Y
1
v = sign(JEAP)y Jup — 3 (4.5)
JAB = Ji(cos(kya) + cos(kya))
JM = JA4 = 27, (cos(k,a) cos(kya)) (4.6)
Here a is the lattice constant.
Hence,
H= Z ex(ofax + Bl Bx) + const 4.7)
K
= 251/ (B — T3 4 JpA)2 — (JAE)? (4.8)

Here we use S = 1/2 as 2D cuprates are known to host spin-1/2 2D Heisenberg model.
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4.3 The RIXS intensity

The RIXS cross-section can be expressed within the Kramers—Heisenberg (KH) formalism in the

simplified form (Eq. 3.5):

~ ~ o~ 2
<f|Din,j ODout,j|g> 5(Ef - Eg - w)v (49)

1 o
I(q,w) = |M.|? — '
@0 = IMP Y Y
as outlined earlier in Sec. 3.1 of Chapter 3.

where
1

o1
—H +1

(4.10)

where H represents the valence-band Hamiltonian, and I' is the inverse of the core-hole life-
time. The factor M. denotes the polarization-dependent atomic form factor, which incorporates
the effects of both incoming and outgoing photon polarizations. The operators f)in, ; and Dout, ; cor-
respond to the residual dipole operators after absorbing contributions into M., with their explicit
form depending on the particular scattering channel considered (see Sec. 3.1 of Chapter 3).

As discussed in Sec. 3.1.1 of Chapter 3, we adopt the ultra-short core-hole lifetime (UCL)
approximation, which introduces the broadening factor I'. Within this framework, a perturbative
expansion in J/T" yields two distinct contributions to the RIXS intensity: the non-spin-conserving
(NSC, AS = 1) channel and the spin-conserving (SC, AS = 0) channel (see Appendix A.2).
Throughout this work we set o = 1. The total RIXS intensity can then be written as Igxs o<
> SN5C(quw) + Y, 57€(q, w), where @ = Koy — Kin is the momentum transfer to the lattice. The
proportionality constant depends on polarization-dependent matrix elements M. (see Ref. [7]).

In Appendix A.2, we provide explicit derivations of the UCL expansion for both channels.

Below, we summarize the relevant response functions that we use in our analysis.
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Non-spin-conserving channel

The RIXS intensity in the NSC channel can be written as a series expansion in powers of 1/I", with

the /™ order contribution given by

2
1

1 )
SN(,w) = i 2 |l D e ONlg)
) +2 ?
r 7 VN -
xé(Ef—Eg—w),
where N is the total number of lattice sites. From Eq. A.43 in Appendix A.2, the operators are

explicitly:
« O)5¢ =57 forl =0,
« O} =22,Ji;SFSi - S; forl = 1, where i is the site where the core-hole is created,
C ONSC = S0, i Tk SE(Si - 85)(S; - Sy) for l = 2.

Later in this work, we provide pictorial representations of the bond summations appearing in Oglsc

and ONC.

Spin-conserving channel
Similarly, the I" order contribution in the SC channel is given by
1 (1
570 = s 2| Ul 7 X el

6(Ef_Eg_w)7

with operators (see Eq. A.44 in Appendix A.2):
« O3 = ni,
. Of’(f > JiiSi+ S,
© O35 =325 Jij Jin(Si - 8;)(Si - Sg).
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It should be noted that the zeroth-order term (I = 0) does not generate magnetic excitations and
contributes only to the elastic part of the RIXS cross-section.

In this treatment, our focus is exclusively on the many-body contributions to the RIXS cross-
section. Although atomic form factors also influence experimental spectra, our primary objective

is to isolate and analyze the many-body excitation structure revealed by RIXS.

4.4 Results and Discussions

As mentioned above we study the spin Hamiltonian defined in Eq. 4.1 within the framework of
linear spin wave theory (LSWT). In the previous section we analyzed the RIXS intensity under the
UCL approximation of the KH formalism, where we showed that the spectra can be expressed in
terms of correlation functions in both spin-conserving (SC) and non-spin-conserving (NSC) chan-
nels. Throughout this work, we restrict ourselves to terms up to second order in the UCL expansion.

Our analysis is performed in the regime |.J,| < J;. Here, a positive (negative) J> tends to
destabilize (stabilize) the J, = 0 antiferromagnetic (AFM) ground state.

For clarity, Fig. 4.2(a) shows the Brillouin zone (BZ) and the momentum path considered in
this study. Unless otherwise stated, we present our results along the standard high-symmetry path
['0,0) - X(m,0) — M(m,m) — ['(0,0).

Since higher-order corrections in the NSC channel are relatively less explored, we begin our
discussion with this channel. Afterwards, we turn to the SC channel and extend the analysis to

include long-range contributions to the correlation functions.

4.4.1 Non spin conserving channel

In this section, we present results till the second-order correction in the UCL approximations dis-
cussed in Appendix A.2. One defining feature of the NSC channel is the presence of an odd number

of spin flips. This arises due to the additional spin-flip induced by the strong spin—orbit coupling
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Figure 4.2: Panel (a) displays the magnetic Brillouin zone boundary (dashed lines). Panel (b)
presents the magnon dispersion (dashed line) together with the momentum dependence of the one-
magnon RIXS intensity (solid lines) for the two-dimensional extended Heisenberg model. The
momentum path follows the arrows indicated in panel (a) [125]

of the intermediate core-hole orbital (see Sec.2.5.1 in Chap.3). For this reason, the NSC channel is

typically absent at the K-edge.
Zeroth order

At zeroth order in the UCL expansion, the NSC channel produces a single spin flip through the

core-hole orbital. The corresponding scattering operator is given by
O35 = Z i ST, (4.11)

Where we have chosen the spin-flip direction along the x-axis within the lattice plane. This choice
is necessary because the bipartite AFM ground state fixes the quantization axis (under LSWT). If
a rotationally invariant ground state were possible, one could equivalently select any spin compo-

nent [95]. In LSWT, this operator maps onto the AFM magnon basis as
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2SN
Oqo ~ 5 (g = vq) (g + fg + al g+ 5, (4.12)

which shows that the operator can create a magnon from the vacuum, giving rise to single-
magnon scattering.

The calculated zeroth-order spectrum is shown in Fig. 4.2(b) for the 2D AFM lattice with
nearest-neighbor (NN) and next-nearest-neighbor (NNN) couplings. This spectrum is equivalent
to the dynamical spin structure factor S(q,w), which is measurable in inelastic neutron scatter-
ing (INS) and supports the experimental findings reported in Ref. [26]. The magnon dispersion
obtained within LSWT is plotted alongside the integrated intensity.

We observe that negative .J; leads to a hardening of the magnon dispersion, most prominently
at (m,0) and, to a lesser degree, at (7/2,7/2). In contrast, positive .J, softens the spectrum. These
modifications are also reflected in the redistribution of spectral weight: for J; < 0, the intensity
sharpens around (7, 7), whereas for .J, > 0 the AFM order is weakened. The hardening observed
for J, < 0 is consistent with earlier reports [7]. Furthermore, studies exploring how varying .J,/.J;

modifies RIXS features in 2D cuprates [129] align with our findings.
Higher-order terms in the NSC channel

At higher orders, the NSC channel involves an odd number of spin flips through combinations
of single- and double-spin-flip processes. This allows both one- and multi-magnon excitations
to appear simultaneously. Schematics of these first and second-order contributions are shown in
Fig. 4.3(a) and (b) respectively.

Since The first and second-order terms are governed by the three-magnon density of states
(DOS), Azpr(w) = > o Arm(w — W' — W) Aipr (W) Arar(w”). Were Ajyr(w) = 32, 6(w — ex)
is the one-magnon DOS, and the dispersion ¢y is given in Eq. 4.8.

Figures 4.3(c)—(e) display the three-magnon DOS for J, = —0.1,0.0, and 0.1. For negative .Js,

both the energy and spectral weight of the DOS shift to higher values (hardening), while positive
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Figure 4.3: Resonant inelastic x-ray scattering (RIXS) spectra in the non-spin-conserving (NSC)
channel [125].Panels (a) and (b) illustrate schematic representations of the first- and second-order
contributions to the NSC RIXS spectra, corresponding to Eq. 4.13 and Eq. 4.20, respectively.The
three-magnon density of states (DOS) for the extended Heisenberg antiferromagnet is shown in (c)
Jo = —0.1J1, (d) J, = 0, and (e) Jo = 0.1J;. Panels (f)—(h) display the first-order RIXS spectra
of UCL expansion for the same set of parameters, while (i)—(k) present the corresponding second-
order spectra of UCL expansion. The color scale is constructed using a piecewise definition with
threshold Uj (indicated by the black marker on the color bar):for intensities below Uy a linear scale
is applied, while values above U are shown on a logarithmic scale, S(q,w) = Uy +1In10[S(q, w)] —
Inyo(Uy). Here, f(q,w) represents the three-magnon DOS in panels (c)—(e) and the RIXS intensity
in panels (f)—(k).

Jo causes softening. Notably, the three-magnon DOS shows only weak momentum dependence
compared to single-magnon cases.
First order:-— At first order in the UCL expansion, the correction appears with a prefactor of

O(J?/T'*), where J is the characteristic magnetic exchange scale (J;) (see Appendix A.43). The
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scattering operator reads

ONSC =) €T, ;SE(S; - S)). (4.13)
1,3
with ¢, j denoting NN and NNN sites. This operator describes a single spin flip accompanied

by double spin flips, schematically shown in Fig. 4.3(a).
Keeping only the linear terms in LSWT, the operator 4.13 can be mapped to bipartite bosons
as

STS;-S; ~ V2S (al +a;) (—52 + S (a;b; + albl + ala; + b}bj)) : (4.14)

We can express the operator as

O ONTE NS (4.15)

The first contribution, O(Iﬁ,c, contains only a single bosonic operator and can therefore be directly

mapped onto a single-magnon excitation. In contrast, the second contribution, OI;?S, involves three

bosonic operators and corresponds to a three-magnon excitation, explicitly given by

53/2

Ogﬁg - V2N Z[fo(k:pa q)O‘T—pﬁT—kalT(—i-p—i-q +filk,p, q)ﬁipﬂikahpﬂ]
k,p

where

f0<k7p7 q) = _{((JAB + JNNN)UP - ((J(I)LXB + Jlﬁ\,fp]?aN)Up)ukUk+P+q

p+q k.p.q
+ ((J(?B + Jlﬁ\,[p]}i]N)uP - (Jffil + Jlﬁ\,[;f,\ilNWp)UkukerJrq} (4.16)

AB AB AB AB
+ (Jk+p+qup — Ji 7 Up) Vs prqUk + (i T up — Jk+p+qUP)uk+P+quk

1k, q) = —{((J5" + T up = (T 4 T o)t p g

+ (<‘]1;4£1 + JSP%N Jup — (Jé“B + JSP%N )Up ) UkUk-+p+q }

+ (it Pup — Jl?ﬁqup)”kﬂﬂ”k + (Jl?gwq“p — JiPop )ty p i (4.17)

NNN _ JAA AA _ JAA _ 7AA
and Ji'p0" = Jifprq T Jk Jg Joiq
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The resulting spectra for J, = —0.1,0.0, and 0.1 are shown in Figs. 4.3(f)—(h). The response
contains both weak one-magnon signatures and more prominent three-magnon features. For J, =
0, the three-magnon spectrum exhibits three characteristic bands: [1] a dispersing band up to 4.J;
with a width of ~ 4., [2] a nearly flat band around 4.J;, [3] a higher-energy dispersive band
reaching ~ 5.J;.

When J; is finite, these features shift: for J, < 0, they harden, while for J; > 0, they soften,
consistent with the trends observed in the one-magnon sector shown in Fig. 4.3(f) and (h).

Second Order.— The second-order term contributes at O(J*/I'%) and involves one spin flip
combined with the product of two double spin flips: .

ONC = 9T TS (S - 85)(Si - Sk)- (4.18)
(i.5,k)

Using spin algebra [55, 95], the double-spin terms can be reduced to
1, 1
Jii ik (Si-S;)(Si - Si) =~ _§Ji,j(si -S;) + Z—lJi,jJi,k(Sj - Sk) (4.19)

The four-spin term can be effectively decomposed into two contributions: one involving nearest-
neighbor (NN) interactions and the other describing longer-range processes. The first contribution
involves spin operators with indices ¢ and 7 running over NN sites. Since this part has the same
mathematical structure as the first-order operator (differing only by a prefactor), it does not intro-
duce any new physical features. For this reason, our analysis focuses on the second contribution of
Eq. 4.19.

This second term describes long-range double spin-flip processes, where the indices 7 and &
correspond to NN sites of the core-hole site 7. A schematic representation of these processes is
shown in Fig. 4.3(b).

The new correlation arising at this order is therefore given by

O3 =Y "5 Ji ST (S; - Si) (4.20)

1,5,k
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As discussed for the first order, the HP transformation for this also yields two terms
STS;-S; ~ V2S (al +a;) (—52 + S (a;b; + albl + ala; + b}ly)) (4.21)

Again, the operator can be rewritten as; Ogg,c = 01;3?’1 + 0{;292. The first term, Of:z,c’l, turns
out to contribute to only a single spin-flip excitations akin to zeroth order. The second term has a
distinct form and can contribute to multi-particle excitations. After the Bogoliubov transformation,

the second term is given by

3/2
NSC2 . S3

1P T
NI %’: S (K, P, @)[(Up iy q—pUk — UpUkq—plic) Oy qp Bl

+ (Upvk—s—q—puk - upuk—kq—pvk)ﬁgalqufpﬁik] (4.22)

where f(K, p,q) = (J1)*[—6{cos(¢: — pz) + cos(q, — p,)} + 2{cos(2k, + ¢ — p)

+ cos(2k, + ¢, — py)} + 4{cos(k,) cos(kz + g — pz) + cos(k;) cos(k, + q, — py)}]

We have thus mapped this higher-order term to three-magnon excitations in the antiferromag-
netic lattice. While the structure is similar to the first-order contribution, it takes a distinct form.

In Fig. 4.3, panels (i)—(k) display the corresponding three-magnon response function obtained
from Eq. 4.20. The three-magnon spectral weight exhibits a pronounced peak near w = 4.J; at
q = 0 for J, = 0, and this feature remains finite across the entire Brillouin zone. A clear signature
of the single-magnon excitation is visible as a sharp dispersing band in panel (i), whose bandwidth
agrees well with the single-magnon spectrum shown in Fig. 4.2(b). However, its overall intensity
is strongly suppressed, and at q = 0 this contribution vanishes due to the absence of one-magnon
density of states. Similar spectral features are observed in panels (j) and (k) of Fig. 4.3.

The broad, continuum-like feature spanning the Brillouin zone in panels (i)—(k) originates from
the operator O2, which does not commute with the unperturbed Hamiltonian H for any q.

As in the first-order case, the inclusion of finite ./, modifies the spectrum. Panels (i) and (k)

reveal that positive J5 (Jo > 0) leads to a softening of the modes, while negative J; (Jo < 0) results
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in hardening. Moreover, the spectral weight is enhanced for J, > 0 and suppressed for J, < 0. The
latter effect can be understood as the strengthening of the underlying antiferromagnetic order when
Jo < 0, which makes AFM spin-flip excitations more dominant and reduces the three-magnon
contribution.

We conclude our linear spin-wave theory (LSWT) analysis of the non-spin-conserving (NSC)
channel by summarizing, in Fig. 4.4(a), the combined contributions to the RIXS intensity up to
second order. For this calculation, we have set I'/.J; = 5 following Ref. [55]. The results demon-
strate that higher-order contributions are significant compared to the single-magnon signal, and

must therefore be included to fully capture the NSC channel response.
Non-spin-conserving channel: Exact Diagonalization

To benchmark the LSWT results, we performed small-cluster exact diagonalization (ED) calcu-
lations on the spin Hamiltonian in Eq. 4.1. Figures 4.4(b) and (c) present the three-magnon sus-

ceptibility on a 4 x 4 lattice at first and second order, respectively. In panel (b), a weak peak is

1.5
8 8 T T
=] (c) 1.2
6 6k | ®1.0
. 0.8
o ‘8 . T 0.6
| 0.4
2k 2k -
. 0.2
) O 1 i Uy 1 a 00
0,00 (m0) (mm) (0,00,0) (m0) (mm) (0,00,0) (r.0) (mm) (0.0
q q q

Figure 4.4: Comparison between linear spin-wave theory (LSWT) and exact diagonalization (ED)
on a 4 x 4 cluster for the non-spin-conserving (NSC) channel [125]. Panel (a) shows the total NSC
contribution obtained from LSWT, including terms up to second order in the UCL expansion, with
I' = 5J;. Panels (b) and (c) display the ED results for the first- and second-order contributions,
respectively, at J, = 0.1.J;.Vertical markers in (b) and (¢) indicate the allowed momentum transfer
values. The color maps are generated using the same piecewise scaling scheme as in Fig. 4.3, with
the threshold U, marked in black on the color bars.
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visible at ¢ = (0, 0) that disperses across the Brillouin zone, consistent with the LSWT predic-
tions. Furthermore, a clear separation is observed between low-energy excitations, lying in the
range 0 < w < 2J;, and higher-energy excitations centered above 4./;.

In panel (c), the low-energy branch is slightly pushed below 2./;, while remaining distinct from
the higher-energy continuum. By analyzing the contributions of basis states to different peaks
across the Brillouin zone, we find that excitations below w/.J; = 2 are dominated by single-spin-
flip basis states. This strongly supports the conclusion that the low-energy LSWT spectra originate
from single-magnon excitations. In contrast, the higher-energy features are composed of multi-
spin-flip states, consistent with a three-magnon origin.

Due to the severe finite-size limitations of ED, the absolute excitation energies are somewhat
overestimated. Nevertheless, these results provide a valuable qualitative check on the NSC chan-
nel. The key outcome is that the NSC channel generates robust high-energy excitations with finite

spectral weight distributed throughout the Brillouin zone.

4.4.2 Spin-conserving channel

In the spin-conserving (SC) channel, higher-order corrections involve an even number of spin flips,
which can generate magnetic excitations. Here, we analyze the dynamical correlation functions
associated with two-magnon processes. For completeness, we also evaluate the correlation function
with next-nearest-neighbor (NNN) interactions, which emphasizes why the non-spin-conserving
(NSC) channel is essential for capturing the distinctive features observed in the RIXS spectra of
two-dimensional antiferromagnets.

At leading order, this channel naturally maps onto two-magnon excitations. The corresponding

density of states (DOS), Aops(w), can be written as the convolution of two one-magnon DOS,

Aoy (w) = Z Ay (w — W) A (W), (4.23)

w/

where

An(w) = 8w — e, (4.24)

k
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Figure 4.5: Resonant inelastic x-ray scattering (RIXS) spectra in the spin-conserving (SC) chan-
nel [125].Panels (a) and (b) show schematic diagrams of the first- and second-order contributions to
the SC RIXS spectra, corresponding to Eq. 4.25 and Eq. 4.28, respectively. The two-magnon density
of states (DOS) for the extended Heisenberg antiferromagnet is presented in (c) J, = —0.1.J7, (d)
Jo =0, and (e) Jo = 0.1J;. The first-order spectra obtained from the UCL expansion are displayed
in panels (f)—(h), while the corresponding second-order spectra are shown in panels (i)—(k). Panel
(1) presents the combined SC intensity, including contributions from both first- and second-order
terms in the ultrashort core-hole lifetime (UCL) expansion, evaluated at I' = 5.J;.The colormaps
follow the same piecewise scaling scheme described in Fig. 4.3, with the threshold value Uy indi-
cated in black on the color bars.

as defined in Eq. 4.8. The calculated two-magnon DOS for J, = —0.1,0, and 0.1 are shown in
Fig. 4.5(c)—(e).

First Order:— At first order in the UCL expansion, of order O(.J?/T'"), the dominant contribu-
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tion arises from double spin flips. The associated scattering operator is given by

OSC = Z eiq-ri Ji’j Sz : Sj, (425)

q.l —
Z7j

where the summation runs over both nearest-neighbor (NN) and NNN bonds, consistent with the
Hamiltonian H. These bonds are illustrated in Fig. 4.5(a).
Applying the Holstein-Primakoff (HP) transformation, Eq. 4.25 becomes
OSS ~ S5 Z [fo(k> q) (@Lq/zakﬂ/? + qu/Qqu/g) + fi(k, q) (aqu/2b*k*(1/2 + a1T(+q/2bequ/2)]7
e (4.26)
which after the Bogoliubov transformation takes the form

Oq 1~ S Z [— fo(k,q) (Uk+q/2Uk q/2 T Uk— q/2Uk+q/2)
keBZ

+ fl(k> Q) (Uk+q/2uk—q/2 + Uk+q/2Uk—q/2)] (Oék+q/25—k+q/2 + al_q/gﬁik_q/g)u (4.27)
where

f0<k7 q) Jk+q/2 Jk q/2 ‘]64A + JAA + J643 + J‘fB’

f( ) Jk+q/2 Jk q/2

The resulting RIXS intensity is presented in Fig. 4.5(f)—(h). Several features stand out. Notably,
the spectral weight vanishes at ¢ = (0, 0) and q = (7, ), in agreement with experimental observa-
tions at the Cu K-edge in La,CuQy [73], as anticipated from Eq. 4.26. At q = (0, 0), the operator
commutes with the Hamiltonian H, i.e. [H, Og—(0,0)] = 0, implying that the they have the same
eigenbasis, which forces (f|Og=(0,0)|9) = 0. Similarly, in an antiferromagnetic ground state the in-
tensity vanishes at q = (7, ) because it is the reciprocal lattice vector associated with Néel order.
In this case, Og—(r,~) is antisymmetric under interchange of the two sublattices (A <+ B), while the
ground state is symmetric, ensuring that (f|Oq=(r,m)[9) = > i ;Si*Sj — D i, Si - S; = 0.

We also find that negative J, shifts the two-magnon DOS and spectral weight to higher energies

(hardening), while positive .J, produces the opposite effect (softening).
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Second Order:— At second order in the UCL expansion, of order O(J*/I'%), the scattering op-
erator is given by

O35 = D> € i ;1 Jin(Si - $;)(Si - S). (4.28)
i’j’k
This expression can be simplified in analogy to the NSC channel (see Eq. 4.19). Two distinct

contributions appear: a two-magnon term with a different prefactor, and a new term of the form

1
ZJi’jJi’k(Sj - Sk). (4.29)

The latter arises from bonds connecting sites j and k, as illustrated in Fig. 4.5(b).

Following the same procedure as before, this yields
035 = V28 f(k, q) (Vg + trquic) BTy (4.30)
k
with the prefactor

£(k,q) = (J1)?| = 6{cos(q.) + cos(q,)} + 2{cos(2k, + 4,) + cos(2k, +,)}

+ 4{cos(k,) cos(k, + q,) + cos(k;) cos(ky, + qy,) }|. (4.31)

The corresponding spectra are displayed in Fig. 4.5(1)~(k). For Jo = 0, shown in panel (j),
dispersive features are visible within the energy window allowed by the two-magnon DOS. Unlike
the first-order contribution, however, we now observe finite spectral weight near q = (0, 0), spread
over 3J; < w < 4J;. This weight is mostly confined between q = (0,0) and q ~ (7/2,0).
In addition, a second feature reminiscent of the first-order two-magnon contribution appears at
intermediate momentum transfer. Thus, the primary correction at second order is the emergence of
finite intensity around q = (0, 0).

Importantly, while the two-magnon part of the operator commutes with H at q = (0, 0) for both
first and second orders, the additional term iji, ;Jik(S; - Si) does not commute with H, and hence
produces finite spectral weight at second order.

These features remain present for J, = £+0.1.J, with J, > 0 (J; < 0) leading to their enhance-

ment (suppression), consistent with expectations.
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We conclude this section by presenting in Fig. 4.5(1) the combined first- and second-order con-
tributions to the RIXS intensity in the SC channel. Unlike the NSC channel, the zeroth-order term
in the SC channel does not contribute to spin excitations. For comparison with the NSC case, we
have set .J; /T" = 5. As shown, the second-order feature at q = (0, 0) remains highly suppressed in

the full SC response.

4.5 Conclusion

In this work, we have carried out a comprehensive study of the RIXS cross-section for two-dimensional
antiferromagnets (AFMs) in both the NSC and SC channels, including second-order corrections in
the UCL expansion of the Kramers-Heisenberg formalism relevant for the Cu L-edge of cuprates.
These corrections were analyzed using linear spin-wave theory (LSWT). Our analysis reveals the
presence of three-magnon excitations in the NSC channel [125]. We find that these excitations
carry finite weight at both first- and second-order levels. Importantly, the three-magnon spectrum
exhibits a distinct high-energy feature characterized by a quasi-flat band that extends across the
Brillouin zone, in clear contrast to the two-magnon excitations reported previously. Furthermore,
the NSC results obtained from LSWT show qualitative agreement with exact diagonalization cal-
culations on small clusters.

Experimentally, the Cu L-edge RIXS response in 2D cuprates is dominated by the NSC chan-
nel. We therefore compare our findings with the Cu L3-edge RIXS data of La;CuO, reported in
Ref. [139]. The data show a broad excitation feature around w ~ 350 meV (Fig. 4.1) that disperses
weakly across the Brillouin zone and extends up to q = (0, 0), in addition to the established one-
and two-magnon features. Using J; ~ 150 meV, our calculations reproduce the qualitative spread
of the RIXS spectra, allowing us to interpret this high-energy feature as a three-magnon excita-
tion [125]. However, within LSWT, the predicted energy of the three-magnon lies higher than that
observed in experiment. This discrepancy is not unexpected, as three-magnon excitations are ex-

pected to soften once magnon—magnon interactions are included. Indeed, Ref. [134] has reported
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significant softening of three-magnon excitations in the dynamical spin structure factor, though
extending such an analysis to the RIXS cross-section lies beyond the present scope.

We have also analyzed the SC channel, incorporating extended correlation functions with longer-
range interactions relevant for the Cu L-edge. Our results indicate that such interactions do not
qualitatively modify the spectral features of the first- and second-order corrections. Instead, it is
the higher-order terms in the NSC channel that play a central role in capturing the additional mag-
netic excitations observed in high-resolution L-edge RIXS experiments.

Overall, our results provide new insight into the origin of multi-magnon excitations in the RIXS
spectra of 2D AFMs [139], and their possible role in the pairing mechanism of high-7;. supercon-
ductors. While our primary focus here has been on direct RIXS at the Cu L-edge, we note that
LSWT can also be applied to study indirect RIXS, with the SC channel corresponding to the lat-
ter case [55]. The demonstrated importance of higher-order corrections in the RIXS cross-section
highlights new opportunities for probing higher-order magnetic excitations in quantum materials.
In particular, the persistence of these multi-magnon features even at small momentum transfer
provides a promising pathway for exploring quantum magnets in regimes where access to large

momentum transfer is limited.
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Chapter 5

Unveiling Field-Tuned Fractionalized and High
energy Excitations in Spin-Trimer Chains with
RIXS

High-energy spin excitations play a central role in correlated materials, but their microscopic ori-
gins are often obscured by material complexity. In this chapter, we show that the Spil’l—% trimer chain
realized in Cu;(P,OsOH),, characterized by a periodic antiferromagnetic exchange pattern Jy-J;-
Jo with J; < Jo (Ref.[126]), provide a simple and ideal system to study these excitations using
RIXS. By applying DMRG (see Sec. 3.3.3 in chapter 3), ED, and real-space renormalization group
(RG) techniques, we demonstrate that trimerization modifies the conventional Heisenberg spinon
continuum and leads to several distinct high-energy sharp RIXS features. These features originate
from composite quasiparticle modes associated with local trimer excitations and strong inter-trimer
interactions. Furthermore, we show that the RIXS spectra evolve under an applied magnetic field,
revealing gapless S = 1 bosonic modes above a gapped 1/3 magnetization plateau. The pre-
dicted energy scales are accessible with current RIXS experiments, positioning trimer chains as a
model system for investigating universal high-energy quasiparticles in low-dimensional quantum

magnets.

5.1 Introduction

Low-dimensional quantum magnets are fertile ground for emergent quantum phases and fraction-
alized excitations. In one dimension (1D), where strong correlations and reduced dimensional-
ity constrain dynamics, spin-1/2 chains and ladders have yielded deep insights into confinement-

deconfinement phenomena [151, 152, 183], quantum criticality [ 186, 75, 119, 84, 140, 76], and spin
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fractionalization [154, 28, 157, 155, 29]. Beyond simple chains, systems with enlarged unit cells
produce additional structure in the excitation spectrum, enabling novel quasiparticles and emer-
gent transitions [47, 19, 32, 137]. These advances are driven by the synthesis of model 1D com-
pounds [31, 88, 39] and by spectroscopies that access both local and nonlocal spin dynamics, includ-
ing inelastic neutron scattering (INS) and resonant inelastic X-ray scattering (RIXS) [62, 83, 115, 9],
as well as spin echo [174] and terahertz probes [52].

The spin-1/2 Heisenberg antiferromagnetic chain (HAC) is the paradigmatic integrable 1D
model with gapless spinon excitations [20]. However, integrability is broken by exchange modu-
lation and frustration, leading to reconstructed continua and new composite modes. A prominent
example is Na,Cu3;Ge,Oy,, a Ji-J;-J5 antiferromagnetic trimer chain with J; > J,, small intra-
trimer frustration .J3, and inter-trimer exchange .J; [see Fig. 1.5(c) in Chapter 1]. Recent work has
established the coexistence of gapless spinons with gapped composite excitations—doublons and
quartons—arising from trimer excitations dressed by spinons [19, 137]. While Ref. [137] is not
formally part of this thesis, the author is an equal contributor; importantly, that study motivates
and frames the results presented in this chapter.

Spin trimer with J, > Jo. In Ref. [137], we performed a comprehensive theoretical study of

RIXS in frustrated spin-1/2 trimer chains, focusing on NayCu3Ge O15. Our goals were twofold:
(1) to identify fractionalized magnetic excitations and other collective modes present in the ma-
terial, and (ii) to determine how these excitations appear in RIXS—complementing earlier INS
measurements [18, 19] that are less sensitive to certain low-energy processes. We employed the
ultrashort core-hole lifetime (UCL) expansion (Sec. 3.1.1) to decompose the RIXS cross section
into spin-conserving (SC) and non-spin-conserving (NSC) channels. The minimal spin model com-
bines intra-trimer exchanges J; and .J; (the latter a next-nearest-neighbor, frustrating coupling) with

inter-trimer exchange .Js:
H=> (JiSS)+ o8-8 + 1858}, + J5 878 ,
where i indexes the unit cells and {a, b, ¢} label the three spins in each trimer (see Sec. 1.2.1,
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Figure 5.1: RIXS spectra in the non-spin-conserving (NSC) channel from the UCL expansion for
Ji1 = 1.0and J;, = J3 = 0.18J; on a chain with N = 24 sites [137]. Panels (a), (b), and (¢)
show the zeroth-, first-, and second-order contributions, respectively. To enhance visibility above
w = 2.135J;, intensities are scaled by factors of 500, 100, and 100 in (a), (b), and (c). In (c), the
low-energy window w < 0.5.J; is additionally scaled by 10 to highlight fine structure. Panel (d)
shows the level spectrum of a single trimer without (left) and with (right) frustration. The total spin
ST and its z-component ST (identical in both cases) are indicated. Spinon |S), doublon | D), and
quarton |Q)) labels are marked. The middle and right columns list eigenvalues for the unfrustrated
and frustrated trimers. Panel (e) (left) compares eigenvalues for two decoupled (black circles)
and coupled (red stars) trimers; (right) the coupled spectrum is resolved by total ST (gray vertical
guides). The antiferromagnetic ground state lies in ST = (. Features A-E correspond to excitations
identified in (a), with energies measured relative to the ground state. The blue shading highlights
spectral broadening upon coupling trimers.

Chapter 1).

We computed multi-spin dynamical correlation functions and RIXS spectra at zeroth, first, and
second order in the UCL expansion using Lanczos diagonalization (Sec. 3.3.2, Chapter 3) and the
Fock-space recursive Green’s function (F-RGF) approach [135, 136] on a 24-site chain. The NSC

spectra are shown in Fig. 5.1(a-c).

By comparing these spectra with exact diagonalization (ED) of one- and two-trimer clusters
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[Fig. 5.1(d,e)] and with large-system calculations, we identified the dominant low-energy con-
tinuum in the NSC channel (feature A) as gapless spin-1/2 spinon. At intermediate energies we
reproduced the previously reported propagating composite modes—doublons (| D), feature B) and
quartons (|QQ), feature C)—which carry the fingerprints of single-trimer excitations dressed by
spinons [18, 19]. Importantly, we predicted two additional high-energy modes at w ~ 2.4.J; (fea-
ture D) and w =~ 3.0J; (feature E), which originate from two-trimer excitations [Fig. 5.1(e)] and were
not resolved in earlier INS experiments. We further analyzed momentum dependence and higher-
order UCL contributions, established spin selection rules that differentiate SC and NSC channels,
and showed that weak intra-trimer frustration .J3 does not qualitatively change these conclusions

by comparison with J3 = 0.

. Cu2 Cul

Figure 5.2: Schematic positions of Cu and O atoms in Cu;(P,0cOH), [126]. Blue, red, and white
circles denote Cul, Cu2, and O atoms bonded to Cu. Black bars mark Cu-O bonds; red and blue bars
indicate the shortest and second-shortest Cu-Cu separations, associated with exchange couplings
J1 and J,. The green shaded part is the unit cell choice.

Spin trimer with J; < Js. The second part of this chapter, based on Ref. [126], we investigate

for the first time the qualitatively distinct, strongly coupled regime, exemplified by the frustration-
free linear Cu-based trimer chain compound Cus(P2OgOH), [Fig. 5.2], which realizes the inverted
hierarchy J; < J, [68]. In this material, inter- and intra-trimer coupling become comparable,
placing the system outside the weak-trimer limit relevant to Na,Cu;Ge4O,. The character of spin
excitations on the J; < J, side of the J; = .J, Heisenberg point has not been systematically
addressed. Do high-energy modes originate from local or extended processes? How do they relate
to spinons, and what are their spectroscopic fingerprints? Moreover, this class of trimer chains
exhibits a robust 1/3 magnetization plateau [68] which is adiabatically distinct from the previous

material. How the magnetization constraint reshapes multi-spin RIXS responses—and its role in
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Figure 5.3: (a) Magnetization M (h,) (solid line) showing a 1/3 plateau at M = 1/6 and full satu-
ration at M = 0.5, compared with experimental data from Ref. [68] (open circles). (b) Finite-size
scaling of the excitation gap. (c) Correlation function C*(r) = (S7 , ST »,,.) in the gapless phase,
exhibiting power-law decay. (d) The same correlator in the gapped phase, exhibiting exponential
decay.

shaping spin dynamics and emergent quasiparticles remains unclear—motivating a comprehensive
analysis of their spectroscopic signatures and underlying quasiparticles.

We tackle these questions for Cu; (P,O4OH ), using density matrix renormalization group (DMRG),
exact diagonalization (ED), and effective low-energy modeling. We analyze both single-spin INS
and multi-spin RIXS channels at zero field and across the 1/3 plateau.

Our study reveals that high-energy features in the spectra arise from composite quasiparticles,
which are formed by excitations of unconventional trimer unit cells due to strong coupling be-
tween trimers. These composite modes are selectively enhanced by nonlocal multi-spin processes
induced by RIXS, allowing direct experimental access to their internal structure. At zero magnetic
field, RIXS detects a gapless excitation, identified as spinons using real-space renormalization
techniques. In the mid- to high-energy range, the spectra show signatures of one- and two-trimer
unit excitations, which we resolve using exact diagonalization. Applying a magnetic field modifies
these features and leads to a crossover into a gapless S = 1 bosonic phase above the 1/3 magneti-
zation plateau. Overall, our findings provide a general framework for understanding field-tunable
high-energy spin dynamics in trimerized quantum magnets, and demonstrate that strongly coupled

trimer chains are a promising platform for probing fractionalization and emergent quasiparticles.
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5.2 Hamiltonian & RIXS perturbation

We model Cu;(P,0O4OH), as a spin-1/2 antiferromagnetic trimer chain with .J;-J;-J5 couplings
[Fig. 5.2]. Theratio .J; /.Jo = 0.27 is consistent with the structural analysis in chapter 1 (Sec. 1.2.1).
We model Cu; (P,040H); as a spin-3 antiferromagnetic trimer chain with .J;-J; -.J> couplings [Fig. 5.2],
where J;/Jo = 0.27 matches structural analysisin chapter 1 (Sec. 1.2.1). The Hamiltonian uses
an asymmetric (J1-J2) unit cell [Fig. 5.2], linking local excitations to RIXS spectra. This choice
avoids level crossings seen with symmetric J;-trimer cells for J, > J;. We refer to the (J;-J5)

cell as the trimer unit cell or isolated trimer. Therefore the Hamiltonian is
L/3
H=> (LS]-8+.,8 -8 +.,8-8,,), (5.1)

J

where j indexes unit cells and {1, 2, 3} label spins within each trimer.
Within the ultra-short core-hole lifetime (UCL) approximation [9, 82, 95, 125, 106], the Cu L

edge RIXS cross-section is expanded in the inverse core-hole lifetime I" (see Sec. 3.1.1, chapter 3).

2

The [th-order contribution to the intensity in the non-spin-conserving (NSC) channel is
1
S'(q,w) =T Z 6(Ey — Ey — w), (5.2)

1 )
f _Zezq’RiOi,z 9>
2|l

with Oi,O = S’f’ O@l = ZjENN(i) Jl]SZI Sz : Sj, and OZ'72 = Zj;ékENN(i) JUJlkSZI (Sl : SJ)(SZ : Sk)

See A.43 in Appendix A.2 Here, |g) and |f) are the ground and excited eigenstates of H with
energies I, and Fy, respectively. The | = 0 term creates single spin-flip excitations, whereas

higher orders (I > 0) capture multi-spin correlations.

5.3 Results
5.3.1 Fractional magnetization plateau

We compute the ground state and the magnetization for a chain of length . = 120 using MPS-

DMRG (iTensor [54]). Magnetization plateaus [Fig. 5.3(a)] satisfy No(S — M) = I, where Ny is
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the number of spins per unit cell, S is the spin magnitude (here 1/2), M = S%/L (= 1/6) is the
magnetization per site, and [ is an integer. For [ = 1 this gives M = 1/6, i.e., a 1/3 plateau [123].

The magnetization curve M (h) [Fig. 5.3(a)] increases smoothly at low field, shows a 1/3 plateau
between 0.179.J; and 1.1.J5, and then evolves continuously to full polarization above 1.3.J,. With
Jo = 110 K (9.48 meV), this plateau spans 14-85 T, consistent with experiments [68, 69] (open
circles Fig. 5.3(a)), using h.(T") = h,Jo/(gup) with g = 2.12.

Shaded regions in Fig. 5.3(a) indicate gapless behavior, confirmed by finite-size scaling of the
first excitation gap 0 Ey/ L [Fig. 5.3(b)], which extrapolates to zero; in contrast, the plateau and the
fully polarized state are gapped. In the gapless phases, the spin correlations C*(r) = (S7 557 j5..)
decay as 1/r at h, = 0 [Fig. 5.3(c)], with exponent = 1, consistent with conformal charge
¢ = 1and the S = 1/2 HAC universality class [65] (see BOX 1). Inside the plateau, C*(r) decays

exponentially [92] [Fig. 5.3(d)], signaling a gapped phase.

BOX 1: Scaling analysis and phase characterization

We identify the magnetic phases using the magnetization M (h. ), the finite-size scaling of the
excitation gap 6 E/ L, and the decay of static spin-spin correlations C*(r) = (S 557 /5..)
with special distance r between the spins. Figure 5.3(a) shows a 1/3 magnetization plateau
for 0.179.J; < h, < 1.1.J5, while full polarization sets in above h, ~ 1.32.J5. In both the
plateau and fully polarized regimes, d E/ L extrapolates to a nonzero value as L — oo (e.g.,
h, = 0.5,1.5), indicating a gapped phase. In contrast, for 0 < h, < 0.12.J; and 1.12.J; <
h, < 1.32.J,, the gap closes in the thermodynamic limit (e.g., h. = 0.0, 1.2), signaling a
gapless spectrum. Correlations are consistent with these findings: in the gapped plateau and
fully polarized phases, C*(r) decays exponentially with  [92] (e.g., h, = 0.5 in Fig. 5.3(d)),
whereas in the gapless regime it follows a power law, C*(r) ~ 1/r" with n ~ 1 (e.g.,
h. = 0 in Fig. 5.3(c)), consistent with a ¢ = 1 conformal field theory and the spin-% HAC
universality class [65]. The oscillations in C*(r) arise from the trimer pattern of couplings
J1 (weak) and .J; (strong) and are most pronounced in the gapless phase (Fig. 5.3(c)).
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Figure 5.4: Zero-field RIXS spectra: (a,c,e) DMRG results for S;(q,w) with [ = 0,1,2 on 120
sites. (b,d,f) Corresponding q-integrated ED spectra on 15 sites. In (a), the long-dashed curve
marks the spinon continuum boundaries; dotted lines show single-trimer excitation dispersions.
Data above w = 1.8.J; is scaled by 10 in all panels.

5.3.2 RIXS Spectrum

Zero-field RIXS:

Figure 5.4 summarizes the dynamical structure factor S'(q,w) at zero magnetic field for UCL
expansion’s orders [ = 0, 1, and 2. For [ = 0 [Fig. 5.4(a)], S°(q, w) exhibits three clearly separated
features. (i) A lowest-energy, gapless mode extends up to w/Jo ~ 0.135, with spectral weight

centered at momenta q = w (

n = 0,1,2). (i) A mid-energy feature occurs near q = 7 and
w = 1.11.J5, and resolves into two nearby peaks in the q-integrated spectra [Fig. 5.4(b), arrows].
(i11) A weak high-energy shoulder appears around w ~ 1.8.J; [small bump marked by an encircled
arrow in Fig. 5.4(b)]. To clarify the origin of these structures, we analyze S°(q,w) using exact
diagonalization (ED). To resolve these features, we examine the spectra of single and coupled
J1 — Jo trimer unit cells and derive a low-energy effective Hamiltonian. The exact diagonalization
(ED) spectrum of an isolated trimer [Fig. 5.5(a)] reveals eight eigenstates grouped into: a doubly-
degenerate S = 1/2 ground state |S), at Eg = —0.7655.J5, a | D), doublet at £, = 0.1305.J5,
and a fourfold S = 3/2 quadruplet |Q), at Eg = 0.3175.J5. Two decoupled trimers yield 64 states
organized into product sectors: |SS), |SD), |SQ), |DD), |DQ), |QQ), where the first (second)

label refers to the state on the first (second) trimer (spin labels suppressed for brevity). These yield

a fourfold ground state at 2, and excited states at Eisp = 0.896.J5, Esqg = 1.083J2, Epp =

106



5 Unveiling Field-Tuned Fractionalized and High energy Excitations in Spin-Trimer Chains with

RIXS
@ 0 s @  neoss s S
3 3T IQ)*% ; _;
|Q)% = |1TTT) ) N ) 33 Eq_,, = 1.0675],
31
Eq=0.3175J2 |Q)%=ﬁ(|T23)+|1T3)+|12 ™ 3 3 3 71
—_— . 1Q)_1 5 =5
/ 1 ~ ~ 301 2 2 2
IQ)% = \Tg(l 123y +]1i3)+]124) 3 —3 Eq_,,, = 0.5675],
3 3
Q) 3=l s -5 ID)_1 1.1
: | ),% | L) ) Ey. 2= 03805/, 273
hde Ep=0.13J D)1 = by|1 1 3) +ay[T2 1) B 31
— : 14 lEQg = 0.0675) z2
IDY 1= by|113)+a,12 ) 1 Y a1/, = 0.0675];
4 z 2 Dy 1
11 Y Epl =—0.1195), 22
[ 1)1 = —aol 1 23) + |12 1) 2 2 Q)3 ; ;
\ 2 2
Es=0.76550 | 1), = 401 173) — by[17 1) % 1 Eq,, = —04325],
B : . — =
Singlet [ij) = (| 11y — | 11))/v2 Triplet iy = (| 11y + | 11)/V2 B By, = —05155; .
‘ 9% z 3
EsZ, = —1.0155],
25 Spm §tat§s _ 45 Spin ;tates _
b o 8 (g [ s ° 40 t(d :
20 _( ) P 9 g E g : 7 7( ) P 3
oo o ¢ : 3.5 i § i
. = R 30 | & : 3
. { ; ¢ 3
. - .25 P 5 E i :
% 10 L s I g 2.0 ™ g :
5 o
= 151 g8,
0.5 1.0 b o ° § |
05 | N
\ "
0.0 0.0 Nz
0 20 40 60 -3 - 0 20 40 60 -3 -2 -1 0 1 2 3
Eigenvalue index Eigenvalue index g”
T

Figure 5.5: Trimer spectra: (a, c) Single-trimer eigenspectrum and spin configurations at h, = 0
and 0.5.J,, with site labels defined in the trimer schematic (a). Coefficients of the eigenstates are
ag = 0.91531, by = 0.151984, a; = 0.4407 and b; = 0.703949. (b) Two-trimer spectra for i, = 0.
The crosses show decoupled levels, squares show coupled levels, and corresponding S% for the
coupled levels are shown in the right. (d) provides the two coupled trimers spectra and the S%
values for h, = 0.5.J5. In (b) and (d), the blue arrows mark allowed AS* = +1 transitions from
the respective ground states.

1.792J5, Epg = 1.979J5, and Egq = 2.166.J; relative to the ground state (crosses in Fig. 5.5(b)).
Including inter-trimer coupling broadens the spectrum (red squares enclosed by gray bands). The
coupled ground state (|g),1;) becomes non-degenerate with S% = 0 and is dominated by |S.S)
components. The blue arrows on the right of Fig. 5.5(b) mark allowed AS* = +1 transitions that
contribute to S°(q,w). We first examine single-spin-flip excitations (AS? = +1) of the coupled
ground state |g),t;, located in the lowest gray band of Fig. 5.5(b) (lowest blue arrows). At = 0 the

RIXS operator reduces to O, = .S7, which flips a single local spin. We ask whether such a single-

spin flip fractionalizes in the trimerized system. A real-space renormalization-group derivation of
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the effective low-energy model [110, 109] (details in Appendix B.1.1) yields
L/3 L/3
Herr = Jeffz Si-Si1+ ‘]c/:ffz Si - Sito, (5.3)

where each trimer is mapped to an effective spin-1/2 g, with Jor = 0.16J; and Jlz ~ 10~4J,.
Because J; < Jeir, the excitations form a spinon continuum with lower and upper boundaries
w = %|sin(3q)| and w = 7Jo| sin(3q,/2)], respectively. The factor of three in the arguments
reflects zone folding, since one trimer maps to one effective site. The continuum boundaries (long-
dashed curves in Fig. 5.4(a)) agree with the DMRG data, establishing that the lowest feature consists
of deconfined spinons at [ = 0.

The remaining spin-flip-allowed (AS* = 41) transitions (blue arrows in Fig. 5.5(b)) reveal
two types of high-energy excitations. We demonstrate that the first dominates at [ = 0, while
the second appears prominently only at [ > 0. The first involves single-trimer excitations: |SS)
components of |g),1, connect to [SD) or |SQ) sectors via local spin flips (O, = S¥), yielding
|D)11/2 at 0.896.J, and |Q) 412 43/2 at 1.083.J,, matching the mid-energy peaks in Fig. 5.4(a). To
quantify their dispersion, we evaluate these single-trimer excitations on a staggered product ansatz
HiL/ ?19) (-1)i1/2 (Appendix B.2.1). The resulting dispersions (fine-dashed lines in Fig. 5.4(a)) align
with the centroids of the gray bands in Fig. 5.5(b). The second kind involves excitations from |S D)
and |SQ) components to two-trimer sectors |DD), |DQ), or |QQ), also via local spin flips. For
example, |D)_1/2|D)_1/ at 1.791.J; underlies the high-energy bump near w ~ 1.8J; in Fig. 5.4(a).
It lies at the bottom of the highest gray band in Fig. 5.5(b), while |Q)3/2|Q)—_1/2 and | Q) _1/2|Q)_1/2
define its upper edge 2.08.J,. However, due to the dominance of |SS) in the ground state, these
composite excitations appear with very weak intensity at [ = 0 [Fig. 5.4(a)].

These latter excitations—from |g),1, to |[DD), |DQ), or |QQ))—are significantly enhanced at
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higher RIXS orders. At first order (I = 1), the RIXS operator reduces to
1 T T iq-r;
O=1 = 1 Z (Jiic1SFq + Jiip1S5q ) €9
+1 Z [JMASZ-ZS?_I (1 — €7iq'a> -+ Ji7¢+15izsg+1 (1 — eiq'a) i|€iq'ri. (54)

These contributions can act within a single trimer or simultaneously on neighboring trimers. The
latter is a non-local process that enables intra- and inter-trimer excitations. In the two-trimer prob-
lem, O, ; can scatter the |S'S) components of |g)or, (See BOX 2) with S7. = 0 directly into | DD),
|DQ), and |QQ) states with AS* = £+1. As a result, spectral weight is transferred from the spinon
continua to higher-energy composite modes, as seen in Fig. 5.4(c,d).

This redistribution amplifies at second order (I = 2) [Fig. 5.4(e,f)]. The second-order operator
simplifies to:
Oy =Y Jij kS (Si+8;) (Si - 8y) = g > JigTikSE(S; - Sk) — i > JigJinSiSi - (S5 % Sp).

Jk Jk Jk
(5.5)

The second term (scalar chirality) vanishes in non-chiral systems. The dominant nontrivial inter-
trimer contribution arises from g > ik Jig JiwSy (S;-Sk), where j and k are nearest neighbors of site
vand j # k. Consistently, Fig. 5.4(f) displays clear multiplet features at Ep and Eq, associated
with | DQ) and |QQ) states (arrows). hese results show that higher-order RIXS processes involve
non-local spin operators, enabling additional pathways to composite excitations and enhancing their
spectral weight. Since such terms are suppressed by 1/T'? in the UCL expansion, their selective
enhancement may be extracted by combining RIXS with inelastic neutron scattering (INS), to filter

out the [ = 0 single-spin-flip channel [139, 172].

5.3.3 Quasiparticle excitations

We now clarify the microscopic origin of high-energy modes (see Appendix B.2). We compute
the dispersion of isolated single-trimer excitations over a staggered product ground state ansatz

HZL /3 |S) (~1yi1/2- This captures the dominant structure of the exact ground state as verified via ED.
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BOX 2: Analysis of two-trimer excitations in zero magnetic field at various orders of RIXS

To understand the features observed in the RIXS spectra and their dependence on the scat-
tering order, we analyze the two-trimer singlet-like ground state at zero field: |g)or, =
Z5 (1S)-1/2®[S)1/2 = [S)1/2 @ |S)-1/2) , Where |S)11/» are single trimer ground states
(see Fig. 5.4(a) ).

The resulting dispersive bands, arising from local |S) — |D) and |S) — |Q) excitations, lie within
the mid-energy regime and track the features seen in the full S°(¢,w) [Fig. 5.4(a)], confirming
their identification as single-trimer composite quasiparticles. To validate this further, we compute
S9(q,w) using a truncated basis comprising only such product states and the relevant excited sec-
tors, but incorporate the exact numerical ground state. The resulting spectra closely match the
energy and momentum structure of the full ED and DMRG response (Appendix B.2.2, Fig. B.2).
This demonstrates that the mid-energy features originate from well-defined dispersing quasiparti-
cles connected to (J; — Jy)-trimer unit-cell excitations. We find that these quasiparticle features
persist for J;/J € [0.05,0.5]; below, dimer excitations dominate, and above, they merge into a

continuum.
RIXS spectra at magnetization plateau:

We now turn to the behavior of the RIXS spectra at the one-third magnetization plateau, focusing
first on the single- and two-trimer excitations. Figures 5.5(c) and (d) display the corresponding
single- and two-trimer energy levels at the midpoint of the plateau (h, = 0.5.J3). In the single-
trimer case [Fig. 5.5(c)], the levels |S),, | D)., and |Q), split in the presence of the magnetic field.
Spin-aligned states shift to lower energy, while anti-aligned states shift upward, completely lifting
the degeneracies. Once two trimers are coupled [Fig. 5.5(d)], these discrete levels broaden into
a quasi-continuum. At the plateau, the ground state of the two-trimer system carries total spin
S% =1 (M = 1/6), and exact diagonalization (ED) shows that it is well approximated by the
direct product ground state |§)pie = |S1)+ ® |S2)+. Excitations with AS* = £1 fall within narrow

energy windows, highlighted by the horizontal bands and blue arrows in Fig. 5.5(d).
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Figure 5.6: RIXS at finite field: S°(q,w) for indicated %, values. Long-dashed lines across the
three panels show analytically predicted feature locations and their h,-dependent evolution; Inset
in (b) shows the dispersions of low-energy modes discussed in the text. Color scale is identical
across all panels.

The full RIXS intensity S°(q,w), calculated at h, = 0.2.J5, 0.5.J5, and 0.9.5, is shown in
Figs. 5.6(a-c). At the plateau midpoint (h, = 0.5.J) [Fig. 5.6(b)], two dominant features ap-
pear at w ~ 0.5.J5 and 1.5.J5, consistent with the gray bands in Fig. 5.5(d). ED studies of up to
four trimers confirm that the plateau ground state remains well approximated by the direct prod-
uct |§)plar = HZL:/ %1S,)+. The low-energy band near 0.58.J; originates from single-trimer excita-
tions |S)1/2 — |S)_1/2 and [S)1/2 — |@)3/2, both corresponding to AS* = £1. The mid-energy
band near 1.5 arises from transitions |.S); /2 — |D)_1/2 (1.37J5) and |S)1/2 — [@Q)—1/2 (1.54.J5).
At higher energies, around 2.5/, [Fig. 5.5(d)], multi-trimer processes such as |S)1/2|D)1/0 —

|D)_1/2| D)1/ contribute to a broad continuum, but these are strongly suppressed due to the nearly

product-state nature of |§)pi. For the same reason, higher angular momentum (! > 0) contribu-
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tions do not significantly modify the [ = 0 RIXS response. The dispersions of the single-trimer
quasiparticles, tracked by dashed lines in Fig. 5.6(b) (inset), confirm this interpretation.

A simplified analytical description of S°(q,w) can be obtained by approximating the single-
trimer plateau state |S;); as | 1, bc), with the *a’-site spin polarized and the b-¢’ pair forming a

singlet (see appendix B.2.3). Within this approximation, the response takes the form
0 1 2 .9
SY(q,w) = gé(w —h,)+ 3 sin (qa/2)|0(w — Jo + h./2) + 6(w — Jo — h,) |,

which reproduces the three key low-energy features and captures their linear dependence on the
applied field h,. The small rectangles in Figs. 5.6(a-c) mark these analytical predictions, which
qualitatively follow the numerical DMRG results. Importantly, as the field is increased to h, =
0.9.J, [Fig. 5.6(c)], the |Q)3/- excitation becomes the lowest-energy mode, signaling the proximity
to the plateau endpoint.

Beyond the critical field h, = 1.12.J,, the magnetization plateau collapses and the spectrum
becomes gapless, with |Q))3/» excitations dominating the low-energy sector (appendix B.3). Just
above the plateau, the magnetization increases smoothly but remains below full polarization, re-
flecting the gradual population of trimer |Q) /- states via AS = 1 single-trimer processes that break
singlet bonds, |14,2,3) — |1+2434). These excitations can be viewed as emergent magnons—
composite bosonic quasiparticles arising from singlet-to-triplet bond transitions—which delocalize
through inter-trimer couplings. The resulting low-energy theory corresponds to a gapless S = 1
Luttinger liquid.

Interestingly, such composite magnons may condense at finite temperature into a Bose-Einstein
condensate (BEC), stabilized by dimensional crossover effects in real materials such as Cuz(P2OgOH)s,.
This scenario is reminiscent of magnon BEC observed in dimer systems like TICuCl; [142] and in

the quasi-1D compound KGaCu(PO,), [30].
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5.4 Conclusion

We have established the experimental relevance of our theoretical predictions for fractionalized
quasiparticles—namely spinons, doublons, and quartons—in the spin-% trimer chain compound
Cu3(P2OgOH),. Taking J; = 9.48 meV as the natural energy scale, we find that spinons dominate
the low-energy sector, extending up to ~ 1.5 meV, while doublons disperse up to ~ 10 meV. Quar-
tons appear as gapped excitations near ~ 20 meV, but above the one-third magnetization plateau
they soften into gapless modes that disperse up to ~ 2 meV. These energy windows are well within
the resolution of modern soft X-ray RIXS and inelastic neutron scattering [89, 90], which makes
our predictions directly accessible to experiment.

A key outcome of our analysis is the identification of field-induced, gapless S = 1 quasiparti-
cles that emerge above the plateau. These excitations form a dispersive continuum, consistent with
a Luttinger liquid description of interacting spin-1 bosons in one dimension [59]. This establishes
Cu3(P2OgOH), as a rare platform where fractionalized Luttinger liquid behavior coexists with
emergent Bose-Einstein condensation (BEC) physics, the latter being stabilized by temperature-
driven dimensional crossover effects Such coexistence is of particular interest because it provides
a bridge between one-dimensional quantum criticality and three-dimensional long-range order.

It is instructive to contrast this behavior with that of trimer chains in the opposite exchange
regime (J; > J3). In such systems, exemplified by Na;Cu3zGe,O12, the RIXS spectra are sig-
nificantly broader and the critical fields required to destabilize the plateau are substantially higher,
reaching values as large as ~ 200 T [33, 102]. By comparison, Cu3(P;OgOH); requires only ~ 85T
to close the plateau gap [112, 80, 100], reflecting how the relative hierarchy of exchange couplings
crucially governs the accessibility of exotic excitations in these materials.

Taken together, our results highlight the pivotal role of geometric trimerization in shaping the
quasiparticle spectrum and field response of low-dimensional magnets. Moreover, they demon-
strate how momentum- and energy-resolved probes such as RIXS provide unique, nonlocal access

to fractionalized spinons, doublons, and quartons, as well as to emergent condensate phases. This
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establishes trimerized spin chains as versatile platforms for exploring the interplay between frac-
tionalization, Luttinger liquid physics, and field-tunable magnon condensation in quantum mag-

nets.
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Chapter 6

Conclusions and Perspectives

Strongly correlated electron systems represent a frontier in condensed matter physics, where the
interplay of electron-electron interactions gives rise to a wealth of emergent quantum phenom-
ena such as magnetism, Mott insulating behavior, and high-temperature superconductivity [40].
This thesis investigates the fundamental mechanisms underlying these phenomena, focusing on the
collective excitations and quasiparticle dynamics that define the low-energy physics of correlated
materials. The overarching goal of this work has been to develop a microscopic understanding
of how strong correlations manifest in both one- and two-dimensional quantum magnets, and to
demonstrate how modern spectroscopic techniques, particularly resonant inelastic X-ray scattering
(RIXS), can probe their underlying quantum dynamics.

The research highlights the role of quantum criticality and dimensionality in shaping the ex-
citation spectrum of correlated materials. In low-dimensional systems, quantum fluctuations are
enhanced, leading to phenomena such as spin fractionalization and the emergence of exotic quasi-
particles such as spinons, doublons, triplons, and magnons [137, 142, 30]. The thesis explores
how geometric modulation, such as trimerization in spin chains, gives rise to a hierarchy of frac-
tionalized and composite excitations, tunable by external fields. These findings underscore the
importance of exchange hierarchy and symmetry in governing the accessibility and character of
quasiparticles, and demonstrate how field-induced transitions can drive systems between distinct
quantum phases, including magnetization plateaus and Luttinger liquid regimes [59, 68, 126]. In
this context, the central objective of this thesis has been to bridge theoretical modeling and ex-
perimental observables, establishing a unified framework for interpreting the complex excitation

spectra of correlated cuprates.
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6 Conclusions and Perspectives

The thesis provides new insights into the hierarchy of magnetic excitations in two-dimensional
antiferromagnets, revealing the nature of higher-order multi-magnon excitations [125] bserved in
Cu L3 edge RIXS experiment [139]. These excitations, including dispersive three-magnon ex-
citation, could play a potential role in the spin-fluctuation-mediated pairing mechanism of high-
temperature superconductivity [143, 40].

Overall, the thesis advances a coherent narrative that connects the microscopic origins of strong
correlations to the macroscopic observables accessible in modern experiments. By integrating the-
oretical modeling, numerical simulation, and spectroscopic analysis, it demonstrates how RIXS
and related techniques can unravel the complex dynamics of spin and charge excitations in low-
dimensional quantum materials. The findings not only deepen our understanding of the fundamen-
tal physics of strongly correlated systems but also pave the way for future explorations of exotic
quantum phases, fractionalization, and the mechanisms underlying high-temperature superconduc-
tivity.

In summary, this work establishes a unified framework for probing and interpreting the emer-
gent phenomena in strongly correlated electron systems. It highlights the power of RIXS as a
central tool for investigating collective excitations, the utility of advanced computational methods
for modeling complex quantum dynamics, and the rich interplay between geometry, dimensional-
ity, and external fields in shaping the landscape of quasiparticles and quantum criticality. The in-
sights gained here lay the groundwork for ongoing and future research into the quantum many-body
problem, with implications for both fundamental science and the development of novel quantum

materials.
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Appendix A

A.1 Derivation of the UCL approximation for RIXS at the Cu
L-edge

The Ultra-Covalent Limit (UCL) approximation for Resonant Inelastic X-ray Scattering (RIXS) at
the Cu L-edge is valid when the energy differences between the intermediate state’s eigenstates are
much smaller than the inverse core-hole lifetime, I'. We begin with the spectral decomposition of

the RIXS given in Eq.3.2:

1 1

S NYN|—— A.l

where {|NV)} are eigenstates of # with energy {Ex}.

We focus on the RIXS process at the resonant Cu L-edge, corresponding to transitions between
the initial configuration 2p°3d*! and the intermediate configuration 2p'3d*°, where all operators
are expressed in the hole representation. In this case, the intermediate states | V) that contribute to
the scattering amplitude must exclude configurations where the d-orbital on the core-hole site j is
occupied by a hole. This restriction is enforced by introducing a projection operator lf’j, so that the

intermediate-state propagator can be rewritten as

1 ~ ~ 1
N){N|———F——= BIN)(N|Pj———F——=. A2
2NN =g — L AIMNIA = (A2)

To proceed, we split the total Hamiltonian into two commuting parts:

H=H+U, Y ninl,, (A.3)
Ho=H,—U. Y nfnk .. (A.4)
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Here, H acts purely within the valence sector, while [, governs the core-hole degrees of freedom.
The commutativity of H and H, follows from the fact that, due to the projection P, the intermediate
states always contain a hole in either the 2p shell or the 3d shell, but never both on the same site.

The eigenstates of the total Hamiltonian can then be written as product states

[N) = [n) @ |nc), (A.5)

EN =é&n+ Eney (A6)

where |n) is an eigenstate of [ with energy ¢, and |n.) is an eigenstate of H, with energy &,,, .

Substituting this into the intermediate-state propagator gives

1 . - 1
—_— = P ) (ne| B —. A7
Win — H + 4T |>Z> i n) (n| ne)(nel e — (A7)
For a single hole in the p-shell, [, has only two eigenstates:
|L2>7 |L3>a (Ag)

corresponding to the j = 1/2 and j = 3/2 angular momentum states, split by the spin—orbit inter-
action \. Their energies are £, and <., respectively. (Here, j denotes total angular momentum,
while j labels the lattice site.)

The propagator, therefore, separates into two distinct contributions:

1

1
in — En — €L, + [

1
in_En_ng —I—ZF

Z 1’5J |n)(n|Ls)(Ls| ]Sjw
[n)

(A.9)

+ > By [n)(n|Ls) (Ls| i
n)

Resonance approximation:

We consider the case where the incident x-ray photons are tuned to the L3 resonance, such that
w; =~ £, In the cuprates, the spin—orbit coupling A is much larger than both the core-hole lifetime

broadening I' and the relevant valence excitation energies €, (A > [' and ¢,, < \). Under these
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conditions, the L, contribution to the intermediate-state propagator is strongly suppressed and can

be neglected[82]. The resolvent operator therefore reduces to

1 —_—
n— H 4+l

1

Epa——_ A.10
en + il ( )

= Bin){(n|Ls)(Ls| B,—
)

UCL expansion:

To proceed, we employ the ultra-short core-hole lifetime (UCL) expansion [7, 125, 55, 163, 44],

which is appropriate for Cu L-edge RIXS in the regime 4¢/I" < 1. Expanding the resolvent in

powers of H /T yields
1 . H -
THF_PyL3 LS\Z )l+1Pj. (A.11)
This form allows the local RIXS scattering operator to be expressed as
1 ] l
Oje = FDJ o BiILs) (Ls] Z PDJ ¢ (A.12)

where D; . and D; s are the dipole operators associated with the incident and scattered photon

polarizations.
Second-order UCL approximation:

Truncating the expansion to the first two terms (! = 0 and [ = 1) leads to the second-order UCL

approximation. In this case, the RIXS operator separates into two contributions:

Oje = 0} + 02, (A.13)
O = r D] s B|Ls){(Ls|FiDje, (A.14)
1
@ _
Oj’e - (ZF) JefP|L3><L3|HPD]eZ (A.lS)

The applicability and limitations of this approximation are discussed in detail in the main text.
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A.1.1 Change of Projection Operators

It is often convenient to introduce an alternative projection operator, denoted as P, which projects
onto the subspace with no double occupancy in the d-orbital at site j. This is precisely the site

where the core hole is created. With this definition, one finds the useful identity:
BD; = D P, (A.16)

Where D; i is the dipole operator. A similar relation holds for the Hermitian conjugate operator

1.
Dj,ef'

A.1.2 The! =1 Term

We now consider the term
PD! |Ls){Ls| H Dj e Pi). (A.17)
To proceed, note that
P,D] ;| Ls)(Ls| Huj Dj e Fili) = 0, (A.18)
where

Huj=—t Y (dhhydis +he) — Y (dj,,,adjg+h.c.)
(e

w'(j),o

+U. Y ninb,, + Unfing). (A.19)

jo'Yja

aoco’

This vanishing occurs because any Hamiltonian term containing site j will give zero when sand-
wiched between the dipole operators D and the initial state |i). Here, m(j) and m’(j) denote the
nearest and next-nearest neighbors of site j, respectively.

Thus, we can write:

PD! |Ls)(Ls| H Dy PJi)

= BD] ;| Ls)(Ls| (H — Huj) Dy By]i). (A.20)
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Because H — Hpj contains no operators acting on the site j, it can be commuted with D; ¢i and

P;, giving:
D] |Ls)(Ls| H Dy Py
= PD! | Ls){Ls| Dy o By (H — Huy) |i). (A.21)
Since H|i) = H|i) = E;|i) = 0 (with the energy zero set accordingly), we are left with:
PD! | Ls)(Ls| Dy et Py Hgli)- (A22)

However, due to the projection F;, both U and U, terms do not contribute, and terms like

PD o [ L3)(Ls| Dy, ede +dj-|?) vanish for any 1 = m or m’. We then obtain:

|L3)(Ls| H Dj e Byli)

Jef

= —P,-Djﬁef|L3><L3|Dj,ei

x| =t > dldme =t > dl dwe | Bili). (A.23)

m(j),o w'(j),o
The asymmetry here, i.e., the absence of Hermitian conjugate terms o< df, dj,, reflects that in RIXS

we are sensitive only to sites hosting 3d holes.

A.1.3 Local RIXS Matrix Elements

Defining the local matrix elements of RIXS for the scattering geomatry given in the Section A.1.4

below as
D] |L3)(Ls| Dy Py = M PPy + MeFS{ P, (A.24)
the local RIXS form factors from Ref. [108] are:
2 4
M, , = —ig (elel —elel),
M, = —§ (elel +elel). (A.25)
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A short derivation of atomic form factor is given in the section A.1.4 below. With Pjn;P; = 7; and

PS; P, = i, where fiy = 3 di dj, and d}, = d (1 — n;_,), the RIXS operators in the UCL

o jo
approximation are:

1 -
J\/l N + —MeSjZ,

Je_

O = MZCZ o + - MSZZCH mo

M Zd dm(,+ M SZZ . (A.26)

m’(j)

Substituting into Eq. (3.5) and Fourier transforming yields (NSC channel):

1 1
IE_((:TL((],W) = |M7r—cr|2 {ESO(CLM) + ﬁsl(qvw)} ) (A27)
SO(q,w) = [(f1SEl0) | (w + E; — Ey), (A.28)
f
2
1 22t2 2 gt .
SHqw) = WZ D e wiaSidl ,d winiqo| i
¥ KK

% 8(w + By — Ey), (A.29)

where S5 = #ﬁ Zk(le(qu+k,T —di 1dq1x,1), 2 = 4 for a 2D square lattice, and e = i + (¢'/t)1x
with v = (cos k, + cos k,)/2 and 7y = cos k, cos k,. The function ¢y has A;, symmetry.

Similarly, for the 7 —7 channel (SC channel):

1 a.0) = Mo { 0 + 5V a0}, (A30)
No(q,w) = > [(flitgli)|* 6(w + E; — Ey), (A31)
f
~ 5242 ~ 2
N'(q,w) = N > <f ko daiio @>
f
x 8(w + BE; — Ey), (A.32)

where; = ) d! di, is the constrained density operator, and di = di (1—n), div = (1—ni5)dio-
Because the first-order UCL terms are real while the second-order terms are imaginary, there is

no interference between them. Consequently, the total RIXS cross section is simply the sum of the
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first- and second-order contributions. Importantly, within this truncation of the UCL expansion,
the RIXS spectrum does not depend on the core-hole potential U,; dependence on U, only appears

in higher-order corrections [82].

A.1.4 Polarization-Dependent RIXS Form Factor at the Cu L3 Edge

The RIXS intensity can be written as

~ ~ ~ 2
(f|Din; O Douslg)| 8(Ef — E, — w), (A.33)

1 .
I(q,w) = |/\/1e|2 = et
shy

where the polarization dependence enters through the atomic form factor M.. Let us redefine the

Eq. A.24
We = P;D! ;| Ls)(Ls|Dj i P;. (A.34)
The operators D, iy, describe dipole-allowed transitions between the 2p and 3d shells [70, 108]:

Dje= > (3dmglex]2p,my)d, pim,o (A.35)

mp,Mmq,0
At the Cu L3-edge, the intermediate core state corresponds to the 2p3/, configuration, whose total

angular momentum j = 3/2 results from spin—orbit coupling in the 2p shell.

A.1.5 Tensor Structure of the Atomic Form Factor

The local scattering amplitude can be expressed in Cartesian tensor form as

We=> el Myel, (A.36)

Z’?j

where M,; is the atomic form factor tensor and e’ (e/) incoming (outgoing) photon polarizations.

Mij == <3d | T | 2p3/2, mj><2p3/2, mj | ’f’j ‘ 3d> (A37)

For the Cu L3-edge, this tensor can be decomposed as [70]

Mij = M Si; + MiepSi, (A.38)
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Figure A.1: (a) Schematic illustration of the scattering geometry, showing the incident (k;,) and
scattered (K,,) wave vectors, the scattering angle, and the sample orientation. (b) Experimental
setup emphasizing the polarization configuration, which allows analysis of the polarization depen-
dence of the scattered intensity [56].

where M corresponds to the non-spin-flip (charge) channel and M to the spin-flip (magnetic)
channel. The antisymmetric term involving e;;;, arises due to the strong spin—orbit coupling in the

2p core state and is responsible for the polarization dependence of magnetic RIXS.

In the scattering-plane basis, we define the orthogonal unit vectors [see Fig. A.1]

Z : in the scattering plane ,

: perpendicular to the scattering plane,

<

Q>

: sample surface normal. (A.39)
Then, the polarization vectors for the incoming and outgoing x-rays are

e’ = (sin6;, 0, cos 6;), e/ = (—sinf;,0,cos6;),

™

e, = (0,1,0), el =(0,1,0). (A.40)
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Here, 6; and 0 denote the incident and exit angles of the incoming and outgoing photons, respec-
tively, measured with respect to the sample surface (or, equivalently, the surface normal 2). The
total scattering angle is given by 20 = 0; + ;. The vectors e/ correspond to m-polarized light
lying in the scattering plane, while e’/ represent o-polarized light perpendicular to it.

For the 7—o channel Setting e’ = e’, ¢/ = e/, the dot product term of the Eq. A.38 vanishes and
only the cross product contributes. Therefor for the above scattering geometry The atomic form
factor takes the form

2 : . 4
M, = i3 (ef xel), = —i= (elel —elel), (A.41)

The prefactor % comes from the Clebsch—Gordan coefficient.

Similarly for the 7—m channel Setting e’ = e’, e/ = e/, the dot product term of the Eq. A.38
vanishes and only the cross product contributes. Therefor for the above scattering geometry The
atomic form factor takes the form

) 2 )
M = =2 (efoer). = =5 (el +eje]) (A.42)

The prefactor % comes from the Clebsch—Gordan coefficient.

A.2 UCL approximation for the Heisenberg model

In the case of undoped, half-filled d-level systems such as the cuprates, the low-energy magnetic
excitations can be effectively described by a Heisenberg spin Hamiltonian of the form | i JigSi
S;. Within the fast-collision approximation [106, 163, 44], the RIXS excitation process is assumed
to be quasi-local, which allows for a systematic expansion of the scattering amplitude in powers of

1/T", where I is the inverse core-hole lifetime as discussed above in Section 3.1.1.
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2

For NSC channel, the RIXS intensity takes the form
1
2

|Vl

1 1 iR A A
+ﬁz <f ﬁzequJi:jSi (S; - 55)
Z?J

I(q,w)

% » eRigy

2

)

1 1 Ao
' <f 7 2 T ST (S 881 Si)

1,5,k

2

)

X § (Ej; — B - w) =Y SYq.w) (A.43)
l

For NSC channel

I.(q,w) x

X 8 <ECJ; — B9 — w) = Z S(q,w) (A.44)

In the present case, the spin-flip operator S}’ appears in the NSC channel because the scattering
geometry is defined with the normal to the scattering plane along the z-axis, making spin flips
correspond to rotations in the transverse (x) direction. In this treatment, we focus exclusively on
the many-body contribution to the RIXS cross-section. Although atomic form factors also play a

significant role in determining experimental spectra, our aim here is to isolate and understand the

structure of many-body excitations revealed by RIXS.
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Appendix B

B.1 Effective Hamiltonian and ED-analysis
B.1.1 Effective Hamiltonian for lowest energy feature spectra:

In Fig. 5.5(a) of Chapter 5, we observe that the lowest-energy doublets of a single trimer (|S)_1/2
and |S)1/2) are formed as linear combinations of a singlet state and an unpaired spin. As a result,
each trimer effectively behaves as a spin-1/2 object. These doublets are separated from the higher-
energy states by a finite gap, which ensures that the low-energy dynamics of the trimer chain can
be faithfully captured by an effective Hamiltonian acting only within this reduced Hilbert space.
The trimer chain is invariant under translations with a unit cell containing three spins, and it
also respects SU(2) rotational symmetry. Consequently, any effective Hamiltonian must preserve

both translation symmetry and SU(2) invariance.

Figure B.1: Decomposition of the trimer chain into intra-trimer Hamiltonian H; (three-site inter-
actions) and inter-trimer Hamiltonian Hy; (coupling between neighboring trimers).

To proceed, we separate the trimer Hamiltonian into two contributions (Fig. B.1): the intra-

trimer Hamiltonian H,;, which governs interactions within each three-spin block, and the inter-

trimer Hamiltonian Hy;, which describes couplings between neighboring blocks:
N

H, =Y (1S} S} + 1S - 87), (B.1)

i=1
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N
Hy =) LS} -8}, (B.2)
=1

Here, N = L/3 is the number of trimers, and the inter-trimer term couples the third spin of the ith
trimer with the first spin of the (¢ + 1)th trimer.

Each trimer possesses two degenerate ground states [Fig. 5.5(a)], which can be expressed as:

1S) 172 = aold 23) — bo[12 ]), (B.3)

|S)1/2 = —ao|T 23) + by[12 1), (B.4)

where | 1) and | |) denote eigenstates of S, and ayg, by are coefficients defined in Fig. 5.5(a).

The projection operator P; maps the jth trimer onto its ground-state doublet:

P = |9 (1 +19)] (0 P, (B.5)

where | |}) and | ) are basis states in the effective spin-1/2 Hilbert space.
To derive the effective Hamiltonian, we employ the real-space renormalization group approach
using the identity [110, 109]:
1

z —

-1
P—FP = (zP —~PHP -~ PHQ QHP) : (B.6)

1

z—QHQ

We define the projection operator P = [][, P, which projects each trimer onto its ground-
state doublet |5), /9> and Q = [ — P, which projects onto the complementary subspace. The
total Hamiltonian is given by H = H; + Hy;, where H, describes interactions within a trimer and
Hy; accounts for couplings between trimers. To analyze the system, we evaluate the resolvent at
2 = w +1in, withw = 2Eg and n — 0, for a chain of length L. The projected Hamiltonian terms
contribute in distinct ways: P H;P yields a nearest-neighbor (NN) Ising-like interaction SiZSfH’
while PH,,P generates NN transverse exchange terms S 5*®) . Additionally, the higher-order

7 i+1

term P H Qm O HP introduces both NN and next-nearest-neighbor (NNN) interactions. Com-

bining all these contributions, the effective Hamiltonian takes the form of a Heisenberg model,

L/3 L/3
Her = Jeffz Si - Si1+ ‘]éffz Si - Sito, (B.7)

i=1 i=1
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where S is the effective spin-1/2 operator associated with each trimer.

This effective Hamiltonian corresponds to a Heisenberg antiferromagnetic chain (HAC) with
nearest-neighbor (NN) and next-nearest-neighbor (NNN) couplings. The dominant effective cou-
pling is Jer = aobo(ap + bo)?J1 ~ 0.16.J; while the effective NNN coupling is J.; = [agbo(ag +
bo)? (by(ag + bo) — aiby) (ap(2a1 + by) + bo(ay + b1))]/AE with AE = Ey — E;, where Ej is
the ground-state energy of an isolated trimer and £ is the doublon excitation energy. Numeri-
cally, Jl; ~ 107*J;, implying that H.g is, to excellent accuracy, a NN HAC [99]. This effec-
tive model successfully captures the gapless low-energy excitations of the trimer chain, which
are known as spinons. The corresponding low-energy spectrum forms a two-spinon continuum
with the predicted lower boundary given by w; = m.J.s¢|sin(3q)|/2 and the upper boundary by
wy = mJerr|sin(3q/2)|. which are plotted as white dashed lines in the first Brillouin zone in

Fig. 5.4(a) of the chapter 5 and labeled as “spinons.”

B.2 Quasiparticle analysis
B.2.1 Dispersion relations at zero and finite field

The low-energy spectrum of the trimer spin chain is composed of distinct elementary excitations,
which can be classified ascomposite quasi particle govorn by single trimer excitations. To gain
further insight into the nature of these excitations, We compute approximate dispersion relations
of single-trimer excitations, | D), and |Q),, at both zero and finite fields [126]. Their dispersions,
obtained within a variational single—particle approach. The resulting spectra, corresponding to the
zeroth-order RIXS process, are presented in Fig. 5.4(a) of the chapter 5. The dispersion relations
corresponding to the propagation of one trimer excitations within the trimer spin chain with mo-

mentum (.
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Model and Ground State Construction

We consider a trimer spin chain in which each unit cell (trimer) is described by its local Hamiltonian.
The complete Hamiltonian of the system is given by the sum of intra-trimer contributions H,,, and

inter-trimer couplings H,, ,,,+1, assuming periodic boundary conditions:
L/3 L/3
H=) Hut Y Homo (B.8)
m=1 m=1
We assume a simple variational ansatz for the zero-field ground state, constructed as a staggered
direct product of single-trimer ground states {|.S)_,|S)__}. This is justified since the ground state
is dominated by states in the singlet sector. For an even number of trimers, the variational ground

state is
[va) = [51), 192) 5 |SL/3>7U (B.9)

which is consistent with S7 = 0. This ansatz captures the essential symmetry of the trimer chain
and provides a natural reference for constructing excitations.

The corresponding ground state energy is obtained as

L 1 L
<H>G = <wG’ H |¢G> = gEg + Zaobo(ao + b0>2§J1, (B.10)

where a( and b, are amplitudes of the trimer ground state wavefunction in the chosen basis.

Excited States: |D), and |Q),

To construct single-trimer excitations, we promote one trimer from |S) _ to either |[D)__or |Q), .,
corresponding to AS* = +1 at a single site in |¢)g). For example, the state corresponding to a

single | D), /, excitation at site r is

) =180, Doy [Sus) B.11)

respecting spin selection rules. We then construct momentum-resolved excitations via

1 L/3
\¢%1/Q> Vi7E § e ¢DU2>T, (B.12)
r=1
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This construction allows to acquire nontrivial dispersion relations arising from inter-trimer cou-

plings.
Energy Expectation Values
The dispersion relation follows as the difference between excited- and ground-state energies:
e = (U, I HWY, ) — (Yol H ) (B.13)
Dispersion of | D), Excitations
For the | D), excitation, the dispersion in the reduced Brillouin zone is found to be

1
€Dyq/o (Q) =Ep — Es — Zaobo(ao + b0)2<]1

1
— g&l (ao -+ bo) [&0(@1 + bl) — bobl] Jl

+ i [a0a1 — bl(a,() + bo)] [ao(a1 + b1> + b0(2a1 + bl)] Jl COS(q). (B14)

To unfold this dispersion into the full Brillouin zone, one substitutes ¢ — 3¢ [126], yielding

1
EDi1/2<Q) =Ep — Es — Zaobo(ao + bo)2J1

1
— gal(ao + bo) {CL()(Gl + bl) - bobl} Jl

+ i {a0a1 — bl(ao + bo)} {ao(a1 + bl) + 60(2611 + bl)} J1 cos(3q). (B15)

The first two terms in this expression correspond to the intrinsic energy gap of the localized
doublon excitation. The cosine-dependent terms encode the dynamics induced by inter-trimer cou-
plings. By symmetry, excitations with AS* = +1 and AS* = —1 are degenerate and share the
same dispersion in the reduced Brillouin zone.

Dispersions for the other single-trimer excitations are computed similarly. Dispersions at fi-
nite field, within the plateau, are calculated analogously using the variational ground state |§) s =
HZL:/ f |Si)1/2, which accurately approximates the plateau state as discussed in the main text. These

field-dependent dispersions are shown in Fig. 4 of the main paper.
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Figure B.2: x%(q,w) at zero field obtained by ED in the truncated Hilbert space. Panel (a) for
|S), — |D), ., Panel (b) for |S)_ — |Q), ., excitation. Panel (c) shows the consolidated plot.
Panel (d) is the exactly calculated x°(q,w) on four trimer.

B.2.2 [ = 0 RIXS contribution in truncated Hilbert Space

To go beyond the product ansatz, we compute ED-based [ = 0 RIXS using the exact ground state
at zero field, while restricting excited states to one single-trimer excitations only. We construct a
truncated Hilbert space where each trimer hosts at most one internal excitation, |S), — |D), ., or
|S), — |@Q),., and use only these excitations in computing x°(q, w). Results with |D)_ and |Q)_
excitations appear in Supplemental Fig. B.2(a,b), and match the energy locations in Fig. 2(a) of the
main paper. Panel (c) shows their sum, compared with the full ED result in (d). The agreement,
near w ~ 1.1.J,, confirms their origin in single-trimer quasiparticles. As Fig. 2(a) uses DMRG on

larger systems, the comparison is qualitative.

B.2.3 Analytical understanding of the ¢-dependence in [ = 0 RIXS spectra
at magnetization plateau

To gain a simplified understanding of the momentum dependence in the low-energy [ = 0 RIXS

spectra, we approximate the plateau ground state by replacing |S), /> with the dominant component

| 1,23)[126]. This approximation is justified because the coefficient ag is much larger than b, in

the exact form |S)1/o = ag| T 23) + by|12 1) (see Fig. 5.5(a) of the chapter 5, where numerical

values are provided in the caption). Within this approximation, the single-trimer ground state in a
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magnetic field i, = 0.5.J; has energy
h.
FE; = —— = —0.25J,.
2
The allowed excitations with AS* = +1 can then be expressed as

{lfy =123, (1), [N}

These final states correspond to distinct physical processes: a spin flip on the polarized site, a fully
spin-polarized trimer, and a broken singlet on sites {2, 3}, respectively. Their excitation energies,
measured relative to Ej, are given by h,, Jo — h,/2, and Jo + h..

With these ingredients, the analytical expression for the [ = 0 RIXS spectrum reduces to
0 1 2 :2(qa
§°(q,w) = 5 6(w — h) + = sin”(%) {5(w Tyt ha2) 46w — o — hz)}.

This simple form provides direct physical insight into the spectral features. The first term corre-
sponds to a sharp, non-dispersive mode at w = h,, while the latter terms give rise to two dispersive
branches that scale with sin?(ga/2). In particular, at ¢ = 7 these dispersive branches appear near
w = 0.75J5 and w = 1.5J5, in agreement with the numerical spectra shown in Fig. 5.6(b). Thus,
the crude approximation captures the essential structure of the lowest three bands in the RIXS re-
sponse. We emphasize, however, that higher-energy continua and multi-trimer processes are absent
from this treatment, as expected for a single-trimer variational description.

Finally, the dependence of these excitation energies on the applied magnetic field A, provides
further intuition for the evolution of the RIXS spectra across the three field values shown in Fig. 5.6.
As h, increases, the non-dispersive mode shifts linearly with field, while the dispersive branches
also shift but retain their sinusoidal momentum dependence. This simple picture explains the field-
driven evolution of the low-energy features and highlights how the interplay of Zeeman splitting
and intra-trimer exchange determines the spectral structure. Although approximate, this analytical
framework reproduces the main qualitative trends of the full numerical simulations and provides a

transparent physical interpretation of the ¢- and h.-dependence of the [ = 0 RIXS spectra [59].
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Table B.1: Energies of single trimer excitations for different /.[126].

Final State h, =0.2J, h, = 0.5J, h, = 0.9J, State Description
h., 0.2 0.5 0.9 | 123) ~ [S)_ 12

J = h./2 0.9 0.75 0.55 | 111) = Q)2
Jo + h, 1.2 1.5 1.9 [ 1) = D)y

Figure B.3: (a) S°(q,w) for h, = 1.15.J5, beyond the plateau with a gapless spectra ans quarton
|Q)3,2 continuum. (b) Zero field S°(w) for trimerized spin-1/2 chain with J; > J5 (J5/J; = 0.27)

and J; < Jo (Jl/JQ = 027)[126]

B.3 Comparison of RIXS spectra beyond the plateau and for

Jo > Jq

Fig. B.3(a) illustrates the [ = 0 RIXS response S°(q,w) at h, = 1.15.J,, a field strength just

beyond the one-third magnetization plateau. At this value of &, the spectrum becomes gapless

and is dominated by excitations involving the |())3/2 state. These excitations form a dispersive

continuum, consistent with the interpretation of emergent S = 1 quasiparticles discussed in the

chapter 5. Their appearance signals the breakdown of the plateau phase and the onset of a gapless

regime where trimer triplet states proliferate.
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In Fig. B.3(b), we present a direct comparison between the [ = 0 RIXS contribution for the
case studied in the chapter 5 (J; > J3) and the opposite exchange hierarchy (J> > J;). For
weakly coupled trimers (J> > J;), the spectrum shows a significantly broader spread of the single-
trimer excitation levels. This broader distribution leads to the opening of larger spectral gaps and
modifies the overall spectral structure compared to the strongly coupled case. Such distinct features
have been reported in earlier studies [32, 137], where the interplay between intra- and inter-trimer
couplings was shown to strongly influence the excitation continua.

An important consequence of this difference is the shift in the field values at which magnetiza-
tion plateaus occur. In the J, > J; regime, the plateau sets in only at substantially higher magnetic
fields [33], reflecting the greater stability of the singlet background formed by weakly coupled
trimers. This behavior stands in sharp contrast to Cug(P2OgOH),, where J; > J, and the plateau
emerges at much lower fields.

Together, these results emphasize how the hierarchy of exchange couplings fundamentally alters
both the RIXS spectral signatures and the field dependence of magnetization plateaus. By tuning
the ratio J;/.Jo, trimer chain systems can thus realize distinct regimes of quantum magnetism—
ranging from fractionalized spinon-like excitations to emergent trimer quasiparticles—with directly

observable consequences in nonlocal spectroscopic probes such as RIXS.
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